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Abstract

In this paper new algorithms for finding optimal values and strategies in
turn-based stochastic games with reachability objectivesare presented,
whose special case are the simple stochastic games considered else-
where [4, 11]. The general idea of these algorithms is to accelerate the
successive approximation scheme for solving stochastic games [13] in
which node values are updated in each iteration so that they converge
to the optimal values of the game. This scheme is extended with a pair
of positional strategies which are updated to remain greedywith respect
to the current approximation. This way optimal strategies can be dis-
covered before the current values get close to the optimal ones. The ap-
proximation process is accelerated, by predicting an approximate result
of several updates of the current valuation and jumping directly to the
predicted values.

New algorithms are based on three different acceleration techniques:
iterative squaring, linear extrapolation, and linear programming; with
different difficulty of performing single iteration and different acceler-
ation level achieved by each of them. For each of these algorithms the
complexity of a single iteration is polynomial.

It is shown that accelerated algorithms will never perform worse
than the basic, non-accelerated one and exponential upper bounds on
the number of iterations required to solve a game in the worstcase is
given. It is also proven that new algorithms increase the frequency with
which the greedy strategies are updated. The more often strategies are
updated, the higher chances that the algorithm will terminate early. It
is proven that the algorithm based on linear programming updates the
greedy strategies in every iteration, which makes it similar to the stra-
tegy improvement method, where also a new strategy is found in each
iteration and this also at the cost of solving linear constraint problems
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Proceedings of the Workshop on Games in Design and Verification (GDV 2004), volume 119 of
Electronic Notes in Theoretical Computer Science, pages 51–65. Elsevier.
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Paper is concluded with presentation of results of experiments in
which new algorithms were run on a sample of randomly generated
games. It could be observed that the proposed acceleration techniques
reduce the number of iterations of the basic algorithm by an order of
magnitude and that they substantially increase frequency with which the
greedy strategies are updated. The algorithms based on linear program-
ming and linear extrapolation displayed similar efficiencyas the ones
based on strategy improvement. This makes the algorithm based on lin-
ear extrapolation especially attractive because it uses much simpler com-
putations than linear constraint solving.
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1 Introduction

Stochastic games of the type studied here are now well understood. The ex-
istence of optimal values and strategies have been proven for games with a
wide range of winning conditions. However, not much is knownabout how to
efficiently compute these optimal values and strategies.

It seems that introducing probabilistic moves in a game greatly increases the
difficulty of solving such a game. In the case of deterministic games, there are
polynomial time algorithms available when the winning conditions are simple.
For instance deterministic reachability/safety games canbe easily solved in
time linear in the size of the game board. Also for parity winning conditions
with fixed number of priorities the existing algorithms are polynomial. For
general parity winning conditions, advanced combinatorial optimization meth-
ods have been proposed [1, 9] which lead to randomized, and subsequently also
deterministic, sub-exponential decision procedures.

However, even for the very simple reachability winning conditions, it is un-
known whether the corresponding stochastic games can be solved in a poly-
nomial time. Known reductions show that these games are already as diffi-
cult as deterministic games with general parity winning conditions or with
limit-average payoffs. This also means that the important problem of verifying
properties expressed in the modalµ-Calculus can be reduced to the problem
of determining optimal values of a stochastic reachabilitygame. Whether any
of these problems has a polynomial time decision procedure is a long-standing
open question which could not be answered despite many yearsof intensive
research.

In this paper stochastic games with reachability winning conditions are inves-
tigated, as they already form a challenging subject of studyfrom the compu-
tational perspective. A special case of such games are the simple stochastic
games studied by Condon [4, 5] and Ludwig [11]. As mentioned above, any
new techniques developed for this type of games can be also applied to mean-
payoff or parity games, shedding new light on the difficult and intriguing ques-
tion of their exact complexity.

The main focus in this paper is placed on the practical question of how
to compute the optimal values and strategies for a game in an efficient way.
Starting from a very simple successive approximation method of determining
the optimal values of a game, three acceleration techniquesare proposed which
improve its convergence rate. These acceleration techniques allow one to trade
the complexity of performing a single iteration for the number of iterations
which lead to the solution.

After defining stochastic reachability games, their optimal values and strate-
gies, Shapley’s proof of existence of optimal values [13] isrecalled, adapted to
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our setting and extended to arbitrary games (Shapley’s original argument uses
assumption that games stop with probability one). Embeddedin the proof of
Shapley is a simple algorithm for determining optimal values by a successive
approximation. A termination criteria is added to it, basedon stable positional
strategies and it is shown that resulting algorithm must findoptimal strategies
and values after at most lg(D) ⋅N2 ⋅DN iterations, whereN is the number of
game positions and lg(D) is roughly the number of bits needed to represent
probabilities of random moves.

Next, three different techniques for accelerating the basic approximation
scheme are presentd. They try to increase the progress made in a single it-
eration of the algorithm using three different heuristics.General conditions
under which such acceleration schemas are correct are given, which guaran-
tee that optimal values of the game are found despite the factthat acceler-
ated algorithms depart from the sequence of valuations computed by the non-
accelerated version. The complexity of a single iteration of each accelerated
algorithm is analyzed and proved to be polynomial.

Paper is concluded with presentation of results of experiments in which ac-
celerated algorithms are run on random games and the number of iterations
needed to solve the games is measured. These experimental results confirm
that the heuristics used to accelerate the basic approximation scheme substan-
tially improve its convergence rate. New algorithms were also compared with
ones based on strategy improvement. The latter are an alternative approach
to solving stochastic games which proves to be very efficientin practice al-
though computational costs of a single iteration are high. It was observed that
acceleration based on linear optimization and linear extrapolation gives simi-
lar efficiency as that of the strategy improvement algorithms. In view of these
experiments, the algorithm based on linear extrapolation seems to provide best
compromise between the complexity of a single iteration andthe number of
iterations needed to solve an average game.

2 Preliminaries

In this paper we consider stochastic games played between two players on a fi-
nite directed graph with reachability winning conditions.The graph represents
a game board on which two players calledmax andmin move a token along
the edges. The goal of playermax is to reach a designated target position, while
playermin tries to spoil these attempts. Certain positions in the gameare ran-
dom. When the token reaches such a position it is moved randomly according
to a given probability distribution over its successors. Positions which are not
random are controlled by one of the players who chooses whereto move the
token.
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Definition 1 (game board) A reachability game boardis a tuple

⟨V,Vmax,Vmin,E, p, t⟩

where⟨V,E⟩ is a directed graph (called the game graph) whose nodes are
game positions. We write x→ y if (x,y) ∈ E.

Disjoint sets Vmax,Vmin ⊆V, are sets of positions controlled by playermax
and min, respectively. The set of random positions is defined as Vrnd = V ∖

(Vmax∪Vmin). For (x,y) ∈ E with x∈ Vrnd, p(x,y) > 0 is the probability of
moving the token from x to y. We assume∑x→y p(x,y) = 1 for x ∈ Vrnd. Sink
t ∈V is the target position.

During a play on a game boardG, a possibly infinite path through the game
graph is formed by the moving token.

Definition 2 (plays) Let G= ⟨V,Vmax,Vmin,E, p, t⟩ be a game board. Aplay
on G is a sequence x0,x1, . . . of game positions such that(xi ,xi+1) ∈ E for all
i. We require this sequence to be maximal in the sense that it is finite only if its
last position xn is terminal, i.e. has no successors in G.

To play the game one also needs to specify the starting position. Thus given
game boardG different games can be played starting from different positions
x∈V. We will write G(x) to denote the game starting atx.

A strategyfor a player is a plan determining the choices he makes duringany
possible play of the game. In general, this choice can dependon thehistoryof
the play, that is on the sequence of game positions visited sofar.

Definition 3 (strategy) Let G be a game board. Astrategyfor player p∈
{max,min} in G is a functionσ : Vp×V∗ →V such that for any x∈Vp and
any history h∈V∗ if y = σ(x;h) then(x,y) ∈ E.

Note that we require from a strategy slightly more than necessary, since it must
prescribe a move for any sequence of game positions regardless of whether it
is a valid history of a play or not. However, it is easy to extend any strategy to
such a total function by adding arbitrary choices for sequences which are not
relevant.
A play in which a player uses given strategy is said to conformto that strategy.

Definition 4 Let G be a reachability game board. A play x0,x1, . . . on Gcon-
forms to strategyσ : Vp×V∗ →V for player p∈ {max,min} iff

xi+1 = σ(xi ;x0 ⋅ ⋅ ⋅xi−1)

for any xi ∈Vp.
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A special case of a strategy is when the choice does not dependon the history
of a play but only on the current position. Such strategies are called positional
or memoryless.

Definition 5 (positional strategy) A strategyσ : Vp×V∗ →V is positionalif
σ(x,h) = σ(x,h′) for all x ∈Vp and any histories h,h′ ∈V∗.

A positional strategy for playerp can be considered as a functionσ : Vp →V.

Since there are random positions in a game, players do not have the full control
over the course of a play. With their choices they can only tryto maximize the
probability of winning a random play.

Let us fix starting positionx∈V on a game boardG and strategies (not nec-
essarily positional)σ andτ for both players. They determine a unique proba-
bility measure Prxσ ,τ on plays fromx conforming toσ andτ , which agrees with
the edge probabilities of the game board. In particular, theprobability Prxσ ,τ(p)
of a finite playp from x conforming to strategiesσ andτ equals the product
of edge probabilities along this play.

Definition 6 (winning probability) Let G(x) be a stochastic reachability ga-
me played on game board G. The value vσ ,τ (x) for strategiesσ andτ in game
G(x) is the probability that a play conforming toσ andτ reaches target t under
the probability measurePrxσ ,τ .

Often, for a given game board we will considervσ ,τ as a valuation of game
positions, that is, a functionvσ ,τ : V → [0,1].

Player’smax goal is to reach the target. Hencevσ ,τ(x) is the probability that
max wins a play starting atx and conforming toσ andτ . At the same time
1−vσ ,τ (x) is the probability that playermin wins such a play. Thus maximizng
probability of winning a game bymin is the same as minimizing the winning
probability of playermax which gives names to the players.

An optimal value for a player in gameG(x) is the maximal probability of
winning the game by that player given that he makes optimal choices and re-
gardless of how well the opponent is defending.

Definition 7 (optimal values) The optimal value of playermax in game G(x)
is given by

vmax(x) = sup
σ

inf
τ

vσ ,τ (x) .

Similar, the optimal value of playermin in G(x) is defined as

vmin(x) = inf
τ

sup
σ

vσ ,τ(x) .
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Optimal strategy for a player is a strategy with which he can guarantee the
optimal winning probability regardless of how the oponent plays.

Definition 8 (optimal strategies) Strategyσ is optimal for playermax in ga-
me G(x) iff

vσ ,τ(x) ⩾ vmax(x)

for any strategyτ of playermin. Similar, strategyτ is optiomal for playermin
in G(x) iff

vσ ,τ (x)⩽ vmin(x)

for any strategyσ of playermax.

The following fact is an easy consequence of the definition ofoptimal values.

Proposition 1 For any game vmax(x) ⩽ vmin(x)

PROOF: For any strategyτ ′ of playermin we have infτ vσ ,τ (x) ⩽ vσ ,τ ′(x) and
hence supσ infτ vσ ,τ(x) ⩽ supσ vσ ,τ ′(x). As τ ′ was chosen arbitrarily we get
supσ infτ vσ ,τ (x)⩽ infτ supσ vσ ,τ (x), i.e.vmax(x) ⩽ vmin(x). □

If the optimal values of both players are equal then we say that the game has a
value.

Definition 9 (value of a game) If vmin(x) = vmax(x) then we say that the game
has value vopt(x) which is the common optimal value of both players.

Observe that the notion of optimal value depends on the classof strategies
which are considered. Restricting the class of strategies of a player, e.g., to
only positional ones, can influence the best winning probabilities and whether
the optimal value of a game exists or not. Here we consider arbitrary strategies
with full memory because for them it is easy to prove existence of optimal val-
ues. It is also known that the optimal value for such games exists in positional
strategies and is equal to the optimal value of general strategies. We shall prove
this later for a class of terminating games (cf. Corollary 1).

If game has a value, then it is realized when both players playusing their
optimal strategies.

Proposition 2 Suppose that game G(x) has value. Ifσ is an optimal strategy
for player max in the game andτ is optimal strategy for playermin in the
same game then

vσ ,τ (x) = vopt(x)
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PROOF: From the fact thatσ is optimal it follows thatvσ ,τ(x) ⩾ vmax(x) =
vopt(x) and from the fact thatτ is optimal we getvσ ,τ (x) ⩽ vmin(x) = vopt(x).
□

Although in general the edge probabilities of a game board can be arbitrary, in
practice they must have a finite representation. When considering algorithms
which take game board as an input we will assume that all the edge probabili-
ties are given by rational numbers of known precision.

Definition 10 (game board with rational data) Game board G with N posi-
tions and out-degree bounded by K is a(N,K,D)-board if each edge probabil-
ity p(x,y) is a rational number of the form r/q with r,q∈ ℤ, 0⩽ r ⩽ q⩽ D.

Note that a(N,K,D)-game board can be represented using spaceN ⋅K ⋅ lg(D).
This number will be taken as the size of the board. A special case are games
played on(N,2,2)-boards, i.e., games in which each position has at most 2
equally probable successors. These are the simple stochastic games considered
in [4, 5].

3 Successive Approximation

The successive approximation method on which we build our algorithms is
based on the early result of Shapley [13] who shows that the optimal values of
an infinite game can be approximated by the optimal values of truncated games
in which only finitely many moves can be done.

We recall here Shapley’s argument adapted to our setting. Let G(x) be a
stochastic reachability game. We consider a truncated gameGn(x) which is
played on game boardG for at mostn steps. The first player wins a play if
he reaches the target within thesen steps. Otherwise the second player is the
winner.

The optimal valuevn(x) of Gn(x) is defined, as usual, to be the common
value supσ infτ vn

σ ,τ (x) = infτ supσ vn
σ ,τ (x). Since gameGn(x) is finite, its opti-

mal value exists and can be determined using the mini-max principle.

Proposition 3 Let vn(x) be the optimal value of Gn(x) and let

vn+1(x) =

⎧









⎨









⎩

1 if x = t,

maxx→y vn(y) if x ∈Vmax,

minx→y vn(y) if x ∈Vmin,

∑x→y p(x,y) ⋅vn(y) if x ∈Vrnd.

(1)

Then vn+1(x) is the optimal value of Gn+1(x).
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Thus for anyn we have a valuationvn : V → [0,1] which assigns to each posi-
tion x the optimal valuevn(x) of the truncated gameGn(x). As we shall show
this sequence converges point-wise to the optimal values ofthe full game. We
adapt Shapley’s result to our setting of stochastic reachability games. Our proof
is more general as it works also for nonterminating games.

Theorem 1 Let G be a stochastic reachability game board. For any x the value
of G(x) exists and is equal tolimn→∞ vn(x) where vn(x) is the value of the
truncated game Gn(x).

PROOF: We first show that sequencevn must converge point-wise to some
valuationv∗. For any strategiesσ andτ , the probability of reaching the target
in n+1 steps is bigger than the probability of reaching it inn steps. Therefore
vn+1

σ ,τ (x) ⩾ vn
σ ,τ (x) for anyσ andτ which implies thatvn+1(x) ⩾ vn(x). Hence,

for eachx the sequencevn(x) is bounded and nondecreasing and thus must
converge to some valuev∗(x).

Next, we want to prove that

v∗(x) = sup
σ

inf
τ

vσ ,τ(x) = inf
τ

sup
σ

vσ ,τ (x) .

Note that, in the limit, the probabilitiesvn
σ ,τ(x) of reaching the target in at most

n steps converge to the probabilityvσ ,τ (x) of reaching it in any number of
steps.

Sincevn(x) = supσ infτ vn
σ ,τ (x) for anyn, we get

v∗(x) = lim
n→∞

sup
σ

inf
τ

vn
σ ,τ (x) = sup

σ
inf

τ
lim
n→∞

vn
σ ,τ(x) = sup

σ
inf
τ

vσ ,τ (x)

Similar, using the fact thatvn(x) = infτ supσ vn
σ ,τ (x), we can provev∗(x) =

infτ supσ vσ ,τ (x). □

An important consequence of Theorem 1 and Proposition 3 is that the optimal
values of a stochastic reachability game can be characterized as a solution of a
system of equations which we call thelocal optimality equations(c.f. [4]).

Proposition 4 Let vopt(x) be the optimal value of game G(x) with target t.
Valuation vopt satisfies the following equations.

⎧















⎨















⎩

vopt(t) = 1

vopt(x) = max
x→y

vopt(y) x∈Vmax,

vopt(x) = min
x→y

vopt(y) x∈Vmin,

vopt(x) = ∑
x→y

p(x,y) ⋅vopt(y) x∈Vrnd.

⎫















⎬















⎭

(LOE)
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PROOF: Above equations are obtained by taking limits in equations(1) and
using the fact that limn→∞ vn = vopt. □

3.1 The basic algorithm

Theorem 1 and Proposition 3 are the basis of the value iteration method. Using
Proposition 3 one can compute valuesvn recursively, starting withv0 – the op-
timal values for the game in which no moves can be made. Clearly, v0(t) = 1
andv0(x) = 0 for x ∕= t. Forn> 0, optimal values ofGn(x) can be computed us-
ing recursive formulas (1). By Theorem 1, the computed values will converge
to the optimal values of the game.

Example 1 Consider the game presented in Figure 1. In this game the optimal
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Figure 1: Example reachability game with one strategic position x belonging to
playermax and two random positionsa andb. The probabilities of the edges
a→ x andb→ t are 1−1/2M and 1/2, respectively.

strategy of playermax is to playx→ a after which the token must eventually
reach targett with probability 1. Playingx→ b will ensure reaching the target
with probability 1/2 only. Thus the optimal value of the game starting fromx
equalsvopt(x) = vopt(a) = vopt(t) = 1 while vopt(b) = 1/2 andvopt(s) = 0.

Let us look at the first few truncated optimal valuesvn computed using for-
mulas (1) (we do not show valuesvn(t) = 1 andvn(s) = 0).

n vn(x) vn(a) vn(b)
0 0 0 0
1 0 1/2M 1/2
2 1/2 1/2M 1/2
3 1/2 1/2+1/2M+1 1/2

The valuevn(b) equals the optimal value 1/2 already after one iteration. How-
ever, the valuesvn(a) andvn(x) converge very slowly to the optimal values. It
can be shown that, e.g.,vn(a)< 3/4 for firsto(2M) iterations.
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Already for the third approximation we havev3(a) > v3(b) which suggests
that movex→ a is a better choice for playermax thanx→ b. If we were able
to verify thatx→ a is the optimal strategy, we could terminate the algorithm
after 3 iterations and compute the optimal values using thisstrategy. ■

To turn the value iteration method into a working algorithm,one needs a suit-
able termination criteria which will tell when one can end computing succes-
sive approximations and determine the optimal values of thegame.

Such criteria can be given for a class ofterminatinggames in which infinite
plays have zero probability. As we shall show, under this assumption one can
give estimates for the number of steps needed to approximateoptimal values
with a given precision. Thus the iterations can be terminated after that many
steps with the guarantee that computed approximations are close to optimal
values. If the approximations are close enough, it is possible to reconstruct
exact optimal values from them.

However, as suggested in Example 1, a better termination criteria is possi-
ble, based ongreedystrategies which instruct each player to pick a move to
a position with best value computed so far in the approximation process. It
can happen that this way we can find optimal strategies early in the iteration
process. We will elaborate on this shortly.

Definition 11 (greedy strategies)Let v be a valuation of game positions. A v-
greedy strategy for playermax is a positional strategyσ which at x∈ Vmax

chooses the successor y with the biggest value v(y). A min player’s posi-
tional strategyτ is v-greedy if it selects at x∈ Vmin the successor with the
least value v(x).

Recall thatvσ ,τ (x) is the probability of reaching the target when players use
strategiesσ andτ .

Definition 12 (stable strategies)Positional strategiesσ and τ are stable if
they are vσ ,τ -greedy.

As we shall show in the next section, for terminating games stable strategies
are optimal. It is also possible to determine in a polynomialtime if a given
pair of positional strategies is stable. This leads to the following algorithm for
computing optimal strategies and values in stochastic reachability games.

Algorithm 1 (Successive Approximation)

1. Set v(t) := 1, v(x) := 0 for x ∕= t.

2. Letσ andτ be some v-greedy strategies.
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3. Stop ifσ andτ are stable, return vσ ,τ .

4. Update v using recursive formulas (1), i.e., set v:= v′ where

v′(x) =

⎧









⎨









⎩

1 if x = t,

maxx→y v(y) if x ∈Vmax,

minx→y v(y) if x ∈Vmin,

∑x→y p(x,y) ⋅v(y) if x ∈Vrnd.

5. If σ or τ are not v-greedy then update them accordingly.

6. Repeat from 3.

The algorithm computes successive approximations of the optimal values us-
ing recursive formulas (1). At the same time a pair of strategiesσ andτ , greedy
with respect to the current approximation, is maintained. Correctness of this al-
gorithm relies on the fact that when strategiesσ andτ are stable then they are
also optimal and the corresponding winning probabilitiesvσ ,τ are the same as
the optimal values of the game. In what follows we shall provethis fact for
a class of terminating games. It is open whether the algorithm, as formulated
here, also works correctly for non-terminating games.

3.2 Terminating Games

Games in which infinite plays have zero probability have special properties
which will help us to prove correctness of the successive approximation algo-
rithm presented above and to analyse its complexity. In particular, we can show
that in such games stable strategies are optimal.

Definition 13 (terminating game) Game G(x) is terminating if for any stra-
tegiesσ and τ and any starting position x the set of infinite plays of G(x)
conforming toσ andτ has probability 0. Game board G is terminating if G(x)
is terminating for any starting position x.

Although the definition of a terminating game refers to arbitrary strategies and
the probability distributions over the infinite set of playsof a game, there is a
finite criteria for checking this property.

Proposition 5 Game G(x) is terminating iff for any positional strategiesσ
and τ there is a path conforming toσ and τ connecting x with a terminal
position (a position which has no successors).

Since there are only finitely many positional strategies on agiven game board,
a simple graph reachability algorithm can be used to check ifa game is termi-
nating or not.
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We know that optimal values of a stochastic reachability game are a solution of
the local optimality equations (LOE). In general these equations can have more
than one solution but we shall prove that for terminating games the solution is
unique.

In what follows we will often view a solution of the local optimality equa-
tions as a fixpoint of an operator corresponding to the right-hand sides of these
equations. For a game boardG with target positiont, operatorFG : (V →
[0,1])→ (V → [0,1]) transforms a valuationv into a new valuationFG(v) given
by

FG(v)x=

⎧









⎨









⎩

1 x= t,

maxx→yv(y) x∈Vmax,

minx→y v(y) x∈Vmin,

∑x→y p(x,y) ⋅v(y) x∈Vrnd.

(2)

We callFG anupdate operatorfor game boardG and omit subscriptG when it
is clear from the context.

Now we can rephrase Proposition 4 and say that the optimal values of a
game form a fixpoint of the update operator. Also note that equations (1) can
be written asvn+1 = FG(vn).

One can measure distance between two valuations of game positions using
norm

∥v∥ = max
x∈V

∣v(x)∣

for v : V → [0,1]. It is well known that the setV → [0,1] equipped with∥ ⋅ ∥
forms a Banach space (complete normed space). This will allow us to use
Banach fixpoint theorem to prove that the fixpoint of the update operator acting
on this space is unique.

The distance between two valuationsv andw is taken to be∥v−w∥. Note
that∥v−w∥ = 0 iff v= w. To apply Banach fixpoint theorem we must show
that the update operator is contracting, that is, it decreases the distance between
two valuations to which it is applied. This is true for terminating game boards.

Lemma 1 Let G be a terminating game board with N positions and the least
edge probability m. For any valuations v and w we have

∥FN(v)−FN(w)∥⩽ (1−mN) ⋅ ∥v−w∥

where F is the update operator corresponding to G and FN(v) is an N-fold
application of F to valuation v.

PROOF: Let us fix valuationsv and w. We start the proof by constructing
positional strategiesσ andτ for playersmax andmin, respectively. Then we
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will show that for any positionx

∣Fk(v)x−Fk(w)x∣⩽ (1−sk−1(x)) ⋅ ∥v−w∥ (i)

wheresk(x) is the probability that a play starting atx and conforming toσ
andτ terminates (i.e. reaches a terminal position) after at mostk turns. This
will prove our claim becausesN−1(x) ⩾ mN−1 for any x. This is because the
game board is terminating and hence there is a path conforming to σ andτ
which connectsx with a terminal position. Thus the terminal position can be
reached in a play ofG(x) conforming toσ andτ after at mostN−1 turns. The
probability of this play equals the product of the probabilities of all its moves
and each move has probability bigger thanm.

Now we proceed to constructing strategiesσ and τ . At position x ∈ Vmax

player max first checks whetherF(v)x ⩾ F(w)x. If this is the case then he
moves to the successory of x with maximal valuev(y). Otherwise he selects
the successor with maximalw(y). Similar, atx ∈ Vmin, playermin checks if
F(v)x⩽ F(w)x. Then he selects successory with minimal valuev(y) if this is
the case or with minimal valuew(y) otherwise.

Note that ifx is a strategic position and its successory is chosen according to
the above strategies then

∣F(v)x−F(w)x∣⩽ ∣v(y)−w(y)∣ (ii)

For instance, ifx∈Vmax andF(v)x⩾ F(w)x theny is such that
v(y) = maxx→y′ v(y′) and hence

∣F(v)x−F(w)x∣= max
x→y′

v(y′)−max
x→y′

w(y′)⩽ v(y)−w(y) = ∣v(y)−w(y)∣

Similar arguments work in other cases.

We prove (i) by induction onk. Let T be the set of terminal positions of the
game boardG. Note that ifx ∈ T then Fk(v)x = Fk(w)x for k ⩾ 1. This is
because both values equal 1 in casex is the target and 0 otherwise. Hence (i)
holds forx∈ T.

Let x ∕∈ T be a strategic position. By (ii) and induction hypothesis,

∣Fk(v)x−Fk(w)x∣ ⩽ ∣Fk−1(v)y−Fk−1(w)y∣ ⩽ (1−sk−2(y))∥v−w∥

wherey is the successor ofx chosen according toσ and τ . Since any play
starting atx and conforming toσ andτ must go throughy, sk−1(x) = sk−2(y).
Thus we have proven (i) fork > 1. If k = 1 then from (ii) and the fact that
s0(x) = 0,

∣F(v)x−F(w)x∣ ⩽ ∣v(y)−w(y)∣⩽ (1−s0(x))∥v−w∥
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Now consider the case of a random positionx ∕∈ T. Using induction hypothesis
and the fact thatFk−1(v)y= Fk−1(w)y for y∈ T andk> 1 we get

∣Fk(v)x−Fk(w)x∣= ∣ ∑
y∕∈T

p(x,y) ⋅ (Fk−1(v)y−Fk−1(w)y)∣

⩽ ∑
y∕∈T

p(x,y) ⋅ (1−sk−2(y)) ⋅ ∥v−w∥

= (1−s1(x)− ∑
y∕∈T

p(x,y) ⋅sk−2(y)) ⋅ ∥v−w∥

Note that∑y∕∈T p(x,y) ⋅sk−2(y) is the probability of terminating a play starting
from x in at mostk−1 and at least 2 turns, i.e. it issk−1(x)−s1(x). Hence we
obtain (i) fork> 1. Fork= 1 we have

∣F(v)x−F(w)x∣= ∣∑
y

p(x,y) ⋅(v(y)−w(y))∣⩽ ∥v−w∥= (1−s0(x)) ⋅∥v−w∥

ass0(x) = 0 for x ∕∈ T. □

As an immediate consequence of the above lemma we obtain the following
result which is a variant of similar results proven in [13] and [4]. In fact it is a
straightforward application of the Banach fixpoint theoremto the contracting
update operatorFG.

Theorem 2 If G is a terminating game board then the corresponding local
optimality equations have unique solution.

PROOF: Suppose thatv andw are two solutions of the local optimality equa-
tions. Then they are fixpoints of the update operatorF and hence also ofFN.
Therefore∥v−w∥= ∥FN(v)−FN(w)∥⩽ α ⋅ ∥v−w∥ with α < 1. This is pos-
sible only when∥v−w∥= 0, i.e.v= w. □

3.3 Computing winning probabilities

The results derived so far allow us to give a polynomial algorithm for com-
puting winning probabilitiesvσ ,τ corresponding to a given pair of stationary
strategiesσ andτ .

Proposition 6 Let G be a game board with target t,σ and τ be positional
strategies for playermin and max, respectively. Valuation vσ ,τ is the unique
solution of the following system of linear equations.

⎧











⎨











⎩

vσ ,τ (t) = 1

vσ ,τ (x) = vσ ,τ (σ(x)) x∈Vmax,

vσ ,τ (x) = vσ ,τ (τ(x)) x∈Vmin,

vσ ,τ (x) = ∑
x→y

p(x,y) ⋅vσ ,τ (y) x∈Vrnd.

⎫











⎬











⎭

(3)
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PROOF: Let Gσ ,τ be the game boardG restricted so that all moves which
are not consistent with strategiesσ andτ are removed. That is, inGσ ,τ every
strategic positionx has only one successor which is given by strategyσ or τ .
Edges starting from random positions and their probabilities are the same in
Gσ ,τ andG.

On game boardGσ ,τ players have no choice andσ andτ are the only possible
strategies on that board. It follows that the optimal value of the game starting at
any positionx is the same as the winning probabilityvσ ,τ (x). It is also clear (by
Proposition??) that if G is a terminating game board then so isGσ ,τ . Hence
we can apply Proposition 4 and Theorem 2 to game boardGσ ,τ and conclude
that vσ ,τ is the only solution of the corresponding local optimality equations,
i.e., equations (3). □

Since equations (3) are linear, they can be solved in a polynomial time, e.g., us-
ing the Gauss elimination method. Thus winning probabilitiesvσ ,τ for a given
pair of stationary strategiesσ andτ can be computed in polynomial time. Note
that this also means that test for stable strategies which isrequired in step 3 of
Algorithm 1 can be performed in a polynomial time: first one computes the
winning probabilitiesvσ ,τ and then it can be checked in a linear time if strate-
giesσ andτ are greedy with respect to these values.

We will denote byFσ ,τ the update operator corresponding to the restricted
game boardGσ ,τ and the right-hand sides of equations (3). It is a linear map
given by

Fσ ,τ(v)x=

⎧









⎨









⎩

1 x= t,

v(σ(x)) x∈Vmax,

v(τ(x)) x∈Vmin,

∑x→y p(x,y) ⋅v(y) x∈Vrnd.

(4)

Above proposition states that the winning probabilitiesvσ ,τ are the unique fix-
point of this linear map.

The fact that the winning probabilities are the solution of asystem of linear
equations implies that they must be rational if the input data of a game is
rational. The following result uses the same proof technique as in [4] where
similar fact is proven for simple stochastic games.

Proposition 7 Let G be a(N,K,D)-board. There exists integer q⩽ DN such
that for any position x the winning probability vσ ,τ(x) has the formr/q with
r ∈ ℤ, 0⩽ r ⩽ q.

PROOF: Equations (3) can be written in a matrix form asvσ ,τ = Q ⋅ vσ ,τ +b
or (I −Q) ⋅ vσ ,τ = b. Multiplying both sides by constantD we can turn these
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equations into equations with integer coefficients. LetA= D ⋅ (I −Q) andc=
D ⋅b. Thenvσ ,τ is a unique solution ofA ⋅vσ ,τ = c.

From Cramer’s rule we know thatvσ ,τ (x) =
detAx
detA whereAx is matrixA with the

column corresponding tox replaced byc. As matricesA andAx contain only
integer entries their determinants must be integer. Thus wecan takeq= detA.
It remains to show that detA⩽ DN.

We use the fact that the determinant of a matrix equals the product of its eigen-
values. Any eigenvalue ofA has the formD ⋅ λ whereλ is an eigenvalue of
I −Q. Moreover, any eigenvalue ofI −Q is of the form 1− λ ′ whereλ ′ is
an eigenvalue ofQ. SinceQ is a sub-probabilistic matrix (contains only non-
negative entries and each row sums up to a number smaller than1) its eigenval-
ues are in the range[0,1]. Therefore 0⩽ λ ⩽ 1 for any eigenvalueλ of I −Q
and thus all eigenvalues ofA are bounded byD. It follows that detA ⩽ DN.
□

3.4 Correctness and complexity

The correctness of Algorithm 1 follows from the fact that forterminating
games stable strategies are optimal. This is proven in [4] for the case of sim-
ple stochastic games. Here we present a slightly different proof based on the
characterisation of the optimal values as a fixpoint of the update operator.

In our proof we use properties of pre and post fixpoints of the update oper-
ator considered as a map on the set of valuations equipped with the following
partial order

v⊑ w ⇔ v(x) ⩽ w(x) for all x∈V

wherev,w : V → [0,1]. This is a complete partial order on the setV → [0,1]
and the update operator is a monotone map with respect to thatorder. Valuation
v : V → [0,1] is a pre-fixpoint of the update operatorF iff F(v)⊑ v. It is a post-
fixpoint iff v⊑ F(v). For a monotone operator it is known that any pre-fixpoint
of F is bounded from below by the lest fixpoint ofF and any post-fixpoint of
F is bounded from above by the greatest fixpoint ofF. In caseF has only one
fixpoint vopt, it follows thatvopt ⊑ v for any pre-fixpointv of F andv⊑ vopt for
any post-fixpointv.

Theorem 3 Let G be a terminating game board. For any positional strategies
σ andτ the following are equivalent:

(a) strategiesσ andτ are optimal,

(b) vσ ,τ = vopt.

(c) strategiesσ andτ are stable,
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(d) strategiesσ andτ are vopt-greedy,

PROOF: (a)⇒ (b): This implication was already proven as Proposition 2.

(b)⇒ (c): We use the fact thatvσ ,τ andvopt are fixpoints of operatorsFσ ,τ and
F , respectively. Therefore (b) implies that

Fσ ,τ(vσ ,τ ) = vσ ,τ = vopt = F(vopt) = F(vσ ,τ )

This means that strategiesσ and τ arevσ ,τ -greedy. For instance ifx ∈ Vmax

then
vσ ,τ (σ(x)) = Fσ ,τ(vσ ,τ )x= F(vσ ,τ )x= max

x→y
vσ ,τ(y)

(c) ⇒ (d): First, we show that (c) implies (b). Indeed, ifσ and τ are vσ ,τ -
greedy thenF(vσ ,τ ) = Fσ ,τ(vσ ,τ ) = vσ ,τ . Sincevopt is the only fixpoint ofF it
follows thatvσ ,τ = vopt. Clearly, (c) together with (b) implies (d).

(d)⇒ (a): We prove thatτ is optimal. Proof forσ is analogous.

Let σ ′ be arbitrary (not necessarily positional) strategy for player max and
let vσ ′,τ be the winning probabilities when players use strategiesσ ′ and τ ,
respectively. Letσ ′′ be a positional,vσ ′,τ -greedy strategy. We will show that
vσ ′,τ ⊑ vσ ′′,τ andvσ ′′,τ ⊑ vopt which implies thatτ is optimal because of arbi-
trary chosenσ ′.

To show thatvσ ′′,τ ⊑ vopt we will prove thatvopt is a pre-fixpoint ofFσ ′′,τ (i.e.,
Fσ ′′,τ(vopt) ⊑ vopt). Since, for terminating game,vσ ′′,τ is the only fixpoint of
Fσ ′′,τ it follows that it boundsvopt from below.

Let x∈Vmax. We have

Fσ ′′,τ (vopt)x= vopt(σ ′′(x)) ⩽ max
x→y

vopt(y) = F(vopt)x= vopt(x)

Sinceτ is vopt-greedy by our assumption, forx∈Vmin we have

Fσ ′′,τ(vopt)x= vopt(τ(x)) = min
x→y

vopt(y) = F(vopt)x= vopt(x)

And for x∈Vrnd

Fσ ′′,τ(vopt)x= ∑
x→y

p(x,y) ⋅vopt(y) = F(vopt)x= vopt(x)

which proves our claim thatFσ ′′,τ(vopt)⊑ vopt.

We use similar technique to show thatvσ ′,τ ⊑ vσ ′′,τ . We will prove thatvσ ′,τ is
a post-fixpoint ofFσ ′′,τ (i.e, vσ ′,τ ⊑ Fσ ′′,τ(vσ ′,τ)) from which it follows that it
is bounded from above byvσ ′′,τ , the only fixpoint of that operator.
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Let x∈Vmin. The probability that a play conforming toσ ′ andτ and starting
atx reaches target is the same as the probability that a game starting from τ(x)
reaches the target. Thus

vσ ′,τ(x) = vσ ′,τ(τ(x)) = Fσ ′′,τ(vσ ′,τ)x

If x∈Vmax then the probability that a play starting atx and conforming toσ ′

andτ reaches target is the same as the probability that a game starting from the
successory which is chosen by strategyσ ′. Sinceσ ′′ is vσ ′,τ -greedy we get

vσ ′,τ(x) = vσ ′,τ(y)⩽ vσ ′,τ (σ ′′(x)) = Fσ ′′,τ(vσ ′,τ)x

Also in the case ofx∈Vrnd we have

vσ ′,τ(x) = ∑
x→y

p(x,y) ⋅vσ ′ ,τ(y) = Fσ ′′,τ(vσ ′,τ)x

This shows thatvσ ′,τ ⊑ Fσ ′′,τ(vσ ′,τ) and concludes our proof. □

We note the following consequence of the above theorem.

Corollary 1 For any terminating stochastic reachability game there areopti-
mal stationary strategies.

PROOF: Since any game has optimal valuesvopt, it is enough to take stationary
vopt-greedy strategies which are optimal by Theorem 3.□

The equivalences from the above theorem are valid only for terminating games
as is illustrated by the following example.

Example 2 Consider the game from Figure 2. This is a non-terminating game
since an infinite play is possible when players chose movesx→ y andy→ x.
Let σ be the strategy which atx selects the move toy and letτ be the strategy
which moves fromy to the targett. The corresponding winning probabilities
arevσ ,τ (x)= vσ ,τ (y)= 1 andvσ ,τ (a)= 1/2. Thus the strategies arevσ ,τ -greedy,
i.e., stable. However, strategyσ is not optimal, becausemin can playy → x
preventingmax from reaching the target. The optimalmax move is to play
x → a and ensure reaching the target with probability1/2. Thus the optimal
values of the game arevopt(x) = vopt(y) = vopt(a) = 1/2. As we can see, in this
non-terminating game stable strategiesσ andτ are not optimal andvσ ,τ ∕= vopt.
■

The fact that for terminating game boards the correspondingupdate operator
is contracting (Lemma 1) allow us to estimate the convergence rate of the se-
quencevn and consequently give upper bounds on the number of iterations
required by Algorithm 1.
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Figure 2: Stochastic reachability game withx∈Vmax andy∈Vmin. From ran-
dom positiona there are equally probably moves to the targett and another
sink s.

Lemma 2 Let G be a terminating game board with N positions and the least
edge probability m. Let vn(x) be the optimal value of the truncated game Gn(x).
If n ⩾ N ⋅ lg(1/ε) ⋅ (1/m)N then∥vn−vopt∥< ε .

PROOF: The optimal valuationvopt is a fixpoint ofF and hence also ofFN.
Using Lemma 1 and the fact thatvn+1 = F(vn) we can estimate, forn> N,

∥vn−vopt∥= ∥FN(v(n−N))−FN(vopt)∥⩽ α∥v(n−N)−vopt∥

whereα = (1−mN−1). Thus forn⩾ kN we have

∥vn−vopt∥⩽ αk∥vn−kN−vopt∥⩽ αk

If n⩾ N ⋅ lg(1/ε) ⋅ (1/m)N then we can takek= lg(1/ε)
mN in the above equation.

Since lg(α) = lg(1−mN−1)<−mN−1 ⩽−mN we get 1/mN > 1/− lg(α) and

k>
lg(1/ε)
− lg(α)

=
lg(ε)
lg(α)

Hencek ⋅ lg(α)< lg(ε), i.e.,αk < ε . □

Next we show that if the current approximation is close enough to the optimal
values then the greedy strategies maintained by the algorithm must be optimal
and stable, so that algorithm terminates.

Lemma 3 Let G be a terminating(N,K,D)-board. If v⊑ vopt and∥v−vopt∥<
D−N then any v-greedy strategies are optimal and stable.

PROOF: Assume thatv⊑ vopt, ∥v− vopt∥ < D−N and that strategiesσ andτ
arev-greedy. We prove that they are alsovopt-greedy which, by Theorem 3,
implies that they are optimal and stable.
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First we note that ifvopt(x) ∕= vopt(y) then they differ by at least 1/q ⩾ D−N.
This is because, by Proposition 7,vopt(x) = p/q andvopt(y) = p′/q for some
q⩽ DN and 0⩽ p, p′ ⩽ q.

Suppose thatσ is notvopt-greedy atx. This means thatvopt(y)> vopt(σ(x)) for
somey. But then

v(y) > vopt(y)−D−N
⩾ vopt(σ(x)) > v(σ(x))

which contradicts the fact thatσ is v-greedy. Similar argument shows thatτ is
vopt-greedy. □

Above lemmas allow us to give an exponential upper bound on the number of
iterations of the basic algorithm.

Theorem 4 Let G be a terminating(N,K,D)-board. For such a game Algo-
rithm 1 finds optimal strategies after at mostlg(D) ⋅N2 ⋅DN iterations.

PROOF: From Lemma 2 and the fact that the least edge probabilitym in G is
bigger than 1/D we know that the distance between the current approximation
v andvopt is smaller thanε = D−N after no more than

N ⋅ lg(1/ε) ⋅ (1/m)N < N ⋅ lg(DN) ⋅DN = lg(D) ⋅N2 ⋅DN

iterations. Thus thev-greedy strategies must by optimal, by Lemma 3.□

4 Acceleration Schemas for Successive Approximation

Recall that a single step of the successive approximation algorithm consists
of replacing the current approximationv by the new approximationv′ := F(v)
whereF is the update operator of the game. In order to terminate the compu-
tation, a pair of strategiesσ andτ is maintained and updated so that they are
greedy with respect to the current approximation. Algorithm terminates when
it detects that strategiesσ andτ are stable (and thus, in case of a terminating
game, optimal).

Looking at example runs of the algorithm one can observe thatin most iter-
ations the greedy strategiesσ andτ remain unchanged. Let us call replacing
v by v′ = F(v) a small-stepof the algorithm if thev-greedy strategiesσ andτ
are alsov′-greedy so that they are not updated. Otherwise it is abig-stepand
the strategies must be updated. Only when a big-step happensthere is a chance
of terminating the computation while the role of small-steps is to lead from
one big-step to another.

Our improvements of the basic approximation schema try to reduce the num-
ber of small-steps in the computation. This should substantially improve the
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convergence rate of the basic algorithm as one can observe that the small-steps
are dominant in a typical run. Ideally, a big-step should be made in each iter-
ation so that in each iteration the current strategies are updated and get closer
to the optimal ones. This would make the algorithm similar tothe strategy im-
provement method which also discovers a new strategy in eachiteration. The
difference is in the way the new strategies are discovered and in the computa-
tional cost of this operation.

In general our accelerated algorithms have the following structure.

Algorithm 2 (Accelerated Approximation)

1. Set v(t) := 1, v(x) := 0 for x ∕= t.

2. σ andτ are some v-greedy strategies.

3. Stop ifσ andτ are stable.

4. Set v′ := Improve(v,σ ,τ) and v:= F(v′).

5. If σ or τ are not v-greedy then update them accordingly.

6. Repeat from 3.

It is identical to that of the basic algorithm except that in line 4 the current ap-
proximation is improved before it is updated withF. FunctionImprove(v,σ ,τ)
tries to predict how many small-steps will be done onv using strategiesσ andτ
and returns an approximate result of these updates. We propose three different
implementations ofImprove based on three different heuristics.

Before presenting details of our algorithms we give a general criteria which
guarantees their correctness. It specifies requirements onfunction Improve
which guarantee that the constructed sequence of approximations converges
to the optimal values of the game.

Definition 14 (feasible valuation) We say that valuation v is feasible at posi-
tion x iff v(x) ⩽ F(v)x. Valuation v is feasible if it is feasible at every position
in the game board (i.e., v⊑ F(v) and thus it is a post-fixpoint of F).

Theorem 5 If v′ = Improve(v,σ ,τ) is feasible and satisfies v⊑ v′ for any fea-
sible v and v-greedyσ andτ then Algorithm 2 computes optimal strategies for
the game after at mostlg(D) ⋅N2 ⋅DN many iterations when run on a(N,K,D)-
board.

PROOF: Let vopt be the optimal valuation of the game and letvi be its approx-
imation afteri iterations of Algorithm 2 (we setv0 = F(0)).
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Note thatvi+1 = F(v′i) wherev′i is the valuation returned by the call toImprove
in step 4 of the algorithm. Suppose thatvi ⊑ F(vi). Then by our assumption
aboutImprove, vi ⊑ v′i ⊑ F(v′i). Using the monotonicity ofF we obtain

F(vi)⊑ F(v′i) = vi+1

and
vi+1 = F(v′i)⊑ F(F(v′i)) = F(vi+1)

Using these inequalities and the fact thatv0 ⊑ F(v0) we can prove by easy
induction that

F(vi−1)⊑ vi ⊑ F(vi) (*)

for all i. Second of these inequalities means thatvi is a post-fixpoint of the
update operatorF and hence it is bounded from above byvopt, the only fixpoint
of F. We conclude thatvi ⊑ vopt for all i.

Let vi be thei-th approximation computed by Algorithm 1 (i.e.,vi(x) is the
optimal value for the truncated gameGi(x)). Using the first inequality in (*)
we can prove by induction thatvi ⩽ vi for all i. Thusvi ⊑ vi ⊑ vopt and we can
estimate∥vopt−vi∥⩽ ∥vopt−vi∥. From Lemma 2 and Lemma 3 it follows that
if i > lg(D) ⋅N2 ⋅DN then thevi-greedy strategies must be optimal.□

4.1 Acceleration I: Iterative Squaring

Our first acceleration technique is based on the observationthat successive
small-step updates of the current valuationv correspond to iterations of a linear
map. For a linear map, cumulative effect of exponentially many iterations of
it can be computed in a polynomial time using a method known asiterative
squaring. We use this fact to decrease the number of consecutive small-step
updates by an exponential factor.

Let us consider the current approximationv and the currentv-greedy strategies
σ andτ . We note that

F(v)x= max
x→y

v(y) = v(σ(x))

for x∈Vmax and
F(v)x= min

x→y
v(y) = v(τ(x))

for x ∈ Vmin. Thus applyingF to v is the same as applying an update opera-
tor Fσ ,τ corresponding to strategiesσ andτ . Note thatFσ ,τ can be written as
Fσ ,τ(v) = Q ⋅v+b where matrixQ has entriesq(x,y) given by

q(x,y) = 1 if x∈Vmax andy= σ(x) or x∈Vmin andy= τ(x),
q(x,y) = p(x,y) if x∈Vrnd and(x,y) ∈ E,

q(x,y) = 0 otherwise.

(5)
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The base valuationb is given byb(t) = 1 andb(x) = 0 for all x ∕= t.

As Fσ ,τ(v) = Q ⋅v+b, the result of 2 iterations ofFσ ,τ is

F2
σ ,τ(v) = Fσ ,τ(Q ⋅v+b) = Q2 ⋅v+Q ⋅b+b= Q1 ⋅v+b1 .

whereQ1 = Q2 andb1 = Q ⋅b+b. Similar, the result of 4 iterations ofFσ ,τ is

F4
σ ,τ(v) = F2

σ ,τ(Q1 ⋅v+b1) = Q2
1 ⋅v+Q1 ⋅b1+b1 = Q2 ⋅v+b2 .

whereQ2 = Q2
1 andb2 = Q1 ⋅ b1 + b1. In generalF2i

σ ,τ(v) = Qi ⋅ v+ bi where
Q0 = Q, b0 = b and

Qi+1 = Q2
i

bi+1 = Qi ⋅bi +bi .

Thus at an expense ofi matrix multiplications we can find the result of 2i

small-step updates of the current approximationv. This observation is used in
our first approximation improvement functionImprove1. The function uses the
iterative squaring method to compute results of 2i small-step updates ofv for
i = 0,1,2, . . . . This is continued as long as strategiesσ andτ remain greedy
with respect to the current valuation.

Improve1(v,σ ,τ)≡

Q := matrix given by equations (5);

b(t) := 1; b(x) := 0 for x ∕= t;

v′ := Q ⋅v+b;

while σ andτ arev′-greedydo
v := v′;
b := Q ⋅b+b; Q := Q ⋅Q;
v′ := Q ⋅v+b;

done;

return v.

Figure 3: Improvement using iterative squaring

We show thatImprove1 satisfies premises of Theorem 5. Hence Algorithm 2
implemented using this function is correct.

Theorem 6 Let v′ = Improve1(v,σ ,τ) where v is feasible andσ and τ are
v-greedy. Then v′ is feasible and v⊑ v′.
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PROOF: From the construction of the function it follows thatv′ = F2k

σ ,τ(v).

Since strategiesσ andτ arev-greedyF(v) = Fσ ,τ(v) and hencev⊑ Fσ ,τ(v) by
our assumption thatv⊑ F(v). By easy inductionv⊑ Fn

σ ,τ(v)⊑ Fn+1
σ ,τ (v) for all

n.

Hencev⊑ v′ andv′ ⊑ Fσ ,τ(v′) = F(v′). Last equality follows from the fact that
strategiesσ andτ arev′-greedy as is ensured by the function.□

Thus we know that Algorithm 2 using functionImprove1 finds the optimal
strategies after at most exponentially many iterations. However, the cost of a
single iteration is yet unknown as we do not know how many iterations can be
done by the inner loop of the function. To investigate this issue we introduce
the following notion.

Definition 15 ((σ ,τ)-distance) Let v be a valuation andσ , τ be some sta-
tionary strategies. The(σ ,τ)-distance of v is the maximal possible number of
small-step updates of v using strategiesσ and τ . That is, it is the maximal
number n such thatσ andτ are Fi(v)-greedy for i= 0,1, . . . ,n.

The fact that each iteration of the while loop inImprove1 decreases the(σ ,τ)-
distance of the current valuation allows us to give bounds onthe number of
iterations.

Lemma 4 Let n be the(σ ,τ)-distance of v. A call toImprove1(v,σ ,τ) returns
result v′ after at most k⩽ lg(n) iterations of its inner while loop. Moreover,

n′+2k ⩽ n< 2k+1

where n′ is the(σ ,τ)-distance of v′.

PROOF: In the last,k-th iteration of the while loop, the current valuationv′ is
F2k

(v) and its(σ ,τ)-distance isn′. Since strategiesσ andτ arev′-greedy, the
(σ ,τ)-distance ofv is at least 2k+n′. That is

n⩾ n′+2k ⩾ 2k .

It follows that the number of iterations is bounded by lg(n). The last iteration
is terminated after discovering that strategiesσ andτ are notF2k

(v′)-greedy.
Hencen< 2k+1. □

On a terminating game board the small-step updates of a valuation converge
to a limit valuation with a known convergence rate. This gives an exponential
bound on a(σ ,τ)-distance of a valuation.
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Lemma 5 Assume that G is a(N,K,D)-board. If strategiesσ and τ are not
optimal then the(σ ,τ)-distance of a valuation v⊑ vσ ,τ is bounded bylg(D) ⋅
N2 ⋅DN.

PROOF: Let n be the(σ ,τ)-distance ofv. As long as strategiesσ andτ are
v-greedy, applyingF to v is the same as applying the linear operatorFσ ,τ to it.
Hence the sequenceF(v),F2(v), . . . ,Fn(v) is the same as sequence

Fσ ,τ(v),F
2

σ ,τ (v), . . . ,F
n

σ ,τ(v)

which converges tovσ ,τ .

OperatorFσ ,τ is an update operator corresponding to the restricted game board
Gσ ,τ which is terminating. Hence we can use the arguments of Theorem 4 to
show that ifn⩾ lg(D) ⋅N2 ⋅DN thenFn

σ ,τ(v) is so close tovσ ,τ that anyFn
σ ,τ(v)-

greedy strategies must be alsovσ ,τ -greedy. This would imply thatσ andτ are
vσ ,τ -greedy and thus optimal by Theorem 3. Thereforen must be smaller than
lg(D) ⋅N2 ⋅DN. □

Using the above two lemmas we can prove the following bound onthe number
of iterations of the inner loop ofImprove1.

Proposition 8 Assume that G is a(N,K,D)-board. When functionImprove1
is called in line 4 of Algorithm 2 then it returns after at mostO(N ⋅ lg(D))
iterations of its inner while loop.

PROOF: Note thatImprove1 is called on(v,σ ,τ) in Algorithm 2 only whenσ
andτ are not optimal. Moreover,v⊑ F(v) andσ andτ arev-greedy.

It follows thatv⊑ vσ ,τ and hence Lemma 5 can be applied to bound the(σ ,τ)-
distance ofv by lg(D) ⋅N2 ⋅ DN. Since, by Lemma 4, the(σ ,τ)-distance is
halved in each iteration of the inner loop ofImprove1 it follows that the number
of iterations is bounded by lg

(

lg(D) ⋅N2 ⋅DN
)

= O(N ⋅ lg(D)). □

Similar observations lead to a linear bound on the number of successive small-
step updates in the accelerated algorithm. This proves thatusing Improve1
substantially improves the basic algorithm in which an exponential number
of small-steps is possible.

Theorem 7 Accelerated algorithm with procedureImprove1 makes at most
O(N ⋅ lg(D)) many consecutive small-steps when run an a(N,K,D)-board.

PROOF: Let n be the(σ ,τ)-distance of the current approximationv and letn′

be the(σ ,τ)-distance of the improved valuationv′ returned as a result of a call
to Improve1.
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From Lemma 4 it follows thatn′ ⩽ n/2, i.e., the(σ ,τ)-distance of the current
approximation is at least halved in one iteration. If the iteration is a small-
step then the strategiesσ andτ remain greedy and the(σ ,τ)-distance keeps
decreasing with exponential rate. As the initial(σ ,τ)-distance is bounded by
lg(D) ⋅N2 ⋅DN it follows that there can be at mostO(N ⋅ lg(D)) consecutive
small-step updates. □

4.2 Acceleration II: Linear Extrapolation

Iterating operatorFσ ,τ produces a sequence of valuations which converges to
the valuesvσ ,τ . FunctionImprove1 returns a valuation from this sequence. Thus
the limit valuationvσ ,τ sets up a direction in which the current approximation
is improved. As the limit valuation can be computed in a polynomial time, we
propose to replace iterations ofFσ ,τ by a linear extrapolation in the direction
of vσ ,τ . That is, we will improve the current approximationv by replacing it
with a valuation

vt = (1− t)v+ t ṽ,

from the linear segment connectingv with some limit valuation ˜v (initially
ṽ = vσ ,τ ). Parametert ∈ [0,1] is chosen so thatvt is a valuation satisfying
vt ⊑ F(vt). This will guarantee correctness of the accelerated algorithm using
this improvement function. Of course we also want to maximize t so that the
distance betweenv and the improved valuationvt is as big as possible.

FunctionImprove2 uses recursive funcitonExtrapolate accepting two param-
eters, the current feasible valuationv and a limit valuation ˜v in whose direc-
tion the current valuation will be extrapolated. FunctionImprove2 simply calls
Extrapolate with vσ ,τ as the initial limit valuation (see Figure 4).

Givien initail, feasible valuationv, for eachx ∈ V we compute parametertx
such thatvt is feasible atx for all t ∈ [0, tx] (that is,vt(x)⩽F(vt)x for t ∈ [0, tx]).
If we taket = minx tx thenvt is feasible at allx∈V and thus feasible.

Let fx(t) = vt(x)−F(vt)x. Our assumption thatv is feasible atx means that
fx(0)⩽ 0 and we want to findtx such thatfx(t)⩽ 0 for t ∈ [0, tx].

In casex is a random position functionfx(t) is linear int. Thus inequality
fx(t)⩽ 0 holds for allt ∈ [0, tx] wheretx is a solution of linear equationfx(t) =
0.

If x is a strategic position, thenfx(t) = vt(x)− vt(y) wherey is one of the
successors ofx. We can consider only these successorsy for which initial in-
equality fx(0) ⩽ 0 holds, that is, such thatv(x) ⩽ v(y). For suchy we have
vt(x)⩽ vt(y) for t ∈ [0, tx

y ] wheretx
y is a solution of linear equationvt(x) = vt(y).
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Improve2(v,σ ,τ)≡ Extrapolate(v;vσ ,τ )

Extrapolate(v, ṽ)≡
t := 1;
foreach x∈V do

⊳ Computing parameter tx and t= minx tx
if x∈Vrnd then Let tx be a solution ofvt(x) = F(vt)x.
else

foreach (x,y) ∈ E s.t.v(y) ⩾ v(x) do
Find tx

y a solution tovt(x) = vt(y).

if x∈Vmin then tx := miny tx
y elsetx := maxy tx

y fi

fi
if tx < t then t := tx fi

⊳ The limit valuation is updated if the position is blocked
if tx = 0 then ṽ(x) := v(x) fi

done;
if t > 0 then

return vt

else
return Extrapolate(v, ṽ)

fi

Figure 4: Improvement using linear extrapolation.
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If x∈Vmax we can taketx = maxy tx
y. Then fort ∈ [0, tx]

fx(t) = vt(x)−max
x→y

vt(y)⩽ vt(x)−vt(y
′)⩽ 0

wherey′ is the successor ofx with maximaltx
y′ . If x ∈Vmin then we taketx =

miny tx
y. In this case, for anyt ∈ [0, tx] we have

fx(t) = vt(x)−min
x→y

vt(y) = vt(x)−vt(y
′)⩽ 0

wherey′ is the successor ofx with minimal valuevt(y′). The last inequality
follows from the fact thatt ∈ [0, tx

y′ ].

Above procedure finds parameterstx and t = minx tx such thatvt is feasible.
However, if one oftx equals 0 thent = 0 andvt is not different from the initial
valuationv. Let us call positionx blockedif tx = 0. When a blocked position
is detected byExtrapolate then it is unblocked by modifying the limit valua-
tion. This way blocked positions are successively removed and eventually the
function returns an improved valuation.

Proposition 9 Assume that v⊑∕ F(v)⊑ ṽ. A call toExtrapolate(v, ṽ) returns af-
ter making at most N recursive calls where N is the number of game positions.
Moreover, if v′ is the returned valuation then v⊑∕ v′ ⊑ F(v′).

PROOF: We first note thatv⊑ ṽ impliesv⊑ vt for anyt asvt = (1− t)v+ t ṽ.

Next observe that if ˜v(x) = v(x) then

vt(x) = v(x) ⩽ F(v)x⩽ F(vt)x

i.e.,vt is feasible atx for anyt and thustx = 1. This means that positionx such
that ṽ(x) = v(x) can not be blocked. Therefore each recursive call reduces the
number of blocked positions and hence there can be at mostN recursive calls.

When there are no blocked positions then the returned valuation is vt with
t =minx tx. As noted abovev⊑ vt . Also,vt is feasible ast ⩽ tx for all x. Finally,
vt ∕= v sincet > 0. □

We useExtrapolate to improve the current approximation in Algorithm 2.
FunctionImprove2 simply callsExtrapolate with vσ ,τ as the initial limit valua-
tion. We note that wheneverImprove2 is invoked on(v,σ ,τ) in the algorithm
thenv ⊑∕ F(v) andF(v) = Fσ ,τ(v) ⊑ vσ ,τ as strategiesσ andτ arev-greedy.
ThereforeImprove2 satisfies premises of Theorem 5.

Theorem 8 Let v′ = Improve2(v,σ ,τ) where v is feasible andσ and τ are
v-greedy. Then v′ is feasible and v⊑ v′.
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PROOF: A direct consequence of Proposition 9.□

Using Theorem 5 we conclude that Algorithm 2 which uses function Improve2
correctly computes the optimal strategies for a game.

4.3 Acceleration III: Linear Programming

Our last acceleration technique uses linear programming tocompletely remove
small-steps form the approximation schema. In this respectit is comparable to
the strategy improvement method. A single iteration is relatively expensive to
compute (although it is still polynomial) but we can guarantee that in each step
a new, better pair of strategies is discovered.

Let us look again at the basic approximation algorithm. Letv be the current
approximation withv-greedy strategiesσ andτ . The result ofn consecutive
updates ofv is the valuationvn = Fn(v). If the updates are small-steps then
valuationsvn satisfy the following properties:

(a) v⊑ vn,

(b) vn ⊑ F(vn) and

(c) strategiesσ andτ arevn-greedy.

We would be able to skip all the small-step updates ofv if we find the maximal
vn which satisfies constraints (a)–(c).

We note that constraints (a) and (c) are linear. Moreover, when (c) is sat-
isfied, constraint (b) is also linear. This is because if strategiesσ and τ are
vn-greedy thenF(vn) = Fσ ,τ(vn) whereFσ ,τ is the linear update operator cor-
responding to strategiesσ andτ .

Therefore, in our last implementation of functionImprove, we improve the
current approximation by replacing it with a solution of a linear program cor-
responding to the constraints (a)–(c).
The valuationv′ returned by a call toImprove3(v,σ ,τ) does not necessarily
coincide with a result of several small-step updates ofv. However it satisfies
the requirements of Theorem 5 and henceImprove3 can be correctly used in
the accelerated algorithm.

Theorem 9 Let v′ = Improve3(v,σ ,τ) where v is feasible andσ and τ are
v-greedy. Then v′ is feasible and v⊑ v′.

PROOF: First we note that under our assumptions valuationv satisfies con-
straints (a)–(c). Hence the solutionv′ of the linear program exists. We have
v ⊑ v′ sincev′ satisfies (a). From (b) and (c) it follows thatv′ ⊑ Fσ ,τ(v′) and
Fσ ,τ(v′) = F(v′), thusv′ ⊑ F(v′). □
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Improve3(v,σ ,τ)≡

Return solutionv′ of the linear program: maximize∑xv′(x) subject to

(a: v⊑ v′)

v(x) ⩽ v′(x) for all x,

(b: v′ ⊑ Fσ ,τ(v′))

v′(x)⩽ v′(σ(x)) for x∈Vmax,
v′(x)⩽ v′(τ(x)) for x∈Vmin,
v′(x)⩽ ∑x→y p(x,y) ⋅v′(y) for x∈Vrnd,

(c: σ andτ arev′-greedy)

v′(y)⩽ v′(σ(x)) for x∈Vmax and(x,y) ∈ E,
v′(τ(x))⩽ v′(y) for x∈Vmin and(x,y) ∈ E.

Figure 5: Improvement using linear programming.

We can prove that when using functionImprove3 Algorithm 2 finds a new pair
of strategies in each iteration, thus the small steps of the basic algorithm are
completely removed. To show this we define a norm of a pair of strategies and
prove that this norm is increased in each iteration of the algorithm.

Definition 16 (norm of strategies) For positional strategiesσ andτ let their
norm∥σ ,τ∥ be the maximal value∑xv(x) over the valuations satisfying con-
straints (b) and (c) of the linear program in functionImprove3. That is, v should
be such that v⊑ Fσ ,τ(v) and strategiesσ , τ are v-greedy.

First we show that the valuation returned byImprove3(v,σ ,τ) corresponds to
the norm ofσ andτ despite the fact that it satisfies an additional constraint (a).

Lemma 6 Let v′ = Improve3(v,σ ,τ) where v is feasible andσ and τ are v-
greedy. Then∑xv′(x) = ∥σ ,τ∥.

PROOF: As v′ satisfies constraints (b) and (c) we know that∑xv′(x)⩽ ∥σ ,τ∥.

Suppose that there is a valuationv′′ satisfying constraints (b) and (c) such that
∑xv′′(x) = ∥σ ,τ∥> ∑xv′(x). Then we can construct a new valuationv∗ which
assigns tox the bigger of the valuesv′(x) andv′′(x). We argue thatv∗ satisfies
(a)–(c) which is a contradiction as∑xv∗(x) ⩾ ∑xv′′(x) > ∑xv′(x).

It is obvious thatv∗ satisfies constraint (a). Let us take a positionx ∈ Vmax.
We know thatv′(x) ⩽ v′(σ(x)) andv′′(x) ⩽ v′′(σ(x)) as bothv′ andv′′ satisfy
constraint (b). Ifv∗(x) = v′(x) thenv∗(x) ⩽ v′(σ(x)) ⩽ v∗(σ(x)) and similar
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argument works whenv∗(x) = v′′(x). The same way we can show thatv∗ sat-
isfies all the remaining inequalities using the fact that both v′ andv′′ satisfy
them. □

Now we are ready to prove that the norm of the current greedy strategies is
increased in each iteration of the algorithm. This implies that the same pair of
strategies is never repeated during the iterations.

Proposition 10 Let(σi ,τi) be the current greedy strategies in the i-th iteration
of Algorithm 2 in which functionImprove3 is used. Then(σi ,τi) ∕= (σ j ,τ j) for
j < i.

PROOF: We show that the sequence of strategies constructed by the algorithm
is monotonic with respect to the norm∥ ⋅ ∥.

Let v′ = Improve2(vi ,σi,τi) andv′′ = Improve2(vi+1,σi+1,τi+1). We havev′ ⊑
F(v′) = vi+1 ⊑ v′′.

If v′ = vi+1 thenvi+1 is a fixpoint ofF and thus it equals the optimal valuation.
In that case strategiesσi+1,τi+1 are optimal and therefore different from all the
previous strategies.

If v′ ∕= vi+1 then ∑xv′(x) < ∑xvi+1(x) ⩽ ∑xv′′(x). By Lemma 6∑xv′(x) =
∥σi ,τi∥ and∑xv′′(x) = ∥σi+1,τi+1∥. Hence∥σi,τi∥< ∥σi+1,τi+1∥. □

5 Experimental Results

This section presents results of experiments in which we runand compare the
algorithms described in this paper. We also compare our algorithms with ones
based on strategy improvement method for solving stochastic games. We start
this section with brief introduction of the strategy improvement method.

5.1 Strategy Improvement

Algorithms based on successive approximation work by updating values as-
signed to game positions. There is an alternative approach in which player
strategies are successively updated until they become optimal. This method,
known as strategy or policy improvement, was first applied byDerman [6]
to Markov decisions processes which are one player stochastic games. Later,
Hoffman and Karp [8] extended it to the setting of two player stochastic games.
Condon analysed these algorithms in the context of simple stochastic games [5,
12]. They were also applied to stochastic reachability games with concurrent
moves [3]. There are versions of strategy improvement method which can be
applied to mean-payoff [2] and parity games [14].
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The strategy improvement algorithm has the following general structure.

Algorithm 3 (Strategy Improvement)

1. Start with arbitrary strategyτ for playermin.

2. Compute optimal winning probabilities vτ in one player game Gτ

in whichmin choices are fixed byτ .

3. Stop ifτ is vτ -greedy.

4. Updateτ so that it is vτ -greedy.

5. Repeat from 2.

In step 2, optimal winning probabilities in a one player stochastic reachability
game must be computed. This task is equivalent to optimizinga Markov deci-
sion process. Below we will discuss two methods which can be used for that
purpose.

Strategy update in step 4 consists of switching it at positions at which it is
not greedy. Positionx∈Vmin is switchableif vτ(y)< vτ(τ(x)) for somex→ y.
Strategyτ is updated at every switchable positionx so that it selects the suc-
cessor ofx with the least value ofvτ . If there are no switchable positions then
strategyτ is stable. For terminating games this means that it is also optimal
(cf. Theorem 3).

Termination of the algorithm is guaranteed by the fact that each improvement
step produces a new, better strategy. It can be proven that ifτ ′ is a result of
switching τ at a switchable positionx thenvτ ′ ⊑ vτ and vτ ′(x) < vτ(x) (see
e.g. [4]). This ensures that no strategy will be considered twice and hence the
number of improvement steps is bounded by the total number ofpositional
strategies for a player (which is exponential in the size of the game board).

In practice the number of iterations tends to be very small, usually grow-
ing linearly with the size of the game. It is a long standing open question
whether there are polynomial bounds on the number of iterations of the stra-
tegy improvement method. Subexponential bounds on the expected number
of improvements have been proven in [1]. Versions of the algorithm with
strong subexponential bounds on the number of iterations have been presented
in [9, 2].

5.1.1 Solving One Player Games

In step 2 of the strategy improvement algorithm the following problem must
be solved: given a positional strategyτ for playermin find the optimal value
for playermax in a gameGτ(x) in which choices ofmin are fixed byτ . Let us
call it a τ-optimal value atx and denote it byvτ(x).
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The gameGτ is an instance of a Markov decision process controlled by player
max whose goal is to maximize probability of reaching the targetposition. The
optimal strategy formax can be found using the same strategy improvement
method which originally was introduced by Derman to solve exactly this type
of problems. In our setting of a two player game in which choices of one player
are fixed by a given strategy the procedure takes the following form

Derman(τ)≡

1 Start with arbitrary strategyσ for max.

2. Compute winning probabilities vσ ,τ .

3. Stop ifσ is vσ ,τ -greedy, return vσ ,τ .

4. Updateσ so that it is vσ ,τ -greedy.

5. Repeat from 2.

Recall thatvσ ,τ can be computed in a polynomial time by solving linear equa-
tions (3). We will call a version of Algorithm 3 which uses procedureDerman
in step 2 anelementary strategy improvement. The name emphasizes the fact
that it is based on relatively simple computations. The drawback is that it is not
know whether its subroutineDerman will always terminate within polynomi-
ally many iterations.

On the other hand, it is well known that the optimal values of aMarkov de-
cision processes can be computed in a polynomial time (see e.g. [7]). This is
achieved via reduction to linear optimization problems. The optimal valuesvτ
corresponding to a givenmin’s strategyτ are solution of the following linear
optimization problem:

Minimize Σxv(x) subject to:

v(t) = 1

v(x) = v(τ(x)) x∈Vmin,

v(x) ⩾ v(y) x∈Vmax, (x,y) ∈ E,

v(x) = ∑
(x,y)∈E

p(x,y) ⋅v(y) x∈Vrnd.

(6)

Version of Algorithm 3 proposed by Hoffman and Karp determines winning
probabilitiesvτ in step 2 by solving above linear constraint problem 6. Since
linear programs can be solved in a polynomial time ([10]), there is a polyno-
mial bound on the complexity of a single iteration of the algorithm, although
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achieving this complexity requires rather involved computations. In contrast,
the elementary variant of strategy improvement uses very simple computations
in each iteration but there is no guarantee that a single improvement step can
be completed in a polynomial time.

5.2 Experiments

The different algorithms solving stochastic reachabilitygames trade the com-
plexity of a single improvement step for the convergence rate measured by the
number of iterations needed to solve a game. The most complexalgorithms
solve difficult linear optimization problems in hope of substantially reducing
the number of iterations needed to find a solution. On the other hand, the ba-
sic value iteration and the elementary strategy improvement algorithms use
rather simple computations in each step but they might require large number
of iterations to finish their task. We expect our acceleratedalgorithms to lie
somewhere in between these two extremes having a good convergence rate
and a relatively low costs of a single iteration.

To verify our expectations we have run a small set of experiments in which
random games were solved using different algorithms. The main objective was
to see whether and how much the proposed acceleration methods reduce the
number of iterations of the basic successive approximationschema. We have
also compared our algorithms against the ones based on strategy improvement.

We want to emphasize that the quantity measured in our experiments is the
number of iterations needed to solve a game. A final efficiencyof an algorithm
also depends on the cost of performing a single iteration andthis varies con-
siderably among different algorithms. Adequate measuringof this cost would
require state-of-the-art, efficient implementations of all the required computa-
tions such as solving large systems of linear equation systems and linear opti-
mization problems. We didn’t address these issues as this isbeyond the scope
of our research. Instead, we have implemented all the algorithms using sym-
bolic arithmetic on rational numbers to avoid rounding errors and we utilized
existing linear programming libraries. This substantially simplified the imple-
mentation task but it also limited the size of games we can handle to several
hundred positions.

The experiment consisted of generating over 470 random games of different
sizes and solving each of them using the following algorithms:

A. basic successive approximation (Algorithm 1),

B. accelerated approximation using iterative squaring (Algorithm 2 using
function Improve1 of Figure 3),
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F. Hoffman-Karp Strategy Improvement
E. Elementary Strategy Improvement

D. Linear Optimization
C. Linear Extrapolation

B. Iterative Squaring
A. Basic Value Iteration
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no. of
iterations

no. of game
positions

Figure 6: Number of iterations required to solve random simple stochastic
games of differnet sizes by algorithms A–F. Each dot represents a single run of
the corresponding algorithm on a game of the indicated size.Circles represent
average number of iterations for games of the same size.

C. accelerated approximation using linear extrapolation (Algorithm 2 using
function Improve2 of Figure 4),

D. accelerated approximation using linear optimization (Algorithm 2 using
function Improve3 of Figure 5),

E. elementary strategy improvement (Algorithm 3 using function Derman),

F. Hoffman-Karp strategy improvement (Algorithm 3 using linear opti-
mization).

The notion of a single iteration was different for differentalgorithms. In algo-
rithms A,C and D it was a single update of the current valuation corresponding
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C. Linear Extrapolation

B. Iterative Squaring
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Figure 7: Results for algorithms B, C and E on games with 100 to500 po-
sitions. Each dot represents a single run of the corresponding algorithm on a
game of the indicated size. Circles represent average number of iterations for
games of the same size.

to one iteration of the loop 3–6 in Algorithm 1 or Algorithm 2.For algorithm B
we also counted each matrix multiplication as a separate iteration. Thus, if the
inner loop of functionImprove1 performed several iterations it was included in
the global count. In algorithm E each update of one of the strategies counted as
a single iteration. Finally, one iteration of algorithm F consists of determining
the optimal values in the one-player game and switching the current strategy.

We used randomly generated simple stochastic games, that is, games in
which each position has at most two successors and if it is a random position
then both successors are equally probable. The number of positions ranged
from 50 to 500. Due to heavy computations connected with solving linear op-
timization problems in algorithms D and F it was impracticalto run them on
games with more than 200 positions. For the simpler algorithms B, C andD
we were able to run them on games with up to 500 positions.

Results of the experiments are presented in Figures 6 and 7. Figure 6 reports
results from running all six algorithms on games with 50 to 150 positions.
Approximately 50 games of each size were solved. AlgorithmsB,C and E
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A B C D E F

A – 6.01
1.83

53.00
12.97

65.29
17.72

16.26
3.94

91.40
19.21

B 0.94
0.60

– 28.00
7.02

31.75
9.54

8.22
2.14

32.50
10.37

C 0.30
0.10

0.40
0.17

– 4.50
1.46

1.22
0.33

4.17
1.59

D 0.24
0.08

0.35
0.13

3.33
0.83

– 0.67
0.24

2.75
1.14

E 1.11
0.35

2.05
0.57

13.00
3.71

10.00
4.75

– 8.33
4.85

F 0.30
0.08

0.40
0.12

4.00
0.80

2.67
1.00

0.33
0.21

–

A. Basic Value
Approximation

B. Iterative Squaring
C. Linear Extrapolation
D. Linear Optimization
E. Elementary Strategy

Improvement
F. Hoffman-Karp Strategy

Improvement

Table 1: Maximal and average relative convergence rates of the algorithms.

were also run on games with 100 to 500 positions with around 30games of
each size solved. These results are shown in Figure 7.

Table 1 presents relative convergence rates of the algorithms. A relative con-
vergence rate of algorithmX with respect to another algorithmY is the ratio
α = nY/nX wherenX andnY are number of iterations needed byX andY, re-
spectively, to find a solution. Thus the ratio of 1 means that both algorithms
used the same number of iterations. Ifα > 1 then algorithmX used aroundα
times less iterations thanY to solve the same game. In the table, the numbers
in the column labelled byX and the row labelled byY are the maximal and
average relative convergence rate ofX with respect toY. Thus, for example,
reading the first row of the table we can see that the Hoffman-Karp strategy
improvement (algorithmF) required up to 90 times less iterations (20 times
less on average) than the basic value iteration (algorithmA).

The basic idea of our acceleration methods was to reduce the number of small-
steps, that is iterations which do not improve the current strategies. Table 2
shows the proportion of strategy updates in an average run ofeach of the al-
gorithms based on the successive approximation scheme. Note that in case of
algorithmD the measurements confirm that acceleration based on linear opti-
mization eliminates small-steps entirely, as was proven inProposition 10.

The results of the experiment show that accelerations basedon linear extrap-
olation and linear optimization (algorithms C and D) substantially reduce the
number of iterations as compared to the basic approximationscheme (algo-
rithm A). In some cases they used up to 50–60 times less iterations and in
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Basic Value Iteration 27%
Iterative Squaring 43%
Linear Extrapolation 97%
Linear Optimization 100%

Table 2: Number of strategy updates relative to the total number of iterations
for the successive approximation algorithms.

average their convergence rate was around 15 times better than that of the ba-
sic algorithm A. However, the acceleration achieved using iterative squaring
(algorithm B) was rather poor, probably not big enough to justify the high
costs of a single iteration.

The experiments also show similarities between the acceleration based on
linear optimization (algorithm D) and the Hoffman-Karp strategy improve-
ment (algorithm F). Both algorithm use expensive computations in a single
iteration and both have very similar convergence rates. It is interesting to see
that comparable convergence rate was achieved by algorithmC using linear ex-
trapolation. This acceleration method proves to be quite efficient, eliminating
most of the small-step iterations while remaining relatively simple. A single
iteration of algorithm C requires slightly more complicated computations than
these used by the elementary strategy improvement (algorithm E) but the re-
sulting convergence rate is approximately 3 times better. This makes algorithm
C the most interesting alternative for the strategy improvement methods.

6 Conclusions and Future Work

We have demonstrated how the successive approximation scheme for solving
stochastic games can be accelerated to substantially reduce the number of itera-
tions needed to find optimal values and strategies. This leads to new interesting
algorithms for solving stochastic reachability games. Thealgorithms are based
on three different acceleration techniques which vary in the difficulty of the
involved computations and in the results they achieve.

It is relatively cheap to execute the algorithm based on linear extrapolation.
After computing the limit valuation, simple arithmetic operations are needed to
linearly extend the current approximation in its direction. Despite its simplic-
ity, in our experiments this algorithm proved to be very efficient, comparable
to the most sophisticated ones based on linear constraint solving.

The algorithm using iterative squaring must perform matrixmultiplications
for matrices of the size proportional to the size of the game board. At this
cost we can guarantee that it will update current greedy strategies after at most
linearly many iterations. This is much better than for the basic, non-accelerated
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algorithm where exponentially many iterations might be necessary to alter the
current greedy strategies.

The last algorithm needs to solve linear optimization problems in each it-
eration. This can be done in polynomial time, but is computationally rather
involved. What we gain is that the current greedy strategiesare updated in
each iteration of the algorithm. This makes it similar to thestrategy improve-
ment method, where also a new strategy is found in each iteration and this also
at the cost of solving linear constraint problems. What is different, is the way
we arrive at the new strategy in each of the algorithms.

These theoretical considerations are confirmed by the experimental results
we obtained by running our algorithms on randomly generatedgames. We
could observe that the accelerated algorithms based on linear programming
and linear extrapolation have similar efficiency as the strategy improvement
one. We also noticed that our algorithms substantially increase frequency with
which the greedy strategies are updated, with the one based on linear pro-
gramming doing it in every iteration. In these experiments the algorithm using
linear extrapolation looked especially attractive. As mentioned above it uses
relatively simple computations in each iteration but it proved to be comparable
to the most sophisticated algorithms based on linear constraint solving.

There is much work left to be done to better evaluate the usefulness of our
new algorithms. First, a more efficient implementation would have to be con-
structed so that their performance can be verified on a more realistic sample
of games. There is much space for improvement by using state-of-the-art tech-
niques for efficient data representation, high precision arithmetic and fast solv-
ing of linear equation systems.

Currently we can prove correct behaviour of our algorithms only for a class
of stopping games in which infinite plays have zero probability. It is known
that any stochastic game can be approximated by a stopping one. However,
such an approximation increases the size of the game by an exponential factor.
It would be interesting to see if our algorithms can be made todirectly work on
arbitrary games, also these in which infinite plays have non-zero probability.

It is possible to give an interesting geometric interpretation of the way our
accelerated algorithms work. Valuations ofN game positions can be seen as
points in theN-dimensional cube[0,1]N. The algorithms search for the opti-
mal values in a feasible regionW within this cube. Our main observation is
that regionW can be divided into convex sub-regionsWσ ,τ corresponding to
positional strategies in the game. One way of looking at our algorithms is that
they perform a search for the sub-region containing optimalvalues by moving
from one sub-region to an adjacent one. They differ in the waythis adjacent
sub-region is found, but the cost of that operation is kept polynomial thanks
to the fact that sub-regions are convex. Now it would be interesting to see if
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there are more efficient ways of performing this search in theset of sub-regions
related to each other by their geometric location. The number of sub-regions
is exponential, but the crucial question is if there is a polynomial path (com-
putable in polynomial time) connecting an initial region with the one which
contains optimal values.
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