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Abstract
We employ the empirical potential function Airebo to computationally model
free-standing Carbon-12 graphene in a classical setting. Our objective is to measure the mean square displacement (MSD) of atoms in the system for different
average temperatures and Carbon-13 isotope concentrations. From results of
the MSD we aim to develop a technique that employs Transmission Electron
Microscopy (TEM), using high-angle annular dark filed (HAADF) detection, to
obtain atomic-resolution images. From the thermally diffusive images, produced
by the vibrations of atoms, we intent to resolve isotopes types in graphene. For
this, we establish a relationship between the full width half maximum (FWHM) of
real-space intensity images and MSD for temperature and isotope concentration
changes. For the case of changes in the temperature of the system, simulation
results show a linear relationship between the MSD as a function of increased
temperature in the system, with a slope of 7.858 × 10−6 Å2 /K. We also note a
power dependency for the MSD in units of [Å2 ] with respect to the FWHM in
units of [Å] given by FWHM(MSD) = 0.20MSD0.53 + 0.67. For the case of increasing isotope concentration, no statistically significant changes to the MSD of
12 C and 13 C are noted for graphene systems with 2, 000 atoms or more. We note
that for the experimental replication of results, noticeable differences in the MSD
for systems with approximately 320, 000 atoms must be observable. For this, we
conclude that isotopes in free-standing graphene cannot be distinguished using
TEM.
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Chapter 1

Introduction
1.1

Basic Understanding

Carbon is the 6th element in the periodic table and can be found in two stable forms, 12 C
and 13 C. Each isotope has an atomic mass of
12.000000 g/mol and 13.003355 g/mol with a
natural abundance of 98.93% and 1.07% respectively [2, 3]. Carbon can take on different singlecrystal structures, common examples being diamond, fullerenes and graphite, which exhibit
widely varied material properties [4]. The polymorphic nature of carbon arises from four electrons that occupy the outer 2s and 2p orbital
shells [5]. Because of the energy difference between these outer orbitals (≈ 4 eV), the excited
state of carbon yields a superposition of electrons in the s and p states [5]. This quantummechanical superposition is referred to as spn
hybridization and it is responsible for the arrangement of covalent bonds [5]. This report focuses on a particular superposition state called
planar sp2 hybridization, where three orbitals
form covalent bonds at 120o angles that leads
to a two dimensional hexagonal organization
known as graphene [4, 6].
Graphene is a material that has been extensively studied in the past years and it has
been suggested as a promising complement or
substitution to silicone in many applications
[7, 8]. The interest on this investigation has
Figure 1.1: Simple schematroots in the ability to open a tunable band gap
ics of a transmission electron
in graphene. It has been experimentally shown
microscope [1].
that Carbon isotopes, such as 13 C reduces the
thermal and electrical conductivity of graphene
[8, 9, 10]. Additionally, in diamond it has been experimentally shown the isotopic composition affects its electronic gap [11], implying the sp2 material could
be used in applications where control over these transport properties is essential.
More has to be understood about the isotope doping effect and this report hopes
to explore a possible method obtaining atomic resolution images to detect 13 C
in graphene.
4

We study properties of free-standing graphene using classical molecular dynamic simulations. It is then necessary to study graphene’s hexagonal atomic
organization and covalent inter-atomic forces. With this knowledge we can computationally model vibrations of free-standing graphene such that an accurate
description of its material properties can be obtained. For this task we employ
the molecular dynamics software LAMMPS, along with the definition of Airebo,
an empirical potential function tailored to describe Carbon and hydro-Carbon
interactions developed by Stuart et al. [12]. From simulations we can obtain
the phonon dispersion relation (PDR) for graphene that can be compared to experimental results. With confidence our simulated model follows experimental
observations, we can extract additional material properties. We will aim to determine the density of states (PDOS) and the mean square displacement (MSD)
of atoms. As it will become apparent, the MSD is of significant importance to our
research question, as it describes the degree of atomic vibrations in the material
at a given temperature.
Transmission Electron Microscopy (TEM) is incorporated into our research
aim as a simulation tool for obtaining atomic-resolution images of our system.
The electron beam that is incident in sampled graphene will scatter due to
the electro-static potential between the atoms of the system and the negatively
charged particles. A method of capturing forward scattered electrons at high
angles will be used to reproduce an image of our sample. For a single atom the
intensity profile will resemble a point spread function, from which its full width
half maximum (FWHM) can be determined. The profile of the image, besides
limited by the capabilities of the microscope electron optics, will encompass some
thermal diffusion from the atom’s displacement from its mean position at temperature T . This thermal effect will then reflect in our estimation of the FWHM.
For this study we pose two different scenarios; one scenario models graphene
with varying Carbon-12 and Carbon-13 isotope concentrations at a constant temperature of 300 K. The second scenario keeps the composition of graphene, made
of Carbon-12 isotopes, unchanged while varying the temperature of the system.
For the two scenarios, we aim to determine: How does the MSD change
and how sensitively does the FWHM depend on these MSD changes?
These questions will tell us if it is feasible to distinguish carbon isotopes in an
image acquired from TEM.
The paper is organized as follows. Chapter 2 provides a theoretical background that begins with the crystalline organization of graphene in real and
reciprocal space. In section 2.2, a classical approach is taken to establish a dynamical model, which leads us to the understanding of vibrational modes by
means of the PDR, presented in section 2.3. To simplify the analysis, we first
consider the PDR of a one-dimensional system and later that of three-dimensional
systems. Additional vibrational properties, related to the PDOS and MSD are
discussed in section 2.4 and 2.5, respectively. A small theoretical background to
molecular dynamic simulations is covered in Section 2.6, concluding in section
2.7 with the introduction to Schrödinger’s equation as a basis for the theoretical work behind TEM. In chapter 3 the methods used for the computational
simulations using LAMMPS and multislice software are covered. The results to
molecular simulations are presented in chapter 4 for the case of a linear chain and
of graphene, alike. Additionally, results for multislice simulations is covered in
section 4.3. In chapter 5, results are discussed and the conclusion to our research
questions are presented.
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1.2

Graphene’s Lattice Structure

We first introduce basic crystallography concepts. Let’s begin by considering
a collection of atoms. For any system, the most stable configuration arises from
the global minimization of energy. A solid with identical atomic constituents
achieves its most stable configuration typically in a periodic arrangement regarded as a crystal [13].

Graphene’s Direct Lattice
For a moment, let’s ignore boundaries by considering an infinitely large crystal. In real space, this system can be represented by a repeating array of points
denoted the direct lattice. If all points in the array are described by linear
combinations of three fundamental translational vectors a1 , a2 , a3 , we call this
organization a Bravais lattice [14]. We can then establish a lattice vector R to
describe all points [15]
R = n1 a1 + n2 a2 + n3 a3 ,
(1.1)
where ni are integer values. The crystal structure is formed when a principal
component called a base, made of one or more atoms is repeated for every point
in the lattice [4]. Additionally, the minimum volume occupied by the fundamental
vectors is defined as the primitive cell. A systematic way to define a unit cell
space (primitive), is by using the Wigner-Seitz (WS) method1 [16].
Carbon atoms in graphene form three in-plane covalent σ-bonds. A fourth
π-bond in the z-direction of each atom hybridizes together with neighbouring
bonds to form π-bands, responsible for graphene’s electronic properties. In plane,
the structure of graphene can be detailed by two interleaving triangular Bravais
lattices. Each lattice vector can be obtained as a linear combination of lattice
vectors a1 and a2 [5]
√
√
3a
3a
a1 = 3a ex
a2 =
ex +
ey ,
(1.2)
2
2
where a is the carbon bond length. For graphene, this number has been found
to be a = 1.42 Å [4]. Note that ex = (1, 0, 0) and ey = (0, 1, 0) represent the
Cartesian unit vectors. Carbon atoms occupy all lattice points (basis vector 0)
and another point, which can be given by vectors
√
√
a
− 3a
a
3a
δ1 =
ex + ey
δ2 =
ex + ey
δ 3 = −a ey , (1.3)
2
2
2
2
as shown in figure 1.2 [5]. In the direction normal to the layer, stacks of graphene
are held together by van der Wall (VDW) forces to from graphite. This is because π-bonds link together to form weak interaction with neighbouring sheets
of graphene.
TEM takes advantage of a mathematical formulation of the normal lattice,
known as the reciprocal lattice, to give physical meaning to diffraction patterns
caused by high-energy electrons passing through the crystal [15].

Graphene Reciprocal Lattice and First Brillouin Zone
Much like the direct lattice, the reciprocal lattice is a geometric construction
of a crystal, but unlike the former, it is defined in k-space [15]. The reciprocal
is established by an ensemble of points that is associated with a particular set
1

The reader is referred to appendix A for a brief description.
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Sub-lattice 1
Sub-lattice 2
a2
a2

δ2

δ1

a1

δ3

a1

(a)

(b)

Figure 1.2: (a) Bravais sub-lattices with primitive vectors a1 and a2 . (b) Definition of vectors δ 1 , δ 2 and δ 1 connect the two sub-lattices. The honeycomb
structure between neighbouring atoms is illustrated in the right.
of planes defined by the primitive cell [4, 15]. This group of points is unique to
each crystal configuration and in TEM serves as a tool to interpret the diffraction geometry of scattered electrons hitting the crystal [15]. Every point in the
reciprocal lattice can be expressed by a vector R∗ in a similar manner as in real
space [16, 15].
R∗ = ha∗1 + ka∗2 + la∗3 ,
(1.4)
where vectors a∗1 , a∗2 , a∗3 are the reciprocal lattice vectors. The relation for a
two-dimensional system, between real and k-space primitive vectors is given by
a∗i · aj = 2πδi,j ,

(1.5)

where δi,j is the delta function. Graphene’s reciprocal lattice is defined with
respect to the normal triangular Bravais lattice by the primitive vectors,
2π
2π
a∗1 = √ ex −
ey
3a
3a

a∗2 =

4π
ey .
3a

(1.6)

Conveniently, the first Brillouin zone is defined by the geometrical construction
of the Wigner-Seitz cell in k-space [14, 16]. The first Brillouin zone then represents the primitive cell of the crystal in the reciprocal space. If reduced by all
symmetries in the point group, we can obtain the irreducible Brillouin zone. Figure 1.3 shows the reciprocal lattice of graphene, its Brillouin zone and symmetry
points Γ, K (Dirac point) and M .

a∗2

Γ

K
M

a∗1
Figure 1.3: Graphene’s reciprocal lattice. Primitive lattice vectors a∗1 and a∗2
(left).First Brillouin zone obtained using the Wigner-Seitz method (right). Dotted lines mark boundaries of the irreducible Brillouin zone.
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Chapter 2

Physics of Phonons and
Diffraction
2.1

Dynamical Model

In the previous section a fixed and rigid graphene structure was explored.
Classically, the static model can only be true at zero temperature and would
require ions to be infinitely massive or be held by infinitely strong forces [14].
Quantum-mechanically we know this not to be true due to the uncertainty principle, which conditions ions to posses some non-zero momentum (∆x∆p ≥ h) [14].
This section discusses the dynamical theory of lattice vibrations, which later will
allow us to explore vibrational properties in graphene.

Inter-atomic Displacements and Potential of the System
Consider two identical atoms that form part of a crystal structure defined by
a Bravais lattice, as shown in figure 2.1. Complications arising from the inner
arrangement of the atom, distinctly the electron structure, are disregarded from
the discussion and atoms are treated as point-like masses. Reason for this condition is evidenced by the adiabatic approximation. Presume two atoms vibrate
with kinetic energy K holding a temperature T . Due to inter-atomic forces in the
system, the atoms hold a mean position at lattice sites L1 and L2 , characterized
by vectors R and R0 respectively. With the instantaneous position of the atom
also defined by a set of vectors r(R) and r(R0 ), one can regard any displacement
of the atoms from their mean position as u(R) and u(R0 ) respectively. The
relationship between these vectors, for the case of an atom in lattice site L1 , is
shown by equation (2.1) [14].
r(R) = R + u(R).

(2.1)

The existence of a lattice structure, despite the motion of atoms, is seen as
a fundamental assumption of this model [13]. For this, one must outline that
atoms undergo a small displacement compared to the inter-atomic distances.
This assumption is the principle component for the harmonic approximation.
One must also consider that atomic interactions arise from bond formation and
charge distribution between local constituents. We can describe these by interatomic potential functions.
Without loss of generality, we can write the potential energy for a system
like the one in figure 2.1. For N constituents the total potential of the system is

8

r
r(R’)

u(R’)

u(R)
L1

a

L2

r(R)
R’

R

Figure 2.1: Instantaneous displacement for two neighboring atoms inside a lattice
structure.
found by summing over the contribution of each pair-interaction [14]
N

Vsys =

1X
Φ(|R − R0 |i,j ).
2

(2.2)

i,j

We assume a dynamic crystal structure with atoms that deviate from their average position at any given moment. It is sensible, therefore, to write an expression
for equation (2.2) that considers the instantaneous position r(R) of the atoms.
We can re-express the total potential of the system making use of equation (2.1),
N

Vsys =

1X
Φ(|R − R0 + u(R) − u(R0 )|i,j ).
2

(2.3)

i,j

Harmonic and Adiabatic Approximations
In solid state, atoms have been restricted to small deviation from the mean
position. It is then mathematically convenient to also approximate the elastic
interactions within a range close to the potential minimum. This calls for a
Taylor expansion of the empirical potential function, meaning the expression is
reinterpreted as a power series around position R [14, 17]. In general, the threedimensional Taylor’s theorem for a function f (r) shifted by b is given by [14]
f (r + b) = f (r) + b · ∇f (r) +

1
1
(b · ∇)2 f (r) + (b · ∇)3 f (r) + ...
2!
3!

.

(2.4)

We can use equation 2.3 to Taylor expand the total potential energy of the system
around the equilibrium position R, which gives
V =

1X
1X
Φ(|R − R0 |i,j ) +
[(|u(R) − u(R0 )|i,j ) · ∇]Φ(|R − R0 |i,j )
2
2
i,j
i,j
(2.5)
1X
+
[(|u(R) − u(R0 )|i,j ) · ∇]2 Φ(|R − R0 |i,j ) + ... .
4
i,j

The harmonic approximation allows us to disregard higher than second order
terms in the expansion [13]. The first term in equation (2.5) represents the
potential at equilibrium and it is the minimum energy the system can posses
[14]. It is a common practice in the study of dynamical systems to disregard
this term because it only defines a reference energy [16]. The second term of
the expansion is the force expression ∇Φ(R − R0 ). At equilibrium, the atoms

9

experience a net force of zero, leaving this term to vanish. Finally, (2.5) can be
re-represented as
Vharm =

1X
[(|u(R) − u(R0 )|i,j ) · ∇]2 Φ(|R − R0 |i,j ).
4

(2.6)

i,j

The adiabatic approximation, introduced by Born and Oppenheimer, is based
on the way how the ionic motion is fundamentally coupled to the motion of valence electrons [14, 13]. First, consider that the nucleus of an atom is much
heavier, roughly by a factor of ≈ 103 , than the surrounding electrons [4]. Additionally, the frequency of vibrations in the core are in the tens of meV range1 and
typical electronic excitations are between a few2 to hundreds of eV range3 [13].
The two factors contribute to a difference in the motion, since the nuclei moves
much slower compared to the valence electrons. Hence, for a small displacement
in the atom, electrons (moving much faster with respect to the core) practically
instantaneously adapt and stay in a ground state position [14]. By this approximation, one can disregard electronic effects of the atom and only concern with
movement of the core to determine the vibrational properties of the crystal. We
can now prioritize the understanding of atomic vibrations through the study of
motion as an ensemble.

2.2

Phonon Dispersion Relation

This sections explores vibrations in crystals as quantized units called phonons.
A relationship between the frequency of different vibrational modes and crystal
geometry leads to what is known as the dispersion relation. Guided by available
experimental data, a correct model of the dispersion relation is an important tool
needed to properly describe vibrational properties in graphene.

Phonons
Think of the vibration of atoms in a lattice structure as a wave propagating
through space. This wave nature manifests from the ordinary displacement of
atoms from their mean position and propagates to nearby constituents due to
the inter-atomic potential present. Mathematically, the wave-like behaviour is
consistent with the set of solutions arising from equations of motion that describe
these atomic vibrations [13]. In the quantum-mechanical treatment, vibrations
in the crystal manifest as quantized units called phonons. The semi-classical
treatment follows the quantum-mechanical one and the atomic vibrations also
take discrete modes [16]. We now explore the study of phonons for one and
three-dimensional vibrating crystals.

Linear Chain
A semi-classical approach is taken to solve the well-known problem of a linear
chain with one atom per primitive cell. The chain, shown in figure 2.2, represents
a model of a one-dimensional Bravais lattice with a primitive vector span defined
by a [14]. The chain is finite and extends to N atoms, N being very large.
1

Approx. range for ion frequency is justified by results in chapter 4.
ab initio calculations of the electronic band structure for graphene shows energy levels in
the several eV regime [18].
3
Wavelength values of emission lines for Carbon are between 200-700nm range [19].
2
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a
C

C

C

C

m1

m1

m1

m1

Un-1,1

Un,1

Un+1,1

Un+2,1

C

C
m1
Un+3,1

Figure 2.2: Periodic linear monoatomic chain with N atoms.
The model assumes point-like masses, mb are connected via ideal massless springs,
which are allowed to vibrate along the chain. For the springs one must reason a
linear relationship between the force and displacement of the masses. Then we
let the spring constant C be defined by an empirical potential function.
Since the system is one-dimensional, a simplified form of the instantaneous
displacement u(R) in the î-direction is replaced by notation un,1 . We can stipulate that for a single mass m1 , un,1 (t) represents a small displacement r(R)
î at a time t from the average equilibrium position R î, as shown in equation
(2.7). This definition is visually demonstrated in figure 2.3. The harmonic time
dependence is implied and un,1 (t) is re-expressed as un,1 .
un,1 (t) = r(R)(t)î − Rî.

(2.7)

Un,b

m
Rn Rn0

Figure 2.3: Displacement of mass mb from it’s equilibrium position.
To preserve translation symmetry for all atoms, boundary condition must be
imposed at the edges of the chain. Due to the periodicity of the structure, Bornvon Karman or periodic4 boundary conditions are an appropriate and common
choice in solid-states physics [4].
With an understanding of the restrictions imposed in the system, we want
to arrive at an expression that describes its vibrational modes. One can start
by mapping the Lagrangian for a single mass in relation to N − 1 neighbouring
atoms, repeating the process and summing for all discrete units in the chain. For
a large system, this approach leads to a many-body problem extensive to solve
analytically and numerically. To simplify our analysis, only nearest neighbour
interactions are considered.
For conservative systems, the Lagrangian is defined by the difference between
the kinetic and potential energies expressed as a function of position. We can
make use of the harmonic approximation by Taylor-expanding the spring function.
N
N
X
X
m
C
L=T −V =
(u̇n,1 )2 −
(un+1,1 − un,1 )2 .
(2.8)
2
2
n=1

n=1

The implementation of the Euler-Lagrange relation leads to the equation of motion for the system. To solve this differential equation, we seek solutions of
a traveling wave in the form U1 ei(kna−ωt) with angular frequency ω and wavenumber k. By doing so, we arrive at an expression for the phonon dispersion of
the system, shown in equation (2.9) [16].
r
 
4C
ka
ω(k) = ±
sin
.
(2.9)
mb
2
4

Appendix A offers a more detailed discussion.
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We can generalize this analysis by considering a linear structure with a natomic unit cell (i.e. n atoms per unit cell) as depicted in figure 2.4, which
follows the notation implemented in the previous case.
a
C

mN
Un-1,N

C

C

C

C

C

m1

m2

m3

m4

Un,1

Un,2

Un,3

Un,4

Figure 2.4: Definition for a finite linear chain made of N atoms per unit cell.
From the Lagrangian, the equations of motion of the system are represented
by a set of n coupled linear differential equation. Note that when describing
the equations of motion, periodic boundary conditions are imposed on the chain.
The differential equations can be re-expressed in the matrix form,
M ün = −CAc un .

(2.10)

Where Ac is an n by n coupling matrix, M is a diagonal mass matrix and ün and
un are acceleration and position vectors respectively. With the assumption that
solutions take the form U ei(kna−ωt) , we can pose equation (2.10) as an eigenvalue
problem.
− ω 2 M U = −CAU,
(2.11)
where A is denoted as a Hermitian tri-diagonal dynamic matrix with additional
nonzero terms in right-top and bottom-left corners. The phonon spectra of the
chain can then be obtained by virtue of the eigenvalues of (2.11).


2
−1 0 · · · e−i(ka)
 −1
2 −1
0 




.
.
.
0 
−1 2
Am,n = 
(2.12)
.
 0

 ..
.
.
.
.. 
.. ..
 .
ei(ka) 0
0 ···
2
The concomitant diagonal mass matrix gives a wide range of possible configurations that the linear chain can attain. Note that the exponential terms at
opposing ends in the matrix are owed to the boundary conditions imposed earlier.
Solution to the phonon dispersion relation spans over a large range of k values. To identify only those that are physically significant, we examine the ratio
of two successive wave modes [16],
un+1
U1 ei(k(n+1)a−wt)
=
= ei(ka) .
un
U1 ei(kna−wt)

(2.13)

We can then see that all unique values of ei(ka) can be obtained by k within the
range of −π/a ≤ k ≤ π/a [16]. For the linear case, we define this range in the
reciprocal space as the first Brillouin zone [14].
The discreteness of phonons, concept introduced in section 2.2, can be demonstrated if we revisit the boundary conditions imposed on our linear system. With
the use of Born-von Karman conditions we couple the instantaneous displacement
of the first atom to the last one, meaning un,1 = un+N,1 . Knowing solutions take
the form of a traveling wave, [16]
U1 ei(kna)−wt = U1 ei(k(n+N )a−wt) ,
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(2.14)

leads to the relation ei(kN a) = 1. This only holds true if,
2π
n.
(2.15)
Na
Hence, for physical solutions in k-space, the range of n is limited by −N/2 ≤
n ≤ N/2. One can conclude the number of unique modes of vibration is equal to
the number of constituents in the chain [16].
k=

Three-dimensional Crystal
Much like in the one-dimensional case, the interest is to analytically resolve
for all vibrational modes in a three-dimensional structure. One more time, we
consider a crystal composed of a finite number of N carbon constituents. In
order to preserve translational symmetry and eliminate edges, periodic boundary
conditions are enforced in all directions.
We begin by expressing the Hamiltonian of the system. For the potential, we
make use for the harmonic approximation found in equation 2.6
H=

N
X
P(Ri,j )2

2m

i,j

+ Vharm ,

(2.16)

where P(R) is the momentum of a single atom i, j of mass m at equilibrium
position [14]. We can rewrite the expression for the potential in the more compact
matrix form
1X
∂ 2 Φ(R − R0 )
Vharm =
(|uν (R) − uν (R0 )|i,j ) (2.17)
(|uµ (R) − uµ (R0 )|i,j )
4
∂rµ ∂rν
i,j

Here µ and ν represent the Cartesian indices of our vector u(R) and define the
elements of force-constant matrix Φ(R−R0 ) [20]. It is customary to find equation
2.17 expressed in matrix notation [14],
1X
Vharm =
u(R)D(|R − R0 |)u(R0 ).
(2.18)
2
We can differentiate the Hamiltonian, to get the equations of motion of the
system,
X
M ü(R) = −
D(R − R0 )u(R0 ).
(2.19)
R0

We seek solutions of the form of a traveling wave u(R, t) = ei(k·R−wt) , where the
polarization vector  determines the direction in which atoms move [14]. Bornvon Karman periodic boundary conditions require u(R + Ni ai ) = u(R). This
restricts k to
n1 ∗ n2 ∗ n3 ∗
k=
a +
a +
a ,
(2.20)
N1 1 N2 2 N3 3
which defines, in a similar manner as in the one-dimensional case, the first Brillouin zone [14][16]. Using the traveling wave solution, we can solve for the eigenvalue problem
M ω 2  = D(k),
(2.21)
where D(k) is referred as the dynamical matrix and is defined by [14]
X
D(k) =
D(R)e−i(k·R) .

(2.22)

R

The modes of frequency then are given by the square root of the eigenvalues
of the dynamical matrix [20]. In our study, elements of the dynamical matrix will
be determined by molecular dynamic simulations which will allow us to solve for
the dispersion relation ω(k) of the system.
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2.3

Phonon Density of States

By calculating the density of states, we want to know how many modes exist
in a particular energy range. Mainly it is convenient to determine the number of
modes in a small dω for a given dk [16]. For this we define the density of states
D(ω) = D(k)

dk
,
dw

(2.23)

where D(k) is the density of states in k -space, i.e., a scalar variable5 . Following
what is introduced for one and three dimensional systems, for the spacing between
two consecutive modes we have


∆k · a
∆kx ax ∆ky ay ∆kz az
,
(2.24)
=
,
,
2π
2π
2π
2π
which leads to the relation [14]
D(k)dk 3 =

V
dk 3 .
8π 3

(2.25)

To obtain an expression for the density of states D(ω), we integrate over a spherical shell of radius k and thickness dk, such that
Z
Z
V
dk
dk
=
4πk 2 .
(2.26)
D(ω) = D(k)
3
dw
8π
dω
Equation 2.26 can be rewritten to accommodate the group velocity of phonons
vg = dω/dk and we get a final expression for the density of states [16][14]
Z
V 2 1
D(ω) =
k
.
(2.27)
2π 2 dω/dk

2.4

Molecular Dynamic Simulations

Molecular dynamic simulations (MDS) are a method that allows us to classically determine properties of interest in a material, by assigning known parameters that model its microscopic interactions. The objective of MDS is to
determine numerical solutions to Newton’s equations of motion [21].
MDS use the equipartition of energy over all degrees of freedom in the system
for the definition of temperature [22]. In general, for an average kinetic energy
per degree of freedom per particle i the temperature is defined as
1
1
h mvi2 i = KB T.
2
2

(2.28)

By measuring the average kinetic energy and dividing it by the degrees of freedom
Nf , we can then obtain an expression for the instantaneous temperature of the
system [22]
i=1
X
mi vi2
.
(2.29)
T (t) =
KB Nf
N

The instantaneous temperature T (t) can be adjusted every time-step to match
the desired T , by rescaling it by a factor of [22]
s
T
.
(2.30)
T (t)
5

Not to be confused by the notation used to represent the dynamical matrix.
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For a simple MDS algorithms, to initiate a simulation the initial position and
velocities of all particles in the system must be defined. At the start MDS require
an equilibration period before properties of interest can be measured.
After the system has reached equilibrium, the velocities take a secondary role
and the positions of atoms take precedence. Over an interval of two time-steps,
particle positions are used to solve Newton’s equations of motion. To correctly
determine these relations, forces applied by the assigned potential must also be
considered using the relation [21]
f(r) =

∂Φ(r)
.
∂r

(2.31)

This process of determining forces for all atoms is time consuming; for this reason
a cutoff distance fc is conveniently established [21]. After forces for all atoms
have been calculated, Newton’s equations of motions are integrated to determine
the position of atoms for the next time-step.

2.5

Mean Square Displacement

In molecular dynamics, the mean square displacement (MSD) of the ensemble
is defined over time by
h∆r2 i =

Nt X
N
1 X
[ri (tj ) − ri ]2 .
Nt

(2.32)

j=1 i=1

The time dependence of equation 2.32 may not be explicitly stated. This is
because theory assumes the system is ergodic, meaning the long term average
behaviour of the system is the same as an equilibrium time average [23][24]. For
a homogeneous sample, this entails taking the average of a single atom or the
average of all atoms for many time-steps should results in the same MSD. If the
system is large enough taking an average over a single step for all atoms in the
system can also produce the same values. The ergodicity of our ensemble is aided
by the periodic boundary conditions but is limited by the number of atoms [25].

2.6

Dynamical Diffraction Theory

In general terms, transmission electron microscopes are a tool that enables
to resolve at distances δ that are limited by the Rayleigh criterion,
δ=

0.61λ
,
µ sin(β)

(2.33)

where β and µ are that values that tell us about the refractive index of the
medium and the semi-angle of collection [15]. Due to their charge, electrons
can be focused and accelerated thus increasing the resolution power that can be
achieved. From a source, high-energy electron pass through a condenser that permits coherent illumination, which can be represented by a monochromatic beam
with a wave-function Ψf (x, y, z) [26]. This means, we can represent Ψf (x, y, z) as
a plane wave that largely propagates along the optical z-axis and a wave-function
that varies slowly along z and represents the effects of the specimen [27, 26],
Ψf (x, y, z) = e2πkz · Ψ(x, y, z).

(2.34)

Before reaching the specimen, electrons pass through a series of magnetic
correction lenses that dictates the focal point and collection angle [15]. It is at
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the focal point where electrons and specimen interact. Electrons scatter due to
electrostatic potential6 of the specimen V (x, y, z), which creates coulomb forces
between the high moving electrons and atoms in the material [27]. Scattered
electrons are then detected using various techniques, which give specific information about the specimen. Computationally, we employ a multislice method to
simulate electron-specimen interactions.
Specimen-Electron Interaction
For TEM simulations that employ the multislice method, the specimen is
divided into equally thin slices, perpendicular to the traveling electron wave [28].
This division, which preserves the periodic boundary conditions perpendicular to
the beam, is defined such that each slice has a weak phase along the optical axis.
The specimen potential V (x, y, z) can then be separated into a transmission (in
real space) and propagation7 (in reciprocal space) part [26].
The wave-function of scattered electrons is given by the solution to Schrödinger’s equation [29, 26]


~2 2
−
∇ − eV (x, y, z) Ψf (x, y, z) = EΨf (x, y, z),
(2.35)
2m
where m is the relativistic corrected electron mass and E is the total energy
[26, 27]. The potential energy of the electron is small compared to the kinetic,
hence
2π 2 ~
.
(2.36)
E=
mλ
Making use of equation 2.34, we can separate the wave-function into products of
the solution to the free Schrödinger’s equation, which gives [26]


−~
∂2
∂
2meV (x, y, z)
2
∇x,y + 2 + 4πk
+
Ψ(x, y, z) = 0.
(2.37)
2m
∂z
∂z
~2
Paraxial Wave Approximation
One can make use of the paraxial approximation to solve equation 2.37. For
this, we approximate that for small scattering angles [26, 28],
∂2
<< ∇2x,y ,
∂z 2

(2.38)

leading us to ignore the second order derivative with respect to z [27]. Equation
2.37 can then be re-expressed as [26]
∂Ψ(x, y, z)
= [A + B] Ψ(x, y, z),
∂z

(2.39)

which has the solution [26]
z+∆z

Z
Ψ(x, y, z + ∆z) = exp

0

0

0



A(z ) + B(z )dz Ψ(x, y, z).

(2.40)

z

Note that in equations 2.39 and 2.40 we define operators A and B as
A=
6
7

iλ 2
∇
4π x,y

and B =

Hamiltonian of the specimen [27].
Fesnel diffraction [26].
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i2πmeλ
V (x, y, z).
h2

(2.41)

The solution to equation 2.40 when ∆z is small, gives [26]


iλ
i2πmeλ
2
Ψ(x, y, z + ∆z) = exp
V∆z (x, y, z) Ψ(x, y, z)
∆z∇x,y +
4π
h2

(2.42)

Operators A and B in equation 2.42 do not commute, but since they are small
due to ∆z being small, one can use the approximation [26, 28]
eA+B = eA eB + O(3 ).

(2.43)

This gives us the final expression that relates the wave-function of the beam with
the transmission function t(x, y, z) of the specimen slice between z and z + ∆z
[26],


iλ∆z 2
Ψ(x, y, z + ∆z) = exp
∇x,y t(x, y, z)Ψ(x, y, z).
(2.44)
4π
Explicitly, the transmission function is represented as [26, 28],
t(x, y, z) = exp

i2πmeλ
V∆z (x, y, z).
h2

(2.45)

The exiting plane-wavefunction can then be calculated recursively using the multislice algorithm. Is is important to note that the paraxial approximation can be
made small by making the slices sufficiently thin [26].
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Chapter 3

Methods
This chapter first discusses the method used to model graphene’s vibrational properties using Molecular Dynamics Simulations. We then introduce
the method of obtaining diffraction images from electron-graphene interactions
inside a Transmission Electron Microscope.

3.1

Molecular Dynamics Simulations

LAMMPS
With an understating of the major theoretical concepts, we study the case of a
vibrating crystal using computational simulations. The program chosen to carry
out these simulations is LAMMPS, a classical open-source molecular dynamics
simulator developed by Sandia National Laboratories [30]. Two scripts, in.chain
and in.graphene, were developed for the simulation of one and three-dimensional
systems respectively. These scripts can be found in appendix C and follow the
general outline;
• The dimensionality and boundaries of the simulation space.
• Geometric specifications of the structure.
• Energy minimization.
• Thermostatting via the fix command and velocity command.
• Fixes relevant to the calculation of phonon modes.
• Dump commands.
In addition to the main file, an atomic position file pos.in and mapping file map.in
are required to detail the orientation of atoms with respect to one another. Once
the simulation has been executed, LAMMPS outputs a log file that contains
information about the system.

Thermostatting
A Langevin thermostat, along with nve integration, performs Brownian motion on the system by means of an implicit solvent [30]. With this in mind, Newton’s equations of motion for a single particle can be expressed as the Langevin
equation for a Brownian particle [23]
m

dv
= −ζv + δF(t) + ∇ΦAIREBO .
dt

(3.1)

Here −ζv is the instantaneous frictional force, which is proportional to the velocity of the atoms [23]. The second term is a fluctuating noise force that is added
18

to the frictional drag term to account for the non-zero displacement of particles
at equilibrium [23].
At the start of simulations, random initial velocities, corresponding to the
desired temperature, are assigned to all atoms in the structure. This is done to
shorten the time it takes for the ensemble to reach equilibrium.

Empirical Potential Functions
Two empirical functions, Lennard-Jones and AIREBO potential, become a
basis for the modeling of atomic vibrations. For the understanding needed in
this discussion, both potentials will be explored briefly. The reader is referred to
the original authors for a more complete analysis [31, 12, 32].
Lennard-Jones Potential
A common two-body interaction empirical function to consider is a standard
12-6 LJ model. A three-dimensional interpretation of the force field is shown
below [14].
"
12 
6 #
σ
σ
ΦLJ (|R − R0 |i,j ) = 4
−
.
(3.2)
|R − R0 |i,j
|R − R0 |i,j
Constant  has units of energy and dictates the potential minimum of the function. Constant σ has units of distance, is proportional to the equilibrium spacing1
between neighboring atoms and dictates the distance at which the potential function crosses the zero mark.
Airebo Potential
For the study of graphene it is adequate to choose a potential function that
well describes covalent Carbon-Carbon interactions. AIREBO is a three-body
potential developed by Stuart [12] that has been tailored to model carbon and
hydrogen-carbon bonds. It does so by combining three energy contributions
(REBO, LJ and torsion), shown in equation (3.3) [12].
ΦAIREBO = EREBO + ELJ + Etors .

(3.3)

The first energy term, REBO, is a Tersoff-type potential [32]. In general,
Tersoff potentials are successful at recreating covalent interactions by modeling
atomic hybridization changes that correspond to the breaking and forming of
bonds [31, 12]. This motivates the chemical binding energy Eb , shown in (3.4),
to be the basis expression from which REBO is derived [31].
XX
Eb =
[V R (rij ) − bij V A (rij )].
(3.4)
i

j(>i)

For a pair of atoms i j, terms rij and bij delineate near neighbour distance and
bond order respectively [31]. Bond order is derived from electronic structure
theory and accounts for effects, such as coordination numbers and bond angles,
that determine the strength in these interactions [31, 12]. Pair additive functions
V R and V A , shown in (3.5) and (3.6), account for all inter-atomic attraction and
repulsion forces [31].
V R (ri,j ) = f c (ri,j )(1 + Q/r)Ae−αr .
1

a = 21/6 σ. Refer to appendix A.
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(3.5)

V A (ri,j ) = f c (ri,j )

X

Bn e−βn r .

(3.6)

n=1,3

The potentials V R and V A are functional forms of r, which represents the scalar
distance between atoms [31]. Finally, term f c is a piece-wise expression that
limits the range of covalent bonds [31].
REBO is well suited to describe intra-molecular interactions in carbon, but
does not include a factor that determines inter-molecular interactions [12]. For
this, Stuart has introduced a standard 12-6 LJ fitting, represented by ELJ in
equation (3.2). With the addition of this extra term, AIREBO is able to account
for dispersion and short-range repulsion effects in the carbon crystal [12]. Finally,
the torsional component in AIREBO accounts for dihedral angles in single bond
structures [12]. For this investigation, torsional effects introduced by AIREBO
are excluded from the analysis. This is mainly due to results from the PDR,
which is closer to experimental ones when torsion effects were not considered. In
the description of Airebo, the torsional component focuses on the model of large
molecules where the model of dihedral angles take importance [12].
AIREBO needs an additional library file, CH.airebo, that holds an archive of
constants that defines parameters of the potential function.

Fixed Phonon Command
For the study of vibrational modes in a crystal, LAMMPS requires an additional user-defined package called USER-PHONON. The reader is referred to
[33] and the official LAMMPS publication [30] for a detailed analysis of USERPHONON developed by Kong.
Fix phonon uses the position of atoms as a function of time and Fourier Transforms to obtain the Green’s function G(q). This is done base on the fluctuationdissipation theory which gives the elements of G(q) which can be inverted to
obtain the elastic stiffness coefficient from which the dynamical matrix D(q) can
be determined [33].
The matrices are saved in a binary file, where post-processing tools developed
by Kong, phana, can process binary-formatted solutions of D(q) to obtain the
phonon dispersion and phonon density of states. This technique for the dynamical matrix inherently accounts for anharmonic effects (higher than second order
terms in the potential expansion).

Mean Square Displacement
For a specified time-step the MSD is calculated as a four-element vector,
where the first three elements represent the square of the displacements dx, dy
and dz, with the fourth element corresponding to the sum of dx2 + dy 2 + dz 2 [30].
For simulations carried in this report, we correct for displacements in the center
of mass. Additionally, the initial position of the atoms is taken as a reference
from which displacements are calculated [30].
For all molecular simulations, we apply a correction to the center of mass
(COM) of the ensemble. This is because each time-step the Langevin thermostat applies forces of varied magnitude and direction along the system, causing it
to drift and undergo a slow random walk [30]. If neglected, this displacement in
the COM has a large contribution to the resulting MSD. This effect is removed
by applying a corrective force that sets the net force on the whole system equal
zero, without disrupting the thermostatic process [30].
The uncertainty for all MSD data recorded was calculated using the “blocking” method, proposed by Flyvbjer and Peterson [34]. Information of this tech-
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nique, used to estimate high-correlation values in molecular simulations, can be
found in Appendix B where it is discussed in more detail.

3.2

Multislice Method

The method for running simulations of a scanning transmission electron microscope involved the implementation of an in-house multislice software developed by the Material’s Theory department at Uppsala University. The software
is capable of determining the object function, given by static “snapshots” that
detail the structure of the specimen. It then numerically solves for the electronspecimen iteration, as its name refers, using a multislice algorithm.
The multislice method divides the three-dimensional region of the specimen
into equally thin slabs of thickness ∆z along the z-direction [29]. A further subdivision in the x and y direction transforms the simulation region into a small
grid of size nx by ny . For a single sub-region, the electron beam interacts with
the specimen. The integrated intensity values for all forward high-energy scattered electron as a function of the radial distance, in units of mrad, becomes the
output. This process is repeated as the beam scans through all sub-regions.
A series of parameters were defined to tune the electron beam to the desired
specifications that mimic a real experimental scenario. The software resembles a
Nion UltraSTEM 100 with an acceleration voltage of 80 keV and semi-angle of
convergence defined to be 32 mrad.
It was decided that the detection of scattered electrons was taken over an angular distances of 100−250 mrad. The technique for detecting scattered electrons
at distances higher than approximately 50 mrad is referred as high-angle annular
dark field (HAADF) detection [15]. As a final step, we gather the intensities of
all sub-regions to obtain complete intensity images that could be analyzed.
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Chapter 4

Computational Results
4.1

Linear Chain Dynamic Simulations

This section shows results of the phonon dispersion relation and phonon density of states for a linear chain of carbon atoms. For all chains, a literature value
of a = 1.42 Å has been specified as the nearest neighbour distance length between carbon atoms[6]. For simplicity, a one-dimensional LJ potential was used
to model inter-atomic forces in the chain. A value for  = 2.168 meV was obtained from literature and corresponds to a value used to model VDW inter-layer
interactions between a stack of graphene sheets [35]. The value for σ was derived
from a.
A Matlab script, detailed in appendix B, was developed to numerically solve
for the phonon dispersion relation and density of states inside the first Brillouin
zone from specified parameters of the pair-potential. The script determines all
eigenvalues of the dynamical matrix for a number of atoms per unit cell values,
from which the dispersion and density of states are determined. These two properties are plotted alongside dispersion results from molecular simulations and
labeled analytical solutions.
Phonon modes for a linear chain with one atom per unit cell are presented in
figure 4.1. Two simulations ran for 3 µs holding an average temperature of 8.25
K with fluctuations of ±0.15 K. Forces generated by the thermostatting process
are set to zero for the y and z direction, restricting vibrations to only occur along
the longitudinal. To calculate phonon frequencies, the position of atoms was determined after 0.15 µsec over intervals of 10 psec. Green’s function coefficients
were calculated for 2.85 µsec.
The dispersion relation and density of states determined from molecular
simulations are consistent with the ones attained analytically. Phonons reach
the boundary of the Brillouin zone with frequencies1 of 2.70 THz for a carbon-12
chain and 2.58 THz for a carbon-13 chain, forming a dispersion curve known as
the acoustical branch.
Calculations of the phonon density of states show that there exists a high
number of vibrational modes at frequencies attained at the boundary of the Brillouin zone. The discreteness of phonons is shown in figure 4.1 by points in the
plot, which can be seen in the high-frequency section of the branch. In reality,
phonons are densely packed leading to a quasi-continuous distribution [13]. For
this reason the DOS has been mapped continuously, but the curves reveal small
fluctuations (noise) that span along the frequency range.

1

Can also be expressed in terms of energy, using the Planck’s-Einstein relation E = ~ω [13].
The conversion factor is 1 THz = 4.1356655 meV or 1 meV = 0.241799 THz.
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Phonon Dispersion and Density of States for a Monoatomic Linear Chain
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Figure 4.1: Phonon dispersion relation and phonon density of states for two
chains that hold one atom in a single unit cell and are composed entirely of
carbon-12 or carbon-13 isotopes respectively.
We shift our focus to analyze a different linear structure. Figure 4.2 shows
the results for a linear chain with two atom per unit cell. To resolve the highfrequency branch, simulations and parameters for Green’s function were obtained
over double the simulation time.
Phonon Dispersion and Density of States for a Monoatomic Linear Chain
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Figure 4.2: Phonon dispersion relation and phonon density of states for two
chains that hold two atoms in a single unit cell and are composed entirely of
carbon-12 or carbon-13 isotopes respectively.
A new phonon band appears and meets with the acoustic one at the boundary
of the first Brillouin zone. It does so, at a frequency of 1.88 THz and 1.81 THz
for chains made of carbon-12 and carbon-13 isotopes respectively. The new line,
which extends on top of the acoustic one is known as the optical branch and
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represent a vertical reflection of the extended2 acoustic [16]. By inspection, and
reinforced by the results of the DOS, we note no discontinuity at the meeting
point of the two bands. The phonon density of states, which has remained
unchanged from the previous case, denotes that a high number of vibrational
modes exits at the center of the Brillouin zone at frequencies around 2.67 THz
and 2.57 THz for isotopes C-12 and C-13.
A special case in considered next. Figure 4.3 show the phonon modes for
a linear chains with two atoms per unit cell. The structure contains an equal
abundance of carbon isotopes that has its constituents arranged in an organized
C12-C13-C12-C13 fashion.
Phonon Dispersion and Density of States for a Diatomic Linear Chain
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Figure 4.3: Phonon dispersion relation and phonon density of states for a chains
that hold two atoms in a single unit cell with an organized isotopic configuration.
We note the acoustic and optical branches are now separated by a small gap at
the Brillouin zone’s boundary. The discontinuity between branches also becomes
noticeable in the density of states as well. This gap vanishes when the isotopic
symmetry is broken, suggesting that detection of individual isotopes by means
of detecting difference in their vibrational properties will be a challenging task.
In the preceding section, we shift our attention to discuss results from dynamic
simulations of graphene.

4.2

Graphene Dynamic Simulations

In this section we show results of the phonon dispersion relation (PDR),
phonon density of states (PDOS) and mean square displacement (MSD) for
graphene, obtained from molecular dynamic simulations. Figure 4.4 shows a
screen-shot of graphene’s molecular configuration.
The empirical potential AIREBO, discussed in section 3.1 models all interactions without considering torsional effects. Temperature variations were made
within in.graphene script, while changes in isotopic concentration were made by
adjusting data.pos, the position file created by position.m.
2

Refers to the mapping of the acoustic branch outside of the first Brillouin zone [16].
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(a)

(b)

Figure 4.4: (a) Graphene sheet with dimensions of 20 by 20 unit cell. (b) Close
up of graphene’s structure. Bonds are not real, but placed to highlight the
honeycomb configuration. Images obtained using VMD [36].

4.2.1

Phonon Dispersion and Density of States

We present the results for PDR and PDOS for a single simulated free-standing
graphene sheet with natural isotopic concentration. Recall the abundance of the
two major isotopes of Carbon are found to be 98.93% for C-12 and 1.07% for
C-13 [3]. The sheet of graphene was defined for a total of 800 atoms, made from
20 by 20 unit cells containing two atoms per unit cell. The position of Carbon
atoms was initially defined by a nearest-neighbour distance of 1.42 Å. Before the
simulation was executed, the energy of the system was minimized at zero pressure
with a stopping energy tolerance of 1×10−15 eV. This allowed the graphene sheet
to reach a local potential minimum with a adjusted nearest-neighbour distance
(nn) of 1.3968 Å. Atom coordinates were stored in a binary file and the dynamic
simulation was executed for a period of 3 µsec with a time-step of 0.001 psec, at
an average temperature3 of 299.68 ± 0.02 K. To calculate the phonon frequencies,
the position of atoms was determined after 0.15 µsec over intervals of 10 psec.
Green’s function elastic coefficients were calculated for 2.85 µsec. Results from
this calculation are mapped continuously along the boundary of the irreducible
Brillouin Zone between Γ, M and K points.
Graphene’s phonon dispersion, shown in figure 4.5, features four in-plane
modes; transverse acoustic T A, transverse optical T O, longitudinal acoustic LA
and longitudinal optical LO. Additionally, out-of plane dispersion bands, ZA
and ZO, are assumed to be decoupled from the in-plane modes [6]. When taking
a closer look at the low-frequency optical polarizations, the LA and T A branches
show a linear growth around the Γ-point [37]. In contrast, the out-of plane ZA
mode grows quadratically along the high symmetry direction Γ-M [37]. Other
features, characteristic of graphene’s dispersion bands, feature branch crossings
T A and LA at the Γ-point and ZA and ZO at the K-point [6][37].
A collection of experimental data of graphene’s dispersion, measured by inelastic x-ray scattering, and theoretical data, using density-functional perturbation theory, along high symmetry points are discussed in [38, 39, 40]. Ability of
the empirical pair-potential Airebo to correctly model the dispersion bands for
graphene, is discussed by [41]. Since information of this topic is well covered, we
provide on a short quantitative discussion of the results.
3

Methods for determining mean and error estimations of the temperature are discussed in
appendix B.
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Phonon Dispersion and Density of States for a Graphene Sheet
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Figure 4.5: Pair-potential Airebo with a nn interaction distance of 3.0 Å. Since
the simulation cell is small, Carbon-13 has an abundance of 1.5%.
Description of the density of states shows significantly less features between
the range of 25-45 THz. This is partly explained by the failure of Airebo to
correctly describe the high frequency optical branches. The LO band is expected
to closely follow the T O branch along the M -K symmetry direction. Along the
same direction, bands ZO and T O are expected to maintain a frequency around
the 40 THz mark. Instead, our results show that these two branches fall roughly
5 THz from points M and K. When compared to experimental data, results
obtained for lower frequency branches show excellent agreement.
For our investigation, it is of interest to examine the relationship between
vibrational modes due to changes in the isotopic composition and temperature
differences. We examine these in the following sections.

4.2.2

Carbon Isotope Influence on the Phonon Dispersion

A sequence of simulations were executed for graphene with dimensions of 20
by 20 unit cells, for varying Carbon-13 concentrations. Starting from a pure
Carbon-12 sheet, an increasing number of the heavier isotope were randomly distributed along the material. Simulations were setup and executed in a similar
fashion as described in the previous section, first finding a local energy minimum
for the system at zero temperature and pressure, then running dynamic simulations for 3µs with a time-step of 0.001 psec at 300 K. The method for capturing
the elastic coefficients of Green’s function also remained unchanged.
To note differences in the dispersion, the frequency of the in-plane transverse
optical mode (TO), the in-plane longitudinal optical mode (LO) and the out-of
plane mode (ZO) are recorded. The observations are made at the Γ-point of the
irreducible Brillouin zone with results being summarized in figure 4.6.
The analysis shows phonon frequencies decrease linearly with increasing Carbon13 concentration. This means lighter atoms will vibrate at higher frequencies.
This result in intuitive, since it obeys the inverse relationship of the phonon
frequency ω(k) and mass m, discussed in section 2.2.
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Isotopic Concentration Effects on Phonon Dispersion Branches at the Γ-point
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Figure 4.6: Frequency ranges for the in-plane transverse and longitudinal phonon
modes are represented in the left axes. The frequency range for the out-of plane Z
mode is shown in the right axes. Interactions between Carbon-12 and Carbon-13
atoms are defined by Airebo at an average thermalization temperature of 300 K.
We also took note on changes in density of phonon states as a function of
isotopic concentration. For this, we recorded the frequency at which the density
of states peaked. From observations of results obtained in figure 4.5, we expect
the DOS to be highest around the 50 THz mark. The PDOS-isotope dependency
is summarized in figure 4.7.
Isotopic Concentration Effects on Phonon Density of State Maximum
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Figure 4.7: Phonon frequency ranges recorded at the highest concentration of
density states as for a series of graphene simulations with increased Carbon-13
presence with an average thermalization temperature of 300 K.
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Results show a high density of phonons shifts to lower frequencies, when the
concentration of Carbon-13 in graphene is higher. This agrees with our earlier
observations of the phonon dispersion.

4.2.3

Temperature Influence on the Phonon Dispersion

In this section we analyze the role temperature plays in the description of
the phonon frequencies of free-standing graphene composed of only Carbon-12
isotopes. Molecular simulations were executed at a set of discrete temperatures
T = 80 K, 120 K, 200 K, 300, and 500 K. Again, values for dispersion lines T O,
LO and ZO were recorded at the high symmetry point Γ. To determine the range
of temperatures, we considered quantum effects take precedence when the energy
of phonons is greater than kB T . For this, we took an estimate of the vibrational
frequencies ν and checked the relation hν < kB T was obeyed [22]. Results for
changes in the polarization frequencies are summarized in figure 4.8. Similarly
to the previous simulation studies, a 20 by 20 unit cells graphene sheet was
used. The material is allowed to relax at zero pressure and temperature before
simulations are ran for 3 µsec with a time-step of 0.001 psec. Calculation of the
phonon bands were obtained in the same manner as depicted in the previous
cases.
Temperature Effects on Phonon Dispersion Branches at the Γ-point
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Figure 4.8: Frequency ranges for the in-plane phonon modes are represented in
the left axis. The frequency range for the out-of plane mode is shown in the right
axis. Interactions between Carbon-12 atoms are defined by Airebo.
Results show that T O and LO bands decrease in roughly 0.4 THz while the
ZO mode increases by 0.07 THz for higher temperatures. Results show the inplane modes reach a peak between temperatures 120−200 K, while the frequency
for the out-of plane branch increases with higher temperatures. For the same simulation, we also looked at the temperature dependence of the phonon density of
states. Similar to the isotope concentration case, frequency values are taken at
the point of highest state density. The results, presented in figure 4.9, shows no
clear relationship between temperature and DOS maximum.
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Temperature Effects on Phonon Density of State Maximum
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Figure 4.9: Phonon frequency ranges recorded at the highest concentration of
density states as for a series of different thermalization temperatures.

4.2.4

Mean Square Displacement

For simulation packages previously introduced, the MSD vector was captured
every 10 psec for 3 µsec. Atoms in the system were assigned an atom-type id,
depending of their mass value. This allowed LAMMPS to simultaneously output
MSD data-sets for each individual atom type and for all atoms in the system.
These sets were averaged after an equilibration period of 0.05 µsec. We analyze
changes to the MSD for varying isotopes concentrations, shown in figure 4.10.
Isotope Concentration Effects on the MSD
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0.103

All atoms
Carbon-12
Carbon-13

0.102
0.101
0.1
0.099
0.098
0.097
0.096
0.095
0.094
0

0.2

0.4

0.6

0.8

1

Carbon-13 concentration
Figure 4.10: Simulations ran at an average temperature of 299.7 ± 0.4 K. Due to
their magnitude, uncertainties for MSD values were not included in this figure.
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The MSD for “all atoms” shows a downwards trend, as the overall mass of
the system increases, which agrees with results of the phonon dispersion and
density of states obtained earlier. Contrary, the type-atom “Carbon-12 ” and
“Carbon-13 ” MSD-readings are irregular and do not show this downward trend
clearly. The atom-type MSDs heavily fluctuate as their number of atoms in the
system decreases. As expected the ”all atoms” line falls within readings of the
type-atoms and is influenced more or less by them, depending on the concentration.
Using the “blocking” method, the uncertainty of all data in figure 4.10 was
estimated to be at least ±0.007 Å2 . For this reason, little quantitatively conclusions can be drawn from our results. The error plot obtained by the blocking
method has not plateau, which only tells us a lower bound for our error. Longer
simulation can be executed to reduce the uncertainty of our results, but there is
no guarantee that we will not obtain a lower bound value again. For this reason,
we focus our attention on examining the contribution of each element in the MSD
vector individually and how these contribute to our estimate of the uncertainty.

4.2.5

XYZ-Coordinate Contribution to the MSD

Graphene is an example of an anisotropic4 material due to its 2D nature
and electron organization, which creates strong bonds along the plane. Inside
the simulation box, free-standing graphene is allowed to be displaced from its
original position with the only restriction imposed by the periodic boundary
conditions. Since graphene remains unfixed, we note slowly varying corrugations
along the z-direction. This motivates us to consider the displacement of atoms
independently along the x, y and z directions. Results obtained from a single
simulation are shown in figure 4.11. Corrections to the COM have been included
in these calculations.

XYZ MSD Contributions T = 300 K
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Figure 4.11: Individual x, y and z contributions of the MSD averaged over all
atoms in a graphene sheet. The system was composed of 800 Carbon-12 atoms
and held an average temperature of 300 K.
4

Description for a material that exhibits properties which vary in value when measured from
different directions [42].
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Results from figure 4.11 show the MSD is largely dominated by contributions
along the z-direction. It’s mean value, when compared to the x and y MSD after
a period of equilibration, is greater by a factor of approximately 100. For this
particular example, the standard deviation of the z-contribution is found to be at
least greater5 than ±0.007 Å, while the standard deviations for dx2 and dy 2 are
4 × 10−6 and 3 × 10−6 Å2 , respectively. Similar results are obtained for graphene
with different isotopic concentrations. Table 4.1 summarizes the xyz-coordinate
contribution to the MSD with increasing mean temperatures, for a graphene of
equal characteristics.
Table 4.1: Comparing mean x, y z MSD values at varying temperatures for a
graphene sheet made of 800 Carbon-12 atoms. For each time-step, the MSD is
averaged over all atoms in the system. The mean is calculated after a simulation
period of 0.05 µsec.
Mean XYZ MSD Temperature Dependence
Temp [K]

x-MSD [Å2 ]

y-MSD [Å2 ]

z-MSD [Å2 ]

79.91 ± 0.1
119.9 ± 0.2
199.8 ± 0.3
296.8 ± 0.2
499.5 ± 0.7

(3.34 ± 0.01) × 10−4
(4.93 ± 0.02) × 10−4
(8.06 ± 0.03) × 10−4
(1.120 ± 0.004) × 10−3
(1.99 ± 0.01) × 10−3

(3.324 ± 0.009) × 10−4
(4.90 ± 0.01) × 10−4
(8.02 ± 0.02) × 10−4
(1.191 ± 0.003) × 10−3
(1.979 ± 0.008) × 10−3

0.029 ± 0.002
0.042 ± 0.003
0.0673 ± 0.005
0.097 ± 0.007
0.154 ± 0.009

This discrepancy along different temperature ranges in the z-contribution
can be attributed to the natural formation of corrugations. The uncertainty
associated with the z-component from its variations throughout the simulation
period, becomes the biggest contributor for the statistical error of the MSD. These
results suggest it is more relevant for our investigation to analyze only the planar
directions. This modification to the analysis is justified by considering TEM
images are a two-dimensional projection of the electron-specimen interaction.
Fixing the z-component of the displacement will have a diminutive effect on the
FWHM calculations.

4.2.6

Planar MSD

Following the results obtained from the temperature and concentration simulations packages, presented in previous sections, we plot the MSD considering
only the x and y components of the vector. Results for isotope concentration
and temperature dependence are presented in figures 4.12 and 4.13 respectively.
From results of isotope changes for a small 20 by 20 unit cell system, statistically significant differences in the MSD of isotopes 12 and 13 can be seen for the
limiting cases. Concentrations between 10% and 80% the MSD for Carbon-12
and Carbon-13 show no statistically significant differences. These results will be
reevaluated for a larger simulation cell.
Results from temperature changes show a linear increase, which is to be expected from classical simulations. Contrary to the isotope case, we appreciate
relatively big differences in the MSD for small increases in temperature (i.e in the
order of ∆M SD = 0.000393 Å2 for ∆T = 50 K). If quantum-dynamics effects
would be considered in our simulations (zero point motion), we expect this trend
to decrease non-linearly at lower temperatures.
5

Refer to Appendix B.
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Isotope Concentration Effects on the Planar MSD
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Figure 4.12: Comparison for MSD differences in isotopes at T = 300 K.

Temperature Effects on the Planar MSD for Carbon-12 Graphene
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Figure 4.13: Linear dependence of the MSD for a graphene sheet made of Carbon12 isotopes as a function of temperature in the classical regime.

4.2.7

MSD and Number of Atoms in Graphene

It is important for our investigation to maintain a realistic degree of replication in an experimental setting. For this reason, we also consider the dimensions
of our system in the discussion of our results. A 20 by 20 unit cell system (800
atoms in total) has dimension of 4.84 nm, when considering a nearest neighbour
distance of 1.3968 Å. Support films for TEM sample grids are the alternative material to use for small samples. The smallest hole dimensions where the sample
can be placed are provided by Holey and Lacey Carbon films, which can be ≥ 0.1
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µm in size [43]. For the sample to be attached, our graphene sheet will required
to be approximately 400 by 400 unit cells in length (320, 000 atoms). In figure
4.14, we investigate how the MSD differences in Carbon-12 and Carbon-13 isotopes change as a function of graphene size. From results shown in figure 4.12, we
note that the biggest differences in MSDs are seen for Carbon-13 concentrations
≤ 10%. This motivates us to use a graphene sheet with an isotopic Carbon-13
concentration of 4%.
Planar MSD Differences for Number of Atoms in Graphene
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Figure 4.14: MSD values obtained from graphene sheets with a constant isotopic
concentration of 4%. Simulations ran at a temperature of 300 K, for 3 µs and
MSD averages were taken after an equilibration period of 0.005 µs.
Results show large numbers of Carbon-13 in the system, its MSD slowly
converges to the overall MSD of the system. After a graphene size of 2000 atoms,
differences in the MSDs are less than the statistical uncertainty. We note that
even though clear differences in the displacement of atoms types can be seen for
a small system, these are not experimentally relevant results.

4.2.8

Isotope MSD Changes with temperature

We compile and show MSD results in figure 4.15 from systems of equal isotopic
composition but holding different temperatures. This is done with the intention
of investigating if differences in the MSD for 12 C and 13 C at 4% Carbon-13
concentration are affected by magnitude of the vibrations of atoms.
From the results we note no detectable differences to the group MSD for the
system holding different temperatures. This leads us to conclude no differences
in the FWHM of Carbon-12 and Carbon-13 atoms, for a large enough graphene,
will be resolved in simulations of graphene HAADF images.
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Group MSD Differences for Temperature in Graphene
0.004

Planar MSD [Å2 ]
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Figure 4.15: Relationship between the group MSDs and mean temperature for a
graphene made of 800 atoms with a 13 C composition of 4%.

4.3
4.3.1

Multislice Simulations
Intensity Results from Multislice Simulations

In this section we show results obtained from multislice simulations, employing HAADF detectors. To obtain readings for a single atom in a graphene sheet
made of Carbon-12 isotopes, 150 snapshots obtained from molecular simulations
(taken every 20 psec over 3 µsec) were used. The intensity output compiled over
the whole sub-division of the simulation region is shown in figure 4.16. The image
shows a bright circular area with concentric rings around it, characteristic of an
Airy disk.
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Figure 4.16: Intensity image from multislice simulations for a single Carbon-12
atom centered at (0, 0).
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From the image we can obtain a profile of the intensity that cuts through the
point (0, 0) along the perpendicular and horizontal, shown in figure 4.17. From
the bell curve we can determine the maximum intensity and FWHM.
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Intensity

0.0006
0.0005
0.0004
0.0003
0.0002
0.0001
0
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Distance [Å]

Figure 4.17: Intensity profile obtained from the average of the horizontal and
vertical axes passing through the point (0, 0).
To determine the dependence of the FWHM due to the MSD, we repeated
simulations of the multislice for the range of temperatures used to determine
the MSD. For the same range of temperatures, we plot the RMSD along side the
FWHM in figure 4.18. For this figure, the RMSD takes precedence over the MSD
since it is directly comparable to the FWHM.
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Figure 4.18: Comparing the relationship for thermal diffusivity of the image by
means of the FWHM and of the RMSD as a function of temperature.
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From the results we note that the increase in the RMSD over the span of
∆T = 420 K translates to roughly a %14 change in the FWHM.
To answer our research question, figure 4.19 shows the FWHM as a function of
the MSD. From the results we can determine the FWHM has a power dependency
with the MSD.
FWHM dependency on the MSD
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Figure 4.19: Relationship between the FWHM for increasing MSD values due to
the atom’s increase in vibration at higher temperatures.
The zero-crossing of fitting model used to represent the power dependence
was obtained directly from multislice simulations of a static atom that denotes
the classical interpretation of a system at 0 K.
No multislice simulations were performed for graphene with different isotopes
concentrations, due to the results of the MSD obtained from molecular dynamics
simulations, presented in sections 4.2.7 and 4.2.8.
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Chapter 5

Conclusions
5.1

Linear Chain Discussion

The motivation behind the study of the linear chain case has roots in the
desire to become acquainted with the theory behind vibrational properties in
crystals. Additionally, it was of interest to have preliminary knowledge on molecular dynamic simulations and obtain some basic understanding of the possible
challenges that could arise from a three-dimensional simulation space. The methods used for modelling the linear case had a variety of constrictions that limited
meaningful physical conclusion that we could make about our system. This also
limited the results that could consider useful to extrapolate in our latter study
of graphene. Some of the main reasons are discuss in detail next.
All one-dimensional molecular simulations presented above are executed at a
temperature well below the classical regime ie. ≥ 80 K. Due to the parameters of
the potential function, holding a vibrating linear chain in place at temperatures
higher than tens of Kelvins originated forces between atoms to reach un-physical
values. This not only disrupted calculations of the elastic coefficients of Green’s
function, but in some instances caused atoms to vanish from the simulation region. Additionally, an increase in the temperature of the system, caused phonons
to attain greater vibrational frequencies, never allowing to get a definitive frequency value for phonons.
A number of factors influenced our results; 1. In the simulation we have restricted forces to vanish in all directions except planar to the chain. 2. Literature
values are taken from weak intra-molecular interactions between graphene sheets.
3. Lennard-Jones two-pair potential is not appropriate to model the long-range
interaction of covalent carbon-carbon bonds and it is better suited for mapping
short rage repulsions forces.
Inter-atomic forces in the chain at higher temperatures can be easily modelled,
by using a potential model such as Airebo or by assigning suitable parameters to
the existing LJ potential.
Given these challenges, we still believe the potential study of the linear case
served the purpose that was intended. Besides the theoretical exploration, we
were able to highlight technical challenges in the set-up of computational simulations.

5.2

Graphene Discussion

The goal of this report was to develop a technique in which we could detect
carbon isotopes in free-standing graphene by means of TEM. The method, which
involved the simulation of diffusive images of a single carbon atom, aimed to sta-
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blish a relationship between the MSD of carbon isotopes and the FWHM of the
diffusive images. From this, a careful observation of the differences in the MSD
of 12 C and 13 C for varying isotopic concentrations and system temperatures were
needed.
To challenge the ability of the empirical potential Airebo to describe graphene’s
physical properties, a short temperature and isotope concentration dependence
on the T O, LO and ZO phonon bands at the symmetry point Γ were observed.
We summarize details of our observations below.
Shown by our results in figure 4.5 and by [41] Airebo gives a good description
of the phonon dispersion of graphene. This potential describes well the acoustic
bands, however it overestimates the frequencies of the optical branches. Observation from compression of the system, when it is allowed to relax, only increases
this effect, since the high frequency modes experienced a 2 − 3 THz increase.
Flaws in the phonon description are seen minor given that most branches follow
with reasonable agreement experimental results.
Analysis of the dispersion and density of state for changes in kinetic energy
of the system show the temperature dependency of Airebo has minor effects in
the description of branches T O, LO and ZO. A similar analysis is done on the
phonon dispersion and density of states for different isotope concentration in
graphene. As expected from our theoretical derivation, results show the inverse
relationship of the phonon spectra and mass.
With gained confidence in our model of graphene, we aimed to answer our
initial research question by looking at the planar mean square displacement of
Carbon atoms in graphene at different temperatures and for varied isotope concentrations.
• For the case of temperature dependence; results of the MSD summarized
in figure 4.13 shows a clear linear trend with a slope of 7.858 × 10−6 Å2 /K.
• For the case of changes in isotope concentration; for a system of 800 atoms,
the planar MSD of both isotopes at low 13 C concentrations is statistically
significant. Later results at low 13 C concentrations, shown in figure 4.14,
indicate that as the number of Carbons in the system increases differences in
the MSDs of 13 C and 12 C decrease and converge to the MSD of the system.
For a system of ∼ 3000 atoms, MSD differences are no longer statistically
significant. This entails that for a system large enough for experimental
replication, the MSD of isotopes will have the virtually the same effect on
the thermal diffusivity of TEM images. This leads us to conclude that at a
temperature of 300 K it is not possible to detect any meaningful relationship
between the RMSD and FWHM for varying isotopic concentrations.
An additional effort is made to detect differences in the MSD of isotopes for a
low 13 C concentration in graphene at other temperatures. From the results it is
clear that the temperature dependence of the MSD of isotopes is essentially the
same, discrediting the option of obtaining promising results by exploring systems
at a different averaged temperatures.
From results at different temperatures, we conclude our initial desire to establish a method of observing isotopes in free-standing graphene by TEM cannot be
realized. This is mainly due to the small differences in the MSDs of isotopes for
large enough system, which would translate to statistically insignificant changes
to the diffusive images of carbon atoms using a transmission electron microscope.
We explore possible ways in which we could modify our experimental method or
set-up to obtain more favourable results in section 5.4.
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5.3

Multislice Discussion

The aim of obtaining atomic-resolution images using TEM was to gain an
understanding of the relationship between the FWHM of the diffusive images
and the MSD measured from molecular dynamic simulations. The intent of this
relationship was to develop a systematic way to distinguish isotopes in graphene.
Since it was not possible to obtain significant differences in the MSD of isotopes,
as discussed in previous results, only images of a 1 2C isotope were analysed. Using
the atomic-resolution images for a single Carbon-12 atom, we demonstrate the
FWHM increases as the MSD of the atom increases. We observe that the power
dependency of the FWHM on the MSD can be described by FWHM(MSD) =
0.20MSD0.53 + 0.67. This technique was successful at obtaining a well established
relationship between the FWHM and MSD of Carbon-12.

5.4

Future Developments

In this investigation it has been clearly demonstrated that our initial goal
of detecting isotopes in free-standing graphene, by obtaining atomic-resolution
images using a transmission electron microscope, is not possible with our current
constrains in the system. Failures to our method arise mainly due to the small
differences in the MSD of 12 C and 13 C for a graphene system with ∼ 3000 atoms
or more.
One unexpected complexity to the analysis of our system was the prominent
corrugations in graphene along the plane. These made it impossible to analyse the
z-component component of the MSD, without getting wildly inconclusive results
(high uncertainty). To overcome this difficulty, the planar MSD was regarded
in our observations with the premises being that diffusive TEM images are a
two-dimensional projection of our system.
It can be proposed to study a graphene system that is restricted by different
boundary conditions or interactions with the environment. For this case, it might
be possible to define a graphene that is held on the edges by a rigid Silicone
structure or a substrate, which can eliminate corrugations in the z-direction. This
can open the possibility to study the MSD of atoms not only the planar, but in
all directions. For the simulations of a case that involves a Silicone substrate,
a good empirical potential function that can describe Si-C interactions will be
required.
An additional comment can be made about the empirical function Airebo.
Other potential functions such as Tersoff-2010 and LCBOP are alternatives to
the modelling of graphene and, although very small, could offer differences in the
MSDs of isotopes.
Much like shown in the linear case, the distribution of isotopes across the
system opened a gap between optical and acoustic branches at the boundary
of the Brillouin zone. Perhaps a careful study of symmetric configurations of
graphene could lead to distinguishable MSD between concentration of Carbon13 in the system.
In future studies we hope to overcome constrains that limit differences in the
MSD of isotopes by implementing one or all of the possible solutions discussed
above. Ultimately, we want to be able to distinguish these carbon isotopes in an
image of graphene.
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Appendix
A. Additional Derivations and Results
Wigner-Seitz (WS) method
Consider a two-dimensional Bravais lattice organization, shown in the figure
below. To define a WS unit cell, draw connecting lines (dashed) from the lattice
point of interest to all nearby points [16]. From the midpoints of every connecting
line, a normal (solid) is traced in both directions that defines boundaries for the
cell [16].

Figure A.1: Primitive WS unit cell in two dimensions.

Potential and Spring Constant
The relationship between the Lennard-Jones parameters σ,  and spring constant C is derived as follows. The one dimensional derivation is introduced here,
as it is the only needed for Matlab numerical simulations scripts. Starting from
the one-dimensional LJ relation [44],
" 
 6 #
σ 12
σ
V (ri ) = 4
−
.
(1)
ri
ri
We are interested in obtaining an expression for distance, rmin , where the potential is a minimum,
∂V (r)
= 0 at r = rmin .
(2)
∂r
The procedure leads to a result that translates the bond length in the atomic
structure of interest,
rmin = 21/6 σ.
(3)
One can Taylor expand the original expression for the potential around rmin .
For simplicity, let x = r − rmin and χ(x) = V (r − rmin )
χ(x) = χ(0) +

χ(0)
χ2 (0) x2 χ3 (0) x3
x+
+
+ ...
dr
dr2 2
dr3 3!
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(4)

The use of the harmonic approximation allows to neglect higher than second order
terms in equation (4). The result from equation (3) can then be substituted into
the expansion. The second term of the expansion becomes zero, agreeing with
statement presented on equation (2), and the first term reduces to , a constant
that dictates the vertical translation of the function.
The third term in the Taylor expansion is of the form of a potential that
describes a system composed of a mass attached to a spring that has an associated
proportionality constant C,
C

x2
χ2 (0) x2
=
.
2
dr2 2

(5)

This leads to the desired relationship,
C=

72
21/3 σ 2

.

(6)

Boundary Conditions
This condition can be obtained if the chain is thought to be a very large
ring. A relationship is then imposed on the first and Nth atom in the chain,
i.e. ui,1 = uN +i,1 [4]. In this manner, the chain can be though as an infinitely
periodic continuation of itself [13]. Since N is very large, at a local level the angle
effects between bonds are negligible and we preserve the linearity of the chain.
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Figure A.2: Finite atomic ring.
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B. Error Estimation
Uncorrelated Variance Estimation
The standard deviation σs for an uncorrelated vector A made from N scalar
elements Ai was determined as shown below. Temperature recordings are considered highly uncorrelated, since sampling was obtained every 10,000 steps in
the simulation.
N
1 X
σ=
|Ai − µ|2
(7)
N
i=1

N
1 X
µ=
Ai
N

(8)

σ
σs = √
N

(9)

i=1

Flyvbjerg and Petersen Method
This method was developed to determined the variance of highly correlated
data obtained from molecular simulations. In our case the MSD was taken over
intervals of 10 steps. For high frequency modes, this time-step is enough to give
highly uncorrelated MSD, but some correlation still exits due to the presence
of longer slow-moving phonons. For this reason, we introduce the “blocking”
method.
We present a small summary of the method and the reader is referred to
the original publication for more details [34] [45]. To apply this technique, we
transform data set x1 , ..., xn into smaller blocks using the recursive function
1
x0i = (x2i−1 + x2i ).
2
At each iteration we estimate the variance of the new set x0 ,using
s
2
2σx40
σ
0
.
σ(M )2x ' 0 x ±
n −1
(n0 − 1)3

(10)

(11)

Plotting the standard deviation over all transformations gave two kinds of results,
shown in figures B.1 and B.2. The uncertainty of the original data then becomes
the value at which σ(M ) has a plateau. If this condition is not met, the standard
deviation of the largest value is taken to be the lower bound. The method was
defined as a Matlab function blockvar(); The code can be found in Appendix C.
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Figure B.1: Error estimation with plateau. Error bars aid to determine this area.
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Figure B.2: Steadily increasing uncertainty per block transformation.
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C. Matlab Scripts
Linear Chain; Numerical Phonon Dispersion Relation
The script below numerically solves for the 1D dispersion relation of a linear
chain of atoms inside the first Brillouin zone. The user must specify τ , the
number of atoms within a unit cell distance a. The atomic configuration inside
lattice spacing a is determined by the user’s input of the mass vector. The
dispersion lines are normalized by resolving the x-axis in units of [rad] and not
[rad/distance] as it is customary.
The script has been tailored to solve for a carbon chain configuration made
of C-12 and C-13 isotopes, but can be altered for other elements by changing
to appropriate isotopic masses. The script also uses midpoint finite difference to
resolve the phonon density of states for the linear configuration. The dispersion
relation and DOS can be solved for τ number of atoms per unit cell by specifying
the appropriate isotopic mass vector configuration.
script 2.m
%% Numerical Solutions to Dispersion Relation and Density of States
clear variables; close all;
%% Initial Parameters
epsilon = (2.50E-3)*(1.60218E-19);
% [meV] to [J]
sigma = 1.2651E-10; [m]
C = (72*epsilon)/((2ˆ(1/3))*(sigmaˆ2)); [J/(m)ˆ{2}]
h = 4.135667662E-15; % [eV*s]
h bar = h/(2*pi); %[eV*s/rad]
a = 1; % Nomalized unit cell distance
%% input parameter
prompt = 'Input number of atoms per unit cell ';
tau = input(prompt);
if tau == 1
% k-space
% Define normalized k-space from -pi to pi.
t = 1000;
min val = -pi/a; max val = pi/a;
step = (max val-min val)/t;
k = linspace(min val,max val,t);
new elements = 10;
% 20 new points added
for i = 1 : new elements;
k = [min val-(i*step),k,max val+(i*step)];
end
clear t;
t = size(k,2);
% mass matrix
masses = [12.000000 13.003355];
display('List of isotopic masses:'); display(masses);
prompt = ('input mass vector ');
% User defined input
iso vector = input(prompt);
m vector = iso vector.*(1.66054E-27);
iso m = diag(iso vector);
m = diag(m vector);
n = size(m vector,2);
display(iso m);
% dynamical matrix A
dynamic vector = zeros(1,n,t);
A = zeros(n,n,t);
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for j = 1:t
dynamic vector(:,:,j) = ...
2-(exp(1i*k(1,j)*a)+exp(-1i*k(1,j)*a));
A(:,:,j) = diag(dynamic vector(:,:,j));
end;
% eigenvalues of A
e = zeros(n,t);
for j = 1:t
e(:,j) = (eig(m\(C.*A(:,:,j)))).ˆ0.5;
end
% freqency
freq = zeros(n,t);
for j = 1:t
freq(:,j) = (1E-12).*(1/(2*pi)).*e(:,j);
end
% frequency plot
figure;
subplot(1,2,1)
plot(k,freq);
title('1-D dispersion relation, \tau = 1');
xlabel('ka');ylabel('\nu [THz]');
set(gca,'xtick',-pi:pi/2:pi);
set(gca,'xticklabel',{'-\pi','-\pi/2','0','\pi/2','\pi'});
% density of states - midpoint finite difference
difference = zeros(1,size(freq,2)-2);
for i = 1:size(freq,2)-2;
difference(1,i) = (freq(1,i)-freq(1,i+2))/(2*step);
end
D numerical = ((a*n)/(pi))*(1./abs(difference));
freq(1) = [];
freq(end) = [];
%plot density of states
subplot(1,2,2);
plot(D numerical,freq);
title('Numerical density of states');
xlabel('DOS [1/THz]');ylabel('\nu [THz]');
xlim([0,40]);
end
if tau == 2
% kspace
t = 1000;
min val = -pi/a; max val = pi/a;
step = (max val-min val)/t;
k = linspace(min val,max val,t);
new elements = 2;
for i = 1 : new elements;
k = [min val-(i*step),k,max val+(i*step)];
end
clear t;
t = size(k,2);
% mass matrix
iso vector = [12.000000;13.003355];
display('Current isotopic mass vector:'); display(iso vector);
question = input('Do you want to change input vector?, ...
[Y]/[N]: ','s');
if question == 'Y';
clear iso vector;
check = 1;
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while tau 6= check
list = [12.000000 13.003355];
display('List of isotopic masses:'); display(list);
prompt = ('input mass vector ');
iso vector = input(prompt);
clear check;
check = size(iso vector,2);
end
end
m vector = iso vector.*(1.66054E-27);
m = diag(m vector);
n = size(m,2);
% Dynamic matrix A
A = zeros(tau,tau,t);
for j = 1:t
A(:,:,j) = [2,-(1+exp(-1i*k(1,j)*a));-(1+exp(1i*k(1,j)*a)),2];
end
% eigenvalues of A
e = zeros(tau,t);
for j = 1:t
e(:,j) = sqrt(eig(abs(C.*(m\A(:,:,j)))));
end
% freqency dispersion
freq = zeros(n,t);
for j = 1:t
freq(:,j) = (1E-12).*(1/(2*pi)).*e(:,j);
end
% frequency plot
figure;
subplot(1,2,1)
plot(k,freq);
xlabel('ka');ylabel('\nu [THz]');
set(gca,'xtick',-pi:pi/2:pi);
set(gca,'xticklabel',{'-\pi','-\pi/2','0','\pi/2','\pi'});
% density of states optical
difference op = zeros(1,size(freq,2)-2);
for i = 1:size(freq,2)-2;
difference op(1,i) = (freq(1,i)-freq(1,i+2))/(2*step);
end
D numerical op = ((a*n)/(pi))*(1./abs(difference op));
% density of states acoustic
difference ac = zeros(1,size(freq,2)-2);
for i = 1:size(freq,2)-2;
difference ac(1,i) = (freq(2,i)-freq(2,i+2))/(2*step);
end
D numerical ac = ((a*n)/(pi))*(1./abs(difference ac));
% density of states plot
freq(:,1) = [];
freq(:,end) = [];
subplot(1,2,2);
plot(D numerical op,freq(1,:),D numerical ac,freq(2,:));
title('Numerical density of states');
xlabel('DOS [1/THz]');ylabel('\nu [THz]');
xlim([0,40]);
end
if tau

≥

3
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% kspace
t = 1000;
min val = -pi/a; max val = pi/a;
step = (max val-min val)/t;
k = linspace(min val,max val,t);
new elements = 3;
for i = 1 : new elements;
k = [min val-(i*step),k,max val+(i*step)];
end
clear t;
t = size(k,2);
% mass matrix
check = 1;
while tau 6= check
list = [12.000000 13.003355];
display('List of isotopic masses:'); display(list);
prompt = ('input mass vector ');
iso vector = input(prompt);
clear check;
check = size(iso vector,2);
end
m vector = iso vector.*(1.66054E-27);
m = diag(m vector);
n = size(m,2);
%
a
b
c
d
A
e

Dynamic matrix setup
vector = zeros(1,tau,t);
vector = zeros(1,tau-1,t);
vector = zeros(1,1,t);
vector = zeros(1,1,t);
= zeros(tau,tau,t);
= zeros(tau,t);

% Dynamic matrix A
for j = 1:t
a vector(:,:,j) = 2;
b vector(:,:,j) = -1;
c vector(:,:,j) = -exp(-1i*k(1,j)*a);
d vector(:,:,j) = -exp(1i*k(1,j)*a);
A(:,:,j) = diag(a vector(:,:,j))+diag(b vector(:,:,j),-1)+ ...
diag(b vector(:,:,j),1)+diag(c vector(:,:,j),tau-1) ...
+diag(d vector(:,:,j),-tau+1);
end
% eigenvalues of A
for j = 1:t
e(:,j) = sqrt(abs(eig(C.*(m\A(:,:,j)))));
end
% freqency dispersion
freq = zeros(n,t);
for j = 1:t
freq(:,j) = (1E-12).*(1/(2*pi)).*e(:,j);
end
% plot frequency
figure;
subplot(1,2,1);
plot(k,freq,'.');
str = sprintf('Dispersion relation, \tau = %i ',tau);
title(str);
xlabel('ka [rad]');ylabel('\nu [THz]');
set(gca,'xtick',-pi:pi/2:pi);
set(gca,'xticklabel',{'-\pi','-\pi/2','0','\pi/2','\pi'});
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% density of states
difference = zeros(3,size(freq,2)-2);
for j = 1:tau;
for i = 1:size(freq,2)-2;
difference(j,i) = (freq(j,i)-freq(j,i+2))/(2*step);
end
D numerical = ((a*n)/(pi))*(1./abs(difference));
end
% density of states plot
freq(:,1) = [];
freq(:,end) = [];
subplot(1,2,2);
hold on
for j = 1:tau
plot(D numerical(j,:),freq(j,:),'.');
end
title('Numerical density of states');
xlabel('DOS [1/THz]');ylabel('\nu [THz]');
xlim([0,tau*50]);
end

Position Data Script
This script writes a data file with the position of all carbon atoms in graphene.
The user must specify the number of atoms using length, nearest-neighbour distance a = 1.42, and atom type to be either 1 or 2.
%% Create grapehe data.pos file
length = 40;
tau = 2; % atoms per unit cell
atoms = tau*(lengthˆ2);
ratio = 0.04; % natural abundance 0.0107
%% create file data.pos
title = sprintf('Atom data (shifted) file a = %f \r\n\r\n',a(1,i));
fileID = fopen('data.pos','w');
fprintf(fileID,title);
%% create meshgrid
shift = [sqrt(3)*a(1,i),(sqrt(3)*a(1,i))/2;0,(3*a(1,i))/2]; % ...
shift = [vec a1,vec a2]
[x,y] = meshgrid(0:length-1,0:length-1);
P = shift*[x(:),y(:)].';
%% Base structure
base 1 = P;
base 2 = [P(1,:)+(sqrt(3)*a(1,i))/2;P(2,:)+a(1,i)/2];
%% Arrange basis vectors from left to right
ordered base 1 = sortrows(base 1',[2 1])';
clear order;
ordered base 2 = sortrows(base 2',[2 1])';
%% Interlace basis vectors to fit lammps order
[m,n] = size(ordered base 1);
sorted base = reshape(permute(cat(3,ordered base 1(:,:), ...
ordered base 2(:,:)), [1 3 2]), [m 2*n]);
%% wite number of atoms in structure
formatSpec = '%5d atoms\t\t # number of atoms to be simulated\r\n';
fprintf(fileID,formatSpec,atoms);
%% write atom types
formatSpec = '%12.0f atom types\r\n\r\n';
fprintf(fileID,formatSpec,atom type);
%% specify and write x y z dimensions
xlo = 0; xhi = sqrt(3)*a(1,i)*(length);%+((sqrt(3)*a)/2);
ylo = 0; yhi = ((3*a(1,i)*(length))/2);%+(0.71);
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zlo = -10; zhi = 10;
xy = xhi*cos(pi/3)-1e-5; xz = 0.0; yz = 0.0;
formatSpec = '%5.14f \t %5.14f\t xlo xhi\r\n';
fprintf(fileID,formatSpec,xlo,xhi);
formatSpec = '%5.14f \t %5.14f\t ylo yhi\r\n';
fprintf(fileID,formatSpec,ylo,yhi);
formatSpec = '%5.14f \t %5.14f\t zlo zhi\r\n';
fprintf(fileID,formatSpec,zlo,zhi);
formatSpec = '%5.14f \t %5.14f\t %5.14f\t xy xz yz\r\n\r\n';
fprintf(fileID,formatSpec,xy,xz,yz);
%% masses
clear title;
title = 'Masses\r\n\r\n';
fprintf(fileID,title);
masses = [12.000000 13.003355];
for j = 1 : atom type
formatSpec = '%4.0f %4.6f\r\n';
fprintf(fileID,formatSpec,j,masses(1,j));
end
%% additional atomic information
z position = zeros(1,atoms);
index = 1:atoms;
%% atom type
if atom type == 1;
atom types = ones(1,atoms);
else
atom types = rand(1,atoms);
for k = 1:atoms;
if atom types(1,k) ≤ ratio;
atom types(1,k) = 2;
else
atom types(1,k) = 1;
end
end
end
%% write true C-12 & C-13 composition
abundance = zeros(1,2);
ratio = zeros(1,2);
for i = 1:2;
abundance(1,i) = size(find(atom types == i),2);
end
for i = 1:2;
ratio(1,i) = abundance(1,i)/size(atom types,2);
end
formatSpec = '\r\n# True abundance: C-12 = %3.5f C-13 = ...
%3.5f\r\n\r\n';
fprintf(fileID,formatSpec,ratio);
%% add all atomic data to file
formatSpec = 'Atoms\r\n\r\n';
fprintf(fileID,formatSpec);
formatSpec = '%3.0f %2.0f %5.14f %5.14f %5.14f\r\n';
all data = [index;atom types;sorted base;z position];
fprintf(fileID,formatSpec,all data);
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Blockvar Script
This script determines the statistical uncertainty for a input data set for a
number of it block iterations.
function [] = blockvar(variable,h,it)
%start parameters
L=length(variable);
A=variable;
B=[];
%1st undivided block
vara=var(A,1)/(L-1);
sigma=sqrt(vara);
M=[0];
S=[sigma];
E=[0];
%estimate variances and standard deviations
for i=1:it
for j=1:L/2;
B(j)=0.5*(A(2*j-1)+A(2*j)); %create block
end
L=length(B);
B var=var(B,1);
A var=(B var/(L-1));
sigma=sqrt(A var);
error=sigma/sqrt(2*(L-1));
M=[M i];
S=[S sigma];
E=[E error];
A=B;
B=[];
end
% Plot
fe = figure; box on;
errorbar(M,S,E,'x','MarkerSize',5)
xlabel('Number of Block Transformations')
ylabel('\sigma(M)')
title('Statistical Uncertainty Using Flyvbjerg and Petersen ...
"Blocking" Method')
xlim([-1,it+1]);
set(gca,'fontsize',11,'FontName','Times','LineWidth',1.0);
set(gca,'XMinorTick','on','YMinorTick','on','TickLength',[0.021 ...
0.075]);
% Save pdf file
if h==1;
set(gcf,'PaperUnits','inches','PaperPosition',[-0.42 -0.20 8.5 ...
6],'Papersize',[8.0 5.6]);
orient portrait;
saveas(fe,'uncertainty','pdf');
end
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LAMMPS Scripts
Chain LAMMPS Script

# 1D Monoatomic chain
# Initiation parameters
units metal
# m{g/mol}, d{A}, t{picosec},energy{eV},temp{K}
dimension 2
boundary p f p
# for 2 dim z-axis must be periodic
# Atom definition
atom style atomic
read data data.pos group chain
# Force fields
pair style lj/cut/omp 3.00
# Settings
variable epsilon equal 2.50e-3
variable sigma equal 1.2651
pair coeff * * ${epsilon} ${sigma}
neighbor 2.0 nsq
neigh modify every 1 delay 0 check yes
# Thermodynamic data
thermo style custom step pe temp ke etotal fmax
thermo 15000
# Time steps
timestep 0.001
# fixes
variable
variable
variable
variable

t start equal 16
t end equal 16
damping equal 0.05
seed1 equal 571101

fix F1 all langevin ${t start} ${t end} ${damping} ${seed1}
fix F2 all nve
fix F3 all setforce NULL 0.0 0.0
fix F4 all phonon 10 290000 100000 map.in chain sysdim 1
velocity all create ${t start} 971101 dist gaussian
velocity all set NULL 0.0 0.0
# Output
#dump
D0 all image 3000000 image.*.jpg type type zoom 5.0
#dump
D1 all movie 1000 movie.mpg type type size 1280 960 zoom 2
#dump
D2 all atom 1000 dump atom.lammpstrj
# Actions
run 3000000

Graphene LAMMPS Script

# Graphene
# simulation folder loops
variable folder index 1 2 3 4 5 6 7 8 9 10 11 12 13
shell cd carbon ${folder}
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print 'Folder number ${folder}'
#------------ RELAXATION -----------# Initiation parameters
units metal
# m{g/mol}, d{A}, t{picosec}, energy{eV}, temp{K}
dimension 3
boundary p p p
# Atom definition
atom style atomic
read data data.pos group graphene
# Groups
group carbon12 type 1
group carbon13 type 2
# Force fields
pair style airebo 3.0 1 0
# Settings
pair coeff * * ../CH.airebo C C
neighbor 2.0 nsq
neigh modify every 1 delay 0 check yes
# Thermodynamic data
thermo style custom step pe temp ke etotal
thermo 5
fix F0 all box/relax aniso 0 vmax 0.001 fixedpoint 0.0 0.0 0.0
# Actions
min style cg
minimize 1e-15 1e-15 10000 10000
write restart restart.data.pos
clear
#------------ DYNAMICS -----------# Initiation parameters
units metal
# m{g/mol}, d{A}, t{picosec},energy{eV},temp{K}
dimension 3
boundary p p p
# Atom definition
atom style atomic
read restart restart.data.pos
# Groups
group carbon12 type 1
group carbon13 type 2
# Force fields
pair style airebo 3.0 1 0
# Settings
pair coeff * * ../CH.airebo C C
neighbor 2.0 nsq
neigh modify every 1 delay 0 check yes
# Time steps
timestep 0.001
reset timestep 0
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# fixes
variable t start equal 80
variable t end equal 80
fix F1 all langevin ${t start} ${t end} 0.002 73504 zero yes
fix F2 all nve
fix F3 all phonon 10 285000 150000 map.in graphene nasr 50
# Velocity
velocity all create ${t start} 28459 dist gaussian
# Compute msd
if "(${folder} == 1) | | (${folder} == 13)" &
then "compute C0 all msd com yes average no" &
"fix F4 all ave/time 50 1 50 c C0[1] c C0[2] c C0[3] c C0[4] file
msd.dat" &
else &
"compute C0 all msd com yes average no" &
"compute C1 carbon12 msd com yes average no" &
"compute C2 carbon13 msd com yes average no" &
"fix F4 all ave/time 50 1 50 c C0[1] c C0[2] c C0[3] c C0[4] file
msd.dat" &
"fix F5 carbon12 ave/time 50 1 50 c C1[1] c C1[2] c C1[3] c C1[4]
file msdc12.dat" &
"fix F6 carbon13 ave/time 50 1 50 c C2[1] c C2[2] c C2[3] c C2[4]
file msdc13.dat"

...

...
...
...

# Compute position of atom
if "(${folder} == 1 ) | | (${folder} == 2)" then "dump D3 all xyz ...
20000 xyz files/dump.*.dat"
# Thermodynamic data
thermo style custom step pe temp ke etotal
thermo 10000
# Log
log log.lammps
# Actions
run 3000000
# restart simulation
shell cd ..
clear
next folder
jump in.graphene

53

Bibliography
[1] Wikipedia, the free encyclopedia. Transmission electron microscopy, 2009.
[Online; accessed August 14, 2016].
[2] A. H. Wapstra G. Audi. Nucl. Phys A, 565(8):1–65, 1993.
[3] P.D.P. Taylor K.J.R. Rosman. Iupac subcommittee for isotopic abundance
measurements. Pure Appl. Chem., 71:1593–1607, 1999.
[4] Marius Grundmann. The Physics of Semiconductors: An Introduction Including Nanophysics and Applications. Springer, 2016.
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