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Abstract

Investigation of recovery of stellar magnetic field
geometries from simulated spectropolarimetric data

Ahmed Al Kanale

Powerful remote sensing techniques can covert time variability of 
polarization profiles of stellar spectral lines into vector magnetic 
fields maps of stellar surfaces. These techniques are widely applied to 
interpret observations but have been tested using only simplistic 
tests. It would be of interest to test magnetic inversion methods using 
polarization spectra simulated for realistic and physical models of 
stellar magnetic fields provided by recent 3D numerical simulations. 
Doppler Imaging is a method to reconstruct vector magnetic field maps 
of stellar surfaces from variation of polarization profiles. The work 
in this thesis presents numerical experiments to evaluate the 
performance of Magnetic Doppler Imaging (MDI) code INVERS10. The 
numerical experiments showed that in given high-resolution observations 
in four Stokes parameters, the code is capable of reconstructing 
magnetic field vector distributions, over the stellar surface, 
simultaneously and without any prior assumptions about the magnetic 
field geometry. Input data consists of polarization measurements in the 
line profiles and the reconstruction is performed by solving the 
regularized inverse problem. Right results were obtained by testing 
different type of models covering simple, complex and unusual complex 
magnetic field distribution. Whilst using incomplete Stokes parameter 
datasets containing only Stokes I and V profiles, the INVERS10 code was 
able to reconstruct a global stellar magnetic fields of only simple 
models and give accurate and reliable results. Testing the code with 
different inclination and azimuth angle successfully gave the lowest 
deviation when same values are used from the true map.
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Populärvetenskaplig sammanfattning

Att studera stjärnors magnetfält är intressant eftersom det ger information om
stjärnornas utveckling. Analytiska metoder, kallade Magnetic Doppler Imaging (MDI)
kan användas för att omvandla variationer i polariseringsprofilerna hos stjärnornas
spektrallinjer till kartor över magnetfältet på stjärnornas ytor. Dessa tekniker används
i stor utsträckning att tolka observationer men har endast utvärderats med enkla test.

Det skulle vara intressant att testa dessa magnetiska inversionsmetoder med hjälp
av polariseringsspektrum simulerade med realistiska och fysikaliska modeller av
stjärnornas magnetfält som tillhandahålls av de senaste tredimensionella numeriska
simuleringar. Arbetet i denna studie presenterar numeriska experiment för att testa
kvalitén hos MDI-koden INVERS10.

De numeriska experimenten visade att givet fyra Stokes-parametrar kan koden
rekonstruera magnetfältets fördelning över stjärnornas yta, utan antaganden om
magnetfältet geometri.

Rätt resultat erhölls genom att testa olika typer av modeller som omfattar både enkla
och komplexa magnesfältsfördelningar. Ifall inte alla Stokes-parametrar givits, utan
endast Stokes I och V-profiler, kunde INVERS10 koden rekonstruera stjärnornas
magnetfält och ge tillförlitliga resultat endast i fall av enkla modeller.

Metoden har testats med simulerade observationer från olika vinklar. Lägst avvikelse
fanns när samma värden används från den verkliga vinkeln.
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1. Introduction

The study of stellar magnetic fields plays a very important key role in the
understanding of stellar formation and evolution. The fields represent a key element
of stellar and planetary system formation processes. The reliable determination of
magnetic field geometries for a number of objects will serve as a key test for existing
and future stellar models. Accurate knowledge about stellar fields is of a great value
for constructing realistic models of star formation and evolution, field generation,
physics of the circumstellar medium etc.

Stellar spectra contain information about stellar surface layers. The effects of
magnetic field can be visible in the intensity spectrum if the field strength is greater
than a few hundred Gauss. Magnetic field effects the atoms and leads to line splitting,
known as Zeeman effect. Magnetic fields are challenging to detect and model directly.
The observations are influenced by the field strength and by its orientation relative to
the line-of-sight which changes as the star rotates. By data analysis methods and
modern instrumentation it is possible to detect and characterize surface magnetic
fields for all types of stars. One applicable technique is Doppler Imaging (DI).
Doppler Imaging is a complex technique and was first used to map chemical
peculiarities on the surface of Ap stars. The Doppler Imaging method have the
capability of extracting the spatial information from rotational modulation of spectral
line profiles, and reconstruct features on the surfaces of stars by inverting a time-
series of high-resolution spectral line profiles into a map of the stellar surface.
Extensive numerical experiments are required for testing and evaluating the
performance of MDI code under realistic conditions. In this kind of tests the code will
be used in the forward mode for calculation of the Stokes parameters for a given
magnetic and abundance distribution. A random noise component is added to
synthetic Stokes spectra to simulate imperfections of real observational data. Then
synthetic Stokes vectors are used by the MDI code to recover magnetic and
abundance maps, which are finally compared with the initial distributions. This report
present the investigation of the magnetic Doppler Imaging code INVERS10 [4, 10]
which is capable of reconstructing stellar magnetic field geometries from simulated
spectropolarimetric data.

https://en.wikipedia.org/wiki/Ap_and_Bp_star
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2. Goals of this work

The goal of this work is to investigate a computational method (INVERS10), which
reconstructs 3D model of stellar magnetic field geometries from high quality
spectropolarimetric data. This will be done by few steps:

1) Perform forward calculations of stellar polarization spectra using magnetic field
maps provided by 3D numerical simulations.

2) Reconstruct back magnetic field maps from these simulated data (this step will
require running the inversion codes).

3) Compare reconstructed maps with the true ones.

4) Compare reconstructed maps with the true ones using VI, Stokes only (Stokes
VI, observations are much more common and easier to obtain).

5) Compare reconstructed maps with the true ones using different inclination and
azimuth angles.

and make conclusions about reliability of magnetic remote sensing techniques.

Tools to be used for the project:

Fortran codes for converting stellar polarization data into magnetic field vector maps.
IDL codes for visualising reconstruction results. Small codes to visualise some of the
results.
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3. Theoretical background

3.1 Magnetic field influence on spectral lines

An atom can have different energy states according to the different configurations
and quantum numbers of the electrons within the atom [1]. The energy state can be
the same for two atoms with different electron configurations when there is no
magnetic field present. In this case the transition within an atom from one state to
another will result in one spectral line with a certain wavelength.

An electron is a charged particle and moves around the nucleus, it have an orbital
magnetic moment represented by a quantum number M . The angular momentum
of the electron will be changed when an external magnetic field is present [2]. Hence
the Hamiltonian will be changed too, which means a magnetic Hamiltonian is added
to the ordinary Hamiltonian. The magnetic Hamiltonian can be represented as:

   22

2
00

8
2

4
rBBSL 

mc
e

mc
heH B 

(1)

Where BH is the magnetic Hamiltonian, h is the Planck constant, c is the speed of
light, m and e are the electron mass and charge, L is the total orbital angular
momentum of the electron cloud, S is the total spin, B is the magnetic field vector
and r is the position vector expressed as a sum of the electron positions relative to
the nucleus. The second term on the right hand side of (1) will only be significant if
the magnetic field is extremely strong.

The magnetic Hamiltonian can therefore often be simplified to:

    BSLBSL  22
4 0

0 
mc

heH B (2)

Where 0 is the Bohr magneton. The Hamiltonian is perturbed (slightly alter), the
corresponding energy eigenvalues will also be perturbed. A magnetic field will
therefore cause a slight shift in electron energy, and since the electrons have
different orbital magnetic moments the shift will not be equal for all electrons. The
result of this is that the two atoms that used to be in the same energy state will no
longer be. In this case a transition of electron within atom from one level to other will
result in more than one spectral line. The number of sub-levels that the initial energy
level of the electron will be split into can be expressed as 12 J where J is the total
angular momentum. The splitting of energy levels due to a magnetic field is called
the Zeeman effect [3].

Normal Zeeman splitting of a spectral line is the simplest case and observed as a
triplet. Magnetic field causes spectral line to split in two  and one  component,
see figure 1.
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Figure 1: Illustrate the Zeeman splitting within an atom in the presence of an external
magnetic field. When no magnetic field is present the transition between the upper
and lower atomic levels gives a single spectral line. While when an external field is
present, the line splits up into three ( , blue- and red-shifted  ) groups of Zeeman
components [2].

“ b ” and “ r ” components characterise the blue- and red-shifted parts of the line
profile, respectively, while  component corresponds to a central wavelength.

The difference in energy of the split levels will be larger if the magnetic field stronger.
The difference in energy shift, ΔE , for a transition between an upper energy level

uE to a lower energy level lE of the magnetic sub levels given by:

   MggMBMgMgBEEE uluullul  00  (3)

where 0 is the Bohr magneton, B is the magnetic field strength, ug and lg are the
Landé factors describing the magnetic sensitivity of the upper respectively lower
energy level, ul ggΔg  and uM and lM are the projections of uJ and lJ
respectively, or the magnetic quantum numbers, where each J,,JJ,M 1
and ul MMΔM  .

From the selection rules for electric dipole transitions, ΔM can only be equal to 0, -1
or +1. Depending on the value of ΔM , the wavelengths of the corresponding lines
will be distributed differently around the line which is unaffected by a magnetic field.
When 0ΔM the lines will be distributed symmetrically around the unaffected line
and are then called  components. When 1ΔM the lines will be distributed
symmetrically on the "blue side" of the unaffected line, and are then called

b components and when 1ΔM the lines will be distributed on the "red side" of
the unaffected line and are then called r components. A schematic illustration of
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the  and  components and their wavelengths distributed around unaffected line
can be seen in figure 2.

Figure 2: A schematic figure to visualize the distribution of the  and  components
[1].

3.2 Polarization

Light is an electromagnetic wave, and the electric field of this wave oscillates
perpendicularly to the direction of propagation. If the direction of the electric field of
light is well defined (non random), it is called polarized light.

Light can be polarized in different ways, linear and circular and called linearly
polarized when the electric field vector of the wave oscillates in a single plane as the
wave propagates, and called circularly polarized when the electric field vector of the
wave rotates along circle. When both cases are preset the electric vector create an
ellipse in the plane perpendicular to the propagation direction [2].

As polarization of an electromagnetic wave can be presented by using Stokes vector
 TVUQI ,,,I . Hence polarization state of stellar radiation is fully characterized by

Stokes parameters UQI ,, and V ,
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These four parameters can be expressed as:

Unpolarized light (total intensity) :  13545900
IIIII  (4)

Linearly polarized light :  900
IIQ  (5)

Linearly polarized light :  13545
IIU  (6)

Circularly polarized light :   IIV (7)

where  13545900
,,, IIII corresponds to the intensity of light that has passed through

an ideal polarizer at a polarization angle given by the suffix and I and I
corresponds to the right or the left circularly polarized light respectively.

The Zeeman split spectral line components have polarization properties which
changes according to the angle between the magnetic field vector and direction of
the emitted intensity. Figure 3 illustrate the relationship between these components
and the angle.

Figure 3: Shows the orientations of Zeeman components (  and rb, ) relative to

magnetic field vector. When one observes along the direction of magnetic field, b
component will produce positive (right-handed) circular polarisation if the magnetic
field points to an observer, and negative (left-handed) circular polarisation when the
magnetic field has reverse orientation. Whereas the behavior of r component is the
opposite. The  component in this case will give rise to linear polarisation [2].

When the emitted light is parallel to the magnetic field vector, the  components
vanish and the b and r components will have opposite circular polarisation. When
the line of sight is perpendicular to the field vector, the  components are linearly
polarised parallel to the field and the  components are linearly polarised
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perpendicular to the field. Thus, the  components can have only linear polarisation
while the  components can exhibit both circular and linear polarisation.

As a consequence the sensitivity of Zeeman components polarisation to the field
orientation provides a powerful method to study vector properties of magnetic field
distributions on the stellar surfaces and in circumstellar environments.

4. Methods

4.1 Magnetic Doppler imaging procedure

The forward calculation will be performed to produce the true map and four Stokes
parameters with added noise. These Stokes will be further used in the inverse
method (to test its capability) as input data, inverse method will read these Stokes
and reconstruct the 3D model of the stellar magnetic field geometry (using only these
Stokes and some initial guess about the stellar).

4.1.1 Forward calculation

To perform the forward calculation the forward code needs line data, stellar model
atmosphere and both local element abundance and magnetic field vectors
(  BBBr ,,, ) as input data. All these data will be used in the forward code to

perform local calculation of Stokes profiles VUQI ,,, as a function of  j,, where
1876,...,1j .

These Stokes profiles will be summed up during disk integration process and then
onto model Stokes profiles. After that noise will add to them (as the imperfections of
real observational data) and the output data will be used as input data in the inverse
method.

4.1.2 Inverse method

The Stokes profiles which are produced using the forward code with added noise will
be the input data in the inverse code. The Inverse method will use minimization
algorithm to find best solution for least-squares curve fitting problem. And after that
magnetic field data for radial rB , meridional B , and azimuthal B will be
regularized before getting the final magnetic field vectors which will produce the
reconstructed map.
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4.1.3 Magnetic Doppler Imaging procedure map
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4.2.1 Calculation of local Stokes profiles

The sensing methods applied in stellar physics are based on the solution of the
radiative transfer equation [2, 4]. This equation describes the interaction between
matter and radiation. The interpretation of the spectropolarimetric observations
aimed at extracting information about stellar magnetic fields heavely relies on the
transfer equation.

When magnetic fields presented a single scalar equation for specific intensity can be
replaced by the analogous transfer equation for the (wavelength dependent) Stokes
vector I :

JΙI
 

dz
d

(8)

where z is a geometrical coordinate which describe the height in the stellar
atmosphere. The 4 by 4 matrix  describes the absorption of the light attenuation of
its polarization characteristics. J is the emission vector.  and J are given by:

 
lines

line
line

c kk 0 (9)
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lineline
lines

cc eSkeSk 000J (10)

Here  is a 4 by 4 identity matrix, 0e = 1,0,0,0 and ck and cS are the continuum
opacity and source function. The line opacity consists of a sum of the line absorption
matrices  multiplied by the line center opacity linesk0 for all contributing lines.

Under the assumption of local thermodynamic equilibrium (LTE), the line and
continuum source functions are both equal to the Planck function )(TPSS lc  .

An information about the magnetic field strength and orientation is encoded in the
depth-dependent components of the absorption matrix  :
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where:
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The angles  and  determine the orientation of the field vector in the observer
reference frame as shown in Figure 4.

Figure 4: Defining angles  and  . The z-axis pointing towards the observer. ||B is
the component of magnetic field vector (B ) parallel to the observers line of sight,
while B is the component of magnetic field vector (B ) perpendicular to the
observers line of sight [2].

The quantities rbp ,, and rbp ,, in Eq. (12) represent the absorption and anomalous
dispersion profiles for the three groups of Zeeman components.

For a given transition with magnetic quantum numbers of Zeeman states lowerM and
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upperM the type of transition allowed by the selection rule is denoted as:
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(13)

In a moderate magnetic field ( 610 Gauss) assuming LS coupling a level with
quantum numbers L, S and J splits into 12J + states with J, ..., ., M = -J, .. 0
and with Landé factors:
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The shift in wavelength relative to the line center for an allowed transition between
two Zeenman states can be expressed as followed:

 upperupperlowerlower MgMg
mc

e
 2
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4
 (15)

For similar Landé factors of the upper and lower level a red shift corresponds to
positive ΔM which explains the convention introduced in (13).

The absorption profiles of  and  / components:
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and their anomalous dispersion profiles:
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These profiles are well described by the Voigt H and Faraday-Voigt F functions:
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The normalization of individual Zeeman components is done separately for pb, and
r so that:

  1rpb AAA (20)

The Voigt parameters a and v are the Lorentzian line width and the offset from the
line center expressed in units of Doppler width:

Dop

WaalsdervanStarkRad

v
a






4
(21)

Dopv   /)( 0 (22)

In order to solve the RT Eq. (8) for a given location on the stellar surface it needs to:

– compute the Voigt a and v from Eqs. (21) and (22),
– compute Voigt and Faraday-Voigt functions for each Stokes component,
– compute  ’s and  ’s using Eqs. (16) and (17),
– compute the continuous opacity coefficient,
– compute the absorption matrix  from Eqs. (11) and (12) for each

contributing spectral line and add them together to form the absorption
matrix  and the emission vector J

Once the absorption matrix and the emission vector are prepared it becomes ready
to solve the equation of radiative transfer (8) for each visible surface element using
an adaptive wavelength grid. Which could be done by starting computing Stokes
vectors for the center of each Zeeman component and refine the grid until linear
interpolation provides the required accuracy.

4.2.2 Disk integration

The stellar surface is divided into 1876 approximately equal area zones. This type of
division will lead to zones at high latitudes cover a larger range in longitude than
those near the equator [4]. The contribution of a surface zone to the disk-integrated
spectrum depends on the projected area of a zone, limb angle and Doppler shift due
to stellar rotation. These quantities will be calculated for each surface element at
each rotational phase.
Each zone subdivided into a number of (  11  ) surface elements to achieve high
accuracy of the disk integration independent of grid density. Doppler shift, limb angle
and projected area are evaluated for each such element and then the average values
of these quantities are constructed for the visible part of a zone.
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To formulate the polarized radiative transfer equation it requires evaluation of the
magnetic vector components in the observer coordinate system for each surface
element at each rotational phase. Figure 5 illustrates the coordinate systems
implemented in INVERS10 for the stellar and observer.

Figure 5: Shows the stellar and observer coordinate systems.

The stellar coordinate system is selected as follows [4]:

At zero inclination the observer is looking at the stellar pole P with zero longitude
PA aligned with the y axis and longitudes  increasing counter-clockwise. The star
rotates in a counter-clockwise direction around the axis CP , with phase angle 
counted from the yz plane towards zero longitude PA . Latitudes  are assumed to
be positive above and negative below the stellar rotational equator.

At any surface point M the magnetic vector B is represented by a combination of
radial rB , meridional B , and azimuthal B components, measured along the
corresponding axes of the local stellar coordinate system. In the observer reference
frame xyz, the x axis is pointing to the right, y up, and z towards the observer.
Orientation of the stellar rotational axis is specified by the tilt angle of the rotation
axis   1800  ii and the azimuth angle   3600  , which determines
orientation of the projection PC  of the rotation axis in observer xy plane.

The angle  is measured with respect to some chosen direction (e.g. towards North
celestial pole), which is assumed to coincide with the x axis.
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4.2.3 The true models formation

In the forward process the stars have been modeled and evolved its magnetic field in
time using numerical MHD [5, 6].

The star is modelled as a ball of self-gravitating ideal gas of mass M, arranged in a
polytrope of index n = 3, so that specific entropy increases with radius and the star is
stably stratified. The star is contained in a computational box of side 4.2R, where R is
the stellar radius. Surrounding the star is an atmosphere of low electrical conductivity,
which behaves like a vacuum in that the magnetic field there relaxes to a potential
(current-free) field. The initial magnetic field is chosen to resemble that expected to
be present at the end of a period of convection.

Depending on the particular random field present at the beginning, the torus which
emerges is either right or left handed. This torus forms the stable core of the
configuration. Wrapped around it are poloidal field lines that extend through the
atmosphere. These field lines cause the surface field to form an approximate dipole,
with smaller contributions from higher multipoles.

4.2.4 Minimization

Mathematically MDI is a least-squares minimization problem [4]:
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(23)

where UQI ,, and V are Stokes parameters characterizing polarization status of
radiation. They depend on the magnetic field B and abundance distribution Z .
Weights  reflect the relative quality of the data. As in the case of conventional
Doppler Imaging, MDI is generally an ill-posed problem which is solved with the help
of regularization and the corresponding regularization function R scaled by the
regularization parameter  is included in minimization.

In the inversion process the code INVERS10 use Levenberg-Marquardt (LM) algorithm
in order to find solution to the least-squares minimization problem [4]. The
Levenberg-Marquardt method [7] is a commonly used technique in solving nonlinear
least squares problems. When fitting the parameters of a function to a set of
measured data points by minimizing the sum of the squares of the deviations
between the data points and the function a least squares problems arises. Nonlinear
least squares problems arise when the function has none linear parameters. The
method also involves an iterative improvement to parameter values in order to
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reduce the sum of the squares of the deviations between the function and the
measured data points.

The Levenberg-Marquardt curve-fitting method is a combination of two minimization
methods: the gradient descent method and the Gauss-Newton method. In the
gradient descent method, the sum of the squared deviation is reduced by updating
the parameters in the steepest-descent direction. In the Gauss-Newton method, the
sum of the squared deviation is reduced by assuming the least squares function is
locally quadratic, and finding the minimum of the quadratic. The Levenberg-
Marquardt method acts more like a gradient-descent method when the parameters
are far from their optimal value, and acts more like the Gauss-Newton method when
the parameters are close to their optimal value.

After running the INVERS10 code the process can be followed in the IDL. The
simulated observational Stokes data VUQI ,,, with 20 different rotational phases (0
to 1) will be presented as solid lines in four panels. The Stokes V and UQ, profiles
have been rescaled by a factor of 2 and 4, respectively, to match the amplitude of the
Stokes I profiles. The INVERS10 will adjust initial dots near the solid lines and try to
minimize the distance between the dots and simulated Stokes profiles. In time the
dots will get closer to the solid lines and the process will stop when the final fit is
achieved as shown in figure 6.
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Figure 6: Synthetic Stokes UQI ,, and V profiles of the IIFe 4923.92, 5018.43 and
5169.02 Å spectral lines for the reference test distribution. Simulated observational
data is shown by solid black lines, while solid red lines represent the final fit by the
MDI code. Profiles for consecutive rotational phases are shifted in the vertical
direction. Note, the different scale used for Stokes I profiles, circular and linear
polarization.
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4.2.5 Regularization

The inverse problem need to be regularized in order to find a unique solution. In
reality, noise in the observational data, gaps in phase coverage, and intrinsic
limitations of DI inversion allow an infinite number of solutions. By regularization
process the solution will be searched for only within the restricted set of the surface
distributions selected following some previous assumptions. The spherical harmonic
function for each magnetic field in spherical coordinates have been employed in the
code to find a unique solution.

The maps of the radial, meridional, and azimuthal magnetic field components are
specified with the help of a general spherical harmonic expansion [8]:
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Here  and  are the colatitude and longitude at the stellar surface, and )(, mlP is
the associated Legendre polynomial. Its derivative with respect to  , required to
evaluate ),(, mlZ , can be computed with
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The free parameters of this harmonic expansion are coefficients mlml ,, , and ml, .
They characterise contributions of the radial poloidal, horizontal poloidal, and
horizontal toroidal magnetic field components, respectively. The expansion is carried
out up to a sufficiently large maxl , as to fit the details of the observed Stokes profiles.

Figure 7 illustrates a schematic of the radial, meridional, azimuthal, poloidal and
toroidal magnetic field components.

Figure 7: Schematic illustration of different magnetic field components [11].

5. Setup for numerical experiments

For all numerical tests a model atmosphere with KT 11000eff  and 0.4log g has
been used. The spectral resolution R = 65 000 and signal-to-noise ratio (S/N) is 500.
The chosen rotational velocity 1skm25sin iv and inclination angle 60i , which
are optimal for DI. The azimuth angle kept at 0 degree. Both macroturbulent and
microturbulent velocities were assumed to be zero in all calculations.

All Stokes profiles in this work were calculated for the iron doublet IIFe 4923.92,
5018.43 and 5169.02 Å.
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6. Results and analysis

Four stellar models have been tested with the code INVERS10, the selected models
differ in surface distributions of the magnetic field modulus and field orientation. They
can be categorised as two simple, one complex and one unusual complex surface
distributions. The hammer projection [9] has been used because it is compact and
because of its equal-area property which give accurate results in comparing process
between the true and reconstructed maps.

6.1.1 Model 1

Figure 8: Shows the hammer projection of the true and reconstructed magnetic maps
of radial rB , meridian B , azimuth B and field modulus || B of simple magnetic
field distribution using Stokes vector data ( VUQI ,,, ) by INVERS10 code. The last
column shows the difference between the true and reconstructed.  represent field

deviation (
||
||cos

B
Br ) . Colorscales (B [kG]) of the images  BBBr ,, and || B
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correspond to field strength, while for  correspond to angle in degree.

Figure 9: Shows the hammer projection of the true and reconstructed magnetic maps
of radial rB , meridian B , azimuth B and field modulus || B of simple magnetic
field distribution using Stokes vector data ( VI, ) by INVERS10 code. The last column
shows the difference between the true and reconstructed.  represent field deviation

(
||
||cos

B
Br ) . Colorscales (B [kG]) of the images  BBBr ,, and || B correspond to

field strength, while for  correspond to angle in degree.

The comparison between the true and reconstructed shows that the code
reconstructed the map successfully and accurately. The intensity of the field is little
higher in the true map than reconstructed.

Figure 9 shows that using only Stokes I and V will be sufficient for the code to give
accurate reconstructed map.
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Figure 10: Shows a histogram of the difference field modulus between the true and
reconstructed data (Number of occurrences (N) vs the normalized difference in field
modulus ( max/|| BB )). The black line represent data taken over the the whole disk
while the red and blue are data above -60 and -30 degree respectively in latitude to
the rest of the disk. The vertical solid line represents the mean value, while dashed,
and dash-dotted line correspond to the 75th and 90th percentile respectively.

Figure 11: Shows a histogram of modulus of field vector difference between the true
and reconstructed ones. (Number of occurrences (N) vs the normalized modulus of
field vector difference ( max/|| BB )). The black line represent data taken over the
the whole disk while the red and blue are data above -60 and -30 degree respectively
in latitude to the rest of the disk. The vertical solid line represents the mean value,
while dashed, and dash-dotted line correspond to the 75th and 90th percentile
respectively.

In general the figures (10 and 11) show that the difference above -30 degree in
latitude is much lower than difference in latitude above -60 and -90. Figures show,
however that the difference between -60 and -90 is very small. This means that the
highest difference occurs in the area between -30 and -60.
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The mean (solid line), 75p (dashed line) and 90p (dashed-dotted line) are close to
each other, which iterate that the difference is small.

Figure 12: Shows a histogram of difference of field orientation with respect to surface
normal between the true and reconstructed ones. (Number of occurrences (N) vs the
different of field orientation ||  ). The black line represent data taken over the the
whole disk while the red and blue are data above -60 and -30 degree respectively in
latitude to the rest of the disk. The vertical solid line represents the mean value, while
dashed, and dash-dotted line correspond to the 75th and 90th percentile respectively.

Figure 12 shows that the difference of field orientation with respect to surface normal
is low and the difference above -30, -60 or -90 in latitude is approximately the same.

The mean (solid line), 75p (dashed line) and 90p (dashed-dotted line) are close to
each other, which iterate that the difference is small.
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Figure 13: Compares the energies of the poloidal and toroidal components as a
function of the angular degree l for the true, reconstructed using VUQI ,,, Stocks
and reconstructed using VI, Stocks only. The energy of the poloidal and toroidal
components are shown in red and blue respectively.

The analysis of the contribution of different harmonic components to the total energy
of the field showed that the field have dominant contribution from the toroidal and
poloidal dipolar components. The comparison between the true and reconstructed
with VUQI ,,, shows that the code successfully gave very similar results. The small
difference seems to be that 4% of the toroidal energy in the true moved to the
poloidal energy in the reconstructed. While in the reconstructed with VI, the code
gave identical results. The difference seems to be that 9.1% of the toroidal energy in
the true moved to the poloidal energy in the reconstructed with VI, .

The quadrupolar ( 2l ) and octupolar ( 3l ) components have very low contribute
percent of the total energy of the field. Higher order modes with 4l have almost
0% contribution of the total field energy.
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6.1.2 Model 2

Figure 14: Shows the hammer projection of the true and reconstructed magnetic
maps of radial rB , meridian B , azimuth B and field modulus || B of simple
magnetic field distribution using Stokes vector data ( VUQI ,,, ) by INVERS10 code.
The last column shows the difference between the true and reconstructed. 

represent field deviation (
||
||cos

B
Br ) . Colorscales (B [kG]) of the images

 BBBr ,, and || B correspond to field strength, while for  correspond to angle in
degree.
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Figure 15: Shows the hammer projection of the true and reconstructed magnetic
maps of radial rB , meridian B , azimuth B and field modulus || B of simple
magnetic field distribution using Stokes vector data ( VI, ) by INVERS10 code. The last
column shows the difference between the true and reconstructed.  represent field

deviation (
||
||cos

B
Br ) . Colorscales (B [kG]) of the images  BBBr ,, and || B

correspond to field strength, while for  correspond to angle in degree.

The comparison between the true and reconstructed shows that the code
reconstructed the map successfully and accurately. The intensity of the field is little
higher in the true map than reconstructed.

Figure 15 shows that using only Stokes I and V will not be sufficient for the code to
give accurate reconstructed map.
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Figure 16: Compares the energies of the poloidal and toroidal components as a
function of the angular degree l for the true, reconstructed using VUQI ,,, Stocks
and reconstructed using VI, Stocks only. The energy of the poloidal and toroidal
components are shown in red and blue respectively.

The analysis of the contribution of different harmonic components to the total energy
of the field showed that the field is mainly poloidal (90 percent of the total magnetic
energy) with a dominant contribution from the poloidal dipolar component (about 72
percent of the total magnetic energy). The comparison between the true and
reconstructed with VUQI ,,, shows that the code successfully gave very accurate
results. While in the reconstructed with VI, the code gave identical results. The very
small difference seems to be that 4.1% of the poloidal energy in the true moved to
the toroidal energy in the reconstructed with VI, .

The quadrupolar ( 2l ) and octupolar ( 3l ) components have low contribute
percent of the total energy of the field. Higher order modes with 4l have almost
2% contribution of the total field energy.
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6.1.3 Model 3

Figure 17: Shows the hammer projection of the true and reconstructed magnetic
maps of radial rB , meridian B , azimuth B and field modulus || B of a complex
magnetic field distribution using Stokes vector data ( VUQI ,,, ) by the INVERS10 code.
The last column shows the difference between the true and reconstructed. 

represent field deviation (
||
||cos

B
Br ). Colorscales (B [kG]) of the images  BBBr ,,

and || B correspond to field strength, while for  corresponds to the angle in
degrees.
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Figure 18: Shows the hammer projection of the true and reconstructed magnetic
maps of radial rB , meridian B , azimuth B and field modulus || B of complex
magnetic field distribution using Stokes vector data ( VI, ) by INVERS10 code. The last
column shows the difference between the true and reconstructed.  represent field

deviation (
||
||cos

B
Br ) . Colorscales (B [kG]) of the images  BBBr ,, and || B

correspond to field strength, while for  correspond to angle in degree.

The comparison between the true and reconstructed shows that the code
reconstructed the map successfully and accurately. The intensity of the field is little
higher in the true map than reconstructed.

Figure 18 shows that using only Stokes I and V will not be sufficient for the code to
give accurate reconstructed map.
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Figure 19: Compares the energies of the poloidal and toroidal components as a
function of the angular degree l for the true, reconstructed using VUQI ,,, Stocks
and reconstructed using VI, Stocks only. The energy of the poloidal and toroidal
components are shown in red and blue respectively.

The analysis of the contribution of different harmonic components to the total energy
of the field showed that the field have dominant contribution from the toroidal and
poloidal dipolar components. The comparison between the true and reconstructed
with VUQI ,,, shows that the code successfully gave similar results. The difference
seems to be that 8.2% of the poloidal energy in the true moved to the toroidal energy
in the reconstructed. While in the reconstructed with VI, the code gave inaccurate
results. It shows very high contribute percent in the dipole ( 1l ) than how is it in the
true. The dipole ( 1l ) gave higher energy in the reconstructed with VUQI ,,, than
the true one. Higher order modes with 2l the field is mainly poloidal.
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6.1.4 Model 4

Figure 20: Shows the hammer projection of the true and reconstructed magnetic
maps of radial rB , meridian B , azimuth B and field modulus || B of unusual
complex magnetic field distribution using Stokes vector data ( VUQI ,,, ) by INVERS10

code. The last column shows the difference between the true and reconstructed. 

represent field deviation (
||
||cos

B
Br ) . Colorscales (B [kG]) of the images

 BBBr ,, and || B correspond to field strength, while for  correspond to angle in
degree.
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Figure 21: Shows the hammer projection of the true and reconstructed magnetic
maps of radial rB , meridian B , azimuth B and field modulus || B of unusual
complex magnetic field distribution using Stokes vector data ( VI, ) by INVERS10 code.
The last column shows the difference between the true and reconstructed. 

represent field deviation (
||
||cos

B
Br ) . Colorscales (B [kG]) of the images

 BBBr ,, and || B correspond to field strength, while for  correspond to angle in
degree.

The comparison between the true and reconstructed shows that the code
reconstructed the map successfully but not as accurate as in other models. The
intensity of the field is little higher in the true map than reconstructed.

Figure 21 shows that using only Stokes I and V will not be sufficient for the code to
give accurate reconstructed map.
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Figure 22: Compares the energies of the poloidal and toroidal components as a
function of the angular degree l for the true, reconstructed using VUQI ,,, Stocks
and reconstructed using VI, Stocks only. The energy of the poloidal and toroidal
components are shown in red and blue respectively.

The comparison between the true and reconstructed with VUQI ,,, and
reconstructed with VI, shows that the code gave inaccurate results.

A useful and more compact way to compare the difference between all models for
the case using VUQI ,,, or VI, data is represented in three tables below. The
difference is given in percent in table 1 and 2, and in degree in table 3. Table 1
shows comparison of the difference field modulus between the true and
reconstructed data, and table 2 shows comparison of modulus of field vector
difference between the true and reconstructed ones, and table 3 shows comparison
of difference of field orientation with respect to surface normal between the true and
reconstructed ones.
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Mean (-60,-30) 75p (-60,-30) 90p (-60,-30)
Model 1,IQUV 4.0,2.0 3.6,2.7 9.4,4.0
Model 1,IV 5.9,3.1 5.5,3.8 16.5,6.3
Model 2,IQUV 3.3,2.8 4.6,3.9 7.5,6.0
Model 2,IV 7.3,5.6 9.3,7.5 17.7,12.0
Model 3,IQUV 6.6,4.9 9.0,6.3 17.0,11.3
Model 3,IV 8.5,7.0 11.4,9.6 19.3,15.1
Model 4,IQUV 8.4,6.1 11.5,8.7 18.6,13.7
Model 4,IV 10.8,9.1 15.4,12.8 25.1,20.0

Table 1: Shows comparison of the difference in field modulus between the true and
reconstructed data using VUQI ,,, or VI, only. The difference is given in percent.
The two values in each cell represents data taken above -60 and -30 degrees,
respectively, in latitude to the rest of the disk. The first data column represents the
mean value, while second and third data column correspond to the 75th and 90th
percentile respectively.

Mean (-60,-30) 75p (-60,-30) 90p (-60,-30)
Model 1,IQUV 6.3,3.9 6.9,4.9 12.2,6.4
Model 1,IV 11.5,8.0 13.9,9.1 25.8,13.9
Model 2,IQUV 6.9,5.6 8.7,7.0 13.4,9.5
Model 2,IV 43.9,41.6 66.7,60.1 117.7,124.4
Model 3,IQUV 15.3,12.2 20.7,15.2 35.2,26.9
Model 3,IV 45.6,40.8 74.8,68.4 101.8,99.3
Model 4,IQUV 27.6,23.2 41.1,32.1 54.7,49.0
Model 4,IV 50.7,49.7 65.5,65.6 83.1,82.0

Table 2: Shows comparison of modulus of field vector difference between the true
and reconstructed ones using VUQI ,,, or VI, only. The difference is given in
percent. The two values in each cell represents data taken above -60 and -30 degree,
respectively, in latitude to the rest of the disk. The first data column represents the
mean value, while second and third data column correspond to the 75th and 90th
percentile respectively.

Mean (-60,-30) 75p (-60,-30) 90p (-60,-30)
Model 1,IQUV 3.0,2.0 3.8,2.6 8.1,4.1
Model 1,IV 6.9,4.8 8.9,5.6 19.9,10.6
Model 2,IQUV 4.1,2.8 5.1,3.8 10.3,6.0
Model 2,IV 17.6,14.5 26.5,19.2 46.3,39.8
Model 3,IQUV 10.4,8.4 14.0,11.6 23.6,17.9
Model 3,IV 21.2,20.3 34.3,33.6 49.3,51.3
Model 4,IQUV 20.6,17.8 31.2,25.4 50.3,45.2
Model 4,IV 29.5,30.5 46.0,47.9 56.6,57.9

Table 3: Shows comparison of difference of field orientation with respect to surface
normal between the true and reconstructed ones using VUQI ,,, or VI, only. The
difference is given in degree. The two values in each cell represents data taken
above -60 and -30 degree, respectively, in latitude to the rest of the disk. The first
data column represents the mean value, while second and third data column
correspond to the 75th and 90th percentile respectively.
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In general tables 1,2 and 3 shows that INVERS10 gives a low and acceptable
deviation for all models.The deviation gets higher as the complexity of the magnetic
field on the stellar surface increases. The deviation above -60 degrees in latitude is
higher than -30 because the zones above -60 are not, from our viewing angle, as
readable as those of -30 in latitude.

The difference in results between using VUQI ,,, and VI, for each model occurs
because less information have been provided to the code when the method using

VI, Stokes only. In other words, the sensitivity of the horizontal field is lower in the
case of VI, than VUQI ,,, .

6.2 Inclination and azimuth angle tests

Figure 23: Shows the percentage deviation in the Stokes VUQI ,,, for model 3
reconstructed with different inclination angle ( 180:10:10 degree). The azimuth angle
kept at 0 degree at all tests.

The figure shown that the lowest deviation in the recovery of the Stokes occur when
the inclination angel at 60 degree, which is the used inclination value in the forward
data.
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Figure 24: Shows the percentage deviation in the Stokes VUQI ,,, for model 3
reconstructed with different azimuth angle ( 170:10:0 degree). The inclination angle
kept at 60 degree in all tests.

The figure shown that the lowest deviation in the recovery of the Stokes occur when
the azimuth angel at 0 degree, which is the used azimuth value in the forward data.

The code has been tested using different combinations of inclination
( 180:10:10 degree) and azimuth ( 170:10:0 degree) angles, see figure 25!
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Figure 25: Shows the result of the analysis of the entire grid (inclination vs azimuth
angle). The color table corresponds to the deviation for Stokes VUQI ,,, divided by
its minimum value.

The figure shown that the code successfully gave the lowest deviation in the
recovery of the Stokes occur when inclination angel at 60 degree and the azimuth
angel at 0 (or 180) degree, which is the used values in the forward data.
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7. Conclusions

This work presents a wide set of numerical simulations of recovery of stellar
magnetic field geometries using high-resolution spectropolarimetric data. The
experiments used helped to test INVERS10 code and examine its performance under
realistic conditions. Where only Stokes VUQI ,,, with added noise and few
assumptions (velocity, inclination and azimuth angle) have been used. The results of
the tests can be briefly summarized as follows:

1) The results showed that using a given time-series spectropolarimetric of high-
resolution observations in four Stokes parameters the code is capable of accurately
reconstruct magnetic field geometry, without any prior assumptions about the global
stellar magnetic topology.

2) The results shown that the code is able to reconstruct successfully the maps
regardless of the complexity of magnetic field. Whilst it gives very accurate results
when reconstructing the simplest dipolar magnetic geometries in comparison to
complex geometries.

3) To assess the code sensitivity test was carried out by using different values of
inclination and azimuth angle (one value or two values at a time) to that used in the
forward calculations. Which proves that accurate results for successful magnetic
inversion require correct input values of inclination and azimuth angle. Applying
incorrect values the code will not be capable to find solution that gives good fit to the
observational data.

4) The code has the ability to determine the correct inclination and azimuth values for
the star. This can be done by testing different values and predicting the values with
less deviations.

5) Numerical experiments test of the magnetic reconstruction using incomplete
Stokes parameter datasets containing only Stokes I and V profiles. The method
was able to reconstruct a global stellar magnetic fields of simple models and give
accurate and reliable results, while for complex models it is not sufficient for the code
to give accurate and reliable results.

6) The difference of field modulus and modulus of field vector difference between the
true and reconstructed maps becomes larger depending on the complexity of the
geometry. Furthermore the different value becomes even larger for data values
under the equator. In simple geometry it is obvious that if latitude is above -30 will
have lower difference than -60 and -90. This is because minority of zones lower than
equator are not as defined as zones above equator which leads to less accurate
results.

7) In general the highest deviations (errors) occur in the case of using VI, Stokes
only in comparison to using VUQI ,,, Stokes, this is related to less information have
been provided to the code when the method using VI, Stokes only. In other words,
the sensitivity of the horizontal field is lower in the case of VI, than VUQI ,,, .
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Results of the tests presented in this work confirm the reliability of INVERS10 to be
applied to real stars.
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