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Ocean wave energy is a promising renewable source to contribute to supplying the world’s
energy demand. The Division of Electricity at Uppsala University is developing a technology
to capture energy from ocean waves with a wave energy converter (WEC) consisting of a linear
permanent magnet generator and a point absorber. The linear generator is placed on sea bed and
is driven directly by the floating absorber. Since March 2006, multiple wave energy converters
have been deployed on the Swedish west coast outside the town of Lysekil. The technology
is verified by long-term operation during at sea and satisfactory reliability of the electricity
generation.

This thesis focuses on developing advanced control strategies for fully coupled wave energy
converters subject to constraints. A nonlinear control strategy is studied in detail for a single
WEC subject to constraints under regular and irregular waves. Besides, two coordinated control
strategies are developed to investigate the performance of a wave energy farm subject to
constraints. The performance of the WECs using these control strategies are investigated in
case studies, and optimal PTO damping coefficients are found to maximize the output power.
The results show that these control strategies can significantly improve the performance of the
WECs, in terms of mean power, compared to a conventional control.

Besides these control strategies, a wave-to-wire simulation platform is built to study the power
generation control of the WEC subject to constraints.  The wave-to-wire simulation platform
allows both nonlinear and linear control force. The results show that there is a good agreement
between the desired value and the actual value after advanced control.
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Abbreviations 

Symbol Description 

WEC Wave Energy Converter 
PTO Power Take-Off 
OWC Oscillating Water Column 
EMF ElectroMotive Force 
LPMG Linear Permanent Magnet Generator 
Nd-Fe-B Neodymium-Iron-Boron 
AC Alternating Current 
DC Direct Current 
IGBT Insulated-Gate Bipolar Transistor 
PWM Pulse Width Modulation 
WAMIT Wave Analysis Massachusetts Institute of Technology 
MOSFET Metal-Oxide-Semiconductor Field-Effect Transistor 
PI Proportional Integral 
CW Capture Width 
CWR Capture Width Ratio 



 

Symbols 

Chapter 2 Theory 
Symbol SI Unit Description 

 [m] Free surface elevation 
 [m] Wave amplitude 
 [m] Wave height 
 [rad/s] Wave angular frequency 
 [s] Wave period 
 [m-1] Wave number 
 [m] Wave length 
 [rad] Initial phase of wave 
 [s] Time 
, ,  [m] Cartesian coordinates 
 [m/s2] Gravity acceleration 
 [m] Irregular wave displacement 
 [m] Fourier coefficients 
 [rad/s] Fundamental angular frequency 
 [s] Period, irregular waves 

 [kg/m3] Water density ℎ [m] Water depth ̅  [W/m] Mean energy flux of regular wave ̅  [W/m] Mean energy flux of irregular wave ( ) [m2s/rad] Power spectrum  [m/s] Wave group velocity  [s] Energy period 
 [m] Significant wave height 

 [m/s] Velocity vector 
 [m2/s] Cinematic viscosity constant 

 [Pa] Atmospheric pressure 
 [Pa] Fluid pressure 

 [N] External force on fluid 
 [N] Excitation force ,  [N] PTO damping forces 
 [m2/s] Velocity potential 
 [m2/s] Velocity potential, incident 
 [m2/s] Velocity potential, diffraction 
 [m2/s] Velocity potential, radiation 
 [m2/s] Complex velocity potential, incident 

 [rad] Angle of incident wave 
 [m2/s] Complex velocity potential, radiation 
 [m] Unit-amplitude radiation potential of mode  



 

 - Generalized unit normal in mode  
 [m] Complex amplitude of incident wave 

 [m/s] Complex amplitude of velocity in mode  
 [m] Complex amplitude of displacement in mode  
 [m2] Wetted surface of absorber 

 [N] Hydrodynamic force vector 
 [Nm] Moment vector 
 [N] Excitation force vector 
 [N] Radiation force vector ,  [N] Complex amplitude of radiation force in mode  

 [Ns/m] Radiation impedance 
 [kg] Added mass 
 [Ns/m] Radiation resistance coefficient 
 - Impulse-response function 

 [N/C] Electric field 
 [T] Magnetic field 
 [C/m2] Electric charge density 

 [F/m] Permittivity of free space 
 [H/m] Permeability of free space 

 [A/m2] Electric current density 
 [V] No-load voltage 

 - Coil turns 
 [Wb] Permanent magnetic flux 
 [m/s] Translator velocity 

 [T] Magnetic flux density 
 [m2] Cross section area of flux path 

 [V] Terminal voltage 
 [V] Source voltage 
 [A] Phase current 

 [Ω] Generator resistance 
 [H] Generator inductance 
 [A] Electric current of Phase  

 [V] DC link voltage 
 [V] Source voltage 
 - Switching function 

 [A] Current at grid side 
 [A] Current at direct axis 
 [A] Current at quadrature axis 
 [V] Voltage at quadrature axis 
 [V] Voltage at direct axis 

 [Ω] Resistance 
 [H] Inductance 

 

  



 

Chapter 3 Nonlinear control and optimisation of a single 
WEC subject to constraints 

Symbol SI Unit Description 

 [kg] Inertial mass ( ) [m/s] Absorber velocity in heave mode ( ) [N] Excitation force in heave mode ( ) [N] Hydrostatic force ( ) [N] Radiation force in heave mode ( ) [N] PTO force , ( ) [N] PTO damping force 
 [N/m] Hydrostatic stiffness coefficient 
 [m] Diameter of absorber 

 [N/m] PTO spring coefficient 
 [Ns/m] PTO damping coefficient ( ) [m] Complex amplitude of heave displacement ( ) [N] Complex amplitude of excitation force 
 [W] Mean power 

 [W/m] Averaged power of incident wave per unit crest length 
 - Basis vector 
 [N] Vector of Fourier coefficients of PTO damping force 
 [m/s] Vector of Fourier coefficients of velocity 
 [N] Vector of Fourier coefficients of excitation force 
 - Order of Galerkin approximation 

 [m] Constraint on displacement 
 [m/s] Constraint on velocity , ,  [N] Constraint on PTO damping force 

 [s] Instance of time 
 [rad/s] Angular frequency of ℎ harmonic wave 
 [m] Wave amplitude at the particular frequency  
 [rad] Wave phase at the particular frequency  
 - Number of wave components 

 [s] Peak wave period 
 [m2/sk] Spectral moment 

Chapter 4 Coordinated control and optimisation of a 
wave energy farm subject to constraints 

Symbol SI Unit Description 

 - Quantity of wave energy converters 
 - Mode index 
 - WEC index 
 - Index of degrees of freedom of WEC  

′ [Ns/m] Matrix of radiation impedance 
 [m/s] Matrix of complex velocity amplitude 
 [W] Mean power of WEC  

 [W] Total mean power of a wave energy farm 



 

 [W] Mean power of an isolated wave energy converter 
 -  factor 

 -  factor ,  [Ns/m] PTO damping coefficient , ,  [N] PTO damping force constraint of WEC  ,  [m] Displacement constraint of WEC  in heave mode ,  [N/m] PTO spring coefficient of WEC  in heave mode ,  [Ns/m] PTO damping coefficient of WEC  in heave 
 [N/m] Hydrostatic stiffness coefficient of WEC  ,  [kg] Inertia mass of WEC  ,  

 
[N] 
 

Complex amplitude of excitation force of WEC  in 
heave mode ,  

 
[m/s] 
 

Complex amplitude of velocity of WEC  using con-
ventional control 

 
 

[m/s] 
 

Complex amplitude of velocity of WEC  in heave 
mode 

 
 

[m] 
 

Complex amplitude of displacement of WEC  in 
heave mode 

Chapter 5 Wave-to-wire implementation 

Symbol SI Unit Description 

 [Wb] Magnitude of permanent magnetic flux ,  [Wb] Maximum flux magnitude 
 [m] Magnetic wavelength 
 - Ratio factor 
 [m] Translator displacement 
 [rad] Phase of magnetic flux 

 [m] Length of the stator 
 [m] Length of the translator 

 [N] Electromagnetic force 
 [H] Inductance in the direct axes 
 [H] Inductance in the quadrature axes 
 [m] Pole width of permanent magnets ,  [V] Reference value of three-phase voltages ,  - Ratio of three-phase voltages to DC link voltage 

 
  



 

 



13 

1. Introduction 

1.1 Background 
Nowadays, the world’s energy consumption is largely based on fossil fuels, 
such as oil and coal. These conventional sources lead to chemical pollution 
and are not environmentally friendly. There is a strong need to find alternative 
energy sources. 

Renewable energy sources, e.g. sunlight and wind, exist over a wide geo-
graphical area, and can be used to provide electricity, heat water, enable trans-
portation, or power desalination. They have a minimal negative influence on 
the environment, and help to act against climate change caused by the growing 
carbon dioxide in the atmosphere. Renewable energies are drawing more at-
tention all over the world, with government encouragements. In the European 
Union, the Renewable Energy Directive establishes an overall policy for the 
production and promotion of energy from renewable sources, and it requires 
the European Union to supply at least 20% of its total energy need through 
renewables by 2020. Table 1.1 lists the targets for 37 countries. 

Table 1.1. 2020 target to use energy from renewable sources for the European  
Union members1. 

Name Task [%] Name Task [%] 

Austria 34 Latvia 40 
Belgium 13 Lithuania 23 
Bulgaria 16 Luxembourg 11 
Cyprus 13 Malta 10 
Czech Republic 13 Netherlands 14 
Denmark 30 Poland 15 
Estonia 25 Portugal 31 
Finland 38 Romania 24 
France 23 Slovakia 14 
Germany 18 Slovenia 25 
Greece 18 Spain 20 
Hungary 13 Sweden 49 
Ireland 16 United Kingdom 15 
Italy 17   

 

                               
1 http://eur-lex.europa.eu/legal-content/en/ALL/?uri=CELEX%3A32009L0028, retrieved 
2016-10-19. 
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Ocean wave energy is one the most promising sources of renewable energy. 
Compared to other sources, it has a high power density, and the power per 
length of wave crest is typically in the order of 1 kW/m to 100 kW/m. The 
potential of ocean waves is huge, and the world-wide value is estimated to be 
2 TW [1]. Ocean wave energy has a strong ability to make a significant con-
tribution to supply the world’s energy demand.  

The research on wave energy utilization started in the 1970s against the back-
drop of the oil crisis. The research was undertaken in Japan, the United King-
dom, and Norway, closely followed by Sweden, the United States of America, 
China, and India. These days, governments and researchers are paying closer 
attention to this clean energy source. In the United States of America, the De-
partment of Energy has initiated a new program, the Water Power Program, to 
develop and deploy a portfolio of innovative technologies for clean, domestic 
power generation2. In Europe, the Blue Growth Program, funded under Horizon 
2020, the EU Research and Innovation programme, supports, among others, 
several schemes to further encourage ocean energies3. In China, a special pro-
gram for marine renewable energy has been established, with the support of the 
Ministry of Finance and the State Oceanic Administration. 

1.2 Technology of ocean wave energy conversion 
Ocean wave energy is captured and converted by wave energy converters 
(WECs) in a variety of ways. The related technologies have been investigated 
or developed in many countries over the past decades, including Australia, 
Belgium, Canada, China, Denmark, France, Germany, Greece, Ireland, Italy, 
Iran, India, Indonesia, Japan, Mexico, Malaysia, Norway, Netherlands, New 
Zealand, Portugal, Russia, Sweden, Spain, Sri Lanka, South Korea, Singapore, 
the United Kingdom, and the United States of America. Some of these work 
are reviewed or introduced in References [5]-[26].  

As indicated in these works, different WEC concepts are validated numer-
ically and physically. The results indicate that ocean wave power can be effi-
ciently captured by the WECs and converted into electricity. The devices can 
then be connected to the grid, supply isolated load, or used for desalination. 

This thesis focuses on WECs targeting electricity production. In general, the 
energy conversion process of this type WECs consists of the following steps: 

• Wave energy absorption by the primary capture system. 
• Conversion of the mechanical power to the electric power by the 

power take-off (PTO) system. 
• Power regulation by power electronics converters. 
• Power transmission to the grid or the load. 

This section is based on Paper VI. 
                               
2 http://energy.gov/eere/water/about-water-power-program, retrieved 2016-09-15. 
3 http://ec.europa.eu/maritimeaffairs/policy/blue_growth/index_en.htm, retrieved 2016-10-18. 
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1.2.1 Classification of the WECs 
Different criteria can be used to classify the WECs. Three well-known classi-
fications are based on the location of the deployment, the working principle 
of the primary capture system, and the working principle of the PTO system. 
Sometimes other criteria are used to categorize the WECs, e.g. based on the 
working degrees of freedom (one degree or multiple degrees), and whether the 
device is floating or submerged.  Figure 1.1 illustrates the classification of the 
WECs by different criteria. 

 

 
Figure 1.1: Classification of the WECs by different criteria. 

WECs categorized by the location of the deployment, can be classified into 
on-shore, near-shore, and off-shore types. On-shore WECs are fixed to a dam 
or on land without a mooring system, and can be installed or maintained more 
easily. However, the shoreline must be selected carefully for these WECs, 
considering many factors, e.g. the wave climate, and land construction is 
needed, which increases the environmental problems. Near-shore WECs can 
be deployed in a position hundreds or thousands of meters from the shoreline, 
and most have a low environmental impact on the coast. Off-shore WECs are 
commonly deployed in deep water, and have more opportunities to harvest 
ocean waves with high energy flux. However, both the near-shore and the off-
shore WECs require a mooring system—or a foundation having a similar 
function—as well as a long sea cable to transmit the generated power to land, 
which require more protections. 

Two of the most popular classifications, based on the working principle of 
the primary capture system and the PTO system, are reviewed in detail in Sec-
tion 1.2.1.1 and Section 1.2.1.2, respectively.  
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1.2.1.1 Classification by the primary capture system 
Wave energy converters classified by the working principle of the primary 
capture system, can be categorized into oscillating-water-column (OWC) 
WECs, overtopping WECs, and wave-activated-body WECs. 

The OWC WEC has a floating or fixed structure as the primary capture 
system, where the immersed part is open to the action of ocean waves and the 
upper part forms an air chamber [24], [25]. The motion of the ocean waves 
compress the air in the chamber to drive the PTO system, consisting of an air 
turbine and a generator. The Mighty Whale [26], the LIMPET [27], and the 
OE buoy fall into this category. 

The overtopping WEC has a primary capture system collecting the over-
topping waves, and a PTO system using water turbines and generators. The 
water stored in the reservoir will drive the PTO system to achieve the power 
conversion. One well-known overtopping WEC is the Wave Dragon4. It has 
two wave reflectors focusing the incoming ocean waves towards a ramp, and 
elevating the water to the reservoir above sea level. The reservoir water is let 
out through turbines and in this way transformed into electricity. Another ex-
ample is the SSG WEC [28], a relative new concept. It has several basins above 
the mean sea level as the primary capture system to store the overtopped water, 
as shown in Figure 1.2. 

 

 
Figure 1.2: A three-level SSG wave energy converter with a multi-stage Turbine. 
The source is from [28], reprinted with permission of the publisher. 

The wave-activated-body WEC uses a movable absorber—driven by ocean 
waves—as the primary capture system. The absorber can in its turn be classi-
fied into point absorbers, attenuators, and terminators, according to the ab-

                               
4  http://www.wavedragon.net/index.php?option=com_frontpage&Itemid=1, retrieved 2016-
07-05. 
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sorber size and the relation between the structure extension and the wave prop-
agating direction. A point absorber has a primary capture system where the 
physical size is substantially smaller than the wavelength, and may capture 
energy from all incident directions. The Uppsala University WEC [29], the 
Budal latching-controlled-type WEC [30] and the Archimedes Wave Swing 
[31] are classified as point absorbers. A terminator refers to a WEC where the 
structure extension of the primary capture system is perpendicular to the wave 
propagating direction during operation, such as the Oyster WEC5 and the 
Wave Roller6. The attenuator has a long structure as the primary capture sys-
tem, and its structure extension is parallel to the wave propagating direction, 
such as the Pelamis WEC7. 

1.2.1.2 Classification by the PTO system 
The PTO system is an important part of a wave energy conversion system and 
converts the captured ocean energy into electric power through the generator. 
WECs classified according to the working principle of the PTO system, can 
be categorized into hydraulic-PTO WECs, turbine-PTO WECs, and all-elec-
tric-PTO WECs. 

The working principle of a hydraulic PTO system is: the motion of the 
ocean waves drive the hydraulic ram, which increases the fluid—usually hy-
draulic oil—pressure in the hydraulic circuit, and the high-pressure fluid acti-
vates the motor and generator to output electric power. One advantage of the 
hydraulic PTO is that it is robust and can provide a large force at low speed, 
which coincides with the requirements of most WECs. Another advantage is 
that the majority of the components used in hydraulic-PTO WECs are conven-
tional industrial products. Therefore, hydraulic-PTO systems are widely used 
in WECs, such as the Edinburgh Duck and the Pelamis WEC [32]. Figure 1.3 
shows a hydraulic-PTO system with double-acting hydraulic cylinders. 

Turbine-PTO WECs use turbines, coupled with generators, to convert the 
captured wave energy into electricity. Two commonly used turbines are Wells 
turbines and impulse turbines, matched with or without variable or fixed guide 
vanes. These turbines are driven by ocean water or compressed air. For exam-
ple, in the overtopping WECs, turbines are driven directly by ocean waves, 
while the turbines in the OWC WECs are driven by the compressed air of the 
chamber. 

All-electric-PTO WECs use generators directly driven by the primary cap-
ture system. It does not require intermediate systems such as gearboxes, thus 
avoiding complex conversion processes and improving system efficiency. 
Generators used in this type WECs should be suitable for the slow motion of 

                               
5 http://www.aquamarinepower.com/technology.aspx, retrieved 2016-07-05. 
6 http://aw-energy.com/about-waveroller/waveroller-concept, retrieved 2016-07-05. 
7 http://www.emec.org.uk/about-us/wave-clients/pelamis-wave-power/, retrieved 2016-07-05. 
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ocean waves. One technology is the direct-driven permanent magnet synchro-
nous generator, including the rotating type and the linear type, i.e. the rotating 
permanent magnet generator and the linear permanent magnet generator 
(LPMG). The relative motion between the stator of the generator and the pri-
mary capture system activates the translator or the rotor, resulting in the elec-
tricity generation. The Uppsala University WEC and the Archimedes Wave 
Swing WEC fall into the LPMG category. The lifesaver WEC uses a rotating 
permanent magnet generator [33]. 

Figure 1.3: A hydraulic-PTO system of a WEC. Source is from [34]. © 2015 by the 
authors; licensee MDPI, Basel, Switzerland. This article is an open access article 
distributed under the terms and conditions of the Creative Commons Attribution 
(CC-BY) license (http://creativecommons.org/licenses/by/4.0/). 

There are some WECs that use other mechanisms, e.g. piezoelectric mate-
rials, to convert wave kinetic energy into electricity. They do not fall into the 
above three categories and are not included here since they are still very rare. 

1.2.2 Review of the WECs deployed in real sea: 2005- July 2016. 
The progress and the present state of the technology of wave energy conver-
sion have been reviewed in the literature in the past decades. In [8], the author 
reviews the development of wave energy exploitation from the 1970s to 2009, 
and addresses the classification of the wave energy source, as well as the the-
oretical background relating to the hydrodynamics of wave energy absorption 
and control. In [15], the progress of WECs developments in Europe from 1991 
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to 2001 is reviewed, with a focus on the most important wave energy devel-
opments and the state of the technology at the national and the European Un-
ion level. In [35], the authors indicate the current status and future perspective 
of ocean energy development in Europe, with a focus on the policy, technol-
ogy development, finance and markets, environmental and administrative is-
sues, and grid availability. The progress of wave energy utilization in China 
is reviewed in [36]. More recently, in [37], the authors review the OWC 
WECs, with a focus on the technologies and air turbines.  

It can be observed that many concepts of WECs have been investigated 
through numerical simulations in the past decades. Some of them have been 
validated by a small-scale prototype test, but only a minority have been tested 
on a full scale, or reach the commercial stage. 

Here, we review the WECs deployed in real sea conditions with full-scale 
or large-scale testing from 2005 to July 2016, as shown in Table 1.2. 

Table 1.2. Some WECs deployed in real sea conditions from 2005 to July 2016. Note 
that, the deployment of a single WEC may last more than one calendar year (e.g. the 
Wave Star). 

Name Year of deployment Place/Country of deployment Reference 

PowerBuoy 2005 New Jersey/U.S.A. 8 

Wave Star 2005-2006 Nissum Bredning 
/Denmark 

9 

Oceanlinx 2005, 2007-2008, 
2010 

Port Kempla/Australia 10 

Lysekil WEC 2006, 2009, 2010, 
2015 

Lysekil/Sweden  

Wavebob 2006, 2007 Galway/Ireland  
Mutriku Wave 
Energy Plant 

2006-2011 Basque country/Spain [38] 

Fred. Olsen 2007, 2008, 2009 Risør/Noway 11 
PowerBuoy 2008 Santoña/Spain 12 
OE Buoy 2008 Galway Bay/Ireland [37] 
Pelamis 2008 Portuguese northern 

coast/Portugal 
[8] 

OCEANTEC 2008 Guipúzcoa /Spain [39] 
WaveRoller 2008, 2014 Peniche/Portugal [8] 
PowerBuoy 2009 Hawaii/U.S.A. 12 

                               
8 http://www.oceanpowertech.com/newjersey.html, retrieved 2016-07-22. 
9 http://wavestarenergy.com/projects, retrieved 2016-07-22. 
10 http://www.oceanlinx.com/projects/past-projects, retrieved 2016-07-27. 
11 http://fredolsen-energy.com/?nid=349850&lcid=1033&WAF_IsPreview=true, retrieved 
2016-10-25. 
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1.3 Selected issues in WEC development 
A full-scale WEC operated in real sea conditions faces many challenges, e.g. 
survivability in extreme waves, corrosion, and fatigue of the components in 
the harsh sea environment. In this section, we focus on three key issues, i.e. 
system efficiency, physical constraints on the practical WEC, and the coupling 
issue. 

1.3.1 Efficiency 
One of the key objectives is to ensure that the WECs are efficient in terms of 
power production for the wave field where they are placed [43]. 

Considerable work has been done to improve the system efficiency through 
analytical analysis, numerical calculation, or physical experiments. The ma-
jority of these efforts focus on isolated subsystems, e.g. the primary capture 
system or the PTO system. The corresponding control and optimisation activ-
ity can be conducted early during the design process or continuously during 
the operational phase at sea, e.g. the optimisation on the absorber geometry 
and size and the dynamic control on the generator speed, respectively. 

In [44], [45], the maximum power absorbed by the primary capture system 
of an isolated WEC is derived theoretically. There it is shown that maximum 
absorption is achieved when the excitation force is in phase with the velocity 
of the absorber. In [46], [47], the maximum power that can be absorbed by an 
array of WECs is analysed. In [48], [49], the maximum mean power absorbed 
by a system of oscillating bodies subject to a global constraint on the motion 
amplitude is derived. The results show that the maximum efficiency can be 
affected by restricting the device motion.  

These theoretical analyses indicate that an optimal load impedance must be 
provided to achieve the optimum interaction between the WECs and ocean 
waves. Two well-known control strategies to provide the optimal damping 
force are: the reactive control [50] and the latching control [51]. They were 
both proposed in the 1970s. The reactive control was applied to the Edinburgh 
Duck during tank tests, while the latching control was investigated for a heav-
ing absorber [32], [52]. In the reactive control, a force proportional to the dis-
placement and a force proportional to the velocity are added and used as the 
PTO force to achieve the optimal condition. The latching control requires that 
the velocity should be in phase with the excitation force, which is achieved by 
latching the WEC when its velocity vanishes and then releasing it at a suitable 
time. It can be implemented by a mechanism, such as a friction coupling or a 
clutch, or valves in the PTO system.   

Other control strategies [31], [53], [54], [125], are also developed to im-
prove the system efficiency, such as the clutching control, that couples and 
decouples the primary capture system and the PTO system to let the buoy 
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move freely during certain periods. In this way, the optimum condition can be 
achieved without reactive power flow in the machinery. 

In general, these dynamic control strategies on the PTO force can be di-
vided into two categories, i.e. reactive control and resistive control [54], [57]–
[59]. Reactive control requires information on the velocity and the displace-
ment, and requires injecting some power back into the device, while resistive 
control only requires information on the velocity, and does not involve reac-
tive power flow. According to these criteria, complex conjugate control and 
phase and amplitude control can be categorized as reactive control, while 
latching control and clutching control are categorized as resistive control.             

1.3.2 Constraints 
A real-world WEC is subject to many constraints, which may affect the per-
formance of the device in terms of survivability, system stability, economy, 
etc. 

These constraints include for example: 
• Displacement: Some WECs move in a limited space. For example, the 

Uppsala University WEC uses a linear generator where the translator 
cannot exceed the designed stroke length. Otherwise, it may cause a 
strong strike to the hull that may destroy the generator. Other WECs 
using a hydraulic PTO system, e.g. the Oyster WEC, also have a 
stroke limit for the hydraulic ram.  

• Velocity: A high velocity results in a high output voltage from the 
generator. Such situations are dangerous for real-world WECs, espe-
cially when they are under waves with short periods and high ampli-
tudes. Furthermore, the velocity affects the radiation force and the ra-
diated power. The optimal velocity provided by the control strategy 
must be kept within a proper range to achieve a high efficiency. 

• PTO force: The force provided by a practical PTO system is limited. 
For example, when using a permanent magnet generator, the perma-
nent magnets will be completely destroyed if the electromagnetic 
force exceeds their stress limits. 

• Electric current: If the electric current is much higher than the normal 
operating current of the system, the electrical equipment can be dam-
aged. In addition, the electric current affects the magnetic flux or the 
PTO force in some cases, and can be combined with other constraints. 

• Electric voltage: The peak values of the electric voltage and the elec-
tric current affect the rating of the power converters. If the electric 
voltage or the electric current is too high, a large power converter 
must be selected to provide enough safety margin to ensure that the 
equipment will not be damaged. Proper constraints on the electric 
voltage and the electric current improve the survivability and cost-
effectiveness of the device. 



23 

• Other constraints: e.g. the physical limitations of the switchgear, the 
peak-to-average power ratio, and the sign of the damping coefficients. 

1.3.3 Coupling 
Two coupling issues are addressed here. One is the coupling between the sub-
systems of a solo WEC, and the other is the coupling between different WECs. 

A real-world wave energy conversion system consists of multiple subsys-
tems, which are coupled and affect the system performance together. How-
ever, the majority of numerical analysis and tank tests ignore or approximate 
some subsystems. To investigate a complete energy conversion system, the 
coupling between different components must be considered. 

Most WECs need to be deployed in a large farm to output electric power at 
the megawatt level. When they are deployed closely, there is a hydrodynamic 
interaction between different WECs. This coupling of hydrodynamics must be 
considered for the farm, especially for developing a control strategy and 
achieving a total optimisation. 

1.4 Thesis overview 
1.4.1 Lysekil project 
Since 2002, the wave energy research group at the Swedish Centre for Renew-
able Electric Energy Conversion at Uppsala University has developed a tech-
nology to convert ocean wave energy into electricity, and tested full-scale 
WECs at a site outside the town of Lysekil on the west coast of Sweden.  

The WEC consists of a primary capture system, a PTO system and associ-
ated power electronics converters. The primary capture system uses a floating 
buoy, where the diameter is small compared to the incident wave length, and 
belong to the category of point absorbers. The PTO system uses a LPMG, and 
its translator is connected to the absorber via a rope. The absorber is driven by 
ocean waves, and activates the translator to move up and down, which con-
verts mechanical power into electric power. The generated electric power is 
rectified by power electronics converters, and can be transmitted to the grid or 
supply local load. 

This WEC concept has been validated by numerical analysis and extensive 
real sea tests at Lysekil test site [60]–[65]. Some milestones of the Lysekil 
project are as follows [66],  

• 2004 April, a Datawell Waverider buoy was deployed. 
• 2006 March, the first WEC, named L1, was deployed. 
• 2007, 21 environmental buoys were deployed. 
• 2008 summer, a surveillance tower was deployed. 
• 2009, L2, L3, L9 and a substation were deployed. 
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• 2010 November, L4, L5, L7 and L8 were deployed. 
• 2015, L10, L11, L12 and a substation were deployed. 

This thesis is part of a new research project, “Performance and survivability 
of wave energy farms”, financed by the Swedish Energy Agency. It is part of 
the Lysekil project, and focuses on the performance and survivability of large-
scale wave energy farms, based on the Uppsala University WEC concept. It 
involves analytical and numerical simulations and optimisations of the full 
wave energy farm, including hydrodynamical and electrical interactions, de-
velopment of control methods for increased performance and experiments in 
a wave tank and in a full-scale deployment off-shore. 

1.4.2 Thesis aim 
This thesis focuses on the numerical simulation and optimisation of a fully 
coupled solo WEC and of the wave energy farm subject to constraints. The 
first aim is to develop control strategies to increase the efficiency of the solo 
WEC and a farm consisting of fully coupled WECs subject to constraints. The 
second aim is to implement the control method in a wave-to-wire model, 
which enables the numerical simulation and optimisation of a fully coupled 
system using advanced control strategies. 

As illustrated in Figure 1.4, the complete wave energy conversion system 
consists of the primary capture system, the PTO system, and power electronics 
converters. Subsystems and constraints are coupled tightly in the system. The 
aim is to find the optimal damping coefficients to balance the efficiency and 
constraints in the coupled system. To achieve that, the following issues must 
be solved: 

• A control algorithm:  to control the power generation and handle the 
constraints on the WECs. 

• A wave-to-wire model: including the mathematical or numerical 
models of the hydrodynamic part, electrical machines, and associated 
power electronics converters. 

• A platform: to implement the wave-to-wire model and achieve the op-
timal control of the wave energy converter subject to constraints. 
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Figure 1.4: An illustration of the focus of this thesis. 

1.4.3 Thesis outline 
After the introduction of the technology and the status of the development of 
wave energy converters in Chapter 1, Chapter 2 presents the fundamental the-
ory that has been used to carry out the calculations. It starts with a description 
of the potential flow theory, which is used to investigate the interaction be-
tween ocean waves and the point absorber. Hydrodynamic forces are calcu-
lated based on this linear wave theory, and used in the work described in Chap-
ters 3, 4, and 5. Then the fundamental theory of the LPMG is briefly described, 
followed by a description of three different ways to approach the generator 
model, i.e. the field based model, the equivalent circuit model, and the me-
chanical model. Section 2.3 describes the theory for the electric circuit, which 
is an important part of the practical implementation of the advanced control 
strategy in the wave-to-wire model. 

A nonlinear control strategy used to maximize the mean power of a solo 
WEC subject to constraints is developed in Chapter 3. It starts with the de-
scription of the problem, followed by the presentation of the control algorithm 
for the regular wave case. It is then adapted to the irregular waves. Two cases 
are investigated using this strategy under regular waves and irregular waves, 
respectively. 

This control strategy is extended to multiple WECs, with consideration of 
the hydrodynamic coupling between individual WECs, as presented in Chap-
ter 4. This time-domain control strategy is applied to two WECs in the case 
study. Later, a novel coordinated control strategy is developed, based on the 
frequency domain model, which enables a fast investigation and optimisation 
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of large-scale wave energy farms. We also present a case study investigating 
the influence of the farm layouts and sea states. 

Chapter 5 presents a wave-to-wire model, consisting of a detailed model of 
the primary capture system, the power take-off system, and the associated 
power electronics converter. We present the schemes to implement control 
strategies in this fully coupled model with diode rectification or synchronous 
rectification. 

The results are discussed in Chapter 6 and summarized in a list of conclu-
sions in Chapter 7.  

Chapter 8 presents suggestions for future work. 
Chapter 9 presents a brief summary of the papers included in this thesis. 
Chapter 10 presents a summary in Swedish. 
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2. Theory  

This chapter explains the theory used for the wave energy conversion system. 
It starts with the introduction of the linear theory of ocean waves, resulting in 
the fundamental equations used for the primary capture system. This theory is 
used in all papers, i.e. Paper I- VI. 

The second part of this chapter presents the theory for the permanent mag-
net generator, used for the PTO system. Finally, the theory for the power elec-
tronics converter and electric circuits are described, which is vital to the prac-
tical implementation of the advanced control strategy in the wave-to-wire ap-
proach. Note that the detailed control strategies for a solo WEC and multiple 
WECs are presented in Chapter 3 and Chapter 4, respectively. 

2.1 Ocean wave energy 
Ocean waves can be generated by different mechanisms, e.g. by wind, earth-
quakes, or planetary forces. The majority are wind waves, driven by wind 
blowing over a surface area of the ocean. This thesis focuses on linear plane 
progressive waves, in regular or irregular form. 

2.1.1 Regular waves 
For a regular plane-parallel wave, the time series of the surface elevation is 
mathematically expressed as a cosine function 

 

 
( , ) = cos( − +  ), (2.1) 

where  is the wave amplitude,  is the angular frequency,  is the time,  is 
the space position in the direction of the wave propagation, = 2 /  is the 
wave number with  representing the wavelength, and  is the initial phase. 
The angular frequency and the wave number are related by the dispersion re-
lation 
 

 
= tanh( ℎ), (2.2) 

where  is the acceleration due to gravity, and ℎ is water depth. 
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Figure 2.1 illustrates a regular wave. Its main characteristics are the wave 
amplitude, the wavelength and the direction of propagation. In deep water, 
where the water depth is larger than half the wave length, the orbit radii of the 
water particles decrease exponentially with the water depth. The deep water 
approximation is often valid during normal sea states. The long-period waves 
propagate faster than the short-period waves, and therefore transport energy 
more rapidly. 

The energy transported by ocean waves is commonly described by the 
time-averaged energy transport per meter of crest length. It is referred to as 
the mean energy flux here, and the unit is usually given as [kW/m]. 

The mean energy flux per unit width is an integral of the product of the 
pressure and the velocity over the depth. In the deep water case of a linear 
plane progressive regular wave, the mean energy flux can be described as 

 

 
̅ =  , (2.3) 

where = 2 /  is the wave period, = 2  is the wave height, and  is the 
density of water. 

 

 
Figure 2.1: A regular wave with finite depth. The particle orbits are indicated for the 
deep water case. 

2.1.2 Irregular waves 
Most ocean waves do not exist in the regular form, and the surface elevation 
varies irregularly over time and space. It is possible to describe the irregular 
waves by a combination of harmonic components, e.g. a Fourier series, as-
suming that the sea surface is a continuous and periodic function with period 

. At one point in space, the time-continuous irregular wave elevation is rep-
resented in complex notation as follows 
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( ) = 	 	 ,	 (2.4) 

where = 2 /  is called the fundamental angular frequency,  are the 
harmonics of the fundamental frequency, and  is the Fourier integral of ( ).  

The power spectrum can be defined as 
 

 
( ) = 2 ∗ ,	 (2.5) 

where ∗  is the complex conjugate of .  
The mean energy flux per unit width of an irregular surface gravity wave 

can be found from a wave spectrum as follows, 
 

 
̅ = 	 ( ) = 	 ̅ , ( ) ,	 (2.6) 

where  is the group velocity, and ̅ , ( ) is the energy transport as a func-
tion of the depth. For deep water, they are written as, 

 

 
=	2 1 +	 2 ℎsinh(2 ℎ) 	tanh( ℎ) 	≅ 	 2 ,	 (2.7) 

 
 

̅ , ( ) = 	 2 ( ) . (2.8) 

The mean energy flux becomes: 
 

 
̅ = 	 64 ,	 (2.9) 

where  is the energy period, and  is the significant wave height. 
The energy transported by ocean waves propagates with the group velocity 

and the energy decreases exponentially with the depth.  Figure 2.2 shows the 
mean energy flux as a function of depth, i.e. ̅ , ( ). The results in this case 
indicate that the majority of the energy is carried by upper waters. For exam-
ple, 70% of the energy is contained in the top 5 meters. 

Figure 2.3 plots the sea states measured at the Lysekil test site during March 
2014. The results of a statistical analysis are shown in Table 2.1. The results 
show that the significant wave height and the energy period vary over time. 
About 80% of the sea states are located in the range of 0- 15 kW/m at this site 
in this month. 
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Figure 2.2: The solid line shows the wave energy transport as a function of depth 
and the dashed line shows the ratio of the energy carried by upper waters and the to-
tal energy. The water depth is ℎ = 25 m. 

Figure 2.3: Measured sea states at the Lysekil wave energy research site during March 
2014. Each point refers to a time series of 30 minutes. 

2 4 8 106

Energy Period [s]

0

1

2

3

4



31 

Table 2.1. Statistical analysis of the measured sea states during March 2014. 

 ̅  [kW/m] Percent  [m] Percent 

0 ~ 1 42.1% 0 ~ 1 60.0% 
1 ~ 5 16.4% 1 ~ 2 30.7% 
5 ~ 15 22.6% 2 ~ 3 8.5% 
15 ~ 25 9.1% 3 ~ 4 0.6% 
25 ~ 50 8.0% 5 ~  0.2% 
50 ~ 1.8%   

2.2 Theory for the primary capture system 
The flow of ocean waves is assumed to be described by a velocity potential 
(see explanation below), and its interaction with point absorbers is investi-
gated through the potential flow theory. Based on certain assumptions, analyt-
ical equations are derived, including the calculation of the hydrodynamic 
forces of the point absorber, which is used in the detailed studies in Chapters 
3, 4 and 5. 

2.2.1 Potential flow theory: linear ocean waves 
The flow of ocean waves satisfies the basic law of fluid mechanics: conserva-
tion of mass and momentum. It takes the form 

 

 +  ∇ ∙ ( ) = 0, (2.10) 

where  is velocity vector of the fluid. 
The fluid motion is described by the Navier-Stokes equation, formulated as 

follows 
 

 + ( ∙ ∇) −  ∇ +  1 ∇ −  1 = 0, (2.11) 

where  is the cinematic viscosity constant,  is the fluid pressure, and  is 
the external force on the fluid. 

In the potential flow theory, the wave flow is described by a velocity po-
tential , representing a function of space and time, and the flow velocity is a 
vector field equal to the gradient of the velocity potential, i.e. =  ∇ . If we 
assume that the fluid is incompressible and irrotational, viscosity can be ne-
glected, gravity is the only external force, and the fluid velocity is small 
enough to neglect second order terms. Therefore, the velocity potential func-
tion satisfies the Laplace equation in the fluid domain, reduced from Equation 
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(2.10), and the linearized Bernoulli’s equation is obtained from Equation 
(2.11), which are formulated as follows, 

 

 
∆ = 0, (2.12) 

 
+  1 + = 1 , (2.13) 

where ∆ is the Laplace operator, = 0 is the mean water level, and  is 
the atmospheric pressure. 

The velocity potential function is calculated from the Laplace equation with 
boundary conditions. The boundary conditions can be linearized for small 
wave amplitudes, and the free surface wave elevation is replaced with the un-
disturbed fluid surface. 

The dynamic free surface boundary condition is: 
 

 
=  − 1 . (2.14) 

The linearized kinematic free surface boundary condition is: 
 

 
=  . (2.15) 

The sea floor bottom boundary condition is: 
 

 
= 0. (2.16) 

Using the method of separation of variables, an analytical solution subject 
to the boundary conditions in two dimensions is derived as 

 

 
=  cosh[ (ℎ + )]cosh( ℎ) sin( − + ). (2.17) 

The superposition principle is valid in the potential flow theory, and the 
velocity potential function can be decomposed into the incident potential com-
ponent , the diffraction potential component , and the radiation potential 
component . 

 

 
 =  + +  . (2.18) 
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The incident potential is due to the incident wave assuming that no buoy is 
present in the incident wave. The diffraction potential compensates for the 
presence of a buoy in the incident wave assuming that it is fixed. The radiation 
potential is due to the motion of the absorber.  

Considering the particular frequency, the harmonic time dependence al-
lows the definition of the complex velocity potential independent of time. The 
real part of the time harmonic solution is the physically relevant part. 

The complex incident potential in three dimensions is written as 
 ( , , ) = cosh[ (ℎ +  )]cosh( ℎ)     , (2.19) 

where  is the angle of the incident wave to the positive direction of  axis, 
and  denotes the complex wave amplitude. 

The primary capture system of the Uppsala University WEC uses a floating 
buoy. It is treated as a rigid body, and has up to six degrees of freedom, i.e. 
surge, sway, heave, roll, pitch and yaw, denoted by = 1, 2, 3, 4, 5, 6, respec-
tively. Figure 2.4 shows the six degrees of freedom. 

 

 
Figure 2.4:  The six degrees of freedom. 

The complex radiation potential is a linear combination of the components 
corresponding to the modal motion, and is written as 

 

 
=  =  , (2.20) 
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where  and  are the complex amplitude of the velocity and the displace-
ment of the oscillator in mode  of the six degrees of freedom.  is the cor-
responding complex velocity potential due to the unit-amplitude motion of the 
oscillator in mode , which satisfies 
 

 =  , (2.21) 

where  is the generalized unit normal in mode .  = ( , , ) is the 
normal vector and  × = ( , , ) with  being the position of a point 
on the body boundary. 

2.2.2 Hydrodynamic force 
From Equation (2.13), the total fluid pressure is expressed as 

 

 =  −  −  . (2.22) 

Here, the first term on the right side is the atmospheric pressure, the second 
term is the hydrostatic pressure, and the last term is the hydrodynamic pres-
sure. The fluid pressure is used to calculate the hydrostatic and hydrodynamic 
forces.  

The hydrodynamic force and moment under a harmonic wave with a given 
frequency are calculated by integrating the hydrodynamic pressure over the 
instantaneous wetted surface ,  

 

                          =  ∬ −    
 =  − ∬ (   )   − ∬   ,     (2.23) 

and the moment is expressed as  
 

 
= − ( + + ) ( ×   ) .   (2.24) 

The hydrodynamic forces include the excitation force and the radiation 
force, which is the first term and the second term on the right side of Equation 
(2.23). 

The incident wave gives rise to excitation forces and moments on the fixed 
absorber. These consists of the contribution from the incident potential and 
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the diffraction potential. The excitation force can be written as follows by de-
fining =  ( , ×  ) 

 
( ) = − +   . (2.25) 

The radiation force is written as, 
 

 
( ) =  −  . (2.26) 

The complex amplitude of the radiation force in mode  is 
 

 , ( ) =  −   
 

 
=  − ( )   

 

 
=  − ( +  ), (2.27) 

with the radiation impedance defined as 

 
= +  =  ∬  , (2.28) 

where  is called the added mass, and  is called the radiation re-
sistance. 

The component of the complex radiation force, due to the motion in mode 
, is transformed into the time domain as follows, 
 

, ( ) = − (∞) (t) − ( − ) ( ) , (2.29) 

where (∞) is the added mass at the infinite angular frequency. The im-
pulse-response function represents a memory of the oscillator velocity, and 
has a relationship with the added mass and the radiation resistance as follows,  

 

 
( ) −  (∞) =  1 sin( ) , (2.30) 
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( ) = 2 ( ) cos( ) . (2.31) 

2.3 Theory for the power take-off system 
The PTO system plays the role of converting the captured wave power into 
electric power. The PTO system of the Uppsala University WEC uses a linear 
permanent magnet generator, as shown in Figure 2.5. The translator surface is 
mounted with permanent magnets using Nd-Fe-B magnet materials with al-
ternating polarity and separated by aluminium spacers. The stator consists of 
steel sheets and copper conductors, which are wound in the slots of the stator. 
The stator has a three-phase winding. When the translator moves relative to 
the stator, a magnetic flux wave is created, resulting in the induction of electric 
voltage. If a closed electric circuit is formed, an electromagnetic force is ac-
tive, which counteracts the mechanical force on the translator. 

 

 
Figure 2.5: Illustration of the LPMG. 
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2.3.1 Electromagnetic field theory 
Field theory describes the magnetic and electric phenomena in generators. The 
fundamental laws of electromagnetism are Maxwell’s equations, written in the 
vector formulation as follows, 

 

 ∙ =  , (2.32) 

 ∙ = 0, (2.33) 

 × =   + , (2.34) 

 × =  − , (2.35) 

where  is the electric field,  is the magnetic field,  is the electric 
charge density,  is the permittivity of free space,  is the permeability of 
free space, and  is the electric current density. The × symbol denotes the 
curl operator. The ∙ symbol denotes the divergence operator.  

Equation (2.32) relates the electric field with the free charge distribution, 
and shows that electric flux leaving a volume is proportional to the charge 
inside. Equation (2.33) states that there are no magnetic monopoles, i.e. the 
total magnetic flux through a closed surface is always zero. Equation (2.34) 
shows that the magnetic field induced around a closed loop is proportional to 
the electric current plus a time rate of change of the electric field. Equation 
(2.35) describes that the voltage induced in a closed circuit is proportional to 
the time rate of change of the magnetic flux it encloses, which is a vector 
version of Faraday’s law of induction, 

 

 =  − , (2.36) 

where  is the induced no-load voltage, also called the electromotive force 
(EMF),  is the permanent magnetic flux, and  is the coil turns. In our 
case, the translator moves vertically, and the EMF can be written as 
 

 = − =  − ( ), (2.37) 

where  and  are the displacement and the speed of the translator in the heave 
mode. 

The magnetic flux is written as 
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=  , (2.38) 

where  is the magnetic flux density and  is the cross-section area of 
the flux path. 

Faraday’s law indicates that, the induced no-load voltage in a coil equals 
the number of coil turns, times the derivative of the flux with respect to the 
time. The value of the induced voltage can be influenced by the number of 
turns, the flux or its change over time, or the translator motion. To achieve a 
high voltage, several schemes can be adopted, e.g. using strong magnets, op-
timising the geometry of the magnetic circuit with the flux path fitted to the 
permanent magnet with the stator teeth having enough width to let the flux 
pass without iron saturation.  

2.3.2 Approach of generator models 
Different approaches of the LPMG model have been investigated or used in 
the doctoral theses from the wave power group at Uppsala University,  as in-
dicated in [67]–[72]. Three approaches are the field based model, the equiva-
lent circuit model, and the mechanical model. They are chosen depending on 
the particular purpose of the case study. 

The field based model can be numerically solved by a finite element 
method. This method can handle the coupling of the field calculation with the 
external circuit and the motion equation of the primary system, as well as the 
losses and the temperature analysis of the generator [69]. It is computationally 
heavy, and mainly used during the design process of new generators, e.g. the 
design of the PTO system used in the Uppsala University WEC. More detailed 
work based on this approach is shown in [68], [73]. 

The mechanical model uses a function of the PTO coefficients and the mo-
tion variables to replace the real electric circuit, the generator and the control 
force. This model only contains the information of the primary capture system 
and an equivalent PTO force, but the computation is very fast. It provides a 
convenient way to develop novel control algorithms, and has been widely used 
in the past decades to investigate the energy absorption and the control opti-
misation of the WECs. This approach is also used in Chapter 3 and Chapter 4 
of this thesis for developing control strategies and power optimisation.  

The equivalent circuit model is used in [70]–[72]. In this approach, the gen-
erator is represented by an equivalent circuit consisting of the voltage source, 
the resistance, and the inductance. The inductance, resistance and flux of the 
generator must be known prior to the study, which can usually be measured 
physically or pre-calculated by stationary finite element solutions of the field 
based mode. This model can handle the coupling with the external circuit and 
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the motion equation of the primary system, and is usually used in the power 
system for the circuit analysis, the system analysis, and the load analysis. The 
model is used in the wave-to-wire model in Chapter 5 for the complete simu-
lation of the wave energy conversion system. Figure 2.6 shows the simplified 
linear lumped circuit model used as the LPMG model in one-phase, where the 
generator model is represented by the EMF, the resistance and the inductance.    

The terminal voltage of the generator in the single phase is expressed as 
 

 ( ) = ( ) −  ( ) −  ( ), (2.39) 

where ( ) is the terminal voltage, ( ) is the source voltage, ( ) is the elec-
tric current,  is the resistance, and  is the inductance. 

 

 
 

Figure 2.6: One-phase circuit of the generator connected to an electrical load.  

2.4 Power electronics converters 
The majority of WECs use a three-phase electric system, with a variable fre-
quency due to the irregular ocean waves. However, the majority of grid codes 
and electric loads require a constant frequency and amplitude. Therefore, the 
generators need to connect to power electronics converters to achieve the con-
version of electric power from one form to another, e.g. converting from al-
ternating current (AC) to direct current (DC), changing voltage, frequency or 
a combination of these. A list of power electronics converters is presented in 
Table 2.2. 

Table 2.2. Power electronics converters. 

Conversion Common name 

AC/DC Rectifier 
DC/DC Switching regulator; Boost; Buck; Chopper 
DC/AC Inverter 
AC/DC/AC Back-to-back converter 
AC/AC Cycloconverters; Matrix converter 

Generator

Resistor

Load

Inductance
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In a wave energy conversion system, it is required to convert the unstable 
AC to stable AC, usually by using a rectifier followed by an inverter, e.g. the 
widely used back-to-back converter. The rectifier achieves the conversion 
from a three-phase AC to DC, and can take different forms, including vacuum 
tube diodes, mercury-arc valves, copper and selenium oxide rectifiers, silicon-
controlled rectifiers and other semiconductor switches.  

Figure 2.7 shows two widely used rectification, i.e. the passive rectification 
and synchronous rectification, followed by an inverter and DC link.  The 
three-phase full-wave bridge rectifier using six diodes provides a robust and 
cheap conversion from AC to DC. This scheme only allows unidirectional 
power flow from the generator side to the grid side. Another scheme using 
insulated-gate bipolar transistors (IGBT), is called synchronous rectification 
or reactive rectification. It allows bidirectional power flow between the gen-
erator side and grid side. 

The synchronous rectification has the benefit of dynamically controlling 
the power flow in the generator side circuit, and opens a possibility of max-
imizing the output power of the generator. This is achieved through fast con-
trol of the switches at the kilohertz level. The mathematical model of the three-
phase circuit is 
 

  +  =  − + 13 , (2.40) 

where = 1, 2, 3 is an index for the phase,  is the source voltage of phase 
,  is the electric current,  is resistance,  is inductance, and  is the DC 

link voltage. The variable  is a switching function, representing the conduc-
tion states of the switches. = 1 when  is on, otherwise = 0. Note that 
switches ,  and  are always in the opposite state of ,  and , re-
spectively. 

The current flow in the DC link is mathematically described as 
 

 = 13 −  , (2.41) 

where  is the DC current at the grid side. 
Through the Clarke transform, the three-phase signals varying in time can 

be algebraically transformed to a stationary two-phase Alpha-beta frame. Fur-
ther, it is transformed into the Direct-quadrature frame through the Park trans-
form. 

Equation (2.40) is derived as follows in the Direct-quadrature frame, 
 



41 

 + =  −  + , (2.42) 

 + =  −  − , (2.43) 

where the subscripts ,  refer to the values in the direct axis and quadrature 
axis, respectively. 

 

 
Figure 2.7: Electric circuit with rectification and inversion (a) with passive rectifica-
tion; (b) with synchronous rectification. 
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3. Nonlinear control and optimisation of a 
single WEC subject to constraints 

This chapter explains a nonlinear control strategy for a single WEC used to 
maximize the output power of the WEC subject to physical constraints. The 
first part introduces the background of the control problem. The second part 
presents the control strategy used for a WEC under regular waves in detail, as 
well as its application in a case study while considering motion constraints on 
the system. In the third part, the nonlinear control strategy is adapted for ir-
regular waves, and we investigate the performance of a direct-driven WEC 
using this strategy. 

In the development of the control strategy, the generator model is ap-
proached with the mechanical model, i.e. a PTO force function, which is 
widely used for the development of control strategies. The idea of the control 
strategy is to choose the constant PTO spring coefficient properly and to con-
tinuously tune the PTO damping coefficients under given sea states. This 
method results in the optimal velocity and displacement of the WEC, as well 
as an optimised output power. 

3.1 Problem description 
A good wave energy converter must have a strong ability to capture energy 
from ocean waves. During the past decades, different control strategies have 
been developed to maximize the power absorption, e.g. the latching control. 
The majority of these strategies require an optimum condition where the ex-
citation force is in phase with the velocity. However, the resultant optimal 
displacement is huge. The displacement even exceeds the limited stroke of 
most wave energy converters and cannot be realised in a real-world WEC. 

Many constraints exist for a physical WEC, and these should be considered 
in the numerical simulation. For example, the translator of a linear generator 
cannot exceed its design limit, the electromagnetic force provided by the per-
manent magnets is limited, and the electric current must be kept within a suit-
able range. These constraints affect the power production, the survivability, 
the power quality and the economy of the converter, and must be implemented 
in the control optimisation process. 
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Therefore, the employed control strategy must handle the physical con-
straints while maintaining a high efficiency of the WEC. 

3.1.1 Motion equation 
The Uppsala University WEC uses a linear permanent magnet synchronous 
generator. The natural wave motion is transferred to the generator translator 
by the motion coupling.  The translator moves up and down to produce electric 
power. For simplification, only the heave motion is considered in the mathe-
matical modelling and simulation. For small wave heights, linear wave theory 
is used for the wave-absorber interaction, and it is assumed that the coupling 
between the absorber and translator is rigid without rope slacking. The motion 
of the WEC is described by Newton’s law as:  

 

 
( ) =  ( ) +  ( ) +  ( ) + ( ),  (3.1) 

where  is the inertial mass of the absorber and the generator translator, ( ), ( ) and ( ) denote the vertical displacement, the velocity, and the ac-
celeration of the absorber from equilibrium, respectively, ( ) denotes the 
excitation force, and  ( ) is the hydrostatic restoring force due to the buoy-
ancy and gravity, which is proportional to the displacement: 
 

 
( ) =  − ( ), (3.2) 

where =  /4 is the hydrostatic stiffness coefficient with  being 
the absorber diameter. ( ) is the radiation force, due to the heave motion of the absorber in the 
absence of incident waves, and is calculated by Equation (2.29). ( ) is 
the PTO force, represented by a combination of the damping force and the 
spring force, which is a function of the velocity and the displacement, respec-
tively, and is formulated as: 

 

 
( ) =  − ( ) − ( ) ( ), (3.3) 

where  is the PTO spring coefficient—a constant value in this model—, ( ) is a time-varying damping coefficient that needs to be solved for, and 
both coefficients are defined to be non-negative in this case. Finally, Equation 
(3.1) is formulated as the well-known Cummins equation [74]:   
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[ + (∞)] ( ) + ( − ) ( ) + ( )  
+  ( + ) ( )  =  ( ). (3.4) 

Transferred into the frequency domain, Equation (3.4) is formulated as 
 ( ) =  ( )− 2[ + ( )] + [ ( ) + ] +  3 + , (3.5) 

where ( ) is the complex amplitude of the displacement, ( ) is the com-
plex excitation force, ( )  is the added mass, and ( )  is the radiation 
damping.  

Note that, these variables only refer to the heave motion in this case, and 
can be computed theoretically or through numerical software for the sea state 
with a given angular frequency. 

3.1.2 Cost function 
The aim of the control issue is to maximize the output energy of a WEC. This 
formulates an optimisation problem, which is defined as: find the optimal PTO 
coefficients or corresponding velocity to get the maximum energy over a time 
horizon for a WEC subject to constraints. 

The total energy output by the PTO system is an integral of the instantane-
ous power in the time range [0, ]. The total energy output is used as the cost 
function for a single WEC. The mean power of an individual WEC is formu-
lated as: 

 

 
=  1 ( ) ( ) . (3.6) 

As shown in Equation (3.6), the instantaneous power is equal to the product 
of the heave velocity of the absorber times the PTO force. The instantaneous 
power consists of the PTO damping power and PTO spring power. Taken over 
a long time, the average of the PTO power equals that of the PTO damping 
power, while the average of the spring power is zero, which means the spring 
power will be returned to the ocean water even though it can lead to a big flux 
of instantaneous PTO power. 

3.1.3 Evaluation function 
Under a certain sea state, the output power of a WEC is influenced signifi-
cantly by the PTO coefficients, and their values are determined by the control 
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strategies. To compare the performance of different control strategies, and 
evaluate the ability of a WEC to extract power from the ocean waves, two 
evaluation functions are defined, namely, the capture width and the capture 
width ratio. 

The capture width is defined as: 
 

 
=  , (3.7) 

where  is the total time-averaged power in the incident wave train per unit 
of crest length.  

The capture width ratio, also called the relative capture width, is non-di-
mensional, and defined as: 

 

 
=  . (3.8) 

In the deep-water case, the available power of the regular wave and the 
irregular wave are given by Equation (2.3) and Equation (2.9), namely, ̅  
and ̅ , respectively. 

3.2 Time domain modelling and nonlinear control under 
regular waves 

It should be noted that the frequency domain model, i.e. Equation (3.5), has 
been widely used in the past decades to find the optimal PTO damping or the 
motion for a WEC. However, it cannot handle the case where the function of 
the PTO damping coefficient is nonlinear. Therefore, the control algorithm 
investigated here is based on the motion equation in the time domain. In addi-
tion, the implementation of the control action in a real-world WEC needs to 
be conducted in the time domain as well. 

In this section, a nonlinear control algorithm is developed for a WEC sub-
ject to constraints. The algorithm aims to find the optimal velocity and the 
nonlinear PTO damping force to maximize the total energy produced by the 
WEC under regular waves.  

This section is based on Paper I. 

3.2.1 Control strategy: nonlinear control under regular waves 
In this algorithm, the absorber’s motion and the PTO damping force of the 
continuous system are expanded into a trigonometric Fourier series. 

The excitation force is formulated as: 
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( ) ≅ cos( ) +  sin( ), (3.9) 

where  is the fundamental angular frequency of the basis. 
The absorber’s velocity is formulated as: 
 

 
( ) ≅  cos( ) + sin( ). (3.10) 

The PTO force is decomposed into a spring force and a damping force, with 
the spring coefficient being constant and the damping constant being the time-
varying variable to be solved. The damping part of the PTO force is expressed 
as: 

 

 , ( ) ≅ cos( ) +  sin( ) . (3.11) 

Note that, the system response can be accurately approximated if the value 
of  tends to infinity. For practical applications, the Fourier series expansion 
is truncated to a proper order with  being large enough. Such a series is 
called a Galerkin approximation of order . The Galerkin approximation has 
been used in different fields for nonlinear system analysis [75], [76]. 

We choose a vector of orthogonal basis functions as follows: 
 

 
=  [cos( ), sin( ) , … , cos( ), sin( )] , (3.12) 

where superscript  represents the vector transpose, and the length of the basis 
vector is 2 . Simplifying the radiation force in terms of the frequency-de-
pendent added mass and damping, the continuous motion equation is formu-
lated into a discrete problem [77], [78]. The solution of this weak formulation 
is 

 

 
= ℍ − , (3.13) 

where , ,  present vectors of the Fourier coefficients of the PTO damping 
force, the velocity and the excitation force, and: 
 

 
= [ , , , , … , , ] , (3.14) 

 
= [ , , , , … , , ] , (3.15) 
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= [ , , , , … , , ] . (3.16) 

The matrix ℍ is block diagonal and its  block element ℍ  can be ex-
pressed as follows with: 

 

 
ℍ = ( )− ( ) , (3.17) 

where = + ( ) − ( + )/ , and = 1, 2, … , .  
If the matrix ℍ is non-singular, the optimal PTO damping coefficients that 

maximize the total energy production, namely, the cost function, can be ob-
tained by solving the following optimisation problem subject to constraints: 

 

 
=  argmin[ ℍ ( +  )]. (3.18) 

The constraints on the displacement, the velocity, the PTO damping force, 
and the sign (positive, negative, or zero) of the PTO damping coefficients at 
each time instant can be conducted by this algorithm to meet the physical re-
quirements of the real-world WEC. 

Constraints on the displacement are important for linear generators. The 
displacement of the Uppsala University WEC is limited by the stroke length 
of the translator. For example, two generators designed for this WEC, called 
L1 and L3, have a maximal stroke length of 1.8 m and 2.2 m, respectively 
[44], [79]. The constraints on the displacement also play a role in protecting 
the device by letting the translator move within the designed stroke length.     

The constraint on the displacement is formulated as: 
 

 [ − cos( ) +  sin( )] < , (3.19) 

where  is the maximum value of the limited displacement, and  repre-
sents the different time instants. 

A constraint on the velocity also contributes to the limit of the peak value 
of the no-load voltage of the generator. The velocity constraint is formulated 
as follows with  being the maximum value of the velocity: 

 

 [ cos( ) + sin( )] < . (3.20) 

The PTO force here is the action force of the control strategy. The force 
must be kept within a range that can be supported by the WEC, so that it does 
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not damage the permanent magnets. The constraint on the PTO damping force 
is written as follows with , ,  being the maximum value of the PTO 
damping force 

 

 [ cos( ) + sin( )] < , , . (3.21) 

The sign of the PTO damping coefficient needs to be defined to meet the 
physical situation at hand. For example, in the case where an ideal mechanical 
damper is employed, the damper will provide a viscous friction, dissipating 
all the energy supplied to it. As a result, the force and the velocity always have 
opposite directions and the resultant power is always negative. In this algo-
rithm, the sign of the damping coefficients can be defined by the sign of the 
power through its relationship with the velocity and the PTO damping force. 

3.2.2 Case study 
The control strategy presented in Section 3.2.1 is applied to the Uppsala Uni-
versity WEC. We investigate the influences of the PTO spring coefficients 
and the constraints and study the performance of the WEC under different 
regular waves. 

The main parameters of the WEC are shown in Table 3.1. The hydrody-
namic parameters, e.g. the added mass, the radiation damping, and the excita-
tion force of each angular frequency, are calculated in a commercial software 
WAMIT® based on potential flow theory. Other calculations are implemented 
in the commercial computing software MATLAB®. In the numerical simula-
tion, the time step is 0.1 s, the frequency step is 0.1 rad/s, and the length of the 
basis vector is 2 = 160. 

Table 3.1. Main parameters of an isolated WEC, used in the nonlinear control under 
regular waves.  

Name Value Unit 

Absorber height 1.0 [m] 
Absorber diameter 4.0 [m] 
Absorber draft 0.5 [m] 
Absorber mass 2430 [kg] 
Translator mass 4000 [kg] 

 
Figure 3.1 shows the motion and the forces of the WEC using the nonlinear 

control strategy while considering constraints on the displacement, the veloc-
ity, and the sign of the PTO damping coefficients. The PTO spring coefficient 
is set to zero in this case. The results show that the excitation force and the 
velocity of the WEC are in phase, and that the displacement remains constant 
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in some time intervals where the corresponding velocity is zero. This is similar 
to the behaviour of the WEC using latching control, which locks and unlocks 
the absorber during some time intervals. 

 

 
Figure 3.1: Motion and forces of the WEC using the nonlinear control. = 0.3 m, = 0.4 rad/s, = 0, = 0.5 m, and = 1.0 m/s.  

The mean power of the WEC under more sea states is investigated. The 
mean power of the WEC with and without nonlinear control is plotted in Fig-
ure 3.2. In the case without nonlinear control, a constant PTO spring coeffi-
cient and damping coefficient are used for all the sea states. The results show 
that the mean power varies over the sea states and the PTO coefficients, and 
that the WEC without the nonlinear control strategy has a narrow bandwidth. 
A greater mean power is achieved across a large frequency range of 0.2- 2.0 
rad/s using the nonlinear control strategy. The minimum value is 2 kW, which 
is much better than the linear control cases. 

In general, the nonlinear control strategy leads to a performance that bears 
resemblance to the performance under latching control, and produces more 
mean power than the linear control. 
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Figure 3.2: Mean power of the WEC with and without nonlinear control. = 0.3 m, = 0.5 m, and = 1.0 m/s.  

3.2.2.1 Influence of the spring coefficient 
This section examines the influence of the PTO spring coefficient on the mean 
power. As shown in Figure 3.3, the total PTO power consists of the PTO 
spring power and the PTO damping power. The damping power is the final 
power consumed or output by the WEC, and its flow is unidirectional. The 
flow of the spring power on the other hand is bidirectional, which also results 
in the bidirectional flow of the total PTO power. The bidirectional flow means 
that the PTO system needs to return some power to the subsystems or to ocean 
at some time instants. 

Figure 3.4 presents data for more sea states, where the capture width ratios 
of the WEC under different spring coefficients are studied using the nonlinear 
control algorithm. The figure shows that the capture width ratios vary with the 
PTO spring coefficients for each frequency of the active bandwidth of the 
WEC. For these three spring coefficients, the smallest one leads to the highest 
capture width ratio, which means the corresponding efficiency of the WEC is 
the highest. In addition, it is obvious that the trends of the capture width ratios 
are similar, i.e. the capture width ratios increase with angular frequency, then 
decrease. 
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Figure 3.3: Instantaneous values of the PTO damping power, spring power, and to-
tal PTO power. =100 kN/m. Sea state is = 0.3 m and = 1.0 rad/s. Con-
straints are = 0.5 m, and = 1.0 m/s. 

Figure 3.4: Capture width ratios of the WEC using nonlinear control with different 
PTO springs. = 0.3 m, = 0.5 m, and  = 1.0 m/s. 

3.2.2.2 Influence of the constraints 
Many constraints, such as the displacement, the velocity, and the PTO damp-
ing force constraints, can be imposed on a real-world WEC. Their influences 
on the power production are closely connected, and it is difficult to investigate 
them separately. Here, several sets of constraints on the displacement and the 
velocity are used to evaluate their influence on the mean power of the WEC. 
The power available in the wave is also given for comparison.  The wave am-
plitude of 0.5 m is used for all the sea states, and the PTO spring coefficient 
is set to be zero. 
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The results in Figure 3.5 show that the WEC has the same mean power in 
some cases even when subject to different constraints, e.g. when subject to =  1.0 m/s, =  0.2 m and = . , =  0.2 m. For the 
cases where the displacement constraint is 0.2 m (in red), when the velocity 
constraint is 0.5 m/s, 1.0 m/s or infinity (means no velocity constraint), the 
WEC exhibits no difference in low-frequency waves, and little difference in 
high-frequency waves, in terms of mean power. But the mean power will de-
crease when the velocity constraint is changed to 0.1 m/s. The cases where the 
displacement constraint is 0.5 m (in blue) have the same trend, but the corre-
sponding output power is much higher than the sets with = 0.2 m (in 
red). 

 

 
Figure 3.5: Mean power of the WEC subject to different constraints. = 0.5 m and = 0. 

It seems that both the displacement constraint and the velocity constraint 
have a strong influence on the mean power of the WEC. One reason for this 
phenomenon is that the nonlinear control strategy requires the WEC displace-
ment to increase quickly to an optimal value at some time instants, and then 



54 

to try to remain constant for some time instants, which means the correspond-
ing velocity must be fast enough to achieve that optimal condition. However, 
the optimal condition will be quelled or impossible to achieve if the displace-
ment or the velocity is limited to a low value. The resultant power will be 
lower as well. The latching control has the same requirements and behaviour. 

Compared to the power available in incident waves (the green line), the 
WEC has a good performance when = 1.0 m/s and = 0.5 m. The 
mean power of this WEC is very close to the available power under high-
frequency waves. Its value is also very close to the case without velocity con-
straint ( = ., = 0.5 m).  

3.2.2.3 Evaluation under different sea states 
Figure 3.6 shows the performance of the WEC under different sea states with 
a wave amplitude of 0.3 m, 0.4 m, and 0.5 m, in terms of the ratio of the peak 
power and the mean power, and the capture width. 

The ratio of the peak power and the mean power is an important index to 
evaluate the power smooth, as well as for the design of the electrical systems 
and the selection of the power electronics converters. The results show that 
the ratio varies with the sea states, and has a minimum value of 3, while the 
maximum value is larger than 10.  

Figure 3.6: Capture width and ratio of peak power and mean power of the WEC un-
der different regular waves. P/M refers to the ratio of peak power and mean power.   = 0.5 m, = 1.0 m/s, and = 100 kN/m. 

The capture width increases with the angular frequency, and reaches a peak 
value at the resonance frequency, then decreases. Under the same frequency, 
the capture width values under three wave heights are different, which means 
the WEC has different abilities to capture the ocean wave power under differ-
ent sea states. 
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The maximum value of the capture width is also presented in Figure 3.6. It 
is observed that all the capture width values never exceed this theoretical max-
imum. It is also found that the capture width is close to the absorber’s physical 
width when = 1.4 rad/s, which means the WEC has a high capture width 
ratio, exceeding 90%, in a regular wave with an amplitude of 0.3 m.  

Considering the stroke length of the linear generator used in the real-world 
WEC, as well as the voltage limit of the LPMG, the set of constraints, = 
1.0 m/s and = 0.5 m, can be a good reference for the WEC with the 
given physical parameters.  

 
 

3.3 Time domain modelling and nonlinear control under 
irregular waves 

In this section, the nonlinear control strategy is used for an isolated WEC un-
der irregular waves, described by the Pierson–Moskowitz spectrum. The 
forces and the velocity of the WEC are approximated by the Fourier series 
expansion. The time-domain motion equation is reformulated based on the 
Galerkin approximation. This nonlinear control strategy continuously tunes 
the PTO damping coefficients to maximize the mean power of a WEC for 
every time step.  

This section is based on Paper II. 

3.3.1 Control strategy: nonlinear control under irregular waves 
For the irregular case, an important issue is the description of the ocean waves. 
As mentioned in Section 2.1.2, it is possible to describe the irregular ocean 
waves by a combination of harmonic components. Therefore, at one point in 
space, the wave surface elevation varies continuously over time, and the irreg-
ular wave elevation is described as: 

 

 ( ) = cos( + Ɵ ), (3.22) 

where = , , Ɵ  are the angular frequency, the amplitude and the 
phase of the ℎ harmonic wave, respectively, and  is the number of wave 
components. Random phases are used to mimic the random character of ocean 
waves. 

The wave amplitude is calculated from the power spectrum:  
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= 2 ( ) . (3.23) 

Some spectrum are able to describe the ocean wave driven by wind in cer-
tain situations, e.g., the Pierson–Moskowitz spectrum, the JONSWAP spec-
trum and the Bretschneider spectrum. The Pierson–Moskowitz spectrum is 
more suitable for a fully developed sea, where a wind with constant speed 
blows over a sufficiently long fetch of the ocean surface for a sufficiently long 
time. If the fetch is limited, the JONSWAP spectrum is usually applied. This 
spectrum has been developed by the Joint North Sea Wave Project for the 
limited fetch North Sea. For average sea conditions, when a more specific ap-
propriate form of the wave spectrum is well defined, the Bretschneider spec-
trum can be used. 

Here, assuming that the sea is fully developed, the Pierson–Moskowitz 
spectrum is used, which is defined by the significant wave height and the peak 
wave period, and formulated as:  

 

 
( ) =  5 exp − 20 , (3.24) 

where  is the peak wave period. 

The energy period is calculated by: 
 

 
=  =   ( )( ) . (3.25) 

The excitation force is represented as a summation of the individual force 
components, and expressed in terms of the basis vector as: 

 

 
( )  ≅ , (3.26) 

 
= [ , , , , … , , ] , (3.27) 

where =  ( ) cos( ), =  − ( ) sin( ), and ( ) 
and  are the coefficient and the phase of the excitation force under the ℎ 
harmonic wave, respectively.  is the basis vector, as indicated in Equation 
(3.12), with a length of 2 . 

The velocity and the PTO damping force of the WEC are expressed in terms 
of basis vectors as: 

 

 
( ) ≅ =  [ , , , , … , , ] , (3.28) 



57 

 , ( ) ≅  =  [ , , , , … , , ] . (3.29) 

The motion equation is formulated based on the Galerkin approximation, 
then it is found that: 

 

 
=  ℍ  −  . (3.30) 

Taking a long time average, the mean power produced by a WEC is derived 
as follows in a vector form: 

 

 = − 12 =  − 12 (ℍ −  ) . (3.31) 

The objective is to find the maximum mean power in the given time hori-
zon, resulting in an optimisation problem: find the optimal velocity or the cor-
responding damping coefficients to maximize the mean power of the WEC 
subject to constraints.  

Four constraints are presented here, namely, the constraint on the displace-
ment, the velocity, the PTO damping force, and the sign of the PTO damping 
coefficients. The constraint on the PTO damping coefficients, that are as-
sumed to be non-negative, can be satisfied by requiring the PTO damping 
power to be non-negative at each time instant. 

Using the minimization format, and choosing ( ) = = (ℍ − )  
as the objective function, the variable  is solved from the standard optimisa-
tion problem: 

 

 

 ( ) = (ℍ − ) ,
  

1−1 ≤ 111−1 ≤ 111−1 (ℍ − ) ≤ 11 , ,− (ℍ − ) ≥ 0
, (3.32) 

where the vector  is: 
 

 
= [ , , , , … , , ] , (3.33) 

and = sin( )/ , = −cos( )/ . 
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3.3.2 Case study 

In this section, we present a case study of the Uppsala University WEC using 
the nonlinear control strategy specified in Section 3.3.1. We investigate the 
influences of the displacement constraint and the velocity constraint and cal-
culate the performance of the WEC under different irregular waves, compared 
to using linear PTO damping coefficients. 

Table 3.2 shows the main parameters of the WEC. Note that the absorber 
height is larger than that used in the case study in Section 3.2.2. The hydrody-
namic parameters, e.g. the added mass, the radiation damping, and the excita-
tion force of each angular frequency, are calculated using potential flow theory 
in a commercial software WAMIT®. Other calculations are implemented in 
the commercial computing software MATLAB®. During the calculations, the 
PTO spring coefficient is zero, the time step is 0.1 s, the frequency step is 0.1 
rad/s, and the length of the basis vector is 2 = 200. 

Table 3.2. Main parameters of an isolated WEC, used in the nonlinear control under 
irregular waves. 

Name Value Unit 

Absorber height 3.0 [m] 
Absorber diameter 4.0 [m] 
Absorber draft 1.5 [m] 
Absorber mass 5302 [kg] 
Translator mass 14 [ton] 
Stator length 2.0 [m] 
Water depth 25 [m] 

3.3.2.1 Performance under one sea state 
Figure 3.7 shows the wave profile created by the Pierson-Moskowitz Spec-
trum with a significant wave height of 2.0 m and a peak period of 5.24 s. The 
figure also presents the value of the spectrum at each angular frequency. 

Under this irregular wave, the motion and the forces of the WEC subject to                    
motion constraints of = 2.0 m/s and = 1.5 m are calculated, and 
the results are shown in Figure 3.8. The figure shows three obvious observa-
tions. The first one is that the excitation force is in phase with the velocity 
(approximately). The second observation is that the required optimal PTO 
damping force is very high at some time instants, compared to the excitation 
force. The third observation is that the displacement and the velocity of the 
WEC never exceed their constraints.  

In conclusion, the phase shift phenomenon between the excitation force and 
the velocity is also obtained in irregular waves using the nonlinear control 
algorithm. However, to achieve the optimal condition, a large control force 
must be provided at some time instants. 
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Figure 3.7: (a) An irregular wave created by the Pierson-Moskowitz Spectrum (b) 
Wave spectrum. = 2.0 m and = 5.24 s. 

 
Figure 3.8: The motion and the forces of the WEC under the irregular wave. Motion 
constraints are  = 2.0 m/s and = 1.5 m. 
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3.3.2.2 Performance under more sea states 
Figure 3.9 shows the capture width ratio of the WEC under different motion 
constraints. The results show that the performance of the WEC is influenced 
by the sea states and the motion constraints.  

Under each wave period, the two sets, i.e. = .,  = 1.5 m and = .,  = 1.0 m (in blue) have higher capture width ratios than 
other sets. The results of these two sets are very close for the wave height = 2.0 m, which means that in the case without the velocity constraint, the 
displacement constraint of = 1.5 m is large enough to meet the optimal 
condition required by the nonlinear control strategy. 

When a smaller velocity constraint is used, i.e. = 2.0 m/s (in red) or = 1.0 m/s (in green), the performance of the WEC is worse than without 
the velocity constraint. In addition, its performance will not improve noticea-
bly, even if the displacement constraint is changed from 1.5 m to 1.0 m when = 2.0 m/s or  = 1.0 m/s is kept on. This indicates that the optimal 
condition under this wave height requires the WEC to have a high speed, and 
a high absorption will not be achieved if a low velocity constraint is used.  

Therefore, both the proper values of the displacement constraint and the 
velocity constraint are required to achieve a satisfying power output. 

Figure 3.9: Capture width ratio of an isolated WEC under different motion con-
straints. = 2.0 m. 
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3.3.2.3 Comparison with linear damping coefficients 
The performance of the WEC using the nonlinear control strategy is compared 
to its performance using a conventional control strategy. The results are shown 
in Figure 3.10. In the conventional control strategy, an optimal linear PTO 
damping coefficient is used for each sea state.  

Figure 3.10: (a) Capture width ratio is a function of the PTO damping coefficient in 
the conventional linear control. = 2.68 s. (b) The comparison of the results for 
nonlinear and linear PTO damping coefficients. 

As shown in Figure 3.10(a), in the conventional linear control, the capture 
width ratio is a function of the damping coefficient, and has a peak value of 
0.266 when the damping coefficient is 290 kNs/m. Here, we define that, the 
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constant damping coefficient leading to the maximum capture width ratio for 
a given sea state is the optimal linear damping coefficient. 

To give a more accurate comparison with the linear case, the optimal linear 
damping coefficient is found and used in the calculation of each sea state in 
Figure 3.10(b). The results show that the capture width ratio using the nonlin-
ear damping coefficient is always higher than the capture width ratio using the 
linear damping coefficient, and the former is at least four times higher than 
the latter. 
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4. Coordinated control and optimisation of a 
wave energy farm subject to constraints 

Most WEC concepts require deployment of multiple devices in a farm to 
achieve electricity generation on a commercial scale. Another benefit of a 
farm is the potential decrease of the costs for maintenance, mooring, and de-
ployment, as well as the power smoothing.  

The individual WECs in a farm are coupled. The motion of each WEC results 
in radiation waves that affect the others, while the motion is also influenced by 
the PTO load. The coupling and the variation, together with the influence of the 
sea states, result in fluctuation in the output power of a wave energy farm. 

This chapter focuses on developing control strategies to coordinate individ-
ual WECs subject to constraints, aiming to optimise the total power produc-
tion of a wave energy farm under regular waves. Two coordinated control 
strategies are developed in this chapter: one uses a nonlinear control force 
based on the time-domain motion equation, as described in Section 4.2, and 
the other uses a linear control force based on the frequency-domain motion 
equation, as presented in Section 4.3.  

The hydrodynamic interactions are considered in both control algorithms, 
and the optimal nonlinear or linear PTO damping coefficients are found for 
individual WECs in a farm. Note that the different local constraints and the 
PTO damping coefficients can be applied to the individual WECs. 

4.1 Problem description 
The case study results of Section 3.2.2 and Section 3.3.2 show that the con-
straints affect the performance of the WECs, including their motion and power 
production. For WECs in a farm, the radiated waves further influence the hy-
drodynamic interaction between WECs and the wave interface can be con-
structive or destructive. These influences will be stronger if the WECs are 
deployed in close proximity. 

Therefore, to maximize the total power output of a farm subject to con-
straints, the behaviour of individual WECs must be coordinated. The control 
strategy must handle the physical constraints and the hydrodynamic interac-
tion of all the WECs, and optimise the total power production through coor-
dinated control of individual WECs.  
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For the two coordinated control strategies developed in this chapter, the 
coordinated control using the time-domain model can handle more constraints 
and investigate the performance of the farm under regular and irregular waves. 
However, the major problem is the heavy computation, and the computational 
time increases significantly with the quantity of WECs. This limits its appli-
cation for a large-scale wave energy farm. 

The linear coordinated control, using the frequency-domain model, can 
avoid this problem, and can investigate the performance of a large-scale farm 
with a short computational time. However, it can only handle limited con-
straints, mainly the displacement constraint.  

4.1.1 Wave energy farm 
For a wave energy farm consisting of  WECs, the maximum number of de-
grees of freedom is 6  if each WEC oscillates with six degrees of freedom. 
The individual modes are denoted by subscript = 6( − 1) +  with inte-
ger  being an index of the WEC, and = 1, 2, 3, 4, 5, 6 representing the 
mode of surge, sway, heave, roll, pitch and yaw of WEC , respectively.  

The motion of each WEC is described by Newton’s laws, as explained in 
Section 3.1.1. However, each WEC is also affected by a radiation force from 
the other WECs, besides the radiation force of itself. 

When WEC  oscillates with a complex velocity amplitude , it will 
create a radiation wave which acts on WEC  with a radiation force having a 
complex value of  − .    is called the radiation impedance, a factor 
of proportionality and depending on the geometry of the WEC and the fre-
quency of the incident wave. The total radiation impedance of the farm can be 
formulated as [80]: 

 

 
= ⋱⋯ … 

⋮⋮⋮
 …⋱… 

⋮⋮⋮
 … … ⋱ . (4.1) 

The element of row  and column   of  is written as follows: 
 

 
=  + . (4.2) 

Only the heave motion is considered for the Uppsala University WEC. For 
convenience, the heave mode of WEC  is alternatively denoted by the sub-
script  in corresponding variables of the following calculation, with =1, 2, … , . 
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4.1.2 Cost function 
In the farm case, the aim of the control problem is to find the optimal PTO 
damping coefficients or the corresponding velocities of the individual WECs 
to get the maximum energy of a wave energy farm over a time horizon, con-
sidering physical constraints on the converters. 

The total mean power output from a farm is the sum of the mean power 
from each WEC, and is regarded as the cost function of the farm in the corre-
sponding optimisation problem. For the practical application, the mean power 
is taken as the average value over a finite time range of [0, ], and is written 
as follows in the time domain: 

 

 =  =  1 , ( ) ( ) , (4.3) 

where  is the mean power of WEC , ( ) represents the velocity of WEC 
 in the heave mode, and these quantities are scalar. 

Under regular waves, if a constant PTO damping coefficient is used for 
each WEC, the total mean power over an infinite time horizon equals: 

 

 =  12 , | | , (4.4) 

where ,  and  are the PTO damping coefficient and the complex ve-
locity of WEC  in the heave mode. 

In the two coordinated control strategies investigated in this chapter, dif-
ferent PTO damping coefficients are applied on different WECs, which may 
undergo different constraints. In consequence, the resultant mean power of 
each WEC can be very different under the same sea state. 

4.1.3 Evaluation function 
To evaluate the gain of a coordinated control strategy, two non-dimensional 
functions are used. One is called the  factor, used in Section 4.2. Another 
one is called the  factor, used in Section 4.3. 

The  factor is defined as: 
 

 =  ∑ , (4.5) 

where  is the mean power of an isolated WEC subject to the corresponding 
constraints.  
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The  factor reflects the gain or loss of a farm consisting of multiple WECs 
due to the hydrodynamic coupling, compared to isolated WECs. As indicated 
in Section 3.2.2, under the same sea state, the PTO damping influences the 
output power of a WEC. Therefore, to have a more accurate comparison, the 

 used in the  factor should be the maximum value of an isolated WEC 
subject to constraints, where the optimal linear PTO damping coefficient is 
used. 

The  factor is written as follows with complex variables: 
 

 
=  ∑ , | |, ∑ , , (4.6) 

where ,  is the PTO damping coefficient used in the conventional 
control based on the frequency domain model, which is assumed the same 
value for all the WECs in a farm, and ,  is the resultant complex velocity 
of WEC . Similarly, the optimal value of ,  is used in the  factor, to 
maximize the total output power of a farm while satisfying constraints. 

The  factor compares the output power of a wave energy farm using the 
coordinated control and the conventional control. This index is used in Section 
4.3 for the frequency domain algorithm, where different PTO damping coef-
ficients are used for different WECs in a coordinated control, while the same 
PTO damping coefficient is used for all the WECs coupled in a farm in the 
conventional control.   

4.2 Time domain modelling and coordinated control of 
a wave energy farm subject to constraints 
When operating a wave energy farm under irregular waves, a time domain 
algorithm is needed to implement a dynamic control. This section models the 
farm in the time domain, considering the full hydrodynamic interaction be-
tween the WECs. Constraints on the motions, the forces, and the power can 
be implemented in the algorithm. The optimal damping coefficients, which 
are nonlinear under regular or irregular waves, are found for each WEC to 
maximize the output power of the farm subject to constraints. Later, the per-
formance of an array of WECs using this control strategy is investigated in the 
case study.  

This section is based on Paper III. 
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4.2.1 Coordinated control strategy 
The time domain model of a farm is extended from the control strategy intro-
duced in Chapter 3. Similarly, the motions and forces of the WECs are ex-
panded by the truncated zero-mean Fourier series. The PTO force is decom-
posed into a spring force and a damping force, with the spring coefficient be-
ing constant and the damping constant being the time-varying variable to be 
solved.  

The motion equation of a farm of WECs is expressed as follows using the 
Galerkin approximation: 

 

 
⋮ = ℍ ⋯ ℍ⋮ ⋱ ⋮ℍ ⋯ ℍ ⋮ −  ⋮ , (4.7) 

where , , and  are vectors of the Fourier coefficients of the PTO damp-
ing force, the velocity and the excitation force of WEC . ℍ  refers to 
the impact on WEC  from the motion of WEC . 

The total mean power of the farm is formulated as: 
 

 =  − 12 . (4.8) 

The aim is to maximize the total output power of a farm subject to con-
straints. Variables can be solved from the optimisation problem formulated in 
the minimization format or the maximization format by choosing different ob-
jective functions.  

The velocity constraint of WEC  is formulated as follows with ,  be-
ing the maximum value of the velocity: 

 

 
− ,  ≤   ≤  , . (4.9) 

The displacement constraint of WEC  is expressed as follows with ,  
being the maximum value of displacement, 

 

 
− ,  ≤   ≤  , , (4.10) 

where  is indicated in Equation (3.33). 
The constraint on the PTO damping force of WEC  is expressed as fol-

lows with , ,  being the maximum value of the displacement: 
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− , ,  ≤ ℍ −  ≤  , , . 

(4.11) 

4.2.2 Case study 
This section investigates the performance of an array of WECs using the non-
linear coordinated control strategy. The array consists of two Uppsala Univer-
sity WECs with a gap distance of 20 m. The physical parameters are shown in 
Table 4.1. 

Table 4.1. Main parameters of the WECs in an array. The two WECs have the same 
physical size. 

Name Value Unit 

Absorber height 1.0 [m] 
Absorber diameter 4.0 [m] 
Absorber draft 0.5 [m] 
Mass 6430 [kg] 
Water depth 20 [m] 
PTO spring coefficient 0 [N/m] 

 
Figure 4.1 presents the  factor of the array. The results show that the  

factor varies with the wave frequency, and fluctuates in a range from 0.9 to 
1.05. In the case where the  factor is larger than 1, it means that the array 
outputs more power than two isolated WECs. Note that, even when the per-
formance of the individual WECs are coordinated-controlled, the array still 
has a lower power production than two isolated WECs under some sea states, 
due to the destructive interaction. 

Figure 4.2 shows the ratio of the peak power and the mean power for each 
WEC. The results show that the ratio of WEC 1 or WEC 2 varies over the 
wave frequency. The peak-mean ratio of WEC 1 varies in a range between 3 
and 8 for the wave amplitude = 0.5 m, while the ratio of the shadowed 
WEC, i.e. WEC 2, varies between 4 and 10.  
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Figure 4.1: Q factor of an array under regular waves. Gap distance between two 
WECs is 20 m. = 0, = 1.0 m/s, and = 0.5 m. The wave amplitude 
is = 0.5 m. 

 
 

Figure 4.2: Mean power of two WECs under different regular waves. Gap distance 
between two WECs is 20 m.  = 0, = 1.0 m/s, and = 0.5 m. The 
wave amplitude is = 0.5 m. 
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4.3 Frequency domain modelling and coordinated 
control of a wave energy farm subject to constraints 
To maximize the energy harvested by a wave energy farm subject to con-
straints, the selection of the PTO damping coefficient is important. If the farm 
is mathematically described in the frequency domain, there are three methods 
to select the PTO damping coefficients: 

• Method 1: Randomly select a same PTO damping coefficient for all 
the WECs in a farm. The selected value is not optimal in most cases. 

• Method 2: Select the same optimal PTO damping coefficient for all 
the WECs in a farm. 

• Method 3: Select an optimal PTO damping coefficient for each indi-
vidual WEC to maximize the total energy output of a farm. 

Method 1 and method 2 select the same damping coefficients for all the 
WECs. These methods have been widely researched in the past decades. 
Method 3 selects the optimal damping coefficients for different WECs, which 
is used innovatively in this section.  

Here, the optimal PTO damping means that the constant damping coeffi-
cient results in the maximum mean power of the farm under a given wave 
frequency when all the WECs are subject to motion constraints. To achieve 
this, a novel coordinated control strategy is developed based on the frequency 
domain model. The control strategy considers the hydrodynamic interaction 
between the WECs as well as the motion constraints.  

It should be noted that only limited types of constraints can be achieved 
through the frequency domain model. Here, the displacement constraint is 
used, which is achieved by selecting the PTO damping coefficients for indi-
vidual WECs in the optimisation process of the coordinated control to avoid 
exceeding the constraints. 

This section is based on Paper IV and Paper V. 

4.3.1 Coordinated control strategy 
For a wave energy farm consisting of  WECs, and if only the heave motion 
is considered, the motion of WEC  can be described as follows: 
 
   , + , + − , =  , − ∑ ,   (4.12) 

 
where , , , and ,  are the PTO spring coefficient, the buoyance stiff-
ness coefficient, and the mass of the WEC  at heave mode, respectively,   
is the complex displacement, ,  is the complex excitation force,  is the 
complex displacement of WEC  and  is the radiation impedance due to 
the motion of WEC . 

Taking a long-term average, the mean power of WEC  is written as: 
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 =	12 , | | = 	12 , ∗, (4.13) 

where ∗ represents the complex conjugate of the velocity, and = . 
Equation (4.12) is rewritten as: 
 , = , + , − , − − . (4.14) 

The total mean power of the farm is written as: 
 = 12 , + ( , − , −

− ]( )∗. (4.15) 

The aim is to maximize the value of , with consideration of the physical 
constraints. 

The motion constraints are considered here. Assuming that WEC  is sub-
ject to a displacement constraint, i.e.: 

 

 
| | 	≤ 	 , . (4.16) 

A velocity constraint is automatically formed, written as follows: 
 

 
| | 	≤ 	 , . (4.17) 

This correlation shows the poor ability of the frequency domain model in 
handling physical constraints.  

The optimal complex displacements can be solved from the following op-
timisation problem: 

 

 

	 ( ) = 	 | ( )|	 	 | | 	≤ 	 ,| | ≤ 	 , . 
(4.18) 

Then, the maximum mean power and the optimal PTO damping coeffi-
cients can be solved. 
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4.3.2 Case study 
The coordinated control strategy is applied to several wave energy farms con-
sisting of multiple Uppsala University WECs. The aim is to analyse the per-
formance of a wave energy farm using a coordinated control, with considera-
tion of the constraints on the displacement amplitudes. Table 4.2 shows some 
main parameters of the WECs. 

Table 4.2. Main parameters of WECs in a farm. All the WECs have the same physi-
cal size. 

Name Value Unit 

Absorber height 1.0 m 
Absorber diameter 4.0 m 
Absorber draft 0.5 m 
Mass 6434 kg 
PTO spring coefficient 5.0 kN/m 
Water depth 20 m 
Displacement constraint 0.5 m 

 

4.3.2.1 Performance of a wave energy farm 
4.3.2.1.1 A farm consisting of 16 WECs under one sea state 
Under a particular sea state of = 1.0 m and = 1.0 rad/s, the mean power 
and the optimal linear PTO damping coefficients of 16 WECs in a farm are 
found, through the coordinated control strategy introduced in Section 4.3.1, 
and the results are shown in Figure 4.3. 

Figure 4.3(a) plots the mean power of each WEC. The results show that the 
mean power varies over the location of the WECs in a farm. Along the wave 
propogating direction, i.e. the positive X direction, the shadowed WECs 
located in column 3 and column 4 (denoted by C3 and C4 in Figure 4.3(a)) 
output less power compared with those located in C1 and C2. The WECs 
located on the edge of C2, C3 and C4 output more power than those in the 
centre. Of all the WECs, WEC p5 and WEC p8 have the highest mean power 
of 51.6 kW, followed by WEC p2 and WEC p3, while WEC p14 and WEC 
p15 have the lowest mean power of 38.9 kW.  

Figure 4.3(b) shows the corresponding PTO damping coefficient of each 
WEC, which is the optimal damping coeffcient to maximize the total power 
while satisfying constraints. The results show that the variation trends of the 
optimal damping coefficients are similar to those of the mean power. Of all 
the WECs, WEC p5 and WEC p8 have the highest damping coefficient of 
412.8 kNs/m, followed by WEC p2 and WEC p3, while the WEC p14 and 
WEC p15 have the lowest damping coefficient of 311.1 kNs/m. 

Another result, not shown in Figure 4.3, is the displacement. The resultant 
displacements of all the WECs are 0.5 m, which is the maximum value of the 
displacement amplitude used in this case study. Note that, if the sea state 
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changes, the optimal PTO damping coefficients, the displacement, and the 
power of the WECs will change as well. 

 

 

 
 

Figure 4.3: The performance of a wave energy farm consisting of 16 WECs, under a 
sea state of = 1.0 m and = 1.0 rad/s. Incident wave propagates along the posi-
tive direction of X axis. (a) Mean power of each WEC. (b) Optimal PTO damping 
coefficient of each WEC under this sea state. 

4.3.2.1.2 A farm consisting of four WECs under 48 sea states 
Figure 4.4 shows the performance of a small farm under 48 sea states. This 
farm consists of four WECs, denoted by p1, p2, p3, and p4. 

Figure 4.4(a) plots the 48 sea states, which are modified based on the meas-
ured data of 24 hours at Lysekil. The wave amplitudes are located in a range 
of [0.27 m, 0.74 m], and the angular frequencies are located in a range of [0.83 
rad/s, 1.18 rad/s].  
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Figure 4.4(b) shows the optimal PTO damping coefficients of all the 
WECs. A symmetry phenomenon is observed, with the axis of symmetry be-
ing parallel to the wave propagating direction. WEC p1 and WEC p2 have the 
same performance, while WEC p3 and WEC p4 also have the same perfor-
mance. Another phenomenon is that the optimal damping coefficients vary 
over the sea states, and are sensitive to the change of the wave amplitudes.  

Figure 4.4(c) shows the resultant optimal displacement amplitudes. Under 
most sea states, all the WECs have the same displacement amplitude of 0.5 m. 
Under waves with small amplitudes, corresponding to the sea state index of 
21-27, WEC p1 and WEC p3 have different displacements, and the shadowed 
WEC p3 has a smaller motion amplitude.  

Figure 4.4(d) plots the  factor and  factor of the farm. The results show 
that  factor is always larger than 1, with a maximum value of 1.07, which 
means that the output power of a farm can be improved up to 7.0% using a 
coordinated control under these 48 sea states. The  factor varies in a range 
of [0.85, 0.95], and is always lower than 1. 

 

 

Figure 4.4: Sea states and the resultant performance of a wave energy farm. (a) 48 
sea states. (b) Optimal PTO damping coefficients. (c) Displacement amplitudes. (d) 

 factor and  factor. 
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4.3.2.2 Long-time performance of a farm 
A scenario of wave data of 12 months is created to calculate the  factor of the 
4-WEC farm using the linear coordinated control.  The data are based on the 
measured sea states at the Lysekil test site from April 2013 to March 2014. 
Each point refers to a measurement of 30 minutes. There are 17134 points in 
total, as shown in Figure 4.5. These data reflect the wave climate at the de-
ployment site of the Uppsala University WECs.  

 
Figure 4.5: Wave data for 12 months used in the calculation for a farm consisting of 
4 WECs. 

Table 4.3 presents the power improvement of each WEC in these 12 
months. The results show that the output power of WEC p1 and WEC p2 im-
proves by 2.0% through a coordinated control, and that the output of WEC p3 
and WEC p4 improves by up to 8.8%. In other words, the shadow effect is 
weakened and the performance of the shadowed WECs improves through this 
coordinated control. 

Table 4.3. The power improvement of each WEC in 12 months. 

WEC name Improvement [%] 

WEC p1 2.0 
WEC p2 2.0 
WEC p3 8.8 
WEC p4 8.8 
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Figure 4.6 presents the total improvement through a coordinated control of 
the farm for each month. The results show that the total power improves by 
coordinating the behaviour of the individual WECs, and the improvements are 
different for each month. In February, the improvement is the lowest at 2.71%. 
In August, the output power of the farm improves by 8.11%. 

 

Figure 4.6: Power improvement of the farm for each month. 

4.3.2.3 Influence of the farm layout 
In this section, we study the influence of the farm layout, with a focus on the 
gap distance and the scale of the farm. The  factor is calculated to investigate 
the performance improvement of the farm using a coordinated control. Figure 
4.7 shows the layout of a farm consisting of maximum 32 WECs. Eight cases 
consisting of different constellations of WECs and different gap distances are 
investigated, as listed in Table 4.4. 
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Figure 4.7: Layout of the wave energy farm (top view).  

 

Table 4.4. Eights cases of the wave energy farm. 

Case Number WECs Quantity  WECs name (denoted 
by numbers) 

Gap D [m] 

Case 1 8 1, 2, 15-18, 31, 32 10 
Case 2 8 1, 2, 15-18, 31, 32 20 
Case 3 8 1, 2, 15-18, 31, 32 40 
Case 4 8 1, 2, 15-18, 31, 32 300 
Case 5 4 1, 16, 17, 32 10 
Case 6 8 1-4, 13-16 10 
Case 7 16 1-4, 13-20, 29-32 10 

Case 8 32 1-32 10 

 
Figure 4.8 presents the  factor of case 1-4 under different sea states. These 

four farms have the same quantity of WECs, but different gaps between the 
WECs. The results show that the  factor is influenced significantly by the gap 
distance, which means that the gain of the coordinated control is influenced 
by the gap distances. 
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Figure 4.8:  factor of a wave energy farm consisting of 8 WECs with different 
gaps. There are 150 sea states. 

The peak value of the  factor in four subfigures is 1.15, 1.11, 1.07, and 
1.02 for gaps of 10 m, 20 m, 40 m, and 300 m, respectively, which means the 
corresponding mean power improves by 15%, 11%, 7% and 2% through the 
linear coordinated control.  This shows that the coordinated control is effective 
for WECs deployed in close proximity, where the hydrodynamic interactions 
are stronger. 

Figure 4.9 presents the  factor of case 5- 8 under different sea states. These 
four farms have the same gap distance of 10 m, but different quantities of 
WECs. The peak value of the  factor is 1.11 for the farm with 4 WECs, 1.18 
for the farm with 8 WECs, 1.18 for the farm with 16 WECs, and 1.16 for the 
farm with 32 WECs. 

The trend lines of the efficiency improvement are similar, increasing with 
the angular frequency until the natural frequency of the WEC is reached, then 
decreasing. Under the sea states with high wave amplitudes, the improvements 
are very stable. 
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Figure 4.9:  factor of the farm at different size. The gap distance is 10 m. There are 
150 sea states. 

In addition, case 1 and case 6 can be compared. They have the same gap 
distance and WEC quantity, but a different layout orientation. As shown in 
Figure 4.8(a) and Figure 4.9(b), the peak value of the  factor in case 1 is about 
1.15, while it is about 1.18 in case 6. This comparison shows that the perfor-
mance is also influenced by the layout orientation of the farm. 

In conclusion, the output power of the farms improves significantly through 
the linear coordinated control strategy. 
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5. Wave-to-wire implementation 

This chapter focuses on the numerical implementation and the validation of 
the control strategies in a wave-to-wire environment. We describe an entire 
wave energy conversion system, from the hydrodynamic side to the electrical 
side, and implement a simulation platform to investigate the power generation 
control of a linear permanent magnet generator. Two cases are investigated, 
one case where the generator is connected to a passive rectifier, and another 
case where the generator is connected to a synchronous rectifier. 

5.1 Problem description 
Control strategies are implemented in controllers to achieve the dynamic con-
trol of WECs. Controllers can be designed and arranged in different positions 
of a wave energy conversion system, e.g. a mechanical controllers in the pri-
mary capture system, a valve controller in the PTO system, and power elec-
tronics converters on the generator side [81]. 

A wave-to-wire model is required to achieve the global control and optimi-
sation of a complete wave energy conversion system, and to investigate the 
corresponding transient and steady performance. The wave-to-wire concept 
refers to the entire system from the hydrodynamic side to the electric side, 
including the power electronics interface used for the generator control. 

To build the wave-to-wire model, detailed models of the generator and the 
electric system are required to replace the PTO function of the motion and the 
coefficients presented in Chapter 3 and Chapter 4. Furthermore, schemes con-
trolling the power generation of the linear permanent magnet generator 
(LPMG) should be investigated. Note that the wave-to-wire model depends, 
to a large extent, on the techniques used by a wave energy conversion system, 
including the design of the subsystems and the controllers. Moreover, a par-
ticular controller can use different control strategies. 

Although different electric circuits, loads and control schemes can be em-
ployed in the wave-to-wire model, there is a mandatory process for the direct-
driven LPMG, i.e. the power rectification. The reason is that the electric output 
of the generator has a variable amplitude and frequency due to the irregular 
nature of ocean waves. Two widely used rectifications are passive rectification 
and synchronous rectification. 
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In the rest of Section 5.1, the work on the power generation control of the 
permanent magnet generators of wave energy conversions is briefly reviewed, 
and the generator model used in the numerical simulation is shown. 

5.1.1 Review of the power generation control of a permanent 
magnet generator 
In [82], a control scheme based on the reaction force control is applied to a 
direct driven WEC adopting a LPMG to maximize the energy extraction. In 
[83], a maximum power point tracking strategy is investigated for the AWS 
WEC. The strategy is achieved through the associated back-to-back convert-
ers. In [84], [85], a rotating permanent magnet generator is connected to a 
back-to-back converter, and its power generation is controlled through the 
power electronics converter. In these numerical simulations, a simplified gen-
erator model is used. 

There are some physical experiments to validate the numerical results. In 
[86], the theoretical work on the reaction force control of a linear generator 
through phase and amplitude control is verified, using a LPMG test rig with a 
back-to-back converter. The results show that the generator force is effectively 
controlled through controlling the current by the generator-side rectifier, fol-
lowing a reference force provided by the reactive control strategy. In [87], the 
power conversion arrangement and the associated control of a LPMG is sim-
ulated and physically tested. The individual coils of the generator coils are 
connected to individual MOSFET-controlled rectifiers, followed by a com-
bined unidirectional boost converter with an IGBT-controlled chopper to 
smooth the power fluctuations between the DC links. 

In conclusion, an equivalent circuit model is widely used to describe the 
permanent magnet generator in the numerical analysis of the power generation 
control. The results show that the electromagnetic force applied on the trans-
lator can be controlled through the current drawn from the coils. In this way, 
one achieves the desired dynamic interaction between the primary capture sys-
tem and the PTO system to optimise the power generation. The control strat-
egy is achieved by a switch-controllable rectifier connected to the generator.  

5.1.2 Wave-to-wire implementation 
The equivalent circuit model is used to describe the LPMG in the wave-to-
wire implementation. Note that this simplified model does not consider satu-
ration and other nonlinear terms, but provides a convenient way to couple all 
the subsystems of a WEC to systematically simulate the entire wave energy 
conversion system.  

Some assumptions are made in the wave-to-wire model for convenience. 
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The permanent magnetic flux of the LPMG is assumed to vary over the 
translator position, and expressed as follows [55]: 

 

 
=  sin( 2 ( )  +  ), (5.1) 

where  is the translator position,  is its initial phase, and  is the 
magnetic wavelength, which is a function of the pole width. 

 is the flux magnitude, and its value is determined by the detailed char-
acteristics of a particular generator. The flux magnitude is considered to reach 
a maximum value of ,  when the translator is fully exposed to the stator 
(in the case where the translator length is less than the stator length). However, 
when the translator is completely out of the stator, the flux is considered to be 
zero. A ratio factor , corresponding to the active length of the translator 
can be defined to describe the ratio of  and , . This may be ex-
pressed as follows for convenience [69]: 

 

 
=  1  12 ( + ) − | | , (5.2) 

where  is the stator length, and  is the translator length.  
The second assumption is that, the total PTO force investigated in Chapter 

3 and Chapter 4 is provided by the electromagnetic force, written as 
 

 
=  32 − − , (5.3) 

where , q ,  and q  are the current and the inductance in the direct-axes 
and  the quadrature-axes, and  is the pole width of the permanent magnets. 
It is considered that the direct-axes and quadrature-axes have the same induct-
ance, so only the quadrature-axes current contributes to the thrust. It should 
be noted that, this simplified model does not work for all cases, e.g. the case 
where the generator power losses is considered. In addition, other controllers, 
e.g. a mechanical controller, can be employed to provide an additional control 
force, contributing to the total PTO force introduced in Chapter 3 and Chapter 
4. These are not considered here. 

Another assumption is that the coupling between the absorber and the trans-
lator is rigid in the heave motion. In that way, the absorber velocity exactly 
equals the translator speed in the heave mode. The impact of the damping 
force applied to the translator and the impact of translator mass are included 
in the solution of the absorber velocity. 
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We assume that the generator is connected to a three-phase rectifier, with 
a passive rectification or a synchronous rectification, which will be investi-
gated in Section 5.2 and Section 5.3, respectively. 

Note that the rectified DC power can be injected into a DC grid or an AC 
grid at a national level or a micro-grid level, or be connected to a DC bus or 
used to supply a DC load directly. Note that grid codes vary between coun-
tries, and that the corresponding requirements of power conversions are dif-
ferent. Here, the conversion from DC to AC is not investigated, since this the-
sis only focuses on the power control and the optimisation of the generator, 
which is achieved through the rectification on the generator side. 

5.2 Power generation control in the passive rectification 
case 
A complete wave-to-wire model is investigated in this section, with the gen-
erator being mathematically described by a simplified circuit model and con-
nected to a passive rectifier. Figure 5.1 shows the electric circuit. This passive 
rectifier uses six diodes to achieve the power conversion from AC to DC. 

 
Figure 5.1: The three-phase circuit with passive rectification and different loads. 

On the DC side, three different load situations will be investigated: 
• Load A: A pure resistor. 
• Load B: A resistor and a capacitor. 
• Load C: A resistor, a capacitor and a DC voltage source. 
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5.2.1 Control and optimisation scheme 
In the passive rectification case, the power flow in the AC circuit on the gen-
erator side is unidirectional. Only the positive voltage has the opportunity to 
flow into the DC side, and the power flow from the DC side to the AC side is 
restricted by the diodes.  

The main scheme to control and optimise the power generation in this pas-
sive rectification is the load matching. Figure 5.2 presents a diagram of the 
control. The capacitor is a standard industry product and its value can be 
properly selected in the design process. In the dynamic control process, the 
resistor dump load is tuned based on the measured information of the wave 
motion, the WEC motion and the electric current. This tuning activity can be 
continuously or discontinuously, depending on the sea states and the load de-
mand.  

The functions of the capacitor and the resistor are similar to those of the 
PTO spring and the PTO damping introduced in Chapter 3 and Chapter 4, 
respectively. The resistor consumes all the electric power eventually, while 
the capacitor plays the role of energy storage, and does not consume any elec-
tric power. The capacitor also smooths the power flow of the DC load, espe-
cially when short circuiting occurs. 

By varying the DC resistor load, different PTO forces are provided. With 
the optimal impedance, the generator will move in a desired situation. 

 

 
 

Figure 5.2: One control diagram used for the WEC in the passive rectification case. 
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5.2.2 Case study 
This case study examines the performance of a WEC under different DC 
loads. The WEC is still based on the Uppsala University concept, and some 
parameters used in the simulation are shown in Table 5.1. 

Table 5.1. Main parameters used in the wave-to-wire model with passive rectifica-
tion. 

Name Value Unit 

Absorber diameter 4 [m] 
Absorber draft 0.5 [m] 
Water depth 20 [m] 
Pole pair 50 [mm] 
AC Resistance 0.1 [Ω] 

AC Inductance 5 [mH] 

 
Three DC load circuits are connected separately to the passive rectifier, i.e. 

Load A, Load B and Load C, as shown in Figure 5.1. The resultant mean 
power of the WEC under a sea state of = 0.3 m and = 1.2 rad/s is shown 
in Table 5.2, Table 5.3 and Table 5.4, respectively. 

Table 5.2 lists the mean power output of the WEC when the rectifier is 
connected to a pure resistive load. The results show that the resistor value of 
the DC load has a strong impact on the mean power.  

Table 5.2.  Mean power of the generator under different resistive loads, connected 
to Load A. The sea state is = 0.3 m and = 1.2 rad/s. N/A refers to the non-exist-
ence of the corresponding component. 

Index Resistor [Ω] Capacitor [mF] Voltage [V] Mean power [kW] 

Case 1 50 N/A N/A 2.5 
Case 2 100 N/A N/A 1.3 
Case 3 200 N/A N/A 0.63 

 
The results in Table 5.3 show the influence of the capacitor. The compari-

son of case 4 to case 1, case 5 to case 2, and case 6 to case 3 show that the 
mean power increases when the capacitor is used in this case. 

Table 5.3. Mean power of the generator under different DC loads, connected to 
Load B. The sea state is = 0.3 m and = 1.2 rad/s. N/A refers to the non-exist-
ence of the corresponding component. 

Index Resistor [Ω] Capacitor [mF] Voltage [V] Mean power [kW] 

Case 4 50 40 N/A 3.1 
Case 5 100 40 N/A 1.8 
Case 6 200 40 N/A 1.1 
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In most applications, the generator is connected to the DC bus or the grid, 
which is represented by a DC-voltage source in Load C. As shown in Table 
5.4, the grid voltage level affects the mean power of the WEC. The generator 
voltage must be higher than the DC voltage to go through the rectifier. 

Table 5.4. Mean power of the generator under different loads, connected to Load C. 
The sea state is = 0.3 m and = 1.2 rad/s. 

Index Resistor [Ω] Capacitor [mF] Voltage [V] Mean power [kW] 

Case 7 50 40 100 2.5 
Case 8 50 40 200 1.9 
Case 9 100 40 100 1.5 
Case 10 100 40 200 1.2 

 
The performance of the WEC under irregular waves is also investigated 

based on the wave-to-wire approach. Figure 5.3 shows an irregular wave pro-
file and the resultant velocity of the WEC. This irregular wave is created by 
the Pierson-Moskowitz spectrum with a significant wave height of 0.6 m and 
a peak wave frequency of 1.2 rad/s. The load values of the DC circuit are: 
capacitor is 1 mF, resistor is 22 Ω, and DC grid voltage is 50 V. The results 
show that the velocity of the WEC varies with the wave elevation. 

Figure 5.4 plots the instantaneous values of the load power and the no-load 
voltage of the generator. The power varies over time, and the peak value is 10 
times higher than the mean value. Figure 5.4(b) shows the no-load voltage 
during 10 seconds. The results show that the three-phase voltage varies in fre-
quency and amplitude. 
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Figure 5.3: WEC velocity under irregular waves. (a) Wave elevation. (b) Velocity. 
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Figure 5.4: Output power and voltage of the WEC under irregular waves. (a) Power. 
(b) Three-phase no-load voltage during ten seconds. 

5.3 Power generation control in synchronous 
rectification case 
In the synchronous rectification case, the generator is connected to a three-
phase rectifier consisting of actively controlled switches. As shown in Figure 
5.5, this rectifier uses six IGBTs, which can be controlled rapidly with a high 
efficiency and can be used for high power. 
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Figure 5.5: Electric circuit with a synchronous rectification. Different DC circuits 
can be connected to points C1 and C2. 

For most applications, the WEC is connected to an AC grid. To achieve the 
conversion from the unstable AC to the stable AC, a synchronous inverter is 
required to connect with the DC capacitor (i.e. connected to C1 and C2). The 
synchronous inversion on the grid side regulates the DC link voltage as con-
stant, and conducts the power conversion to meet the corresponding grid code.  
 
5.3.1 Control and optimisation scheme 
In the synchronous rectification case, the power flow on the generator-side 
AC circuit is bidirectional, which means power can flow from the generator 
side to inject into the grid, or flow from the grid to actively control the gener-
ator. 

The main scheme to control and optimise the power generation in the syn-
chronous rectification case is to control the switches of the rectifier according 
to the advanced control strategy. Figure 5.6 shows the block diagram of this 
control. For a real-world WEC under regular or irregular waves, the optimal 
velocity or the PTO force is calculated by the advanced control algorithm, 
based on the measured wave information and the WEC motion, as illustrated 
in Chapter 3 and Chapter 4. The reference PTO force results in a current ref-
erence, as indicated in Equation (5.3).  

In the control process, the desired current is compared with the actual cur-
rent measured in the AC circuit on the generator side. Two current controllers 
using PI regulators are employed in the direct-axes and quadrature-axes to 
provide a desired voltage on the rectifier side, adopting a feed-forward tech-
nique to decouple the crossing terms between the direct axes and quadrature 
axes. 

The reference voltage in the dq-frame is transformed into the abc-frame, 
i.e. , , then compared with DC link voltage. The non-dimensional ref-
erence voltage is shown as follows: 
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 , =  , , (5.4) 

The Pulse Width Modulation (PWM) generator is employed to produce 
pulses for the IGBT switch of the rectifier by comparing the reference voltage 
and the internal carrier signal of the PWM.  

It should be noted that a larger reactive force is required in the reactive 
control, which requires a large current value.  

 

 
Figure 5.6: One control diagram used for the WEC in the synchronous rectification 
case. 

5.3.2 Case study 
This case study examines the performance of a WEC under irregular waves 
with advanced control. A wave-to-wire simulation model is implemented in 
MATLAB/Simulink to represent the fully coupled wave energy conversion 
system with synchronous rectification. 

The simulation model consists of five modules, as shown in Figure 5.7: 
• Module 1: Generate the irregular wave profile, and calculate the cor-

responding excitation force.  
• Module 2: Motion equation of the primary system. 
• Module 3: Generate the reference PTO force through the advanced 

control strategy. 
• Module 4: Generator control and calculation of the PWM impulses. 
• Module 5: Main electric circuits consisting of the LPMG, the rectifier 

and the grid. 
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Figure 5.7: The simulation model of the wave-to-wire approach. 
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The main parameters used in the simulation are listed in Table 5.5. The 
irregular wave profile is created by the Pierson-Moskowitz Spectrum with a 
significant wave height of 0.6 m and a peak frequency of 1.2 rad/s. Figure 5.8 
plots the resultant reference PTO force provided by the nonlinear control strat-
egy and the actual PTO force measured from the electric circuit. The results 
show that the reference value is efficiently achieved. In other words, the fully 
coupled WEC can be efficiently controlled to improve the power output. 

Table 5.5. Main parameters used in the wave-to-wire model with synchronous recti-
fication. 

Name Value Unit 

Absorber diameter 4 [m] 
Absorber draft 0.5 [m] 
Pole width 50 [mm] 
Resistance 0.1 [Ω] 
Inductance 5 [mH] 
Switching frequency 5 [kHz] 

Capacitor 33 [mF] 

 

Figure 5.8:  The reference PTO force and the actual PTO force in the wave-to-wire 
approach with synchronous rectification.  
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6. Discussion 

6.1 Generator control subject to constraints 
The linear generator used in the WEC developed at Uppsala University is di-
rectly driven by a point absorber. This technology is relatively new. It avoids 
a long drive train, coincides with the slow motion of ocean waves, and in-
creases the efficiency of the system significantly.  

The WECs are deployed in a harsh sea nearshore or offshore. As shown in 
Figure 1.3, the wave climate at the deployment site changes dramatically in 
the period of one month, resulting in the fluctuation of the wave force, the 
motion, the electric voltage, and the electric current of the WEC. Therefore, 
the PTO system must be controlled properly to improve the survivability of 
the device as well as the system efficiency under unstable waves. 

The majority of WECs proposed for wave energy utilization use a hydraulic 
motor or turbine to drive the generator. In these cases, a control system can be 
easily designed for the PTO system, e.g. using a control valve, as shown in 
Section 1.2.1. However, it is not easy to apply the valve system to the linear 
permanent magnet generator. We found that the convenient method to control 
the generator is through the action force provided by the generator. In previous 
generator prototypes of the Uppsala University WEC, an end stop inside the 
generator is employed to limit the motion of translator to the designed stroke 
range. However, the strong striking force from the translator is just transferred 
to the generator hull through the end spring. So the generator is still at risk to 
fail under extreme waves. 

This thesis examines a new method to achieve the generator control subject 
to constraints. It uses a nonlinear control strategy to provide the reference PTO 
force or the WEC velocity, which also enables handling the physical con-
straints on the real-world system, e.g. the constraints on the motion amplitude, 
the maximum PTO force, the sign of the PTO damping coefficients, and the 
maximum power output. In the physical world, the reference PTO force is 
achieved by controlling the generator current through controlling the switches 
of the IGBTs in a synchronous rectifier, as explained in Section 5.3. 

The results show that the performance of the generator subject to con-
straints can be controlled effectively. The desired electromagnetic force and 
the desired speed can be achieved. It is also found that both the velocity con-
straint and the displacement constraint can significantly affect the output 
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power of the generator. So the speed should be fast enough and the displace-
ment should reach a certain value to meet the optimal condition required by 
the constrained optimal control strategy. However, it is possible to use proper 
constraint values to keep a high efficiency of the system without violating the 
physical limits, as shown in Figure 3.5 and Figure 3.9.  

6.2 Nonlinear control of a solo WEC. 
The PTO damping influences the power output and the motion of the WEC. 
Under linear control, if the constant PTO damping coefficient of the WEC is 
changed, different velocity and motion amplitudes ensue for the same regular 
or irregular waves, and different radiated waves are produced. In the nonlinear 
control, the PTO damping coefficient is continuously tuned. 

The investigation of the nonlinear control strategy for a WEC under regular 
and irregular waves validates the influence of the PTO damping, as shown in 
Section 3.2 for the regular wave case and in Section 3.3 for the irregular wave 
case. With the knowledge of future waves, the optimal damping coefficients 
or the corresponding velocity to maximize the mean power of the WEC sub-
ject to constraints can be solved from the resultant optimisation problem. The 
time-domain motion equation is discretized by the Galerkin approximation of 
the order . The order value significantly influences the computational time, 
and a large value of  should be used to ensure the accuracy of the numerical 
analysis.  

In Section 3.2 the performance of a WEC under nonlinear control in regular 
waves is investigated. We found that the excitation force and the velocity of 
the WEC are in phase, although no phase control is employed directly. Some 
behaviours of the WEC under the nonlinear control strategy are similar to 
those under the latching control. We also found that the constraints affect the 
output power, but it is still possible to obtain a high capture width ratio by 
choosing the constraints properly, and it is more than 90% in some regular 
waves.  It is interesting to note that the ratio of the peak power and the mean 
power is maintained in a satisfying range, which is beneficial for the practical 
design of electrical machines and power converters. 

In Section 3.3 we studied the performance of a point absorber WEC under 
nonlinear control in irregular waves, by considering the constraints on the dis-
placement amplitude, the velocity amplitude and the sign of the PTO damping 
coefficients. We observed that the excitation force and the velocity are still in 
the same phase, and the output power of the WEC is sensitive to the motion 
constraints. Compared to the classical linear passive control, the nonlinear 
passive control can enlarge the bandwidth of the WEC subject to constraints, 
and significantly improve the mean power in the studied time window. The 
benefit of the nonlinear control is more obvious in irregular waves than in 
regular waves. 
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6.3 Coordinated control of a farm 
We examined two coordinated control strategies for wave energy farms, aim-
ing to maximize the output power of a farm subject to constraints. As indicated 
in Section 4.1, the coordinated control based on the Galerkin method can han-
dle more constraints, and can be applied to study the performance of WECs 
under irregular waves and be implemented for a real-world operation. The co-
ordinated control using the linear PTO force has a low computational load, 
and can be used to study the performance of large-scale wave energy farms 
under regular waves, which is meaningful for the design and the steady-state 
analysis of large-scale commercial wave energy farms. 

The hydrodynamic interface between individual WECs in a farm are coor-
dinated by controlling their PTO damping coefficients. The results show that 
the optimal hydrodynamic interaction can be reached to improve the perfor-
mance of a farm, and the resultant output power is increased significantly 
through coordinated control, as shown in Figure 4.6, Figure 4.8, and Figure 
4.9. The  factor is always larger than 1, and the corresponding improvement 
of the power production is up to 18% in some cases. The monthly power pro-
duction could be improved by 8.11% for the studied case. 

The  factor fluctuates around 1 with the wave frequency, as shown in Fig-
ure 4.1 and Figure 4.4(d). The  factor is a ratio of the output power of a farm 
and a product of the WEC quantity times the power produced by an isolated 
WEC. The  factor indicates the impact of the hydrodynamic interface be-
tween the WECs. Note that the wave interface can be constructive or destruc-
tive, and influenced by many factors, e.g. the incident wavelength and the mo-
tion of the WEC. The results demonstrate the existence of the shadowing ef-
fect in a farm, as indicated in Figure 4.3. We found that a coordinated control 
can weaken this effect, as indicated in Table 4.3, where the mean power of the 
shadowed WECs is improved by 8.8% in 12 months, compared to the conven-
tional linear control.  

In general, these two coordinated control strategies can maximize the out-
put power of a wave energy farm subject to constraints, by coordinating the 
individual behaviours of WECs. The accuracy of the model is high, and the 
numerical solution is robust. However, there are some limitations, e.g. they 
are not suitable for the transient analysis of a large-scale wave energy farm, 
which requires a better algorithm.  

6.4 Coupling issue and wave-to-wire approach 
The hydrodynamic coupling between the individual WECs in a farm is con-
sidered in the coordinated control strategy. The results validate the possibility 
of enhancing the power production through optimizing the hydrodynamic cou-
pling. 



98 

The coupling of different subsystems is considered in the wave-to-wire 
model, consisting of the hydrodynamic part, the PTO part, and the generator 
associated power electronics converters. A two-level rectifier is employed to 
convert the unstable AC to stable DC so as to meet grid codes. Note that dif-
ferent rectification schemes can be employed besides this one. The passive 
rectification presented in Section 5.2 is attractive due to its low cost and its 
robustness. However, it has a limited ability to control the power generation 
of a LPMG. The synchronous rectifier presented in Section 5.3 can achieve 
the desired PTO force by controlling the generator current through its IGBT 
switches, together with two current controllers and the PMW generator. 

This simplified wave-to-wire model validates the possibility of controlling 
the entire wave energy conversion system with techniques of modern power 
electronics. We found that the desired force and the motion can be achieved 
efficiently, resulting in the expected control and the optimisation of a WEC 
subject to constraints.  It is interesting to note that some improvements can be 
made for this wave-to-wire model in the future, e.g. considering the losses of 
the generator and switching, employing other electric current or voltage con-
trol techniques, or employing multiple-level converters. These will make the 
model more accurate and close to the real performance in the physical world. 
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7. Conclusions 

The most significant conclusions drawn from this thesis are: 
 
• Constraints influence the power production of wave energy convert-

ers. The velocity and the displacement of a wave energy converter 
must be kept within a certain range to meet the optimal condition re-
quired by advanced control strategies. Compromised values can be 
chosen as the constraints to maintain a safe operation of a wave energy 
converter and to improve its survivability in a harsh sea, without de-
creasing the system efficiency significantly under some sea states. 

• The nonlinear control strategy significantly increases the power pro-
duction and enlarges the bandwidth of wave energy converters subject 
to constraints. We found that the excitation force and the resultant ve-
locity of the wave energy converter are in phase under regular and 
irregular waves. Compared to the conventional linear control, the non-
linear control results in a higher capture width ratio and can increase 
the power production of a wave energy converter by more than four 
times in some cases. The nonlinear control also serves the purpose of 
protecting the generator by restricting the motion amplitude of the 
translator, contributing to the improved survivability of the convert-
ers. 

• The coordinated control strategy improves the power production of a 
wave energy farm, especially when the individual wave energy con-
verters are in close proximity.  The mean power of the shadowed wave 
energy converters can be increased significantly, with an average im-
provement of 8.8% compared to a conventional control method in the 
given sea states for a period of 12 months.   

• The performance of a linear permanent magnet generator can be ef-
fectively controlled by controlling the currents. The nonlinear control 
strategy can be implemented in the fully coupled wave-to-wire model, 
and the desired force is achieved effectively, and matches the actual 
force well. The wave-to-wire model allows for the analysis of the en-
tire conversion system consisting of modern power electronics con-
verters and load circuits, using advanced control strategies. 
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8. Current and future work 

Currently, the work on the analysis of the wave energy farm under nonlinear 
control is ongoing, based on the wave-to-wire approach. The individual WECs 
are fully coupled, including hydrodynamic coupling and the coupling at the 
grid side. The behaviours of the wave energy converters are coordinated under 
regular and irregular waves. The performance of the wave energy converters 
under different control strategies, sea states and grid conditions will be inves-
tigated.  

For the future, there is some interesting work: 
• Replace the simplified generator model in the wave-to-wire model by 

a detailed finite-element-method model, considering more terms, e.g. 
generator losses and saturation. 

• Validate the advanced control of a linear permanent magnet generator 
with real-world experiments. The generator can be connected to mul-
tiple-level power converters and controlled by different strategies. 

• Perform a time-domain analysis of the large-scale wave energy farm 
subject to constraints. It is also interesting to develop algorithms to 
decrease the computational cost. 
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9. Summary of papers 

Paper I 
Constrained optimal control of a point absorber wave energy converter 
with linear generator. 
This paper investigates a nonlinear control strategy to improve the power cap-
ture ability of a direct-driven WEC subject to constraints. The performance of 
the WEC under regular waves is analysed, and the results are presented in 
terms of the output power, the capture width and the motion. The results show 
that this nonlinear control method leads to a substantial increase in the effi-
ciency of the system. We also found that the constraints can influence the per-
formance of the WEC. With suitable constraints, less losses and more absorp-
tion power can be achieved. 

This paper is published in Journal of Renewable and Sustainable Energy. 
The author performed the analysis, made the numerical calculations and 

wrote the paper. 

Paper II  
Nonlinear passive control of a wave energy converter subject to constraints 
in irregular waves 
A nonlinear passive control strategy is investigated for a direct-driven WEC 
under irregular waves, aimed to maximize the power output of the WEC. The 
WEC consists a point absorber and a linear permanent magnet generator, 
based on the Uppsala University WEC used in the Lysekil project. The poten-
tial flow theory and the superposition principle are used to calculate the hy-
drodynamic forces. The constraints on the displacement, the velocity and the 
sign of the PTO damping coefficients are considered. The results in terms of 
the capture width ratio are compared with the conventional linear control strat-
egy. This model also offers the opportunity to handle more physical con-
straints on the wave energy conversion system. 

This paper is published in Energies. 
The author performed the analysis, made the numerical calculations and 

wrote the paper. 
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Paper III  
Constrained optimal control of single and arrays of point-absorbing wave 
energy converters 
This paper evaluates the performance of a single WEC and arrays of WECs 
oscillating in heave in regular waves. The PTO system is a linear permanent 
magnet generator, and its damping coefficient is continuously tuned. When 
the WECs are deployed in an array, the control of their behaviour is coordi-
nated, aiming to increase the total output power. Further, the influence of the 
sign of the PTO damping coefficients is studied and the ratio of the peak power 
and the mean power is examined. The research presented in this paper pro-
vides important information on how the WECs in a farm will behave when 
they are coordinated-controlled in the time domain, and is meaningful to the 
design of farms when they are connected to the grid. 

This peer-reviewed paper was presented by the author at the 2016 NHA 
Marine Energy Technology Symposium. 

The author performed the analysis, made the numerical calculations and 
wrote the paper. 

Paper IV  
Coordinated control of wave energy converters subject to motion 
constraints 
In this paper a linear coordinated control strategy is proposed to maximize the 
output power of a farm subject to motion constraints. The optimal PTO damp-
ing coefficients are found for individual WECs considering their hydrody-
namic coupling and the constraints on the motion amplitudes. Twelve months’ 
sea states based on data measured at the Lysekil test site are used in the nu-
merical simulation of a farm consisting of four WECs.  The performance of 
the farm using this novel control strategy is investigated, and compared with 
that using a traditional control method. The results show that the coordinated 
control of WECs is an effective way to increase the output power of a wave 
energy farm. 

This paper is published in Energies. 
The author performed the analysis, made the numerical calculations and 

wrote the paper. 

Paper V  
Performance of arrays of direct-driven wave energy converters under 
optimal power take-off damping 
This paper investigates the sensitivity of the coordinated control method to the 
layout and the scale of wave energy farms subject to motion constraints. The 
performance of different wave energy farms under optimal linear PTO damp-
ing are investigated, in terms of mean power. The results show that, coordi-
nated control improves the output power of a farm significantly when the 
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WECs are in close proximity, and the corresponding improvement is up to 
18% compared to conventional control. Moreover, the computational cost is 
low, which opens for simulations of large-scale wave energy farms. 

This paper is published in AIP Advances. 
The author performed the analysis, made the numerical calculations and 

wrote the paper. 

Paper VI 
Review of control strategies for wave energy conversion systems and their 
validation: the wave-to-wire approach  
In this paper, the concept of a wave-to-wire model is introduced as a frame-
work to systematically review and compare control strategies for wave energy 
conversion systems, with a focus on the numerical and the experimental vali-
dation. These control strategies can be arranged in different positions of a 
WEC. Therefore, the WECs are classified based on the working principle of 
the primary capture system and the PTO system. The numerical and the ex-
perimental work on the advanced control of the WECs are reviewed. Moreo-
ver, the WECs tested in real sea in recent ten years (2005-2016) are reviewed.  

This paper is submitted to Renewable & Sustainable Energy Review. 
The author performed the review of the literatures and wrote the paper. 
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10. Svensk sammanfatting 

Denna avhandlings huvudsakliga fokus berör en teknik för utvinning av energi 
ur havsvågor som studeras vid Sveriges Centrum för Förnybar Elenergiom-
vandling vid avdelningen för Elektricitetslära på Uppsala Universitet. Havs-
vågor är en källa till förnybar energi med hög effekttäthet, och har stor pot-
ential för generering av elektricitet till en låg kostnad. Energiomvandlingen 
sker med hjälp av en vågenergiomvandlare, som består av en ett absorbator-
system för att fånga in vågenergin och ett omvandlarsystem (power take-off) 
för att omvandla den infångade energin till elektricitet. Absorbatorsystemet 
som utvecklats vid Uppsala Universitet består av en flytande boj, vars dimens-
ioner är mycket mindre än havsvågornas våglängd. Omvandlarsystemet består 
av en linjär permanentmagnetgenerator, vars translator är förbunden med ab-
sorbatorn via en vajer. Generatorns utspänning varierar i frekvens och ampli-
tud med tiden och med varierande havsklimat. Kraftelektronik-baserade om-
vandlare används för att omvandla spänning och ström så att de kan distribue-
ras på elnätet.  

Den ovan beskrivna teknologin har studerats i detalj, såväl teoretiskt med 
fysikaliska modeller som praktiskt i experiment i havsmiljö. Sedan 2006, har 
ett antal fullskaleprototyper sjösatts i havet för att testa dessa och verifiera de 
fysikaliska modellerna. Resultat från dessa tester visar tydligt påverkan av va-
rierande dämpning från omvandlarsystemet och hydrodynamisk växelverkan 
mellan absorbatorer på uteffekten. Testerna visar också tydligt hur fysikaliska  
begränsningar i systemet influerar överlevnadsförmågan för vågkraftomvand-
lare. 

En målsättning med denna avhandling har varit att visa på metoder för hur 
man kan förbättra systemets effektivitet for en enstaka vågenergiomvandlare, 
både för harmoniska och oregelbundna vågor. Dessa metoder tar hänsyn till 
fysikaliska begränsningar på rörelser och krafter, och ger hur dämpningen i 
omvandlaren bör styras för att maximera uteffekten. Resultat från fallstudier 
indikerar att, dessa olinjära kontrollstrategier signifikant kan öka systemets 
effektivitet. Vidare så visar fallstudier hur de fysikaliska begränsningarna på-
verkar systemeffektiviteten, vilket kan användas som verktyg vid design av 
vågkraftomvandlare. 

En annan målsättning har varit att studera kontrollmetoder för vågkraftpar-
ker. Två koordinerade kontrollstrategier har utvecklats. I dessa kontrolleras 
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individuella enheter separat, och metoderna tar hänsyn till såväl den hydrody-
namiska kopplingen mellan närbelägna enheter som till enheternas fysikaliska 
begränsningar. Studier visar att koordinerad kontroll ökar energiabsorbtions-
förmågan väsentligt, speciellt då avstånden mellan närbelägna enheter är små. 

En tredje målsättning har varit att implementera dylika avancerade kon-
trollstrategier i ett komplett vågomvandlarsystem. För att simulera ett fullt 
kopplat system, har en våg-till-ledning (”wave-to-wire”) modell skapats base-
rad på matematiska modeller för de olika subsystemen. I fallet med synkron 
likriktning används en modell för en likriktare med sex IGBT transistorer 
kopplade till en generator. Detta gör det möjligt at dynamiskt kontrollera spän-
ningar och strömmar. Simuleringsresultaten i en fallstudie visar att kraften 
från generatorn kan kontrolleras mot ett referensvärde genom att styra ström-
men med den synkrona likriktaren. 
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