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Abstract

Mathematical modeling of seed bank dynamics in
population genetics

Anna Martin

We study the genealogical structure of samples from a population for which any given
generation is made up of direct descendants from one randomly chosen previous
generation. These occur in nature when there are seed banks or egg banks allowing
an individual to leave offspring several generations in the future. Kaj et al. studied in
2001 the case where any given generation is made up of descendants from several
previous generations and showed how this temporal structure in the reproduction
mechanism causes a decrease in the coalescence rate. In this project we will show
that having all samples pick their parents in one randomly chosen generation will lead
to a coalescent process which is equivalent to a time shifted version of Kingman’s
coalescent, time shifted with the age distribution of the seed bank.
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1 Introduction

1.1 Introduction to coalescent theory

Coalescent theory is a stochastic model in population genetics estimating the
demographic history of a population. It was introduced by Kingman in 1980 and
models the ancestry of a sample of n individuals from a population of constant
size N (Donnelly & Tavare, 1995). The basic idea underlying the coalescent is
that, in the absence of selection, each individual in a sample of a population
randomly and independently ’picks’ their parents, as we go back in time. When
two individuals pick the same parent their lineages coalesce. Eventually all
lineages has coalesced into one and the most recent common ancestor (MRCA)
for the sample is found. (Nordborg & Rosenberg, 2002)

Figure 1: The ancestry of a sample of 4 individuals from a population of 7. The
time to the MRCA is 4 generations

By estimating the time to the MRCA for a population one has estimated the
time for historical events, for example when the first people migrated from Africa
(Hein, Schierup & Wiuf, 2005). The results of those estimations corresponds well
to estimations made from mtDNA based analyses and archaeological discoveries
(Atkinsson, Gray & Drummon, 2009). Coalescent theory is useful if one wants to
study the joint effects of demographics, mutation, recombination and selection
on genetic variation (Kaj, M. Krone & Lascoux, 2001).

1.2 The Wright-Fisher model

The Wright Fisher model is a simple model of populations describing the ge-
nealogical relationship among genes. It is a basic model of reproduction de-
scribing the transmission of genes from one generation to the next. The haploid
version of the Wright Fisher model assumes that a population of size N in gen-
eration t consists of N haploid individuals each one found by copying the gene of
a random individual from generation t− 1. The Wright Fisher models contains
a number of idealised simplifying assumptions, these are the following:

• Constant population size: The Wright Fisher model assumes that each
generation have the same number of individuals

• Discrete and non-overlaping generations: It assumes that birth, reproduc-
tion and death is simultaneous for all individuals in the population.
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• Haploid or diploid population: The Wright Fisher model either assumes
one population of haploid individuals or two subpopulations of diploid
individuals

1.3 The discrete-time coalescent

In 1982 Kingman formulated the n-coalescent or just the coalescent. In this
section we will look at the coalescent for a sample of n genes with Wright Fisher
qualities. Looking at a sample of size n in a haploid population of size 2N
with Wright Fisher characteristics the probabilities for coalescence will now be
derived. The first individual in the sample of the current generation chooses
its parent freely among the 2N individuals in the previous generation. The
probability for the next individual to pick the same parent, and thereby for the
two lineages to coalesce is 1/2N . In the following example n = 2,

P (same ancestor in the previous generation) =
1

2N

P (different ancestors in the previous generation) = 1− 1

2N

Since the sampling in different generations is independent of each other, the
probability that two genes find a common ancestor j generations ago is

P (same ancestor j generations back) =

(
1− 1

2N

)j−1(
1

2N

)

Thus the coalescent time T2 for two genes to find a MRCA is distributed as

P (T2 = j) =

(
1− 1

2N

)j−1(
1

2N

)
,

which implies that T2 is geometrically distributed with parameter 1/2N . The
mean of T2 is thereby 1/(1/2N) = 2N generations. The expected time until
MRCA is thereby the same as the number of genes i the population.

If the sample instead consists of k(≤ n) genes, the probability that all k
genes have k different ancestors in the previous generation is

P (k different ancestors for k genes) =
(2N − 1)

2N

(2N − 2)

2N
...

(2N − k + 1)

2N

=

k∏
i=1

(1− i

2N
) = 1−

(
k

2

)
1

2N
+O

1

N2
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When n << N the term O 1
N2 is negligible, so the probabilities becomes

P (no coalescence event occurs) = 1−
(
k

2

)
1

2N

P (coalescence event in a given generation) =

(
k

2

)
1

2N

This gives that the probability that two genes out of the k finds a common
ancestor Tk = j, j generations ago is

P (Tk = j) ≈
{

1−
(
k

2

)
1

2N

}j−1(
k

2

)
1

2N

Tk has approximately a geometric distribution with parameter
(
k
2

)
/2N . The

waiting time is thus E(TMRCA) = 2 − 1
k ≈ 2, when scaled by the population

size. The expected time to the MRCA is thus 2 times the population size. (Hein
et al., 2005)

1.4 Seed banks

Seed banks plays an important role in evolution and refers to the stock of seeds
that grows every time a plant dies and leaves a seed in the ground. When a
plant can be created not only from a seed from the previous generation but from
seeds from generations far back, many evolutionary benefits are achieved. (Kaj
et al., 2001)

A seed bank can be seen as a buffer to ensure reproduction despite a bad
seed year (Levin, 1989), (Cohen, 1966). A persistent seed bank, where seeds
can remain viable for more than one generation, can thereby ensure the survival
of an entire species (Gomaa, 2012). Since the whole population can disappear
from the active population and return multiple years later due to germination,
the species can be saved from extinction. (Blath, Gonzalez Casanova, Kurt &
Wilke-Berenguer, 2014)

Seed banks further play an important role in the conservation of genetic
variability (Gomaa, 2012). McCue and Holtsford showed in 1998 that the ge-
netic variability in the seed bank was significantly higher than in the active
population. The presence of a seed bank therefore leads to an increased genetic
variability in the active population (Blath et al., 2014).

2 Three coalescent models

2.1 The discrete time coalescent

As presented in section 1.3, the basic coalescent process is based on the Wright-
Fisher model of reproduction. Each offspring in the current generation inde-
pendently and randomly picks its parent in the previous generation and copies
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its gene type. There is no seed bank in the Wright-Fisher model, each off-
spring has one parent in the previous generation. Starting with a sample n of
a population N the states can be described as a discrete time Markov Chain
X0 = n, ...,Xt = 1. When in state X = k the coalescent rate refers to the
intensity of moving down to state X = k − 1. It is illustrated in Figure 2a. In
a classic Wright-Fisher coalescent process the coalescent rate is;(

k

2

)
(1)

2.2 The seed bank coalescent

In 2001 Kaj et al. introduced a coalescent theory for seed bank models. They
were interested in the effects a seed bank has on the coalescent rate. They were
looking at a population with haploid Wright-Fisher dynamics, including con-
stant population size but adding a seed bank. Instead of each offspring picking
its parents randomly and independently in the previous generation, the off-
springs can now pick their parents in any of the m previous generations because
of the seed bank. This gives a model they named the seed bank coalescent, see
Figure 2c. Their result shows that when having a seed bank with a finite age
distribution in which the current population can pick their parents, randomly
and independently, the coalescent rate is time shifted from the usual coalescent
with the square of the age distribution of the seed bank;

β2
1

(
k

2

)
, (2)

where β1 is the age distribution of the seed bank.

2.3 The same generation seed bank coalescent

In this report the same approach used by Kaj et al. (2001) was used in order
to derive a new seed bank coalescent. The model still contains haploid Wright-
Fisher dynamics, including constant population size and a seed bank. But
instead of each offspring picking its parents randomly and independently from
the m previous generations, the whole population picks one generation randomly
where each offspring has to pick their parent from, see Figure 2b. The age
distribution for the seed bank is still finite with the same age distribution as
in the model designed by Kaj et al. (2001). The result will show that the
coalescent rate is time shifted from the usual coalescent with the seed bank’s
age distribution; β1 compared to β2

1 in Kaj et al. (2001).

β1

(
k

2

)
, (3)

where β1 is the age distribution of the seed bank.
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2.4 Illustrations

Illustrating these three models as a coalescent tree one gets the three trees shown
in Figure 2

(a) The Wrigth-Fisher coa-
lescent

(b) The same generation
seed bank coalescent

(c) The seed bank coales-
cent

Figure 2: The backwards dynamics for the three different coalescent processes

3 Derivation of the same generation seed bank
coalescent

Assume there is a population of plants containingN individuals. Further assume
a seed bank in the ground where seeds can hybernate for up to m generations.
We consider this a population of N haploid genes, updated in discrete time ac-
cording to modified Wright-Fisher dynamics. The current population ”chooses”
a generation i generations ago with probability bi, then each of the N genes in
the current population is obtained, independently of a seed that was produced
in that generation. In this report we wish to, similar to Kaj et al. (2001),
describe the ancestry of a sample of size n from a population and from this to
derive the corresponding coalescent process. To do so the process is described
as a ”space-time urn model”. A cell is a box containing N slots representing
the N individuals in a generation. An m-window is an ordered collection of
cells representing the age distribution of the seed bank. The current m-window
thus represents the living population and the seeds in the ground m generations
back.
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Figure 3: The urn model. (a) The m-window at step 0. The m-window at step 0
includes cell 0 to cell m−1. (b) Sliding the window and relocating the balls from
the previous leftmost cell, solid balls meaning that two balls have coalesced. (c)
The resulting m-window at step 1.

The dynamics of the urn model were first described by Kaj et al. to keep
track of the ancestral dynamics and to make the model a Markov Chain. These
dynamics are illustrated below and a description by Kaj et al. (2001) quoted:
Start with n balls in the zeroth m-window (0, 1, ...,m−1); these n balls correspond
to our sample. If we are taking the sample from living plants in the current
generation, this would correspond to having all n balls in cell 0. If the sample
consists of some living plants and some seeds from previous generations, then
the original n balls could be spread out over several of the cells. At any rate,
we have some initial configuration of balls in the zeroth m-window; we represent
this by the vector (X1(0), X2(0), ..., Xm(0)), where Xi(0) is the number of balls
in cell 1 (i.e. in the ith cell of the window for the initial configuration). Each
ball in a cell will have its own slot since these correspond to distinct individuals
in the corresponding generation. Note that there are initially no balls in cells
m,m + 1, .... To get the state at the next step (step 1), i.e. the configuration
of balls in the first m-window (1, 2, ...,m), we start by sliding the original time
window to the right by one cell while holding the balls fixed. Thus, all of the balls
which were in cells 1, ...,m − 1 at step 0 will remain in those cells (in fact, in
the same slots within those cells), but their relative positions in the new window
have shifted to the left by one cell. This corresponds to the seeds in the sample
all being one season closer to origination. The balls which were in cell 0 (the
original leftmost cell) are no longer in the new window and must be relocated,
representing the selection of ages of the seeds in the next ancestral generation
of the sample. Each of these X1(0) balls is independently moved to one of the
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cells 1, ...,m according to the probabilities b1, ..., bm , respectively. Whenever a
relocated ball is put into a new cell, the slot within that cell is chosen uniformly
over the N slots in the cell. If a relocated ball lands on an occupied slot in a
cell, the two balls coalesce to one, and thus the total number of balls (ancestors)
decreases by one. Note that this coalescing only happens during relocation, and
can be the result of either a relocated ball landing on one of the fixed balls or
two relocated balls landing in the same slot of the same cell. Once all of the
balls in the previous leftmost cell have been relocated, we will be left with some
number of balls, AN (1) n. Now repeat this procedure to get the states at all
successive steps. If the process has been defined up to step k, and hence we have
some configuration (X1(k), ..., Xm(k)) with Xi(k) denoting the number of balls
in cell i+ k − 1 (i.e. the ith cell of the kth m-window), we get the state at step
k+1 by sliding the window one cell to the right and relocating the X1(k) leftmost
balls to cells in the new window as before. Note that, since the slot within a cell
for each relocated ball is chosen at random over the N slots in that cell, there
is no need to keep track of this information when computing the probabilities of
coalescence events. (p. 287)

A discrete-time Markov Chain X(k) = (X1(k), ...., Xm(k)) is obtained. Fur-
ther R(k + 1) = R1(k + 1), ....Rm(k + 1) is defined as the number of relocated
balls landing in each cell in the m-window. In Kaj et al., (2001) each offspring
picks its ancestor randomly from the m previous generations and the distribu-
tion of R is thereby multinomial. In this section we study what happens if
all offsprings have to pick their parents in one of the m previous generations.
Thinking of it as a space time urn model that means that when we move the
m−window one step, all balls in X1 must be relocated into one of the 1, ...,m
cells, as shown in Figure 3. Since we then pick one generation with probability
bi where all balls are put, R will be obtained from a two point distribution,

R(k + 1) =

{
X1(k), with probability bi

0, with probability 1− bi

Let
AN (k) ≡ X1(k) + ...+Xm(k),

denote the number of balls at step k for the seed bank model with population
size N . The process X(k) will be referred to as the configuration process. While
there are r ancestors, r = 1, ..., n, the configurations process moves among the
states in level r,

Sr ≡ {(x1, ..., xm) : x1 + ...+ xm = r}

Similar to Kingman’s coalescent described in the previous section we will
now compute the probabilities for a coalescent event in a step. We assume the
cell contains l old balls and r relocated balls lands in this cell. Then,
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P (no coalescence) =

(
1− l

N

)(
1− l + 1

N

)
...

(
1− l + r − 1

N

)
= 1− 1

N

(
lr +

(
r

2

))
+O

(
1

N2

)
It then follows naturally that

P (one or more coalescences) =
1

N

(
lr +

(
r

2

))
+O

(
1

N2

)
Similarly,

P (two or more coalescences) = O
(

1

N2

)
For large N we should be able to ignore multiple coalescence events in a cell and
the probability to get exactly one coalescence when sending r relocated balls to
a cell with l occupied slots is thereby,

P (exactly one coalescence) =
1

N

(
lr +

(
r

2

))
+O

(
1

N2

)
Remembering the notations for the number of balls in each cell X(k) and the
number of balls being relocated to each cell R(k+ 1). The number of balls in a
cell after a shift has been performed can be expressed as,

Xi(k + 1) =

{
Xi+1(k) +Ri(k + 1), if no coalescence

Xi+1(k) +Ri(k + 1)− 1, if one coalescence

And the probability for the latter is

1

N

(
Xi+1(k)Ri(k + 1) +

(
Ri(k + 1)

2

))
+O

(
1

N2

)
Set

∆AN (k) = AN (k + 1)−AN (k) = number of coalescence events in step k

It follows that

P (∆AN (k) = −1|X(k),R(k + 1)) =

=
1

N

m−1∑
i=1

Xi+1(k)Ri(k + 1) +
1

N

m∑
i=1

(
Ri(k + 1)

2

)
(4)

Using the distribution of R one can now average over all the values of R(k+ 1)
to obtain the following,
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P (∆AN (k) = −1|X(k))

=
1

N
X1(k)

m−1∑
i=1

Xi+1(k)bi +
1

N

(
X1(k)

2

) m∑
i=1

bi
(5)

Equation 5 shows that the coalescence probability in state x1, ..., xm ∈ Sr is

P (coalescent event at next step|X = (x1, ..., xm))

=
1

N

{
x1

m−1∑
i=1

xi+1bi +

(
x1
2

) m∑
i=1

bi

}
(6)

Comparing equation 6 with equation (2) in Kaj et al. (2001) one can observe
that the first term in the equation is the same since the expected value for a
two-point distribution and a binomial distribution is the same. The second term
on the other hand depend on the variance and will therefore differ by a factor
bi.

3.1 The stationary distribution

Next, we will look at the stationary distribution for the configuration process.
We will study if the time between coalescence events is long enough for large
N so that the process will reach equilibrium in each level before coalescence
occurs.

We introduce levels r ∈ {1, ..., n}. If we consider the configuration process
X(k) to be in level r and to experience no coalescences we get the level-r

configuration process X(r)(k), developing according to

X
(r)
j (k + 1) = X

(r)
j+1(k) +R

(r)
j (k + 1) (7)

Where,

R
(r)
j (k + 1) =

{
X

(r)
1 (k), with probability bi

0, with probability 1− bi

To get the stationary distribution for the level-r configuration process we intro-
duce the probabilities

βj =
P (B ≥ j)
E(B)

=

∑m
i=j bi∑m
i=j ibi

(8)

Assuming the stationary distribution for the level-r configuration process is
given, for each r ∈ {1, ..., n}, by

X(r)(∞) = (X
(r)
1 (∞), ..., X(r)

m (∞))
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X
(r)
i (∞) =

{
r, with probability βi

0, with probability 1− βi
In order to compute the expected value in equation 17 we first need to compute
E(X1Xi+1) and E

(
X1

2

)
.

E(X1Xi+1) = E(X1)E(Xi+1) + Cov(X1, Xi+1) (9)

In order to compute the covariance, the variance for the sum of the variables is
computed. Since X1 and Xi+1 is two point distributed, the sum will also follow
a two point distribution with parameters r and β1 + βi+1.

V (X1 +Xi+1) = E[(X1 +Xi+1)2]− E[X1 +Xi+1]2

= r2(β1 + βi+1)− r2(β1 + βi+1)2

= r2(β1 + βi+1)(1− β1 − βi+1)

(10)

V (X1 +Xi+1) = V (X1) + V (Xi+1) + 2Cov(X1, Xi+1)

= r2β1(1− β1) + r2βi+1(1− βi+1) + 2Cov(X1, Xi+1)
(11)

Combining the two expressions for the variance (equation 10 and 11) yields

2Cov(X1, Xi+1)

= r2(β1 + βi+1)(1− β1 − βi+1)− r2β1(1− β1)− r2βi+1(1− βi+1)

= −2r2β1βi+1

(12)

Cov(X1, Xi+1) = −r2βiβi+1 (13)

Equation 9 can then be computed using the result in equation 13

E(X1Xi+1) = r2β1βi+1 − r2β1βi+1 = 0 (14)

Next we want to compute

E

(
X1

2

)
= E

[
X1(X1 − 1)

2

]
=
r(r − 1)

2
β1

=

(
r

2

)
β1

(15)

Rescaling the time to a coalescent time scale, the coalescent rate, while the
configuration process is in state (x1, ..., xm) should be

ρ(x1, ..., xm) ≡ x1
m−1∑
i=1

xi+1bi +

(
x1
2

) m∑
i=1

bi (16)
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Weighting each ρ by the proportion of time in each state of level r, we see that
the coalescence rate when there are r ancestors should be

E(ρ(X)) = E

[
X1

m−1∑
i=1

Xi+1bi +

(
X1

2

) m∑
i=1

bi

]

= β1

(
r

2

) m∑
i=1

bi

= β1

(
r

2

)
(17)

3.2 Result and discussion

The result presented in equation 17 shows that the coalescent rate for the same
generation seed bank coalescent is β1

(
r
2

)
. Similar to the seed bank coalescent

introduced by Kaj et al. (2001) the coalescent rate is a time shifted Kingman’s
coalescent but with time shift β1 instead of β2

1 . That means that since β1 is
a number between zero and one, the coalsescence rate is increased in the same
generation seed bank coalescent compared to the regular derived by Kaj et al.
The expected time to the MRCA will thereby be decreased with the same factor.

One could argue that the seed bank coalescent and the same generation seed
bank coalescent represents the two extreme cases of the same model. If we see
the n individuals in the seed bank coalescent model as n different partitions
where each partitions chooses, randomly and independently, in what generation
to pick its parents we can see the n individuals in the same generation seed
bank coalescent as one partition which chooses a generation in where to pick its
parents. The hypothesis is then that all other number of partitions 1, 2, ..., n
would have a coalescent timeshifted from Kingman’s with timeshift t β2

1 < t <
β1 and related to the size of the partitions.

4 Forward Simulations

In this section the forward dynamics of the seed bank will be studied and sim-
ulated. We now consider a population consisting of N individuals with two
gene types, either type a or type A. In the simulations the current population
will consist of N individuals. 50% will have gene type a and 50% gene type
A. We will simulate the three models presented in section 2 but forward in
time. First the Wright-Fisher, where each new individual is created from the
previous generation, next the same generation seed bank coalescent, where each
new individual is created from one of the m previous generations and third
the seed bank coalescent, where each new individual is created from any of the
m previous generations. These scenarios are further explained below and the
simulations are shown in Figure 4, 5 and 6. A hypothesis for each of the three
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simulations will also be explained below and compared to the actual result of
the simulations

1. Firstly a classical Wright Fisher model is simulated. In this model each
new generation is created from the previous one. The number of type a
genes in the new generation will then be binomial distributed with param-
eters n and a where n is the sample size in the previous generation and a is
the share of type a genes in the previous generation. The time to fixation,
either absorption or extinction, for the gene-type, given an initial fraction
x, is known to be approximately NTx generations. The hypothesis is thus
that the forward simulation will yield the same result.

Tx = −2x ln(x)− 2(1− x) ln(1− x) (18)

Figure 4 shows a simulation with x = 0.5, N = 1000, such that

T0.5 = −2 · 0.5 ln(0.5)− 2(1− 0.5) ln(1− 0.5) = 1.38

The simulation was performed 100 times and the average time to fixation
was 1320 generations to be compared with the expected number NT0.5 =
1380

Figure 4: Simulation of a population of two genes where each new generation is
created randomly from the previous
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2. Secondly the same generation seed bank coalescent was simulated, but
forward in time. When a new generation is created it randomly chooses
one of the m last generations and each new individual will then be created
from that specific generation. The number of type a genes will then be
binomial distributed with parameters n and a where n is the sample size
in the chosen generation and a is the share of type a genes in the chosen
generation. The simulation is shown in Figure 5. As shown in section
3 the coalescent rate is a time shifted Kingman’s coalescent with factor
β1. The hypothesis is that when simulating forward in time, the time to
fixation is time shifted with the same factor. The age distribution of the
seed bank is 3 in these simulations so the time to fixation would be,

T0.5 = β1 · 1.38 = 3 · 1.38 = 4.14

The simulation was performed 1100 times and the average time to fixation
was 4150 generations to be compared with the expected number NT0.5 =
4140

Figure 5: Simulation of a population of two genes where each new generation is
created randomly from one of the 5 previous

3. Thirdly the seed bank coalescent is simulated, but forward in time. In
this model there is still a seed bank containing the genes from the m
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previous generations. Each individual in the new generation randomly
and independently chooses a parent in any of the m last generations. The
forward dynamics of this model can be simulated using two methods

In the first and most accurate method one loops through all individ-
uals in the new generation and lets each individual pick a random genera-
tion k = 1, ...,m. The gene type of the individual will then be either a or
A with the probabilities being the share of the gene types in generation
i−k. This is as mentioned the most accurate method, but extremely time
consuming.

The second approach is much faster since it creates a variable qn
which is the sum of the share of type a genes in each generation times the
probabilities to pick each generation.

qn =

m∑
k=1

Xn−kbk
N

(19)

The new generation is binomial distributed with parameters N and qn
where N is the population size. The simulation is shown in Figure 6.
As shown by Kaj et al. the coalescent rate is a time shifted Kingman’s
coalescent with parameter β2

1 . According to the hypothesis the time to
fixation is time shifted with the same parameter,

T0.5 = β2
1 · 1.38 = 9 · 1.38 = 12.42

The simulation was performed 50 times using the second approach and
the average time to fixation was 1241 generations to be compared with
the expected number NT0.5 = 1242. Since the second approach gives
a result similar to the theoretical value one can assume that the second
approach goes towards the same distribution as the first when simulating
long enough.
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Figure 6: Simulation of a population of two genes where each new generation is
created randomly from any of the 5 previous generation

4.1 Discussion of simulation results

In the simulations the effects of a seed bank are clearly shown. As shown by
Kaj et al. (2001) the existence of a seed bank leads to a time shifted Kingman’s
coalescent, that is the coalescent rate is reduced and the time to the most recent
common ancestor is thereby increased. It is the increased genetic diversity in
the population that makes the time to the MRCA larger.(source) The results
in this section clearly indicates that the time to fixation when going forward in
time is directly related to the age distribution of the seed bank in the same way
as the coalescent rate.

4.2 Diffusion approximation

The local movements in a classical Wright Fisher model can be modelled using
the diffusion approximation,

dξt =
√
ξt(1− ξt)dWt

The factor dWt represents the brownian motion as one can observe in a
regular Wright Fisher simulation, see Figure 4. The factor

√
ξt(1− ξt) will bate

the brownian motion such that its movements gets smaller close to 1 and 0
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(when the gene type is close to absorbtion or extinction). A question is now
wether the simulations shown in Figure 5 and 6 also follows this pattern? The
hypothesis that will not be tested in this project is that the damping factor is
multiplied by β and β2 respectively.

What was further seen when simulating the three models and as also can
be seen in Figure 7 are more intense vibrations in b) and c) compared to a),
the hypothesis is that these will disappear when the population size gets large
enough. When performing the simulations with a very large population size
(100.000 individuals ), shown in Figure 8, it was observed that the vibrations
disappears as the population grows, corresponding to the hypothesis.

Figure 7: The three scenarios simulated with a population of size 1000
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Figure 8: The three scenarios simulated with a population of size 100.000
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