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Abstract

Modeling fuel ion orbits during sawtooth instabilities in
fusion plasmas

Ludvig Andersson, Karwan Rasouli

An important part of the fusion research program is to understand 
and control the large number of plasma instabilities that a fusion 
plasma can exhibit. One such instability is known as the 
“sawtooth” instability, which is a perturbation in the plasma 
electric and magnetic fields that manifests itself as periodic 
relaxations of the temperature and density in the plasma center.
The aim of this project was to investigate how the fuel ions in a 
fusion plasma react to the sawtooth instability. 
We were able to implement a model of the plasma electromagnetic 
field during a sawtooth relaxation into an existing code that 
computes the orbits of the fuel ions in the tokamak magnetic 
field. To this end, it was necessary to modify the orbit code to 
allow for non-zero electric fields, and for time-varying fields. 
In order to validate the new additions to the code, we compared 
simulated results to analytical ones. 
The model of the sawtooth electromagnetic fields required for our 
simulations was set up within a different student project. 
However, due to unforeseen complications, only the magnetic (not 
the electric) field contribution was available to us during our 
project, but once the electric field is available it is 
straightforward to include in our code.
Our simulations did not exhibit any noticeable perturbation to the 
particle orbit during a sawtooth crash. However, before the 
electric field contribution is included it is not possible to draw 
any physics conclusions from these results.
Our code could also be used as a foundation for future projects 
since it is possible (with further implementations to the existing 
code) to simulate how the spatial profile of the neutron emission 
is expected to vary during the sawtooth. These simulations can be 
compared against experimental measurements of the neutron emission 
profile in order to investigate the accuracy of the sawtooth model 
under consideration.
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Populärvetenskaplig sammanfattning 
Fusionsenergi är frigjord energi från sammanslagning av lätta atomkärnor. Vår sol är en naturlig              
fusionsreaktor vars små element kolliderar med varandra för att skapa större element och frigöra energi.               
Att skörda den frigjorda energin har sedan 40-talet varit det huvudsakliga målet inom fusionsforskningen,              
men styrning av fusion har visat sig vara väldigt komplext i praktiken. Själva produceringen av energin                
och de tyngre elementen sker normalt sätt i ett så kallat “fusionsplasma” som består av jonerna deuterium                 
och tritium. Efter sammanslagningen av deuterium och tritium skapas isotopen Helium-4, en neutron och              
energi frigörs. Plasman ska ha hög densitet (runt 1020 joner/m³) och temperatur (ca 100 miljoner Kelvin)                
för större sannolikhet till reaktioner och därmed neutronemission och frigörelse av energi. Ett av sätten att                
innesluta plasman på vid den krävda temperaturen är att applicera ett magnetiskt fält. Den vanligaste               
magnetfältsstrukturen som används idag för att innesluta fusionsplasman är den så kallade tokamaken. 
En viktig del av fusionsforskningen är att förstå och kunna kontrollera alla plasma-instabiliteter som kan               
förekomma i ett fusionsplasma. En av dessa instabiliteter är den så kallade “sågtandsinstabiliteten”, vilket              
är en störning i det elektriska och magnetiska fältet i plasmat, som manifesterar sig som en periodisk                 
oscillation av plasmans densitet och temperatur i centrum. Eftersom sågtandsinstabiliteten påverkar           
bränslejonerna så lämnar den spår efter sig i neutronemissionen, som sker på grund av att neutroner är                 
oladdade och inte påverkas av magnetfältet och kan ostört lämna reaktorn efter att de har skapats. Genom                 
att mäta intensiteten av denna neutronemission samt dess energispektrum är det möjligt att erhålla              
information om bränslejonerna i plasman då antalet neutroner och deras kinetiska energier är relaterade              
till jonernas rörelsetillstånd. 
Målet med detta projekt var att undersöka (med hjälp av numerisk simulering) hur bränslejonerna och               
deras omloppsbanor påverkas av en sågtand genom att implementera en sågtandsmodell i MATLAB. I              
förlängningen kommer detta att göra det möjligt att simulera hur neutronemissionens rumsliga profil             
förväntas variera under denna sågtandsinstabilitet. Dessa simuleringar kan sedan jämföras med           
experimentella mätningar av neutronemissionsprofilen för validering av sågtandsmodellen. 
Vi lyckades implementera plasmans elektromagnetiska fält i en kod som simulerar partikelbanorna i             
tokamaken under sågtandsfenomenet. Detta gjorde det möjligt att undersöka elektriska fältets samt            
magnetiska fältets inflytande på en partikel. Simuleringarna har validerats mot analytisk data och             
resultaten är lovande; en av dessa jämförelser var “E kryss B”-driften. När vi med säkerhet kunde påstå                 
att de simulerade resultaten stämde överens med de analytiska, implementerades ett tidsberoende till det              
elektriska och magnetiska fältet för att möjliggöra simuleringen av partikelbanorna under           
sågtandsinstabiliteten. Under denna instabilitet genomgår systemet en stabilisering från ett instabilt           
tillstånd, vilket ska vara möjligt att se från de simulerade jonbanorna då jonerna, som tidigare nämnt,                
borde påverkas av sågtandskraschen. 
Den uppdaterade koden kan beräkna jonbanor i godtyckliga elektromagnetiska fält. En modell för fälten              
just under en sågtandskrasch har förberetts inom ramen för ett annat studentprojekt. Detta projekt blev               
dock lite försenat, vilket innebar att endast sågtandens magnetfält (och inte det elektriska fältet) var               
tillgängligt för våra simuleringar. 
Den slutgiltiga simuleringen indikerade inte någon märkbar förändring av jonbanornas utseende när            
koden kördes under sågtandsinstabiliteten. Det är dock för tidigt att dra några slutsatser av detta resultat,                
då våra simuleringar alltså inte inkluderar det elektriska fältet under sågtanden ännu. 
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1   Background 

1.1   Fusion Power 
Fusion power is energy generated by nuclear fusion. Our sun is a natural fusion reactor colliding its                 
lighter elements to produce heavier elements and released energy. Harvesting this energy has been the               
primary target since the 1940s, but controlling fusion has proven to be very difficult in practise. 
Fusion power is a promising energy source that may one day lead to a clean, renewable and reliable way                   
to generate electricity. One promising approach to fusion power generation is to magnetically confine a               
plasma of deuterium (D) and tritium (T). A successful fusion reactor must be able to confine the D-T fuel                   
at high temperature (about 100 million K), and high density (about 1020 fuel ions per m3). 
If the above conditions for fusion can be met, the fuel ions D and T react in a fusion reaction that                     
produces a neutron and a helium-4 nucleus (figure 1.1). Neutrons, being uncharged, are not affected by                
the magnetic field and can leave the reactor. The number of neutrons and their kinetic energies are closely                  
related to the motional state of the fuel ions. By measuring the neutron emission intensity and energy                 
spectrum, one can obtain information about the fuel ions in the plasma. 
 

 
 

Figure 1.1: Illustration of the D-T fusion reaction. 
(Image from “Fusion for Energy” [1]) 

 



 

1.2   The Tokamak and JET 
The toroidalnaya kamera and magnitaya k atusha, abbreviated to tokamak, was first developed during the              
1960s by the soviet union and is the most common magnetic confinement scheme today. The tokamak                
consists of a toroidal and a poloidal confining B-field. The toroidal B-field is being created by magnetic                 
coils circling the torus containing the fusion plasma in the poloidal direction. The B-field in the poloidal                 
direction is instead created by letting a current flow through the plasma, creating a B-field around the                 
current in accordance to Ampéres law. The system and its course of events are illustrated in figure 1.2 and                   
1.3. 
A bi effect, although a beneficial one, of the added current is that it will create ohmic heating in the                    
plasma. The resistivity in a plasma is dependant on its own temperature and is proportional to 1/T3/2. As                  
such, the ohmic heating is very strong at low temperatures, but becomes weaker as one reaches higher                 
temperatures. At the required temperatures for thermonuclear plasmas, the ohmic heating in large             
tokamaks such as “JET” would be negligible. Alternative ways of heating the plasma is therefore needed..                
Two popular techniques that will not be discussed but worth mentioning are neutral beam injection and                
radio frequency heating. [2]  
Joint European Torus, abbreviated as JET, is the largest ongoing magnetic confinement plasma physics              
experiment in the world and is based on a tokamak design [3]. With a major radius of 3 m and a minor                      
radius of 1.25 m, it stands tall (as seen in figure 1.4) in Oxfordshire England. JET can hold 100 m³ of                     
plasma, produce a toroidal magnetic field of 3.45 T and its plasma current measured to be approximately                 
2 MA. Plasma temperatures around 100 million degrees C and densities around 1·1020 particles/m³ have               
been achieved. These quantities provide a confinement time around 1.2 s. The largest fusion power output                
and energy in one pulse ever achieved by a fusion reactor (when it comes to magnetic confinement) is                  
around 16 MW and 22 MJ respectively, JET holds both these records. 
JET has inspired many research groups all over the world to develop more advanced facilities in order to                  
follow on their research. A worldwide collaborative project was formed 2007 and is perhaps the most                
significant one in nuclear physics research, namely the International Thermonuclear Experimental           
Reactor (ITER) [4]. The reactor is currently being built in France and it will be an even larger                  
construction with larger parameters than JET, hopefully leading to more promising results. 

 
 

 



 

 
 

Figure 1.2: A schematic sketch of the tokamak and its magnetic field components. 
 (Image from JET [3]) 

 
 

 
Figure 1.3: Illustration of the cylindrical and toroidal coordinate system used for the E- and B-fields and 

a cross section of the torus showing a poloidal surface. 
(Image from [5]) 

 



 

 
Figure 1.4: Image of two men standing in front of JET. 

(Image from JET [3]) 
 

1.2.1   Magnetic flux 
A magnetic field passing through a surface will give rise to a so called “magnetic flux”. The magnetic                  
flux is a surface integral of the passing magnetic field’s normal component through that surface ( ·               B  n
dS). 
Since the produced poloidal tokamak B-field stretches out in the R-Z plane it will by definition father a                  
flux in the same direction, thus creating flux surfaces around the torus. These constant magnetic flux                
surfaces are often used in poloidal projections of the fuel ion orbits, to better see how the ions behave in                    
the fusion plasma. One example of this is shown in figure 1.5. 
 

 



 

 
Figure 1.5: A poloidal projection of the flux surfaces inside the tokamak. 

(Image from [6]) 
 

1.3   Neutron diagnostics 
Studying neutrons has always been of relevance in nuclear physics. In nuclear fusion, the neutron studies                
are usually based on the produced neutrons in the D-T or D-D fusion plasma. 
The focus of this project is a plasma instability known as the “sawtooth” (which will be thoroughly                 
discussed later on). This instability affects the fuel ions in a tokamak plasma, and hence it will also leave                   
signs in the neutron emission (the emission descended from the deuterium-tritium collisions). Because of              
this, it is possible to investigate how the fuel ions in the plasma are affected by the sawtooth relaxation, by                    
studying the spatial profile of the neutron emission. Experimental observations indicate that the neutron              
emissivity profile gets slightly broader during a sawtooth crash and this broadening is believed to be due                 
to a redistribution of ions caused by the sawtooth itself. 
 

 



 

1.4   Project goal 
It is often said that with great power, comes great responsibility. The point being that a fusion reactor                  
such as the tokamak may produce large amounts of fusion power and energy, but technical difficulties                
such as waste, impurities and instabilities occur in the process. It is up to us engineers and scientists to do                    
our best to understand and then either prevent or minimize these errors. The specific problem in focus in                  
this project is the sawtooth instability.  
The aim of this project is to implement a model of the plasma electromagnetic field during a sawtooth                  
relaxation into an existing code that computes the orbits of the fuel ions in the tokamak magnetic field.                  
This orbit code can then be used to investigate how the fuel ions will behave during the sawtooth. Based                   
on these simulations it is possible to continue implementing the code and simulate the neutron emission                
profile, also during the sawtooth instability. The calculations can then be compared to experimental              
results, thus providing an opportunity to validate the sawtooth model. This is however not part of this                 
project and will not be granted any attention. 
 

2   Theory 

2.1   The ion orbits 
When a stationary charged particle is placed in an electromagnetic system, it will be accelerated by the                 
electric field. During this acceleration it will gain a velocity in the direction of the E-field. By gaining this                   
velocity it will also eventually experience a noticeable force, caused by the interaction between the               
magnetic field and the velocity of the particle. These two forces will be the cause for the particle’s orbit                   
and the constituents of the Lorentz force. 
 

2.1.1   Lorentz force 
A charged particle moving in an electromagnetic field will be affected by a force called the “Lorentz                 
force”, as mentioned above. The Lorentz force can be calculated as 
 
                                                                                                         (1.1)q (E v )F =  +  × B  

 
where q is the charge of the particle, v is the velocity, E the electric field vector, and B the magnetic field                      
vector. For particles in the plasma this will be the main force that determines the particle orbit. 

 



 

2.1.2   Equation of motion 
The simulation of the particle orbits requires a system of equations that describes the motional state of the 
ions in the fusion plasma. Combining the Lorentz force with Newton’s second law yields the equation of 
motion needed to simulate the wanted ion orbits.  
The following system of equations is what needs solving. It is represented as it is solved, in cylindrical                  
coordinates. 
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The equation of motion can be integrated numerically in MATLAB, using a Runge Kutta method [7]. 

 

2.1.3   Gyro-motion and Larmor radius 
When a particle with charge gets accelerated by the Lorentz force, its velocity will always be                
perpendicular to the magnetic force. This will cause the particle to spiral around the magnetic field line in                  
a “gyro-motion” with a so called “Larmor radius”.  
The Larmor radius, also known as the gyro-radius or cyclotron radius, is the radius of a charged particle’s                  
circular motion in a uniform magnetic field and is given by 
 

                                                                                                           (1.2) rg = q B| |
mv
⊥  

 

 



 

where m is the mass of the particle, v
⊥

is the velocity perpendicular to the magnetic field, q is the charge                     
of the particle and B is the magnitude of the magnetic field [6]. 
An example of a gyro-motion is illustrated below in figure 2.1. 
 
 

 
 

Figure 2.1: An example of an ion’s gyro-motion and its trajectory in the torus-shaped plasma. 
(Image from JET [3]) 

 
 

2.1.4   Guiding center (the ExB drift) 
When a charged particle is placed inside an electromagnetic field, the electric field will cause the particle                 
to accelerate, which in turn gives the particle a velocity to interact with the magnetic field, assuming the                  
two fields are non-zero and not completely parallel. The two field will interact in such a way that the                   
particle will trace the form of a circle that will be drifting to the side, its direction and drift velocity                    
decided by: 
 

                                                                                       (1.3)v =  
B2

E×B  

 
Where v, is the drift velocity, E the electric field, and B the magnetic field [8]. 
 
 
 

 



 

2.2   Safety factor q 
To make a fusion reactor work and produce a net gain in energy the plasma needs to have a density about                     
1020 fuel ions per m3. However, when increasing the density of the plasma by too much it causes                  
disruptions in the form of fluctuations of the electromagnetic fields, causing a rapid and potentially               
violent termination of the plasma. This is not the only thing that can cause disruptions. They also appear if                   
the plasma current is too large for a given toroidal magnetic field. However, since large currents are                 
required in order to obtain a good confinement of the plasma, these instabilities are to a certain extent                  
unavoidable. The limit of the plasma current is related to the “safety factor”, denoted as q, and is defined                   
as 
 

                                                                                                             (1.4) q = R/a
B /BT p

 

 
Where BT and BP are the toroidal and poloidal magnetic fields, while R and a are the major and minor                    
radius of the plasma (see figure 1.3). A q of 1 would mean that the poloidal field lines rotate once for                     
every rotation of the toroidal field lines while a q larger than one means that the toroidal magnetic field                   
rotates more than once for every poloidal rotation. With q values above 1 the confinement can be                 
considered stable, and q values below one would mean it is unstable. The values of q typically varies                  
continuously through the plasma, with values above one everywhere except for in the centre of the                
plasma, where it can be slightly below one. But even q values above one are not necessarily stable. If the                    
value of q is given by the ratio of two integers the field lines will connect with themselves after a certain                     
number of turns. The surfaces with these q values can make way for instabilities, because a helical plasma                  
deformation can “resonate” with the field line. For a sawtooth instability, as studied in this project, to take                  
place there is a need for a q equals one surface or the instability can not occur [2]. 
 
 

2.3   Sawtooth instability 
The sawtooth instability is a perturbation in the electromagnetic field that is confining the fusion plasma,                
leading to oscillations of temperature and density in the plasma center. The name of this instability comes                 
from how the central electrons undergoes a repeated collapse followed by a slower recovery period. This                
forms a pattern that looks similar to the edge of a saw, hence given the name sawtooth instability (see                   
figure 2.2). 
 

 



 

 
Figure 2.2: Shows the sawtooth patterns from which the instability got its name. 

(Image from Science of JET [2]) 
 
 

The instability starts when the central value of q falls slightly below one. This will then create the growth                   
of a magnetic island which causes a magnetic reconnection. This reconnection is what is seen as the fast                  
collapse in the sawtooth pattern and is illustrated in figure 2.3. 
 
 

  
 

Figure 2.3: Shows the creation of a magnetic island which grows and replaces the original flux surface. 
(Image from Science of JET [2]) 

 



 

3   Method development 

3.1   Review existing code 
In order to simulate the realistic events taking place in a fusion reactor such as JET, one has to write a                     
code that simulates the fuel ion orbits created by time varying electromagnetic fields. 
We had an existing orbit code at our disposal which had to be understood in order to start the project. This                     
code takes a given magnetic field, particle position and velocity, and calculates the movement of the                
particle using the “Runge kutta” method [7]. An example of this can be seen in figure 3.1.  
 

 
Figure 3.1: A poloidal and toroidal projection of two particle orbits simulated by the existing code. The 
particles were affected by a constant toroidal B-field and had different initial velocities, thus explaining 

the different directions of the orbits. 
(Image from [6]) 

 
 
 
 

 



 

However, the existing code lacked certain features that were needed in order to implement the sawtooth                
module. These features were as follows: 
 

- The model had no time dependence, meaning it could not handle fields that changes over time. 

- It handles toroidal fields, but assumes these are symmetrical in the toroidal direction. As such, a                
toroidal dependence needed to be added. 

 
- Electric field dependence. The particle’s movement needs to be dependent on an electric field              

since one is present in the tokamak. 
 
After including the features above we were able to implement the sawtooth model, thus preparing the                
code for simulation of the particle orbits during a sawtooth relaxation. How they were implemented and                
the obtained results are described in the rest of this section. 

3.1.1   Implementing time and toroidal dependence 
The time and toroidal dependence would be implemented virtually the same way. By adding new               
variables to the function deciding the strength of the fields, the magnetic field would have a toroidal and                  
time varying field. After the field had been given these variables, the differential equation solver               
(Runge-kutta) would need to call on these functions with the newly added variables. Through these               
changes, the time and toroidal dependence had been added. To see if the code was working as intended,                  
the change of the larmor radius was studied when a particle was exposed to a time varying B-field. This is                    
illustrated in figure 3.2. 

 
Figure 3.2: Illustrates the change of the larmor radius due to a time varying B-field. The simulated result 

(red) is shown in the same figure as the theoretical result (blue) for comparison. 

 



 

3.1.2   Electric field dependence 
The existing code had originally only the magnetic field part of the lorentz force implemented, thus we                 
had to add the electric component as well. This was done by modifying the code that calculated the                  
lorentz force, as well as adding a function that determines the electric field. By then setting the magnetic                  
field to zero, the effect of the electric field was easily verified, which can be seen in figure 3.3.  
 

  
 

Figure 3.3: Comparing the simulated and theoretical movement of the particle affected by a constant 
electric field in the z-direction. 

 
 

 
 
 

 



 

 

3.1.3   Combining the electrical and magnetic fields 
With both the E- and B-field implemented, checking if they are working together in the correct way was                  
the next step. This is done by checking if the ExB drift, as described in 2.1.4, is working according to                    
theory. Figure 3.4 shows the comparison between the theoretical and the simulated drift.  
 

 
 

Figure 3.4: Illustration of how the circular motion drifts in the y-direction when exposed to a B-field in 
the z-direction and an E-field in the x-direction 

 
As we can see, figure 3.4 illustrates the expected cooperation between the electric and magnetic field. 
 

3.1.4   Sawtooth electromagnetic field 
In order for the sawtooth instability to take place there has to be a time varying electromagnetic field. A                   
sawtooth model including this time varying electromagnetic field has been proposed in [9] and [10], and                
is being implemented in MATLAB by another student. Unfortunately, only the magnetic field was              
finished in time for our project. We could therefore only include the sawtooth B-field in our simulations. 
The model is an analytical model of a sawtooth crash with typical “JET-like” features. It contains data                 

 



 

points forming a grid, creating a single grid per time step. These data points would then need to be                   
interpolated to be used in calculations of the ion orbits. This can be observed in figure 3.5 and is furtherly                    
explained in the rest of this section. 
 

 
Figure 3.5: Contour plot of the magnetic field magnitude at one instant during a sawtooth crash (left) and 

the grid points used in the sawtooth model (right). 
 

3.1.5   Performance 
After implementing the sawtooth B-field and testing it, it was found that the performance of the code did                  
not reach a satisfactory level. Simulating a single sawtooth crash would take over an hour, meaning                
improvements needed to be made.  
The cause of the poor performance lies in the interpolation of the data points. This first requires a                  
triangulation from which the gradient can be calculated. From this gradient the magnetic field is then                
calculated. For every step in time a new interpolation needed to be made, which is the cause of the poor                    
performance. Fortunately the magnetic field has some regularity. These regularities made it possible to do               
the triangulation once and calculate the gradient. This gradient could then be rotated to give the same                 
value as the original code with the performance problem. With this approach, every step in time only                 
required a single rotation of the system, reducing the overall computation time down to satisfactory levels. 
 
 
 
 
 

 



 

4   Results - example simulation of one sawtooth crash 
After all the necessary implementations it was time for the final sawtooth simulation. A simulation using                
only the sawtooth magnetic field was made, giving us the poloidal projection of the ion orbit shown in                  
figure 4.1 below. 
 

 
 

Figure 4.1: Poloidal projection of the orbit of a particle “affected” by the magnetic field during a 
sawtooth crash. The magenta frame is supposed to depict the tokamak wall. 

 
 

The final simulation does not show any noticeable perturbation of the particle orbit during the sawtooth                
crash. This was least expected, but understandable, as discussed below. 

 



 

5   Discussion 
As presented in our method development, validation against analytical data has been made for all               
implementations. The time variance, toroidal dependence and the option to include an electric field has               
been implemented and verified to be working as intended. The end result of this project is that we now                   
have a code that is designed to simulate the orbit of ions in an electromagnetic field designed with the                   
geometry of a tokamak in mind.  
The results clearly indicate that the new features have successfully been added to the orbit code. Figure                 
3.2 shows the expected change of the larmor radius due to the added time dependency, figure 3.3                 
illustrates the implemented electric field’s effectiveness on a stationary particle and figure 3.4 shows the               
wanted combination of the electric and magnetic field.  
The data points that were used to create the magnetic field (figure 3.5) was done by a separate student.                   
This student was also working on creating similar data points for an electric field, however this field                 
encountered some problems and as such has not been completed as of yet. Without this sawtooth E-field                 
any actual simulations cannot yet take place, since the combination of the change in the time varying                 
fields is needed to make any relevant simulation or conclusion. However, we still made a final simulation                 
using only the sawtooth magnetic field. This simulation gave us (figure 4.1) an orbit that seems                
unaffected by the sawtooth crash and still contained within the tokamak. We actually expected a               
perturbation in the particle orbits or some kind of a response from the fuel ions to the sawtooth crash.                   
However, it is too early to draw any conclusions from this result, since the electric field during the                  
sawtooth crash is not yet included in the simulations. Once the electric field is available it can quickly be                   
included in our code for a final determination. 

6   Conclusion 
The code that has been designed is now ready to simulate fuel ion orbits (before, during and after                  
sawtooth instabilities) in fusion plasmas, which was the aim of this project. Even though the electric field                 
during a sawtooth crash isn’t implemented yet, some simulation have been made and the analytical tests                
of our implementations seem to be correct. During the development phase some performance problems              
were encountered, but managed to be solved. 
The final code is a possible foundation for future research involving neutron emission. Studying the               
spatial profile of the neutron emission may lead to conclusions about how the emission is expected to vary                  
during the sawtooth relaxation since there are experimental results available to validate against. 
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