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1. Introduction 

Confined powder bed compression is a common procedure for shaping products in several 

industries, e.g. in metallurgy, ceramics and pharmaceutics. In order to adequately predict the 

performance of the compaction process and hence the quality of the end product, there is an 20 

obvious need for accurate models. Traditionally, models inferred from the bulk behaviour of 

the powder bed, such as the ones introduced by Heckel [1] and by Kawakita [2], have been 

employed. However, such models reveal very little of the behaviour of individual particles 

during compaction. Therefore, bottom-up models involving material data from indentation 

experiments have been derived. Here we find, for example, the model proposed by Hill et al 25 

[3] as well as the similarity analysis proposed by Storåkers et al [4]. However, the increased 

complexity when evaluating confined powder compression from a bottom-up perspective has 

been highlighted by e.g. Fischmeister and Arzt [5], who pointed out the imminent 

phenomenon of interacting contacts, which they referred to as geometrical hardening. 

Accordingly, when evaluating the similarity analysis performed by Storåkers et al, Mesarovic 30 

and Fleck found that contact interaction comes into play rather early during compaction, 

rendering contact models derived from analyses of isolated contacts invalid when 

approaching relative densities corresponding to a degree of compression where the formation 

of an integral compact takes place [6]. 

 35 

Several methods have been applied to model particle deformation after the onset of contact–

contact interactions. Utilising the linearity of elastically deforming bodies, Gonzalez and 

Cuitiño invoked the superposition principle to describe simultaneously emerging contacts on 

elastic spheres [7]. Harthong et al. introduced an incremental formulation with a stiffness that 

contained a singular term that depended on the local relative density. Voronoï tessellations 40 

were used in order to determine the local geometry (i.e., the relative density), and hence the 
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degree of contact dependence at each instance [8]. Montes et al. approached the geometrical 

limitations through applying a model involving the effective pressure [9]. Frenning extended 

this idea by introducing a model where the displacement of material caused by the particle 

overlap is compensated for by increasing the original particle radius as the compression 45 

proceeds [10, 11]. Of notable relevance is also the endeavour of Tsigginos et al. to devise a 

fabric tensor with the intention of finding a way to describe each contact independently of the 

loading conditions [12]. 

 

Currently, in developing novel contact models, numerical methods such as the finite element 50 

method (FEM), as well as meshed discrete element method (MDEM) are often utilised [8, 10, 

12-15]. As an alternative, we have experimentally addressed confined compression of single 

particles, involving several different materials [16, 17]. Thus far, we have only employed 

hydrostatic conditions. However, in a powder bed subjected to uniaxial compression, as 

during tableting, the loadings exerted on an individual particle will be non-hydrostatic in most 55 

cases. Empirical proof for this has been provided for example by Alderborn et al [18, 19] who 

during tableting observed higher aspect ratios (“flakiness”) of the individual granules with 

increasing compression pressure. This phenomenon is expected to be of importance for the 

evolution of the force at each contact. Simulations have shown, for instance, that contact 

stiffness on less deformed contacts is significantly higher than at the more deformed ones 60 

when compressing non-hydrostatically [10, 12]. Our aim here is therefore to experimentally 

characterise the contact force development of single particles when subjected to a range of 

different triaxial loadings in order to gain insights into the mechanics of the particle under 

confined conditions. From the obtained results, we set out to find a way of representing the 

evolution of the contact pressure invariantly, regarding both triaxial loading condition and 65 
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whether the contact is dominant or secondary. In order to evaluate the experimental results, a 

finite element analysis is also performed. 

 

2. Materials and methods 

2.1 Materials 70 

Spherical cellulose acetate (CA) and polytetrafluoroethylene (PTFE) particles (nominal 

diameters: 2.00 mm and 1 16⁄  inch ≈ 1.59 mm, respectively) were obtained from 

Engineering Laboratories Inc. (Oakland, NJ, USA). 

 

2.2 The triaxial testing apparatus 75 

The experiments were performed using a slightly modified version of the triaxial testing 

apparatus described in Ref. [16]. Briefly, the apparatus contains three pairs of punches where 

the punches in each punch pair are oppositely oriented. Further, each pair of punches is oriented 

perpendicularly to the other two pairs. For each pair of punches, one punch is axially mobile 

while the opposing punch is stationary. The punches are allowed to slide past one another, so 80 

that the side lengths of the cuboidal cavity between the punch surfaces can be changed 

independently of each other, enabling a particle placed in this space to be subjected to different 

triaxial loading conditions. For this to be possible, precise coordination of the punch motions is 

necessary, since the axial motion of one punch requires lateral motions of two adjacent and 

perpendicularly oriented punches. The axial movement of the three punches was performed 85 

using linear actuators (M238.5PL, Physik Instrumente GmbH & Co, Karlsruhe/Palmbach 

Germany). Detailed descriptions of the apparatus design, working principles and working 

action are given in Appendix A and in Ref. [16]. 
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The punch positions were detected by position sensors integrated in the linear actuators and the 90 

forces exerted on all six punches were recorded by six 500 N force transducers (ELAF-T1-M-

500N-AC, Measurement Specialties, Les Clayes-sous-Bois, France). The signals from the 

position sensors and force transducers were registered by in-house computer software designed 

in LabVIEW 2013 (National Instruments, Austin, TX, USA). The recorded punch positions were 

corrected for deformations in punches and other parts of the apparatus.  The force–deformation 95 

characteristics used for this correction (linear and in the order of 300 µm/N) were determined 

in a separate procedure, as described in Ref. [16]. 

 

2.3 Experimental procedures 

For both particle types, a total of nine loading cases were investigated (identical to those 100 

investigated numerically by Frenning [10]; see Table 1). For each loading case and particle 

type, 5 independent measurements were performed. In each of the loading cases except the 

hydrostatic one, two of the axes were set to compress at the same rate, whereas the third was 

set to compress either faster or slower than the other two. The slowest punch was 

programmed to move at a rate of 1.2 mm/min and the loading rates of the other punches were 105 

adjusted with this as a reference. Throughout the paper, when speaking generally of loading 

conditions with two fast and one slow punch, we will use the denotation A:A:B, whereas 

A:B:B will be used when referring to the cases with one fast and two slower punches. The 

hydrostatic case will serve as a reference for all the other cases and hence falls into both 

categories. 110 

 

2.4 Numerical model 

Simulations were performed using a finite-strain hyperelastoplastic model implemented in the 

commercial finite-element software COMSOL (version 5.2a; COMSOL AB, Sweden). In 
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brief, the elastic response was derived from a neo-Hookean strain energy that depended on the 115 

Lamé constants 𝜆𝜆 and 𝜇𝜇 (these constants were calculated from the small-strain Young’s 

modulus 𝐸𝐸 and Poisson’s ratio 𝜈𝜈 in the standard manner). The onset of plastic deformation 

was governed by a von Mises yield function with isotropic hardening of the Ludwik type [20]. 

Hence, yielding occurred when the effective stress (also known as the von Mises stress) 

reached the yield stress 𝜎𝜎𝑦𝑦 defined as 120 

𝜎𝜎𝑦𝑦 = 𝜎𝜎𝑦𝑦0 + 𝑘𝑘𝜀𝜀pe𝑛𝑛 = 𝜎𝜎𝑦𝑦0�1 + 𝛼𝛼𝜀𝜀pe𝑛𝑛 � (1)  

Here, the initial yield stress 𝜎𝜎𝑦𝑦0, the strength coefficient 𝑘𝑘 and the hardening exponent 𝑛𝑛 are 

constants. The effective plastic strain 𝜀𝜀pe is calculated from the logarithmic plastic strain in a 

similar manner as the effective stress is calculated from the deviatoric Cauchy stress. The 

non-dimensional ratio 𝛼𝛼 = 𝑘𝑘 𝜎𝜎𝑦𝑦0⁄  has been introduced in the last member. The chosen values 

for the aforementioned parameters can be found in Table 2. 125 

 

Triaxial compression of initially spherical single particles (initial radius 𝑅𝑅) was modelled and 

contact between the particle surfaces and the punches was enforced by using the penalty 

method, ensuring that the penalty factor was large enough that negligible penetration 

occurred. Taking symmetry into account, one octant of the particle was discretised into about 130 

16 000 first-order tetrahedral elements. Negligible friction between the particle and the 

punches was assumed. 

 

3. Results and discussion 

3.1 Experimental results 135 

3.1.1 Linear strain 

When visualising the contact force as a function of the linear strain at the respective contact, 

the curves in the left column of Figure 1 (CA) and Figure 2 (PTFE) are obtained. Each curve 
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represents an average of the contact force as a function of linear (engineering) strain at either 

a fast or a slowly  moving punch from each loading case (corresponding to a dominant and a 140 

secondary contact). These curves all exhibit the well-known pattern emerging during confined 

compression of an elastic-plastic material (see for example Refs. [8, 10, 12]). The contact 

development initially involves an elastic Hertzian [21] deformation at very small strains 

(which will not be elaborated upon in this paper since it has been thoroughly characterised 

before). Almost immediately, the initial elasticity is succeeded by a region of linear plastic 145 

deformation where the contacts deform independently of each other. Subsequently, when the 

plastic zones behind each contact start to interact, a softening of the response is usually 

observed (see Figure 3, further discussed below). Finally, as the confinement of the material 

increases, a very stiff elastic contact response takes overhand. It should be remarked that no 

sign of fracture of fragmentation was observed. 150 

 

When analysing the curves in Figure 1 and Figure 2 in detail, the results obtained for 

different loading conditions collapsed into a single master curve at small and intermediate 

strains for both materials. This master curve corresponds to local plastic deformation (i.e. 

before the onset of any contact-contact interactions). At larger strains, each individual curve 155 

starts to depart from the master curve. The strain at which this occurs depends highly on the 

ratio of the loading rates along the different axes; the slower a certain punch moves compared 

to the punches along its perpendicular axes, the earlier the corresponding curve departs from 

the master curve. This is a strict order that can be generally applied for the results obtained in 

this study, which was also observed numerically by Frenning [10] and by Tsigginos et al [12]. 160 

Hence, the curve for the secondary contact in the 5:5:1 and loading case departed earliest 

from the master curve, whereas the curve for the dominant contact in the 5:1:1 loading case 

adhered to the master curve up to the largest strain.  
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A small remark should though be made here. As seen in Figure 1a, the force for the dominant 165 

contacts in the 5:5:4 loading case is barely distinguishable from the hydrostatic case. 

Considering the standard deviation of contact force for these curves (shown as error bars in 

the figures), it appears that the difference between the hydrostatic loading case and the 5:5:4 

loading case is so small that it is difficult to capture using the equipment at hand. Still, it 

seems reasonable that the hydrostatic curve would depart slightly before the curve 170 

representing the dominant contact in the 5:5:4 loading case under ideal conditions. 

 

The results from the FEM simulations, presented in the same manner as the experiments, can 

be found in the right column in Figure 1 and Figure 2. Overall, there is a very good 

agreement between the simulations and the experimental results. As expected, the 175 

simulations, by definition performed in a more ideal environment, show a more regular 

pattern than the experimental measurements. However, the overall trend elaborated on above 

is accordingly reproduced, corroborating the accuracy of the results seen in the experimental 

data. 

 180 

It was observed that the inclusion of isotropic hardening in the model was necessary in order 

to reproduce the experimental results numerically for non-hydrostatic loading conditions. It is 

well-known that thermoplastics like PTFE exhibit strain hardening, which traditionally has 

been interpreted in terms of entropic effects of chain extension and limited chain extensibility 

[22]. Moreover, amorphous glassy polymers have been found to satisfy a pressure-sensitive 185 

von Mises yield criterion, such that the yield stress increases linearly with pressure [23]. 

Although hardening was included in a different manner in the numerical model, the effects are 

expected to be similar. Compared to perfect plasticity (no hardening), the yield stress and 
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hence the contact forces will generally be larger at all contacts when isotropic hardening is 

included in the model (see, e.g., Ref. [24] or [25]). This effect will be more pronounced at the 190 

more deformed (dominant) than at the less deformed (secondary) contacts. 

 

As a reference for the contact force development before any contact interdependence, the 

master curves seen in Figure 1 and Figure 2 can be evaluated using the linear Abbott-

Firestone (AF) model [26], which assumes that the contact force can be estimated as a 195 

function of the hardness and the particle overlap. Following Jackson and Green [27], the 

contact hardness (𝐻𝐻) can in turn be estimated as 2.8 times the yield strength (𝜎𝜎𝑦𝑦). This results 

in the expression 

𝐹𝐹𝑐𝑐 = 5.6𝜋𝜋𝑅𝑅𝜎𝜎𝑦𝑦𝜔𝜔 = 5.6𝜋𝜋𝑅𝑅2𝜎𝜎𝑦𝑦𝜀𝜀 (2)  

where 𝑅𝑅 (as before) is the original particle radius and 𝜔𝜔 is the overlap between the particle 

and the confining surface. The second equality follows from the fact that the engineering 200 

strain 𝜀𝜀 can be expressed as  𝜀𝜀 = 𝜔𝜔 𝑅𝑅⁄ . The values used as the yield stress were 37 MPa 

(CA) [28] and 15.0 MPa (PTFE). The contact force development predicted by the AF-model 

for the respective material can be seen in Figure 1a and Figure 2a. As expected, the AF 

curves align well with the respective master curve, especially for CA, but accordingly become 

invalid for all loading cases at large strains. This holds true for both experimental and 205 

computational results.  

 

Although the parameters used for PTFE produced numerical results in good agreement with 

their experimental counterparts, the slope of the AF curve appears to be somewhat too large. 

The most likely reason for this discrepancy is that elastic particle deformation makes a non-210 

negligible contribution to the particle response for PTFE as a result of its relatively low shear 

modulus in relation to the yield stress. For the assumed parameters, the ratio between the 
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shear modulus 𝐺𝐺 = 𝐸𝐸 [2(1 + 𝜈𝜈)]⁄  and the initial yield stress 𝜎𝜎𝑦𝑦0 is about 11 for PTFE 

compared to 39 for CA. The shear modulus rather than the Young’s modulus is used here 

because 𝜎𝜎𝑦𝑦0 represents a shear stress. It is of interest to note, however, that a critical 𝐸𝐸 to 𝜎𝜎𝑦𝑦 215 

ratio has been identified for the Heckel parameter to truly represent plasticity during confined 

powder compression [29]. The conclusion about the relative importance of elasticity and 

plasticity was corroborated by a detailed analysis of the numerical results which revealed that 

the ratio between the elastic and total strains typically was about 0.1 for CA and about 0.3 for 

PTFE at a total engineering strain of 0.1. Hence the deviation between the AF model and the 220 

numerical results is expected to be about threefold larger for PTFE than for CA.  

 

As already mentioned, a softening of the force response is expected to occur when the plastic 

zones emerging beneath the contacts coalesce [10, 12]. In order to evaluate the onset of this 

phenomenon, one can employ the Johnson cavity model [30]. For hydrostatic loading, the 225 

plastic zone coalescence will take place at a contact force corresponding to 

𝐹𝐹𝑐𝑐 =
2𝜋𝜋𝜎𝜎𝑦𝑦𝑐𝑐2

3
=
𝜋𝜋𝑅𝑅2𝜎𝜎𝑦𝑦(1− 𝜀𝜀)2

3
 

(3)  

where 𝑐𝑐 is the radius of the plastically deforming zone at coalescence. The second equality 

follows from the fact that 𝑐𝑐 can be estimated as (1 − 𝜀𝜀)𝑅𝑅 √2⁄ , as demonstrated by a 

straightforward geometrical construction [10]. Combining Eqs. (2) and (3), one finds that 

coalescence of the plastic zones is expected to occur at 𝜀𝜀 = 9.4 − √9.42 − 1 ≈ 0.053 for 230 

hydrostatic loading, which is in good agreement with the experimental results shown in 

Figure 1a and with the simulations shown in Figure 1b, representing CA. For PTFE, it is hard 

to tell whether the prediction of the cavity model is accurate or not, since the transition 

between the regimes appears to be very smooth. However, judging from the point of departure 

of the hydrostatic curve from the master curve we have reason to believe that a coalescence of 235 
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plastic zones – however minute its effect on the contact forces – takes place somewhere in 

this region. These results are corroborated by the simulations, although a detailed analysis 

suggests that the plastic zones coalesce slightly before 𝜀𝜀 = 0.053 for CA and slightly after 

𝜀𝜀 = 0.053 for PTFE. This can be seen in Figure 3, which displays contours of effective 

plastic strain for hydrostatic loading. 240 

For loadings with two dominant contacts (A:A:B loadings), an identical analysis suggests that 

softening would be expected at the same strain for the dominant contacts, in good agreement 

with the experimental results. Similarly, for loadings with one dominant contact (A:B:B 

loadings) softening would be expected to occur at a larger strain for the dominant contact, 

again in agreement with the experimental findings. 245 

 

3.1.2 Nominal pressure – volumetric constraint 

As previously known, and as seen above, a simple linear strain measure does not suffice to 

invariantly describe the particle deformation at an arbitrarily chosen contact under confined 

conditions. Hence, another method for processing the data is needed. To this end, the stress at 250 

each contact was described using a nominal average pressure, calculated as the measured 

force at the contact divided by the area of the corresponding side of the cuboidal cavity 

between the punch surfaces, i.e. the available surface of the corresponding punch at each 

instance. Since spatial confinement is expected to be central, deformation was described by a 

measure of the volumetric constraint, defined as  255 

𝜙𝜙 =
𝑉𝑉0 − 𝑉𝑉
𝑉𝑉0 − 𝑉𝑉𝑓𝑓

 . (4)  

Here, 𝑉𝑉0 is the original volume of the cuboidal cavity between the punch surfaces 

(corresponding to the volume of the circumscribed cube of the initially spherical particle), 𝑉𝑉 

is the current volume of the cavity and 𝑉𝑉𝑓𝑓 is its final volume (corresponding to the nominal 
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volume of the particle). In this manner, the curves shown in Figures 4 (CA) and 5 (PTFE) 

were obtained. 260 

 

Theoretically, this method of representation should yield a very rough estimate of the true 

contact pressure at small and intermediate volumetric constraints, where the true contact area 

is considerably smaller than the available punch area, whereas a more precise estimate should 

be obtained at large volumetric constraints, as the true contact area increases and approaches 265 

the decreasing area of the punch. Moreover, as long as the true contact area increases in direct 

proportion to the overlap 𝜔𝜔, as assumed in the AF model [Eq. (3)], it can be demonstrated that 

the ratio between the true contact area and the available punch area at given volumetric 

constraint will be larger for the dominant than for the secondary contacts. In other words, as 

long as the true contact pressure can be approximated by a constant hardness, the nominal 270 

pressure will be larger for the dominant than for the secondary contacts. Accordingly, in most 

cases there is an initial discrepancy between the curves in Figures 4 and 5, which becomes 

most pronounced at intermediate volumetric constraints. For both materials, this is 

particularly evident when we have one dominant and two secondary contacts (A:B:B 

loadings). It can also be clearly seen that the nominal pressure is larger for the dominant than 275 

for the secondary contacts. 

 

However, at large volumetric constraints, when approaching fully elastic deformation, the 

curves converge again. A minor exception is the dominant contacts for loadings involving two 

dominant and one secondary contact (A:A:B loadings) for which the pressures are very similar 280 

to each other at all volumetric constraints. The only major exception for both materials is the 

secondary contact in the 5:5:1 loading case, when approaching larger volumetric constraints. 

This would require further investigations, and we do not elaborate further on this phenomenon 
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in the current paper. Generally, however, it can be stated that the nominal pressure–

volumetric constraint description appears to be largely independent of the loading conditions 285 

in terms of loading rates and of whether a certain contact was dominant or secondary, which 

is promising if the aim is to find a general description of contact force development under 

confined conditions. A complexity arises from the difference between the true and nominal 

contact areas for all except the most confined states, which results in a variation of the curves 

at small and intermediate volumetric constraints, as already noted. However, a representation 290 

in terms of pressure rather than force is preferable on theoretical grounds, since the 

hydrostatic pressure is expected to dominate the response at sufficiently high degrees of 

spatial confinement. Accordingly, it was found that a less satisfactory collapse of the data was 

obtained when the contact forces rather than pressures were displayed as a function of the 

volumetric constraint (data not shown).  295 

 

A complete collapse of the curves cannot be expected, however, as the following argument 

demonstrates. The effective stress (von Mises stress) 𝜎𝜎𝑒𝑒 can be expressed as 

𝜎𝜎𝑒𝑒 = �1
2

[(𝜎𝜎1 − 𝜎𝜎2)2 + (𝜎𝜎2 − 𝜎𝜎3)2 + (𝜎𝜎3 − 𝜎𝜎1)2] 
(5)  

in terms of the principal stresses 𝜎𝜎1, 𝜎𝜎2 and 𝜎𝜎3. Assuming that 𝜎𝜎1 ≠ 𝜎𝜎2 = 𝜎𝜎3, which ideally 

should be the case in all the non-hydrostatic loading conditions investigated here, and 300 

introducing 𝜎𝜎1 − 𝜎𝜎2 = 𝜎𝜎1 − 𝜎𝜎3 = 𝛿𝛿, we obtain 

𝜎𝜎𝑒𝑒 = �1
2

[𝛿𝛿2 + 02 + (−𝛿𝛿)2 = |𝛿𝛿|. 
(6)  

Thus, as long as the stress lies on the von Mises yield surface, the magnitude of the difference 

between the principal stresses is expected to be comparable to the yield stress when loading 

conditions are non-hydrostatic, which could be of importance when explaining the difference 
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between hydrostatic and non-hydrostatic conditions in this study. The presented argument is 305 

illustrative but is truly quantitative only when the stress is nearly uniform within the particle. 

Such a state of stress could be expected to be asymptotically reached in the limit of large 

volumetric constraints. An analysis of the significance of the degree of hydrostaticity on 

contact zone interaction (i.e. departure from the master curve) as a function of relative density 

was also made by Tsigginos et al [12]. The results from that study emphasise that there is a 310 

difference between hydrostatic and non-hydrostatic loading conditions in terms of contact 

force development, something that has been underlined in our present study. 

4. Conclusions 

We have experimentally investigated the contact force development for two types of spherical 

elastic-plastic polymer particles under different confined triaxial loadings. It was shown that 315 

these particles exhibited a linear increase in force up to a certain degree of strain, as would be 

expected for independent contacts between ideal plastic particles. At larger strains, departures 

from the linear increase were observed, indicating that the contacts ceased to be independent. 

The onset of contact dependence was influenced by the loading conditions and of whether the 

contact was dominant or secondary. Two effects of contact dependence were seen: The 320 

contact stiffness was reduced when plastic deformation ceased to be fully contained (typically 

at an engineering strain of about 5 – 10%). On the contrary, a markedly increased stiffness 

was observed when particle confinement inhibited further plastic deformation, making elastic 

volume reduction the predominant deformation mode. These findings are in accordance with 

earlier numerical studies and were appropriately reproduced using a FEM procedure 325 

involving a von Mises yield criterion with strain hardening. Lastly, we took a step towards the 

long-term goal of accurately describe the contact force development at an arbitrarily chosen 

contact. By introducing a nominal average pressure as a function of a measure of the 

volumetric constraint, a decent general description of the contact pressure evolution at large 
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strains was obtained. However, a model for capturing the behaviour independently of contact 330 

type at intermediate strains still remains to be found. 
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Appendix A: The improved triaxial testing apparatus 

A1. Apparatus design 

The triaxial testing apparatus basically consists of an outer cubic frame to which the axially 

mobile punches are attached via the linear actuators and the stationary punches via rigid metal 340 

cylinders in such a way that no axial motion is possible. In order to reduce the side lengths of 

the cuboidal space between the punch surfaces, the axial motion effectuated by each linear 

actuator must be conveyed to lateral motions of two adjacent and perpendicularly oriented 

punches. To allow for the required lateral motions, the actuators and rigid cylinders are 

attached to the outer frame via roll bearing rails.  345 

 

A box-shaped coordination device, located inside the outer frame, is used to convey the 

motions between actuators and punches (Fig A1). Hence, the coordination device is moved by 

each linear actuator, which consequently is fixed to the coordination device in its axial 

direction. Punches that are to be laterally moved are fixed to the coordination device in the 350 

appropriate direction(s). Further, the coordination device is allowed to slide along or across 

the punches in directions where the punch is fixed relative the outer frame (see Fig A1b). The 

bottom punch is not mobile in any direction and consequently must not affect or be affected 

by the coordination device and is therefore not connected to the coordination device. 

 355 

A2. Improved design of the coordination device 

To enable and guide sliding in one direction (lateral or axial) of the coordination device 

relative to a punch, the punch in question was attached to a piece that in turn was attached to 

the coordination device with roll bearing rails in the direction of sliding movement (Fig A2b 

and c). 360 
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To enable and guide sliding in two perpendicular directions (lateral – lateral or lateral – axial) 

of the coordination device relative to a punch, the punch in question was attached to a first 

piece that in turn was attached to a second piece with roll bearing rails in one direction of 

sliding movement. The second piece was similarly attached to the coordination device with 365 

roll bearing rails in the other direction of sliding movement (lateral or axial) (Fig. A2a and d).   

 

All punches except the bottom one were attached to the coordination device or a sliding piece. 

A threaded bar (see below) was fixed in a hole in the coordination device or appropriate 

sliding piece by nuts on each side. This arrangement facilitated positioning of the punches 370 

relative to each other and the coordination device.  

 

A3. Improved design of the attachment of punches 

As illustrated in Fig A3, each punch (I) was connected to a force transducer (load cell) (II) 

that in turn was connected to a threaded bar (III). The far end pieces of the threaded bars were 375 

connected to joints (VIa in Fig A3c) that in turn were fixed in the actuators or rigid cylinders 

using an M10 thread. In each joint, a lateral screw (VIb in Fig A3c) fixed the threaded bar in 

the axial as well as angular positions. 

 

For the stationary punches (Fig A3a), the far end piece (IVa) of the threaded bar was bevelled 380 

and was combined with a complimentary wedge (IVb) to connect it to the joint. This enabled 

small adjustments in the axial direction of the punch. The angular position of the punch and 

rigid cylinder relative the outer frame could easily be adjusted using the screw that attached 

the cylinder to the frame. 

 385 
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For axially mobile punches (Fig A3b), the far end piece was a cylinder with a guiding pin. 

This enabled the joint, and hence the actuator, to be attached in any angular position relative 

the punch while the axial position simply could be set by moving the actuator piston. 

 

A4. Comparison between the improved and original designs 390 

In the original coordination device, simple bearings (rectangular bronze pieces that moved in 

rectangular openings in the sides of the box-shaped coordination device) enabled the required 

sliding motions [16]. By the improved coordination device, where the required movements 

instead were enabled by roll bearing rails, reductions were obtained of undesired phenomena 

such as parasitic friction, linked stray forces and the appearance of gaps between the punches. 395 

Such gaps could potentially result in leakage of particle material at large spatial constraints. 

High precision is especially important for experiments involving non-hydrostatic loading 

conditions, which require significant lateral motion of the punches. 

 

The design of the coupling between the far end piece of the threaded bar and actuator piston 400 

(for the axially mobile punches) or rigid aluminum cylinders (for the stationary punches) did 

not put any constraint on the angular and axial positions of the punches relative the actuators 

and rigid cylinders when fixing the joint. This in turn permitted that much of the punch 

positioning within the coordination device could be done before mounting it into the 

apparatus, i.e. before connecting the punches to the actuators and cylinders. This facilitated 405 

the positioning and made it possible to do parts of the punch mounting under magnifying 

instruments, further enhancing the precision of the punch positioning. 
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Tables 

Table 1: The investigated loading cases and the corresponding loading rates along the respective axis. 

Loading condition Loading rate x 

(mm/min) 

Loading rate y 

(mm/min) 

Loading rate z 

(mm/min) 

5:5:5 (hydrostatic) 1.2 1.2 1.2 

5:5:4 1.5 1.5 1.2 

5:5:3 2.0 2.0 1.2 

5:5:2 3.0 3.0 1.2 

5:5:1 6.0 6.0 1.2 

5:4:4 1.5 1.2 1.2 

5:3:3 2.0 1.2 1.2 

5:2:2 3.0 1.2 1.2 

5:1:1 6.0 1.2 1.2 

 

Table 2: Parameters used in the numerical simulations. 480 

 𝑅𝑅 (mm) 𝐸𝐸 (GPa)  𝜈𝜈 (-) 𝜎𝜎𝑦𝑦0(MPa) 𝛼𝛼 (-) 𝑛𝑛 (-) 

CA 1.00 4.0 0.4 37 2.4 1.25 

PTFE 0.79a 0.5 0.46 15 2.4 1.25 

𝑅𝑅 = Initial particle radius; 𝐸𝐸 = Young’s modulus; 𝜈𝜈 = Poisson’s ratio; 𝜎𝜎𝑦𝑦0 = initial yield 

stress; 𝛼𝛼 = strength coefficient to initial yield stress ratio; 𝑛𝑛 = hardening exponent 

aNominally 1 32⁄  inch. 
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Figures 485 

 

Figure 1: Contact force development as a function of linear strain for cellulose acetate (CA) 

at different triaxial loadings. Filled symbols are used for dominant contacts and open symbols 

for secondary contacts (abbreviated as d and s, respectively). A comparison is made with the 

Abbott-Firestone (AF) model. The left column [(a) and (c)] represents experimental results, 490 

whereas the right column [(b) and (d)] represents numerical results. Error bars represent 

standard deviations. 
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Figure 2: Contact force development as a function of linear strain for polytetrafluoroethylene 

(PTFE) at different triaxial loadings. Filled symbols are used for dominant contacts and open 495 

symbols for secondary contacts (abbreviated as d and s, respectively). A comparison is made 

with the Abbott-Firestone (AF) model. The left column [(a) and (c)] represents experimental 

results, whereas the right column represents [(b) and (d)] numerical results. Error bars 

represent standard. 
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 500 

Figure 3: Contour plots of the equivalent plastic strain for cellulose acetate (CA) and 

polytetrafluoroethylene (PTFE) at different degrees of hydrostatic compression, as indicated 

by the engineering strain 𝜀𝜀. For clarity, parts of the particle that deform elastically are 

indicated by grey and the initial particle outline is shown by the solid black line. With 

increasing strain, localised plastic deformation is succeeded by a merger of the plastically 505 

deforming zones. 
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Figure 4: Nominal contact pressure as a function of the volumetric constraint for cellulose 

acetate (CA) at different triaxial loadings. Filled symbols are used for dominant contacts and 

open symbols for secondary contacts (abbreviated as d and s, respectively). The left column 510 

[(a) and (c)] represents experimental results, whereas the right column [(b) and (d)] represents 

numerical results. Error bars represent standard deviations. 
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Figure 5: Nominal contact pressure as a function of a measure of the volumetric constraint 

for polytetrafluoroethylene (PTFE) at different triaxial loadings. Filled symbols are used for 515 

dominant contacts and open symbols for secondary contacts (abbreviated as d and s, 

respectively). The left column [(a) and (c)] represents experimental results, whereas the right 

column [(b) and (d)] represents numerical results. Error bars represent standard deviations. 
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Figure A1: Schematics of the improved coordination device viewed (a) obliquely from below 520 

and (b) straight from below. In (b), the possible movements of the punches relative to the 

coordination device are shown with arrows (in the x and y directions) and dots (in the z 

direction). 
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Figure A2: Illustration of the attachment of punches (at P) to the coordination device (C) via 525 

one (A) or two (A and B) sliding pieces using one (R) or two (R1 and R2) sets of roll bearing 

rails. The attachment of the punches that are axially mobile in the x and y directions are 

shown in (a) and (b), respectively, whereas the attachment of opposing punches in the x and y 

directions are illustrated in (c) and (d). In all cases illustrated, the punch was fixed to piece A 

at P via a threaded bar as described in the text.  530 
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Figure A3: Schematics of punch assemblies for (a) stationary and (b) axially mobile punches. 

In (c), the joint used to connect the punch assemblies to the rigid cylinders or linear actuators 

is shown. The components are: I – punch, II – force transducer, III – threaded bar, IVa – 

bevelled end piece, IVb – complimentary wedge, V – cylindrical end piece with guiding pin, 535 

VIa – joint, VIb – screw for fixation. 

 


