
Uppsala University

Department of Physics and Astronomy

Division of Theoretical Physics

Closed Timelike Curves in Exact Solutions

Bachelor Degree Project

Author:
Timea Vitos

Supervisor:
Konstantina Polydorou

Subject reader :
Ulf Danielsson

June 16, 2017



Abstract

This project aims to study general relativity to the extent to understand the occurrence and behaviors
of closed timelike curves (CTCs) in several exact solutions of Einstein’s �eld equations. The rotating
black hole solution, the Gödel universe and the cosmic string solutions are studied in detail to show how
CTCs arise in these spacetimes. The chronology-violationing paradoxes and other unphysical aspects of
CTCs are discussed. The spacetimes where CTCs arise possess properties which are argumented to be
unphysical, such as lack of asymptotic �atness and being in�nite models. With quantum computational
networks it is possible to resolve the paradoxes which CTCs evoke. With all these attempts of resolving
CTCs, our conclusion is that CTCs exist quantum mechanically, but there is a mechanism which inhibits
them to be detected classically.

Sammanfattning

Detta projekt åsyftar att studera allmän relativitet i den grad att kunna förstå uppkomsten och före-
teelsen av tidsliknande slutna kurvor (CTC) i några exakta lösningar till Einsteins ekvationer. Dessa
lösningar inkluderar Gödel universen, kosmiska strängar och det roterande svarta hålet, där CTC stud-
eras i mer detalj. CTC är kronologi-kränkande företeelser och paradoxen som uppstår presenteras, samt
de argument som ligger till grund till att CTC inte är fysikaliskt verkliga objekt. De tidrum där CTC up-
pkommer delar gemensamma egenskaper som anses ofysikaliska, som att vara icke asymptotiskt platta
tidrum, samt att vara oändliga modeller. Med kvantinformatiska nätverk kan CTC illustreras och de
klassiska kronologi-paradoxen kan rättas ut. Slutsatsen är att CTC existerar kvantmekaniskt, men det
�nns en mekanism i verkligheten som förhindrar dessa att bli detekterade klassiskt.
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1 Introduction

In the period before Aristotle, the Earth was generally believed to be a �at disk. Sailing far enough on
the sea would eventually lead to an edge and a plummet into vast nothing. It turned out however that
no matter how far the ship went, the edge never came and eventually you would get back to the point
of initial location. However, no matter how emancipated today’s society is, looking out far into the
beautiful landscape from a tall mountain would still make you believe that Earth is �at. The illusion
arises from local �atness. The Earth is indeed �at even through the glasses of modern physics: but only
locally, close enough to the point of examination.

The theory of special relativity encourages us to regard time as a component of our world: it is not
enough to merely localize an event, we also need to specify the time of it. Time together with spa-
tial components gives us the four dimensional spacetime of our observable world. Special relativity
explores the nature of �at spacetime: a spacetime which is not curved. Now �atness in the sense of
relativity no longer pinpoints the same fact as Aristotle’s notion of �atness: but rather, �atness in rel-
ativity describes spacetimes possessing triangles with angles summing up to π, Pythagoras theorem,
and all other Euclidean notions of space, as we are accustomed to, as well as the conventional relation
between time, space and velocity. It is nearly just a mere coincidence that the two labels should coincide.

Up until the time of Albert Einstein, like in the analogy of Aristotle’s discovery, spacetime was thought
to be �at. In his published works during 1915, Einstein proposed other spacetimes: he suggested there
should be curvature due to gravity. In this theory of general relativity, it turns out that matter indeed
gives rise to changes in spacetimes: it leads to curvatures. Following the development of general rel-
ativity, a series of di�erent solutions of spacetimes emerged, each being a model of matter distributions.

In the theory of general relativity, one can dig in and solve the equations exactly, analytically. But
these solutions re�ect barely toy models of our real world. In theory, one could describe the entire
universe with the equations proposed, if only one knew all matter which it consists of, and if one has
almost in�nite capacities on numerical calculators. In many cases, however, it is su�cient to cast an
eye on the toy models. Black holes are one example of these toy models which came about as a very
simple solution to the equations and were at their day of birth considered to be peculiarities of general
relativity and mathematics. Today, we know of numerous black holes and ways of measuring them:
from paper and pen they became reality and observations.

Similarly, another wit of mathematics are the closed timelike curves, CTCs. These come about in nu-
merous solutions to the equations of general relativity. CTCs provide in theory a way of time traveling
- backwards. As special relativity indeed permits time travel forward in time, it does, as we know it,
forbid any backward time travel, which would and does lead to theoretical paradoxes of causality: the
notion of causes and consequences. CTCs are therefore vulnerable objects by the physicists’ society:
would they become reality as black holes did, then much of today’s view on causality would crumble
and urge for new ways out.

Some of the most famous solutions of the equations where CTCs arise are the Gödel universe, Gott’s cos-
mic strings and rotating black holes. The aim of this thesis is to examine how CTCs arise in these exact
solutions of Einstein’s �eld equations, and study the paradoxes which they evoke classically. Quantum
mechanics is believed to resolve these paradoxes, which the second part of this project aims to study.
The project is a literature study, basing the information on books and lecture notes in general relativity
and numerous articles on the topic of CTCs.
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2 General relativity

In the �rst part of the report, we encounter those elements of general relativity which are inevitable for
the understanding of closed timelike curves (CTCs). We will equip ourselves with some mathematical
tools, such as manifolds, tensors, and derivatives and then consider Einstein’s �eld equations (EFEs),
which are at the core of general relativity.

2.1 Spacetimes as mathematical manifolds

Spacetime is the merging of spatial and temporal coordinates. A trajectory in the spacetime is referred
to as a worldline (or also just trajectory, path or ray). Firstly, we need to see what spacetime actually is
mathematically and how we equip it with properties which will satisfy our conditions for spacetime as
we can measure it in reality. The introduction to general relativity in this part is based on [1] and [2].

2.1.1 Manifolds

To be able to analyze di�erent spacetimes, we need to impose some conditions for them. Firstly, we
need them to be locally �at, locally Minkowski. This means that there is a coordinate set locally around
every point, called a locally inertial frame, in which the metric of the spacetime is the Minkowski metric,
ηµν . We also claim for these local �atnesses to be patched together smoothly. These criteria considered
mathematically dwell in di�erentiable manifolds.

A di�erentiable manifold is necessarily a topological manifold. A topological manifold is character-
ized by a set T and a set C of open subsets {Sn} of T , Sn ∈ T ∀n. This set C must satisfy the following:

1. ∅, T ∈ C

2. for any (�nite or in�nite) collection of the subsets:⋃
n
Sn = T

3. for any �nite collection of the subsets:

k⋂
i=1

Si ∈ C

4. for every subset Sn, there is an injective continuous map φn with a continuous
inverse map φ−1

n :

φn : Sn ⇒ Rd

where d is then called the dimension of the manifold.

5. for any two overlapping subsets Si and Sj , we demand the transition function de�ned by

φi ◦ φ−1
j : φj(Si ∪ Sj)⇒ φi(Si ∪ Sj)
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to be continuous.

For a di�erentiable manifold we further impose that the transition functions be smooth,

1. φi ◦ φ−1
j ∈ C∞ ∀i, j = 1, ..., n with Si ∩ SJ 6= ∅

2.1.2 Tensors

The tangent space TpM of a manifold M at a point p ∈ M is de�ned to be the set of all tangent
vectors of all curves on the manifold through the point. The tangent space is a vector space, meaning
that it has a basis in which we can express any element as the linear combination of the basis, with the
coe�cients of the expansion called the components.

On a (di�erentiable) manifold, a natural choice for the basis of the tangent space in some coordinate
system is the partial derivatives with respect to the coordinates. If we let the index µ denote the coor-
dinates, then our basis is

∂

∂xµ
:= ∂µ, (2.1)

where µ = 1, ..., d, or often µ = 0, ..., d− 1.

An arbitrary vector V ∈ TpM can thus be expressed as

V = V µ∂µ. (2.2)

Note that repeated indices located at a lower and a higher position are always summed over. This is
Einstein’s summation convention and is used throughout the report.

We de�ne the dual tangent space Tp*M to be the set of all linear maps ω of vectors in TpM to the
real numbers. These ω are called the dual forms, ω ∈ Tp*M ,

ω : TpM → R. (2.3)

The basis set bµ of the dual space is such that:

bµ(∂ν) = δµν . (2.4)

Suggestively, this will thus be bµ =dxµ, so an arbitrary dual form can be written as

w = wµdxµ. (2.5)

Dual forms and vectors are a simple type of a general tensor. A tensor T of type (m,n) is a linear map
from m dual tangent spaces and n tangent spaces to the real numbers:

T : Tp*M × ...× Tp*M × TpM × ...× TpM → R, (2.6)

and which can be written as linear combinations of the bases of the two kinds of spaces, with according
number of bases

T = Tα1...αn
β1...βm

dxβ1 ...dxβn∂α1
...∂αm . (2.7)
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The components of tensors should transform under any coordinate change

xµ → xµ
′
, (2.8)

as the following tensor transformation law:

T
α′

1...α
′
n

β′
1...β

′
m

=
∂xα

′
1

∂xα1
...
∂xα

′
n

∂xαn
∂xβ1

∂xβ
′
1

...
∂xβm

∂xβ
′
m
Tα1...αn

β1...βm
. (2.9)

It is fully legitimate to measure the distance on a curved surface, such as a cylindrical box, if we take
our sewing tape and wind it around the curved shaped object, then read o� the scales given on the tape.
In a general curved spacetime, we can measure distances mathematically with the help of the metric.
We de�ne the in�nitesimal line element, or simply the line element (squared) as

ds2 = gµνdxµdxν . (2.10)

This line element describes the notion of small distances on our manifold. Here, the (0, 2)-type tensor
gµν is called the metric and is (one of the) characterization of a manifold. It is a symmetric tensor for
which we can de�ne a symmetric inverse metric gµν of type (2, 0) as

gµνgνρ = δµρ . (2.11)

Note that when we are in a given coordinate system with given one-form basis, the line element and
the metric encode the same information, and so in further use we will sometimes refer to the metric as
being the line element, due to this straight-forward correspondence between the two.

We de�ne the proper time τ to be the time measured by a frame of a particle traveling on some
worldline. The particle will be at rest in its own frame and so the spatial basis one-forms will all vanish
in the line element, leaving us with only the time di�erential. Due to a sign convention of the line
element and metric, we de�ne the proper time to be minus the line element,

dτ2 = −ds2 = −gµνdxµdxν . (2.12)

The norm of a vector is de�ned to be the inner product with itself. The inner product of two vectors is
de�ned as the action of the metric on the two vectors

g : TpM × TpM → R, (2.13)
g(V,W ) = gµνV

µW ν = VµW
µ. (2.14)

The norm of a vector is then

gµνV
µV ν = V µVµ. (2.15)

2.1.3 Covariant derivatives

We note that the usual partial derivative of the components of a vector does not transform as a (0, 1)-
type tensor. This we see by taking the partial derivative of the vector component and plugging in the
transformation law for the vector component,

∂ρV
µ = ∂ρ

(
∂xµ

∂xµ′ V
µ′
)

= V µ
′ ∂

∂xρ

(
∂xµ

∂xµ′

)
+
∂xµ

∂xµ′

∂

∂xρ
(V µ

′
) =

= V µ
′ ∂

∂xρ

(
∂xµ

∂xµ′

)
+
∂xµ

∂xµ′

∂xρ
′

∂xρ
∂

∂xρ′
(V µ

′
) =

= V µ
′ ∂

∂xρ

(
∂xµ

∂xµ′

)
+
∂xµ

∂xµ′

∂xρ
′

∂xρ
(∂ρ′V

µ′
). (2.16)
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The underlined expression corresponds to the usual transformation law for tensors, if we would regard
∂ρV

µ as a (1, 1)-type tensor. However we see that it has an additional term, which leads to it not being
a tensor. Therefore we introduce a covariant derivative ∇ρ which takes a vector and transforms it
into a (1, 1)-type tensor. This is done by adding to the partial derivative a correction term Γµνρ, which
we call the connection coe�cients, according to

∇ρV µ = ∂ρV
µ + ΓµρλV

λ, (2.17)

where we add a linear term of a d×dmatrix for each component of the vector, where d is the dimension
of our manifold. These connection coe�cients cancel the non-tensorial transformation of the partial
derivative, so that the covariant derivative will transform as a tensor. To check this, we impose that
the covariant derivate of a vector should transform as a (1, 1)-type tensor and see what the connection
coe�cients have to be. If∇ρV µ is considered a tensor, then it should transform as

∇ρ′V µ
′

=
∂xµ

′

∂xµ
∂xρ

∂xρ′
∇ρV µ =

=
∂xµ

′

∂xµ
∂xρ

∂xρ′
∂ρV

µ +
∂xµ

′

∂xµ
∂xρ

∂xρ′
ΓµρλV

λ, (2.18)

but according to the de�nition of the covariant derivative (2.17) , we can write this alternatively as

∇ρ′V µ
′

= ∂ρ′V
µ′

+ Γµ
′

ρ′λ′V
λ′

=

=
∂xρ

∂xρ′
∂

∂xρ

(
∂xµ

′

∂xµ
V µ

)
+ Γµ

′

ρ′λ′V
λ′

=

=
∂xρ

∂xρ′
∂xµ

′

∂xµ
∂V µ

∂xρ
+
∂xρ

∂xρ′
V µ

∂

∂xρ

(
∂xµ

′

∂xµ

)
+ Γµ

′

ρ′λ′V
λ′
. (2.19)

Setting expressions (2.18) and (2.19) equal to each other gives

�������∂xµ
′

∂xµ
∂xρ

∂xρ′
∂ρV

µ +
∂xµ

′

∂xµ
∂xρ

∂xρ′
ΓµρλV

λ =

= �������∂xρ

∂xρ′
∂xµ

′

∂xµ
∂V µ

∂xρ
+
∂xρ

∂xρ′
V µ

∂

∂xρ
(
∂xµ

′

∂xµ
) + Γµ

′

ρ′λ′V
λ′
. (2.20)

Plugging in the �nal transformation law for the only primed vector yields

∂xµ
′

∂xµ
∂xρ

∂xρ′
ΓµρλV

λ =
∂xρ

∂xρ′
V µ

∂

∂xρ
(
∂xµ

′

∂xµ
) + Γµ

′

ρ′λ′
∂xλ

′

∂xλ
V λ. (2.21)

In the �rst term of the right hand side of the equation we rename the dummy index µ → λ and claim
that this is to hold for all vectors V λ, and so the coe�cients on either side for the vectors should be
equal,

∂xµ
′

∂xµ
∂xρ

∂xρ′
Γµρλ =

∂xρ

∂xρ′
∂

∂xρ

(
∂xµ

′

∂xλ

)
+ Γµ

′

ρ′λ′
∂xλ

′

∂xλ

⇔ Γµ
′

ρ′λ′
∂xλ

′

∂xλ
=
∂xµ

′

∂xµ
∂xρ

∂xρ′
Γµρλ −

∂xρ

∂xρ′
∂

∂xρ

(
∂xµ

′

∂xλ

)
. (2.22)
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Let us now multiply this equation with a partial derivative ∂xα

∂xβ′
,

Γµ
′

ρ′λ′
∂xα

∂xβ′

∂xλ
′

∂xλ
=
∂xα

∂xβ′

∂xµ
′

∂xµ
∂xρ

∂xρ′
Γµρλ −

∂xα

∂xβ′

∂xρ

∂xρ′
∂

∂xρ

(
∂xµ

′

∂xλ

)

⇔ Γµ
′

ρ′λ′δ
λ′

β′δαλ =
∂xα

∂xβ′

∂xµ
′

∂xµ
∂xρ

∂xρ′
Γµρλ −

∂xα

∂xβ′

∂xρ

∂xρ′
∂

∂xρ

(
∂xµ

′

∂xλ

)

⇔ Γµ
′

ρ′λ′ =
∂xλ

∂xλ′

∂xµ
′

∂xµ
∂xρ

∂xρ′
Γµρλ −

∂xλ

∂xλ′

∂xρ

∂xρ′
∂

∂xρ

(
∂xµ

′

∂xλ

)
. (2.23)

This is �nally the transformation law for the connection coe�cients. We see that they do not transform
as a tensor, given by (2.9), and so the coe�cients are not components of a tensor (a reason why they
are not called the connection tensor).

However, the di�erence between two connection coe�cients, with the lower indices interchanged, is a
tensor, as the nontensorial part of the transformation law cancels (this nontensorial part is underlined
in the transformation law and is symmetric in the interchange of ρ′ ↔ λ′). This di�erence is called the
torsion, de�ned as

Tµρλ = Γµρλ − Γµλρ. (2.24)

Most manifolds representing spacetimes are torsion-free, which means that the torsion components all
vanish and so the connection coe�cients are symmetric in their lower indices (if we extend the notion
of symmetry to non-tensors as well).

Covariant derivatives can also act on one-forms and an arbitrary (k, l)-type tensor. From the addi-
tional criterion that the covariant derivative reduces to the partial derivative on scalars (functions), we
get that the covariant derivation of a one-form is given by

∇ρωµ = ∂ρωµ − Γλρµωλ, (2.25)

and generally, we can map a (m,n)-type tensor to a (m,n+ 1)-type tensor as

∇ρTµ1...µm
ν1...νn = ∂ρT

µ1...µm
ν1...νn + Γµ1

ρσT
σ...µm

ν1...νn + ...+ Γµmρσ T
µ1...σ

ν1...νn−
− Γσρν1T

µ1...µm
σ...νn − ...− ΓσρνnT

µ1...µm
ν1...σ. (2.26)

Now there are several connections possible, since we can choose di�erent connection coe�cients. How-
ever, there is one choice which assures that it is torsion-free, so that the connection coe�cients are
symmetric, and that the covariant derivative is metric compatible, which means that for all indices we
have

∇ρgµν = 0. (2.27)

This choice of the connection coe�cients is called the Levi-Civita connection or the Christo�el
symbols. The expression for it can be obtained simply by permuting the indices of the metric-compa-
-tibility condition (2.27) in all even permutations, expressing the covariant derivatives, and taking a
linear combination of them and using the symmetry in the lower indices of the connection coe�cients,
giving

Γµνρ =
1

2
gµλ(∂νgρλ + ∂ρgλν − ∂λgνρ). (2.28)
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2.1.4 Geodesics and the Riemann tensor

Given a manifold with a set of tangent spaces and tangent vectors in the tangent spaces, how can we
move a vector from one point in the manifold to another point? Is this done in a unique way, inde-
pendent of the path of movement we choose? The answer is no: the notion of parallel transport in
di�erential geometry describes how a vector can be moved, but that this is actually a path-dependent
notion.

Parallel transporting a vector V de�ned on a manifold with dimension d, along a curve xµ(λ) means
that the vector components do not change along the curve as λ evolves,

d

dλ
V µ = 0 ∀µ = 1, ..., d, (2.29)

which can be written with the chain rule as
dxν

dλ

∂

∂xν
V µ = 0, (2.30)

and to have a tensorial equation, we replace the partial derivative with the covariant derivative, upon
which we receive the equation of parallel transport,

dxν

dλ
∇νV µ = 0. (2.31)

A geodesic of a spacetime is such a curve which parallel transports its own vector, so the vector V in
the above equation of parallel transport (2.31) can be replaced with the tangent vector of the curve xµ
and expanding the covariant derivative by its de�nition gives us the geodesic equation,

d2xµ

dλ2
+ Γµνρ

dxν

dλ

dxρ

dλ
= 0. (2.32)

Let us now look at the deviation of parallel transporting a vector along two di�erent paths. Consider an
in�nitesimal parallelogram ABCD on a manifold. We can approximate the sides of the parallelogram to
be straight, if we choose them small enough. A vector V at point A is given and we wish to transport it
to the point D. We can either go the way through B or the way through C. Let the vector we receive by
going through C be called VC , and similarly the vector through B be called VB , see Fig. 1. Since now the
two vectors are elements of the same tangent space, it makes sense to take the di�erence of these. The
di�erence, δV , will be proportional to the area of the parallelogram, the vector and to the Riemann
tensor Rµρσν . In components, we can write this as

δV µ = RµρσνA
ρδ(AB)σδ(AC)ν , (2.33)

where δ(AB) and δ(AC) denote the in�nitesimal lengths of the sides of the parallelogram between
the denoted points. The Riemann tensor is a (1, 3)-type tensor, which maps three vector �elds to a
fourth vector �eld. By explicitly calculating the vector V going through the two paths, one �nds the
expression for the Riemann tensor to be

Rµρσν = ∂σΓµρν − ∂νΓµρσ + ΓµσλΓλρν − ΓµνλΓλρσ. (2.34)

Out of a (1, 3)-type tensor as the Riemann tensor, we can contract the upper and one lower index to
obtain a (0, 2)-type tensor. We de�ne the Ricci tensorRµν as the contracted Riemann tensor according
to

Rµν = Rσµσν = gσλRλµσν . (2.35)
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Figure 1: An in�nitesimal parallelogram ABCD on some manifold. Sides of parallelogram can be approximated to be straight
lines where usual Euclidean geometry can be used. A vector V de�ned at point A can be moved to point D in two manners: via the
red way through B, or via the blue way through C. The di�erence of the resulting vectors VB and VC at point D is proportional
to the Riemann tensor.

Further we can contract the Ricci tensor to build the Ricci scalar R,

R = Rλλ = gλµRµλ. (2.36)

The Riemann tensor de�nes the curvature of a manifold: it describes the deviation of the transported
vectors along two di�erent paths. In �at spacetime, a vector can be transported in any path yielding the
same result, in which case the Riemann tensor vanishes, giving vanishing Ricci tensor and Ricci scalar.

For convenience one de�nes the Einstein tensor Gµν as

Gµν = Rµν −
1

2
Rgµν . (2.37)

2.1.5 Curves and causality

Curves will play a major role in this thesis, and it is worth de�ning them more rigorously. A curve
C is a collection of points in a manifold, with each coordinate parametrized by a parameter λ. For a
d-dimensional manifold, the curve will be, in some given coordinate system xµ,

C(λ) = {(x0, x1, ..., xd)|x0 = x0(λ), x1 = x1(λ), ..., xd = xd(λ)}. (2.38)

We can de�ne the tangent vector Tµ of a curve by taking the derivative with respect to the parameter
of the curve

Tµ =
dxµ

dλ
=

(
dx0

dλ
,
dx1

dλ
, ...,

dxd

dλ

)
. (2.39)

Many times when dealing with timelike paths, the parameter will be the proper time of the wordline,
λ = τ , and the tangent vector will then be the four-velocity along the curve.

We classify vectors in the tangent spaces of a manifold into three groups: spacelike, null and timelike,
by means of the sign of their norm. We de�ne a vector V to be spacelike if

V µVµ > 0, (2.40)
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and de�ne it as a null vector if

V µVµ = 0, (2.41)

and as a timelike vector if

V µVµ < 0. (2.42)

This is valid also for tangent vectors at speci�c points of the curve. If a tangent vector satis�es to be in
one of the above categories for all points along the curve, then the curve is said to be that kind of curve.
Thus, a timelike curve is one which has a tangent vector which is timelike for all points on the curve.
Only massless particles can travel on null curves, and all massive particles travel on timelike curves.

Closed curves are those curves for which the coordinates take the same value for two di�erent values
of the parameter. Finally, closed timelike curves (CTCs) are such curves which are closed and are
timelike at all points. For proper time parametrized CTCs, the tangent vector will have norm -1 for all
points.

The postulates of special relativity state that massless particles such as light travel with constant speed
in all frames and is the upper bound of all possible speeds. In the report we will use units such that the
speed of light c, roughly c ≈ 3× 108m/s, is set to c = 1, so that time will also have units of length and
thus we can merge the time coordinate with the spatial coordinates if we let it be ct, or in units c = 1,
simply t.

The fact that nothing can travel faster than light provides an easy way of portraying the possible events
in a spacetime which can be reached by massive particles, in a spacetime diagram. Rigorously such
a diagram is 4-dimensional in our physical world of three spatial dimensions and one temporal dimen-
sion, however to be able to view it pictorically, we suppress often two spatial dimensions and plot only
one spatial coordinate to the temporal coordinate.

As an example, let us consider �at spacetime with the following Minkowski metric in Cartesian co-
ordinates,

ds2 = −dt2 + dx2 + dy2 + dz2, (2.43)

and choose to suppress y and z coordinates, in a case where our worldline stays at constant y and z, in
which case the line element is

ds2 = −dt2 + dx2. (2.44)

Light travels on null geodesics (with null tangent vector N ), meaning that ds2(N,N) = 0, satisfying

dx

dt
= ±1, (2.45)

the two solutions being light traveling forward or backward in the x-direction with speed c = 1. In a x-
t-spacetime diagram this would become straight lines through the origin, portrayed in Fig. 2 as yellow
lines. When we add one additional spatial dimension to the diagram, the light rays will no longer be
creating a perpendicular cross at the origin, but rather a cone, called lightcones. Adding the last spatial
coordinate gives us the three-dimensional lightcone, but for simplicity we often portray it as the two-
dimensional (surface) lightcone. These set the boundary for the possible travels for massive particles.
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Figure 2: Spacetime diagram in x-t-coordinates. Origin O and event T are timelike separated, while origin O and point S are
spacelike separated. Yellow lines are light trajectories and are all null separated from origin O.

As stated earlier, massive particles travel only on timelike trajectories, so only between points which
are timelike separated, meaning that if the separation is ∆x, its norm should be negative,

ds2(∆x,∆x) < 0 ⇒ 1 <

(
dt

dx

)2

.

This means that the slopes in the x-t-diagram are larger in absolute value than those of the light trajec-
tories. Thus, timelike trajectories will con�ne themselves inside the lightcones, as seen in Fig. 2 between
the point O and point T, two timelike separated events. Lightcones also determine the past and future
of an event. All events in the lower half of the lightcone are the past and all above are the future points.
In physical situations thus, a particle’s worldline is con�ned to the upper half of the lightcone, always
traveling upwards in spacetime.

Similarly, if ds2(∆x,∆x) > 0, then we are considering spacelike separated points, and the trajec-
tory connecting them will be spacelike, as the trajectory between points O and S in Fig. 2.

From these de�nitions it is clear that each point has its own lightcone surrounding it, denoting all
events which can be reached from the point through timelike paths. It is also clear that unless the
lightcones tilt in the spacetime, one can never reach its own past, if following only timelike paths.
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2.2 Einstein’s �eld equations

Einstein’s proposal in his theory of general relativity is that matter causes the geometry of the space-
time around it to curve, due to the matter’s gravitation. The geometry of the spacetime in turn however
a�ects how particles travel in it (since the line element depends on the metric). The geometry of a
spacetime is characterized by the metric, which in turn gives rise to the Riemann tensor, Ricci tensor
and the Ricci scalar. Thus, these can all be used to characterize the curvature of a spacetime. This is
exactly what happens in Einstein’s �eld equations (EFEs), where the connection between matter source
and geometry is made. EFEs are a set of nonlinear second order di�erential equations for the metric.

In this report we present the principle of least action approach to recover EFEs, presented in more
detail in Appendix A.

As in classical �eld theory, given a scalar Lagrangian density L, in n dimensions, the action S is given
by

S =

∫
dnxL. (2.46)

In general relativity, the Einstein-Hilbert action SH is the action built by setting the scalar to be the
Ricci scalar together with the square root of the determinant of the metric

√
−g, which provides the

volume element with the Lagrangian density to be tensorial,

SH =

∫
dnx
√
−gR =

∫
dnx
√
−ggµνRµν . (2.47)

This will describe the gravitational bit of the action, with no matter around. In general, there will also
be an action due to the matter distribution, SM , in the space and the total action is given by the sum of
these contributions

S = SH + SM . (2.48)

By choosing appropriate normalizing factor in this sum of actions and by demanding the variation
of the action with respect to the metric to vanish, and by imposing that this reduces to the Newtonian
equations of gravity in the Newtonian weak-�eld limit (weak gravitational �eld meaning little curvature
in the spacetime), we obtain Eintein’s �eld equations (see more exact derivation in Appendix A),

Gµν = 8πGTµν , (2.49)

withG being th gravitational constant in Newton’s gravitational law, andGµν is the already introduced
Einstein tensor. In the equation, Tµν is the stress-energy tensor of the matter source. It describes
the pressure, energy, momentum, stress and strain of the spacetime. It is de�ned in several ways, all
expressing the same information. In �eld theory, the Lagrangian density depending on a set of �elds
Φa, we can express the stress-energy tensor as

Tµν =
∂L

∂(∂µΦi)
∂νΦi − δµνL, (2.50)

or also by the de�nition given in Appendix A in (A.17), in terms of the matter action SM .

By symmetry of (2.49) , we can add a term with a constant Λ,

Gµν + Λgµν = 8πGTµν , (2.51)
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which is still satis�ed. This Λ is called the cosmological constant. In the report’s discussion of closed
timelike curves in solutions of EFEs, we will only regard spacetimes with Λ = 0.

Manifolds with a Ricci tensor proportional to the metric,

Rµν = cgµν , where c is a constant, (2.52)

are called Einstein manifolds or also Einstein spaces. All solutions to the vacuum EFEs (with com-
pletely vanishing stress-energy tensor) are Einstein spaces, since then,

Rµν −
1

2
Rgµν + Λgµν = 0

⇔ R = d(
1

2
R− Λ)

⇔ Rµν = gµν
2Λ

d− 2
(2.53)

and inversely, if the Ricci tensor can be written in the form (2.53), then the EFEs will turn into vacuum
EFEs. Einstein spaces will thus be any manifold with metric deduced from vacuum EFEs. As exam-
ples we have the Schwarzschild metric, the Kerr metric, and the background metric of the Gödel-type
metrics, which we will encounter later.
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2.3 Black hole solutions

2.3.1 Schwarzschild solution

Setting the cosmological constant Λ = 0 in EFEs and imposing a spherical symmetric and statical
solution on the metric, and empty-space (vacuum) stress-energy tensor, we yield the Schwarzschild so-
lution. In spherical coordinates (t, r, θ, φ), spherical symmetry condition translates mathematically to
∂θgµν = ∂φgµν = 0 with µ, ν = t, r.

The line element at a �xed radial coordinate r and a �xed time coordinate t, should reduce to the
line element of a 2-sphere,

ds2|(t,r) = r2dΩ2. (2.54)

The static condition translates to ∂tgµν = 0, for µ, ν = t, r, θ, φ, while the empty-space condition
translates into Tµν = 0. Thus we yield EFEs as simply Gµν = 0.

This can be simpli�ed to a condition on the Ricci tensor by contracting the Einstein tensor,

gµνGµν = R(1− d

2
) = 0 ⇔ R = 0, (2.55)

which replacing back into the vacuum EFEs also implies Rµν = 0.

The static and spherical symmetric conditions and the imposition of leaving signature of Minkowski
metric unchanged gives a �rst ansatz of the metric as

ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2, (2.56)

where α(r), β(r) are some functions of the coordinate r. Calculating the Riemann tensor and Ricci
tensor (and scalar) in terms of these unknown functions in the metric, and imposing that they satisfy
the given conditions, we receive solutions for the functions. Further, by imposing for the metric to be
applicable to the Newtonian weak-gravitational �eld limit, one obtains the following complete solution
for the Schwarzschild geomtry,

ds2 = −(1− 2GM

r
)dt2 +

1

(1− 2GM
r )

dr2 + r2dΩ2. (2.57)

The remarkable about Schwarzschild geometry is the peculiar behavior of it at r = 0 and at r = 2GM .
At these points, some components of the metric or the Ricci scalar diverge. Due to these behaviors we
refer to the Schwarzschild geometry as a black hole in the cases where the radius of the object observed
has a radius smaller than the r = 2GM peculiarity. Calculating the Ricci scalar we �nd that

R =
48G2M2

r6
, (2.58)

which we see diverges at r = 0. Since the Ricci scalar is the same in all coordinate systems (since it is a
scalar), this is a coordinate-independent peculiarity of the spacetime. This is called the singularity of
the black hole. At r = 2GM , the scalar describing the spacetime does not diverge and so this point may
be well-behaving in another coordinate system, where the components of the metric will be di�erent.
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Let us consider null radial rays (dθ = dφ = 0) in this geomtry. For null curves with a parameter
λ, we have a vanishing line element, yielding us the equation from (2.57),

0 = −(1− 2GM

r
)dt2 +

1

(1− 2GM
r )

dr2, (2.59)

and letting this direct product of basis one-forms act on a tangent vector V = dxµ

dλ ∂µ twice gives us

0 = −(1− 2GM

r
)(
dt

dλ
)2 +

1

(1− 2GM
r )

(
dr

dλ
)2,

⇒ dr

dt
= ± 1

(1− 2GM
r )

, (2.60)

from which we see that as r → 2GM , the lightcones tend to have an in�nite inclination in the (t, r)
plane. This means that timelike trajectories, being con�ned to move inside lightcones, will never reach
r = 2GM . This is however a trick of the coordinate system: it is indeed possible to pass this r = 2GM ,
called the event horizon of the black hole, but as seen from an observer in the coordinate system de-
scribed, he will never see you pass it.

Most peculiar is however, that looking from the other side of the event horizon, for r < 2GM , we
see the similar thing happening: light never reaching outside the event horizon. This feature is how-
ever coordinate-independent: light can truly not escape a black hole once inside the event horizon.
Seeing that the fastest possible velocity (null rays) can not escape this horizon, we can conclude that
nothing can.

2.3.2 Kerr solution

If we still assume a vacuum solution to EFEs, but no longer impose spherical symmetry, but rather only
axial symmetry (symmetry along one axis) and a solution which is stationary, but not necessarily static,
then we get the Kerr solution. Kerr solution can again be regarded as a black hole. The metric is given
in Boyer-Lindquist coordinates (t, r, θ, φ) as

ds2 = −(1− 2GMr

ρ2
)dt2 − 2GMar

ρ2
sin2(θ)(dtdφ+ dφdt) +

ρ2

∆
dr2 + (2.61)

+ρ2dθ2 +
(r2 + a2)2 − a2∆sin2(θ)

ρ2
sin2(θ)dφ2,

with following de�nitions:

a :=
J

M
,

∆ := r2 − 2GMr + a2, (2.62)
ρ2 := r2 + a2cos2(θ).

This black hole is a rotating black hole with angular momentum J around an axis. When J → 0, this
metric reduces to the Schwarzschild solution (2.57).

The Ricci scalar diverges at ρ = 0, which means that, from (2.62), r = 0, θ = π
2 . However notice

that in these coordinates, r is no longer the radial distance from the origin in the Cartesian coordinate
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system, but rather the distance measured from a ring with radius a in the xy-plane, see Fig. (3) for
geometry. Now the r = 0, θ = π

2 corresponds to the boundary of the disc portrayed in Fig. (3) and is
now a ring singularity. Therefore, the coordinate r < 0 is de�ned and lies within this ring singularity.
The spacetime inside the ring singularity is given simply by letting r < 0 in the metric of (2.61). We
note however that there no longer is an event horizon in the spacetime inside the ring singularity.

Figure 3: Ellipsoidal geometry of the rotating black hole, the Kerr solution with a point (r, θ, φ) outside the ring singularity. The
coordinate r is measured from a ring singularity at r = 0 and θ = π

2
. The angle θ is measured from the vertical axis parallel

to the z-axis through the point on the ring singularity from which r is measured to the point in question. Angle φ is measured
from the positive x-axis.
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3 Classical closed timelike curves

Closed timelike curves occur in several exact solutions of EFEs. As de�ned, massive particles travel
only on timelike trajectories, which also means that there is always proper time passing for them along
the trajectory (since the line element does not vanish). Because the curve is closed, they will return
to a point eventually which they have already passed: a spacetime point which has spatial as well as
the temporal coordinate equal as a previous one. But then the traveler actually returns to a point back-
wards in time which it had already passed. This way, backwards time travel along CTCs is possible. This
arouses many paradoxes in physics, which will be dealt with after we give the most famous examples
of the occurrences of CTCs in exact solutions of EFEs.

For a closed timelike curve to appear we necessarily need the lightcone to tilt along the curve, as other-
wise we could not have a timelike curve, since we could never cross the lightcones boundary to be able
to come back to the intial point. Therefore, CTCs are usually portrayed as closed curves with lightcones
following the curve in a sense that the curve is always inside a lightcone, see Fig. 4.

In this part we will examine the occurrence of CTCs in di�erent exact solutions, only considering
classical general relativity, without quantum mechanics. For each case we will discuss their poten-
tial existence in that spacetime and the problems they imply together with possible solutions to the
problems. Finally we present some paradoxes for the existence of CTCs in general.

Figure 4: Schematic �gure of the tilting of the lightcones along a closed timelike curve.

3.1 Kerr metric

3.1.1 Appearance of CTCs

Consider the family of curvesC(λ) inside the ring singularity r = 0 in the Kerr metric, and at a constant
time t = t0, constant r = r0 with |r0| � 1 and r0 < 0 and at constant azimuthal angle θ=π2 (so that
sin(θ) = 1) for convenience of calculations. The line element along this curve, given by (2.61) with
dt = dr = dθ = 0 is

ds2 =
(r2

0 + a2)2 − a2∆

ρ2
dφ2. (3.1)
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Using the values for the notational functions according to (2.62), we can write

ds2 =
(r2

0 + a2)2 − a2(r2
0 − 2GMr0 + a2)

r2
0

dφ2 =

=
1

r2
0

(r4
0 + 2a2r2

0 + a4 − a2r2
0 + 2GMr0a

2 − a4)dφ2 =

=

(
r2
0 + a2 +

2GMa2

r0

)
dφ2. (3.2)

Now using that |r0| � 1,

ds2 ≈
(
a2 +

2GMa2

r0

)
dφ2 < 0, (3.3)

which is strictly negative for r0 < 0 (and small r0). Therefore, our curves C(λ) = xµ(λ) with tangent
vector

tµ :=
dxµ

dλ
=

(
0, 0, 0,

dφ

dλ

)
, (3.4)

will be timelike for all points, as the norm of the tangent vector

tµt
µ = gµνt

µtν = g33

(
dφ

dλ

)2

< 0, (3.5)

and thus the curves will be timelike. We also note that the points in this spacetime for which φ = 0
and φ = 2π are identi�ed, due to the choice of these coordinates (it is a full revolution around the
symmetry axis), so it is also closed, yielding us our �rst example of CTCs occuring in the inside of the
ring singularity of the rotating black hole.

3.1.2 Possible problems

There are few problems arising with this occurrence of CTCs, but least of all the spacetimes we consider
in the report. One questionable block is whether we can consider the angular coordinate φ to still be
identi�ed when it becomes timelike as it is when being spacelike. This aspect arises also in the Gödel
universe and will be discussed in more depth in section 3.2.2.

The best feature of this spacetime is its asymptotic �atness. At large distances from the rotating black
hole and the spatial location of the CTC, the spacetime is almost �at. Far from a point in a spacetime
where there is matter �eld or where the geometry becomes more irregular, we assume the universe to
not have any curvatures or changes from a �at spacetime. Therefore, any spacetime possessing asymp-
totic �atness is argued to be more physical. CTCs in the rotating black holes are thus in a sense the
most physical and realistic appearance of these curves. However one can question how possible it is
practically to reach a point inside the ring singularity, but the practicalities are not discussed in this
report.
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3.2 Gödel universe and Gödel-type metrics

3.2.1 Appearance of CTCs

The Gödel universe was derived in 1935 by Kurt Gödel. In later research, a whole group of metrics
were developed, called the Gödel-type metrics, which possess some unique characteristics. By de�-
nition, Gödel-type metrics are those spacetimes where the metric gµν can be written as the di�erence
between a degenerate background metric bµν of an Einstein space of one dimension lower than the
entire spacetime and the tensor product of two unit timelike vectors uµ [6],

gµν = bµν − uµuν , (3.6)

meaning that the background metric bµν in matrix form is a d× d dimensional matrix with a zero row
(therefore a matrix with rank d−1). As an example, let us consider the trivial case of the Gödel universe
and how this is a Gödel-type spacetime.

The Gödel universe is a solution to EFEs for an in�nitely long rotating dust cylinder (a pressureless
perfect �uid source rotating around an axis). The metric is given by [9]

ds2 = −dt2 + dx2 − 1

2
e2xdy2 + dz2 − ex (dtdy + dydt) . (3.7)

in a coordinate system (t, x, y, z) which not necessarily denotes Cartesian coordinates for the spatial
part. The metric in matrix form is then

gµν =


−1 0 −ex 0
0 1 0 0
−ex 0 − 1

2e
2x 0

0 0 0 1


with an inverse metric of

gµν =


1 0 −2e−x 0
0 1 0 0

−2e−x 0 2e−2x 0
0 0 0 1

 .
If we let an index-lowered four-velocity uµ be:

uµ = (1, 0, ex, 0), (3.8)

yielding a (0, 2)-type tensor of its tensor product with itself

uµuν =


1 0 ex 0
0 1 0 0
ex 0 e2x 0
0 0 0 0


and writing a background metric bµν as

20



bµν =


0 0 0 0
0 1 0 0
0 0 1

2e
2x 0

0 0 0 1

 ,
then indeed, we can write the Gödel universe metric as

gµν =


0 0 0 0
0 1 0 0
0 0 1

2e
2x 0

0 0 0 1

−


1 0 ex 0
0 1 0 0
ex 0 e2x 0
0 0 0 0

 = bµν − uµuν .

Note that bµν is indeed a degenerate metric of dimension d = 4 and rank d − 1 = 3 (our spacetime is
of dimension d = 4). Note also that the norm of the four-velocity is

uµu
µ = gµνuµuν = g00u0u0 + 2g20u0u2 + g22u2u2 + g33u3u3 =

= 12 + 2(−2e−x)ex + 2e−2x(ex)2 = −1, (3.9)

so indeed, this vector is a timelike unit vector. We have thus written the Gödel universe in the Gödel-
type metric form. Note however that this is not a unique rewriting: we can choose some other degen-
erate background metric and another timelike unit vector as well, another example is given by

bµν =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 1

 ,
and a timelike unit vector (with lowered index),

uµ = (
√

2, 0,
1√
2
ex, 0), (3.10)

where the background metric now is actually a �at, Euclidean degenerate metric.

Now let us examine closed timelike curves in the Gödel universe. We do this by going to another set of
coordinates (t, r, φ, z) through a cylindrical transformation, yielding the line element on the form

ds2 = −dt2 + dr2 + dz2 − sinh2r(sinh2r − 1)dφ2 +
√

2sinh2r (dφdt+ dtdφ) , (3.11)

with ranges

t ∈ (−∞,∞), r ∈ (0,∞), z ∈ (−∞,∞), φ ∈ [0, 2π], (3.12)

with φ = 0 and φ = 2π being identi�ed and being the point where the curve closes.

Firstly, let us consider a curve γ(s) with all coordinates constant (with r = rC ), except for the an-
gular coordinate φ, parametrized by a parameter s. Its tangent vector then reads

V µ :=
dγµ

ds
= (0, 0,

dφ

ds
, 0). (3.13)
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For γ to be a timelike curve, we demand the tangent vector to be timelike (and normalized as a four-
velocity) for all points s on the curve. This we receive by writing the line element along the curve, with
dt = dr = dz = 0,

ds2 = −sinh2rC(sinh2rC − 1)dφ2, (3.14)

where rC is the constant radial coordinate at which the curve is positioned. This yields the equation of
demand of V being timelike, for some set of radial coordinates rC

V µVµ
!
< 0, (3.15)

which becomes

gµνV
µV ν = −sinh2rC(sinh2rC − 1)

(
dφ

ds

)2

< 0

⇒ sinh2rC − 1 > 0, (3.16)

solving this hyperbolic equation gives us:

rC > log(1 +
√

2). (3.17)

Figure 5: Gödel universe: a cylindrically symmetric rotating dust matter distribution. The tilting of the lightcones for radii larger
than rc is portrayed for curves with constant t, r, z. The �gure shows the spacetime at a time slice at some constant t. Radius r
is measured from the axis of rotation, the z-axis.

Which means that whenever we are outside the radius rC , then we will be traveling on a CTC which is
constant in coordinate time, see Fig. 5 for the tilting of the light cones for radii larger than rc. However,
during our travel some proper time elapses, and when returning to the initial point φ = 0, we have
traveled back to the point of departure, which for us will be a time travel backwards in time. The
amount of proper time ∆τ passing for the traveler will be given from the line element on the curve
(3.14) and the de�nition of proper time

dτ2 = −ds2 = sinh2rC(sinh2rC − 1)dφ2,

⇒ ∆τ =

∫ 2π

0

sinhrC
√

(sinh2rC − 1)dφ = 2πsinhrC
√

(sinh2rC − 1), (3.18)

which will be de�ned and positive once we have the condition (3.16) for a timelike curve.
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Let us return to the general Gödel-type metrics. We can always do a cylindrical coordinate change
in these metrics, [6], so that the line element becomes

ds2 = dr2 + r2dφ2 + dz2 − (dt+ s(r, φ)dz)2 , (3.19)

with a metric on matrix form:

gµν =


−1 0 0 −s
0 1 0 0
0 0 r2 0
−s 0 0 1− s2

 ,
with s(r, φ) being an arbitrary function of the coordinates r and φ. Let us now consider a general
curve γ(λ), with all coordinates having a general dependence on the parameter, where our parameter
λ ∈ [0, 2π], which we can always compactify our parameter to. The tangent vector Tµ to the curve is

Tµ =
dγ

dλ
=

(
dt

dλ
,
dr

dλ
,
dφ

dλ
,
dz

dλ

)
. (3.20)

Now impose for this curve to be timelike (normalized), and use the form of the metric (3.19) to explicitly
calculate it,

VµV
µ !

= −1,

which gives us

g00V
0V 0 + 2g03V

0V 3 + g11V
1V 1 + g22V

2V 2 + g33V
3V 3 = −1

⇔ −
(
dt

dλ

)2

− 2
dt

dλ

dz

dλ
+

(
dr

dλ

)2

+ r2

(
dφ

dλ

)2

+ (1− s2)

(
dz

dλ

)2

= −1

⇒ dt

dλ
= −s dz

dλ
±

√
s2
dz2

dλ

2

+

(
dr

dλ

)2

+ r2

(
dφ

dλ

)2

+ (1− s2)
dz2

dλ

2

+ 1

⇔ dt

dλ
= −s dz

dλ
±

√(
dr

dλ

)2

+ r2

(
dφ

dλ

)2

+

(
dz

dλ

)2

+ 1. (3.21)

Let us now Fourier-series expand this expression conventionally, having λ range in the entire de�ned
interval [0, 2π]. The functions r(λ), φ(λ), z(λ) are assumed to be periodic in λ at this stage, in order to
have CTCs. Fourier-expansion is

dt

dλ
=

∞∑
n=−∞

cne
inλ, (3.22)

with the coe�cients given by

cn =
1

2π

∫ 2π

0

dt

dλ
e−inλdλ. (3.23)

Now look at the �rst term in the expansion, n = 0 with coe�cient c0, which will be the constant term
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in our expansion. From the expression (3.21) it reads

c0 =
1

2π

∫ 2π

0

−s dz
dλ
±

√(
dr

dλ

)2

+ r2

(
dφ

dλ

)2

+

(
dz

dλ

)2

+ 1

 dλ =

=
1

2π

∫ 2π

0

(
−s dz

dλ

)
dλ± 1

2π

∫ 2π

0

√( dr
dλ

)2

+ r2

(
dφ

dλ

)2

+

(
dz

dλ

)2

+ 1

 dλ =

=: c0a ± c0b. (3.24)

However notice that the integrand of the second integral is positive de�nite, c0b > 0. After plugging
this in (3.21) and integrating, these constants will give a linear term

t(λ) = (c0a ± c0b)(λ− λ0) +
1

2π

∫ λ

λ0

∑
n6=0

cne
inλdλ. (3.25)

Assuming, as stated earlier, if all other components are periodic in λ (except for t for now) , then we
can �nd solutions such that the integral term in this (3.25) is periodic in λ. However for t to be periodic,
since λ 6= λ0, we must have that c0a±c0b vanishes. But we already know that cob is strictly positive
de�nite. Therefore we can conclude that we can not have CTCs if coa = 0, for then the linear term in
λ has no chance of vanishing. Now let us look at what this condition coa = 0,

1

2π

∫ 2π

0

(
−s(r, φ)

dz

dλ

)
dλ = 0, (3.26)

where we now added the explicit dependence of the function s(r, φ). Since we are assuming r(λ) and
φ(λ) to be periodic in order to �nd CTCs, we also have that s(r, φ) is periodic, which lets us Fourier-
series expand it

s(r(λ), φ(λ)) = d0 + f(λ) = d0 +
∑
n 6=0

dne
inλ, (3.27)

where f(λ) is guaranteed to be a periodic function. Now replacing this in our expression (3.26) we get

− 1

2π
d0

∫ 2π

0

dz

dλ
dλ− 1

2π

∫ 2π

0

f(λ)
dz

dλ
dλ = 0. (3.28)

Since we are assuming z(λ) to be periodic function, the �rst integral will vanish, leaving us with the
demand of ∫ 2π

0

f(λ)
dz

dλ
dλ = 0. (3.29)

But in a search of CTCs we have the freedom to choose the periodic function z(λ) as we wish, say
exactly so that its derivative is f(λ), and so we get∫ 2π

0

f(λ)2dλ = 0. (3.30)

This is only possible if f(λ) is constant, and thus also s(r, φ) is a constant. However, suppose we ex-
clude the case of constant s(r, φ), then we can always �nd periodic functions s(r, φ), z(λ), r(λ), φ(λ)
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such that indeed the demand (3.26) is not satis�ed, and then we can choose the coe�cients c0a such
that it cancels c0b and so t(λ) can also be periodic.

We have rephrased our question about whether CTCs can exist in this metric to the question whether
s(r, φ) is constant or not. If this function is not constant, then there always exist closed timelike curves
in the Gödel-type metrics.

3.2.2 Possible problems

If we derive the geodesics of the Gödel-type metrics, we note that these CTCs are not geodesics of the
spacetime. This implies that a massive particle will need an external force acting on it and so forcing
it to move on the given closed timelike curve. The interaction connecting the particle and this forcing
machine will need to essentially also travel on a closed timelike curve to be able to complete the en-
tire trajectory. But then this forcing machine, also being a massive particle by assumption, needs also
something to force it on a CTC, and would that be the particle it is initially forcing? This would mean
that they are producing an internal force which pushes the two together, but we need an external force
acting on the entire system as a whole. What will push the system of the particle+force machine? We
need a third object pushing the two, and then we are back in the beginning and we can go on forever.
To solve this paradox we need a force machine which can act over time and space and needs not the
interaction to follow the same type of path as the forced particle, however this is an unphysical inter-
action which needs more study.

In our derivations of the CTCs in the Gödel-type metrics, we were assuming all the time the identi�ca-
tion of the angular coordinate θ = 0 with θ = 2π, even for the case (3.14), when the angular coordinate
φ becomes a timelike coordinate. There is no mathematical or physical demand which allows us to
still identify the angular coordinate as we do in the case when it is spacelike as in the region where it
becomes timelike. However, there is also no demand that we should not be able to identify them. To
portray why the identi�cation can cause confusion among physicists, let us consider Minkowski space
in the usual cylindrical coordinates [10],

ds2 = −dt2 + dr2 + r2dθ2 + dz2, (3.31)

where we are identifying points θ = 0 with θ = 2π. Consider now a coordinate transformation (α
being a constant)

t′ = t+ αθ,

r′ = r,

θ′ = θ,

z′ = z,

⇒

dt = dt′ − αdθ,
dr = dr′,
dθ = dθ′,
dz = dz′,

upon which the metric becomes

ds2 = −(dt′ − αdθ)2 + dr′2 + r′2dθ2 + dz′2 =

= −dt′2 + α(dt′dθ′ + dθ′dt′) + dr′2 + (r′2 − α2)dθ′2 + dz′2. (3.32)

The angular coordinate θ′ becomes timelike for r′ < α if we consider the curve

C = {t′ = constant, r′ = constant, z′ = constant, θ′ = θ′(λ)}, (3.33)

25



which has a timelike tangent vector at all points. Imposing further that θ′ = 0 and θ′ = 2π be identi�ed
even in the new coordinates would yield C to be a closed timelike curve. But choosing α arbitrarily
large we could have CTCs practically in the entire spacetime of our approximately �at Minkowski space.
This is however not the case, or at least we are unable to detect them. Perhaps they form a black hole
before they are able to be used as paths (see discussion in 8.2).

Perhaps the reason we are �nding CTCs in Minkowski space is the fact that we are imposing an identi-
�cation to be made for the new angular coordinates even after they cease being spacelike. Maybe this
identi�cation is not physical and there is some (yet) unknown physical explanation to why this identi-
�cation can not be made. Forbidding this kind of identi�cation after coordinate transformation would
solve the existence of CTCs in the rotating black hole, the Gödel universe and Minkowski spacetime.

3.3 Gott’s cosmic strings

3.3.1 Appearance of CTCs

A cosmic string is a cylinder with cylindrical symmetry inside and outside, for which the radius of the
cylinder is taken to be in�nitely small. Thus, to examine these strings, we �rst examine spacetimes
exhibiting cylindrical symmetry which are also static (no time dependence in the metric). The most
general form of this if given in [12]

ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + e2Ψ(r)dθ2 + e2λ(r)dz2, (3.34)

with ν(r), λ(r), Ψ(r) are some functions of the r coordinate. From this general form, having a stress-
energy tensor (a matter source in the spacetime), we can derive the exact expressions of these unknown
functions.

In �eld theory, a Lagrangian density L, depending on �elds Φi(x), describes the matter distribution
in the spacetime. The stress-energy tensor is de�ned in terms of these �elds as (given in general quan-
tum �eld theory literature or in [14])

Tµν =
∂L

∂(∂µΦi)
∂νΦi − δµνL, (3.35)

where we sum over all �elds i = 1, ..., N , where N is the number of �elds in our theory.

Let us now place an in�nite string along the z-axis, without loss of generality. The string has radius
r0 and the spacetime is divided into two regions: the interior region, r < r0, inside the string, and
the exterior region, r > r0, outside the string. Let this setup be so that the string is invariant under
translations in the z-direction (the reason why we are considering it to be in�nite), so that the �elds
describing our theory will only be dependent on the x- and y-coordinates. According to the de�nition
of the stress-energy tensor in (3.35), the diagonal components in the �rst and last index will be the same,
since we have then that ∂µΦi = 0 for µ = t, z, and

T tt = T zz = −L =: −κ, (3.36)

where we de�ned κ to be just as given, as the energy density of the string. For a uniform string, this
will be a constant. With help of the stress-energy conservation law ∇µTµν = 0, we can deduce that
all other elements of the stress-energy tensor are constant, but we also demand these to vanish at large
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distances from the string (since we have pure vacuum far from the string). In the end then, we are left
with a stress-energy tensor for the interior region, with only two non-zero components,

Tµν = −κ diag(1, 0, 0, 1). (3.37)

The four independent Einstein’s �eld equations are, for the diagonal components (see Appendix B for
exact derivations)

e−2λ[Ψ′′ + Ψ′2 + λ′′] = −8πGκ, (3.38)

e−2λ[ν′Φ′ + ν′λ′ + Ψ′ν′] = 0, (3.39)

e−2λ[ν′′ + ν′2 + λ′′] = 0, (3.40)

e−2λ[ν′′ + ν′2 − ν′λ′ + ν′Ψ′ − λ′Ψ′ + Ψ′′ + Ψ′2] = −8πGκ. (3.41)

Now we apply the conservation law for the stress-energy tensor

∇µTµν = 0, (3.42)

for ν = r, we get, by the de�nition of the covariant derivative on a (1, 1)-type tensor (we �nd the
Christo�el symbols used here in Appendix B)

∇µTµr = ���∂µT
µ
r +

�
���ΓµµλT

λ
r − ΓλµrT

µ
λ =

= −ΓttrT
t
t − ΓzzrT

z
z =

= −ν′(−κ)− λ′(−κ) = κ(ν′ + λ′) = 0. (3.43)

For a uniform string with constant κ, we get solutions ν′ = −λ′. Using this in the second EFE (3.39),
we get

ν′Ψ′ − ν′2 − ν′Ψ′ = 0,

⇒ ν′ = 0,

⇒ λ′ = 0, (3.44)

so the two functions are constant. We can rescale our coordinates (t, r, θ, z) so that in the cylindrical
metric, the components will be ±1 for all except for the angular one-form basis, so that ν = λ = 0.
Having said all this, both EFEs (3.38) and (3.40) reduce to

Ψ′′ + Ψ′2 = −8πGκ. (3.45)

This di�erential equation can be solved by the substitution eΨ(r) = W (r), yielding a trigonometric
solution

W (r) = Ccos(
√

8πGκr) +Dsin(
√

8πGκr). (3.46)

At the middle of the string at r = 0, we need the metric to be nondegenerate, meaning that the angular
coordinate vanishes at this point, otherwise we would have a circular coordinate for a zero radius,
giving us degenaracies. We can also scale the function W (r) so that the derivative at r = 0 be equal to
1. Thus, we are left with the gθθ component of the metric being

gθθ = W 2 =
1

8πGκ
sin
√

8πGκr, (3.47)
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and together with the rescaling of the coordinates as already mentioned, we get the interior solution of
the string to be

ds2 = −dt2 + dr2 + dz2 +
1

8πGκ
sin2(

√
8πGκr)dθ2 . (3.48)

Now we also need a solution to the exterior region around the string, where we assume vacuum to be
the matter source. Cylindrical symmetric, static spacetimes with vacuum solutions are solved in [11]
generally. Our wish is for the spacetime to have no extrinsic pressure at the boundary of the string.
This means that at the boundary r = r0, we want the interior and the exterior solutions to match. With
these impostures, the exterior solution is solved to be

ds2 = −dt2 + dz2 + dr2 + (1− 4µ)2r2dθ2 , (3.49)

Here, µ is the linear energy density of the string and is obtained by integrating the energy density over
a horizontal slice of a string (at a constant z) and at a slice in time (at a constant t),

µ =

∫
κ
√
|γ|drdθ, (3.50)

where γ is the determinant of the induced metric γµνon the surface of integration. We are considering
z = constant, t = constant, so our line element for the interior solution becomes

γαβdxαdxβ = dr2 +
1

8πGκ
sin2(

√
8πGκ)dθ2. (3.51)

This gives a determinant for the 2× 2 matrix γαβ

γ =
1

8πGκ
sin2(

√
8πGκ), (3.52)

yielding the integral

µ =

∫ 2π

0

∫ r0

0

κ
1√

8πGκ
sin(r

√
8πGκ)drdθ =

= 2πκ
1√

8πGκ
cos(r

√
8πGκ)|r00 =

= 2πκ
1√

8πGκ

1√
8πGκ

(1− cos(r0

√
8πGκ)) =

=
1

4G
(1− cos(r0

√
8πGκ)). (3.53)

For our purposes, we will consider CTCs appearing in the vacuum surrounding the cosmic string and
will thus be interested in the exterior solution (3.49). First, consider a coordinate transformation leaving
all coordinates but the angular one to change according to

θ → θ′ = (1− 4µ)θ, ⇒ dθ′ = (1− 4µ)dθ. (3.54)

Yielding us the metric to be

ds2 = −dt2 + dz2 + dr2 + r2dθ′2, (3.55)
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and the identi�cation of θ = 0 with θ = 2π will now be identi�cation of θ′ = 0 with θ′ = 2π(1− 4µ).
For convenience let us rename θ → θ′. We see that the metric (3.55) is simply Minkowski space in the
usual cylindrical coordinates, with the exception that our angular coordinate does not cover the entire
revolution in the xy-plane, but will have a wedge in the xy-plane. There will be an angle D missing
in the plane, since we are saying that θ = 2π(1 − 4µ) = 2π − 8πµ is coming back to the starting
point θ = 0, so we are ending D = 8πµ before the normal coordinates would identify itself. This D
will be our angle de�cit of the spacetime. This wedged Minkowski space can be rolled up into a conic
spacetime, portrayed in Fig. 6, where the right �gure is a segment of �at Minkowski space with an
angle D missing, and gluing the yellow sides together yields the left conic spacetime (with the t and z
coordinates suppressed).

For convenience again, let us go to a Cartesian coordinate system with the usual identi�cation of radial
and angular components as:

t = t,

x = rcos(θ + 4πµ),

y = rsin(θ + 4πµ) + d, (3.56)
z = z,

upon which the metric becomes the usual Minkowski metric in Cartesian coordinates

ds2 = −dt2 + dx2 + dy2 + dz2, (3.57)

where we have moved the y-coordinate with a distance d above the origin. We identify the points on
the sides of the wedge. From simple trigonometry that can be used in �at Minkowski space, we �nd
that the x-coordinate is

x = (y − d)tan(θ + 4πµ), (3.58)

and we identify θ = 0 with θ = 2π− 8πµ (at constant y), so the two x-coordinates at these two angles
are identi�ed, x0 = x2π , with x0 = (y − d)tan(4πµ), giving us

x2π = (y − d)tan(2π − 8πµ+ 4πµ) = (y − d)tan(2π − 4πµ) =

= (y − d)tan(−4πµ) = −(y − d)tan(4πµ) = −x0, (3.59)

thus we have the identi�cation of x = −x (if y is constant). Now let us consider two parallel cosmic
strings, located at a distance 2d from each other, running in the z-axis direction. Two observers A and
B are located at opposite sides of the strings, see Fig. 7. The spacetime corresponding to the situation
patches together two wedged Minkowski spaces, so that there is a wedge at y < 0 and y > 0 with total
de�cit angle (the angle of the wedge in �at space) D = 2θ, see Fig. 8.

Observer A sends light signals to B. If there was one cone between A and B, then B would see two light
rays with an angle D between, according to Fig. 6. Now in the case oft two cones, the light ray of the
cones passing the side closer to the other cone will merge with the other ray, so we have only three
paths the light takes, path 1, 2 and 3 as shown in Fig. 8.

By Pythagoras theorem in the �at Euclidean space of the folded out cone, we have the relation:

(d+ ccos(θ))2 + (b− csin(θ))2 = a2, (3.60)

with the sides a, b, c, d de�ned as in Fig. 8. Due to a gravitational lensing e�ect described in [13], light
rays traveling on paths 2 and 3 will arrive to observer B earlier than along path 1. The path a which
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Figure 6: A conic spacetime (left) with angle de�cit D. A light source (yellow) emits light at one side of the cone. The observer
(grey) receives two light rays. Conic spacetime �attened out (right) shows the simple Euclidean trgonometric relations, showing
that D = 2β.

Figure 7: Two strings running parallel at distance 2d and two observers A and B located at two opposite sides inbetween the
strings.

the light travels is received by minimizing (3.60) with respect to c (since light always takes the shortest
path), demanding da

dc = 0, which is reached at

c = bsin(θ)− dcos(θ), (3.61)

upon which a becomes, after replacing this expression in (3.60),

a2 = b2 + d2 − c2, (3.62)

so if c > d then b > a, and so a will be shorter than b. In units where the speed of light c = 1, the time
to travel along path 1 is ∆t1 = 2b, and along 2 (or 3) is ∆t2,3 = 2a, giving a time delay between the
two di�erent signals of ∆tsignal = 2(b− a).

Since light is an upper limit of speed, we could originally not have a timelike trajectory reaching a
point on the same path faster than light. But in this case light reaches a point faster than another light
ray taking another path, because it is a shorter path. However since we are considering a path which
is shorter and faster for light, we can always choose a particle moving fast enough close to the limit
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Figure 8: Figure of two cosmic strings running parallel to each other (black dots) along z-axis. Two observers A and B located
along the x-axis, at y = 0.

of speed which also travels faster on the shorter path 2 or 3 than the other light along path 1. So we
can have a space machine traveling at a speed v < c on a timelike trajectory through path 2 or 3 from
observer A to B, reaching it before the light going through path 1.

Now let us consider the events e1 and e2 which are identi�ed, since they are lying on the edge of
the wedge, along path 2, see Fig. 8, just as events e3 and e4 lying on the lower wedge edge on path 3.
In the Cartesian coordinate system de�ned in (3.56), we can express events as, if we set all to happen at
an origin of the time-coordinate for convenience, in order (t, x, y, z),

e1 = (0, x0, y0, 0),

e2 = (0,−x0, y0, 0),

e3 = (0,−x0,−y0, 0), (3.63)
e4 = (0, x0,−y0, 0),

where

x0 = csin(θ),

y0 = ccos(θ) + d, (3.64)

by the simple geometry of the situation.

Now we boost the two strings in opposite directions along the x-axis with speed vb, corresponding
to a boost matrix
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B± =


γb ±vbγb 0 0
±vbγb γb 0 0

0 0 1 0
0 0 0 1

 ,
where the B+ boosts the upper string, so all y > 0, and B− boosts the lower string, all y < 0. The
events ei will then become

e′1 = e1B+ = (0, x0, y0, 0)


γb vbγb 0 0
vbγb γb 0 0

0 0 1 0
0 0 0 1

 = (x0vbγb, x0γb, y0, 0)

e′2 = e2B+ = (0,−x0, y0, 0)


γb vbγb 0 0
vbγb γb 0 0

0 0 1 0
0 0 0 1

 = (−x0vbγb, −x0γb, y0, 0)

e′3 = e3B− = (0,−x0,−y0, 0)


γb −vbγb 0 0
−vbγb γb 0 0

0 0 1 0
0 0 0 1

 = (x0vbγb, −x0γb, −y0, 0)

e′4 = e4B− = (0, x0,−y0, 0)


γb −vbγb 0 0
−vbγb γb 0 0

0 0 1 0
0 0 0 1

 = (−x0vbγb, x0γb, −y0, 0),

where we still identify e′1 with e′2 and e′3 with e′4.

We will now produce a CTC by letting a space machine travel with velocity vs < 1 (speed of light
set to c = 1) between these events in a closed circular manner as: e′1 → e′2 → e′3 → e′4 → e′1. Starting
at e′1, we are by identi�cation also at e′2. The separation between e′2 and e′3 is spatially ∆y = 2y0, and in
the time-coordinate t is ∆t = 2x0vbγb. For the space machine with given velocity vs to be able to travel
this, we need that the path distance equals the speed multiplied with the time interval, vs∆t = ∆y,

2vsx0vbγb = 2y0, (3.65)

which with (3.64) reads, by setting the explicit form of θ = 4πµ,

vsvbγbcsin(4πµ) = ccos(4πµ) + d,

vsvbγb =
d

c

1

sin(4πµ)
+

cos(4πµ)

sin(4πµ)
(3.66)

as we stated earlier directly after equation (3.62), c > d must hold for the timelike travel to be possible.
But then we might as well choose d� c, so that the �rst term in (3.66) vanishes, leaving us

vsvbγb =
cos(4πµ)

sin(4πµ)
, (3.67)

but we had that the space machine is a massive object traveling on a timelike trajectory, so vs < 1,
yielding

vbγb >
cos(4πµ)

sin(4πµ)
, (3.68)
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but we are also making a boost with a not superluminal speed, so vb < 1, giving

γb >
cos(4πµ)

sin(4πµ)
, (3.69)

and we also know cos(4πµ) ∈ [0, 1], so certainly

γb >
1

sin(4πµ)
, (3.70)

which certainly is possible, since sin(4πµ) ∈ [0, 1], and so γb ≥ 1, just as it should be.

From e′3, we are identically also at e′4 due to the identi�cation of the points after the boost. From e′4 we
can travel back to e′1 in the same manner, as the time and spatial separation are the same as between e′2
and e′3. So indeed, we traveled along a timelike trajectory of the space machine, and ended at the initial
event e′1, which gives us a closed timelike curve.

3.3.2 Possible problems

The cosmic string model of producing CTCs is considered to contain some �aws both in the mathemat-
ics and in the question of it being a physically possible situation.

Firstly, notice that we claimed the events ei to be identi�ed even after the Lorentz transformation be-
cause their spatial coordinates satisfy the identi�cation criterion. However we note also that their
temporal coordinate does not match. In a sense, they will then live on two di�erent Euclidean spaces,
at two di�erent slices of time, and whether they can then still be identi�ed is questionable, as we have
stated nothing about the relation of the time coordinates in the identi�cation.

Another question we can ask is whether we could ever reach the level at which the �nal expression
(3.70) holds. According to research done by Gott, Hawking and Thorne about the formation of black
holes [11], the two by-passing cosmic strings at such high velocities might actually form a single black
hole before the CTC can appear by pulling the masses of the two strings together to a black hole mass.

A third question arising is whether this model of in�nite cosmic strings is realistic. In physical systems,
in�nity does not seem to exist so far in our detections, so an in�nite string is somewhat unphysical.
The closest in reality we have is the case of a �nite string. There is however nothing guaranteeing
that an in�nite model is only in�nitesimally related to the �nite, realistic model. Realistic, �nite strings
therefore might in real physical spaces not satisfy the same equations as are derived for the metric of
in�nite cosmic strings. The solution for a �nite string can be equated in a similar manner, however is
more di�cult to perform analytically and thus is omitted in this report. Calculating numerically the
metric for the �nite case might reveal however if CTCs truly exist in that spacetime as well.

3.4 Paradoxes of CTCs

Why is the physics world trying to avoid closed timelike curves in the solutions of EFEs? CTCs es-
sentially provide a possibility for time travel to the past. For example, an observer enters a closed
timelike curve at his birth and stays in it during his entire life, and then at some point the person would
suddenly realize he has arrived back to the moment of his birth, the point where the CTC closes into
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its initial point. This way, the obsverer travels back in time. This possibility gives rise to some questions.

Firstly, consider that the entire world goes into a CTC at an early stage of one’s ancestors life. The
world then develops as usual until the person in question is born. Then sudenly the CTC closes into
its initial point by returning to the past moment of the early stage of the person’s ancestors life. The
person can, assuming that he is free to undergo any action, cause death of his ancestor. Will the person
cease to exist directly or not at all? This is the grandfather paradox and evokes questions about being
able to a�ect the past in ways which will cause the present (or future) to change.

Another paradox arises when we assume there is an absolute free will for the traveler on a CTC. Sup-
pose an observer A meets an older version of himself, B. B has been traveling on a CTC and thus has
been aging, but could get back to the initial point of his departure. B tells A how to travel on the CTC,
allowing thus for A to depart on the CTC. Now when A arrives to the same point as B was earlier,
he meets the older version of himself A (in a sense, A becomes B along the CTC). However this time,
assuming he can do so, decides not to share the information about the secret of the CTC. Therefore, A
will not be able to travel on the CTC. But then who will have told the initial A how to travel on the
CTC in �rst place? Did the CTC then never even exist? We will refer to this paradox as the free will
paradox.
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4 Quantum mechanical closed timelike curves

Finally, we discuss the paradoxes of CTCs in a quantum mechanical manner. We can always decompose
a complex particle into many small carriers of information. For example, if we have a green circular
soft particle then we could decompose it into three carriers, where each carries information about one
of the properties. In a 2-bit system, we would have the �rst carrier in state 1 for saying that it is green
rather than the red 0; the next carrier in state 0 because particle is circular and not rectangular for 1;
and lastly a carrier of 1 for soft instead of hard 0. This way we can decompose a system into subcarriers
which can be in two di�erent states.

Next, the notion of interaction among particles is symbolized by a gate in the network: this can be
any interaction such as the particles colliding, the particles sharing information or just looking at each
other. A gate will be denoted with a pink G in the network �gures, with states going into it and states
coming out.

We will assume some forms of the interactions in the networks. A feature being used is the ”+”-sign.
This is a module-summation, meaning that, working in a 2-state basis of 0 and 1 possible values, we
add them as: 0+0=0, 0+1=1, 1+1=0, so the result is the usual answer modulus 2.

The CTC in the networks is denoted with a blue box labeled ”-T”, referring to a backwards time travel
in a sense that the one travels back to the initial coordinate time.

4.1 Classical networks

Firstly, how would we portray time travel along CTCs with networks? Assume for this �rst case that
the states to be encountered are in the basis of the 2-state space. Thus, this corresponds to a classical
system, not allowing any superpositioned states, following the procedure of [15].

We will �rstly consider come examples of speci�c interactions. As a �rst example, a subcarrier which is
to travel on a CTC enters a gate G in a state |α〉 where it interacts with itself after having returned on a
CTC, being in a state |β〉. The originial carrier emerges after the interaction as state |α+ β〉, denoting
some kind of interaction, and the already time traveled state merges as state |β〉, without any change,
see Fig. 9 for the network. The following interaction takes place, with the �rst ket state for the �rst
particle, and the second ket state for the second particle,

|α〉 |β〉 → |α+ β〉 |β〉 . (4.1)

However no interaction occurs, by assumption, outside G, so the state passing out and coming in along
the CTC has to be the same,

|β〉 = |α+ β〉 . (4.2)

If the states are to be in the basis of the 2-state system, they are either 0 or 1. However, if α = 1, then
no β can solve this problem, given the de�nition of the module-summation. Therefore, this interaction
takes place only if α = 0, in which case both values of β solves it.

To be able to obtain the consistency of the situation, we received that only some initial values of the
incoming carrier is allowed. This provides a possible resolution of the CTC paradoxes in the classical
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Figure 9: Classical networks for two di�erent examples of interactions: interaction (4.1) (left) and interaction (4.3) (right). Clas-
sically, only the �rst of these interactions is possible for a given initial value α = 0.

regime: we no longer have the complete free will to undergo the CTCs, but only if we are in some state
can we travel in time. This is a consistency condition imposed, and looking at the grandfather paradox,
this would translate into that only those time travelers which are not in intention of causing death of
their ancestors can travel on a CTC.

Now let us consider another interaction, portrayed in Fig. 9, given by

|α〉 |β〉 → |β + 1〉 |β〉 . (4.3)

Now the condition of nothing changing outside the interaction is:

|β〉 = |β + 1〉 , (4.4)

which is not satis�ed by any β.

Such a network classically represents a time travel being made in the following way: the particle just
entering a CTC becomes smarter in a sense than it is by the time it gets to the interaction with its old
self. This way, the old self interacts with a less informed time traveler, than the one which emerges from
the interaction. The time traveler on purpose forgets to deliver some information. This is classically as
we see not permitted at the level of the subcarriers, since we can have no state for which the consistency
condition (4.4) holds. This is the free will paradox which we discussed earlier, and we see that this can
not take place in a classical regime, when analyzing it with a 2-state system of subcarriers.

Let us now develop a di�erent classical network, where the 1 state represents the presence of a particle
in that state, and the 0 denotes the lack of the particle. We have then two possible ingoing trajectories
into the gate: one which will continue on a CTC, and one which will not. Schematically the network is
shown in Fig. 10. for the speci�c interaction to be presented. The two incoming paths are with states
|α〉 representing a state which does not know about CTCs, and a more informed state |α+ 1〉, which
can potentially travel on the CTC. The state which has already come back from its CTC-travel is in
state |β〉. The uninformed state interacts with the CTC-traveler, as well as the informed one. This is an
example of an interaction given by

|α〉 |α+ 1〉 |β〉 → |α+ β〉 |α+ β + 1〉 |β〉 , (4.5)

and the consistency condition gives

|β〉 = |α+ β + 1〉 . (4.6)
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If α = 1, then this reduces to the equation (4.4), which has no solutions for β. Thus we can only have
α = 0, in which case both β = 0 and β = 1 solve the equation. The two cases are shown in Fig. 11.
In the case β = 0, there is no time travel being made, and the particle passes the non-CTC trajectory
without any interaction with any CTC-traveler carrier. For the case β = 1, the carrier passing on the
trajectory with no intention of traveling on CTC, interacts with the older version of the CTC-traveler,
and by in�uence instead changes path to the CTC. These two cases are fully possible classically.

Figure 10: Classical network with interaction given by (4.5). Now the states 1 and 0 represent the existence or the non-existence
of the carrier on the given trajectory.

Figure 11: Classical network showing two solutions to the consistency condition (4.6) with the necessary condition α = 1. Red
marking shows the path of the particle for the two cases β = 0 (left) and β = 1 (right).

4.2 Quantum mechanical networks

Let us now consider the states with quantum mechanical approach, no longer demanding the states to
be in one of the basis of the 2-state system, but in any arbitrary superposition state of these

|s〉 = a0 |0〉+ a1 |1〉 . (4.7)

We wish to prove that quantum mechanics does not set boundaries for the initial condition for a CTC
as in the classical case of the two interactions and for any arbitrary unitary interaction.

Now we will consider the density operator of the states, regarding them as a quantum mechanical
ensemble with di�erent states in the system.
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Also, we need to describe the interaction as a quantum mechanical operator. By assumption, let it
be an operator conserving the norm of the states, so a unitary operator U , such that UU† = 1. The
operator acts on a density operator ρ as: UρU†.

Let us consider interaction (4.1) �rst. We want the unitary operator U1 to give exactly the transfor-
mation (4.1) when acting on the basis vectors. The one satisfying this is

U1 =
∑
α′

∑
β′

|α′ + β′〉 |β′〉 〈α′| 〈β′| , (4.8)

where the sum over the dummy indices goes over all possible states of the bases. We see that this
satis�es the interaction by acting this on the incoming direct product state

U1 |α〉 |β〉 =
∑
α′

∑
β′

|α′ + β′〉 |β′〉 〈α′| 〈β′| (|α〉 |β〉) =

=
∑
α′

∑
β′

|α′ + β′〉 |β′〉 〈α′ |α〉 〈β′ |β〉 =

= |α+ β〉 |β〉 , (4.9)

just as the interaction was de�ned on the bases. We can also explicitly check that the Hermitian conju-
gate of this unitary operator is

U†1 =
∑
α′

∑
β′

|α′〉 |β′〉 〈α′ + β′| 〈β′| . (4.10)

Let the incoming state be a general |s〉, with a density operator ρs = |s〉 〈s|. The state of the carrier
coming from the CTC is |q〉with density operator ρq = |q〉 〈q|. The total density operator is ρ = ρs⊗ρq .
The gate G acts on the total density operator, giving the outgoing density operator ρ′ as

ρ′ = U1(ρs ⊗ ρq)U†1 . (4.11)

The consistency condition we discussed in the classical networks translates into that the second factor
in the direct product of the �nal density operator ρ′ be equal to the incoming CTC-traveled density
operator ρq . Mathematically this corresponds to taking the partial trace of the �nal density operator
over the subspace of the outgoing state (of the CTC carrier), (see in more mathematical detail in Ap-
pendix C). We use the index q of the partial trace over this subspace to denote that we are tracing over
all outgoing versions of the state |q〉,

Trq[U1(ρs ⊗ ρq)U†1 ] = ρq. (4.12)

By replacing the exact form of the unitary transformation (4.8), and assuming a given ingoing state |s〉,
this equation is solved by

ρq =
1

2
1+Re[〈0 | s〉 〈s | 1〉](|0〉 〈1|+ |1〉 〈0|). (4.13)

See Appendix C for veri�cation of this being a solution of (4.12).

We see now however that this sets no constraint on the initial state |s〉: this can even be the classi-
cally forbidden state |s〉 = |1〉, since then the consistency condition (4.12) still holds for ρq = 1

21.
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Next, let us consider the second interaction (4.3), for which case the unitary operator and its Hermitian
conjugate is

U2 =
∑
α′

∑
β′

|β′ + 1〉 |β′〉 〈α′| 〈β′| ,

U†2 =
∑
α′

∑
β′

|α′〉 |β′〉 〈β′ + 1| 〈β′| , (4.14)

which, with the same notations for the incoming states ρs and ρq , leads to the same consistency condi-
tion as with the �rst interaction, only the unitary operator changed,

Trq[U2(ρs ⊗ ρq)U†2 ] = ρq. (4.15)

This equation has solution

ρq =
1

2
1+

1

2
m (|0〉 〈1|+ |1〉 〈0|) , with m ∈ [0, 1] (4.16)

which can be veri�ed in the same manner as the veri�cation of (4.13) given in Appendix C.

Finally we turn to the most general case of CTCs in quantum networks, with the interpretation of 0
being the lack of a particle and 1 being the existence of a particle, as in the classical consideration of
interaction (4.5). Let there be an arbitrary number of carriers for both the CTC-traveling trajectory
and the not CTC-traveling trajectory, with each being considered as a pure quantum ensemble with the
density operator ρno (no CTC-travel) respective ρCTC , see Fig. 12. The total ensemble density operator
is ρno ⊗ ρCTC .

Figure 12: Quantum network with arbitrary ingoing particles, in a quantum ensemble with density operator ρno which do not
travel on a CTC, and an ensemble of particles indeed traveling on a CTC with density operator ρCTC .

The gate is an arbitrary unitary operator U , with Hermitian conjugate U†. The total outgoing state
from the interaction is ρ′ given by

ρ′ = U(ρno ⊗ ρCTC)U†. (4.17)

The consistency condition for this general case is received by taking the partial trace of the ρ′ over the
subspace of the outgoing ensemble of the not CTC-traveling particles, over the space which we will
denote with the index no (for no CTC-travel),

Trno
(
U(ρno ⊗ ρCTC)U†

)
= ρCTC . (4.18)
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Our aim now is to prove that this equation has a solution for all states ρno, so that there is no constraint
on the initial condition.

Following the procedure of Deutsch [15], we de�ne a scattering operator S, acting on a density op-
erator P as

S(P ) := Trno
(
U(ρno ⊗ P )U†

)
, (4.19)

which means that we are really looking for a �xed point of this operator,

S(P ) = P. (4.20)

We build a series of densities {ρ′′i } with elements consisting of the operator S acting on an initial density
operator ρ0 increasing number of times for each element, and then summing over them,

ρ′′N =

N∑
i=0

Siρ0, (4.21)

and yet another sum ρN which we average over the number of actions,

ρN =
1

N + 1

N∑
i=0

Siρ0. (4.22)

This choice of sequence is done just in order to complete the proof to follow, but we can also give it a
physical interpretation. The elements ρN are simply the average of networks with N scatterings, that
is, with N CTCs, see Fig. 13.

Figure 13: Schematic �gure of the interpretation of the ρN sequence elements. For each N , we obtain ρN by summing over all
the scatterings with N number of CTCs, normalized. In the �gure we plot the networks for the �rst few N :s.

At this point we de�ne an average value sequenceE(ρN ), as the di�erence between the average and the
one-scattering of the average. As the scattering operator acting on a density operator yields a density
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operator, we need to take the trace of this density operator, in order to have a sequence with numbers
rather than operators,

E(ρN ) := Tr[(SρN − ρN )2], (4.23)

and our aim (4.20) translates then to �nding a point P = ρN , such that E(ρN ) = 0. We can simplify
the average E by using the de�nition of the ρN sequence, (4.22),

E(ρN ) = Tr

( 1

N + 1

N∑
i=0

Si+1ρ0 −
1

N + 1

N∑
i=0

Siρ0

)2
 =

=

(
1

N + 1

)2

Tr[(SN+1ρ0 − ρ0)2]. (4.24)

The operator S reduces always the operator it acts on, as it traces out part of the outgoing states. Thus,
we have an upper bound on the trace

Tr
[
(SN+1ρ0 − ρ0)2

]
≤ 1, (4.25)

upon which we �nd, together with the non-negativity of the de�nition (4.23)

0 ≤ E(ρN ) ≤
(

1

N + 1

)2

, (4.26)

which means that our sequence {E(ρN )} is bounded with upper and lower bound. This space on
which we de�ne our sequence is both closed and bounded, meaning it is compact topologically. But all
sequences on compact spaces include their limit points. The sequence {E(ρN )} however converges to
0 as N → ∞, and thus it must contain its limit point ρC at least once in the sequence. For all those
elements,E(ρC) = 0 and thus solves S(ρC) = ρC and thus the equation (4.18). This means that we can
always �nd such a density operator which satis�es (4.18), for any ρno, since we place no constraint on
this ingoing density operator. The implication of this is that quantum mechanics sets no constraint on
the initial conditions ρno for any arbitrary unitary interaction U . This is opposed to the classical case,
for as we saw the example interaction (4.5), we had classically a clear constraint α = 0 for the CTC
to occur. With quantum mechanics, this constraint is ruled out and CTCs can occur for any ingoing
particle!

5 Discussion

We have seen that CTCs arise in di�erent spacetimes when considering them with classical general rel-
ativity. However, in all solutions there are some problems either with the mathematical correctness, or
with the physical reality measure of it. Quantum mechanically however we see that CTCs place no con-
straints on initial conditions, and they are indeed possible objects. In many areas of physics, researchers
are impelled to undertake quantum mechanical approaches to be able to understand reality, when clas-
sical physics does not su�ce. The double slit experiment, the photoelectric e�ect are examples of such
occasions. Perhaps the subject of CTCs craves, just as these topics do, the deeper analysis of quantum
mechanics to (almost) fully explain reality with physics. There is really nothing that entitles us to think
that classical physics is the correct description of CTCs, and noting all the paradoxes classical physics
leads to in CTCs, we are rather triggered to believe that quantum mechanics should be considered.
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However in this subject we have no reality to compare physics to. Would we for sure know CTCs exist,
then there would be not as much debate about whether quantum mechanics should be considered or not.

In derivations of the CTCs in the classical spactimes of the rotating black hole and the Gödel universe we
claimed that identifying the angular coordinate φ when it becomes timelike leads to problems such as
the existence of CTCs in �at spacetime. This is however only a problem if we claim that wherever CTCs
arise, they should be detected. There is a long debate in the physicists’ society whether the coordinate
behaviors can be adapted once they change causal structure. Mathematically there is no boundary on
this: it is fully legitimate to impose identi�cation of the angular coordinates inside the Kerr black hole,
and in the Gödel universe, up to level of mathematical strictness on which this report is based on. A
future work is to study the behavior of coordinate transformations from a strict mathematical perspec-
tive and see if this really provides any problem mathematically on a deeper level, or if this question of
identi�cation is merely a physical question of chronology-protecting assumptions.

We can still ask ourselves whether we can truly detect CTCs if they exist at any point. Can there
be some mechanism forbidding observers to detect CTCs? Such mechanism is proposed in the Gott’s
cosmic string solution, where we mentioned that the strings passing each other might collapse to form
a black hole instead. This would hide the CTC behind an event horizon and perhaps even cease it to
exist before it can be detected and used. Other mechanisms are also plausible, as the energy needed to
maintain a CTC (for some reason) extends the total energy in the universe. At the present time there
is no known mechanism which would forbid backward time travel, but many physicists claim that this
could and should be the case. We can similarly assume as a conclusion of this project, that such mech-
anisms could exist, leaving all other aspects of CTCs to conspire. Mathematically thus, all derivations
are correct, and CTCs actually do exist in our space of (nearly) �at spacetime, but this mechanism for-
bids us to detect it. However this mechanism is not needed for the quantum mechanical approach of
it, instead there is a mechanism not letting us detect purely quantum mechanical systems, making the
gap between observations and quantum mechanical CTCs impossible to tread over.

Another interesting spacetime is the anti-de Sitter space, where CTCs arise. In this spacetime one
can study the behavior of the global coordinates, which provide a universal covering of the spacetime
and which provide the disappearance of CTCs. The question we might ask is whether this mathematical
coordinate change really rules out CTCs or it is just a wit of mathematics. But to be able to answer this,
the spacetime needs to be studied, which this project did not extend to, but warmly suggests a future
work in this topic.

Much future work can be dedicated to the �eld of CTCs. Firstly, no work on the numerical solutions of
EFEs and CTCs was covered in this report. Numerical solutions are in many cases more accurate phys-
ically if one solves complex systems in more proximity of the observable world, giving us an insight to
more probable occurrences of CTCs. Secondly, there is a possibility for more work in the investigation
of the Gott’s cosmic string production of CTCs, where we left the question of identifying events after
the boost of the string open for discussion. Lastly, as the black hole creation as a possible mechanism for
the forbidding of CTC-detection is one of the best options seen in this project, a thorough investigation
on how such black hole formation can come about and how it is in relation with the usual information
paradox and the cosmic censorship conjecture, can perhaps lead to better understanding of the nature
of CTCs, which we hereby claim are existing but are unable to be observed.
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Appendices

A Derivation of Einstein’s �eld equations

In this section we derive Einstein’s �eld equations using the least action principle.

We wish to �nd equations of motion for the metric. This is received by demanding the variation of
the action with respect to small variations in the metric to disappear. We take the variation of S with
respect to gµν , using the chain rule. We �rst consider the Hilbert-action variation:

δSH =

∫
d4x(
√
−ggµνδRµν +

√
−gδgµνRµν + δ

√
−ggµνRµν)

!
= 0

δSH =: δS1 + δS2 + δS3

(A.1)

Variation of Riemann tensor is:

δRρµλν = ∂λδΓ
ρ
νµ − ∂νΓrhoµλ + δ(ΓρλσΓσµν)− δ(ΓρνσΓσµλ) =

= ∂λδΓ
ρ
νµ − ∂νΓrhoµλ + δΓρλσΓσµν + ΓρλσδΓ

σ
µν − δΓρνσΓσµλ − ΓρνσδΓ

σ
µλ (A.2)

Now the covariant derivatives of the variation of the Christo�el symbols are, for two di�erent index
placements:

∇νδΓρµλ = ∂νδΓ
ρ
µλ + ΓρνσδΓ

σ
µλ − ΓσµνδΓ

ρ
σλ − ΓσνλδΓ

ρ
µσ

∇λδΓρνµ = ∂λδΓ
ρ
νµ + ΓρλσδΓ

σ
νµ − ΓσνλδΓ

ρ
σµ − ΓσλµδΓ

ρ
νσ

We recognize the di�erence between these two covariant derivatives as the variation of Riemann tensor
as given in expression (A.2):

∇λδΓρνµ −∇νδΓ
ρ
µλ = ∂λδΓ

ρ
νµ + ΓρλσδΓ

σ
νµ −����ΓσνλδΓ

ρ
σµ − ΓσλµδΓ

ρ
νσ−

− (∂νδΓ
ρ
µλ + ΓρνσδΓ

σ
µλ − ΓσµνδΓ

ρ
σλ −����ΓσνλδΓ

ρ
µσ ) =

= δRρµλν

So this will lead to a variation of the Ricci tensor:

δRµν = δRρµρν = ∇ρδΓρνµ −∇νδΓρµρ

and placing in δS1 in equation (A.1):

δS1 =

∫
dnx
√
−ggµν(∇ρ(δΓρµν)−∇ν(δΓρµρ)) =

=

∫
dnx
√
−g(gµν∇ρ(δΓρµν)− gµν∇ν(δΓρµρ)) =

=

∫
dnx
√
−g(gµν∇σ(δΓσµν)− gµσ∇σ(δΓρµρ)) =

=

∫
dnx
√
−g∇σ(gµν(δΓσµν)− gµσ(δΓρµρ)) (A.3)
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Taking the variation of the Christo�el symbols with respect to the metric, recalling the explicit form of
the torsion-free Christo�el symbol (2.28):

δΓσµν =
1

2
[δ(gσλ∇µgνλ) + δ(gσλ∇νgλµ)− δ(gσλ∇λgµν)] =

=
1

2
[(δgσλ)∇µgνλ + gσλ∇µδ(gνλ) + (δgσλ)∇νgλµ+

+ gσλ∇ν(δgλµ)− (δgσλ)∇λgµν − gσλ∇λ(δgµν)] =

=
1

2
[gσλ∇µδ(gνλ) + gσλ∇ν(δgλµ)− gσλ∇λ(δgµν)] (A.4)

where we have invoked metric compatibility of the covariant derivative.

Variation of the inverse metric can be computed, starting with the de�nition of the inverse metric:

gµνgνλ = δµλ
⇒ δ(gµνgνλ) = 0

⇒ (δgµν)gνλ + gµν(δgνλ) = 0

⇒ (δgµν)gνλ = −gµν(δgνλ)

⇒ gµσ(δgµν)gνλ = −gµσgµν(δgνλ)

⇒ gµσ(δgµν)gνλ = −δνσ(δgνλ)

⇒ δgσλ = −gσµgλνδgµν (A.5)

which conventional tensor manipulation suggests as well. Plugging this in variation of Christo�el sym-
bol (A.4):

δΓσµν =
1

2
[gσλ∇µ(−gναgλβδgαβ) + gσλ∇ν(−gλρgµτδgρτ )− gσλ∇λ(−gµγgνωδgµω)] =

=
1

2
[−gσλgναgλβ(∇µδgαβ)− gσλgλρgµτ (∇νδgρτ ) + gσλgµγgνω∇λδgγω] =

=
1

2
[−δσβgνα(∇µδgαβ)− δσρ gµτ (∇νδgρτ ) + gµγgνω∇σδgγω] =

=
1

2
[−gνα(∇µδgασ)− gµτ (∇νδgστ ) + gµγgνω∇σδgγω]

Plugging this back into the �rst variation δS1 (A.3):

δS1 =

∫
dnx

1

2

√
−g∇σ[gµν([−gνα(∇µδgασ)− gµτ (∇νδgστ ) + gµγgνω∇σδgγω])−

− gµσ([−gλα(∇µδgαλ)− gµτ (∇λδgλτ ) + gµγgλω∇λδgγω]] =

=

∫
dnx

1

2

√
−g∇σ[(−δµα∇µδgασ)− δντ (∇νδgστ ) + δνγgνω∇σδgγω])+

+ [gµσgλα(∇µδgαλ) + δστ (∇λδgλτ )− δσγ gλω∇λδgγω]] =

=

∫
dnx

1

2

√
−g∇σ[(−∇µδgµσ)− (∇νδgσν) + gνω∇σδgνω])+

+ gλα(∇σδgαλ) + (����∇λδgλσ) −����∇ωδgσω ] =

=

∫
dnx

1

2

√
−g∇σ[−2∇µδgµσ + 2gνω∇σδgνω] (A.6)
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For this we use Stokes’ theorem, which in a general form is:∫
Σ

∇µV µ
√
|g|dnx =

∫
∂Σ

nµV
µ
√
|γ|dn−1x (A.7)

where γ is induced metric’s determinant on the boundary surface δΣ, and nµ is the normal vector
on this boundary surface and the covariant derivative ∇µ is the derivative over the volume element
components. We can apply Stokes’ theorem to our expression (A.6), with an integrand vector �eld:

V σ = −2∇µδgµσ + 2gνω∇σδgνω

Evaluated at the boundary of spacetime, we can set the variation of the metric to be zero where we
assume an asymptotic �atness to take over. According to Stokes’ theorem then, the entire ∂S1 will
vanish in the Hilbert action.

Now turn to last part in Hilbert action (A.1), rewriting it:

∂S3 =

∫
dnxR∂

√
−g =

∫
dnxR(−1

2
(−g)−1/2δg)

To calculate ∂g, we make use of the following de�nition of the determinant |A| of a square matrix A,
given in [1]:

log(|A|) = Tr(logA) (A.8)

In the case of the metric gµν , being a square matrix, denoting |g| =: g:

log(g) = Tr(log gµν)

⇒ δ(log(g)) = δ(Tr(log gµν))

⇒ 1

g
δg = Tr(

1

gµν
δgµν)

⇒ δg = gTr(gσρδgµν) = g(gµνδgµν) (A.9)

Invoke expression (A.5) for the variation of the metric:

δg = g(gµν(−gµαgνβδgαβ)) =

= −g(δναgνβδg
αβ) =

= −g(gαβδg
αβ) (A.10)

Replacing this expression (A.10) into (A.1):

∂S3 =

∫
dnxR(−1

2
(−g)−1/2(−g(gαβδg

αβ))) =

=

∫
dnxR(−1

2

√
−ggαβgαβ) (A.11)

Now putting all nonvanishing parts of the Hilbert-action:

δSH = δS1 + δS2 + δS3

⇔ (A.12)

δSH =

∫
dnx
√
−gRµνδgµν +

∫
dnxR(−1

2

√
−ggαβδgαβ) =

=

∫
dnx
√
−g(Rµν −

1

2
Rgµν)δgµν

!
= 0
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This is satis�ed only if the coe�cient of the variation vanishes:

√
−g(Rµν −

1

2
Rgµν) = 0 (A.13)

This is Einstein’s �eld equations in vacuum.

For the non-vacuum solution, we look at the entire action S, including the gravitational action and
the matter action SM , given by a matter source in the spacetime. We normalize the sum of the Einstein-
Hilbert action and the matter action in a way for the �nal result to have the desired form,

S =
1

16πG
SH + SM (A.14)

Under a variation of the gravitational �eld, the variational coe�cients are given by

δS

δgµν
(A.15)

which should vanish for the principle of least action, demanding δS = 0. For the total action we thus
get

δS

δgµν
=

1

16πG

δSH
δgµν

+
δSM
δgµν

=

=
1

16πG

√
−g(Rµν −

1

2
Rgµν) +

δSM
δgµν

!
= 0

⇔

Rµν −
1

2
Rgµν = −16πG

1√
−g

δSM
δgµν

(A.16)

Now we de�ne an stress-energy tensor Tµν to be

Tµν = −2
1√
−g

δSM
δgµν

(A.17)

So that we can rewrite the condition for the principle of least action (A.16) and so receive Einstein’s
�eld equations with zero cosmological constant Λ,

Rµν −
1

2
Rgµν = 8πGTµν (A.18)

Or equivalently, by using the Einstein tensor:

Gµν = 8πGTµν (A.19)

B Interior metric of static cosmic string

For a static, axisymmetric (cylindrically symmetric) metric with Lorentzian signature we can assume
the form of the line element to be, given in [12]:

ds2 = −e2ν(r)dt2 + e2λ(r)dr2 + e2Ψ(r)dθ2 + e2λ(r)dz2 (B.1)
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with the metric on a matrix form (suppressing the arguments of the functions):

gµν =


−e2ν 0 0 0

0 e2λ 0 0
0 0 e2Ψ 0
0 0 0 e2λ


with inverse metric:

gµν =


−e−2ν 0 0 0

0 e−2λ 0 0
0 0 e−2Ψ 0
0 0 0 e−2λ


Since we have a diagonal metric, all Christo�el symbols with all indices di�erent will vanish, as all
terms being partially derivated will have o�-diagonal components (which are all zero). Further we note
that all non-zero components of the metric are only dependent on the r coordinate, and thus we must
have a partial derivative in order for the symbol not to vanish. Due to the diagonality of the metric, the
dummy variable in the expression for the Christo�el symbols always takes on the same index as the
symbols contravariant index. Thus, we must at least have one r index in the non-zero symbols. We are
left with all symbols which either have two r indices and one other, or one r index and two other but
mutually same indices. These non-vanishing Christo�el symbol will be:

Γttr =
1

2
gtt(∂rgtt) =

1

2
(−e−2ν)(−2ν′)e2ν = ν′

Γrtt =
1

2
grr(−∂gtt) =

1

2
e−2λ(2ν′)e2ν = ν′e2(ν−λ)

Γrrr =
1

2
grr(∂rgrr) =

1

2
e−2λ(2λ′)e2λ = λ′

Γrθθ =
1

2
grr(−∂rgθθ) =

1

2
e−2λ(−2Ψ′e2θ) = −Ψ′e2(Ψ−λ)

Γrzz =
1

2
grr(−∂rgzz) =

1

2
e−2λ(−2λ′e2λ) = −λ′

Γθrθ =
1

2
gθθ(∂rgθθ) =

1

2
e−2Ψ(2Ψ′e2Ψ) = Ψ′

Γzrz =
1

2
gzz∂rgzz =

1

2
e−2λ(2λ′e2λ) = λ′

We wish to calculate all the diagonal Ricci tensor components and the Ricci scalar, which we get by:

R = Rt t +Rr r +Rθθ +Rzz (B.2)

We calculate each of the diagonal Ricci tensor components in their (0, 2)-type tensor forms in steps.
We note �rstly that all Riemann tensor components with all indices being the same will all vanish, from
the form of the Riemann tensor:
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1)

Rr trt = ∂rΓ
r
tt −�

��∂tΓ
r
rt + ΓrrλΓλtt − ΓrtλΓλrt =

= ∂rΓ
r
tt + ΓrrrΓ

r
tt − ΓrttΓ

t
rt =

= ∂r(ν
′e2(ν−λ)) + λ′ν′e2(ν−λ) − ν′2e2(ν−λ) =

= ν′′e2(ν−λ) + ν′2(ν′ − λ′)e2(ν−λ) + λ′ν′e2(ν−λ) − ν′2e2(ν−λ) =

= e2(ν−λ)(ν′′ − ν′2 − λ′ν′)

Rθ tθt = �
��∂θΓ
θ
tt −�

��∂tΓ
θ
tθ + ΓθθλΓλtt −����

ΓθtλΓλθt =

= ΓθθrΓ
r
tt =

= Ψ′ν′e2(ν−λ)

Rz tzt = ���∂zΓ
z
tt −���∂tΓ

z
tz + ΓzzλΓλtt −�����

ΓzzλΓλΓzt =

= ΓzzrΓ
r
tt =

= λ′ν′e2(ν−λ)

⇒ Rtt = Rt ttt +Rr trt +Rθ tθt +Rz tzt =

= e2(ν−λ)(ν′′ + ν′2 −��λ′ν′ + Ψ′ν′ + ���λ′ν′) =

= e2(ν−λ)(ν′′ + ν′2 + Ψ′ν′)

2)

Rt rtr = �
��∂tΓ
t
rr − ∂rΓtrt + ΓttλΓλrr − ΓtrλΓλrt =

= ∂rΓ
r
tt + ΓttrΓ

r
rr − ΓtrtΓ

t
rt =

= −∂r(ν′) + ν′λ′ − ν′2 = −ν′′ + λ′ν′ − ν′2

Rθrθr = ���∂θΓ
θ
rr − ∂rΓθrθ + ΓθθλΓλrr − ΓθrλΓλrθ =

= −∂Γθrθ + ΓθθrΓ
r
rr − ΓθrθΓ

r
rθ =

= ∂r(Ψ
′) + Ψ′λ′ −Ψ′2 = −Ψ′′ + Ψ′λ′ −Ψ′2

Rzzrz = ���∂zΓ
z
rr − ∂rΓzrz + ΓzzλΓλrr − ΓzrλΓλrz =

= −∂rΓzrr + ΓzzrΓ
r
rr − ΓzrzΓ

z
rz =

= −∂r(λ′) + λ′2 − λ′2 = −λ′′

⇒ Rrr = Rt trt +Rr rrr +Rθ rθr +Rz rzr =

= −ν′′ + λ′ν′ − v′2 −Ψ′′ + Ψ′λ′ −Ψ′2 − λ′
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3)

Rt θtθ = ���∂tΓ
t
θθ −���∂θΓ

t
θt + ΓttλΓλθθ −����ΓtθλΓλθt =

= ΓttrΓ
r
θθ =

= −ν′Ψ′e2(Ψ−λ)

Rr rθr = ∂rΓ
r
θθ −���∂θΓ

r
rθ + ΓrrλΓλθθ − ΓrθλΓλθr =

= ∂rΓ
r
θθ + ΓrrrΓ

r
θθ − ΓrθrΓ

r
θr =

= ∂r(−Ψ′e2(Ψ−λ)) + λ′(−Ψ′e2(Ψ−λ)) + Ψ′2e2(Ψ−λ) =

= e2(Ψ−λ)(−Ψ′′ −Ψ′2(Ψ′ − λ′)−Ψ′λ′ + Ψ′2) =

= e2(Ψ−λ)(−Ψ′′ −Ψ′2 + Ψ′λ′)

Rzθzθ = ���∂zΓ
z
θθ −���∂θΓ

z
θz + ΓzzλΓλθθ − ΓzθλΓλθz =

= ΓzzrΓ
r
θθ =

= λ′(−Ψ′e2(Ψ−λ))

⇒ Rθθ = Rt θtθ +Rr θrθ +Rθθθθ +Rzθzθ =

= e2(Ψ−λ)[−ν′Ψ′ −Ψ′′ − ψ′2 + ���Ψ′λ′ −���λ′Ψ′ ] =

= e2(Ψ−λ)[−ν′Ψ′ −Ψ′′ −Ψ′2]

4)

Rt ztz = �
��∂tΓ
t
zz −�

��∂zΓ
t
zt + ΓtzλΓλzz − ΓtzλΓλΓzt =

= ΓttrΓ
r
zz =

= −ν′λ′

Rr zrz = ∂rΓ
r
zz − ∂z��Γrrz + ΓrrλΓλzz − ΓrzλΓλrz =

= ∂rΓ
r
zz + ΓrrrΓ

r
zz − ΓrzrΓ

r
rz =

= ∂r(−λ′) + λ′(−λ′)− (−λ′)λ′ =

= −λ′′

Rθzθz = �
��∂θΓ
θ
zz −�

��∂zΓ
θ
θz + ΓθθλΓλzz − ΓθzλΓλzθ =

= ΓθθrΓ
r
zz =

= −λ′Ψ′

⇒ Rzz = Rt ztz +Rr zrz +Rθzθz +Rzzzz =

= −ν′λ′ − λ′′ − λ′Ψ′
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And �nally this allows us to calculate the Ricci scalar:

R = Rtt +Rrr +Rθθ +Rzz =

= gtµRµt + grµRµr + gθµRµθ + gzµRµz =

= gttRtt + grrRrr + gθθRθθ + gzzRzz =

= (−e−2ν)e2(ν−λ)[ν′′ + ν′2 + Ψ′ν′] + e−2λ[−ν′′′ + ν′λ′ − ν′2 −Ψ′′ + Ψ′λ′ −Ψ′2 − λ′′]+
+ e−2Ψe2(Ψ−λ)[−ν′Ψ′ −Ψ′′ −Ψ′2] + e−2λ[−ν′λ′ − λ′′ − λ′Ψ′′] =

= −e−2λ[ν′′ + ν′2 + Ψ′ν′ + ν′′ − ν′λ′ + ν′2 + Ψ′′ − λ′Ψ′+
+ Ψ′′ + Ψ′2 + ν′λ′ + λ′′ + λ′Ψ′ + Ψ′2 + λ′′ + ν′Ψ′] = −2e−2λ[ν′′ + ν′2 + ν′Ψ′ + Ψ′′ + Ψ2 + λ′′]

Now we are ready to apply all in Einstein’s �eld equations. As we only have diagonal entries in the
stress-energy tensor, we only consider the diagonal equations.

1) tt-component:

Rtt −
1

2
Rgtt = 8πGTtt

⇒ gttRtt −
1

2
R = 8πGT tt

⇔

− e−2λ[ν′′ + ν′2 + Ψ′ν′]− 1

2
(−2e−2λ)[ν′′ + ν′2 + ν′Ψ′ + Ψ′′ + Ψ′2 + λ′′] = −8πGκ

⇔

e−2λ[��ν′′ + ��ν
′2 + ���Ψ′ν′ −��ν

′ −��ν
′2 −���ν′Ψ′ −Ψ′′ −Ψ′2 − λ′′] = −8πGκ

⇔

e−λ[Ψ′′ + Ψ′2 + λ′′] = −8πGκ (B.3)

2) rr-component:

Rrr −
1

2
Rgrr = 0

⇒ grrRrr −
1

2
R = 0

⇔
e−2λ[−ν′′ + ν′λ′ − ν′2 −Ψ′′ + Ψ′λ′ −Ψ′2 − λ′′]−

− 1

2
(−2e−2λ)[ν′′ + ν′2 + ν′Ψ′ + Ψ′′ + Ψ2 + λ′′] = 0

⇔

e−2λ[−��ν′′ + ν′λ′ −��ν
′2 −��Ψ

′′ + Ψ′λ′ −��Ψ′2 −��λ′′+

+ ��ν′′ + ��ν
′2 + ν′Ψ′ + ��Ψ

′′ + ��Ψ
2 + ��λ′′ ] = 0

⇔

e−2λ[ν′Ψ′ + ν′λ′ + Ψ′λ′] = 0 (B.4)
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3) θθ-component:

Rθθ −
1

2
Rgθθ = 0

⇒ gθθRθθ −
1

2
R = 0

⇔

e−2Ψe2(Ψ−λ)[−ν′Ψ′ −Ψ′′ −Ψ′2]− 1

2
(−2e−2λ)[ν′′ + ν′2 + ν′Ψ′ + Ψ′′ + Ψ2 + λ′′]

⇔

e−2λ[−���ν′Ψ′ −��Ψ
′′ −��Ψ′2 + ν′′ + ν′2 + �

��ν′Ψ′ + ��Ψ
′′ + ��Ψ

2 + λ′′] = 0

⇔

e−2λ[ν′′ + ν′2 + λ′′] = 0 (B.5)

4) zz-component:

Rzz −
1

2
Rgzz = 8πGTzz

⇒ gzzRzz −
1

2
R = 8πGT zz

⇔

e−2λ[ν′λ′ − λ′′ − λ′Ψ′]− 1

2
(−2e−2λ)[ν′′ + ν′2 + ν′Ψ′ + Ψ′′ + Ψ2 + λ′′] = −8πGκ

⇔
e−2λ[−ν′λ′ −��λ′′ − λ′Ψ′ + ν′′ + ν′2 + ν′Ψ′ + Ψ′′ + Ψ2 + ��λ′′ ] = −8πGκ

⇔

e−2λ[ν′′ + ν′2 − ν′λ′ + ν′Ψ′ − λ′Ψ′ + Ψ′′ + Ψ2] = −8πGκ (B.6)

Equations (B.3), (B.4), (B.5), (B.6) are the four independent Einstein’s �eld equations for a static cosmic
string.

C Veri�cation of the density operator (4.13)

We wish to prove that (4.13) solves (4.12) with the speci�c interaction (4.8). Firstly, we expand the
unitary operator acting on the density operator of the entire density operator,

U1(ρs ⊗ ρq) =
∑
α′

∑
β′

|α′ + β′〉 |β′〉 〈α′| 〈β′| (|s〉 〈s| |q〉 〈q|) =

=
∑
α′

∑
β′

〈α′ | s〉 〈β′ | q〉 |α′ + β′〉 |β′〉 〈s| 〈q| ,
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and acting with the Hermitian conjugate U†1 :

U1(ρs ⊗ ρq)U†1 =
∑
α′

∑
β′

∑
α

∑
β

〈α′ | s〉 〈β′ | q〉 |α′ + β′〉 |β′〉 〈s| 〈q| (|α〉 |β〉 〈α+ β| 〈β|) =

=
∑
α′

∑
β′

∑
α

∑
β

〈α′ | s〉 〈β′ | q〉 〈s |α〉 〈q |β〉 |α′ + β′〉 〈α+ β| ⊗ |β′〉 〈β| , (C.1)

where in the last line we have written the total density operator as the direct product of the two di�er-
ent single-particle states: the �rst denoting the particle s, the other denoting space of particle q. Now
we wish to take the partial trace of this total state over the q-particle states. Let us look at how this is
de�ned.

Having a sum of the form ∑
i,j

Aij

∣∣∣a(i)
〉〈

a(j)
∣∣∣ , (C.2)

and the sum is over the set V of basis elements of the vectors
∣∣a(i)

〉
, then the trace over V is de�ned to

be

TrV

∑
i,j

Aij

∣∣∣a(i)
〉〈

a(j)
∣∣∣
 =

∑
k

Akk. (C.3)

Now we can take the partial trace over the set of basis of the second particle state U 3 β, β′ of (C.1),

TrU

(
U1(ρs ⊗ ρq)U†1

)
=
∑
α′

∑
α

∑
β

〈α′ | s〉 〈β | q〉 〈s |α〉 〈q |β〉 |α′ + β〉 〈α+ β| =

= 〈0 | s〉 〈0 | q〉 〈s | 0〉 〈q | 0〉 |0〉 〈0|+ 〈0 | s〉 〈0 | q〉 〈s | 1〉 〈q | 0〉 |0〉 〈1|+
+ 〈0 | s〉 〈1 | q〉 〈s | 0〉 〈q | 1〉 |1〉 〈1|+ 〈0 | s〉 〈1 | q〉 〈s | 1〉 〈q | 1〉 |1〉 〈0|+
+ 〈1 | s〉 〈0 | q〉 〈s | 0〉 〈q | 0〉 |1〉 〈0|+ 〈1 | s〉 〈0 | q〉 〈s | 1〉 〈q | 0〉 |1〉 〈1|+
+ 〈1 | s〉 〈1 | q〉 〈s | 0〉 〈q | 1〉 |0〉 〈1|+ 〈1 | s〉 〈1 | q〉 〈s | 1〉 〈q | 1〉 |0〉 〈0| , (C.4)

and now let us for the CTC ingoing state |q〉 assume the general superposition (normalized) state

|q〉 = d1 |0〉+ d2 |1〉 , |d1|2 + |d2|2 = 1, (C.5)

and replacing this in (C.4), we get

TrU

(
U1(ρs ⊗ ρq)U†1

)
= |d1|2 〈0 | s〉 〈s | 0〉 |0〉 〈0|+ |d1|2 〈0 | s〉 〈s | 1〉 |0〉 〈1|+

+ |d2|2 〈0 | s〉 〈s | 0〉 |1〉 〈1|+ |d2|2 〈0 | s〉 〈s | 1〉 |1〉 〈0|+
+ |d1|2 〈1 | s〉 〈q | 0〉 |1〉 〈0|+ |d1|2 〈1 | q〉 〈q | 1〉 |1〉 〈1|+
+ |d2|2 〈1 | q〉 〈q | 0〉 |0〉 〈1|+ |d2|2 〈1 | q〉 〈q | 1〉 |0〉 〈0| =

=
(
| 〈0 | s〉 |2|d1|2 + | 〈1 | s〉 |2|d2

2|
)
|0〉 〈0|+

+
(
| 〈0 | s〉 |2|d2

2|+ | 〈1 | s〉 |2|d1|2
)
|1〉 〈1|+

+
(
〈1 | s〉 〈s | 0〉 |d2|2 + 〈0 | s〉 〈s | 1〉 |d1|2

)
|0〉 〈1|+

+
(
〈0 | s〉 〈s | 1〉 |d2|2 + 〈1 | s〉 〈s | 0〉 |d1|2

)
|1〉 〈0| , (C.6)
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and we wish to equate this with

ρq = |q〉 〈q| = |d1|2 |0〉 〈0|+ d1d
∗
2 |0〉 〈1|+ d∗1d2 |1〉 〈0|+ |d2|2 |1〉 〈1| , (C.7)

and for this to be equal to (C.6) we need the coe�cients of the states to be necessarily the same, since
the states are linearly independent. This gives us two independent equations,

| 〈0 | s〉 |2|d1|2 + | 〈1 | s〉 |2|d2
2| = |d1|2, (C.8)

〈1 | s〉 〈s | 0〉 |d2|2 + 〈0 | s〉 〈s | 1〉 |d1|2 = d1d
∗
2, (C.9)

We have the normalization condition for |s〉

| 〈0 | s〉 |2 + | 〈1 | s〉 |2 = 1, (C.10)

which can be replaced in (C.8) to get

| 〈1 | s〉 |2|d2|2 = | 〈1 | s〉 |2|d1|2, ⇒ |d1|2 = |d2|2 =
1

2
, (C.11)

where in the last step we have used the normalization condition (C.5).

Looking at equation (C.9), with replacing the result (C.11),

〈1 | s〉 〈s | 0〉+ (〈1 | s〉 〈s | 0〉)∗ = 2d1d
∗
2, ⇔ Re [〈1 | s〉 〈s | 0〉] = d1d

∗
2, (C.12)

which also gives

d∗1d2 = (d1d
∗
2)∗ = Re [〈1 | s〉 〈s | 0〉] . (C.13)

Combining these solutions, the density operator ρq from (C.7) which satis�es (4.12) is

ρq =
1

2
(|0〉 〈0|+ |1〉 〈1|) + Re [〈1 | s〉 〈s | 0〉] (|0〉 〈1|+ |1〉 〈0|), (C.14)

which is exactly (4.13), using the completeness relation 1 = |0〉 〈0|+ |1〉 〈1| for the single-particle state.
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