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Abstract
Wavelets are local functions that enable us to cut up data into different layers of frequency. A wavelet basis is formed by translating and dilating a small wave, making it
possible to analyze data at different scales. Although wavelet analysis is promising, it
has not entered mainstream study of economic phenomena. The aim of this thesis is to
give an intuitive theoretical understanding of wavelets, and describe how they can be
used in time series analysis. Applications for economic time series are presented, as well
as some thoughts of how the field of economics will progress due to wavelet analysis.
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1 Introduction
Fourier (1822) discovered that any function 2π-periodic function f (x) could be written
in terms of sine and cosine functions:
f (x) = a0 +

P∞

where a0 =

1
2π

k=1 ak cos(kx)

R 2π
0

+ bk sin(kx),

f (x)dx, ak =

1
π

R 2π
0

f (x)cos(kx)dx, bk =

1
π

R 2π
0

f (x)sin(kx)dx.

R∞
The Fourier transform F (w) = −∞ f (x)e−iwx dx transforms the function f (x) from
time-domain to frequency domain (e−iwx = cos(wx) − isin(wx)). It started a new field
in mathematics called frequency analysis. However, the Fourier transform is not perfect.
While it does capture the frequency content of the function, it fails to tell us when in
time the different frequencies occur. (Schleicher, 2002)
One way to deal with this problem is by using the so called windowed Fourier transform,
simply using the Fourier transform for shorter periods of time. The windowed Fourier
transform is not perfect either, since it is limited by the Heisenberg uncertainty principle. This means that one cannot be certain about both the frequency and the time. For
a narrow window one gets good time resolution but poor frequency resolution and vice
versa for a wide window. (Rua, 2012).
To overcome the time-frequency uncertainty of the Fourier transform and the windowed
Fourier transform is the reason wavelets were introduced. Wavelets are local functions
that can be dilated and translated along the x-axis (or time-axis). This is the same
as saying that they are localized in time and scale. Therefore, in wavelet analysis, one
talks about scale analysis instead of frequency analysis. Wavelet analysis enables us to
cut up data into different frequency components for individual analysis, escaping the
Heisenberg uncertainty principle. (Schleicher, 2002)
Haar (1909) constructed the first wavelet basis when he showed that any continuous
function f ∈ [0, 1) can be approximated using step functions. The Haar basis is not
used so much in practice due to its discontinuity, but is very simple and therefore useful
for educational purposes. Also, many of the arguments used for the Haar basis can be
extended to other wavelet bases. In this thesis, the Haar basis will be used a lot to motivate some results in wavelet analysis and for an intuitive understanding of the theory.
(Schleicher, 2002)
After Alfred Haar’s construction of the Haar basis, further progress has been made by for
instance Strömberg (1983) and Mallat (1989). The last important step in the evolution
of wavelet analysis was made by Daubechies (1988) when she constructed a family of
wavelet bases that is the cornerstone of wavelet analysis today. The Daubechies wavelets
are smoother than the Haar wavelet, but still possess the properties of orthonormality
and compact support. (Schleicher, 2002)
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A function f ∈ L2 (R) can be written in terms of a scaling function that is dilated and
translated and a mother wavelet that is dilated and translated. Using a finite number
of wavelets gives an approximation of the function f . (Ogden, 1997, p.17)
A time series can be written using a (discrete) scaling function and a (discrete) mother
wavelet that is dilated and translated giving an exact representation of the series. The
scaling function captures the long-term trend of the series, while the dilations and translations of the mother wavelet captures more and more detail. (Schleicher, 2002)

Figure 1: Scaling function of the Daubechies(2) wavelet basis.

Figure 2: Mother wavelet of the Daubechies(2) wavelet basis
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2 L2 -theory
In this first section, some theory of L2 -bases will be presented. This because it will lead
to a better understanding of what a wavelet really is. The disposition and formulation
in this entire section follows to a large extent Vretblad (2003, p.105-123).

Definition
Let V be a complex vector space. An inner product on V is a complex-valued function
hu, vi of u ∈ V and v ∈ V having the following properties:
(1) hu, vi = hv, ui, where hv, ui is the complex conjugate of hv, ui
(2) hαu + βv, wi = αhu, wi + βhv, wi
(3) hu, ui ≥ 0
(4) hu, ui = 0 ⇒ u = 0
A complex vector space with a chosen inner product is called an inner product space.

Definition
A set of functions {ϕk }N
k=1 is said to be an orthonormal basis (ON-basis) for the Ndimensional inner product space V if:
(1) Every u ∈ V can be written as:
u=

PN

k=1 ck ϕk

(2) hϕj , ϕk i = 0, if j 6= k
(3) hϕj , ϕk i = 1, if j = k.

Theorem
Let {ϕk }N
k=1 be an orthonormal basis for the N-dimensional inner product space V. Then
every u ∈ V can be written as:
u=

PN

k=1 ck ϕk ,

where ck = hu, ϕk i, for k = 1, 2, ..., N
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Theorem (Least squares approximation)
Let {ϕk }N
set in an inner product space V and let u ∈ V . Among
k=1 be an orthonormal
PN
all linear combinations Φ = k=1 γk ϕk , the one that minimizes the value of ku − Φk is
the one where γk = hu, ϕk i for all k.
P
This combination PN (u) = N
k=1 hu, ϕk iϕk is called the orthogonal projection of u onto
the subspace of V spanned by {ϕk }N
k=1 .

Definition
Let V be an inner product space of infinite dimension. Then the infinite ON-sytem
{ϕk }∞
in V if, for every u ∈ V and every  > 0, it is possible to
k=1 is said to be complete
PN
find an N, so that ku − k=1 ak ϕk k < .
So, an ON-system being complete means that every u ∈ V can be approximated arbitrarily closely - at least in the norm sense - by a linear combination of the ϕk : s.
From the least squaresPapproximation theorem it is known that the best approximation
is given by PN (u) = N
k=1 hu, ϕk iϕk . The best approximation of u ∈ V must be the
infinite sum:
P∞

k=1 hu, ϕk iϕk .

Theorem
Let {ϕk }∞
complete orthonormal system (CONS) in V . Then every u ∈ V can
k=1 be a P
PN
be written as u = ∞
k=1 hu, ϕk iϕk k = 0.
k=1 hu, ϕk iϕk , where limN →∞ ku −
This means that once a complete orthonormal system P
is found, any u ∈ V can be written
as the ”infinite” orthogonal projection, that is, u = ∞
k=1 hu, ϕk iϕk , and also that the
PN
approximation k=1 hu, ϕk iϕk gets better and better as N gets larger.
2
2
Let
R L 2(T ) denote all square-integrable functions on the interval T , that is f ∈ L (T )
if T |f (x)|dx < ∞. It can be shown that an inner product associated to the function
R
space L2 (T ) is hf, gi = T f (x)g(x)dx. Restricting the
R analysis to real square-integrable
functions on T , this inner product becomes hf, gi = T f (x)g(x)dx.

From Fourier analysis it is known that the set {sin(nx), cos(nx), n = 0,1,2,3,...} forms a
complete orthogonal system for L2 (−π, π) with the chosen inner product just described.
This system can be made orthonormal by normalizing the functions. There are other
complete orthonormal systems for L2 (T ), there among so called wavelets.
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3 Wavelets
Now it is time to start the description of wavelets, which are orthonormal bases for
L2 (R). This will be motivated in the simplest case, via the Haar system. This entire
section is inspired by the work of Ogden (1997, p.7-14).
A wavelet ψ(x) has the following properties:
(1)

R∞

(2)

R∞

−∞ ψ(x)dx
−∞ ψ

=0

2 (x)dx

=1

Property 1) is what makes ψ(x) a wave and property 2) makes it a wavelet.
It is also convenient to introduce the so called scaling function φ(x). It is defined by the
property:
R∞

−∞ φ(x)

=1

3.1 The Haar system
To begin the study of wavelets, the so called Haar system will be considered. This is
the simplest system, making it easier to understand the basics of wavelet theory. Many
of the arguments used for the Haar system can generally be extended to other wavelet
systems. The figures in this section are constructed in MATLAB.
The Haar function ψ(x) is defined as follows:

 1, 0 ≤ x < 1/2
−1, 1/2 ≤ x < 1
ψ(x) =

0, otherwise
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Figure 3: The Haar function
The Haar function is also referred to as the mother wavelet (for the Haar system). This
mother wavelet ”gives birth” to an entire family of wavelets (sometimes referred to as
child wavelets) according to the formula:
ψj,k (x) = 2j/2 ψ(2j x − k),
where j, k ∈ Z.
The child wavelets ψj,k (x) are simply dilated and translated versions of the mother
wavelet multiplied with the normalization factor 2j/2 . The normalization factor is there
so that the dilated and translated Haar function satisfies property (2) in the wavelet
definition.
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Figure 4: ψ3,1 (x) and ψ1,2 (x)
The Haar scaling function φ(x) is simply the indicator function I[0,1] . It can also be
dilated and translated in a similar way as the mother wavelet:
φj,k (x) = 2j/2 φ(2j x − k)
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Figure 5: The Haar scaling function φ(x).
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Figure 6: φ1,1 (x) and φ3,1 (x).
Let us assume that f ∈ L2 (R) can be approximated close enough by a function f 2 that
is piecewise constant over intervals of length 1, and only defined on the interval [−2, 2).
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Figure 7: Example of a piecewise constant function defined on the interval [−2, 2) with
constant parts of length 1.
The function f 2 can be broken down into a coarser approximation f 1 and a detail function g 1 , where f 1 is constant over intervals of length 2 and g 1 is constant over intervals
of length 1. This means that the approximation f 2 can be rewritten as:
f 2 = f 1 + g1.

Figure 8: f 1 .
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Figure 9: g 1
f 1 may also be broken down into a constant function f 0 and a detail function g 0 , where
f 0 is a constant function over the entire interval [−2, 2) and the detail function g 0 is
constant over intervals of length 2:
f 1 = f 0 + g0
This means that f 2 can be written as:
f 2 = f 0 + g0 + g1

Figure 10: f 0
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Figure 11: g 0
Let gI0 and gI1 denote the constant value on interval I of g 0 and g 1 , respectively. One
can clearly see that:
0
g 0 = −g[−2,0)
ψ(2−2 x − 1)
1
1
g 1 = g[−2,−1)
ψ(2−1 x − 1) + g[0,1)
ψ(2−1 x)

Also, since f 0 is just constant over interval [−2, 2):
f 0 = f 0 φ(2−2 − 1)
This is an illustration of how one can approximate a function in L2 (R) using the Haar
scaling function and Haar wavelets. If a better approximation is required, one can increase the support and/or use smaller wavelets. This motivates the following:
Any function f ∈ L2 (R) can be approximated in the following way:
f≈

P

k cj0 ,k (x)φj0 ,k (x)

+

P

j≤j0

P

k

dj,k ψj,k (x),

and as j0 increases the approximation gets better. Or, equivalently, the set {φj0 ,k (x), ψj,k (x)}
is a complete orthonormal system for L2 (R).

4 Wavelet analysis for time series
In this section, how to represent a time series using wavelets will be presented. This is
done in a similar way as in the previous chapter, again using the Haar system. Continuing with the analysis, the discrete wavelet transform and multiresolution analysis are
presented and discussed. The time series (except for the first example) are downloaded
from Yahoo finance and then analyzed using the MATLAB Wavelet Toolbox.
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4.1 Wavelet representation of a time series
Consider the discrete signal s = [1, 3, 7, 5]. This could be a representation of a time
series. The signal can as in the previous chapter be broken down into a coarser signal
a1 and a detail signal d1 .
a1 = [2, 2, 6, 6], d1 = [−1, 1, 1, −1], where s = a1 + d1 .
The signal a1 can also be broken down into a coarser signal a2 and a detail signal d2 :
a2 = [4, 4, 4, 4], d2 = [−2, −2, 2, 2], where a1 = a2 + d2 .
Hence, the original signal s can be represented as:
s = a2 + d2 + d1 .
Now, s can be rewritten as:
s = 4φ0,0 − 2ψ0,0 −

√1 ψ1,0
2

+

√1 ψ1,1 ,
2

√
√
where φ0,0 =√[1, 1,√
1, 1], ψ0,0 = [1, 1, −1, −1], ψ1,0 = [ 2, − 2, 0, 0] and
ψ1,1 = [0, 0, 2, − 2]
In the previous chapter, it was seen that any function f ∈ L2 (R) can be approximated by:
f≈

P

k cj0 ,k (x)φj0 ,k (x)

+

P

j≤j0

P

k

dj,k ψj,k (x),

and as j0 gets larger the approximation gets better. For a time series (or discrete signal)
of length 2N , N ∈ N there is an exact representation using a discrete scaling function
φ0,0 and discrete wavelets ψj,k :
s = c0,0 φ0,0 +

Pn−1 P2j−1
j=0

k=0

dj,k ψj,k .

As shown, using the Haar basis functions, the wavelet coefficients can be seen by inspection. This motivated the time series representation using wavelets. Let us now use this
result to find a way to compute the coefficients (again using the Haar basis).
s = [1, 3, 7, 5] = c0,0 φ0,0 + d0,0 ψ0,0 + d1,0 ψ1,0 + d1,1 ψ1,1 =
√
√
√
√
= c0,0 [1, 1, 1, 1] + d0,0 [1, 1, −1, −1] + d1,0 [ 2, − 2, 0, 0] + d1,1 [0, 0, 2, − 2] =
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√


1 1
0
√2
1 1 − 2


√0 
1 −1

0
√2
1 −1
0
− 2




c0,0
d0,0 


d1,0 
d1,1

Due to the orthonormality of wavelets, the above matrix is orthogonal. This makes it
easy to compute the inverse, which is simply the transpose divided by 4. In this way,
the coefficients can be found. (Schleicher, 2002)
Computing wavelet coefficients by matrix inversion is computationally inefficient. Instead, the so called pyramid algorithm is used. It was introduced in the context of
wavelets by Mallat (1989). The number of computations of the wavelet coefficients using matrix inversion is of order O(N 2 ). The pyramid algorithm allows the coefficients
to be computed using only O(N ) operations. (Percival and Walden, 2000 p.68)
The coefficient vector [c0,0 , d0,0 , d1,0 , d1,1 , ...] is called the dicrete wavelet transform (DWT).
The coefficients in the transform captures more and more detail. (Schleicher, 2002)

4.2 Multiresolution analysis (MRA)
Let us consider a discrete signal s of length 2N , N ∈ N. As just seen, this signal can be
broken down into an approximation signal and detail signal according to:
s = aN + dN + dN −1 + ... + d1 , which defines a multiresolution analysis (MRA) of s. This
was motivated in the Haar case, but he same principle applies to other wavelet bases,
breaking a signal down into a coarse approximation signal and detail signals that can
be described in the wavelet basis. Each signal aN , dN , dN −1 , ..., d1 contains information
about variations in s at different scales. (Percival and Walden, p.64-65)
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Figure 12: Multiresolution analysis of the signal [1, 3, 7, 5], using the Haar basis.
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Figure 13: Multiresolution analysis of the closing stock prices of Facebook from 2016-0101 - 2017-01-06, using the Haar basis.
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Figure 14: Multiresolution analysis of the closing stock prices of Facebook from 2016-0101 - 2017-01-06, using the Daubechies(2) basis.
The essence of wavelet analysis is the ability to analyze a signal at different time scales.
The signal aN captures the behaviour over the entire time interval as well as dN . Adding
more and more detail signals it is possible to capture the behaviour at different time
scales. Each detail signal doubles the resolution and adds more detail. (Schleicher, 2002)
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Figure 15: Closing stock prices of Apple from 2016-01-01 - 2017-01-06.
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Figure 16: Approximations of the closing stock prices of Apple from 2016-01-01 - 201701-06 at different levels of detail. The Haar system is used (to the left) as
well as the Daubechies(2) system (to the right).

5 Wavelet applications for economic time series
In this section, how to use wavelet analysis in economic time series analysis will be
discussed and some fields in which wavelet analysis has been used will be presented.

5.1 De-noising
For economic time series (and time series overall) that are non-smooth or contains discontinuities, de-noising is often used. The usual statement is that a time series {st }
consists of a ”true signal” and white noise:
st = ŝt + t ,
where ŝt is the ”true” value and t is white noise.
Now, recall that the DWT has a matrix representation:
DW T = W s = W ŝ + W .
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The idea behind de-noising is that one can define a noise threshold. Those values in the
DWT that are below the threshold are regarded as noise while values over the threshold
are regarded as the actual time series. The values below the threshold are shrunk to
zero, and then the time series is restored using the inverse DWT. (Ramsey, 2002)
The threshold approach to de-noise a signal was introduced by Donoho and Johnston
(1994). The main advantage is that the de-noising does not smooth out sharp structures.
(Ramsey, 2002)

5.2 Time-scale decomposition of economic time series
In many occasions, economists emphasize the importance of long-term and short-term
behaviour. Wavelet analysis enables us to decompose a time series into different time
scales according to the multiresolution analysis principle. These scales can then be analyzed individually, extending the idea of short-term and long-term behaviour of a time
series into several time scales. (Schleicher, 2002)
A question of major interest to economics is the relationship between money and income,
that is whether money causes income or income causes money. This was examined by
Ramsey and Lampart (1998) using wavelet analysis. The result of their analysis was
that at the shortest scale income causes money, at the intermediate scales money causes
income and at the longest scale, there is feedback mechanism. (Ramsey, 2002)

6 Discussion
This thesis will end with a few thoughts of my own of how wavelet analysis can contribute to the field of economics.
Economic time series can possess sharp structures. The ability to de-noise a signal using wavelet analysis provides a nice way to represent a time series without removing
interesting features such as sharp structures, which can help the analyst to get a better
understanding of the time series. This means that more complex economic time series
can potentially be better understood.
As Ramsey (2002) suggests, decomposing macro-economic time series into different time
scales provides a strategy in trying to unravel relationships between macroeconomic variables. As previously described, economists often emphasize the importance of long-term
and short-term behaviour. Not only does wavelet analysis provide a way to analyze
long-term and short-term behaviour of time series, it can also go beyond this simplification by adding more time scales. As the field of wavelet analysis progresses and more
economic time series are analyzed, it is possible that economic theory more and more
will discuss how economic phenomena behaves at intermediate scales.
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