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Sammanfattning

Klassisk teori kan inte erbjuda en tillfredställande förklaring till svarta h̊als
till synes icke unitära termodynamiska utveckling. För att bevara informa-
tion krävs kvantmekaniska effekter p̊a skalor i ordningen av den traditionella
horisontradien. Gemensamt för flertalet av modellerna som försöker lösa
paradoxen är s̊a kallade horisontstrukturer.

Gravitationsv̊agsastronomins nyliga uppg̊ang erbjuder ett möjligt medel
för att p̊avisa dessa horisontstrukturers möjliga existens genom gravitationsv-
ågsstr̊alning fr̊an den s̊a kallade ringningsfasen vid kollisioner av binära svarta
h̊al. Generationen av s̊adan str̊alning beskrivs av kvasinormal moder (QNMs)
där man finner att str̊alningen utg̊ar fr̊an omr̊adet kring den s̊a kallade fo-
tonsfären. Kräver man reflektiva egenskaper hos horisontstrukturen leder
detta till existensen av gravitationella ekon vilka kan detekteras vid anläggningar
likt LIGO.

Denna uppsats studerar geodetisk rörelse av s̊adana ekon i det ekvato-
riella planet av ett roterande svart h̊al. Beroende p̊a horisontstrukturens
utsträckning, och den särskilda str̊alningsmoden, kan man förvänta sig olika
tidsskalor för dessa ekon. För en horisontstruktur som sträcker sig ∆r =
10−12M utanför den traditionella horisonten av ett M = 22.6M�, a = 0.74M
svart h̊al finner man ekon med en tidsfördröjning ∆teko ≈ 0.01465 s efter
den primära signalen. Tidsfördröjningen förväntas öka med minst en ord-
ning av magnitud om horisontstrukturen till̊ats minska till ∆r ∼ 10−80M .
Tidsskalorna för gravitationsv̊agor utg̊aende fr̊an de resterande omr̊adena
omgivande svarta h̊alet, fr̊an godtyckliga moder, är ett intressant ämne för
fortsatta studier.



Abstract

Classical theory cannot provide a satisfying scenario for a unitary thermody-
namic evolution of black holes. To preserve information one requires quantum
mechanical effects on scales reaching beyond the traditional horizon radius.
Therefore, common to many of the theories attempting to resolve the paradox
is the existence of exotic horizon structures.

The recent advent of gravitational wave astronomy provides a possible
means for detecting the existence of such structures through gravitational
wave emission in the ringdown phase of binary black hole mergers. Such
emission is described by quasinormal modes (QNMs) in which the gravita-
tional waves originate outside the black hole, in the vicinity of the photon
spheres. Requiring reflective properties of the horizon structure results in
the existence of gravitational echoes that may be detected by facilities such
as LIGO etc..

This thesis studies geodesic motion of such echoes in the equatorial plane
of a rotating black hole. Depending on the extent of the horizon structure,
and the particular mode of emission, one can expect different timescales for
the echoes. For a horizon structure extending ∆r = 10−12M outside the
traditional horizon of a M = 22.6M�, a = 0.74M black hole one would
ideally find echoes appearing as integer multiples of ∆techo ≈ 0.01465 s after
the primary signal. The time delay is expected to increase by at least an
order of magnitude if one lets ∆r ∼ 10−80M . The expected echo timescales
for gravitational waves emitted from any point around the black hole, in
arbitrary modes, is an interesting further study.
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Chapter 1

Introduction

This is a thesis aspiring to familiarize the reader with one of modern physics
most profound perplexities, the information paradox. Then I will solve the
paradox completely and that will be the end of it1...

As the reader is well aware, such statements don’t belong in such serious
matters as these. No, what we will do is, as stated, familiarize ourselves
with the issue of information and its apparent loss in the framework of the
information paradox as formulated by Hawking in his 1975,1976 papers [5,
6]. Once familiar we will look at contemporary models describing the hori-
zon structure and how certain properties of the horizon can enable novel,
possibly detectable, phenomena in the form of characteristic gravitational
radiation waveforms. Examples of such models are e.g fuzzballs, firewalls,
gravastars etc.. In order to study the effects of such structures we will review
the physics of gravitational wave generation in the specific case of binary
black hole mergers. The part interesting for this investigation is the so called
QNM (QuasiNormal Mode) ringing of the settling final black hole resulting
from the merger of the binary system. We will then perform a detailed study
of the generation of such black hole oscillations in the Kerr geometry as well
as a study of the resulting gravitational waves emerging from the rotating
black hole [18, 20].

This is the point where the thesis will move into increasingly unestab-
lished grounds, as it happily should. As proposed models assert, quantum
mechanical effects on macroscopic scales will surely force new ideas as to what
is actually going on at the horizon of black holes. New ideas have been put
forth advertising reflective features of the horizon in several of the contem-
porary models attempting to solve the paradox. Requiring that the horizon

1This is supposed to serve as the generator of the smile group
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should display such reflective features will enable us to study the reflections
of gravitational waves on such surfaces. As will be explained this would, if
proven to be true, produce echoes appearing as damped repetitions of the
primary gravitational waves stemming from the oscillations of a black hole
that underwent a merger [24]. By studying gravitational waves moving on
geodesics in the Kerr spacetime we can develop our understanding concerning
the timescales related to the postulated echoes. Earlier work has been made
with certain geodesics propagating in the polar direction of a rotating black
hole [24]. This thesis will look further and investigate equatorial geodesics as
a means to further understand the nature of these echoes in a slightly more
generic situation.

The author hopes that upon having finished reading this thesis the reader
should be acquainted with the main issues of the information paradox, its
possible resolutions and as one hopes, the means of verifying new exciting
theories describing black holes.
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Chapter 2

Review & Theory

2.1 The issue - a paradox

As is famously known, black holes radiate. We can tell right away that it’s
a bit of a self-contradiction since by virtue of its own name, nothing can
escape a black hole, and that includes radiation. The issue came about when
theorists in the early 70’s started to ask questions regarding the entropy of
a black hole. Specifically - what happens with the entropy of a system in
a descent towards a black hole that is ”lost” upon crossing the horizon of
the black hole. As we know, nothing can escape a classical black hole so
the entropy of the infalling system must somehow be stored inside the black
hole, thus implying that black holes should have entropy. The question then
becomes: What is the black hole entropy?

2.1.1 Black hole thermodynamics

Bekenstein put forth, as well as Hawking (and others), that we can relate
temperature, entropy and work done on the black hole with some of the black
hole’s basic parameters. By doing so one can formulate the so-called laws of
black hole thermodynamics. Perhaps the most striking resemblance of black
hole thermodynamics with classical thermodynamics is seen in the respective
1:st laws [3]

The 1:st law of thermodynamics

dE = TdS − pdV (2.1)

where E is the energy, T temperature, S entropy and lastly the work term
with pressure p and volume V .
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The 1:st law of black hole thermodynamics [3, 2]

δM =
κ

8π
δA+ ΩHδJ + ΦHδQ (2.2)

where M is the mass of the black hole, κ the surface gravity, A the area of
the event horizon, ΩH angular horizon frequency, J the angular momentum
of the black hole, ΦH the electric potential at the black hole horizon and Q
the black hole charge. In the latter equation, we are using natural units so
there is no distinction between the black hole mass M and the energy E. As
the analysis will tell us, there are several distinct parallels appearing in the
above equations.

A priori we cannot know for sure how the above quantities relate to each
other but if we are to take the above correlation seriously we can conclude a
proportionality relation between the area A of the black hole and its as of yet
unknown entropy defined as SBH . Furthermore we can relate a temperature
of the black hole with its surface gravity κ as well as a work term given by
the changes in angular momentum J and electric charge Q. As it will turn
out, the suspected proportionality is correct. The appropriate expressions
for temperature and entropy are given by [2]

SBH =
A

4
TH =

κ

2π
(2.3)

Having established the thermodynamics of black holes we are not yet in
any real position to call this a paradox. What we know at this point is merely
that some quantum mechanical process may enable the black hole to radiate
as opposed to what the classical theory tells us. The paradox emerges when
we look closer at the details of how the emission of the radiation is really
produced.

2.1.2 Particle creation in curved space

If we are to appreciate the depth of Hawkings arguments of a quantum me-
chanical emission of radiation from a black hole we should familiarize our-
selves with the manner in which it is created. There are quite a few ways
in which Hawking radiation has been explained, each one giving different in-
sights into what is really going on [14]. Perhaps one of the more convincing
arguments comes in the framework of Hawking himself, looking at the cre-
ation of particles in curved spacetime [6, 5]. The Hawking effect highlights
the non-uniqueness in the definition of the vacuum in curved spacetime.
Different observers define the vacuum differently in curved space making it
impossible to define an observer independent vacuum, devoid of particles.
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A vacuum in one reference frame is not necessarily a vacuum in another.
Corresponding processes such as the Unruh effect in flat spacetime shows
the same phenomena in the case of accelerated (non-inertial) frames, giving
a nice display of the equivalence principle relating gravity and acceleration
[14].

As we will see there is an ambiguity in the choice of basis when we look
at curved space. In ordinary flat space we can safely pick different reference
frames, the problem does not present itself in flat space since all inertial
frames are related with each other through Lorentz transformations. This,
in turn, does not force ambiguities on the choice of basis on our space. This
concreteness ultimately enables us to formulate a well defined vacuum, where
fields viewed in different frames are just related by Lorentz transformations.

Take for example the Fourier mode expansion of a scalar field φ in flat
space, given in the discrete case as a superposition of plane waves [12, 14,
23]

φ =
∑
k

(
akfk + a†kf

∗
k

)
fk = Aeikx−iωkt (2.4)

The expansion coefficients are, as reasoned through standard quantization
methods, the annihilation and creation operators. Quantization yields the
standard commutation relations from wich one can construct the Fock space
of, in this case, the free particle states where we would have the usual sit-
uation where the vacuum is annihilated by the a’s etc.. When taking the
expectation value of the number operator Na

k = a†kak in the vacuum states
of this basis we would have a clear definition of whether or not this is a true
vacuum.

It is a good idea to review the above results of basic quantization methods
in flat space since they can be used in the more generic curved spacetime that
is of interest in the Hawking effect.

Given some equation of motion for the field φ, take for example the Klein-
Gordon equation

(∂µ∂
µ −m2)φ = 0 (2.5)

we will, as stated, in general be able to expand this field in a set of Fourier
modes. Given that the set {fk, f ∗k} span a complete orthonormal basis, we
write as above [10]

φ =
∑
k

(
akfk + a†kf

∗
k

)
(2.6)

where the f ’s are all separate solutions to the Klein-Gordon equation (2.5).
In flat Minkowski space we have, as above, a set of possible solutions

fk = Aeikx−iωkt f ∗k = Ae−ikx+iωkt (2.7)
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where we are taking the coefficient A as real.
We have the associated inner product for the fields in a generic spacetime

[14]

(φ1, φ2) = −i
∫

Σ

nµ
√
−γ
(
φ1∇µφ

∗
2 − (∇µφ1)φ∗2

)
dn−1x (2.8)

This inner product is taken over a constant hypersurface Σ with normal
vector nµ and the induced metric γab of the acquired subspace where γ = |γab|
is the determinant and ∇µ is the covariant derivative. In Minkowski space
we can choose a spacelike hypersurface Σt (hypersurface of constant t) where
we have a timelike normal vector. For Minkowski 4-d space we find the inner
product [14]

(φ1, φ2) = −i
∫

Σt

(
φ1∂tφ

∗
2 − (∂tφ1)φ∗2

)
d3x (2.9)

Taking the inner product of the Fourier modes with different momenta k and
k′ using the above inner product we find [14]

(fk, fk′) = −i
∫

Σt

(
iωk2

A2eix(k−k′)e−it(ωk−ωk′ )

−(−iωk)A2eix(k−k′)e−it(ωk−ωk′ )

)
d3x

= (ωk + ωk′)A
2e−it(ωk−ωk′ )

∫
Σt

eix(k−k′)d3x (2.10)

We now use the well known relation∫
eikxdnx = (2π)nδ(n)(k) (2.11)

to give us that

(fk, fk′) = (2π)3(ωk + ωk′)A
2e−it(ωk−ωk′ )δ(3)(k − k′) (2.12)

We now see that the modes are orthogonal for momenta k 6= k′.
For equal momenta k = k′ we have that

ωk = ωk′ ≡ ω (2.13)

since
kµ = (ω,k)→ kµkµ = −m2 = −ω2 + k2 (2.14)

where m is the mass of the field.
Leading to

ω2 = k2 +m2 (2.15)
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so for equal momenta we can make our modes orthonormal by choosing A as
follows

A =
1√

(2π)32ωk

(2.16)

giving the modes

fk =
eik

µxµ√
(2π)32ωk

f ∗k =
e−ik

µxµ√
(2π)32ωk

(2.17)

With this we can formulate the inner product of our basis

(fk, fk′) = δ(3)(k − k′) (2.18)

(f ∗k, f
∗
k′) = −δ(3)(k − k′) (2.19)

(fk, f
∗
k′) = 0 (2.20)

The two additional inner products are easily found by changing the appro-
priate signs in the exponentials in (2.10) for the complex conjugated modes.

We now go about quantizing the theory by treating our fields as operator
valued and introduce the equal time commutation relations, as in ordinary
canonical quantization in quantum mechanics [10]

[φ(t,x), φ(t,x′)] = 0 (2.21)

[π(t,x), π(t,x′)] = 0 (2.22)

[φ(t,x), π(t,x′)] = iδn−1(x− x′) (2.23)

By using the mode expansion (2.6) in the above commutation relations we
immediately find the commutation relations for our a’s and a†’s

[ak, ak′ ] = 0 (2.24)

[a†k, a
†
k′ ] = 0 (2.25)

[ak, a
†
k′ ] = δkk′ (2.26)

With the above commutation relations we have the number operator Na
k =

a†kak which has a well defined vacuum

〈0|Na
k |0〉a = 0 (2.27)

where the a indices denotes that we are referring to the number operator
and vacuum in the basis spanned by the ak’s. For any other inertial frame
in flat space a boost will not imply any change of basis and thus the number
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operator and vacuum remains the same, giving us, in flat space, a global
vacuum.

The same does not hold true in a generic curved spacetime. As we know,
the presence of a gravitational field, or equally well, the acceleration of a
reference frame, will have effects on how relative frames measures time and
space. The closer you are to a gravitational source the more your local
spacetime will be distorted in relation to other frames. This is not cured by
any Lorentz transformations, making this the very foundation of the problem
in curved space.

The non-uniqueness of the choice of time enables us to expand our field
in different bases with respect to different times where none of the different
expansions are to be preferred over the other. Having put forth the machinery
of creating the commutation relations and inner products of flat Minkowski
space we adopt this to curved space with minor adjustments [15, 23, 14].

Confronted with curved space we can still reason that it is generally
possible to find modes in which we can expand our fields. Along with this
we must accept the mentioned ambiguity such that no set of modes are to
be preferred over the other. In going over to curved space we adopt a new
summation index n to separate the notation in flat and curved space [10]

φ =
∑
n

(
anfn + a†nf

∗
n

)
=
∑
n

(
bngn + b†ng

∗
n

)
(2.28)

Along with this we have, as before, the associated commutators [10]

[an, am] = 0 [bn, bm] = 0 (2.29)

[a†n, a
†
m] = 0 [b†n, b

†
m] = 0 (2.30)

[an, a
†
m] = δnm [bn, b

†
m] = δnm (2.31)

where we build up the Fock space in the usual way, imposing that the a’s
and b’s annihilate the respective vaccum

an |0〉a = 0 bn |0〉b = 0 (2.32)

and inner products [15]

(fn, fm) = δnm (gn, gm) = δnm (2.33)

(f ∗n, f
∗
m) = −δnm (g∗n, g

∗
m) = −δnm (2.34)

(fn, f
∗
m) = 0 (gn, g

∗
m) = 0 (2.35)

We can now relate our creation and annihilation operators in the different
bases by taking the inner product of our field expansion of φ (2.28) and use
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(2.8) with one of the modes, take e.g fm [15]

(φ, fm) = −i
∫

Σ

dΣµ
∑
n

[
(anfn + a†nf

∗
n)∇µf

∗
m −∇µ(anfn + a†nf

∗
n)f ∗m

]
= −i

∫
Σ

dΣµ
∑
n

[
anfn∇µf

∗
m − an(∇µfn)f ∗m + a†nf

∗
n∇µf

∗
m

− a†n(∇µf
∗
n)f ∗m

]
(2.36)

where dΣµ ≡ nµ
√
−γdn−1x

We now use the relations given in (2.33)-(2.35) such that

(φ, fm) =
∑
n

[
(fn, fm)︸ ︷︷ ︸

δnm

an + (f ∗n, fm)︸ ︷︷ ︸
0

a†n

]
(2.37)

giving us that

(φ, fm) =
∑
n

anδnm (2.38)

We do an identical calculation for the g modes of (2.28) giving us that

(φ, fm) =
∑
n

[
(gn, fm)bn + (g∗n, fm)b†n

]
(2.39)

The inner products in the summand are the sought for Bogoliubov coefficients
relating the operators in the different bases. We define them as

(φ, fm) =
∑
n

[
αmnbn + βmnb

†
n

]
(2.40)

Since by definition (eq.(2.28)) we equate the two solutions (2.38) and (2.40)
and use

∑
n

anδnm = am to find

am =
∑
n

[
αmnbn + βmnb

†
n

]
(2.41)

To figure out whether or not we have a vacuum we take the expectation value
of the number operator. This will tell us whether or not there are any excited
modes. Taking the expectation value of the number operator Na

m = a†mam in
the vacuum spanned by the a’s basis we find that it is clearly zero

〈0|Na
m |0〉a = 0 (2.42)
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On the other hand, since there is a linear transformation relating the a’s and
the b’s we find nontrivial vacuum expectation values of Na

m in the vacuum
spanned by the b’s.

First off, we have the number operator

Na
m = a†mam

=
∑
n

[
(α∗mnb

†
n + β∗mnbn)(αmnbn + βmnb

†
n)

]
=
∑
n

[
|αmn|2b†nbn + β∗mnαmnbnbn + α∗mnβmnb

†
nb
†
n + |βmn|2bnb†n

]
(2.43)

Now taking the vacuum expectation value we see that only the last term in
the sum survives since the first term is zero due to the commutation relation
(2.31), the second annihilate the groundstate and the third term is zero due
to orthogonality of different excitation levels.

Thus we find
〈0|Na

m |0〉b =
∑
n

|βmn|2 (2.44)

Proving that for any non-zero element of βmn we would have separate refer-
ence frames disagreeing whether or not there is a vacuum at some specified
point in spacetime.

2.1.3 Hawking radiation

In this section we will, among other things, review the results of Hawking,
leading us closer to the formulation of the actual information paradox. There
are a number of ways in which one can arrive at Hawking’s conclusion that
a black hole radiates thermally like a blackbody with a specific temperature,
we will go through the main points of Hawkings’s derivation as well as some
more pictorial models that should benefit our understanding.

Hawking’s derivation focuses on a model where one uses the framework
put forth in the previous section regarding particle creation in curved space.
By studying a massless scalar field φ obeying the wave-equation ∇µ∇µφ = 0
at separate regions of spacetime one can, just like before, expand the field in
different bases belonging to the different regions. By selecting appropriate
regions and relating them properly, one can find the corresponding Bogoli-
ubov transformations relating the different bases and thus also relating the
number operators in the different bases. Taking the expectation values of
the number operators one can find, just as we argued in the previous section,
a non-zero vacuum expectation value in one basis but a complete vacuum in

10



the other basis. In a black hole spacetime we find when taking the appropri-
ate vacuum expectation value, that the black hole is radiating thermally in a
blackbody spectrum with temperature TH as seen by an observer at spatial
infinity, i.e far away from the black hole. So what Hawking’s derivation really
does is, through a somewhat involved reasoning, find the correct Bogoliubov
coeffecients and simply use them to calculate the vacuum expectation value
of the number operator which will turn out to be in the form of thermally
radiating blackbodies, as is presented below [6, 12]

〈0|Nω |0〉ω′ =
Γω

e
2πω
κ − 1

(2.45)

Where the Nω is a number operator and |0〉ω′ is the vacuum annihilated by
the lowering operators of its corresponding basis. Note that we have once
again adapted a new notation where we instead express this with an explicit
frequency dependence ω =

√
k2. The so called graybody factor Γω relates

the amount of radiation back-scattering into the black hole. It is energy
dependent and so alters the spectrum of the observed outgoing radiation.

This is, as stated, the spectrum of a thermally radiating blackbody. Re-
lating the above expression to its counterpart in statistical mechanics we can
extract the temperature

TH =
κ

2π
(2.46)

Having established the exact form for the temperature we know the pro-
portionality that was ambiguous when consulting only black hole thermody-
namics itself. With the given temperature we immediately verify through
the thermodynamic relations (2.2) that the entropy is indeed given by

SBH =
A

4
(2.47)

All in accordance with (2.3)
The reasoning in which Hawking formulated his equations involves the

environment of a gravitationally collapsing star forming a black hole. Below
is the Penrose diagrams depicting the relevant region for the dynamics in
study. As depicted in fig.2.1 the star (leftmost region of diagram) undergoes
a collapse and after some time the star crosses the horizon and continues
towards the singularity (jagged line on the top). The horizon is the dashed
lineH (evidently a null surface), the boundary I+ is the infinite future of null
geodesics while the boundary I− is the infinite past Cauchy surface of null
geodesics. We shall notice that the conformal diagrams do not represent scale
in an obvious manner since it has, evidently, been conformally scaled [15].
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Figure 2.1: Penrose diagram showing the collapsing star as it recedes behind
the horizon H and continues towards the singularity. I± is the future and
past null infinity [23]

What we want to do now is set up a relation between modes in the two regions
near I+ and I−. To do that one can study geodesics of massless (vacuum)
field modes propagating through the star as well as near the newly formed
horizon. This will give a relation between the vacuum modes in the past null
infinity vacuum (as viewed from I−), outside the star, and the modes in the
future null infinity (as viewed from I+) through the Bogoliubov coefficients.
The fields are not allowed to interact at all with the matter in the star
as the star is only there to allow the relevant geometry in which the fields
propagate. In order to establish any Bogoliubov transformations we must
define the bases on which our states live. We have done this in curved space
as well as in flat space in the previous sections. We can now draw benefit
from our reasoning in flat space since in the gravitational environment of
the collapsing star the infinite past will be asymptotically flat. After all,
long before the star collapsed to form a black hole the spacetime must have
been very flat with the highest curvature at the surface of the star, which
in comparison to the curvature related to particle creation, is very small. In
the infinite future the metric has settled down and the geometry is that of
Schwarzschild. As is depicted in fig.2.2 we have chosen basis functions pω, fω
and qω to represent the bases at the separate regions. Notice that we omit
the collapsing star in fig.2.2 to make room for the content related to Hawking
radiation. In a Schwarzschild geometry the solutions of the wave-equation
∇µ∇µφ = 0 are of the form [10]

φ = r−1Rlω(r)Ylm(θ, ϕ)e−iωt (2.48)

d2Rlω

dr∗2
+

{(
l(l + 1)

r2
+

2M

r3

)(
1− 2M

r

)}
Rlω = 0 (2.49)

12



Figure 2.2: The same diagram, omitting the collapsing star from the figure
for clarity. u and v, as seen, are affine coordinates along future and past null
infinity respectively. The latest escaping geodesic γ is indicated as well as
the modes pω, fω and qω defined on future and past null infinity, and on the
future horizon respectively [23].

where we use the spherical symmetry of the Schwarzschild geometry with
the spherical harmonics and introduce ϕ as the azimuthal angle to separate
it from the field variable φ. Furthermore r∗ is the tortoise coordinate of the
Schwarzschild metric. In the asymptotic region near I− we have that r∗ → r
so the solutions to (2.49) is given by [10]

lim
r→∞

Rlω(r) = e±iωr (2.50)

giving us that
φI± = r−1Ylm(θ, ϕ)e−iω(t∓r) (2.51)

Introducing the null coordinates

u = t− r∗ v = t+ r∗ (2.52)

with which we can write the mode function for the asymptotic flat region in
null past infinity I−[10]

fω ∝ e−iωv + e−iωu (2.53)

where we have written it as a proportionality for brevity since it will suffice
for the discussions we will make here. This coincides with the plane wave
modes of flat Minkowski space (2.4) found earlier but in the above equation
we have explicit ingoing and outgoing modes. Remember we are using the
continuous index ω for our variables instead of the discrete indexation used
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previously. This is not of any great importance for the context discussed
here but it will imply that we expand our fields in continuous Fourier modes
instead of discrete ones.

Since I− contains initial conditions that can determine the states evolu-
tion completely into the future (Cauchy surface) we can expand a complete
orthonormal basis, like before, but this time in a continuum [12]

φω =

∫
dω(aωfω + a†ωf

∗
ω) (2.54)

with the related inner products, vacuum state etc., and similarly for the pω
and qω modes.

We now want to understand the effects on a massless vacuum field-mode
incoming from past null infinity that propagates through the geometry cre-
ated by the star and continue towards future null infinity without being
trapped by the horizon. Looking at fig.2.2 we see that geodesics coming in
at later times will be caught behind the horizon. The geodesic traced by γ
does not get caught but geodesics coming in slightly later than γ will be more
and more affected (redshifted) as they follow paths closer to the null surface
traced by the horizon. The environment surrounding the star is initially
taken to be a vacuum so the only possible outgoing radiation at future null
infinity must be created by the black hole’s effects on vacuum modes prop-
agating through the star. Looking at fig.2.2 we see the geodesic γ tracing a
path from past null infinity, reflecting upon the origin and continue towards
future null infinity. Since the geometry is symmetric about the origin, there is
no loss of generality in letting the geodesic reflect at r = 0 instead of passing
right through. If we now view our incoming vacuum modes fω following such
geodesics, reflect at r = 0 to become outgoing modes and continue towards
I+ one can calculate the effects this propagation will have on the mode as it
has reached future null infinity [10]. The methods for deriving how the mode
fω evolves varies and tend to become quite involved (see [10, 12] for details).
Given that we can find the form for pω at I+ we can use the formalism we
built up before to find the Bogoliubov coefficients. The relevant coefficient,
using continuous notation, will be (cf.(2.44))

(p∗ω, fω′) = βω′ω (2.55)

where we would take the inner product over some appropriate hypersurface.
Given the Bogoliubov coefficient we can take the expectation value of the
number operator in the pω basis (at I+) with respect to the vacuum of the
fω′ basis which in the continuum is given by [12]

〈0|Nω |0〉ω′ =

∫
dω′|βω′ω| (2.56)
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Using the correct mode for pω we will produce the sought for blackbody
spectrum [10, 12]

〈0|Nω |0〉ω′ =

∫
dω′|βω′ω| =

Γω

e
2πω
κ − 1

(2.57)

which means that observers at null infinity will see particles as opposed to
the vacuum viewed by observers present in the spacetime before the black
hole was formed through gravitational collapse.

To enforce our observation of black holes as radiating objects we will
now review some contemporary material on the nature of the creation of this
radiation, especially since this will be the key to understanding why there is
an information paradox at all.

Leaning on the extensive material by Mathur [15, 17] (to whom the fol-
lowing figures owe credit) we will formulate a more pictorial and perhaps
more intuitive view on particle creation at the horizon of a black hole. We
will consider a Schwarzschild spacetime given by the metric

ds2 = −
(

1− 2MG

r

)
dt2 +

1

1− 2MG
r

dr2 + r2
(
dθ2 + sin2θdφ2

)
(2.58)

This metric is appropriate for the outside region of a spherically symmetric
massive object. It is singular at the horizon rs = 2MG

r
which is the place

where the notion of time and space switches place i.e the sign of the time
component dt2 and radial component dr2 interchanges upon crossing the
horizon. In the context of black holes this in turn implies that any object
crossing the horizon, moving forwards in time, inevitably moves towards
smaller r and ultimately the singularity. Except for the property of acting
as a trapping horizon this region of spacetime is at first glance nothing but
a consequence of the coordinate system. As we will see, this very property
(trapping horizon) will introduce a time dependence in the above metric not
seen so easily unless we look at it appropriately [15].

Referring to the Penrose diagram in fig.2.2 we see that massless particles
following radial geodesics on the horizon will indeed stay on the horizon
(the horizon is as mentioned a null surface). The geometry depicted in the
Penrose diagrams is nevertheless misleading if we do not take into account the
conformal scaling of the diagram. Consider a null geodesic moving slightly
outside the horizon (take e.g γ in fig.2.2). Since the Penrose diagram is
constructed so that all null geodesics will follow straight lines inclined at 45◦,
the diagram would naively suggest that the null geodesic moving outside
the horizon will stay at the same distance indefinitely. This is not the case
since the Penrose diagrams have been conformally scaled such that points
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Figure 2.3: Radial null geodesics (dashed lines) peeling away from the horizon
as they evolve through time [15].

near spacelike infinity e.g near future null infinity will have been greatly
compressed. After all, since all of spacetime has been crammed into a single
finite diagram we cannot expect scale to be represented like we are used to.
To see the effect on radial null geodesics close to the horizon we refer to
fig.2.3. Here the horizon is depicted as the vertical line, located at a fixed
position r. The coordinate τ is some appropriate time complementing r [15].
This coordinate is not exactly specified but we must demand that τ = τ(t) as
we will use this when foliating our spacetime with constant t surfaces (which
then would imply constant τ surfaces as well) As depicted in the figure,
consider two radial null geodesics attempting to escape the black hole. The
null geodesic starting just outside the horizon will slowly increase its distance
to the black hole while the null geodesic starting just inside the horizon will
fall further and further down the black hole towards the singularity. Fig.2.3
depicts a sort of ”peeling off” of geodesics close to the horizon [15]. Anything
inside the horizon will peel off towards smaller r while anything outside the
horizon peels off towards infinity. This is, in effect, a form of streching of
spacetime close to the horizon. When studying wavepackets straddling the
horizon we will see that this very effect can, and will, pull out particles from
the vacuum.

To study the evolution of such wavepackets we will construct a set of
spaclike slices that foliates the black hole geometry [15]. By letting modes
evolve from an initial slice (early time) into a later slice we can read off the
effects the streching of spacetime near the horizon has had on the initial
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Figure 2.4: Slicing of the black hole geometry. Later slices undergo stretching
in the region close to Scon [15].

modes (taken to be vaccum modes). Consider the slices depicted in fig.2.4.
Outside the horizon we construct a surface of constant coordinate time t
that far away behaves much like ordinary flat space. Let this slice cover the
space from r = ∞ to r ∼ 3GM . This slice is denoted Sout. Consulting
(2.58) we see that such a slice is spacelike over its whole domain. To create a
spacelike slice inside the horizon we refer to our earlier remark that space and
time ”changes sign” at the horizon. An appropriate spacelike slice inside the
horizon is therefore a slice of constant r at some position, take e.g r ∼ GM .
This slice is denoted Sin. Once again referring to (2.58) we see that this
is indeed spacelike. We now connect the two slices with another spacelike
slice Scon which once again according to (2.58) can be smoothly curved such
that it is spacelike in its whole domain r ∼ {GM, 3GM}. Our spacelike
surface now spans from infinity all the way to r ∼ GM . To make a complete
foliation we let the slice Sin continue down to very early times before any
singularity has formed whereupon we can smoothly curve it in to reach r = 0
[15]. When evolving the slice to later times we push it inwards towards
smaller r as is seen in fig.2.4. The evolution is made such that the slices
are advanced by smaller and smaller increments in r the further we move in
time. This keeps the slices away from hitting the singularity at r = 0 as we
advance in time. We see that such evolution in time forces stretching of our
spacelike slices, the Sin and Sout slices are pushed further apart but does not
stretch significantly while the connector segment Scon stretches increasingly
as time evolves. It is this hidden time dependence that is overlooked in the
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(a) A single mode breaking up into
two modes when evolving from initial
slice to later slice [15].

(b) Two modes of different wave-
length evolve into successive entan-
gled particle pairs (b1, c1) and (b2, c2)
[15].

Figure 2.5

Schwarzschild geometry, as a result of the breakdown of the coordinates at
the horizon [17].

What separates this geometry from that of flat Minkowski space is that
the slicing we just performed is not achievable in flat space. The existence of
the horizon is what enables us to create an everywhere spacelike slice which
comes as a result of the interchanging of time and space at the horizon. Take
for example an initial t constant slice in flat space and try to evolve the
right part of the slice while keeping the left part still. The region connecting
the two sides of the slice would thus have to stretch. Without a horizon to
facilitate the interchange in space and time, this segment would continue to
stretch and eventually become timelike, oppositely to what happens for the
black hole geometry. Looking at a generic spacetime we can take a point on
an initial slice, follow it as it evolves to a later slice and connect these points
with a vector. In flat space such vectors will be timelike which enables
us to form timelike killing vectors, meaning we have a time independent
geometry. For the black hole geometry, such vectors are not everywhere
timelike, hence we have no timelike killing vector in our geometry and so
we instead find that we have time dependence. We stressed before (when
choosing different bases for Fourier mode expansions) that the ambiguity
in defining an observer independent time coordinate is the very reason that
we have disagreements on the existence of a likewise observer independent
vacuum in curved space, now we have a picture for it! As mentioned earlier
we can now study how wavepackets evolve near the horizon of the black hole.
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What we mean with a wavepacket is simply a collection of superpositioned
modes near a given frequency making up a localized oscillation (a quanta).
This is important when considering the evolution of vacuum modes near the
horizon since were we not to consider localized oscillations, the evolution
of such modes would not end in new localized modes on later slices (which
will make up the entangled particles). In fig.2.5a we see such a localized
mode evolving to a later slice. Just like in the case of particles considered in
fig.2.3, the points inside and outside the horizon move away from eachother.
When considering modes (described by a wavefunction) this corresponds to
a stretching of the modes resulting in an increasing wavelength. Referring
to the slicing we performed earlier it is the parts of the mode closest to the
horizon that undergo the majority of the stretching while more distant parts
of the mode stretch much less (see [15] for a more extensive discussion on the
mapping of modes between different slices). This is to say that the stretching
close to the horizon is very non-uniform across the mode. This is in contrast
to the stretching of modes farther away from the horizon where the stretching
instead is very uniform. As is depicted in fig.2.5a the stretching of the modes
near the horizon will result in new localized oscillations being created away
from the horizon (where there is no more non-uniform stretching). In the
Sin region we see that we find oscillations, as we move out to the horizon the
oscillations decrease significantly and then appear again in the Sout region.
Fig.2.5b shows pictorially how such non-uniform stretching creates what is
entangled pairs (bn, cn) of particles, one part of the pair bn moves out towards
infinity (the Hawking radiation) while the other part cn descends into the
black hole. The entanglement is present due to the mixing of the frequencies
of the initial vacuum mode. As the vacuum mode is stretched, eventually
creating two separate quanta, the frequencies making up the new particle
modes will be correlated, thus producing an entanglement reminiscent of the
correlation between spins of interacting particles [15, 17].

2.1.4 Information loss

We first arrive at the actual information paradox when we look at the im-
plications the mentioned entanglement of the produced particles have on the
black hole’s evolution. The entanglement will force us to construct mixed
states of the form [15]

|ψ〉n =
1√
2

(
|0〉bn ⊗ |0〉cn + |1〉bn ⊗ |1〉cn

)
(2.59)

where |0〉bn is the vacuum annihilated by the bn’s and |1〉bn is the one particle
state constructed by acting once with the b†n etc.. So what we see here is
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only the leading order corrections to the vacuum outside the horizon. In the
reasoning we have followed this far when reviewing the Hawking radiation
we have not considered all the contributions to the radiation emitted. A
complete state would have further particle excitations of the form [15]

|ψ〉n = C
(
|0〉bn ⊗ |0〉cn + γ |1〉bn ⊗ |1〉cn + γ2 |2〉bn ⊗ |2〉cn + ...

)
(2.60)

Where γ is some appropriate matrix
Still (2.59) will give us the essence of what makes up the actual informa-

tion paradox. First of all we note that the state (2.59) is entangled. The
states spanned by bn outside the horizon is entangled with the states spanned
by cn inside the horizon. Taking the state (2.59) we can construct the density
matrix ρ with which, through standard arguments, we can construct the re-
duced density matrix (e.g ρbn) by tracing over the state basis cn, from which
we acquire the entanglement entropy from the Von Neumann entropy [15]

Sent = −tr(ρlnρ) (2.61)

For mixed states of the form (2.59) we would find an entanglement entropy
of [15]

Sent = ln2 (2.62)

Considering the full state (2.60) would give corrections but an entanglement
entropy of the same order as (2.59) has. If we now consider the entanglement
of the black hole system as a whole we would write the state for the whole
evolution in the form of factored states [15]

|ψ〉 ≈ |ψ〉M ⊗
(
|0〉b1 ⊗ |0〉c1 + |1〉b1 ⊗ |1〉c1

)
⊗
(
|0〉b2 ⊗ |0〉c2 + |1〉b2 ⊗ |1〉c2

)
...

⊗
(
|0〉bn ⊗ |0〉cn + |1〉bn ⊗ |1〉cn

)
(2.63)

where |ψ〉M is the initial state of the substance making up the black hole
mass. The other products are simply the states |ψ〉n from (2.59) subsequently
emitted through Hawking radiation. |ψ〉1 is the first entangled pair produced,
|ψ〉2 the second etc..

Having a number N of such emitted pairs we end up with an entanglement
entropy of

Sent = Nln2 (2.64)

This is to say that the set of all emitted quanta {bn} is entangled with the
set of states making up the remaining black hole {M, cn} with the given
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entanglement entropy. We include the mass M since any ingoing cn quanta
will join the black hole as Hawking radiation is continuously produced. The
ingoing cn quanta will - in essence due to the gravitational force being attrac-
tive - effectively carry a negative energy that reduces the mass of the black
hole. We shall notice that the given entanglement (2.64) and the number of
quanta emitted in a complete evaporation of a black hole coincides (in terms
of orders) with the black hole entropy (2.3) previously found [15].

Hold on because here comes the paradox!
If we consider radiation being continuously produced there will be more

and more bn particles which are all separately entangled with the particles
going into the black hole. As the mass (and size) continuously diminishes
there will be increasingly few particles for all the Hawking radiation to en-
tangle with. If we are to consider a case where the black hole evaporates
completely we are confronted with the fact that all the mass that initially
made up the black hole are now left only as radiation (bn quanta) at infinity
without anything left to entangle with. The initial entropy SBH that made
up the black hole has been continuously converted into entanglement entropy
Sent. This is all fine as long as there are states that the bn quanta can entan-
gle with but this is evidently made impossible if all states are in the form of
Hawking radiation. The entropy has been destroyed, or equally, information
has been destroyed, hence we have an information paradox.

We can try to avoid the paradox by considering a case where the evapora-
tion ceases around the Planck-scale (due to quantum gravity effects) before
the black hole completely evaporates, leaving room for entangled quanta to
remain in the black hole. On entropy arguments this would in turn require
an infinite amount of remnant states since the complete evaporation of a
black hole will happen for black holes of arbitrary size, thus there will be
arbitrary many entangled quanta emitted in a complete evaporation. These
states would be restricted inside a Planck-sized object and this is not a satis-
factory scenario. Considering the entropy described in terms of microstates
[15, 17]

S = lnN (2.65)

where N is the number of microstates of the system. We see that for a black
hole of entropy SBH we would have

SBH = lnN → N = eSBH (2.66)

Since SBH ∝ A, a typical black hole would have a huge number of mi-
crostates, take e.g a solarmass black hole where the number of microstates
would amount to N ∼ 101077 [15]. Such a big number of states inside a
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Planck-sized object is, as stated, not a satisfactory explanation for preserv-
ing the entropy/information [15].

There are many ways to try to sidestep these conclusions, some more
successful than others. On the rather basic level that we have presented the
information paradox there would be plenty of points where one can argue on
the validity of the postulated paradox but consulting the full theory (as well
as alternative formulations of the paradox) one would find that breaking the
information paradox is not so easily done.

2.2 Horizon structures

Building on the problems presented by the information paradox there are a
few models that hopes to bring resolution to the problem. We will discuss
fuzzballs as an example and mention some of the popular models and their
basic idea here but not study them in any detail. What we will bring with
us from here is a postulate that such models, were they correct, would imply
a drastic change to the actual physical nature of the event horizon. What
the physical nature of this new horizon may be we shall, once again, not
delve further into here but we should consider that any particles interacting
with such an inherently dynamic surface would surely be effected in some
way. Postulating that the surface should hold reflective properties enables us
to study gravitational waves as they interact with the surface and hopefully
we can use this to predict its presence in the data delivered by LIGO. In
the context of binary black hole mergers there are further constraints on
the actual dynamics of this structure if we are to see echoes. First of all
one would have to demand that the settling of such a structure following a
merger would have to form in a time such that the emitted QNM radiation
in the direction of the black hole will be enabled to interact. This is clearly
very model dependent. In the case of black holes merging, already possessing
such a structure, the formation of such a surface for the resulting black hole
would be expected to develop very quickly as it is already in place. Since the
different postulated models of black holes are many, if we find echoes, the
correct model must be able account for a quickly forming horizon structure
of the final black hole [29].

Furthermore there are considerations on the reflectivity of the horizon
structure at different frequencies. The majority of the radiation emitted in
the QNM spectrum are of the orders f & 250 Hz which we can get ap-
proximate confirmations of with the following QNM analysis of this thesis
[29]. Any alternative explanation of black holes are required to reproduce,
up to small corrections or similar orders, the original Bekenstein-Hawking
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entropy and therefore allow for the possible thermal radiation according to
the Hawking temperature, which is then related to an energy

EH = kBTH =
~

8πM
(2.67)

where one has restored ~ and kB. Similarly we have an energy for the gravi-
tational waves

EGW = ~ωR (2.68)

where ωR is the frequency for the gravitational waves the we will also find
later. The idea is now that whatever exotic structure making up the mi-
crostates of the black hole would have energy levels comparable to EH . There-
fore any high energy gravitational waves impinging on this structure can
excite the microstates and thus be absorbed. The low energy gravitational
waves cannot excite the microstates and are thus reflected out again. Inci-
dentally the gravitational waves, being in the radio-frequency band, should
not be able to excite any such microstates. These are good news but calling
this conclusion decisive would be far fetched since one cannot be sure that
any such structure would actually behave in this way. But at least it tells us
that if any structure is present, the frequency band for gravitational waves
are definitely advantageous in this respect [29].

In a closer study the main ideas when it comes to circumventing the infor-
mation paradox leans on either the existence of remnants, that is, the evap-
oration stops at some point before the black hole has evaporated completely,
or on the existence of an information-decoding region near and outside the
classical horizon. The former is, as stated, not a preferred scenario but the
latter case is not so unlikely. People have tried to develop models where one
constructs additional so called ”hairs” on the black hole, opposite to the oth-
erwise ”bald” horizon (mass, ang. momentum and charge fully determine the
black hole). These extra hairs were constructed as perturbations propagating
on the horizon that could hopefully contain the microstates that constitutes
the entropy of the black hole. These horizon modes turns out not to be stable
and so does not bring any hope for a consistent structure that can hold the
microstates of the black hole as well as to provide an information-decoding
region [15].

2.2.1 Fuzzballs

Fuzzballs provide an interesting resolution to the information paradox in the
framework of string theory. Creating a black hole by composing a large num-
ber of strings one can produce microstates building up an entropy of similar
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orders to that which is provided by black hole thermodynamics (proportional
to the area).

To see this in a simple scenario we can consider e.g a 10-d string theory
with toroidal and circular compactification down to an effective 5-d spacetime
[15]

M9,1 →M4,1 × T 4 × S1 (2.69)

we can wind a string n1 times around the compact S1 direction and compose a
bound state of such strings. This will turn out to give only a single state, thus
producing a trivial entropy. Adding momentum np to such wounded strings in
the form of traveling waves on the strings (transverse displacements) we can
build up many different excitations for given (n1, np) in different harmonics
on the string and thus produce a non-trivial entropy for the microstates [15]

Sfuzz = 23/2π
√
n1np (2.70)

Calculating the resulting size of such a construction shows that its extension
coincides with the horizon of a black hole of equal mass such that we will
find a correspondence Sfuzz ∼ SBH i.e the as of yet unknown origin of the
microstates constituting the black hole entropy can possibly be found in the
different winding and momentum charges of the strings. There are further
compactifications and topologies that will create slightly different Sfuzz in a
similar manner but they generally produce similar results.

So first of all we have found a framework describing the hidden microstates
of the black hole but perhaps the true benefit of these constructions is that
we no longer produce any event horizon, neither do we find the interior of the
black hole as a void and perhaps most strikingly, there is no singularity. The
matter making up the black hole is rather spread out across the whole black
hole interior, in a fuzzy structure created by the transverse modes traveling
on the strings [15]. Perhaps appearing a bit too good to be true this indeed
brings a series of questions along with it, making the above proposals - and
its developments - by no means a final undisputed theory, but it seems to be
well on its way.

Its application in resolving the information paradox comes from the in-
herit construction of hair by the fuzzballs. These fuzz-hairs are nothing like
the hairs sought before as being perturbations to the black hole geometry
but are rather fully analytical solutions derived from string theory. Since
there is no horizon surrounded by vacuum but rather a fuzzy surface full of
strings extending outside the traditional horizon, information redistributed
by radiation can be processed much like ordinary matter does when radiat-
ing, in a completely unitary manner [15]. So in the sense of black holes as
fuzzballs there is no information paradox at all since the fuzzball structure
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will alter the mode evolution seen in fig.2.5 by order unity effects, which is
the actual success of the fuzzball theory. As mentioned, the bottom line that
we can bring with us is that near the horizon we should consider it likely,
when adhering to string theory, that particles impinging on the traditional
horizon may experience interactions such that they can reflect back out to-
wards infinity and thus give credence to phenomena such as gravitational
echoes in merger events, which we will discuss in the follow sections.

2.2.2 Black hole complementarity and Firewalls

Black hole complementarity offers a very different approach to the problem
of apparent information loss where more focus has been given to the actual
horizon of the black hole. As held by Susskind et al., the conclusion that the
evolution of a black hole through Hawking radiation must violate quantum
theory, is an unnecessary one [9]. Leaning on a number of postulates, detailed
reasoning naturally brings about an apparent so called stretched horizon lo-
cated outside, but very close, to the traditional horizon. In essence, the
virtue of the model is connected to the nature in which it relates observa-
tions outside and inside the horizon. According to outside observers, there
is indeed some structure close to the traditional horizon, while an observer
passing through the horizon detects nothing, in accordance with the equiva-
lence principle. This disagreement on the reality of the stretched horizon is
what attaches the notion of complementarity in a sense similar to quantum
mechanics, which might lead us to conclude that the theory is fundamentally
inconsistent. We can sidestep this contradiction when we consider the im-
possibility of conveying any information of the event horizon to the outside
world once an observer has ventured onto, or into the horizon, due to its
trapping nature. In that sense, any two observers that do come together, in
the same physical place, will never disagree on the existence or non-existence
of the stretched horizon since they will always carry the same observation
[9]. In any case, it is the presence of this stretched horizon that is hoped to
hold the microstates that will enable the black hole to radiate in a unitary
manner and as such is an example of the horizon structure one hopes for
when using gravitational waves as probes.

Related to the above formulation is the concept of firewalls. In the firewall
model it is argued that some of the black hole complementarity postulates
are at odds. Considering a slightly altered gedankenexperiment one finds an
issue in that an outgoing quanta (the b’s in our previous reasoning) generated
through the Hawking effect must be entangled with all previously emitted b
quanta while at the same time being entangled with its ingoing partner (the
c quanta). For example, if we consider an n:th pair of quanta being created,
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the bn would be entangled with the set {
n−1∑
m

bm, cn}. This is in violation with

basic quantum laws so to circumvent this one has proposed a breaking of
entanglement between the ingoing and outgoing quanta. Such a breaking
implies large amounts of energy being released which would then result in
a so called firewall being created just outside the traditional horizon, i.e in-
falling matter would encounter a disintegrating firewall as opposed to the
disappearing stretched horizon viewed in black hole complementarity [19].
Once again, we are left with some horizon structure that can hopefully enable
echoes or other detectable phenomena.

2.2.3 Gravastars

Gravastars, proposed by Mazur and Mottola [13], builds on a rather different
approach as opposed to the other models since it describes the black hole as
being a void surrounded by a thin shell of quanta, prevented from collapse
by the nature of the spacetime in the interior of the gravastar. The interior
in the initial proposal is a de Sitter vacuum with negative pressure p = −ρ
while the shell is described as a fluid of ultra-relativistic so called soft quanta
with equation of state p = ρ which can be viewed as a case of Bose-Einstein
condensation in gravitational systems. This structure avoids the formation
of a traditional horizon as well as the central singularity and, due to the
resulting horizon structure, it can possibly radiate through the Hawking effect
unitarily [13].

The model brings with it several interesting ideas but of course also an
inherent deal of issues. The creation of such a structure would imply some
sort of quantum mechanical phase transition of the collapsing matter before
any traditional horizon has formed which would require additional justifica-
tions. Furthermore, it is not perfectly known as for the dynamic stability of
e.g rotating gravastars. Visser and Wiltshire [22] has argued in favor of the
stability of gravastar solutions as black holes by looking at specific shells and
equations of state and came to the conclusion that the shell can even very
well be found to reach some finite non-microscopic distance outside the tra-
ditional horizon which open up for distinctive gravitational wave signatures
in the case of echoes [22]. The nature of horizon structures in the form of
such gravitationally condensated shells is clearly interesting when consider-
ing its response to perturbations since they will have dynamics in the actual
physical structure of the shell in addition to the dynamics of the spacetime
itself which might also be detected by gravitational waves.

I will furthermore be glad to put forth - perhaps slightly biased as the
perceptive reader may note - the similar solution using an anti-de Sitter
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interior with a shell realized by intersections of D-branes in string theory [30].
These so called bubbles of AdS also produce a shell with several interesting
properties. For example they are suspected to be highly absorptive, yielding
a stark contrast to the echoes hoped for in other models. As we will see
in the QNM analysis the wavefunctions describing the gravitational wave
emisson will rely on certain boundary conditions, conditions that may be
heavily altered in the case of AdS bubbles as black holes. So were we not to
find echoes, there are other models, like this, that may instead gain credence
[30].

2.3 Gravitational waves from binary systems

- black hole merges and oscillations

As we know, gravitationally bound systems loose energy through gravita-
tional radiation as they orbit. This was recently brought into focus through
LIGOs detection of inspiraling black holes undergoing a merger due to loss
of energy in the form of gravitational radiation [28, 27]. This far we have
only discussed the problems in our description of black holes and thus fail-
ing to stress the great precision in which general relativity still manages to
describe black holes and the dynamics related to it. General relativity repro-
duces the waveforms observed by LIGO in great detail without taking the
fine grained quantum behaviour of the horizon into account. This does not
inhibit any such quantum structure to actually be there in reality, LIGO is
just not able to see it clearly yet. Using linearized gravity we can construct a
consistent framework, through general relativity, displaying the wave nature
of perturbations to flat space as embodiments of the gravitational waves.
In fig.2.6 we have the theoretical waveform for two black holes loosing en-
ergy through gravitational waves. The oscillations pictured is the kind of
waveforms detectors like those used by LIGO would detect here on earth if
black holes of adequate size and distance to the earth would merge. Fig.2.6
only shows the inspiral of the black holes. As one can see, the frequency
and the amplitude of the emitted radiation increases with time and eventu-
ally peaks. This is the point where the two black holes undergo a merger.
During the merger the physics becomes highly non-linear whereupon pertur-
bation/simulation methods must be used to understand the dynamics of the
merger. After such an energetic merger the final black hole will undergo a
ringdown phase where the black hole is oscillating as a result of the enormous
collision. These oscillations are called quasinormal modes (QNMs) and will
provide the framework for this thesis in which one hopes that echoes can be
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Figure 2.6: Amplitude of gravitational wave emitted from two 30M� black
holes on an inspiraling circular orbit.

produced in the ringdown phase of binary black hole mergers.

2.3.1 The Teukolsky equation

To construct the equations describing perturbations on a black hole geometry
we set up the framework of linearized gravity where we expand the Einstein
field equations to linear order (i.e linearized) in the perturbing metric [4]

gµν = gAµν + hBµν (2.71)

Where gAµν is the background metric and hBµν the perturbing metric. Su-
perscripts A and B are introduced to separate background quantities from
perturbing quantities, respectively.

Teukolsky derived, through the Newman-Penrose formalism, how a given
background metric responds to different perturbing fields, in particular Teukol-
sky manages to do so for a Kerr spacetime. With Teukolsky’s equations we
can describe a very realistic scenario for binary black hole mergers since the
main features in the merger process related to gravitational waves is repre-
sented in the Kerr spacetime. This will ultimately enable us to study realistic
QNMs which describe the gravitational waves emitted in the ringdown phase
of a merger.

Using the Newman-Penrose formalism we can construct a null tetrad
(constituting the four null vectors)

lµ, nµ,mµ and m∗µ (2.72)

From which one can construct the metric of a given spacetime represented
in the null tetrad (using normalization lµnµ = 1 and mµm∗µ = −1 i.e
(+,−,−,−) convention) [4]

gµν = lµnν + lνnµ −mµm∗ν −mνm∗µ (2.73)
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Similarly we now have vectors representing the background (superscript A)
and the perturbations (superscript B) on the form lµ = lAµ + lBµ etc..

The field equations are now projected onto the null tetrad. For a given
spacetime - in our case the Kerr spacetime - we will be able to construct
the components of the vectors lµ, nµ,mµ and m∗µ and the related spin coef-
ficients (see [4], and also Chandrasekhar [7] for a nice review). The benefit
of projecting the field equations onto such a vector space is related to the
fact that we want to study the lightcone structure in the given geometry
such that the null tetrad is naturally constructed to simplify the analysis
of null rays (hence the naming ”null tetrad”) [7]. Teukolsky showed that
using the Newman-Penrose formalism one can decouple the components of
relevant tensors that contribute non-trivial perturbations to the background
Kerr metric. Decoupling the relevant components from the different radia-
tive contributions: The Weyl tensor (gravitational perturbations), the field
strength tensor (electromagnetic perturbations), as well as neutrino field and
scalar field perturbations, Teukolsky assembled all the radiative contribu-
tions into a scalar wave equation he fittingly called the master equation -
now coined the Teukolsky equation [1]

[
(r2 + a2)2

∆
− a2sin2θ

]
∂2ψ

∂t2
+

4Mar

∆

∂2ψ

∂t∂φ
+

[
a2

∆
− 1

sin2θ

]
∂2ψ

∂φ2

−∆−s
∂

∂r

(
∆s+1 ∂ψ

∂r

)
− 1

sinθ

∂

∂θ

(
sinθ

∂ψ

∂θ

)
− 2s

[
a(r −M)

∆
+
icosθ

sin2θ

]
∂ψ

∂φ

−2s

[
M(r2 − a2)

∆
− r − iacosθ

]
∂ψ

∂t
+ (s2cot2θ − s)ψ = 4πρ2T (2.74)

This is, as mentioned, the equation describing perturbations to the Kerr
metric. The perturbations results in different waves (which are contained
within ψ) propagating in the geometry. By choosing the field we want to
study we designate ψ as the non-trivial components of e.g the gravitational
perturbations and for a non-vacuum we have a corresponding source term
contained in T . Notice also the s parameter in the above equation. The spin
weight s take on values (0,±1/2,±1,±2) corresponding to scalar, neutrino,
electromagnetic or gravitational perturbations respectively. We will note that
in the approximative limits used to analytically study QNMs all the terms
including the spin s will be subleading i.e the kind of perturbation will be
less important when studying the black hole’s response to disturbances [18].
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2.3.2 Quasinormal modes (QNMs)

Black hole quasinormal modes are the characteristic dissipative oscillations
of a black hole as it is disrupted by external fields. The oscillations have char-
acteristic frequencies with which we can relate the frequency of the emitted
gravitational waves generated by the disturbance as well as a characteristic
damping frequency giving us the dissipation of the oscillations (i.e complex
frequency) [18, 20]. Similar to everyday objects the black hole will oscillate
in frequencies specified by the parameters describing the object itself. Every-
day objects have an enormous amount of structural parameters but looking
at the macroscopic behaviour of the system as a whole one can predict the
result of disturbances very accurately, an example is the ringing of a tuning
fork etc.. Traditional black holes have only the three parameters mass M ,
angular momentum J and charge Q that will fully determine the oscillations
following a disturbance. Detecting such oscillations will therefore provide
very decisive information on what kind of black hole that was perturbed as
well as the way in which the perturbation happened (the waveform before
merger etc. will disclose what kind of event one has detected e.g waveforms
like fig.2.6 requires an inspiral etc.).

What separates black holes from other objects is the way in which the
oscillations occur. For any radiation to dissipate from the black hole (thus
enabling the black hole to settle back into its unperturbed state) it must be
emitted from outside the horizon. There are no outgoing modes from or on
the black hole horizon (we are not considering any Hawking radiation in the
following treatments), instead the origin of the radiation are specific waves
transiently trapped in unstable orbits on the photon sphere that is leaking
out with a specific QNM frequency. So what we are doing is actually studying
the dynamics of perturbations on the background of an unperturbed metric,
rather than the opposite where the actual background metric deforms [16,
20]. QNMs though is not just any null geodesic caught in the photon sphere.
What separates the QNMs from other null geodesics are particular boundary
conditions and quantization conditions of the QNM null geodesics. Tradi-
tionally the QNM wavefunctions are only the solutions where the fields are
ingoing at the horizon and outgoing at infinity, no other solutions are ac-
cepted. As we will see, the possible existence of a reflective horizon structure
will invalidate these conditions since the surface will produce outgoing waves
at the horizon as well. Fig.2.7 shows a conceptual view on the emitting of
radiation by black holes settling down. The left hand figure shows the tradi-
tional situation where there is no horizon structure and the right hand figure
shows how a horizon structure (yellow fuzz) will produce outgoing radiation
(red waves) from inside the photon sphere. The very idea of this thesis is
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Figure 2.7: Conceptual picture of the emission of gravitational waves from
the photon sphere (light blue dashed circle) as seen in the equatorial plane.
The existence of a horizon structure (right hand picture) results in outgoing
radiation (red thick arrows) from the inside of the photon sphere.

to study in greater detail how this emitted radiation will evolve around a
rotating black hole by studying them as geodesics reflecting on the horizon
structure. Furthermore, we shall note that in the relation between QNMs
and the photon sphere we find that the QNMs are a subset of geodesics in
the photon sphere that correspond to certain quantizations in the θ and φ
directions [18]. This stresses the fact that not all geodesics caught in the
photon sphere are QNMs but rather a selected subset.

Turning to the Teukolsky equation we will study the dynamics of pertur-
bations propagating in vacuum (T = 0) and use that the Teukolsky equation
is then separable for

ψ(t, r, θ, φ) = e−iωteimφuθ(θ)ur(r) (2.75)

where one has used the axial symmetry of the Kerr geometry to expand
the field with harmonic indices (l,m). Expanding in what is spin-weighted
spheroidal harmonics enables us to view the localization of the wavefunctions
similarly as with e.g the hydrogen atom. This implies that we cannot con-
sider the QNM wavefunctions as localized fields but rather through a sort
of density function across the whole geometry while the indices (l,m) will
designate the region of denser localizations of the fields. Inserting (2.75) into
the Teukolsky equation (2.74) separates the angular uθ and radial ur parts
and thus introduces a separation constant Alm (called angular eigenvalue).
Separating the Teukolsky equation yields
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For the radial part

d2ur(r∗)

dr2
∗

+

{
ω2(r2 + a2)2 − 4mωMar + a2m2 + 2imsa(r −M)

−2iMωs(r2 − a2) + ∆(2iωsr − a2ω2 − Alm)

}
ur(r∗)

r2 + a2
= 0 (2.76)

For the angular part

d2uθ(x)

dx2
+

{
a2ω2cos2θ − m2

sin2θ
− 2aωscosθ − 2ms

cosθ

sin2θ
− s2cot2θ

+s+ Alm

}
uθ(x)sin2θ = 0 (2.77)

where we have introduced the tortoise coordinate r∗ for the radial part and
a similar coordinate x for the angular part. This is paramount since in
order to continue our analysis we want to apply WKB methods to obtain
analytical approximations to the relevant quantities. There are numerical
methods for acquiring the QNM frequencies and related quantities but they
inherently do not give the same kind of insight into the physical nature of the
QNMs themselves, thus acquiring accurate approximations to high orders is
an interesting ongoing research.

2.3.3 WKB approximation

The WKB approximation is used frequently in problems related to scatter-
ing on potential barriers, like e.g the 1-d Schrödinger equation of quantum
mechanics. Studying the angular and radial equations in the eikonal limit
(l � 1) we get homogeneous second order ordinary differential equations of
the Schrödinger form with which we can apply the WKB approximation.

The eikonal limit lets us discard any subleading terms in the radial and
angular equation by comparing orders of l. Going to large l lets us consider
the propagation of the wavefunctions in the curvature as that of ordinary
geometric optics, thus for l � 1 we will have that λ

R
� 1 where λ is the

wavelength of the QNM wavefunctions and R is the curvature of the back-
ground metric such that the effects of the curvature is minimized [18].

The WKB appropximation now utilizes an asymptotic expansion of the
wavefunctions, generally written [8, 11]

ψ(x) ∼ e
1
ε

∞∑
n=0

εnSn(x)
(2.78)
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(a) The angular potential as
a function of θ.

(b) The angular potential as
a function of x.

Figure 2.8: The angular potential plotted for appropriately chosen parame-
ters in order to illustrate the shape of the potential. For realistic values of
the parameters, the turning points are closely spaced with the maxima of the
potential.

We can expand our functions to any order but as our goal is to produce
analytical expression we will only expand to second (n = 2) order (see [8]
for higher order expansions). Carrying out the expansions will allow us to
find approximate solutions to both the radial and angular equation. The
angular equation will be of immediate interest since it will enable us to find
an approximate expression for the eigenvalue Alm which comes as a result of
matching the solution for uθ in different regions being specified through the
potential Vθ. Fig.2.8a and 2.8b shows the typical appearance of the potential
for appropriately chosen parameters in the θ and x coordinates respectively
(the WKB approximation is performed in the x coordinates but θ coordinates
are used when convenient). The so called turning points (θ−, θ+) and (x−, x+)
are evidently the points where the potential vanishes. This will, in particular,
cause problems for the solutions to uθ as we will find that it diverges at these
points. To get smooth transitions from the region x > x+ across the Vθ > 0
part and into x < x− we must match the solutions in the different regions.
The matching enforces a Bohr-Sommerfeld type condition from which we can
find an approximate relation for Alm ≈ ARlm

ARlm ≈ L2 − a2ω2
R

2

(
1−

(m
L

)2
)

(2.79)

where L ≡ l + 1/2 and m are defined through spheroidal harmonics and
ωR is the angular frequency of the emitted waves. As can be seen Alm is
approximated by its real part, being much larger than the imaginary.

Having found approximate values for Alm we will continue to the radial
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equation ur. The potential accepts the following conditions [18]

Vr(r0, ωR) =
∂Vr
∂r

∣∣∣∣
(r0,ωR)

= 0 (2.80)

where r0 is the vanishing point of the potential Vr. These conditions will
enable us to solve for the frequency ωR using the approximation for Alm.

As the conditions are evaluated at the point r0 we can, having found ωR,
also solve for r0. This is the distance at which the geodesics relating to the
QNMs are orbiting. By doing this we will have found expressions for the
frequency of the gravitational waves as well as the points surrounding the
black hole where the waves originate. This distance will coincide with the
position of the photon sphere and is a function of the black hole spin a and
the multipolar indeces (m, l) from the expansion in spheroidal harmonics [18].
Many other parallels can be drawn with the conserved quantities of geodesic
propagation in the Kerr geometry and the dynamics of the QNMs which we
will consider later (see also [18]).

The next step is now to look at the subject of gravitational echoes which
we will review in the following section.

2.4 Gravitational echoes from binary black

hole mergers

The recent advent of gravitational wave astronomy has opened a new exciting
window into high precision measurements of gravity in the extreme regime.
As a result of the accessible gravitational wave data we can now test several
fundamental questions related to black holes such as no-hair theorems, the
actual existence of an event horizon, quantum effects at the horizon (quantum
gravity) etc. [26]. Additionally - being very relevant for this thesis - the pos-
sibility of alternative (non-classical) horizon structures, or even horizonless
structures (see Cardoso et al. [25, 26]).

There are several different objects that share the property of a ringdown
emission of gravitational waves. Any object displaying a photon sphere will,
when disrupted, have the geodesics of the photon sphere excited in such a
way that they will emit gravitational radiation. After all, the metric describ-
ing the regions away from the surface or horizon of symmetrywise identical
objects is equally the same (e.g the Schwarzschild metric treats the outside
region of a star in the same way as the outside region of a black hole).
Examples of objects displaying a photon sphere are the familiar traditional
black holes but furthermore we argued that quantum effects requires dra-
matic changes in the black hole geometry all the way out to, probably also
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outside the horizon, giving credence to ideas such as fuzzballs, firewalls etc.
(there are also novel ideas on gravastars, black stars etc.). The character-
istics of the radiation emitted does not initially have a strong dependence
on the type of object (photon sphere excitations will look similar for differ-
ent objects). The interesting effects would appear in the late time ringdown
phase where the possible deviations from a traditional event horizon would
produce repeating pulses (echoes) of the primary QNM oscillations (or even
change the QNM wavefunction completely as a result of different boundary
conditions) following the settling of objects merging to create a black hole
(or whatever other exotic objects that may exist) [25].

Imagine gravitational waves originating from the photon sphere. The
emitted rays will travel away from the photon sphere in all directions, some
in the ingoing direction and some in the outgoing direction. The primary
outgoing waves will leave the black hole and propagate outwards towards
infinity. For the traditional black hole the ingoing waves will simply fall
into the black hole event horizon, lost to join the mass of the black hole.
Intuitively, any structure subtending outside the horizon will enable such
ingoing waves to reflect outwards again. The wave will propagate outwards
until it once again will reach the ”potential barrier” making up the photon
sphere. Part of the wave will continue outwards towards infinity and part of
the wave will be forced back towards the black hole by the potential barrier.
This process will repeat itself until all the reflecting waves have dissipated,
so we have what we can call an echo of gravitational waves. This would, in
the waveforms detected by LIGO, appear as repeated time-delayed pulses of
the primary QNM signal.

To study the possibility of reflection on surfaces close to the horizon we
take the ideal case where the horizon structure acts like a mirror [24]. This
is of course contrary to what we would physically expect but a momentum
transfer at the horizon would require a much more involved reasoning since
also the exact nature (such a structure could rotate, radiate etc.) of this
horizon structure would have to be considered. Sticking to pure reflection
we can, by tracking a gravitational wave following a geodesic (in the Kerr
geometry), find its characteristic path as well as the timescales related to the
echoes.

2.4.1 Geodesics in the Kerr geometry

In the Kerr geometry there are two conserved quantities for the geodesics
related to the Killing vectors in the φ and t directions namely energy and
angular momentum. Furthermore one finds the conserved Carter constant
which is not related directly to the Killing vectors. In this thesis we will
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consider equatorial geodesics for our plots and will therefore not bother with
the Carter constant which concerns generic geodesics involving also the θ
direction.

Take the Kerr geometry in geometrized units (Boyer-Lindquist coordi-
nates)

ds2 = −(1− 2Mr

ρ2
)dt2 − 4aMrsin2θ

ρ2
dtdφ+

ρ2

∆
dr2

+ ρ2dθ2 + (r2 + a2 +
2a2Mrsin2θ

ρ2
)sin2θdφ2 (2.81)

with the following definitions

ρ2 = r2 + a2cos2θ ∆ = r2 − 2Mr + a2 a =
J

M
(2.82)

With this metric we have the Killing vectors defined as kµ = (1, 0, 0, 0) and
mµ = (0, 0, 0, 1) and the resulting quantities for geodesics defined through
the conserved momenta of the respective coordinate

kµU
µ ≡ −E mµU

µ ≡ Lz (2.83)

where we have the four-velocity Uµ = dxµ

dλ
= ẋµ and λ is an affine parameter.

Contracting the indices gives us the conserved quantities, here given for
a general orbit

E =

(
1− 2Mr

ρ2

)
ṫ+

2aMr sin2 θ

ρ2
φ̇ (2.84)

Lz = −2aMr sin2 θ

ρ2
ṫ+ sin2 θ

(
r2 + a2 +

2a2Mr sin2 θ

ρ2

)
φ̇ (2.85)

where E is the conserved energy and Lz is the conserved angular momentum
along the axis of rotation. The dot, as indicated, denotes a derivative with
respect to an affine parameter.

Using the above equations we can solve for ṫ and φ̇ as functions of r as
well as the geodesic parameters E and Lz

ṫ =

(
r2 + a2 + 2a2Mr

ρ2
sin2 θ

)
E − 2aMr

ρ2
Lz

∆ + 2Mr( r
2

ρ2
− 1)

(2.86)

φ̇ =

2aMr
ρ2

E + 1
sin2 θ

(
1− 2Mr

ρ2

)
Lz

∆ + 2Mr( r
2

ρ2
− 1)

(2.87)
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Furthermore, consulting the Kerr metric (2.81) we can also solve for the radial
part ṙ as a function of E and Lz. First off, contracting the four-velocity with
the metric gives us

gµνU
µUν = κ (2.88)

κ =


1 for spacelike

0 for lightlike

−1 for timelike

(2.89)

What we have found here are two of the conserved quantities for generic
geodesics in the Kerr spacetime. We will be particularly interested in the
equatorial null geodesics so by writing the contracted metric (2.88) in the
equatorial plane (θ = π

2
) with κ = 0 we find

−
(

1− 2M

r

)
ṫ2 − 4aM

r
ṫφ̇+

r2

∆
ṙ2 +

(
r2 + a2 +

2Ma2

r

)
φ̇2 = 0 (2.90)

Solving for ṙ2 and inserting ṫ (2.86) and φ̇ (2.87) for θ = π
2

we get

ṙ2 = E2 +
2M

r3
(aE − Lz)2 +

(a2E2 − L2
z)

r2
(2.91)

Note that a and M are parameters of the particular black hole in study while
E and Lz are parameters of the particular geodesic in study. Defining them
we can solve for the time t as a function of r, as well as for the azimuthal
angle φ as a function of r by taking the fractions

ṫ

ṙ
=

dt

dr
and

φ̇

ṙ
=

dφ

dr
(2.92)

that gives us the two differential equations of interest

dt

dr
= ± r

∆

(
r2 + a2 + 2Ma2

r

)
E − 2aM

r
Lz√

E2r2 + 2M
r

(aE − Lz)2 + (a2E2 − L2
z)

(2.93)

dφ

dr
= ± r

∆

2aM
r
E +

(
1− 2M

r

)
Lz√

E2r2 + 2M
r

(aE − Lz)2 + (a2E2 − L2
z)

(2.94)

The integration of the above expressions will generally be complicated and
will therefore be calculated numerically to give us the time delay of the echoes
as well as the paths the geodesics will take in the equatorial plane
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Furthermore we will be interested in the circular null geodesics in the
equatorial plane. These geodesics will make up the so called photon rings.
Generically we will find a complete photon sphere comprised of such null
geodesics that orbit all around the black hole but we will be satisfied with
the ones in the equatorial plane. Looking at (2.91) we have that the orbits
of constant radius (ṙ = r̈ = 0) obey [7]

E2 +
2M

r3
c

(aE − Lz)2 +
(a2E2 − L2

z)

r2
c

= 0 (2.95)

− 6M

r4
c

(aE − Lz)2 − 2
(a2E2 − L2

z)

r3
c

= 0 (2.96)

where we have made it explicit that we are looking at a constant radius rc
which we can call the critical radius. This is related to the introduction of
the impact parameter

D =
Lz
E

(2.97)

The impact parameter determines the orbit of geodesics around the black
hole. The critical impact parameter Dc corresponds to the particular values
of Lz and E that results in a circular orbit of radius rc. The reason for calling
this an impact parameter comes from the fact that this concerns radiation
incoming from infinity (i.e from an asymptotically flat spacetime). Either the
radiation incoming from far away gets caught by the black hole and go into
orbit, or it plunges into the black hole or simply pass the black hole never to
return. The critical impact parameter gives, as stated, the exact values for
which radiation will be caught in circular orbits. We thus understand that
finding Dc enables us to classify the different scenarios D < Dc and D > Dc

where the former describes orbits that spiral towards the black hole and the
latter, orbits that spiral out from the black hole, out of orbit, or into some
elliptical orbit. Rewriting (2.96) using (2.97) we find [7]

rc = 3M
Dc − a
Dc + a

(2.98)

which when inserted into (2.95) gives us

χ3 − 27M2χ+ 54aM2 = 0 (2.99)

where we have introduced χ = Dc + a.
This is a depressed cubic equation with analytical solutions that we can

find by writing the above polynomial on the form 4 cos3 θ−3 cos θ−cos(3θ) =

0 which we can achieve through a substitution χ =
√

4
3
27M2 cos θ. The
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solutions separate between a > 0 and a < 0, thus providing the two distinct
relations [7]

Dpro. = −6M cos
(
Θ(a) + 2π

3

)
− a

rpro. = 3M
(

1− 2a
Dpro.+a

) for a > 0 (2.100)

Dret. = 6M cos(Θ(−a))− a

rret. = 3M
(

1− 2a
Dret.+a

) for a < 0 (2.101)

where

Θ(±a) ≡ 1

3
cos−1(± a

M
) (2.102)

and rc = (rpro., rret.) is found, knowing Dc = (Dpro., Dret.), through (2.98).
We will see that we can use the relations of the previous section to see

the correspondence with these photon rings and the origin of the QNMs.

2.4.2 QNM - Geometric optics correspondence

The geometric optics limit correspond to, in the present context, the limit of
large l i.e similar to the eikonal limit. In this limit we find the wavelength of
our wavefunctions small compared to the curvature radius of the spacetime
which enables us to study our wavefunctions as they propagate like plane
waves. The correspondence between geometric optics and QNMs will be
made clear by examining the equations for generic geodesics in the Kerr
spacetime where we will find a leading order correspondence between the
conserved quantities of the geodesics and the QNM parameters [18].

If we once again consider a massless scalar wave propagating in the ge-
ometry, obeying the Klein-Gordon equation of curved spacetime

gµν∇µ∇µψ = 0 (2.103)

where we have used the field variable ψ to hint at the correspondence with
the wavefunction in the Teukolsky equation. We consider the solutions in
the geometric optics limit as [18]

ψ = AeiΦ (2.104)

where Φ is the phase and A the amplitude.
At leading orders we find [18]

gµν(∂µΦ)(∂νΦ) = 0 (2.105)
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It is this conclusion that will provide us with a means to relate the geodesic
quantities with the QNM parameters. Taking the norm of the four-momentum
for a massless particle expressed through the action S [18]

gµν(∂µS)(∂νS) = 0
∂S

∂xµ
= pµ (2.106)

we can immediately notice the correspondence with (2.105) when we identify
the action S with the phase Φ. What we see here is simply the Hamilton-
Jacobi formalism in presence of spacetime curvature for a massless parti-
cle where S corresponds to Hamilton’s principle function. Through the
Hamilton-Jacobi formalism we can actually derive our previous relations (cf.
(2.93) and (2.94)) in the Kerr spacetime for generic geodesics but we will
be content with using it to display the geometric optics correspondence with
QNMs. The Hamilton-Jacobi equation (2.106) can be separated using a sim-
ilar ansatz as the one separating the Teukolsky equation (cf. (2.109)) [18]

S = −Et+ Lzφ+ Sr(r) + Sθ(θ) (2.107)

where one uses the invariance with time t and azimuthal angle φ. This sepa-
ration will give us equations very reminiscent of the ones found by separating
the Teukolsky equation (cf. (2.76) and (2.77)) with the major difference be-
ing that Teukolsky separated his equation using spheroidal harmonics while
looking at linearized gravity. Identifying S with the phase we insert it into
(2.104) to find a leading order relation for the field ψ

ψ = e−iEteiLzφeiSr(r)eiSθ(θ) (2.108)

where the amplitude is taken as being close to unity at leading orders (see
[18]).

What we have here is a leading order representation of a massless scalar
field propagating in the Kerr spacetime. This draws our attention immedi-
ately to the separation of the Teukolsky equation, facilitated by

ψ(t, r, θ, φ) = e−iωteimφuθ(θ)ur(r) (2.109)

We now find an evident relation between the energy and frequency as well
as a quantization of the angular momentum in terms of m

E = ωR Lz = m (2.110)

where we have imposed that the conserved energy, being real, is the real part
of ω (which turns out to have a very small imaginary part). Furthermore
we are hinted of a leading order exponential behaviour for the radial ur and
angular equations uθ which we will find later in the WKB - approximation.
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2.4.3 Echo timescales

The timescales related to the reflections of gravitational waves on the horizon
structure will be calculated explicitly for particular orbits in the equatorial
plane (with specified values for E and Lz). Besides the orbits in the equatorial
plane we can acquire an estimate for the order related to the timescales by
looking at a very specific case. Looking at a geodesic moving on a purely
radial path in the polar directions of the rotating black hole (along its axis of
rotation) we may neglect the effects of the rotation on the geodesic and solve
for the time directly from the Kerr metric. This will allow for an analytical
solution not suffering from any problems with numerical precision, which
will inherently provide a possible issue when seeking the timescales in the
equatorial plane.

The Kerr metric for a radial null geodesic moving in the polar direction
(θ = (0, π)) requires ds2 = dθ2 = dφ2 = 0. Rearranging the Kerr metric for
the given conditions yields [24]

dt =
r2 + a2

r2 − 2Mr + a2
dr (2.111)

A gravitational wave originating from the photon sphere at r = r0 and
propagates down to the postulated reflective surface outside the horizon at
r = r+ + ∆r whereupon it reflects and travel back up to the photon sphere
will have suffered a time delay ∆techo compared to the gravitational wave that
directly propagated outwards (the ingoing and outgoing waves are initially
emitted from the photon sphere at the same time) given by [24]

∆techo = 2

∫ r0

r++∆r

r2 + a2

r2 − 2Mr + a2
dr (2.112)

where r+ is the location of the event horizon and ∆r is the radial distance
from the event horizon to the reflective surface.

The integral is analytical and the derivation for its solution can be found
in the appendix for the interested reader

∆techo = 2

(
r +

2M

r+ − r−

[
ln (r − r+)r+ − ln (r − r−)r−

])∣∣∣∣∣
r0

r++∆r

(2.113)

The resulting timescales now of course depend on the black hole param-
eters a and M as well as the actual location of the reflective surface ∆r. As
asserted by Abedi et al. [24] for a surface reaching only a Planck proper
length outside the event horizon (this corresponds to a coordinate distance
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of ∆r ∼ 10−80M , see [24] for arguments) the timescales are found to be
within the order ∆techo ∼ 10−1 s. For example in the GW121226 event [27]
detected by LIGO, two black holes, one of mass 14.2M� and the other of
mass 7.5M�, underwent a merger to form a final black hole with parame-
ters M ≈ 22.67M� (detector frame mass) and a ≈ 0.74M . Using the above
formula with specific harmonic indeces (l,m) = (2, 2) (the lower values for
(l,m) defines the dominating part of the QNM spectrum) we would find a
time delay

∆techo ≈ 0.1013 s (2.114)

which is in agreement with Abedi et al. [24]
This timescale should give us a good reference point as for what to expect

when looking at waves propagating in the equatorial plane as well. Still, since
the very purpose for looking at the equatorial orbits - where the rotation
of the black hole comes into effect - is to see if these timescales can be
altered dramatically by the rotation, we should not exclude the possibilities
of completely other timescales. Another point we can make is the logarithmic
and linear dependence on ∆r when referring to (2.113)

∆techo ∝
(
−∆r + ln

r0 − r+

∆r
− ln

r0 − r−
r+ − r− + ∆r

)
(2.115)

where we see that the timedelay varies quite slowly as consequence of the
logarithm but we still note the diverging behaviour when ∆r → 0 which is
natural not least due to gravitational timedilation at the horizon.
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Chapter 3

Calculations

In this chapter we will perform the calculations making up the groundwork
on which we based our review in the previous chapter. The starting point is
the Teukolsky equation from which we can derive - in an appropriate order
- all the interesting quantities such as the QNM frequency ωR, the distance
r0 from which the gravitational radiation is emitted etc..

3.1 Separating the Teukolsky equation

From Teukolsky we have the so called master equation which assembles all
the radiative contributions [1]

[
(r2 + a2)2

∆
− a2sin2θ

]
∂2ψ

∂t2
+

4Mar

∆

∂2ψ

∂t∂φ
+

[
a2

∆
− 1

sin2θ

]
∂2ψ

∂φ2

−∆−s
∂

∂r

(
∆s+1 ∂ψ

∂r

)
− 1

sinθ

∂

∂θ

(
sinθ

∂ψ

∂θ

)
− 2s

[
a(r −M)

∆
+
icosθ

sin2θ

]
∂ψ

∂φ

−2s

[
M(r2 − a2)

∆
− r − iacosθ

]
∂ψ

∂t
+ (s2cot2θ − s)ψ = 4πρ2T (3.1)

From [1] we also have that the master equation is separable for ψ(t, r, θ, φ) =
e−iωteimφuθ(θ)ur(r), using the symmetries with the harmonic indices (l,m).
Inserting this into (3.1) for vacuum (T = 0) and dividing by ψ we obtain
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−ω2

[
(r2 + a2)2

∆
− a2sin2θ

]
+mω

4Mar

∆
−m2

[
a2

∆
− 1

sin2θ

]
−∆−s

∂

∂r

(
∆s+1 dur

dr

ψ

ur

)
1

ψ
− 1

sinθ

∂

∂θ

(
sinθ

duθ
dθ

ψ

uθ

)
1

ψ

−2ims

[
a(r −M)

∆
+
icosθ

sin2θ

]
+ 2iωs

[
M(r2 − a2)

∆
− r − iacosθ

]
+s2cot2θ − s = 0 (3.2)

Now look at the terms with partial derivatives

∆−s
∂

∂r

(
∆s+1 dur

dr

ψ

ur

)
1

ψ
and

1

sinθ

∂

∂θ

(
sinθ

duθ
dθ

ψ

uθ

)
1

ψ
(3.3)

for example

∆−s
∂

∂r

(
∆s+1 dur

dr

ψ

ur

)
1

ψ
=

∆−s
d

dr

(
∆s+1 dur

dr

)
ψ

ur

1

ψ
+ ∆−s∆s+1 dur

dr

∂

∂r

(
ψ

ur

)
1

ψ
=

∆−s
d

dr

(
∆s+1 dur

dr

)
ψ

ur

1

ψ
+ ∆

dur
dr

1

ψ

(
dur
dr

ur
ψ

ur
− dur

dr
ψ︸ ︷︷ ︸

0

)
1

ur2
(3.4)

We have an identical situation for the uθ part, giving us that

∆−s
∂

∂r

(
∆s+1 dur

dr

ψ

ur

)
1

ψ
= ∆−s

d

dr

(
∆s+1 dur

dr

)
1

ur
(3.5)

1

sinθ

∂

∂θ

(
sinθ

duθ
dθ

ψ

uθ

)
1

ψ
=

1

sinθ

d

dθ

(
sinθ

duθ
dθ

)
1

uθ
(3.6)

Inserting this into (3.2) we see that we have managed to fully separate the
master wave equation. By standard arguments we have that the radial and
angular ordinary differential equations are both equal to the separation con-
stant/eigenvalue given below as Alm. After some rearranging we find [1]

For the radial part

∆−s
d

dr

(
∆s+1 dur

dr

)
+

{[
ω2(r2 + a2)2 − 4mωMar + a2m2

+2imsa(r −M)− 2iMωs(r2 − a2)

]
∆−1 + 2iωsr − a2ω2 − Alm

}
ur = 0

(3.7)
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For the angular part

1

sinθ

d

dθ

(
sinθ

duθ
dθ

)
+

{
a2ω2cos2θ − m2

sin2θ
− 2aωscosθ

−2ms
cosθ

sin2θ
− s2cot2θ + s+ Alm

}
uθ = 0 (3.8)

An appropriate change of variables for the radial and angular part

dr∗
dr

=
r2 + a2

∆
and

dx

dθ
=

1

sinθ
(3.9)

takes the equations into a new form that is paramount for further analysis.
r∗ is the well known tortoise coordinate which has the symmetrical property
that it diverges to infinity at the boundaries of the considered region of r.
As r → r+ we have that r∗ → −∞ and for r → ∞ we have that r∗ → ∞.
Similarly we see that x behaves much in the same way. At the boundaries i.e
as θ → (0, π) we have x → (−∞,∞).Applying the variable change enables
us to write

For the radial part

d2ur(r∗)

dr2
∗

+

{
ω2(r2 + a2)2 − 4mωMar + a2m2 + 2imsa(r −M)

−2iMωs(r2 − a2) + ∆(2iωsr − a2ω2 − Alm)

}
ur(r∗)

r2 + a2
= 0 (3.10)

For the angular part

d2uθ(x)

dx2
+

{
a2ω2cos2θ − m2

sin2θ
− 2aωscosθ − 2ms

cosθ

sin2θ
− s2cot2θ

+s+ Alm

}
uθ(x)sin2θ = 0 (3.11)

At this point we can approximate ourselves to a regime where we can produce
interesting analytical expressions. In the limit where l � 1 we can approxi-
mate the radial and angular equation by considering the proportionality to
L ≡ l + 1/2 of the relevant variables in (3.10) and (3.11)

We have the following proportionalities [18, 20]

Alm ∼ O(L2) ωR ∼ O(L) ωI ∼ O(L0) m ∼ O(L) (3.12)

ω ≡ ωR − iωI (3.13)
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This conclusion is a very important one since without it we cannot perform a
simple WKB analysis in the subsequent section. Not taking the l � 1 limit
would imply we have complex spin-dependent terms making the analysis
much more cumbersome.

In the Schwarzschild geometry similar analyses of expanding in spherical
harmonics gives the relation ASlm = l(l+1)−s(s+1). Taking the l� 1 limit
in the Kerr geometry this will still be the leading term while the spin of the
black hole will only give smaller corrections (cf.(2.79)), hence Alm ∼ O(L2).
The proportionality of ωR can be reasoned in several ways. First off there
are numerical results justifying the above proportionality but furthermore we
can consider the geometric optics interpretation of the relevant quantities.
Through the geometric optics interpretation we noticed (see also [18] for
more details) one finds correspondences between the conserved quantities of
generic geodesics in the Kerr geometry and the quantities in (3.12). For
example we found the correspondence between ωR and the conserved energy
E which is surely not surprising since the energy of a wave is indeed given
by its frequency. The proportionality with L could also be inferred from the
impact parameter in terms of the QNM parameters which was given by

D =
m

ωR
(3.14)

where - using that D ∼M - we must require ωR ∼ L
M

. The integer number m
is naturally of the order L as it is introduced together with l in the spheroidal
harmonics. We notice also in the above relation the correspondence between
the conserved angular momentum Lz and the azimuthal harmonic index m.

By writing (3.10) and (3.11) at leading order in L we find that all terms
including the spin are subleading, giving us, in the eikonal limit

For the radial part

d2ur(r∗)

dr2
∗

+ Vrur(r∗) = 0 (3.15)

Vr =
ω2(r2 + a2)2 − 4mωMar + a2m2 −∆(a2ω2 + Alm)

(r2 + a2)2
(3.16)

For the angular part

d2uθ(x)

dx2
+ Vθuθ(x) = 0 (3.17)

Vθ = a2ω2cos2θsin2θ −m2 + sin2θAlm (3.18)

We have now arrived at a point where our equations are amenable for WKB
analysis as can be suggested from the Schrödinger type second order ordinary
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differential equations [18, 20]. Depending on the form of the potentials we
will have waves propagating in a region where the potential is positive. As we
noticed in the previous chapter (fig.2.8a), the given potentials e.g Vθ exhibit
a positive maximum centered on θ = π and can thus be used for further
WKB analysis.

3.2 Solution to Alm using WKB approxima-

tion

Starting with the angular equation (3.17) we seek an approximative solution
to the eigenvalue Alm = Alm(aω

L
) [18]. The eigenvalue can be separated

into a real and imaginary part due to its dependence on the complex valued
ω = ωR − iωI . Keeping in mind that the complex part of ω is related to
the dissipation of the gravitational waves we refer to the separation of the
Teukolsky equation

ψ(t, r, θ, φ) = e−iωteimφuθ(θ)ur(r) (3.19)

where we see that in order to have wavefunctions that decrease with time we
must require an imaginary part, in particular Im(ω) < 0.

In what follows one will only consider the real part of ω, and hence the
real part of Alm while the imaginary part, being small, can be included as a
perturbation [18].

First off a parameter ε will be introduced into the angular equation to
keep track of orders in the expansion used in the WKB approximation [8]

ε2
d2uθ
dx2

+ Vθuθ = 0 (3.20)

We write the solution to uθ as an asymptotic expansion in powers of ε [11]

uθ(x) ∼ e
1
ε

∞∑
n=0

εnSn(x)
(3.21)

using that

duθ
dx

=
1

ε

(
∞∑
n=0

εn
dSn
dx

)
uθ (3.22)

leading to

d2uθ
dx2

=
1

ε

(
∞∑
n=0

εn
d2Sn
dx2

)
uθ +

1

ε2

(
∞∑
n=0

εn
dSn
dx

)2

uθ (3.23)
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Inserting (3.21) into (3.20) we get

ε2

1

ε

(
∞∑
n=0

εn
d2Sn
dx2

)
+

1

ε2

(
∞∑
n=0

εn
dSn
dx

)2
+ Vθ = 0 (3.24)

Only the leading and next to leading terms in ε are included in the expansion,
giving

ε2

[
1

ε

d2S0

dx2
+

d2S1

dx2
+O(ε) + ...+

1

ε2

(
dS0

dx
+ ε

dS1

dx
+O(ε2) + ...

)2
]

+ Vθ = 0

(3.25)
All further terms in the expansion improves the accuracy. Restricting our-
selves to the second order expansion yields(

dS0

dx

)2

+ ε

(
2

dS0

dx

dS1

dx
+

d2S0

dx2

)
= −Vθ (3.26)

The first term is dominant since we consider it as leading and we should thus
equate it with Vθ, having the same order of magnitude(

dS0

dx

)2

= −Vθ (3.27)

giving us that

S0 = ±i
∫ x

dx′
√
Vθ(x′) (3.28)

The lower integration limit is arbitrary but will be specified for particular
cases later.

From (3.26) we further have that

2
dS0

dx

dS1

dx
+

d2S0

dx2
= 0 (3.29)

Inserting (3.27) into the above equation yields

± 2i
√
Vθ

dS1

dx
+

d

dx

(
±i
√
Vθ

)
= 0 (3.30)

giving us that

± dS1

dx
= ∓ 1

2
√
Vθ

d

dx

(√
Vθ

)
(3.31)

The integral is elementary. After taking the derivative and integrating we
find

S1(x) = −1

4
lnVθ ± C (3.32)
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At leading and next to leading order (uθ ∼ e
1
ε
(S0+εS1)) we thus have the

following approximate solution for uθ in the propagative region x− < x < x+

uθ ∼ e+ i
ε

∫ x
0 dx′
√
Vθ(x′)e(lnV

−1/4
θ +C) + e−

i
ε

∫ x
0 dx′
√
Vθ(x′)e(lnV

−1/4
θ −C) (3.33)

leading to

uθ(x) ∼ a+e
+ i
ε

∫ x
0 dx′
√
Vθ(x′) + a−e

− i
ε

∫ x
0 dx′
√
Vθ(x′)

Vθ(x)1/4
(x− < x < x+)

(3.34)
which I have centered on the origin (x = 0 corresponds to θ = π

2
), as seen

from the lower integration limits.
Identically, we have for e.g the region x > x+, using different constants

uθ ∼
c̃+e

+ i
ε

∫ x
x+

dx′
√
Vθ(x′)

+ c+e
− i
ε

∫ x
x+

dx′
√
Vθ(x′)

Vθ(x)1/4
(3.35)

We rewrite the exponentials using −
√
−Vθ = −i

√
Vθ for later convenience

and impose the boundary condition that uθ vanishes as x → ∞ to discard
the solutions diverging at infinity. This requires that c̃+ = 0, giving us that

uθ(x) ∼ c+e
− 1
ε

∫ x
x+

dx′
√
−Vθ(x′)

Vθ(x)1/4
(x > x+) (3.36)

and identically for the region x < x− that should instead vanish towards
x→ −∞

uθ(x) ∼ c−e
+ 1
ε

∫ x
x−

dx′
√
−Vθ(x′)

Vθ(x)1/4
(x < x−) (3.37)

At this point we have approximate solutions covering all regions of x except
at the so called turnings points x+ and x− where the potential Vθ vanishes,
forcing our solutions to blow up.

In order to get a complete solution for uθ over all x we must match
the solutions over a small region where the solutions overlap. Consider the
potential Vθ(x) now divided into three separate regions.

The solutions for uθ away from the turning points in the outside regions
x > |x±| (region I and III) are known through (3.36) and (3.37) as well as the
inner solution in region II given by (3.34). Close to the turning points x± the
solutions, as mentioned, diverges so we need to find further approximations
valid near x±. Doing so gives us the form of uθ close to x+ and x− separately,
which will differ slightly. Given that the turning points are closely spaced
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Figure 3.1: The angular potential in the x coordinate divided into three
regions separated by the turning points x±.

these solutions overlap in a small region inside II which for consistency are
required to match. That is, if they are separately valid in the same small
region they must describe identical wavefunctions. This matching will ul-
timately enforce a quantization condition leading to an eigenvalue equation
for Alm [11, 18].

Looking at the solution uθ coming from region I we simply denote it uIθ
and similarly for regions II and III giving uIIθ and uIIIθ respectively (region
II approaches the turning points in both directions). We now search for the
three different equations approximate behaviour near the turning points x±
which we denote as uIx+ etc.. We begin by looking at uIx+ by Taylor expanding
the potential Vθ(x) around x+

Vθ(x) = Vθ(x+)︸ ︷︷ ︸
0

+
dVθ(x)

dx

∣∣∣∣
x+

(x− x+) +O(x− x+)2 + ... (3.38)

Referring back to the angular equation (3.20) we now get a differential equa-
tion approximating the solution uIx+

ε2
d2uIx+
dx2

+
dVθ(x)

dx

∣∣∣∣
x+

(x− x+)uIx+ = 0 (3.39)

Actually this is true for the solution uIIx+ as well but since our objective is
the find the connection with the outside solution in region I and the inside
solution in region II we specialize ourselves to uIx+ .

Denoting dVθ(x)
dx

∣∣∣∣
x+

≡ V
′

θ (x+) we rearrange

d2uIx+
dx2

+
V
′

θ (x+)

ε2
(x− x+)uIx+ = 0 (3.40)
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and using the variable change

t = −
(
V
′

θ (x+)

ε2

)1/3

(x− x+) (3.41)

we can write it in the new form

d2uIx+
dt2

= tuIx+ (3.42)

The above relation is known as the Airy equation and has well known solu-
tions on the form (Airy function of the second kind will be zero and is thus
omitted)

uIx+ = C Ai(t) (3.43)

for some constant C
The Airy function has the asymptotic behaviour for large negative t [11]

Ai(t) =
1√
π

(−t)−1/4

[
sin

(
2

3
(−t)3/2 +

π

4

)
+O((−t)−3/2)

]
t→ −∞

(3.44)
Using the asymptotic behaviour we write

uIx+ ∼
C√
π

ε1/6

[V
′
θ (x+)]1/12

(x− x+)−1/4 sin

(
1

ε

2

3

√
V
′
θ (x+)(x− x+)3/2 +

π

4

)
(3.45)

To clear out any possible confusion, this is the behaviour of uθ in region
I (3.36) for x ∼ x+ (which is defined as uIx+). The validity of this ap-
proximation overlaps slightly into region II. Therefore, to match the above
approximation with the behaviour of uθ in region II (3.34) (which is defined
as uIIx+) for x ∼ x+ we must require that uIIx+ is approximated by

uIIx+ ∼ C̃[Vθ(x)]−1/4 sin

(
i

ε

∫ x+

x

dx′
√
−Vθ(x′) +

π

4

)
(3.46)

We can confirm this by expanding around x+

uIIx+
∼ C̃[V

′

θ (x+)]−1/4(x−x+)−1/4 sin

 i

ε

∫ x+

x

dx′

√√√√−Vθ(x+)︸ ︷︷ ︸
0

−dVθ(x′)

dx′

∣∣∣∣
x+

(x′ − x+) +
π

4


(3.47)

Evaluating the integral∫ x+

x

dx′

√
−dVθ(x′)

dx′

∣∣∣∣
x+

(x′ − x+) =

(
2

3

√
−dVθ(x′)

dx′

∣∣∣∣
x+

(x′ − x+)
3/2

)∣∣∣∣∣
x+

x
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= −i2
3

√
V
′
θ (x+) (x− x+)3/2 (3.48)

finally gives us

uIIx+ ∼ C̃[V
′

θ (x+)]−1/4(x− x+)−1/4 sin

(
1

ε

2

3

√
V
′
θ (x+)(x− x+)3/2 +

π

4

)
(3.49)

Matching this to what we found for uIx+ we see that choosing the constants

C and C̃ appropriately will give us a complete matching. The particular
constants are not important since the achievement here is to have found the
behaviour of the outside region I overlapping into the inside region II close to
x+. This matching is made through a so called connection formula. Referring
to (3.46) we thus have the connection formula [11]

c+
e
− 1
ε

∫ x
x+

dx′
√
−Vθ(x′)

Vθ(x)1/4
in region I −→

c+[Vθ(x)]−1/4 sin

(
i

ε

∫ x+

x

dx′
√
−Vθ(x′) +

π

4

)
in region II (3.50)

The presence of the constant c+ in region II can be inferred from matching
the above function expanded around x ∼ x+ (in region I) with the Airy
function (3.45).

An identical reasoning can now be performed in the region close to x−
that would simply give another connection formula

c−
e

1
ε

∫ x
x−

dx′
√
−Vθ(x′)

Vθ(x)1/4
in region III −→

c−[Vθ(x)]−1/4 sin

(
− i
ε

∫ x−

x

dx′
√
−Vθ(x′) +

π

4

)
in region II (3.51)

As we reasoned before the two above functions in region II overlap. To match
the above functions we rewrite the second row of (3.50) as

− c+[Vθ(x)]−1/4 sin

[
− i
ε

∫ x−

x

dx′
√
−Vθ(x′) +

π

4
−

{
i

ε

∫ x+

x−

dx′
√
−Vθ(x′) +

π

2

}]
(3.52)

we now notice that we can match this to (3.51) by requiring

−
{
i

ε

∫ x+

x−

dx′
√
−Vθ(x′) +

π

2

}
= nπ and c+ = (−1)nc− (3.53)

where n is some integer
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Writing out the expression in curly braces and rearranging gives

1

ε

∫ x+

x−

dx′
√
Vθ(x′) =

(
1

2
+ n

)
π (3.54)

At this point we will turn to reasoning when it comes to choosing this integer.
What we see here is really a quantization of the wavefunction uθ, implying
we are looking at a standing wave in the θ direction. Since we are considering
a spheroidal geometry we can consider n as simply being the latitudal nodes
along the spheroid. The natural choice for this integer, since we already
have the harmonic integer indices (l,m) represented in our considered QNM
wavefunctions, would thus be

n = l − |m| (3.55)

The standing wave nature of the wavefunction is further reflected in the van-
ishing of uθ when θ = (0, π), or equally x = (−∞,∞) which we demanded in
order to find the solutions (3.36) and (3.37). Furthermore this also reflects
the eikonal limit l � 1 as enabling the study of short wavelength wave-
functions through geometric optics when comparing with the large curvature
length scales.

By writing the above in the θ coordinates, we insert Vθ(θ) and use the
coordinate change (3.9)

dx =
1

sinθ
dθ (3.56)

while letting ε → 1 (ε was enforced upon the angular equation (3.20) and
should thus not change the physics related) we find the sought for Bohr-
Sommerfeld type quantization condition∫ θ+

θ−

dθ

√
a2ω2

Rcos
2θ − m2

sin2θ
+ ARlm = (l +

1

2
− |m|)π (3.57)

where the integration limits are given by the zeros of Vθ(θ). The quantities
under the square root are as seen approximated by their real parts (see [21]).
This is the condition that will enable us to solve for an approximate value
for ARlm

The turning points, i.e the points where the potential vanish are given by
the roots to Vθ = 0

Vθ(θ±) = a2ω2cos2θ±sin
2θ± −m2 + sin2θ±Alm = 0 (3.58)

As stated, since we are looking at the leading orders of ω and Alm we can
restrict our attention to the real parts of said quantities. We find the roots
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to the above equation as a simple second order polynomial in sin2θ±

sin2θ± =
1

2a2ω2
R

(
a2ω2

R + ARlm ±
√

(a2ω2
R + ARlm)2 − 4m2

)
(3.59)

Now we will just rewrite (3.59) in a form more fitting for our purposes by
first writing (3.58) as follows [18]

sin2θ± =
m2

ARlm + a2ω2
R(1− sin2θ±)

(3.60)

and then simply substitute our solution for sin2θ± into the denominator,
giving

sin2θ± =
2m2

ARlm + a2ω2
R ∓

√
(a2ω2

R + ARlm)2 − 4m2
(3.61)

Now given the Bohr-Sommerfeld type quantization condition [18]∫ θ+

θ−

dθ

√
a2ω2

Rcos
2θ − m2

sin2θ
+ ARlm = (L− |m|)π (3.62)

we can achieve analytical approximations to this integral in the limit where
l� 1 (eikonal limit). We will explicitly look at L = l+1/2 which in the l� 1
limit behaves identically. Through numerical simulations it has been readily
verified that in the eikonal limit one finds z′ ≡ (aωR

L
)2 � 1 [18]. Accordingly,

we expand the solution of the angular eigenvalues in powers of z′. In this case
we must use that ARlm is, or can be, a function of the expansion parameter i.e
ARlm = ARlm(z′). Simply implying that it has non-zero derivatives with respect
to z′. This is done in accordance with [18].

ARlm(z′) = A0,R
lm + δARlm +O(z′

2
) (3.63)

A0,R
lm ≡ ARlm

∣∣
z′≈ 0

δARlm ≡
dARlm
dz′

∣∣
z′≈ 0

z′ (3.64)

We now turn to the integral equation of (3.62) and divide by L∫ θ+

θ−

dθ

√
z′cos2θ − m2

L2sin2θ
+
ARlm
L2

=
1

L
(L− |m|)π (3.65)

Now expand the integral to first order in z′ to get

∫ θ0+

θ0−

dθ

√
AR,0lm

L2
− m2

L2sin2θ
+

1

2

∫ θ0+

θ0−

dθ
cos2θ + 1

L2

dARlm
dz′

∣∣
z′≈ 0√

AR,0lm

L2 − m2

L2sin2θ

z′ (3.66)
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where the integration limits is now the leading order term in θ±. As it will
turn out, keeping higher order terms in θ± will lead to terms of second order in
z′ = (aωR

L
)2 which is not needed in this approximation for ARlm. We conclude

that the leading integral is given by, having the same order of L∫ θ0+

θ0−

dθ

√
AR,0lm −

m2

sin2θ
≈ (L− |m|)π (3.67)

giving us that ∫ θ0+

θ0−

dθ
a2ω2

Rcos
2θ + δARlm√

AR,0lm − m2

sin2θ

≈ 0 (3.68)

We mentioned in the previous section that the leading order parts of Alm
comes from the Schwarzschild geometry. Using that

AR,0lm = ASlm = l(l + 1)− s(s+ 1) (3.69)

which for l� 1 leads to

AR,0lm ≈ (l + 1/2)2 = L2 (3.70)

we now seek the leading orders in θ0
± so that the integrals may be evaluated

by expanding (3.61) in z′. The expansion is devious and will give several
solutions due to the nature of the sin function and the squares. Pulling out
the consistent solutions yields

θ0
± = ± sin−1

(m
L

)
(3.71)

Using (3.71) and (3.69) we find that it indeed solves (3.67).
This was just confirmation because we just said we already knew AR,0lm .

What we really want to know is the expression for δARlm coming from the
solution to (3.68) which is satisfied for

δARlm = −a
2ω2

R

2

(
1− m2

L2

)
(3.72)

Using (3.63) we thus find the approximate leading and next to leading order
expression for ARlm

ARlm ≈ L2 − a2ω2
R

2

(
1− m2

L2

)
(3.73)
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3.3 Solving for ωR and r0

Having found the approximate solution for Alm we will now apply a similar
analysis to the radial function, giving us a means to solve for ωR and r0. The
radial function is given by

d2ur
dr2
∗

+ Vrur = 0 (3.74)

where the potential Vr is given, in the eikonal limit l� 1, by

Vr(r, ω) =
[ω(r2 + a2)− am]2 −∆[Alm(aω

L
) + a2ω2 − 2amω]

(r2 + a2)2
(3.75)

The conditions, in order to solve for ωR are

Vr(r0, ωR) =
∂Vr
∂r

∣∣∣∣
(r0,ωR)

= 0 (3.76)

These conditions simply come from looking at the potential given that it has
an extremum closely situated with its zero point.

Having the following definitions

µ ≡ m

L
αR ≡

ARlm
L2

ΩR ≡
ωR
L

(3.77)

we rewrite the potential in a form where all the above quantities comes in as
∼ O(L0). Also since we are treating ωR as leading we only focus on Re(ω)

1/L2

1/L2
Vr(r0, ωR) =

[ΩR(r2
0 + a2)− aµ]2 −∆[αR(aΩR) + a2Ω2

R − 2aµΩR]

(
r20+a2

L
)2

(3.78)
Introducing

β(z) ≡
√
αR(z) + z2 − 2µz z ≡ aΩR (3.79)

and solving Vr(r0, ωR) = 0

[ΩR(r2
0 + a2)− aµ]2 −∆β(z)2 = 0 (3.80)

now solving for ΩR

ΩR =
aµ

r2
0 + a2

±
√

∆

r2
0 + a2

β(z) (3.81)

Notice that this is not a solution for the frequency ΩR since the frequency is
also contained in β(z).
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Next we evaluate
∂Vr
∂r

∣∣∣∣
(r0,ωR)

= 0 (3.82)

In order to do so we use a trick where we multiply our potential by (r2+a2)2

∆

Vr(r, ω) · (r2 + a2)2

∆
=

L2

(
Ω(r2 + a2)− µa√

∆

)2

− L2(α + a2Ω2 − 2µaΩ) (3.83)

Taking a derivative on the product reveals

∂

∂r

(
Vr(r, ω) · (r2 + a2)2

∆

)
=(

∂Vr
∂r

)
(r2 + a2)2

∆
+ Vr

(
∂

∂r

(r2 + a2)2

∆

)
(3.84)

When evaluated at (r, ω) = (r0, ωR), we notice that our previous conditions
(3.76) demand that this derivative also be equal to zero, thus enabling us to
calculate a much simpler expression.

Taking the derivative on (3.83) and imposing that it be equal to zero at
(r, ω) = (r0, ωR) tells us, given that the second term on the right-hand side
is independent of the radius r, that

∂

∂r

[
ΩR(r2 + a2)− µa√

∆

]
(r=r0)

= 0 (3.85)

From this equation we can solve for the frequency ΩR ≡ ωR
L

by performing
the derivative

∂

∂r

[
ΩR(r2 + a2)− µa√

∆

]
(r=r0)

=

(
2ΩRr0

√
∆(r0)

− 1

2
√

∆
(2r0 − 2M)(ΩR(r0

2 + a2)− µa)

)
1

∆(r0)
= 0 (3.86)

giving us the frequency

ΩR =
(M − r0)µa

(r0 − 3M)r0
2 + (r0 +M)a2

(3.87)

In order to find the point r0 at which all our calculations were evaluated, we
substitute the frequency into (3.81)

ΩR =
aµ

r2
0 + a2

±
√

∆

r2
0 + a2

β(z) (3.88)
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First off, rearranging and squaring gives us

(ΩR(r2
0 + a2)− aµ)2 = ∆(β(z))2 (3.89)

Writing out the β(z) and moving it to the left-hand side

[ΩR(r2
0 + a2)− aµ]2 −∆[αR(aΩR) + a2Ω2

R − 2aµΩR] = 0 (3.90)

As can be seen, this is just the condition that the potential is equal to zero
at the peak (see (3.80)).

Using the approximate form for α(aΩR)

α(aΩR) ≈ 1− a2Ω2
R

2
(1− µ2) (3.91)

we see that substituting the frequency into (3.90) enables us to solve for r0

by finding the roots of the expression. Through rigorous simplifications one
finds that the solution is a 6:th degree polynomial in x ≡ r0/M (do not
confuse with x(θ) used in the angular equation)

2x4(x− 3)2 + 4x2
[
(1− µ2)x2 − 2x− 3(1− µ2)

]
(a/M)2

+ (1− µ2)
[
(2− µ2)x2 + 2(2 + µ2)x+ (2− µ2)

]
(a/M)4 = 0 (3.92)

For given spin a and harmonic indices (l,m) we find the radial position r0

from where the oscillations originate in terms of the black hole mass. Further
specifying the mass gives us the exact radial distance as well as the frequency
ωR of the emitted waves.

The roots to the above expression for appropriate parameters generally
contains two real positive solutions, the remaining being imaginary or un-
physical in terms of QNMs. For specific values of a and (l,m) we will find
several real solutions but some of them are negative and therefore also un-
physical. In correspondence with the analysis of the Kerr geometry the two
real positive solutions coincide with the photon spheres of null geodesics. In
the equatorial plane they coincide with the null geodesics moving against
(retrograde) or with (prograde) the rotation of the black hole. The solution
for smaller r0 corresponds to the null geodesics following the rotation and
the larger r0 to the null geodesic moving against the rotation.

58



Chapter 4

Results

4.1 Paths and timescales in the equatorial

plane

Having established the geometrical interpretation of QNMs surrounding a
rotating black hole that is settling into its unperturbed state we may begin
to study how the gravitational radiation leaving the black hole will evolve.
The key insights that we have acquired were achieved through the WKB-
approximation, yielding the two important quantities

ΩR =
(M − r0)µa

(r0 − 3M)r0
2 + (r0 +M)a2

(4.1)

2x4(x− 3)2 + 4x2
[
(1− µ2)x2 − 2x− 3(1− µ2)

]
(a/M)2

+ (1− µ2)
[
(2− µ2)x2 + 2(2 + µ2)x+ (2− µ2)

]
(a/M)4 = 0 (4.2)

where ΩR = ωR
L

gives the angular frequency ωR of the emitted waves and
x = r0

M
yields the radius r0 from where the gravitational waves originate.

The set-up can be seen in the equatorial plane in fig.4.1 where we have used
the real roots of (4.2) for a spin a = 0.74M and mode (l,m) = (104, 104)
that corresponds to the QNMs. Notice that there are two different radii
r0 = (rin, rout) corresponding to prograde orbits (~ωR > 0) of radius rin and
retrograde orbits (~ωR < 0) of radius rout. Since we are restricting ourselves to
the equatorial plane these radii make up the so called photon rings as opposed
to the photon spheres which make up the corresponding structure in the full
geometry surrounding the whole black hole. In fig.4.1 we have also depicted
the postulated horizon structure as a fuzzy yellow region surrounding the
black hole. Note that the radial extent of this structure is not to scale while
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Figure 4.1: The black hole (gray central area (r+ ≈ 1.67M)) with the postu-
lated horizon structure (yellow fuzz) as seen in the equatorial plane, rotating
counterclockwise at a rate of a = 0.74M and the inner (rin ≈ 1.94M) and
outer (rout ≈ 3.75M) photon rings as the dashed light blue circles (notice
that the extent of the horizon structure is not to scale with the rest of the
figure).

the rest of the figure is. Its radial extent can be varied since frankly we cannot
say exactly what radius to choose. It depends on the model considered and
will thus be taken as a free parameter bounded at least within r+ < r < rin,
while it nevertheless would be reasonable to expect that this structure should
not reach far outside the horizon.

As a disclaimer the reader should note that in the following text there will
be no error estimations for the resulting numbers as this should serve as a
conceptual and comparative investigation. Nevertheless Abedi et al. showed
that in the case of gravitational waves along the symmetry axis, estimated
errors in the time delay are small enough to enable detections of adequate
significance (see [24] for details).

Considering the situation where gravitational waves are generated we
look at only one of the photon rings at a time. Furthermore we will trace
the geodesic of a single such gravitational wave as a ray moving in the r -φ
plane. The path such a gravitational wave would take in the equatorial plane
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was found to be given by

dφ

dr
= ± r

∆

2aM
r
E +

(
1− 2M

r

)
Lz√

E2r2 + 2M
r

(aE − Lz)2 + (a2E2 − L2
z)

(4.3)

Given the above integral equation we have to specify E and Lz such that the
integrated path corresponds to an emitted gravitational wave of the QNM
spectrum. This is where things may become complicated. Since the QNM
wavefunctions are separated using spheroidal harmonics we cannot talk about
explicit localizations of the wave. The different choices of harmonic indices
will indeed change the angular and radial extent of the wave but will never
pin it down to a single position. So in order to localize the wavefunction we
must look at certain limits. In the eikonal limit l� 1 the wavefunctions will
become more localized and the approximations become more accurate. On
the other hand the high l modes are very weak in the QNM spectrum since
the dominant modes are made up of the very lowest modes, e.g (l,m) = (2, 2)
is a very dominant mode but not a very localized one when it comes to the
origin of the gravitational waves.

If we nevertheless consider gravitational waves emitted in the equatorial
plane from localized QNMs where radiation emanates from the photon rings
we argue that we have to consider their angular momentum Lz and energy
E as being very similar to that of the null geodesics orbiting in these photon
rings where the gravitational waves leak out from the photon rings with an
angular frequency given by ωR. Using the relationship between the QNMs
and the photon rings we also argue that we can consider the generation of
such a wave as being the result of a wavefront orbiting on the photon ring.
Imagine the wavefront starting at one of the arrows of fig.4.1 in the indicated
direction. The wavefront continuously produces an inwards and outwards
propagating gravitational wave (actually it generates waves in all directions
but since we are looking at the equatorial plane the other directions will
not be considered) at its present position as it moves along its orbit. For
every full revolution (with the rate given by ωR) the wavefront generates

subsequent gravitational waves (with periodicity TR =
(
ωR
2π

)−1
) until it has

dissipated all its energy. What we are observing far away from the black hole
is the superposition of all such gravitational waves emitted in the direction of
the earth from all over the photon sphere. So our view of a single wavefront
generating the radiation is a very simplified one but it should anyhow relate
the time delay of subsequent wavefronts well. Classically one only expects
to detect the outgoing radiation but as we have argued, we can very well
expect to see echoes appearing from reflections of the ingoing radiation on
some horizon structure.
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Focusing on the inner photon ring we study the path of an ingoing gravi-
tational wave. If we impose that the wave will be generated with an angular
momentum and energy given approximately by the impact parameter D = Lz

E

For prograde orbits

Dpro. = −6M cos

(
Θ(a) +

2π

3

)
− a Θ(±a) ≡ 1

3
cos−1(± a

M
) (4.4)

we can compare this with what we found using the QNM analysis.
For example, a spin of a = 0.74M gives us

Dpro. ≈ 3.43M (4.5)

Using the correspondence Lz = m we can pick an integer angular momentum
and extract µ from the relation

µ =
m

L
=

m

l + 1/2
(4.6)

where l = m corresponds to the equatorial orbits, in particular the limit
µ → ±1 corresponds to prograde (+1) and retrograde (-1) equatorial orbits
localized to the photon rings.

We further have the correspondence between the energy E and the angu-
lar frequency ωR

E = ωR (4.7)

Using (4.1) we can thus find the energy of a single gravitational wave. As
we can see, increasing l as in the eikonal limit forces m to increase as well
in order to keep µ close to unity. This in turn pushes up the energy - or
equally, the frequency - since ωR ∝ l. So what we are looking at when l� 1
is the limit of high frequency waves originating from the equatorial photon
ring. Staying at the lower limits of l decreases the accuracy of the WKB
- approximation but as argued by Yang et al. the approximations are still
quite accurate at low l at least for the frequency but the actual origin of these
gravitational waves for lower l is not as easily inferred [18]. As mentioned this
poses a problem when seeking to study realistic cases for gravitational wave
generation since the localized high l limit only gives the very suppressed flux
of high frequency waves. Nevertheless we have an alternative for the impact
parameter D in the QNM analysis given by

Dpro. =
m

ωR
(4.8)

Using the above definition we will find that indeed Dpro. → Dpro. for large l,
confirming that for µ→ 1 we can view the prograde equatorial null geodesics
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as a source of the QNMs. The benefit of establishing this is that we can expect
that there will be waves that are generated in the equatorial plane and also
stay in the equatorial plane at leading orders, but unfortunately they will
not dominate the emitted spectrum over the whole black hole.

Taking the situation where we have a post-merger black hole of spin
a ≈ 0.3M , mass M ≈ 22.67M� and µ . 1 (we avoid using µ = 1 since
it is only truly valid in the unphysical limit l → ∞) we plot the ingoing
equatorial gravitational wave as it approaches the black hole and reflects out
again on the horizon structure which is taken to reach a significant distance
∆r = 10−2M outside the traditional horizon (these values are specifically
chosen to give a figure that is readable). First off, for the given parameters
we will find

ωR ≈ 1.96 · 107rad/s and rin ≈ 2.63M (4.9)

where we have used (m, l) = (104, 104) with equations (4.1) and (4.2). The
path of the ingoing gravitational wave can be seen in fig.4.2 where the wave-
front generating the wave is also depicted on the horizontal axis at φ = φ0.
The gravitational wave, propagates down, reflects upwards whereupon it
reaches its initial distance rin at some angle φ = ∆φ after some time ∆t1 and
then continues towards infinity. This wave will make up the 1:st echo of the
gravitational wave emitted in the outgoing direction at φ = ∆φ since they
will have the exact same E and Lz, given that there has been no momentum
transfer with the horizon structure. This will introduce a further component
for the time delay ∆t2 = 2π−∆φ

ωR
since the wavefront generating the outgoing

wave at φ = ∆φ will have to travel another 2π − ∆φ before reaching the
point where it generates the ingoing wave that will make up the first echo.

If we imagine that it’s in the direction of these particular gravitational
waves that the earth is located we would find that the detected gravitational
waves would display a repeated 1:st echo with a time delay given by

∆techo,1 = ∆t1 + ∆t2 = ∆t1 +
2π −∆φ

ωR
(4.10)

where ∆t1 is given by the time integral (2.93) found earlier

∆t1 = 2

∫ r++∆r

r0

r

∆

(
r2 + a2 + 2Ma2

r

)
E − 2aM

r
Lz√

E2r2 + 2M
r

(aE − Lz)2 + (a2E2 − L2
z)
dr (4.11)

and ∆φ is given by

∆φ = 2

∫ r++∆r

r0

dφ− 2πn (4.12)
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Figure 4.2: Ingoing gravitational wave ray emitted (red solid line) at the
inner photon ring (light blue dashed line) that travels towards the horizon
whereupon it is reflected and becomes an outgoing gravitational wave (green
solid line). The reflected wave crosses the inner photon ring at an angle ∆φ
relative to where it was initially emitted.

dφ is given by (4.3) and n is the number of times the geodesic passes φ0. It
is important to note that n increases one step only each time the geodesic
has passed φ0, not reached it, setting the range 0 ≤ ∆φ ≤ 2π. We see
the importance of this definition in the cases where the geodesic travels any
multiple of 2π around the black hole as measured from φ0 since we then find
∆φ = 2π and will therefore contribute nothing to the time delay according
to (4.10). This is logical since in this case the primary outgoing waves and
the echoes originate from the same point. For the situation shown in fig.4.2
the geodesic fulfills only one whole turn around the black hole before it exits
outside the inner photon ring. As we can see, the echo related to the emitting
of such a high frequency wave will be completely dominated by the ∆t1 part
since ωR � ∆φ. Furthermore, since ωR in this case is very large we would see
a burst of high energy radiation followed by a burst made up of the echoes
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where the resulting time delay for the 1:st echoes with given parameters are

∆techo,1 ≈ 0.00207 s (4.13)

This is two orders of magnitude smaller than what we found for the simple
case of a purely radial gravitational wave along the symmetry axis (cf.(2.114)).
We should not take this as a serious comparison since the above time delay
was for a horizon structure extending ∆r = 10−2M outside the horizon as
opposed to the purely radial case with a mere ∆r ∼ 10−80M . Were we to
take the radial extent of ∆r = 10−2M for the gravitational waves along the
symmetry axis we would find that

∆taxisecho −∆techo,1 ≈ 1.2613 · 10−6 s (4.14)

so we cannot conclude that the rotation of the black hole does have men-
tionable effects on what timescales to expect for large horizon structures.
Hopefully the difference will be made more distinctive as one decreases the
extent of the horizon structure.

What we have viewed here are merely the 1:st echoes that would appear
in the detected waveforms. As we argued earlier one would expect to see
several repeated echoes appearing due to the potential barriers located at
the photon rings, scattering parts of the radiation back in towards the black
hole. In the case of the gravitational wave in fig.4.2 we shall note that the
2:nd echo emitted in the direction of the primary outgoing wave and 1:st echo
cannot be the same wave reflecting and moving out again since it will exit in
another direction. The 2:nd echo rather comes from the initially ingoing wave
emitted 2(2π−∆φ) radians anticlockwise from where, as indicated in fig.4.2,
”the reflected wave reaches rin”. The second echo naturally comes from the
wave reflecting twice on the horizon structure so we will get a contribution of
2∆t1. Further echoes will follow the same principle, all displaced along the
photon ring with the same angle, we can thus provide a general expression
for the subsequent echoes

∆techo,k = k

(
∆t1 +

2π −∆φ

ωR

)
k = 1, 2, 3, ... (4.15)

where k denotes first, second, third echo etc. We see here that the time delay
for subsequent echoes all appear as integer multiples of the 1:st echo.

Furthermore we recall the existence of a retrograde photon ring located
farther out from the black hole. Naturally, the larger distance between the
outer photon ring and the horizon structure would enable other timescales
as well as completely different paths. Fig.4.3 shows an identical setting as in
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fig.4.2 but we instead look at the gravitational waves from the outer photon
ring. The formula for the time delay is the same as above but we have to
define ∆φ slightly different to account for the retrograde propagation of these
waves

∆φ̃ = −
(

2

∫ r++∆r

r0

dφ+ 2πn

)
(4.16)

For the same parameters as before we find

ωR ≈ 1.55 · 107 rad/s and rout ≈ 3.33M (4.17)

and an echo, using tilde for defining retrograde propagation

∆t̃echo,1 ≈ 0.00255 s (4.18)

As we can see, the echoes are not altered greatly, still, one cannot rule
out the possibility of this discrepancy becoming more apparent for smaller
horizon structures.

What we should remember when studying gravitational waves in the equa-
torial plane is that they naturally only make up a small fraction of all the
gravitational waves emitted in the ringdown of the black hole. The existence
of two distinct radii as the ones we have just discussed is different when look-
ing at the whole geometry, so studying them in any great detail should not
be prioritized above that of setting up a study of generic geodesics.

Since we have only studied high frequency waves so far it would be inter-
esting at least to see the resulting timescale for a gravitational wave emitted
in the dominant mode (l,m) = (2, 2). But as reasoned, the origin of this
wave and its conserved quantities for generic geodesics cannot be determined
through these results alone. Nevertheless one can expect that there will at
least exist gravitational waves from this mode that travel in the equatorial
plane so it would definitely be an interesting case to study. Looking at the
(2, 2) mode with a = 0.3M and M ≈ 22.67M� we would find for prograde
orbits

ωR ≈ 4778 rad/s and rin ≈ 2.69M (4.19)

The path this wave will take, as stated, is not clear and it cannot be ex-
pected to give a realistic situation when integrated in the equatorial plane.
Furthermore, the impact parameter Dpro. for these values does not coincide
with that of Dpro. in (4.4) confirming that they are not localized at all to the
equatorial plane. What we can notice though is first of all that the frequency
is more in the regime of what LIGO detects, i.e radio wavelength radiation,
which implies that the frequency allows for larger ∆t2 contributions to the
total time delay. We also notice that these QNM wavefunctions reside further
away from the black hole horizon.
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Figure 4.3: Ingoing gravitational wave ray emitted (red solid line) at the
outer photon ring (light blue dashed line) that travels towards the horizon
whereupon it is reflected and becomes an outgoing gravitational wave (green
solid line). The reflected wave crosses the outer photon ring at an angle ∆φ̃
relative to where it was initially emitted.

4.2 Varying the extent of the horizon struc-

ture

If we stick to the high frequency modes which we can plot with reasonable
accuracy in the equatorial plane it is interesting to see what happens with the
timescales as we let the horizon structure become smaller. Referring to fig.4.4
we see that the time delay, ∆t1, related to the propagation of the ingoing
wave from the inner photon ring - that is reflecting on the horizon structure
- increases rapidly as the extent of the horizon structure becomes very small,
which is to expect, while decreasing as the extent of the structure increases.
The figure plots ∆t1 for the mode (l,m) = (104, 104) and a horizon structure
as small as ∆r = 10−12M . Pushing the extent of the horizon structure closer
to the traditional horizon will turn this into a more involved computational
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matter, if one wants to maintain a high accuracy. We also see the respective
extents of the horizon that correspond to ∆t1 = 0 i.e where the horizon
structure coincides with the photon ring. The inherent divergence of ∆t1
close to the horizon makes it hard to distinguish the different timescales
for small ∆r in the figure. The highest value of the time delay in order of
descending spin is ∆tmaxecho,1 ≈ {0.01877, 0.01465, 0.01261, 0.01256}.

Figure 4.4: The time delay ∆t1 the initially ingoing gravitational wave emit-
ted from the inner photon ring suffers before it passes through the inner
photon ring on its way out. The smallest structure used to plot in this figure
is ∆r = 10−12M . Notice that the time delay is zero for different ∆r and spins
due to the inner photon ring and event horizon becoming closely spaced for
high spins.
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Chapter 5

Discussion

In review we have concluded that black holes in the classical theory of rel-
ativity inherently require new physics in order to resolve the very profound
problems presented by the information paradox. As it seems I was not able
to solve the paradox but this thesis can perhaps at least open up a window
towards future ideas and developments that may bring us closer to the meth-
ods that can give us a means of verify the different models trying to resolve
the paradox.

Before we can arrive at any conclusive results with the methods used
in this thesis one would first need to develop the precision of the computa-
tions. Without any possibility of probing the very small horizon structures
∆r ∼ 10−80M we cannot be certain of what LIGO should expect of the pos-
sible echoes and as is inferred by fig.4.4 the effects become very prominent as
we approach the traditional horizon where we can also note that for larger
horizon structures the separation in time between different spins are harder
to separate which gives a further encouragement of going to small ∆r. What
we can say though is that the rotation of the black hole does not seem to
have large effects on the expected timescales when comparing to the echoes
propagating along the symmetry axis since the timescales rather seem to be
largely dependent on the logarithmic behaviour found in the case of waves
along the symmetry axis. But as mentioned, the influence of the spin cannot
be ruled out entirely until one has probed the very small horizon structures.
Nevertheless we find in fig.4.4 that higher spins does imply larger timescales
when looking at any given direction of propagation, in this case the direc-
tions in the equatorial plane. Furthermore we noticed the involved nature
in which the subsequent echoes were emitted from around the black hole
(cf. fig.4.2 and 4.3). It is hard to say if this dynamic would give any traces
in the detected signal but it is well worth to look closer at in more generic
situations. One of the successes of this thesis is to confirm that the existence
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of measurable echoes can indeed be inferred from the gravitational waves
propagating in the equatorial plane, much like in the more simple scenario
of gravitational waves along the symmetry axis. Our conclusion relies on the
idea that one can retrieve the angular momentum and energy of the emitted
waves in certain limits. For generically emitted waves this might not be as
simple and therefore other values for E and Lz could result in alterations to
the expected timescales. An important and also expected effect is the mo-
mentum transfer at the horizon structure. Any structure that is expected to
be present at the horizon cannot be considered as acting as a simple mirror
since the rotation of the black hole itself and even the separate dynamics
of the horizon structure would imply effects on the scattered waves. This
could easily be varied in the equatorial plane by just altering the momen-
tum and energy of the outgoing reflected gravitational waves. This would
open up for a possible method of pinning down the actual theory describing
the black hole. If the theory can make predictions on the dynamics of this
structure one could use the timescales of subsequent echoes as a way to ex-
clude or verify different models. Depending on the momentum transfer, the
gravitational wave can either be put on a geodesic remaining longer inside
the photon sphere, or shorter, depending on the dynamics at place and thus
show indications on altered echoes.

What we have achieved here was merely the very specific situation of
high (l,m) modes in the equatorial plane. The evident step forward would
be to study generic geodesics around the black hole where the propagation
of the emitted gravitational waves will become a lot more complicated, and
interesting. In order to study such geodesics with semi-analytical methods
one would have to understand much more about the actual conserved quan-
tities of the emitted gravitational waves. We managed to put forth a possible
means to infer the E and Lz for the gravitational waves emitted in the equa-
torial plane but as stated, this does not provide conclusive answers for what
to expect in the gravitational wave detectors since one cannot produce any
decisive results when it comes to the gravitational waves emitted in the dom-
inant, low (l,m) modes. Therefore one realizes that high-powered numerical
simulations of generic geodesics - solved directly from the wave-equations -
from all over the black hole can provide a very interesting picture of how
reflective horizon structures would change the detected waveform and would
so be an important compliment to semi-analytical derivations similar to what
has been done in this thesis.

Furthermore, what has been done here all leans on the hope that LIGO
and their collaborators will be able to detect these echoes. As has been con-
cluded, were there to exist horizon structures, the resulting echoes should
appear in a range that LIGO can indeed resolve. Even for relatively large
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horizon structures ∆r ∼ 10−12M the timescales are of order ∆techo,1 ∼ 10−2 s
while going to ∆r ∼ 10−80M should result in timescales at least an order of
magnitude larger, perhaps more. If LIGO could detect such echoes we would
be very implored to understand the generation of these echoes in detail since
they may provide the smoking gun of the very theory describing our real-
ity in the most fundamental ways. If the future will nevertheless reveal no
such echoes that would not bring the end of gravitational waves as probes
of horizon structures. Any model describing a unitary black hole evolution
will, with or without echoes, demand corrections to the wavefunctions of the
QNMs. If these corrections are large enough their signatures may too appear
in the detected waveforms.

Only time will tell.
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Deriving t∆echo for polar geodesics

Starting with the Kerr metric in Boyer-Lindquist coordinates

ds2 = −(1− 2Mr

ρ2
)dt2 − 4aMrsin2θ

ρ2
dtdφ+

ρ2

∆
dr2

+ ρ2dθ2 + (r2 + a2 +
2a2Mrsin2θ

ρ2
)sin2θdφ2 (1)

ρ2 = r2 + a2cos2θ, ∆ = r2 − 2Mr + a2 (2)

Looking at null rays moving radially to/from the black hole in a polar direc-
tion θ = (0, π) we have ds2 = dθ2 = dφ2 = 0 [24]. The time needed for a null
ray to move from the reflective surface near the horizon at r = r+ + ∆r to
the photon sphere located at r = r0 can be integrated out from the metric
above. Rearranging the above metric for a polar, radially moving null ray
gives

dt =
r2 + a2

r2 − 2Mr + a2
dr (3)

Seeking the time (∆techo) for the gravitational wave emerging from the photon
sphere at r0 to travel to the postulated horizon structure at r+ + ∆r, reflect,
and travel back to the photon sphere is given by∫ ∆techo

0

dt = −
∫ r++∆r

r0

r2 + a2

r2 − 2Mr + a2
dr

+

∫ r0

r++∆r

r2 + a2

r2 − 2Mr + a2
dr (4)

which simply gives

∆techo = 2

∫ r0

r++∆r

r2 + a2

r2 − 2Mr + a2
dr (5)

The integral is beneficially solved by rewriting as follows

2

∫ r0

r++∆r

r2 + a2

r2 − 2Mr + a2
dr = 2

∫ r0

r++∆r

r2 + 2Mr − 2Mr + a2

r2 − 2Mr + a2
dr

= 2

∫ r0

r++∆r

(
1 +

2Mr

r2 − 2Mr + a2

)
dr (6)

76



We now evaluate the integral I(r) ≡
∫ r0
r++∆r

2Mr
r2−2Mr+a2

dr by rewriting the
numerator according to the denominator

I(r) =

∫ r0

r++∆r

2Mr

r2 − 2Mr + a2
dr = 2M

∫ r0

r++∆r

1
2
(2r − 2M) +M

r2 − 2Mr + a2
dr

=2M

∫ r0

r++∆r

(
r −M

r2 − 2Mr + a2
+

M

r2 − 2Mr + a2

)
dr (7)

Solving I1(r) ≡ 2M
∫ r0
r++∆r

r−M
r2−2Mr+a2

by introducing a change of variables

q = r2 − 2Mr + a2 −→ dr = 1
2

dq
r−M gives us

I1(r) = M

∫ qf

qi

dq

q
= M ln

(
r2 − 2Mr + a2

)∣∣∣∣r0
r++∆r

+MC1 (8)

Now solving I2(r) ≡ 2M
∫ r0
r++∆r

M
r2−2Mr+a2

dr by factoring the denominator
and performing a partial fraction decomposition

I2(r) = 2M

∫ r0

r++∆r

M

r2 − 2Mr + a2
dr

= 2M2

∫ r0

r++∆r

dr(
r −M

(
1−

√
1− a2

M2

))(
r −M

(
1 +

√
1− a2

M2

))
(9)

The partial fraction decomposition gives

I2(r) =
M√

1− a2

M2

∫ r0

r++∆r

 1

r −M
(

1 +
√

1− a2

M2

) − 1

r −M
(

1−
√

1− a2

M2

)
 dr

(10)

which has the immediate solution

I2(r) =
M√

1− a2

M2

[
ln

(
r −M

(
1 +

√
1− a2

M2

))

− ln

(
r −M

(
1−

√
1− a2

M2

))]∣∣∣∣r0
r++∆r

+
M√

1− a2

M2

C2 (11)
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Assembling what we have into the expression for ∆techo gives

∆techo ≡ 2

∫ r0

r++∆r

(1 + I1 + I2) dr

= 2

{
r +M ln

(
r2 − 2Mr + a2

)
+

M√
1− a2

[
ln

(
r −M

(
1 +

√
1− a2

M2

))

− ln

(
r −M

(
1−

√
1− a2

M2

))]}∣∣∣∣∣
r0

r++∆r

+ C (12)

where C ≡ 2M(C1 + 1√
1− a2

M2

C2) Factoring the first logarithm inside the curly

brackets and using the definition for r± = M(1±
√

1− a2

M2 ) gives us

∆techo = 2

(
r +M ln(r − r+)(r − r−) +

2M2

r+ − r−
ln
r − r+

r − r−

)∣∣∣∣∣
r0

r++∆r

+ C (13)

Writing out the logarithms finally gives us the compact expression

∆techo = 2

(
r +

2M

r+ − r−

[
ln (r − r+)r+ − ln (r − r−)r−

])∣∣∣∣∣
r0

r++∆r

+ C (14)

At this point we can deduce the constant of integration by taking the limit
when the extended horizon structure and the angular momentum barrier
coincide, i.e when r+ + ∆r → r0. Logically, the time needed for traversing a
distance of zero will indeed require a time ∆techo = 0. Thus we can conclude
that C = 0.
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