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Abstract 
 

Simulation study of phononic crystal structures 
 
 

Olivier Vizuete 
 
 

 
Thermoelectric materials are important in today’s society 
with a variety of applications. The material properties that 
determinate the efficiency of a thermoelectric device are 
mostly constants. In order to develop more efficient 
thermoelectric devices new materials and solutions need to 
be made. Minimizing the thermal conductivity in 
thermoelectric materials is of great interest to make them 
more effective.  

One effective way of lowering the thermal conductivity is to 
introduce holes in the lattice and create a phononic crystal. 
The main focus of this master thesis has been on how to place 
these holes and to optimize the geometry to minimize thermal 
conductivity. The method used in this report is based solely on 
simulations, which were done using Comsol Multiphysics 5.2a. 
The results are compared to already published results. 
Different geometries are tested to see how it affects the 
thermal conductivity and to optimize the phononic crystal. The 
Maxwell-Eucken model is also used to see how porosity 
affects the thermal conductivity and to analyze what the 
lowering in thermal conductivity depends on.  

The result showed a substantial reduction in thermal 
conductivity when creating a phononic crystal compared to 
bulk silicon. The simulated reduction compared to bulk 
silicon is up to 98.5% when introducing holes in the lattice, 
while Maxwell-Eucken only predicted a 74% reduction due to 
porosity.  

The conclusion is that by creating holes in a periodical 
pattern, phonon dispersion will occur, which lower the 
thermal conduction significantly. 
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Simuleringsstudie av fononiska kristaller 

Olivier Vizuete 

 

Termoelektriska material är en del av vårt samhälle och används dagligen i till exempel termoelement 

eller termoelektriska generatorer. Ett termoelektriskt material använder sig av den termoelektriska 

effekten, som innebär att materialet genererar en spänning om det värms på ena sidan, dvs. då materialet 

utsätts för en termisk gradient. Materialet fungerar även tvärtom, om en spänning appliceras så skapas en 

termisk gradient. 

För att göra en väldigt exakt temperaturmätning kan ett termoelement användas. Två trådar bestående 

av skilda material som har olika termisk ledningsförmåga används. De två trådarna är sammansvetsade vid 

den ända där temperaturen mäts, i den andra änden finns ett termoelektriskt material och trådarna fästes i 

varsin sida av det. Eftersom trådarna leder värme olika bra så kommer en termisk gradient uppstå i det 

termoelektriska materialet som därmed genererar en spänning som kan mätas. 

Den andra tillämpningen är termogeneratorer. De består av två olika termoelektriska halvledare, en n-

dopad och en p-dopad. Varje halvledare utsätts för en termisk gradient dvs. värme appliceras på ena sidan 

och den andra sidan kyls. Båda sidorna seriekopplas med ledande plattor. I båda halvledarna så kommer 

den dominerande laddningsbäraren elektroner eller hål för n-respektive p-dopad att transporteras från den 

varma till den kalla sidan eftersom laddningsbärarna vid den varma sidan tillförs kinetisk energi. När 

laddningsbärarna samlas vid den kalla sidan så uppkommer ett elektriskt fält i halvledaren. Denna 

spänning används sedan för att driva en elektrisk ström genom den tillkopplade enheten. 

Alla material är inte lämpliga för termoelektriska tillämpningar. För att avgöra om ett material kommer 

vara ett effektivt termoelektriskt material används det dimensionslösa godhetstalet (ZT). 

𝑍𝑇 =  
𝜎𝑆2𝑇

𝜅
 

 

 Där σ är den elektriska ledningsförmågan, S är Seebeck-koefficienten, T är temperaturen och κ är 

värmeledningsförmågan. 

 I denna studie har värmeledningsförmågan modifierats. Den elektriska ledningsförmågan och 

temperaturen har hållits konstanta. Seebeck-koefficienten är en materialkonstant som beskriver den 

inducerade spänningen när en temperaturgradient appliceras och den kan inte modifieras. Genom att sänka 

värmeledningsförmågan ökar godhetstalet och därigenom blir materialet mer effektivt som termo 

elektriskt material. 

Fokus för denna studie är att sänka den termiska ledningsförmågan, vilket kan göras på flera sätt. Ett 

sätt att sänka värmeledningsförmågan för ett medium är att introducera periodiska defekter i form av hål i 

gittret.  

När hål introduceras i gittret sprids fononer mot dem och därigenom minskar värmeledningsförmågan. 

Strukturen med hål i sig är det som kallas för en fonon kristall. En utmaning när man modellerar en fonon 

kristall är att försöka hålla den elektriska ledningsförmågan hög samtidigt som den termiska 

ledningsförmågan ska minimeras. Oftast när fonon kristaller tillverkas så sänks både den termiska och 

elektriska ledningsförmågan, vilket inte är något som eftersträvas. Om fonon kristallen modelleras på rätt 

sätt så att fonon spridningen är hög så kommer värmeledningsförmågan sänkas betydligt mer än den 



 

 

 

 

 

elektriska ledningsförmågan som endast påverkas av avlägsnande av material. Fonon-kristallen som 

undersökts i denna studie kommer att användas för termoelektriska tillämpningar ifall resultatet visar att 

det kommer vara effektivt. 

I denna studie används Comsol 5.2a för att simulera olika fonon-strukturer och beräkna fonon-

dispersion. Målet med dessa simuleringar är att studera hur olika strukturer påverkar 

värmeledningsförmågan. Ambitionen är att hitta den struktur som ger den lägsta värmeledningsförmågan 

samtidigt som påverkan på den elektriska ledningsförmåganska minimeras. De olika fonon-strukturerna 

har jämförts med avseende både på värmeledningsförmåga och fonon-dispersion. Även storleken på 

bandgap har analyserats. För att beräkna värmeledningsförmågan så har Callaway-Holland modellen 

använts. För att avgöra om resultaten är rimliga har jämförelser gjorts med tidigare studier på fonon-

kristaller. 

Slutsatser är att genom att introducera hål i gittret så kan värmeldningsförmågan reduceras med upp till 

98.5% jämfört med bulk materialet. 
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1 Introduction 
Thermoelectric materials is all around us and used daily as thermocouples or thermoelectric generators for 

example[1]. A thermoelectric material is using the thermoelectric effect which means that the material will 

generate a voltage if it is heated on one side only, i.e. a thermal gradient is applied to the material. The 

material also works on the other way around meaning if a voltage is applied a thermal gradient will be 

generated. A thermocouple is used to determine the temperature very accurate by using two wires 

composed of different materials. The two wires are welded together at the other end creating a 

thermocouple junction, the junction will have a temperature difference and therefore create a voltage that 

can be measured [2], see Figure 1. 

 

 
Figure 1 – Shows how a thermocouple works and look [3]. 

 

The other application are thermoelectric generators, they consist of two different thermoelectric 

semiconductors, one N-type and one P-type. Each semiconductor is exposed to heat on one side and cold 

on the other and then connected in series with conducting plates on each side. In both semiconductors the 

main charge carrier will be drawn to the cold side, electrons for the N-Type and holes for the P-type. This 

will create an electric field between the hot and cold side in both semiconductors. The voltage from the N-

type and P-type is added up and drive an electric current through what its connected to [4], see Figure 2. 

 

 
Figure 2 – Shows how a thermoelectric generator works and look [5].  
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To determine if a material is suitable to be an efficient thermoelectric material it is measured by its 

figure of merit (ZT), see equation 1. The figure of merit is dimensionless [6], [7].  

 

𝑍𝑇 = 
𝜎𝑆2𝑇

𝜅
  [Equation 1] 

 

Where 𝜎 is the electrical conductivity, S is the Seebeck coefficient, T is the temperature and 𝜅 is the 

thermal conductivity. The phononic crystal investigated in this thesis will be used for thermoelectric 

generators.  

 In this thesis the electrical conductivity shall if possible be kept at a constant value, the initial one. The 

Seebeck coefficient is a material constant that describes the induced voltage when a temperature gradient 

is applied and cannot be modified [8]. The temperature will be kept at a constant value, leaving the 

thermal conductivity left for manipulations. By lowering the thermal conductivity the figure of merit is 

increased and thereby making the material a more efficient thermoelectric material. The focus of this 

thesis will be on lowering the thermal conductivity of the material, which can be done in several ways. 

One way of lowering the thermal conductivity for a given medium is by introducing periodic defects in the 

form of holes in the lattice. Since holes are introduced in the lattice the phonons will scatter against them 

and reduce the thermal conductivity [9]–[12]. The structure with holes in it is called a phononic crystal. 

One challenge when building a phononic crystal is to try to keep the electrical conductivity high at the 

same time, often when phononic crystals are created both the thermal and electrical conductivity is 

lowered which is not optimal. If the material is constructed correctly and the phonon dispersion is high the 

thermal conductivity will be lowered much more than the electrical conductivity which likely is lowered 

due to removal of material only then [13]. 

This thesis will use Comsol 5.2a to simulate different structures and calculate the phonon dispersion to 

see how the thermal conductivity is affected. The ambition is to find the structure that gives the lowest 

thermal conductivity. The different structures will be compared both in thermal conductivity and in 

phonon dispersion. The size of the band gaps will also be analyzed. To calculate the thermal conductivity 

the Callaway-Holland model will be used, the result will be compared to previous studies done on 

phononic crystals. 
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2 Aim 
When working with thermoelectric materials there are a few properties that determine the usability of 

them. Thermal conductivity (𝜅), electrical conductivity and Seebeck coefficient are the properties that 

matter. In this thesis thermal conductivity will be studied. By lowering 𝜅 the thermoelectric performance 

will be improved. One way of lowering 𝜅 is to introduce periodic holes in the structures. The interface will 

cause phonon scattering due to mass differences and difference in mechanical properties which will result 

in modified phonon dispersion.  

This thesis will investigate the geometry of the holes and how to arrange them periodically to create 

bandgaps and by doing so suppress certain phonon wavelengths to propagate through the media. This will 

result in lower thermal conductivity in those frequency regions. The model will be built in Comsol where 

different structures will be evaluated to optimize it. The model which consists of a substrate and holes in a 

periodic pattern is called a phononic crystal. 
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3 Background 
Under this section the previous work on phononic crystals and sonic crystal will be presented first. A lot 

of work and studies have been done on this kind of structures for different purposes. After this the theory 

of continuum mechanics which is used by Comsol will be discussed. Also all the equations used by 

Comsol to solve the problems will be derived and presented. When this is presented the concept of 

thermal conduction will be explained, the mechanics that causes the heat to flow through the medium and 

how the medium is affected by the porosity. Next section further describes the thermal conductivity by 

presenting the Callaway-Holland model which is an effective way to calculate the thermal conductivity in 

phononic crystals, it is also used for determining what parameters that needs to be calculated by Comsol.  

The different parameters used in the equations and the physical phenomena that affect the thermal 

conductivity will be presented and discussed. Phonons travel through the medium in wave like motions, so 

the concept of a Bloch-wave will be presented next. The last chapter will describe how a band gap can 

appear and what it is, what a lattice is and different crystal structures and last what a phononic crystal is. It 

will also cover the Brillouin zone and the concept of periodic pattern.  

 

3.1 Previous studies 
Phononic crystals are a relative new area of studies but there has still been some work done on 

manipulating the thermal conductivity with the help of phononic crystals[10]–[14].  These studies use 2D 

phonic crystal with different compositions to see how it affects the phonon dispersion. Several of the 

studies are very similar to this thesis covering silicon substrate and holes in it.  One of the studies 

concluded that by using a square lattice with silicon substrate and periodically placed holes in it that were 

filled with tungsten the thermal conductivity could be lowered up to 30 times compared to bulk 

silicon[13]. The same study also concluded that depending on the minimum feature size of the phononic 

crystal optical or acoustic phonons will be affected more by the scattering, when scaling down the system 

to nanometer region optical phonons significant contribute to thermal conductivity [13], [15]. Another 

study also using silicon as substrate and placing holes in a periodic array in the lattice concluded that 

bandgap occurs when placing holes in a periodic array[10].  The study did not fill the holes with anything 

but manage to achieve band gaps anyway. The size of the band gap can be manipulated by changing the 

porosity of the medium, increasing the radius while keeping lattice size constant and also the amount of 

band gaps that appear can be manipulated by varying these factors [10]. A study was done on phononic 

dispersion of a two dimensional chessboard-patterned phononic crystal[12]. Instead of using a substrate 

with holes in it they used two different materials with different mechanical properties and arrange them in 

a chess-patterned crystal. They concluded that the difference in mechanical properties created phonon 

dispersion and band gaps[12]. Yet another study on phononic crystals was done to see if they can be used 

as sound dampers[14]. The study concluded that by arranging periodic defects in the lattice in the form of 

backwards C, band gaps appeared at some frequencies. This means that the sound have been dampened 

and at some frequencies it cannot propagate through the medium[14]. Istvan A. Veres[11] and some of his 

co-workes investigated the dispersion properties of a homogenous and isotropic bulk material with 

vacuum cylinders placed periodically in the lattice. They first studied the complex band structure of a 

homogenous bulk structure with finite element methods. After this they compared the results with a lattice 

consisting of the bulk material and a vacuum filled cylinder.  

 



5 

 

3.2 Continuum mechanics 
Working with continuum mechanics means modeling objects as continuous mass instead of discrete 

particles. This result in the model not consisting of atoms but rather a mass that completely fills the space 

[16], [17]. This does not reflect the reality since real materials consists of atom with empty space between 

them and also may have cracks and other discontinues. So with other words the models assumes a perfect 

homogenous material. 

The model will be very accurate if the length scale is much bigger than the distance between two atoms 

[16], [17]. For the structures studied in this thesis the dimensions are in the region of tens or hundreds of 

nanometers and the atomic bond distance is in the tenth of nanometers region making the continuum 

model accurate for use. Physics laws like conservation of momentum and conservation of energy can be 

derived for these models. The conservation of momentum is important since the Cauchy momentum 

equation used by Comsol to solve the problems is based on it. The Cauchy momentum equation is a 

continuum equation meaning that it describes the transport of the chosen quantity, in this case momentum. 

The Cauchy momentum equation (equation 2,3 and 4) written in conservation format looks like this [18]: 

 

𝜌
𝑑2𝑢

𝑑𝑡2
=  𝛻 ⋅ 𝜎 + 𝐹𝑣 [Equation 2] 

 

𝜎 = [

𝜎𝑥𝑥 𝜎𝑥𝑦 𝜎𝑥𝑧
𝜎𝑦𝑥 𝜎𝑦𝑦 𝜎𝑦𝑧
𝜎𝑧𝑥 𝜎𝑧𝑦 𝜎𝑧𝑧

] [Equation 3] 

 

𝐹𝑣 = ∫𝜌𝑔(𝑟)𝑑𝑉  [Equation 4] 

 

 

Where 𝜌 is the density in the initial state, must be chosen within the medium where the continuity 

equation is valid, 𝜎 is the stress tensor, 𝐹𝑣 is all the body forces per volume, g is an external field acting on 

the system, r is the position vector  and u is the displacement vector. This is the equation Comsol 5.2a will 

solve when using structural mechanics module to find the Eigen frequencies and solve for phonon 

dispersion.  The velocity and acceleration of the rigid body can be obtained by taking the time derivation 

of the displacement field (equation 5 and 6). The silicon medium is a good approximation of a rigid body. 

 

�̇� =  
𝑑𝑢

𝑑𝑡
     [Equation 5] 

�̈� =  
𝑑2𝑢

𝑑𝑡2
   [Equation 6] 

 

When using the frequency domain solver in Comsol the velocity can be expressed in terms of 

frequency (⍵), equation 7 and 8 shows this. 

 

�̇� = (𝑖⍵)𝑢   [Equation 7] 
  

�̈� =  −⍵2𝑢   [Equation 8] 
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Equation 2 and 8 combined gives the final look of the Cauchy momentum equation used by Comsol 

(Equation 9): 

 

−𝜌⍵2𝑢 =  𝛻 ⋅ 𝜎 + 𝐹𝑣  [Equation 9] 

 

 

3.3 Thermal conductivity 
Thermal conduction is heat transfer within a medium  due to particle collision and movement of the lattice 

[19]. In this thesis the conduction will be described as a wave motion through the medium and the heat is 

carried by phonons mainly and not electrons. This is valid in silicon where heat transfer is mainly caused 

by phonon propagation [20]–[23].When an atom is moved from its equilibrium it will affect all the 

neighboring atoms due to the bonds between them. These movements will give rise to a wave moving 

through the lattice, a phonon [24]. Each movement of an atom can be seen as an excitation from its ground 

state, the excitations states available are discrete values. For a limited amount of atoms there will be 

discrete energy levels with clear separation between them in an energy vs wave vector diagram (see 

Figure 3) representing the states available, but when the number of atoms starts to increase the separations 

between the levels can no longer be observed and bands will occur instead. [24]. In this model there is an 

unlimited amount of atoms resulting in a band diagram instead showing the available discrete states. The 

band diagram is very dependent on how the medium is, for example if there are a lot of defects or change 

in mechanical properties throughout the medium the phonons will scatter more against this and affect the 

band diagram.  The model built in Comsol will consist of silicon only and is perfect with no defects. This 

means that the only way to have dispersion is to introduce holes. 

 

 
Figure 3 – Shows the available states and energy vs number of atoms [25]. 

 

The thermal conductivity is also affected by how much material there is available, if there is a slab of 

silicon it will conduct more than silicon with holes in it due to the removal of material. The porosity of the 

lattice and how it affects the thermal conductivity can be calculated with the Maxwell-Eucken model, 

(Equation 10) [26], [27]: 

 

 

𝜅𝜙 = 𝜅𝑠
1−𝜙

1+
2𝜙

3

  [Equation 10] 
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The Maxwell-Eucken model will be used to compare the result of a phononic crystal and a porous 

structure to see how phonon dispersion affects the results. Since phonons will scatter against the holes and 

lose speed and change direction. Phonons can have negative speed and is also known as backscattered 

phonons.  These scattering effects will lower the thermal conductivity.  

The information about the phonons velocity, scattering rates and heat capacity can all be extracted 

from the phonon dispersion [13]. The phonon dispersion will be calculated using Comsol Multiphysics 

5.2a, the information about the dispersion will then be put into the Callaway-Holland model to calculate 

the thermal conductivity. 

 

3.3.1 Callaway-Holland model 

The Callaway-Holland model is suitable for medium where the heat transfer is mainly done by phonons 

like in this case with silicon [20]–[23].  The model combines the properties that is extracted from the 

Comsol model and predicts the thermal conductivity from that. The model can be derived from the first 

law of thermodynamics which states that energy is conserved meaning that the total energy is constant of 

an isolated system.  To further describe the movement of the phonons Boltzmann transport equation is 

used.  The Boltzmann transport equation is used to describe the statistical behavior of the system when it 

is not in equilibrium, for example when a heat gradient is applied meaning that one side of the medium is 

heated. This will result in phonons carrying heat from the hotter to the colder regions, when the phonons 

traveling through the medium scattering effects and dispersion will occur.  

To calculate the heat transfer in the phononic crystal the Boltzmann transport equation will be solved 

(Equation 11): 

 

𝜅 =  
4𝜋⋅1

3⋅(2𝜋)3
∑ ⨜𝑞(𝐶𝑝ℎ ⋅ 𝑣𝑗

2(𝑞) ⋅ 𝜏𝑗(𝑞) ⋅ 𝑞
2)𝑑𝑞𝑗  [Equation 11] 

 

Where  𝐶𝑝ℎ is the specific heat capacity for phonons, 𝑣 is the phonon speed, 𝜏 is the scattering life time of 

a phonon and q is the wave vector. This is summed over all phonons modes and integrated over the whole 

Brillouin zone. The speed of the phonons is defined as shown in equation 12: 

 

𝜈𝑗 = 
𝑑⍵𝑗

𝑑𝑘
    [Equation 12] 

 

 The specific heat capacity for phonons is defined as shown in equation 13: 

 

 

𝐶𝑝ℎ = 
ℏ2⍵𝑗

2(𝑞)

𝑘𝑏𝑇
2
⋅

𝑒

ℏ⍵𝑗(𝑞)

𝑘𝑏𝑇

(𝑒

ℏ⍵𝑗(𝑞)

𝑘𝑏𝑇 −1)

2 [Equation 13] 

 
 

ℏ is the reduced Planck constant, ⍵ is the frequency and 𝑘𝑏 is the Boltzmann constant. When these three 

equations are combined we get the Callaway-Holland model in its final from: 
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𝜅 =  
1

6𝜋2
∑ ⨜𝑞

(

 
 ℏ2⍵𝑗

2(𝑞)

𝑘𝑏𝑇
2
⋅

𝑒

ℏ⍵𝑗(𝑞)

𝑘𝑏𝑇

(𝑒

ℏ⍵𝑗(𝑞)

𝑘𝑏𝑇 −1)

2 ⋅ 𝑣𝑗
2(𝑞) ⋅ 𝜏𝑗(𝑞)𝑞

2

)

 
 
𝑑𝑞𝑗  [Equation 14] 

 

 

3.3.2 Scattering processes  

When the phonons travel through the medium different mechanisms in the medium can cause scattering.   

The scattering processes that occur are phonon-phonon scattering which means that phonons scatter 

against each other. This can happen either by Normal or Umklapp scattering, Normal scattering scales 

linear with the frequency while Umklapp scattering scales with square of frequency so only Umklapp 

process will be considered. Another scattering process is mass-difference impurity scattering which occur 

if there are variations in mass density throughout the medium. This can be due to vacancies in the medium 

or doped with heavier/lighter atoms or if it is an alloy where the two different mediums have different 

densities. The medium used is just pure silicon so mass-difference impurity scattering will not be taken in 

to account as a scattering mechanism. Boundary scattering is another mechanism that is important when 

the structure is small, since the modelled structure is in the nm region this scattering mechanism will be 

taking in to account. The last scattering mechanism is phonon-electron scattering where phonon and 

electrons scatter against each other. In silicon phonons are mainly heat carriers which mean that phonon-

electron scattering can be neglected. The scattering processes determines the scattering life time of a 

phonon. If the scattering processes are independent of each other the total scattering life time can be 

calculated by the help of Matthiessen’s rule. The rule states that if the scattering probabilities of different 

mechanism are independent they can be added to a total scattering probability [28]. The total scattering 

life time of a phonon can be written as: 

 

1

𝜏𝑡𝑜𝑡
= ∑

1

𝜏𝑖
𝑖     [Equation 15] 

 

Since only Umklapp scattering (𝜏𝑢) and Boundary scattering (𝜏𝑏) will be taking into account, the total 

scattering life time will be the sum of these two. A and B are constants (see Equation 16) that can only be 

determined with experimental testing, the values for silicon is taken from published results[29], [30]. The 

equation 16 and 17 is used for solving the scattering life time for a phonon for Umklapp and boundary 

scattering respectively. Equation 18 will be inserted in the Callaway-Holland to calculate the thermal 

conductivity 

 

𝜏𝑢
− 1 = 𝐴𝑇⍵2(𝑞) ⋅ 𝑒−

𝐵

𝑇   [Equation 16] 

𝜏𝑏
− 1 = 

𝜈𝑗(𝑞)

𝐿
     [Equation 17] 
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𝜏𝑡𝑜𝑡 = (∑ 𝐴𝑇⍵2(𝑞) ⋅ 𝑒−
𝐵

𝑇 ⋅
𝜈𝑗(𝑞)

𝐿𝑗 )
−1

 [Equation 18] 

 

. 

To understand Umklapp scattering better Normal scattering will be explained and compared to 

Umklapp process. Consider a three-phonon process where phonon one and two has the following 

properties respectively𝜔1,𝑘1,𝜔2,𝑘2, when this two phonon merge together in a scattering process a third 

phonon with 𝜔3 and 𝑘3 is formed. In a normal process the conservation of momentum looks like in 

Equation 19 expressed in each phonons wave vector [31]. 

 

𝑘1 + 𝑘2 = 𝑘3  →  𝑘1 + 𝑘2 − 𝑘3 = 0 [Equation 19]  

 

But in Umklapp process the right side consists of a non-zero reciprocal lattice vector (Equation 20). 

 

𝑘1 + 𝑘2 − 𝑘3 = 𝐺   [Equation 20] 

 

What this mean is that in normal process the summation of 𝑘1 + 𝑘2 results in a vector 𝑘3  that is still 

inside the Brillouin zone and the phonon momentum is conserved, it is also in the same direction as the 

two wave vectors merging together. Umklapp process on the other hand does not conserve the momentum 

of the phonons since 𝑘3 results in a vector outside the Brillouin zone. Since the vectors outside and inside 

the Brillouin zone are equivalent they can be transformed to each other by the reciprocal lattice vector G, 

this means that the resulting wave vector will have the opposite direction of the two merging together. 

Because of this, Umklapp processes contribute to thermal resistance. For low defect crystals and high 

temperatures the Umklapp process is the dominant process for thermal resistivity [31]. 

Boundary scattering have a big impact on the thermal conductivity when the size of the film is smaller 

or in the same size as the mean free path of phonons [28]. Since the mean free path of phonons in bulk  

crystalline silicon is in the 𝜇𝑚 range [32]–[34] and the boundaries of the model is in the nm range it is 

important to take this into account when calculating the total phonon scattering lifetime. 

 

3.4 Floquet-Bloch wave function  
To calculate the dispersion relation of the Phononic crystal a lot of different methods can be used, for 

this thesis Finite Element Method (FEM) with Bloch wave function have been chosen. The phonons move 

through the lattice which is infinitely large and ideal, with no defects in the lattice. The phonons will then 

only feel the presence of the atoms in the lattice which results in a periodic potential [13]. In a phononic 

crystal the periodic potential will be the holes. For the 1D case, Floquet found a solution to the partial 

differential equation and Bloch later generalized the solution to 3D systems. Bloch also showed that the 

resulting wave that solves Schrödinger equations with a periodic potential is just a plane wave multiplied 

with a periodic function [35]. The lattice and the periodic potential should have the same periodicity.  

When a plane wave is multiplied with the periodic potential the result is a Bloch wave. Bloch first found 

the solution to electron potentials but then later researchers extended the work to different physicals 

domains including elasticity used for acoustics and phononic [36]. Since the model is a unit cell with 

periodical holes placed in it, a Bloch wave solution is used. To define the Bloch wave for a 2D system a 

state vector is required, see Equation 21 and 22: 
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𝑢(𝑥, 𝑦, 𝑧, 𝑡) = 𝑢(𝑟, 𝑡)   [Equation 21] 

𝑟 =  𝑥𝑒1 + 𝑦𝑒2    [Equation 22] 

 
U is displacement field in this case and r is the position vector relative to the inertial coordinate system. 

The Bloch theorem then proposes a solution on the form of: 

 

𝑢𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛 = 𝑢𝑠𝑜𝑢𝑟𝑐𝑒 ⋅ 𝑒
−𝑖𝑘𝐹(𝑟𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛−𝑟𝑠𝑜𝑢𝑟𝑐𝑒) [Equation 23] 

 

When using finite-element methods to solve discrete location, the Bloch wave is often written on the form 

of equation 23 since it simplifies the analysis of the system. Comsol Multiphysics uses the Floquet-Bloch 

periodicity on this form[36].  

 

3.4.1 Band gap formation 

A band gap means that phonons of certain frequencies cannot propagate through the medium. The 

medium can be modified to create or suppress band gaps. The modification can be done by introducing 

defects like holes in the lattice. Another way of modifying the medium can be by introducing another 

medium within it with different mechanical properties. In this thesis the objective is to create as many and 

big band gaps as possible by introducing holes to the medium.  

 

3.4.2 Phononic crystal 

A phononic crystal is a structured media out of two or more elastic materials with different mechanical 

properties in a periodic array. In this thesis silicon substrate with different types of holes placed in a 

periodic array will be studied, see Figure 8 for example. By introducing periodic holes in the lattice, band 

gap will occur. The holes will also be filled with tungsten or iron to see how the difference in mass density 

affects the phonon dispersion.  

 

3.4.3 Crystal structure 

In this section the basic idea of what a lattice is and what a crystal is will be explained. This will be the 

base for the phononic crystal. A lattice is a periodic arrangement of points that is described by multiples of 

generating vectors. In two dimensions a lattice point would be defined by two vectors 𝑎1 and 𝑎2 see 

Figure 4. The position of a lattice point would then be 𝑅 = 𝑚𝑎1 + 𝑛𝑎2 where m and n are integers. When 

the lattice is fully described it is time to describe and define the primitive unit cell. A primitive unit cell is 

a volume of space that can be translated through the whole lattice without leaving any void or 

overlapping, in other words the smallest repeatable volume. The primitive cell can be defined in different 

ways depending on what kind of crystal structure being used. For some structure a non-primitive cell will 

be used to define the full symmetry of the structure. Figure 4 also shows the primitive unit cell and also a 

simple cubic lattice, the lattice have four lattice points, one in each corner of the square.  
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Figure 4 – Lattice vectors to the left and primitive unit cell/simple cubic to the right. 

 

 

 

Figure 5 shows the lattice for a body centered cubic where there are five lattice points in the square, one in 

each corner and one in the center. Figure 5 also shows the hexagonal lattice where there are seven lattice 

points, 6 in each corner forming a hexagon and one in the middle.  

    
Figure 5 – Lattice for body centered cubic to the left and hexagonal lattice to the right. 

           

These unit cells are important since they are containing all the crystallographic information about the 

structure [37]. The unit cells will be used later when modelling infinite phonic crystals using boundary 

conditions.  

One results of using a unit cell and a periodic condition on it, is that the calculations only need to be 

solved for ⍵ in the following interval 
2𝜋

𝑎
 to 

−2𝜋

𝑎
 to know it anywhere on the structure. It could even be 

possible to solve it for 0 to 
𝜋

𝑎
  due to the symmetry of the lattice [37]. The region between left point ( 

𝑘 =  −
𝜋

𝑎
 ) and right point ( 𝑘 =  

𝜋

𝑎
 ) is called the first Brillouin zone. This zone is defined so that all points 

that is closer to the origin than to any other point that is within the zone see Figure 6.  
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Figure 6 – The first Brillouin zone. 

 

 

Figure 7 shows the symmetry points of the lattice. These points are the base of the direction used for 

calculating the band structure in the first Brillouin zone.  

 

 

 
Figure 7 – Shows the symmetry points for the lattice. 

 

 

Another important aspect to consider is the fraction of lattice point to area of the unit cell also known as 

packing fraction. This is important for optimization of the phononic crystal, the packing fraction and how 

it affects the phononic crystal will be calculated using Maxwell-Eucken method which is discussed under 

section 3.3. 
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4 Method 
 

4.1 Finite element methods 
To describe the laws of physics for time- and space dependent problems partial differentials equations are 

used (PDEs). The PDEs cannot be solved analytically for most geometries and problems, instead an 

approximation is constructed and solved numerically instead. The finite element method (FEM) calculates 

such approximations by creating small subareas and calculates the solution for those. In this thesis FEM is 

used to calculate the band structure for a silicon lattice with different geometry and porosity.  

4.2 Band structure calculations 
In this section the details about the phononic crystal and calculation will be discussed. The crystal is an 

infinite phononic crystal composed of silicon lattice with holes that are made of vacuum, silica, iron or 

tungsten. Calculations were also made on a silicon thin film with no holes in it to compare the band 

structures and thermal conductivity of thin film silicon and a phononic crystal. 

The model is a 2D model solved using structural mechanics and Eigen frequency solver. The model is 

built using only the unit cell for the structure. In Figure 8 it can be seen how the unit cell is chosen for 

silicon with circular holes in it. The unit cell is marked in black and the base and height are 100 nm x100 

nm respectively. Figure 9 and Figure 10 show the resulting unit cell when modeled in Comsol. The unit 

cell is kept constant while varying the size of the holes to affect the limiting size and porosity. The lattice 

constant reaching from center to center of the circular holes is called a. L is the limiting diameter or 

bottleneck that is a more common name, reaching from the edge to edge of the holes. In Table 1 the 

diameters used for the holes and the resulting limiting size can be seen. 

 

Table 1- Diameter used and the resulting limiting size. 

D (nm) 10 20 30 40 50 60 70 80 90 

L (nm) 90 80 70 60 50 40 30 20 10 

 

 

 

 
Figure 8 – Definitions of the lattice constant a and limiting size L. 
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Figure 7 shows the unit cell for the model with holes in it. The lattice constant a is kept constant at 100nm 

through all simulations.  

 

 
Figure 9 – Unit cell for simple cubic with holes to the left and the unit cell for the hexagonal model with notations to the 

right. 

 

 

 

 
Figure 10 - The unit cell for the square model to the left and the unit cell for Lines model with notation for height and 

width. 

 

 

Figure 10 to the right show the unit cell for the model called Lines. The lines are modeled so that the 

centered one has the height (H) along the x-axis while the corned ones have the height along the y-axis 

instead. The width (w) of the lines is kept constant at 10nm in case 1 and 20 nm in case 2. The height is 

variated to change the limiting size and porosity.  
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Figure 10 also shows the unit cell for the model with squares instead for holes, as can be seen in the left 

figure. The model is similar to the ones with holes, the only difference is that here square geometry is used 

and the sides of the squares are varying to change the limiting size and porosity. When the model is 

finished materials were chosen and applied to the model. The material chosen for the model is pure silicon 

for the medium and vacuum for the holes, it was also modeled with filled holes to see how materials with 

higher density than silicon affects the thermal conductivity [14]. Materials chosen in the filled holes were 

silica, iron and tungsten. The silicon used is modeled as Orthotropic instead of isotropic since this reflects 

the reality better [13], [14] .The material properties used for Orthotropic silicon are shown in Table 2 – 

Material properties used for Orthotropic silicon. In Table A1 under Appendix 1 the material properties for 

silica, iron and tungsten can be found.  

 

Table 2 – Material properties used for Orthotropic silicon. 

Direction X Y Z 

Young’s modulus  169 [GPa] 169 [GPa] 130 [GPa] 

Poisson’s ratio 0.064 0.28 0.36 

Shear modulus  50.9 [GPa] 79.6 [GPa] 79.6 [GPa] 

 

 

Figure 11 and Figure 12 shows how the boundary condition is applied to the unit cells. In these boundary 

conditions the wave vectors kx and ky are used to define the periodic condition within the first Brillouin 

Zone. The periodic conditions are showed with the red lines for the x-direction and blue lines for the y 

direction in both cases. The two wave vector are defined in x and y direction respectively, so it cannot be 

applied to the curved surface in Figure 12 since it will require a wave vector with both x and y terms. 

Under the setting type of periodic condition Floquet is chosen, and the wave vectors kx and ky are put 

under k vector for Floquet periodicity. Under section 3.4 it is discussed why Floquet is suitable for this 

model. The Floquet boundary condition is expressed as Equation 24 shows: 

 

𝑢𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛 = 𝑢𝑠𝑜𝑢𝑟𝑐𝑒 ⋅ 𝑒
−𝑖𝑘𝐹(𝑟𝑑𝑒𝑠𝑡𝑖𝑛𝑎𝑡𝑖𝑜𝑛−𝑟𝑠𝑜𝑢𝑟𝑐𝑒)  [Equation 24] 
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Figure 11 – The boundary condition for the model with no holes. 

 

 

 
Figure 12 – The boundary conditions for the model with holes in it. 
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The mesh size was chosen by doing a convergence control, the optimal size was found out to be “finer”. 

Coarser than this and the phonon dispersion might not be correct, finer mesh than this is unnecessary and 

will only take longer time to calculate while giving the same value. The convergence control is done by 

doing calculations on every mesh and see at what mesh size the result is the same as previous one, the 

solution have then converged.  

Next it is time to set up the study settings as mentioned before the study setting is Eigen frequency and 

parametric sweep of the parameter “k” from 0 to 3 with step size 0.1. The reason for varying from 0-3 is to 

sweep the whole Brillouin zone, the wave vectors kx and ky are varied with k. When k is between 0 and 1 

it corresponds to the ΓM direction and both kx and ky are varied from 0 to 
𝜋

𝑎
. When k is between 1 and 2 it 

corresponds to the ΓX direction and ky is zero and kx are varied from o to 
𝜋

𝑎
 . The last direction XM is 

when k is between 2 and 3 and kx is 
𝜋

𝑎
 and ky are varied from 0 to 

𝜋

𝑎
.  

   When the calculations are finished it was time to visualize the results, right click on result and chose 1 D 

Plot group. Right click again on 1 D Plot group and chose global, under data set chose parametric solution 

and chose all values for k and Eigen frequency solver. Y-axis data chose solid.freq with Hz as unit and 

under X-axis data outer solutions was chosen as Axis data source, the parameter is chosen as Expression 

and then “k”. The result should now be a band diagram, under Appendix 2 more pictures of band diagram 

can be found.  The last thing to do is to export the data, right click on result and chose export then chose 

plot. Export the 1 D plot created earlier as a txt file. This file will then be loaded into the MATLAB script 

found under appendix 3. The MATLAB script will be used to calculate the thermal conductivity with the 

help of the Callaway-Holland model and the phonon dispersion exported from Comsol. 
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5 Results 
First the result that will be presented is for silicon with holes in it. The holes consist of either vacuum, 

tungsten, iron or silica. The holes are placed as simple cubic lattice and hexagonal lattice to compare 

them. After this the holes is replaced with squares to see if there is any difference in phonon dispersion 

and thermal conductivity, the bulk material is still silicon. The last structure is Lines where lines are 

created in the silicon as a face centered cubic (FCC) lattice. The FCC lattice is modeled with different 

orientations on the Height, see Figure 10. The Height is aligned along the x or y-axis depending on if it’s 

the centered one or the corned ones. 

 

5.1 Verification results 
Under this section some results that is compared to literature values are presented, this was done mainly to 

verify the model. Figure 13 is taken from literature [38] and shows the phonon dispersion for a 

polyvinylchloride (PVC) structure with air holes in it. Figure 13 also shows the simulated version for the 

same structure, as can be seen the phonon dispersion is exactly the same as for the literature value.  

 

    
Figure 13 - Literature phonon dispersion  for  PVC with air holes to the left, modified [38] and Simulated phonon 

dispersion for PVC with air holes to the right. 

 

 

Figure 14 shows the phonon dispersion for a steel lattice with air holes in it, the result is taken from 

literature [14].  Figure 14 also shows the simulated result for the same structure, as can be seen the phonon 

dispersion is exactly the same as the literature one. 
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Figure 14 - Literature phonon dispersion for steel lattice with air holes [14] to the left and Simulated phonon dispersion 

for steel medium with air holes to the right,  the red rectangels indicates partial band gaps in Γ to X direction. 

 

 

5.2 Circular holes 
Here the geometry of the lattice is a square with lattice constant a=100nm and then circular holes is placed 

periodically in the lattice, see Figure 9. In Table 3 to Table 7 the details of the simulations can be seen and 

they also show the results for the calculated thermal conductivities for the different geometries. The three 

first rows in Table 3Table 4 Table 5  and four first rows in Table 6Table 7 shows settings used and 

resulting limiting diameter. The following rows show the thermal conductivity in each direction of the 

lattice (see Figure 7 for explanations of the directions). In all the simulations (circular holes, hexagonal 

structure, squares and Lines) it can be seen that the total thermal conductivity is lowered with decreasing 

limiting size which is normal due to more scattering and removal of material. Another thing that can be 

observed is that the majority of thermal conduction is along the XM direction and almost no conduction 

along the ΓM direction, see Figure 7 for definition of the directions. In Figure 15 the thermal conductivity 

for square lattice with circular holes can be observed. The thermal conductivity is lowered when the 

limiting size is reduced which is a reasonable result.  

 

 

Table 3 – Circular holes. 

Model nr C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 

a (nm) 100 100 100 100 100 100 100 100 100 100 

D (nm) 0 10 20 30 40 50 60 70 80 90 

L (nm) 100 90 80 70 60 50 40 30 20 10 

𝜅 (W/mk) Γ to X 23.95 7.25 5.03 3.53 2.69 2.03 1.59 1.05 0.71 0.28 

𝜅 (W/mk) Γ to M 2.53 0.53 0.38 0.24 0.19 0.12 0.11 0.063 0.042 0.057 

𝜅 (W/mk) X to M 59.21 19.02 13.35 9.87 7.43 5.24 3.89 2.82 1.82 0.87 

Total 𝜅 85.70 26.80 18.76 13.65 10.32 7.39 5.60 3.93 2.57 1.18 
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Figure 15 – Thermal conductivity for silicon substrate with holes in it vs limiting size.  

 

In Figure 16 the holes where filled to analyze how the density difference between the silicon substrate and 

the materials in the holes would affect the phonon dispersion. As shown in the Figure the higher the 

density difference the lower the thermal conductivity gets, this results reflects the theory well [14]. 
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Figure 16 – Thermal conductivity with different medium in the holes.  

 

 

5.3 Squares 
Here the results for the square lattice will be presented. The unit cell consists of a silicon lattice with 

lattice constant a=100 nm and then squares filled with vacuum is placed periodically in the lattice. In 

Figure 17 the thermal conductivity for square lattice with square holes can be observed. 

 

Table 4 – Model with squares in it. 

Model nr S1 S2 S3 S4 S5 S6 S7 S8 S9 

a (nm) 100 100 100 100 100 100 100 100 100 

a11 (nm) 5 10 15 20 25 30 35 40 45 

Limiting size (nm) 90 80 70 60 50 40 30 20 10 

𝜅 (W/mk) Γ to X 6.75 4.58 2.88 2.46 2.04 1.65 1.21 0.83 0.45 

𝜅 (W/mk) Γ to M 0.51 0.34 0.22 0.19 0.16 0.12 0.073 0.053 0.023 

𝜅 (W/mk) X to M 18.03 12.13 7.45 6.39 5.21 4.49 3.20 2.07 1.13 

Total 𝜅 25.29 17.05 10.55 9.05 7.41 6.26 4.49 2.95 1.61 
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Figure 17 - Thermal conductivity for silicon substrate with squares in it vs limiting size. 

 

 

5.4 Hexagonal lattice 
Here the result for the hexagonal lattice will be presented. The lattice consists of silicon medium and 

vacuum holes placed in a hexagonal structure, see Figure 9. 

 

Table 5 - Hexagon model. 

Hexagon H1 H2 H3 H4 H5 H6 

a (nm) 100 100 100 100 100 100 

r (nm) 5 10 15 20 25 27 

Limiting size (nm) 45 40 26 18 10 3.5 

𝜅 (W/mk) Γ to X 2.03 1.35 0.71 0.46 0.25 0.099 

𝜅 (W/mk) Γ to M 0.16 0.14 0.080 0.054 0.027 0.0074 

𝜅 (W/mk) X to M 4.18 3.05 1.94 1.19 0.66 0.21 

Total 𝜅 6.36 4.54 2.74 1.70 0.93 0.32 
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Figure 18 - Thermal conductivity for Hexagonal lattice vs limiting size. 

 

 

5.5 Lines 
Here the results for the Lines model will be presented. The model has the same base as the others with 

silicon medium and air in the lines. The lines are placed in a face centered cubic lattice, see Figure 10.  

 

Table 6 – Lines model 1 with width at 10 nm. 

Model nr L1 L2 L3 L4 L5 L6 L7 

a (nm) 100 100 100 100 100 100 100 

Width (nm) 10  10 10 10 10 10 10 

Height (nm) 20 30 40 50 60 70 80 

L (nm) 40 35 30 25 20 15 10 

𝜅 (W/mk) Γ to X 2.18 1.59 1.05 0.79 0.52 0.32 0.15 

𝜅(W/mk) Γ to M 0.14 0.11 0.081 0.055 0.032 0.019 0.0075 

𝜅(W/mk) X to M 5.69 4.11 2.89 2.15 1.45 0.91 0.42 

Total 𝜅 8.01 5.81 4.02 2.99 1.99 1.25 0.58 

 

Table 7 - Lines model 2 with width at 20 nm. 

Lines LL1 LL2 LL3 LL4 LL5 LL6 

A (nm) 100 100 100 100 100 100 

Width (nm) 20  20 20 20 20 20 

Height (nm) 20 30 40 50 60 70 

Limiting size 40 35 30 25 20 15 

𝜅 (W/mk) Γ a to X 2.24 1.40 1.02 0.75 0.50 0.28 

𝜅 (W/mk) Γ to M 0.12 0.089 0.066 0.039 0.027 0.015 

𝜅 (W/mk) X to M 5.23 3.72 2.68 1.95 1.20 0.76 

Total kappa 7.58 5.22 3.77 2.74 1.73 1.06 

       

0

1

2

3

4

5

6

7

3,5 10 18 26 40 45

T
h

er
m

a
l 

co
n

d
u

ct
iv

it
y
 (

W
/m

K
) 

Limiting Size (nm)  
 

Hexagonal lattice 

Hexagonal lattice



24 

 

 

 

 
Figure 19 – The thermal conductivity vs limiting size for the two different lines models. 

 
Figure 20 shows the thermal conductivity vs limiting size for a phonic crystal with different geometries on 

the defects. The geometries are holes, squares and lines. The holes where either simple cubic or hexagonal 

lattice. The lattice with squares in it was the one with highest thermal conductivity while the ones with 

holes in a hexagonal structure gave the lowest thermal conductivity. 
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Figure 20 – Thermal conductivity vs limiting size for the different models. 

 

5.6 Maxwell-Eucken model 
Here the results in reduction of the thermal conductivity due to removal of material from the medium, i.e 

the medium gets more porous is presented according to the Maxwell-Eucken model. There is also a 

comparison between the predicted thermal conductivity from the Maxwell-Eucken model and the 

COMSOL simulated. 
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Figure 21 – The Maxwell-Eucken model to show the predicted thermal conductivity in porous media. 

 

 
Figure 22 – Comparison between the predicted and the simulated thermal conductivity. 

 

 

5.7 Band structure  
Here the resulting band structure will be presented, only two figures per structure will be presented, more 

and bigger figures can be found under Appendix 2.  There will be two figures for each structure, one when 

the holes are at its smallest and the other when the holes are at its biggest. Figure 23-Figure 27 shows the 

band structure for the different models, square lattice with circular holes, hexagonal lattice, square lattice 

with square holes, Lines were width is 10 nm and the last figure shows Lines were width is 20 nm. 

Throughout all figures no complete band gaps can be observed for the small holes regardless geometry, 

with bigger holes partial and complete band gaps can be observed in all geometries except squares. In 

Figure 28 and Figure 29 the band gaps are highlighted for each lattice except square lattice with square 

holes that did not have any band gap. 
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Figure 23 - Band structure for circular holes with D=10nm to the left and band structure for circular holes with D=90nm 

to the right. 

 

 

   
Figure 24 - Band structure for hexagonal lattice with D=10nm to the left and band structure for hexagonal lattice with 

D=54nm to the right. 
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Figure 25 - Band structure for square holes with a11=5nm to the left and band structure for square holes with a11=45nm 

to the right. 

 

 

  
Figure 26 - Band structure for Lines, width = 10nm and a11=20nm to the left and band structure for Lines, width = 10nm 

and a11=70nm to the right. 
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Figure 27 - Band structure for Lines, width = 20nm and a11=20nm to the left and band structure for Lines, width = 20nm 

and a11=70nm to the right. 

 

 

  
Figure 28 - Band structure for circular holes with D=90nm to the left and band structure for hexagonal lattice with 

D=54nm to the right, zoomed in to highlight the band gaps that is marked with grey in both figures. 
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Figure 29 - Band structure for Lines, width = 10nm and Height=70nm to the left and band structure for Lines, width = 

20nm and Height=70nm to the right, zoomed in to highlight the band gaps that is marked with grey in both figures. 
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6 Discussion 

6.1 Verification models 
Two different verification models were built, both used the same unit cell and material properties found in 

two different thesis [14], [38]. The models are built to verify the model that will be used in Comsol to 

calculate the phonon dispersion. The model that will be used in Comsol does not have the same unit cell 

or material properties, the things to verify is the wave vector, boundary condition, how to set up the 

parametric sweep and how to visualize the results. When these parameters are correct they could be 

transferred to the real model that could be built with confidence that the result is correct. It can be seen in 

Figure 13 and Figure 14 that the simulated phonon dispersion model matches the literature phonon 

dispersion perfect. The wave vector used, the boundary settings used and other settings used in Comsol 

can be found under Appendix 4. 

 

6.2 Density effects 
 As seen in Figure 16 when inserting a different medium in the holes compared to the bulk, the density 

difference between the bulk and the medium affects the thermal conductivity. The higher the density 

difference between the medium in the holes and silicon the lower the thermal conductivity will be, this 

results agrees well with previous studies done. The fact that the thermal conductivity is lowered is not 

because the thermal conductivity is lower in the inserted medium of the holes but due to scattering effects 

from the interfaces of the holes instead. In Table A1 under appendix 1, the thermal conductivity is shown 

for the different mediums and it can be seen that it is highest for tungsten and lowest for silica. The use of 

tungsten in the holes resulted in the lowest total or effective thermal conductivity of the heterogeneous 

medium compared to using silica although tungsten has the highest total thermal conductivity. When a 

medium is introduced in the holes that exhibits different mechanical properties with respect to silicon the 

phonons will scatter against this medium and lose some of it speed and also change direction. 

Backscattered phonons will appear which reduce the conductivity. The phonon speed will also be different 

inside the other mediums resulting in that the phonons from silicon and the ones from the inserted medium 

will be out of phase. When the two waves combines to form a new wave, the waves can either amplify 

each other through constructive interference or they can cancel each outer out, known as destructive 

interference. 

 

6.3 Geometry effect 
In Figure 20 the different geometries (circle and square) with same lattice (simple cubic) are compared 

with respect to thermal conductivity. There is no geometry that gives the lowest thermal conductivity 

through all limiting sizes. At higher limiting size meaning when the holes are small the squares have lower 

thermal conduction than circles. When the limiting size is 50 nm the conductivity is almost the same for 

squares and circle, 7.41 W/m*k and 7.39 W/m*K respectively. At limiting sizes smaller than 50 nm the 

circles have lower conductivity than for squares. This result means that it can be useful to use either 

circles or squares depending on the model and the limiting size. 
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  Two other geometries were also simulated: Lines in FCC and circles in hexagonal lattice, both these 

where only simulated within the 1 to 45 nm region regarding limiting size, unfortunately a model that 

simulates the limiting size all the way up to 90 nm was not possible to create, as the periodic structure 

elements would merge. Lines were created in two different models, one with width of 10 nm and one with 

width 20 nm, see Figure 10 for definitions of width and how the model is built. These two models were 

compared to see which one resulted in lowest thermal conductivity: the one with width 20 nm resulted in 

lowest conductivity. That model was then compared to the others, circle, squares in cubic lattice and 

circles in hexagonal lattice. When the limiting size is smaller than 45 nm it can be seen in Figure 20 that 

the hexagonal structure have lower thermal conductivity than cubic lattice. Compared to Lines the 

hexagonal is lower or equal to it even though Lines rises quickly as the limiting size increases. If a 

structure is to be built where the limiting size is allowed to be small, hexagonal structure should be taking 

in to account since it results in the lowest thermal conductivity. Lines are a pretty complicated structure 

and did not result in lower thermal conductivity than hexagonal structure.  

 

6.4 Maxwell-Eucken 
Maxwell-Eucken model shows the predicted thermal reduction when the diameter of the holes increases 

and the lattice constant, a, is fixed. When the lattice gets more porous the thermal conduction is lowered 

due to removal of material to conduct the heat. The reduction in thermal conduction can be seen in Figure 

21 where the Maxwell-Eucken model has been used, the reduction is 75% when D/a is 0.9. In Figure 22 it 

can be seen how the predicted thermal conductivity is much higher than the simulated thermal conduction. 

The simulated thermal conduction is only 
1

17
 of the predicted one. The simulated is lower due to phonon 

scattering which is something Maxwell-Eucken model does not take into account.  

 

6.5 Band structure 
Band structures can be analyzed to see if band gap occurs. In Figure 23 the band structure for holes can be 

seen, the figure to the left is with small holes and no complete or partial band gap can be observed. This is 

due to the scattering against the small holes is not enough to completely eliminate the phonon waves 

within a frequency range. One of the reasons for this is that the phonon waves are too big to interact with 

the holes created in the lattice and also the limiting size between the holes is to big/small to have any 

effect on the scattering. Almost all bands are curved meaning when taking the derivative to calculate the 

phonon speed they will have a speed resulting in that they will conduct heat. To the right in Figure 23 the 

band structure can be seen for the structures with the biggest holes and smallest limiting size, a complete 

band gap occurs at low frequencies between band 3 and 4 and several partial band gaps also occurs. This 

means that for some frequencies around 21 gigahertz there will be no thermal conductivity in any 

directions, the partial band gaps prohibits conductivity in only one or two directions, for example between 

Γ and X for around 43 gigahertz there is a band gap. The band structure is also a lot more flat so the 

phonon speed will be close to zero or zero in some cases. This will also reduce the thermal conductivity. 

Another aspect to take into account is the gradient of the bands, negative derivative results in phonons 

travelling backwards and thus reduces thermal conductivity. In direction M to Γ there is a lot of flat bands 

and bands that have negative gradients, this will result in a reduction in thermal conductivity due to zero 

phonon speed and backwards travelling phonons. In Figure 24 the band structure for the Hexagonal lattice 

can be observed, to the left with small holes (D=10nm) and to the right bigger holes (D=54nm). In the left 
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figure no band gap or partial band gap can be observed, this is for the same reasons as with small circular 

holes. In the right figure a complete band gap can be seen at around 74 gigahertz this is at higher 

frequency than for the complete band gap for holes. Also a big partial band gap can be observed from Γ to 

X at 128 gigahertz, several more partial band gaps can be observed. The next geometry that will be 

observed is squares, as can be seen in Figure 25. The figure to the left is for small squares (a11=5nm) and 

the one to the right is for bigger squares (a11=45nm). The left figure looks very similar to the one with 

small holes with no complete or partial band gaps. In the right figure no complete band gaps can be 

observed unlike the ones with holes and hexagonal structure where complete band gaps opened up at 

larger structures. Partial band gaps are observed though, in the Γ to X direction. The last geometry is Lines 

where to different sizes of the lines where analyzed, in Figure 26 Lines with width = 10 nm where 

observed and the height is 20nm in the figure to the left and 70nm in the figure to the right. In Figure 27 

the geometry Lines with width = 20nm can be observed and the left figure shows band structure for when 

the height is 20 nm and the right figure for when height is 70nm. The band structure looks very similar in 

both cases where the left figure in both Figure 26Figure 27 shows no complete or partial band gaps. In the 

right figure a large band gap can be observed for both structures centered at around 30 gigahertz for the 

bigger structure and 37 gigahertz for the smaller one. The band gap for the bigger structure is a lot bigger 

and starts at lower frequency and ends at higher compared to the small structure. The amount of partial 

band gaps are very similar between the two structures, one can be observed in Γ to X direction at around 

80 gigahertz for the bigger structure and 55 gigahertz for the smaller one. 

6.6 Future studies 
The thermoelectric material that will be manufactured following the design from this project will consists 

of amorphous silicon, but the simulated version consist crystalline silicon. The model can be used for 

amorphous silicon if proper mechanical properties can be provided, these can then be inserted into the 

model and new calculations can be done and then compared with the manufactured phononic crystal. 

Another improvement of the model would be to model it in three dimensions to better reflect reality. To 

do this the wave vector needs to be defined for all three dimensions then. An interesting thing to do would 

be to divide the phonons into optical and longitudinal respectively and see how much each contributes to 

the thermal conductivity. The last improvement would be to see how the holes affect the electrical 

conductivity, if this is lowered too much the phononic crystal cannot be used as a thermoelectric material. 
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7 Conclusion 
In this thesis successful designs to a phononic crystal in order to lower the thermal conductivity of a 

silicon substrate have been made. The model has been tested with four different geometries to optimize 

the phononic crystal. The model with hexagonal structure resulted in lowest thermal conductivity in the 

low regions <40 nm for limiting size, at bigger limiting size > 50nm the geometry squares showed lowest 

thermal conductivity. The values of the thermal conductivity also showed that a phononic crystal 

significantly lowers the thermal conductivity compared to a bulk crystal. The thermal conductivity can be 

reduced with up to 98.5% compared to bulk silicon. The Maxwell-Eucken model was used to simulate the 

reduction in thermal conductivity due to the lattice getting more porous and the result was up to 74% 

reduction. This means that other effects than porosity is present to reduce the thermal conductivity so 

much and it is phonon scattering due to the holes placed in the lattice. 
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Appendix 1 – Properties of mediums used 
 

 
Table A1- Properties of medium used to fill the holes in the phononic crystal. 

Medium Density Young’s modulus Poisson’s ratio Thermal conductivity 

silica 2200 [kg/m
3
] 70 [GPa] 0.17 1.4 [W/(m*K)] 

iron 7870 [kg/m
3
] 200 [GPa] 0.29 76.2 [W/(m*K)] 

tungsten 17800 [kg/m
3
] 360 [GPa] 0.27 175 [W/(m*K)] 

 
 

Table A2 - Properties of medium used in the verification model 

Medium Density Speed of Sound 

PVC 1760 [kg/m
3
] 2230 [m/s] 

Appendix 2 – Band gap figures 

A2.1 Circle 

  
Figure A1 – Band structure for circular holes with D=20nm to the left and band structure for circular holes with D=30nm 

to the right. 
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Figure A2 – Band structure for circular holes with D=40nm to the left and band structure for circular holes with D=50nm 

to the right. 

  

  
Figure A3 – Band structure for circular holes with D=60nm to the left and band structure for circular holes with D=70nm 

to the right. 
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Figure A4 – Band structure for circular holes with D=80nm. 

 

 

A2.2 Hexagonal 
 

 

   
Figure A5 – Band structure for hexagonal lattice with D=20nm to the left and band structure for hexagonal lattice with 

D=30nm to the right. 
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Figure A6 – Band structure for hexagonal lattice with D=40nm to the left and band structure for hexagonal lattice with 

D=50nm to the right. 

 

 

A2.3 Square 
 

 

  
Figure A7 – Band structure for square holes with a11=10nm to the left and band structure for square holes with 

a11=15nm to the right.  
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Figure A8 – Band structure for square holes with a11=20nm to the left and band structure for square holes with 

a11=25nm to the right. 

 

 

  
Figure A9 - Band structure for square holes with a11=30nm to the left and band structure for square holes with 

a11=40nm to the right. 

 

 

 

A2.4 Lines 
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Figure A10 - Band structure for Lines, width = 10nm and a11=30nm to the left and band structure for Lines, width = 

10nm and a11=40nm to the right 

 

 

  
Figure A11 - Band structure for Lines, width = 10nm and a11=50nm to the left and band structure for Lines, width = 

10nm and a11=60nm to the right. 
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Figure A12 - Band structure for Lines, width = 20nm and a11=30nm to the left and band structure for Lines, width = 

20nm and a11=40nm to the right. 

 

 

 

  
Figure A13 - Band structure for Lines, width = 20nm and a11=50nm to the left and band structure for Lines, width = 

20nm and a11=60nm to the right. 
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Appendix 3 – Matlab script 
Matlab script used to calculate the thermal conductivity: 

 

clear all; close all; clc; 
tic 

  
data=load ('test2.txt'); 

  
w1=data(:,2); 
w2=zeros(100, 31); 
for i=0:99 
    w2(i+1,:)=w1(i*31+1 : 31*i+31); 
end 

   
w=w2; 
a1=100e-9; 
a2=115e-9; 
k1=(0:0.1:0.9)*pi/(sqrt(a1/2^2+a2/2^2)); %k-vectors rad/m 
k2=(1:0.1:1.9)*(2*pi)/(a1/2); 
k3=(2:0.1:3)*(2*pi)/(a1/2); 

  
k=[k1 k2 k3]; 

   
%% Create a derivation of each w and save in the matrix v 
%v=dw/dk 
v=[]; 
h=k(2)-k(1); 
for i=1:100 
    wcurr=w(i,:);     
    dw=(wcurr(3:end)-wcurr(1:end-2))/(2*h); 
    v(i,:)=dw; 
end 
w(:,1)=[]; w(:,end)=[]; k(1)=[]; k(end)=[]; 

  
%% Calculate tau and save in t   
L=10e-9; %m 
T=293.15; %K 
A=1.4e-19; % s/K 
B=152; %K 

  
tu=A*T.*w.^2*exp(-B/T); 
tb=v./L; 
t=abs(tu+tb).^-1; 

   
%% Calculate the parameters within the integral 

hbar=1.0545718e-34; %Js 
kb=1.38064852e-23; %J/K 
bit=hbar/(kb*T); 

  
f=zeros([100 29]); 
I=zeros([100 1]); 
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for i=1:100 
    f(i,:)=bit^2.*w(i,:).^2*kb    .* ...  
        ( exp(bit.*w(i,:)) ./ (exp(bit.*w(i,:))-1).^2 ) .* ... 
        v(i,:).^2 .* t(i,:) .* k.^2; 
end 

  
for i=1:100    
    I(i)=trapz(k,f(i,:)); 
    I1(i)=trapz(k(1:10),f(i,1:10)); 
    I2(i)=trapz(k(10:20),f(i,10:20)); 
    I3(i)=trapz(k(20:29),f(i,20:29)); 
end 

  

  
I(isnan(I))=0; 
I1(isnan(I1))=0; 
I2(isnan(I2))=0; 
I3(isnan(I3))=0; 

  
kappa=1/(6*pi^2) * sum(I1+I2+I3); 
kappa1=1/(6*pi^2) * sum(I1); 
kappa2=1/(6*pi^2) * sum(I2); 
kappa3=1/(6*pi^2) * sum(I3); 

  
[kappa kappa1 kappa2 kappa3] 

  
toc 
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Appendix 4 – Comsol parameters 
Here the parameters used for the different Comsol structures will be shown. 

 

 

Table A3 – Paramters used for circular holes. 

Name Expression Value Description 

a1 100 [nm] 1E-7 m Lattice constant horizontal value 

a2 100 [nm] 1E-7 m Lattice constant vertical value 

kx if(k<1,pi/a1*(k-1),if(k<2,pi/a1*(k-1),pi/a1)) -1.5708E7 1/m Horizontal wave vector  

ky if(k<1,pi/a1*(k-1),if(k<2,0,(k-2)*pi/a1)) -1.5708E7 1/m Vertical wave vector 

k 0-3 0-3  Varying from 0-3 to span the 

Brillouin zone 

D 5-90 [nm] 5E-9 - 9E-8 m Varying the diameter on the holes 

to change limiting size and 

porosity. 

 
 

 

Table A4 – Parameters used for squares. 

Name Expression Value Description 

a1 100 [nm] 1E-7 m Lattice constant horizontal value 

a2 100 [nm] 1E-7 m Lattice constant vertical value 

kx if(k<1,pi/a1*(k-1),if(k<2,pi/a1*(k-1),pi/a1)) -1.5708E7 1/m Horizontal wave vector  

ky if(k<1,pi/a1*(k-1),if(k<2,0,(k-2)*pi/a1)) -1.5708E7 1/m Vertical wave vector 

k 0-3 0-3  Varying from 0-3 to span the 

Brillouin zone 

a11 5-45 [nm] 5E-9 - 9E-8 m Square size horizontal direction. 

Varying the size of the squares to 

change limiting size and porosity. 

a22 5-45 [nm] 5E-9 – 4,5E-8 m Square size vertical direction. 

Varying the size of the squares to 

change limiting size and porosity. 

 


