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Abstract

Thermal design optimization by geometric
parameterization of heat sources

Christoffer Eriksson

In this master thesis, a thermal design optimization has been performed. By solving
the two dimensional steady state conduction convection equation using the finite
element method in a unit square domain with a source term corresponding to
components heated by resistive heating, the objective functional was formulated as a
minimization of the combination of a low temperature and small temperature
differences inside the domain. The design parameters are based on geometric
properties such as length, width, angle or position of the heat sources. The heat
sources were parameterized by combining two smooth exponential functions that
explicitly depended on the position and size of the heat source. The problem was
then solved as a PDE constrained optimization problem using MATLAB's built in
function fmincon. 

Three different 1D test cases were implemented to investigate how the solver
behaved and that the parameterization was correctly implemented. Then the solver
was extended to 2D and three heat sources were placed in the domain. The optimal
angle of rotation of the sources where the heat transfer was governed by conduction
and convection were found. This was followed by an optimal placement of two heat
sources in the domain. Three cases with a different convective field in each case were
investigated. In the last examples, four heat sources were placed inside the domain.
One geometric property of each heat source was allowed to change. The four
different parameters were length, width, angle of rotation and position. The
motivation was to test the functionality of the solver using different design parameters
with different sensitivities.

The results showed that the derived objective functional fullfilled the purpose to
minimize the temperature and temperature deviation from the mean temperature,
respectively. In the 1D cases it was concluded that there exist several local minima
when adding a heat source and a heat sink of unequal magnitude. Optimal angles of
three heat sources in 2D showed a trivial solution and fast convergence. The optimal
placement of two heat sources converged rapidly when the forced convection was set
to zero. When adding convection the number of iterations increased and the optimal
placement was highly dependent of the type of convective field and boundary
conditions. When constructing a non symmetric problem the optimization looped
over several random initial positions in order to find the best optimal solution. For
the last examples, narrow bounds were used and the solver converged rapidly. Even
here, the type of convective field highly affected the optimal solution.
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Termisk designoptimering genom geometrisk
parametrisering av värmekällor

Christoffer Eriksson

Elektrisk ström som flödar genom ett material leder till att materialet värms upp, bland an-
nat p̊a grund av resistiv uppvärmning. Hur mycket materialet värms beror dels av strömmens
storlek och applicerad spänning men även materialets förmåga att leda ström. Med an-
dra ord, dess elektriskt resistiva förmåga p̊averkar uppvärmningen. Resistiv uppvärmning
sker genom att elektrisk energi omvandlas till värme proportionellt mot P = RI2 (Ohms
lag), där R är elektrisk resistans, I är amplituden av strömmen som flödar genom mate-
rialet och P är genererad effekt givet R och I. Ju högre elektrisk resistivitet materialet
har, desto mer elektrisk energi omvandlas till värme. I elkonstruktioner där hög ström
passerar genom komponenterna kan värmeutvecklingen bli kritiskt hög i vissa komponen-
ter. Om värmedistributionen i systemet är ojämnt fördelad och om ingen möjlighet finns
att kyla komponenterna med n̊agon extern kylning måste n̊agon alternativ metod användas
för att kyla komponenterna. Detta för att undvika att elektroniken förstörs och minska ef-
fektförlusterna men även för att uppfylla krav för maximal till̊aten temperaturökning enligt
internationell standard.
Detta examensarbete har utförts hos ABB Corporate Research Center i Väster̊as med syftet
att studera möjligheten att, genom numerisk simulering, åstadkomma en l̊ag och homogen
temperatur i ett system fyllt med värmekällor, genom att finna den optimala positionen,
vinkeln, längden och/eller radien för respektive värmekälla. Utifr̊an detta tillvägag̊angssätt
kan en optimal termisk design beräknas med hjälp av datorstödd beräkning istället för att
utföra experimentella tester som kan vara förh̊allandevis dyra. I denna uppsats används
värmeledningsekvationen som är en partiell differentialekvation (PDE) som modellerar hur
värme distribueras i ett system givet en källterm. I detta fall modelleras värmekällorna
som metalliska ledare utplacerade i ett system som värms upp genom resistiv uppvärmning.
Värmen som genereras distribueras genom diffusion och forcerad konvektion.
Temperaturen, T , som är lösningen fr̊an PDEn beräknas approximativt med en numerisk
metod. Den metod som används i denna uppsats är Finita Element Metoden (FEM).
Därefter skickas lösningen till en objektfunktion som är en funktion av FEM-lösningen
matematiskt beskriven som J (T (m)). Avsikten är att åstadkomma en homogen och l̊ag
temperatur i systemet med avseende p̊a parametrar m som beskriver position, radie, längd
eller vinkel för de olika värmekällorna. Objektfunktionen kan matematiskt beskrivas som
J (T (m)) := 1

2
||T (m) − T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2. Genom att lösa detta som ett

optimeringsproblem är syftet allts̊a att minimera J (T (m)) med avseende p̊a m till dess
att J (T (m)) n̊ar sitt minsta möjliga värde och den optimala konfigurationen av m har
beräknats. Detta sker iterativt genom: 1. Ansätt initial gissning m. 2. Lös FEM → T (m)
3. Evaluera J (T (m)) → Optimal lösning? Om JA: m∗ = m. Programmet avslutas. Om
NEJ: Uppdatera m→ m+ δm genom en optimeringsiteration. Återg̊a till 2.
Figur 1 (vänster) visar initiala positioner för tv̊a värmekällor placerade i en tänkt l̊ada där
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värmen distribueras genom diffusion och horisontell konvektion i positiv x-riktning. Efter
11 optimeringsiterationer har de optimala positionerna för värmekällorna (höger) beräknats
s̊a att J (T (m)) har minimierats.

Figur 1. Vänster: Ursprungslösning med m = [px1 , p
y
1; px2 , p

y
2] = [0.02, 0.3; 0.2, 0.7].

Höger: Optimal lösning med m∗ = [px1 , p
y
1; px2 , p

y
2] = [0.99, 0.89952; 0.99, 0.10047].

Det visade sig att objektfunktionen som användes uppfyllde syftet att minimera temperat-
uravvikelsen fr̊an medeltemperaturen och och att temperaturen och temperaturgradienter i
domänen minimeras. Geometrisk parametrisering av värmekällorna resulterade i en funktion
som explicit beror av designparametrarna s̊a som längd, bredd, vinkel och position vilket
gjorde denna typ av optimering möjlig. För att simulera verklighetsbaserade problem m̊aste
mer fysik tilläggas i modellen samt att den geometriska parametriseringen m̊aste modifieras
till att beskriva värmekällorna i tre dimensioner.

Examensarbete 30 hp p̊a civilingenjörsprogrammet
Teknisk fysik med materialvetenskap

Uppsala universitet, Juni 2017
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Nomenclature

Abbrevations & symbols

FEM Finite Element Method
MVS Medium Voltage Switchgear
PDE Partial Differential Equation
SQP Sequential Quadratic Programming
EBVP Elliptic Boundary Value Problem

L Length
ρr Resistivity
ρ∗r Reference resistivity
ρ Density
α Temperature coefficient
d Diameter
I Current
J Jacobian
R Resistance
E Electric field
Jd Current density
A Area
h Heat transfer coefficient
E Relative error in L2-norm
ξ Discretized solution vector
ψ Dirac delta function
T State variable
T ∗ State reference variable
T∞ Ambient temperature
v Test function
p Position parameter
r Radius
t Thickness
(x, y) Spatial coordinates

(x′, y′) Transformed spatial coordinates
θ Angle
I Unity matrix
δm Perturbation (of design parameters) vector
B Parameterization function
κ Thermal conductivity
Cp Heat capacity
w Velocity vector
m Design parameter vector
Ω Domain
∂Ω Boundary
J Objective functional
W Finite element space
H Hilbert space
P1 Polynomials of degree 1
C Continuous polynomials
T Set of finite elements
∇ Gradient operator
SQ Quadrilateral shape functions
K Stiffness matrix
C Convection matrix
MS Source matrix
r∂Ω Robin vector
M∂Ω Robin matrix
Tr Conjugate transpose
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CHAPTER1
Introduction

Different types of electrical enclosures (external cooling and sealed-for-life systems) can be
used in low, medium as well as in high voltage applications. For example, a computer can
be thought of as a low voltage externally cooled electrical enclosure. Common for all types
of enclosures is that when current is passing through the components, some amount of the
electric energy is converted to heat and dissipates via conduction through the material.
The dominant transport phenomenon of thermal conduction in metals is the collisions of
free electrons. Due to a high amount of free electrons in metals this is the reason why
the thermal conductivity here is high. On the contrary, electrical insulators have no free
electrons. Hence, the thermal conductivity is lower relative to metals.

The electrical losses that are converted to heat occur in all types of materials and may
cause an overall temperature rise in the system and may increase dramatically at certain
places (hot spots). Thus it is crucial that the system is properly cooled to avoid electrical
failures or a lowered performance [9]. An example of a medium voltage switchgear enclosure
from ABB is shown in Figure 1 [2].

Figure 1. ABB’s ZX2.2 medium voltage switchgear [2].

Medium Voltage Switchgears (MVS) are used in a wide field of applications where the main
purpose is to distribute electrical power and therefore, the switchgear must be able to handle
high incoming voltage and currents. The MVS consists of current and voltage transformers
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to reduce or increase the incoming current and voltage, and circuit switching devices such
as a vacuum circuit breaker and/or a three position disconnector. MVS also consists of
conductors and busbars to conduct the power simply from one place to another. Operation
voltage in MVS is typically up to 36 [kV]. The enclosures are isolated using either air or SF6

gas where the latter is used mostly due to its suitable thermal properties such as the specific
heat capacity when compared to air [13]. However, SF6 is a contributor to global warming
and a substitution of this gas is desirable yet challenging. If SF6 is used instead of air in a
sealed-for-life system, and a component needs to be repaired this is not possible which is a
major drawback not only seen from an environmental approach but also financially. Another
challenge introducing air instead of SF6 is the ability to reduce the size of the enclosure [12].
There are certain restrictions of how much the temperature is allowed to increase depending
on the type of gas and type of material. For copper conductors the allowed temperature
rise is higher using SF6. As environmental demands to replace SF6 to a more friendly gas
increase this forces further development of the thermal design of the enclosures.

In [6] the authors have conducted experimental temperature rise tests on a Load Break
Switch (LBS) in order to gain knowledge of how to improve the thermal design of MV
switchgears. The experimental work was performed on an air filled custom made prototype
to map thermal resistances and thermal conditions. The ohmic losses based on the resistance
mapping are P = RI2 and they state that any contributions from skin-effects and induced
currents were insignificant. Combined with numerical analysis the heat sources were modeled
with a constant temperature. They found in [6] that the temperature rise exceeded the
allowed maximum temperature rise by 18◦C according to IEC 62271-1. In [5] temperature
measurements were performed on two different contacts in a load break switch and they
found that the temperature rise when the contact was made of a, relatively speaking, longer
flexible braid compared to a sliding contact, the temperature rise in the first alternative was
higher due the longer current path.
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1.1 Purpose

1.1.1 Long term goal

This is the start of a large project within ABB where the long term goal is to optimize
electrical enclosures. The objective is to ensure a safe and desirable operating regime for the
enclosure by minimizing the risk of electrical failures, maximizing the cooling efficiency as well
as minimizing the financial cost. The governing physics that describes the behavior inside
an electrical enclosure involves electromagnetics, fluid dynamics and heat generation/heat
transport, and how the physics interact together. This makes the task challenging in the
sense of numerical calculations and optimization.

1.1.2 Goal with thesis

This master thesis is related to optimizing the thermal design of a domain where a simplifed
heat transfer model has been used to describe the physics. The steady state 2D conduction-
convection equation was modelled with a source term describing resistive heating of a metallic
conductor. For the optimization, consider a space domain (enclosure) that contains a number
of heat sources. The domain can be cooled by natural convection, be equipped with a cooling
system (say, air cooling) or it can rely on the temperature of the environment outside the
domain. The amount of heat generated in each heat source is in general a function of the
shape and also the position in the enclosure. At the initial steps in optimizing an electrical
enclosure, an important question is how to optimize the shape (length, radius), the angle
of rotation and the positioning of the heat sources in order to achieve a low and uniform
temperature distribution inside the domain. This leads to the possibility to predict an
optimal thermal design of the domain through numerical simulations instead of conducting
financially expensive experiments.

1.2 Thesis layout

• In Chapter 2 the formulation of the optimization problem is presented

• Chapter 3 contains a general brief discussion/description of optimization and optimization
techniques

• In Chapter 4 placement optimization is discussed. Formulation of the parameterization of
the heat sources and the appropriate bound constraints are presented

• Chapter 5 contains the discretization of the state equation and the objective functional

• In Chapter 6 the formulation of the discretized optimization problem is presented

• Numerical results for several test problems are presented in Chapter 7
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• Chapter 8 contains conclusions based on the numerical results from Chapter 7

• Chapter 9 consists of a discussion and the future directions and research studies
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CHAPTER2
Problem formulation

The analytical mathematical formulation of the problem posed in section (1.1.2) can be
formulated as the optimization problem

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2︸ ︷︷ ︸
Uniform temperature with small gradients

+ ||T (m)||2︸ ︷︷ ︸
low temperature

in Ω (2.1)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
n∑
i=1

Qi(T,m) in Ω (2.2)

with appropriate boundary conditions (2.3)

+ additional geometric constraints (2.4)

where T , Ω, T̂ , m := [m1,m2, ...,mn], κ := κ(x, y) and Qi are the (temperature) state,
the domain, the mean temperature inside the domain, the design parameter vector, thermal
conductivity and heat source i, respectively. w = [wx, wy] is a velocity vector and ρ and Cp are
density and heat capacity, respectively. The objective functional, J , describes what should
be minimized. The first and second terms on the right hand side in the objective functional
describe the variation of the temperature and temperature gradients, respectively. The third
term is the norm of the temperature in Ω. Hence, the objective is to achieve a low and uniform
temperature. This is achieved by finding the optimal configuration of m = [m1,m2, ...,mn]
such that J (T (m)) is minimized. The thermal conductivity is a function depending on the
space coordinates (x, y) and takes different constant values inside Ω. However, by formulating
the state equation as in (2.2), it models a continuous interface coupling the heat sources and
the surrounding media.
As mentioned, when an electric current is flowing through a conductor, electrical energy will
be converted to heat due to the electrical resistivity in the material leading to power (heat)
dissipation at a rate P = RI2 according to Ohm’s law, where R is the resistance [Ohm] and I
is the current magnitude [A] in the conductor. The resistivity ρr with SI-units [Ohm ·m] of a
material is defined as the ratio of the magnitudes between the electric field E and the current
density Jd such that ρr := E/Jd. If the area, A, of the conductor is constant, then the total
current through the cross section is I = JdA and the potential difference between the ends
is U = EL and thus the resistivity can be expressed as ρr = RA

L
where L is the length of

the conductor. The temperature dependence of the resistivity can be expressed through the

linear relation ρr(T ) = ρ∗r

(
1 + α(T − T ∗)

)
, where α = α(x, y) is a temperature coefficient,
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ρ∗r = ρ∗r(x, y) a reference resistivity and T ∗(x, y) a temperature reference, respectively. The
resistive heating source term f can now be formulated as a function of the temperature and
the different material parameters as

f(T ) =
4L

πd2
ρ∗r(x, y)

(
1 + α(x, y)(T − T ∗)

)
︸ ︷︷ ︸

R

I2 (2.5)

for a circular cross sectional area A = πd2/4 with diameter d [22]. Equation (2.5) describes
an explicit expression of how the source term behaves when varying the cross sectional area
and the length of the conductor. As the area shrinks, the resistance will increase and the
power dissipation will increase as well. By increasing the length of the conductor gives the
same results, however linear instead of quadratic dependence.
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CHAPTER3
Optimization: A general discussion

Optimization is a powerful numerical tool used to minimize/maximize a certain quantity in
order to improve some properties of a system. In order to optimize the system one needs to
define an objective functional that describes what should be optimized. When the objective
is formulated the next step is to introduce the design variables that are allowed to change
in order to optimize the objective. The design variables could be constrained meaning that
they are allowed to change within some bounds or with respect to each other [18]. Besides
the design variables, the equations that model the physics are constraints as well. In this
thesis, a simplification of heat transfer was considered described by a Partial Differential
Equation (PDE) that acts as a constraint on the objective and the ingoing design variables
are constraints in the PDE.

The optimal solution could either be a local optimum or a global optimum. In a mini-
mization problem with the objective function f(x), an optimal point x∗ is said to be a strong
local minimizer if f(x∗) < f(x) in a local neighborhood. If x∗ is a global minimizer, then
f(x∗) < f(x) for all x in the entire x domain. If the function f(x) is strictly convex, then the
local minimum is also the global minimum. A more realistic f(x) has many local minima
and the global minimum may be difficult to find. Different approaches to determine whether
x∗ is a minimizer of f have been developed. There are search methods like the Nelder-Mead
simplex method where a simplex is represented by a polytope of n + 1 vertices in n dimen-
sions. This method searches for a local minimum by a pattern search where in each iteration,
a polytope is generated by replacing the vertex corresponding to the largest (worst) value.
In two dimensions the polytope is represented by a triangle that form a new triangle towards
the minimum and as the difference between the function values in the vertices decrease so
will also the size of the triangle. As the size goes to zero (a tolerance) a local minimum
has been found, see [21] and [17] for examples. This method is a gradient-free optimization
method. They usually require a high number of iterations before finding the minimum. For
complex PDEs this type of methods should be avoided as suggested in [7].

In this master thesis, the optimization was performed using the MATLAB-provided opti-
mization routine fmincon. This solver is gradient based and utilizes the sequential quadratic
programming (SQP) algorithm [1]. This algorithm is gradient based and is therefore based
on calculations of the gradient ∇f(x) and the Hessian matrix ∇2f(x) in order to find the
optimal solution. If ∇f(x) = 0 and ∇2f(x) is positive definite, a local minimum has been
found. These are referred to as optimality conditions.

7



CHAPTER4
Placement optimization and geometric

parameterization of heat sources

In thermal applications, placement optimization is commonly used to arrange electrical com-
ponents on curcuit boards using genetic algorithms, see for example [8, 10]. Genetic algo-
rithms for optimization are gradient-free (such as earlier described Nelder-Mead) and the
number of iterations before the solution converges tend to be large as the complexity of
the model grows and as the number of design parameters increases, see for example [7, 14].
In comparison to gradient-free based algorithms, gradient-based optimization utilizes ad-
ditional derivative information with respect to the design parameters that can result in a
reduced number of iterations. In [4] a parameter identification problem was solved where
the objective was to identify heat capacity and thermal conductivity through a least square
formulation in a geo physics application based on experimental measurements. The compu-
tational domain in 3D was 105×125×118 m meshed with 99×105×59 nodes. Comparisons
were made using three different types of optimization techniques: Genetic algorithms, the
Nelder-Mead simplex method and gradient based methods (steepest descent, Gauss-Newton
and Levenberg-Marquardt). The conclusion was that the gradient methods were the most
efficient. The drawback of gradient-based optimization such as MATLAB’s fmincon com-
pared to genetic algorithms is that it only finds a local minimum [7] while genetic algorithms
may be used in order to find the global minimum under certain conditions, see for example
[19].

4.1 Parameterization of heat sources

In order to find the optimal placement of one or several components inside a domain Ω, a
parameterization of the components, i.e. a description of the components with a function
that describes the geometry of the component, was considered. There are numerous ways
to parameterize a geometry, e.g. x2 + y2 = r2 describes a two dimensional circle centered
at origo with radius r. The corresponding three dimensional sphere is parameterized by
x2 + y2 + z2 = r2. In this thesis the considered parameterization describes two dimensional
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rectangles by the smooth function with compact support given in equation (4.1):

ψ(q, pq, rq) =

{
Se

1−1/(1−| q−pq
rq
|k)

for | q−pq
rq
| < 1

0 otherwise
(4.1)

where q, pq, rq are coordinate, center position and radius, respectively. k is a positive constant
related to the sharpness of the function and the parameter S is the maximum magnitude of
the function. By using this function to parameterize the heat sources, the resulting source
term is a function that explicitly depends on the positions p. In a two dimensional space the
exponential functions ψ(x, px, rx) and ψ(y, py, ry) are multiplied such that

B(x, y, px, py, rx, ry) = ψ(x, px, rx)ψ(y, py, ry) (4.2)

and by extending the function B by a coordinate transformation using the rotation matrix
in R2 gives [

x′

y′

]
=

[
px
py

]
+

[
(x− px) cos θ −(y − py) sin θ
(x− px) sin θ (y − py) cos θ

]
or

x′(x, y, px, py, θ) = px + (x− px) cos θ − (y − py) sin θ and
y′(x, y, px, py, θ) = py + (x− px) sin θ + (y − py) cos θ

that allows for rotation of the heat sources by the angle θ around an arbitrary point (px, py)
in R2. Setting S = 1, the one dimensional parameterized function with varying k is shown in
Figure 2 (left) and by increasing k we can see that the sharpness increases but the function is
still continuous. Setting (px, py, rx, ry, θ) = (0.5, 0.5, 0.1, 0.3, 0), the resulting two dimensional
parameterized heat source function B(x′, y′, px, py, rx, ry, θ) is shown in Figure 2 (right).

Figure 2. Left: One dimensional parameterization function. Right: Two dimensional

parameterization function.
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The optimization problem when adding the parameterization is then described as:

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2︸ ︷︷ ︸
Uniform temperature with small gradients

+ ||T (m)||2︸ ︷︷ ︸
low temperature

in Ω (4.3)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
n∑
i=1

Qi(T,m) in Ω (4.4)

with appropriate boundary conditions (4.5)

+ additional geometric constraints (4.6)

where Qi = Bi(m)fi is heat source i, fi is the resistive heating from (2.5) and m is the design
parameter vector. The norm of a variable u in Ω is denoted by ||u||.

4.1.1 Example of a parameterized heat source with respect to its
center position (px, py)

By choosing the center position (px, py) as design parameters for a single heat source, then
m = [px, py] is the design parameter vector of dimension 2. Setting the width to rx, the
length to ry and the sharpness to k the corresponding right hand side in equation (4.4)
becomes

B(x, y, px, py, rx, ry)f = e1−1/(1−|x−px
rx
|k)e

1−1/(1−| y−py
ry
|k)
f (4.7)

with

e1−1/(1−|x−px
rx
|k)e

1−1/(1−| y−py
ry
|k)
f =


e1−1/(1−|x−px

rx
|k)e

1−1/(1−| y−py
ry
|k)︸ ︷︷ ︸

>0

f, if |x−px
rx
| < 1 ∧ |y−py

ry
| < 1

0, otherwise

4.2 Linear and non-linear bound constraints

If the design parameter is the radius of an object, a linear lower and upper bound are
prescribed on the form

rmin ≤ r ≤ rmax (4.8)

where rmin > 0 and rmax <∞. When rotating a component an appropriate condition on the
angle bound is θmin ≤ θ ≤ θmax. When considering a design parameter vector containing the
position p = (px, py) of a source inside a square domain, the bounds are of the same type as
for the size, i.e. linear bounds such that

xmin ≤ px ≤ xmax (4.9)

ymin ≤ py ≤ ymax (4.10)
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and the source may not be placed outside the domain. By adding two heat sources such that
p = [(pix, p

i
y), (p

j
x, p

j
y)] it is appropriate to impose a non-linear constraint that ensures that

the sources are not allowed to coincide. The constraint is geometry dependent and, from
Figure 3, it must ensure that the heat sources are separated by a minimum distance dmin,x
and dmin,y in the x and y direction, respectively. The considered non-linear constraints are
|pix − pjx|2 ≥ (dmin,x)

2 and |piy − pjy|2 ≥ (dmin,y)
2 that are active if they are violated at the

same time, i.e. if the sources overlap. Otherwise the non-linear constraints are inactive.
This allows for combinations of the type |pix − pjx|2 < (dmin,x)

2 and |piy − pjy|2 ≥ (dmin,y)
2.

Figure 3. Distance d and the corresponding components dx and dy between two objects with
center points pi and pj .
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CHAPTER5
Discretization of the state equation and the

objective functional

In practice, the original state equation (4.4) is first discretized and then solved. A classi-
cal discretization technique suitable for the considered problem is the the Finite element
method (FEM). FEM is a numerical method used to solve partial differential equations
(PDEs). PDEs are applied in a wide field such as fluid dynamics, solid mechanics, electron-
ics, economy, etc. Since in most cases it is impossible to solve for the exact solution of the
problem, by using FEM one solves for an approximate solution that should represent the
analytical solution as accurately as possible [15]. FEM is widely used when solving elliptic
boundary value problems such as the resistive-heating type of problem defined in (4.4). The
idea with FEM is to divide the domain into several sub domains or finite elements such as
triangles or rectangles and then solve for an approximate solution in each vertex followed by
an interpolated value between nodes.

In this chapter, the derivation of the variational form of the state equation is presented.
This is done by creating a solution space that is filled with continuous and piecewise linear
test functions. Then the test functions multiply the PDE followed by partial integration over
the domain. Here, we discretize the domain using quadrilateral elements and then assemble
the resulting matrices. In the last section in this chapter the terms in the objective functional
are presented.

5.1 Variational form of the state equation

In this section the variational form of the conduction-convection equation is derived. When
using FEM we first introduce the approximate solution space W filled with continuous,
piecewise linear functions v such that both v and the differentiation of v are bounded in Ω, i.e.
||v||L2(Ω) + ||∇v||L2(Ω) <∞. Further, we introduce the integral notation (u, v)Ω =

∫
Ω
uv ∂Ω

and the norm ||v||2L2(Ω) = (v, v). Now we define the solution space mathematically as

W = {v ∈ [H1(Ω)]d : v|Ki
∈ P1(Ω), v ∈ C0(Ω)}

where H1(Ω) is the Hilbert space defining that ||v||L2(Ω) and ||∇v||L2(Ω) are bounded in Ω
and T = {K}Ni=1 are the finite elements. Next, we multiply the PDE given in (4.4) by the
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test functions v and integrate over Ω. For simplicity we set the number of heat sources to
one in the derivation. Then we formulate the variational form as: Find T ∈ W such that

−(∇ · (κ∇T ), v)Ω + (ρCpw · ∇T, v)Ω = (Q, v)Ω̃,

for all v ∈ W . By evaluating the first term on the left hand side using integration-by-parts
gives

−(∇ · (κ∇T ), v)Ω = (κ∇T,∇v)Ω − (κn · ∇T, v)∂Ω

where n and ∂Ω are the outward normal vector and the domain boundary, respectively. Thus
the variational form reads: Find T ∈ W such that

(κ∇T,∇v)Ω − (κn · ∇T, v)∂Ω + (ρCpw · ∇T, v)Ω = (Q, v)Ω̃, (5.1)

for all v ∈ W . By imposing the Robin boundary conditions −κn · ∇T = h(T − T∞) where
h is the heat transfer coefficient and T∞ is the ambient temperature we define R(T ) = hT ,
CR = hT∞ and the source term

Q(T,m) = B(m)f(T )

and formulate the final variational form: Find T ∈ W such that

(κ∇T,∇v)Ω + (R(T ), v)∂Ω − (CR, v)∂Ω + (ρCpw · ∇T, v)Ω = (Q(T,m), v)Ω̃,

for all v ∈ W .

5.2 Discretization of the state equation

We construct a finite element solution space and formulate the finite element method as:
Find Th ∈ Wh = {v ∈ Wh ⊂ W : v|Ki

∈ P1(Ω), v ∈ C0(Ω)} such that

(κ∇Th,∇v)Ω + (R(Th), v)∂Ω − (CR, v)∂Ω + (ρCpw · ∇Th, v)Ω = (Q(Th,m), v)Ω̃, (5.2)

for all v ∈ Wh. Then we approximate the solution Th by

Th =
N∑
j=1

ξj(xi, yi)ψj(x, y) (5.3)

where ξj(xi, yi) are the nodal values which we seek and ψj(x, y) are the shape functions.
Further, we choose v = ψi, i = 1, ..., N and substitute these functions in equation (5.2) and
formulate the finite element method as: For i = 1, ..., n, find ξj such that( n∑

j=1

ξjκ∇ψj,∇ψi
)

Ω
+
( n∂Ω∑
j=1

ξjRjψj, ψi

)
∂Ω
−
( n∂Ω∑
j=1

CjR, ψi

)
∂Ω

+

+
( n∑
j=1

ξjρCpw · ∇ψj, ψi
)

Ω
=
( n∑
j=1

Qj(m)ψj, ψi

)
Ω̃
.

(5.4)
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where we have used the corresponding interpolation approximation of Q such that

(Q(Th,m), ψi)Ω̃ ≈ (πQ(Th,m), ψi)Ω̃ = (Q(Tj,m)ψj, ψi)Ω̃ = (Qj(m)ψj, ψi)Ω̃, (5.5)

where Tj refers to the value of Th in node j. We rewrite equation (5.4) in matrix form so
that we get

F(ξ) := (K +M∂Ω + C)ξ −MS
Ω̃

(ξ,m)− r∂Ω (5.6)

where

Kij =
(
κ∇ψj,∇ψi

)
Ω
,

Mij∂Ω =
(
hψj, ψi

)
∂Ω
,

Cij =
(
ρCpw · ∇ψj, ψi

)
Ω

MS
ij Ω̃ =

(
Qj(m)ψj, ψi

)
Ω̃

r∂Ω =
(
hT∞, ψi

)
∂Ω

ξ =[ξ1, ..., ξn]T

(5.7)

are the stiffness matrix, the Robin (1D) matrix, the convection matrix, the heat source
matrix, the Robin boundary vector and the solution vector, respectively.

5.2.1 The bilinear quadrilateral finite elements

In the numerical experiments, bilinear quadrilateral finite elements with four nodes per cell
are used. The corresponding shape functions per cell are given by

S1
Q =

1

4
(1− ζ)(1− η),

S2
Q =

1

4
(1− ζ)(1 + η),

S3
Q =

1

4
(1 + ζ)(1 + η),

S4
Q =

1

4
(1 + ζ)(1− η),

(5.8)

in reference coordinates, i.e. ζ, η ∈ [−1, 1]. Here, Q and the superscript refer to quadrilateral
elements. Figure 4 shows the mapping from a reference element to the physical element and
the Gauss points are marked with X1, .., X4.
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Figure 4. Mapping and the corresponding Gauss points X1, ..., X4.

The coordinate mapping using these shape functions is mathematically described as

x(ζ, η) =
4∑
i=1

SiQ(ζ, η)xi

y(ζ, η) =
4∑
i=1

SiQ(ζ, η)yi

(5.9)

where (xi, yi) are the mapped coordinates. By picking the derivatives ∂ζx(ζ, η), ∂ηx(ζ, η),
∂ζy(ζ, η) and ∂ηy(ζ, η), where ∂ζx(ζ, η) := ∂x(ζ, η)/∂ζ, this will form the 2 × 2 (Jacobian)
matrix

H =

[
∂ζx(ζ, η) =

∑4
i=1 ∂ζS

i
Q(ζ, η)xi ∂ζy(ζ, η) =

∑4
i=1 ∂ζS

i
Q(ζ, η)yi

∂ηx(ζ, η) =
∑4

i=1 ∂ηS
i
Q(ζ, η)xi ∂ηy(ζ, η) =

∑4
i=1 ∂ηS

i
Q(ζ, η)yi

]
2×2

such that the transformation[
∂xS

1
Q(x, y) · · · ∂xS

4
Q(x, y)

∂yS
1
Q(x, y) · · · ∂yS

4
Q(x, y)

]
2×4

= H−1(ζ, η)

[
∂ζS

1
Q(ζ, η) · · · ∂ζS

4
Q(ζ, η)

∂ηS
1
Q(ζ, η) · · · ∂ηS

4
Q(ζ, η)

]
2×4

holds. In other words, we have the derivative transformation from reference to mapped
coordinates given by

∇SQ(x, y) = H−1(ζ, η)∇SQ(ζ, η). (5.10)
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Using these shape functions we obtain the matrices

KΩ =

#cells∑
i=1

( 4∑
ω=1

χωκ det(Hi(ζω, ηω))
[
H−1
i (ζω, ηω)∇SQ(ζω, ηω)

]TH−1
i (ζω, ηω)∇SQ(ζω, ηω)

)
,

(5.11)

CΩ =

#cells∑
i=1

( 4∑
ω=1

χω det(Hi(ζω, ηω))
(
ρCpwx∇ζS

T
Q(ζω, ηω)SQ(ζω, ηω) + ρCpwy∇ηS

T
Q(ζω, ηω)SQ(ζω, ηω)

))
,

(5.12)

MS
Ω̃

=

#cells∑
i=1

( 4∑
ω=1

χω det(Hi(ζω, ηω))STQ(ζω, ηω)SQ(ζω, ηω)Qi(m)
)
, (5.13)

where det(Hi(ζω, ηω)) is the quadrilateral area of cell i and χw are the Gaussian weights, here
equal to 1 when using four Gauss quadrature points located at the coordinates (ζω, ηω) =
(−1/

√
3,−1/

√
3), (−1/

√
3, 1/
√

3), (1/
√

3, 1/
√

3) and (1/
√

3,−1/
√

3), respectively.
The Robin boundary matrix M∂Ω and boundary vector r∂Ω are assembled separately us-
ing a mid point rule and if node Ni and node Nj are located on the boundary, then the
contributions to the matrix and vector are

Mij∂Ω =(hψj, ψi)∂Ω = h
|LE|

6
(1 + δij), i, j = 1, 2 (5.14)

r∂Ω =(hT∞, ψi)∂Ω = hT∞
|LE|

2
, i = 1, 2 (5.15)

where LE is the length of edge E and δij = 1 if i = j, otherwise it is zero. Observe that
(5.14-5.15) only takes non zero values at the boundary, otherwise it is zero. Analogously,
the heat source mass matrix MΩ̃ only takes non-zero values in Ω̃, otherwise it is zero.

5.3 Discretization of the objective functional

The objective functional in (4.3) is the analytical version and needs to be discretized. When
the solution vector ξ is calculated with FEM, the objective functional is discretized. In the
L2-norm, we have

1

2
||ξ(m)− ξ̂(m)||2 =

1

2

(
ξ(m)− 1

N

N∑
t=1

ξt(m)
)Tr(

ξ(m)− 1

N

N∑
t=1

ξt(m)
)

(5.16)

where Tr denotes the conjugate transpose and N is the total number of FEM nodes. The
gradient term is discretized accordingly to

||∇ξ(m)||2 = trace

([
∇xξ(m) ∇yξ(m)

]Tr︸ ︷︷ ︸
(N × 2)Tr

[
∇xξ(m) ∇yξ(m)

]
︸ ︷︷ ︸

N × 2

)
(5.17)
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where

∇xξi,j(m) =
1

δx

(
ξi,j(m)− ξi−1,j(m)

)
, i = 2, ..., Nx, j = 1, ..., Ny (5.18)

and

∇yξi,j(m) =
1

δy

(
ξi,j(m)− ξi,j−1(m)

)
, i = 1, ..., Nx, j = 2, ..., Ny (5.19)

where Nx and Ny are the number of FEM nodes in the x and y directions such that N =
NxNy. (5.18) − (5.19) are the discrete partial derivatives of ξ calculated using the finite
difference method (FDM). Further, δx and δy are the cell lengths in the x and y directions,
respectively. The last term, discretized in the L2-norm is given by

||ξ(m)||2 =
N∑
t=1

ξ2
t (m) (5.20)

Since the objective functional includes three terms, additional weights, βi ∈ R, are used such
that the final discretized objective functional is written as

J (ξ(m)) :=
1

2

(
ξ(m)− 1

N

N∑
t=1

ξt(m)
)Tr

β1

(
ξ(m)− 1

N

N∑
t=1

ξt(m)
)

(5.21)

+ trace

([
∇xξ(m) ∇yξ(m)

]Tr[
∇xξ(m) ∇yξ(m)

])
β2 (5.22)

+ β3

N∑
t=1

ξ2
t (m) (5.23)

Since all three terms in J (ξ(m)) return a scalar output each, β1, β2 and β3 are chosen such
that the scalar output from each term are of approximately equal size.
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CHAPTER6
Numerical solution framework

6.1 Formulation of the discretized optimization prob-

lem

From the original optimization problem given in (4.3)-(4.6) the formulation of the corre-
sponding discretized optimization problem with Robin boundary conditions is given by

minimize
m

J (ξ(m)) :=
1

2

(
ξ(m)− 1

N

N∑
t=1

ξt(m)
)Tr

β1

(
ξ(m)− 1

N

N∑
t=1

ξt(m)
)

(6.1)

+ trace

([
∇xξ(m) ∇yξ(m)

]Tr[
∇xξ(m) ∇yξ(m)

])
β2 (6.2)

+
N∑
t=1

ξ2
t β3 in Ω (6.3)

subject to: F(ξ) := (KΩ + CΩ +M∂Ω)ξ −MS
Ω̃

(ξ,m)− r∂Ω = 0 in Ω (6.4)

+ additional geometric constraints (6.5)

given the derivations from Sections 5.2 and 5.3. In the following sections the solver for the
discretized state equation in (6.4) is presented and how this is combined with MATLAB’s
built in optimization solver fmincon.

6.2 Non linear Newton solver for the discretized state

equation

The discretized state equation in (6.4) can be solved using the widely used Newton’s method.
The method takes an initial guess ξk−1 of the solution and by assuming that F(ξk) ≈
F(ξk−1 + δ) where δ is a correction, the Taylor expansion around F(ξk−1) is given by

F(ξk) ≈ F(ξk−1 + δ) ≈ F(ξk−1) + ∂ξF(ξk−1)δ + ...+ h.o.t (6.6)

where ∂ξ is the partial derivative with respect to ξ. If δ is sufficiently small (||δ|| << 1), then
F is linearized and the higher order terms of δ are small and equation (6.6) can be written
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as
F(ξk) ≈ F(ξk−1 + δ) ≈ F(ξk−1) + ∂ξF(ξk−1)δ. (6.7)

From the description above and using (6.7), the condition F(ξ) = 0 holds and we get

F(ξ) = 0 = F(ξk−1) + ∂ξF(ξk−1)δ (6.8)

and thus the correction, δ, is determined from

δ = −J−1(ξk−1)F(ξk−1) (6.9)

where
J−1(ξk−1) (6.10)

is the inverse of the Jacobian matrix ∂ξF(ξk−1). Algorithm 1 describes the computational
process using Newton’s method.

Algorithm 1 Newton’s method
Inputs:

Guess ξk and set tolerance ν
Initialize:

Assemble F(ξk) and J(ξk)
Compute correction δ = −J−1(ξk)F(ξk)
while ||δ|| > ν do

Update F(ξk) and J(ξk)
Compute correction δ = −J−1(ξk)F(ξk)
ξk ← ξk + δ

end while

The stiffness matrix, the convection matrix, the boundary matrix and the boundary vector
are independent of ξ and need to be assembled only once in the iterative process. The
Jacobian matrix needs to be assembled only once since F is linear with respect to ξ.
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6.3 Optimization solver

MATLABs optimization function fmincon takes as input the appropriate prescribed bounds/
constraints and a function that calculates the objective function. The function includes an
initial guess of the solution ξk and an initial guess of the design parameter vector mk. From
Algorithm 1, the solution is then given by ξk(mk)). Hence, the function also includes the as-
sembly routine for the matrices and vectors together with the Newton solver. The description
of the computational procedure is given in Algorithm 2.

Algorithm 2 Optimization solver

Initialize:
Guess ξk and mk

Maximum number of iterations maxEval
Appropriate bounds/constraints
Assemble M∂Ω and r∂Ω

fmincon start
while k ≤ maxEval do

fmincon evaluates J (ξk(mk)), ∇J (ξk(mk)) and ∇2J (ξk(mk))
by solving F(ξ?(m?)) = 0 several times using Algorithm 1.

fmincon updates the design parameter vector mk+1 ← mk + δm
within bounds/constraints.

if Optimal solution then Stop;
end if
k ← k + 1

end while

In Algorithm 2, ξ?(m?)) corresponds to the solution adding a small perturbation to the design
parameters. Outputs from the optimization solver are the optimal value of the objective
functional and the corresponding optimal combination of the design parameter vector. The
number of function evaluations per optimization iteration are at least the size of m and the
optimization has converged to the optimal solution when the norm of the step size ||δm|| is
smaller than a preset tolerance and J (ξk(mk)) is non decreasing in feasible directions.
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CHAPTER7
Numerical results

In this chapter, illustrative solutions to different optimization problems are presented. The
model is limited considering the steady state heat equation in two space dimensions. Due
to these simplifications the simulation results are not compared to any experimental data.
The implementation was performed in MATLAB R2017a on a laptop HP EliteBook 8570w
with corresponding RAM of 16Gb. The computational domain is a square with a Cartesian
mesh. The assembly routine for the matrices was provided by Uppsala University and every
2D simulation was performed using 42025 number of FEM nodes except for the unsymmetric
problem in section (7.6) where a coarser mesh of 4761 number of FEM nodes was used. The
chapter consists of five different sections, namely:

• A two space dimensions solver for the FEM solution compared to an exact solution is
implemented

• Secondly, three different cases are presented by solving the optimization problem applied
on a 1D elliptic boundary value problem to visualize how the solver behaves. In these
problems, two sources are placed in the domain and homogeneous Dirichlet boundary
conditions are considered.

• The third problem involves the optimal angle of three heat sources in a [0, 4]2 domain
adding a horizontal convective transport.

• Numerical results are presented of the optimization problem in two space dimensions by
solving three different problems to find the optimal placement of two heat sources in a
unit square domain. The first case describes heat conduction without any convective
transport. In the second case a horizontal velocity field is added and in the third case
the convection is described by a spiral velocity field. In all three cases, Robin type
boundary conditions are used to model heat flux out of the domain.

• In the last example the solver is tested by adding four heat sources in the domain (an
illustrative ZX2.2 MVS) where the design parameter vector contains one geometric
property of each of the four heat sources. Three different types of velocity fields are
tested.
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The material parameters used in the two dimensional problems are detailed in Table 1.

Table 1. Material and fluid parameters.

SF6 Copper SI-units
Thermal conductivity κ 0.0136 402 Wm−1K−1

Density ρ 6.14 8940 kgm−3

Specific heat Cp 658 390 Jkg−1K−1

Temperature coefficient α 0.00393 K−1

Resistivity coefficient ρ∗r 1.72 · 10−8 Ωm

7.1 Verification of FEM implementation

Consider the equation
−∇ · (κ∇T ) = 2 sin(x) sin(y), in Ω (7.1)

in the domain Ω = [0, 2π]2 with the Robin boundary conditions −n · ∇T = h(T − T∞) on
all four boundaries and κ = h = 1 is considered constant. With a suitable choice of T∞,
the analytical solution is given by Te = sin(x) sin(y). The weak formulation of (7.1) is: Find
T ∈ V = {v : V = [H1(Ω)]2} such that

(∇T,∇v)− (n · ∇T, v)∂Ω = (2 sin(x) sin(y), v) (7.2)

for all test functions v ∈ Vh. Next, let Th =
∑N

i ξiϕi where ξi is the node vector to be
determined and ϕi(x, y) are the earlier described shape functions. Now, since v ∈ V , let
v = ϕj and the formulation of the finite element method (using Robin boundary conditions)
from the weak form becomes: Find Th ∈ Vh = {v ∈ Vh ⊂ V : v|Ki

∈ P1(Ki), v ∈ C0(Ω)}
such that

(∇Th,∇v) + (Th − T∞, v)∂Ω = (2 sin(x) sin(y), v) (7.3)

for all test functions v ∈ Vh. Now, we let T∞ = T∞e = n · ∇Te. The outward normal vector
n takes the following values at the four boundaries: n = [−1, 0] if x = 0, n = [1, 0] if x = 2π,
n = [0,−1] if y = 0 and n = [0, 1] if y = 2π. Further, the gradient of Te is simply calculated
analytically as ∇Te = [∂xTe ∂yTe]

Tr = [cos(x) sin(y) sin(x) cos(y)]Tr . Thus, we get the four
following cases for n · ∇Te:

n · ∇Te = − sin(y) if x = 0,
n · ∇Te = + sin(y) if x = 2π,
n · ∇Te = − sin(x) if y = 0,
n · ∇Te = + sin(x) if y = 2π
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We then reformulate (7.3) as

(∇Th,∇v) + (Th, v)∂Ω − (T∞e , v)∂Ω = (2 sin(x) sin(y), v). (7.4)

The last step is to evaluate T∞ and approximate the load vector (right hand side in (7.4))
by a linear interpolant such that

(T∞e , v) = (n · ∇Te, v)∂Ω ≈ (n · ∇Te,i, ϕj)∂Ω (7.5)

(2 sin(x) sin(y), v) ≈ (2 sin(xi) sin(yi)ϕi, ϕj) (7.6)

Using this linear approximation in equation (7.4), the final FEM formulation becomes: For
j = 1, ..., N , find ξi ∈ Vh such that

N∑
i=1

ξi(∇ϕi,∇ϕj) +

N∂Ω∑
i=1

ξi(ϕi, ϕj)∂Ω − (n · ∇Te,i, ϕj)∂Ω = (2 sin(xi) sin(yi)ϕi, ϕj) (7.7)

or in matrix form
(K +M∂Ω)ξ = b+ r∂Ω (7.8)

where
Kij = (∇ϕi,∇ϕj) (7.9)

is the Stiffness matrix,
Mij,∂Ω = (ϕi, ϕj)∂Ω (7.10)

is the Robin boundary matrix,

rj,∂Ω = (n · ∇Te,i, ϕj)∂Ω (7.11)

is a 1D boundary vector,
bj = (2 sin(xi) sin(yi)ϕi, ϕj) (7.12)

is the load vector and
ξ = [ξ1, ..., ξN ]Tr (7.13)

is the solution vector. When testing the implementation, a comparison was performed in the
L2 norm with the exact solution Te by calculating the relative error

Ek =
||ξk − Te||L2(Ω)

||Te||L2(Ω)

(7.14)

where ξk is the solution vector calculated with the cell length δk. In Table 2, the relative
error Ek is presented and how it decreases as the cell length δ is halved (δk = 1

2
δk−1) given

by
αk = Ek−1/Ek.

Results show that the relative error decreases by a magnitude α = 4 when the cell length is
halved. Hence the FEM solution converges quadratically towards the exact solution.
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Table 2. Cell length δk, relative error Ek and αk.

k δk Ek αk = Ek−1/Ek
1 0.092399783929112 8.256272752975537e− 04
2 0.046199891964556 2.031408895832450e− 04 4.064308652932330
3 0.023099945982278 4.972202846402254e− 05 4.085531018313785

Figure 5 shows the exact solution (left) and the FEM solution (right).

Figure 5. Solution to −∇ · (κ∇T ) = 2 sin(x) sin(y). Left: Exact solution Te = sin(x) sin(y).
Right: FEM solution ξ.

7.2 1D Elliptic boundary value problem and verifica-

tion of the objective functional

Here, the objective functional is tested by solving an optimization problem constrained by
the 1D Poisson equation on a line segment S = [−2, 2]:

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in S (7.15)

subject to: − Txx =
2∑
i=1

Bi(m)Fi in S (7.16)

with Dirichlet boundary conditions T (−2) = T (2) = 0 (7.17)

− 2 + r1 ≤ p1 ≤ 2− r1 (7.18)

− 2 + r2 ≤ p2 ≤ 2− r2 (7.19)

Here, r1 = r2 = 0.0022 are the radius of each source. Fi ∈ R represents the source and
Bi the one dimensional parameterization function in (4.2). The design parameters are the
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x positions of the two sources, hence m = [p1, p2]. In the first case the sources are set
to F1 = +F and F2 = −F . This can be thought of as a heat source and a heat sink,
respectively. In the second case both sources generate heat of equal size, thus F1 = F2 = F
and in the third case the sources are one heat source and one heat sink of unequal magnitude
F1 = −2F2. In the first case the results show that the two sources moves to x = 0 and thus
the net energy becomes zero and the solver has converged, see Figure 6.

Figure 6. Case 1: F1 = −F2. Upper: Blue: Initial solution. Red: Final solution. Lower:
Objective function as a function of optimization iterations.

In the second case (see Figure 7) the sources moves away from each other and the final
positions are at the opposite boundaries at the corresponding lower and upper bound, re-
spectively.
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Figure 7. Case 2: F1 = F2. Upper: Blue: Initial solution. Red: Final solution. Lower: Objective
function as a function of optimization iterations.

The choice of initial positions in case 1 and case 2 did not change the final solution. In the
last case, however, the final positions of the sources depend on the initial positions. Hence,
there exist several local minima. After looping over ten random initial positions it was found
that the optimal solution is when the positions of the heat source and heat sink are at the
opposite boundaries at the corresponding lower and upper bound, see Figure 8.
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Figure 8. Case 3: F1 = −2F2. Upper: Blue: Initial solution. Red: Final solution. Lower:
Objective function as a function of optimization iterations.
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7.3 Rotation case: Optimal angles of three heat sources

with added horizontal convection

Here we consider the triple conductor optimization problem in Ω = [0, 4]2 with a convective
transport given by

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in Ω (7.20)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
3∑
j=1

Bj(m)Qj in Ω (7.21)

− κn · ∇T = h(T − T∞) x 6= 4 (7.22)

− κn · ∇T = 0 x = 4 (7.23)

− 2π ≤ θ1 ≤ 2π (7.24)

− 2π ≤ θ2 ≤ 2π (7.25)

− 2π ≤ θ3 ≤ 2π (7.26)

where m = [θ1, θ2, θ3] is the design parameter vector containing the angles θ1, θ2 and θ3 of the
three heat sources. w = [0.007, 0] is the velocity vector. We impose the adiabatic Neumann
conditions n · ∇T = 0 at x = 4, as described in [16]. The three heat sources Q1, Q2 and Q3

emit equal amount of energy and are of equal size. The ambient temperature is T∞ = 20
and h = 0.5.

Figure 9. Rotation case. Initial solution with m = [θ1, θ2, θ3] = [π/2, π/2, π/2].

From the initial solution in Figure 9 we can see that due to the convective field the heat
transfered from the sources will cause a high mean temperature in the domain. Since there is
no cooling this is not a desirable solution. Both the temperature gradients and the maximum
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temperature are rather high at the initial state. After four optimization iterations the optimal
angles for the three heat sources are all 0 degrees, see Figure 10, which reduced the mean
temperature with 12◦C and the maximum temperature with almost the same amount as
viewed in Figure 12-13. The objective functional shown in Figure 11 is reduced with more
than half of its original value in Figure 9.

Figure 10. Rotation case. Final solution with m∗ = [θ1, θ2, θ3] = [0, 0, 0].

Figure 11. Rotation case. Objective function as a function of optimization iterations.
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Figure 12. Rotation case. Maximum temperature as a function of optimization iterations.

Figure 13. Rotation case. Mean temperature as a function of optimization iterations.
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7.4 Placement case 1: Optimal placement of two heat

sources without forced convection

In this numerical problem we consider the double conductor optimization problem in
Ω = [0, 1]2 without convective transport given by

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in Ω (7.27)

subject to: −∇ · (κ∇T ) =
2∑
j=1

Bj(m)Qj in Ω (7.28)

− κn · ∇T = h(T − T∞) on ∂Ω (7.29)

rx1 ≤ px1 ≤ 1− rx1 (7.30)

rx2 ≤ px2 ≤ 1− rx2 (7.31)

ry1 ≤ py1 ≤ 1− ry1 (7.32)

ry2 ≤ py2 ≤ 1− ry2 (7.33)

(px1 − px2)2 ≥ (dxmin)2 (7.34)

(py1 − p
y
2)2 ≥ (dymin)2 (7.35)

where m = [px1 , p
y
1, p

x
2 , p

y
2] is the design parameter vector. The radii of the two heat sources

in x (width) are rx1 = rx2 = 0.01 and ry1 = ry2 = 0.1 are the radii in y (length). The two
heat sources Q1 and Q2 emit equal amount of energy |Q1| = |Q2|. The minimum distances
between the sources are defined as dxmin = rx1 +rx2 and dymin = ry1 +ry2 in the x and y direction,
respectively. The ambient temperature T∞ and the heat transfer coefficient h at the four
boundaries are considered constant with h defined as:

h =


C, x = 0

C, x = 1

C, y = 0

0, y = 1

with C ∈ R a small constant. The initial solution is illustrated in Figure 14.
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Figure 14. Double conductor case 1. Initial solution with m = [px1 , p
y
1; px2 , p

y
2] = [0.4, 0.5; 0.6, 0.5].

Since the upper boundary is isolated and the ambient temperature T∞ and the heat transfer
coefficient h are considered constant on all four boundaries, the upper half of the domain is
not a desirable region for the heat sources to move to. From Figure 15 we can see that the
optimal placement of the conductors appears on the lower boundary with Q1 placed at lower
right corner and Q2 at the lower left corner. The heat sources have moved diagonally to
their final positions. Evaluating the objective function in Figure 16 we can see that J (T (m))
decreases to a minimum after four optimization iterations. In Figure 17-18 we can see that
the maximum temperature is decreased with 25◦C and the mean temperature is decreased
with 27% as it reduces from 73◦C to 46◦C.

Figure 15. Double conductor case 1. Final solution with m∗ = [0.99, 0.1; 0.01, 0.1].
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Figure 16. Double conductor case 1. Objective function as a function of optimization iterations.

Figure 17. Double conductor case 1. Maximum temperature as a function of optimization
iterations.

Figure 18. Double conductor case 1. Mean temperature as a function of optimization iterations.
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7.5 Placement case 2: Optimal placement of two heat

sources with added horizontal convection

In this case we add convection to the PDE and solve the optimization problem in Ω = [0, 1]2

given by

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in Ω (7.36)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
2∑
j=1

Bj(m)Qj in Ω (7.37)

− κn · ∇T = h(T − T∞) on ∂Ω1 (7.38)

− κn · ∇T = 0 on ∂Ω2 (7.39)

rx1 ≤ px1 ≤ 1− rx1 (7.40)

rx2 ≤ px2 ≤ 1− rx2 (7.41)

ry1 ≤ py1 ≤ 1− ry1 (7.42)

ry2 ≤ py2 ≤ 1− ry2 (7.43)

(px1 − px2)2 ≥ (dxmin)2 (7.44)

(py1 − p
y
2)2 ≥ (dymin)2 (7.45)

where T∞ = 18 and h = 0.5. Here, rx1 = rx2 = 0.01, ry1 = ry2 = 0.1, dxmin = rx1 + rx2 and
dymin = ry1 + ry2 . We introduce the velocity field given by w = [0.05, 0], see Figure 19.

Figure 19. Double conductor case 2. Velocity field w.

The initial heat sources positions and the initial solution with
m = [px1 , p

y
1; px2 , p

y
2] = [0.2, 0.3; 0.2, 0.7] are shown in Figure 20.
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Figure 20. Double conductor case 2. Initial solution with m = [px1 , p
y
1; px2 , p

y
2] = [0.2, 0.3; 0.2, 0.7].

The final positions of the heat sources and the final solution with m∗ = [px1 , p
y
1; px2 , p

y
2] =

[0.99, 0.89952; 0.99, 0.10047] are shown in Figure 21. Both heat sources move to the right
boundary. Q1 is placed at the upper corner while Q2 takes place at the lower corner. A
comparison with case 1 shows that the convective transport governed by the velocity field w
will cause the heat sources to move towards the right boundary. Here we can clearly visualize
the performance of the objective function due to the significantly improved homogeneous
temperature distribution.

Figure 21. Double conductor case 2. Final solution with
m∗ = [px1 , p

y
1; px2 , p

y
2] = [0.99, 0.89952; 0.99, 0.10047].

The figures below (Figure 22-24) show the objective function, the maximum temperature
and the mean temperature, respectively. As we can see they all decrease as the optimization
iteration progress. J (T (m)) is reduced with 86% and the maximum temperature decreases
with 2◦C. The mean temperature is decreasing from 60.4◦C to 20.7◦C which is approximately
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equal to the ambient temperature, hence a reduction with 66%. The square norm of the
deviation from the mean temperature is reduced with 78%, the square norm of the gradient
of the temperature with 42% and the square norm of the temperature with approximately
87%.

Figure 22. Double conductor case 2. Objective functional as a function of optimization
iterations.

Figure 23. Double conductor case 2. Maximum temperature as a function of optimization
iterations.
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Figure 24. Double conductor case 2. Mean temperature as a function of optimization iterations.
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7.6 Placement case 3: Optimal placement of two heat

sources with a counter clockwise rotating velocity

field

In the last case we add a rotating field instead of the previous horizontal field and solve the
optimization problem in Ω = [0, 1]2 given by

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in Ω (7.46)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
2∑
j=1

Bj(m)Qj in Ω (7.47)

− κn · ∇T = h(T − T∞(x, y)) on ∂Ω (7.48)

rx1 ≤ px1 ≤ 1− rx1 (7.49)

rx2 ≤ px2 ≤ 1− rx2 (7.50)

ry1 ≤ py1 ≤ 1− ry1 (7.51)

ry2 ≤ py2 ≤ 1− ry2 (7.52)

(px1 − px2)2 ≥ (dxmin)2 (7.53)

(py1 − p
y
2)2 ≥ (dymin)2 (7.54)

and introduce the velocity field componentwise by

wx = C1
∂

∂y

(
ψ(x)ψ(y)

)
(7.55)

wy = −C2
∂

∂x

(
ψ(x)ψ(y)

)
(7.56)

where ψ(a) = (1−a)2(1−cos(απa)) and C1, C2 and α are adjustable parameters. By setting
C1 = C2 = 1.4 and α = 1 in (7.55) and (7.56) produces the counter clockwise spiral field in
Figure 25. Further, rx1 = rx2 = 0.01, ry1 = ry2 = 0.1, dxmin = rx1 + rx2 and dymin = ry1 + ry2 .
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Figure 25. Double conductor case 3. Velocity field w.

The ambient temperature is a function of (x, y) and given by

T∞(x, y) =


C, x = 0

C(1 + y), x = 1

C, y = 0

C(1 + x), y = 1

The temperature outside the right boundary and outside the upper boundary increases as
(x, y) → (1, 1). We further set |Q1| = 1.5|Q2|, C = 25 and h = 0.05. In this unsymmetric
case a coarse mesh is used and a loop over 10 random initial positions is performed to find
the optimal solution. For the best solution, the initial positions of the heat sources and the
initial solution with m = [px1 , p

y
1; px2 , p

y
2] = [0.60013, 0.40942; 0.90767, 0.1092] are displayed in

Figure 26.
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Figure 26. Double conductor case 3. Initial solution with
m = [px1 , p

y
1; px2 , p

y
2] = [0.60013, 0.40942; 0.90767, 0.1092].

The final positions of the heat sources and the final solution with m∗ = [px1 , p
y
1; px2 , p

y
2] =

[0.01, 0.1; 0.01, 0.9] are shown in Figure 27. The heat sources move to the left boundary in
the domain. Q1 is placed at the lower left corner while Q2 is placed at the upper left corner.
In this case the heat sources move diagonally towards the optimal positions. The rotating
convective transport governed by the velocity field w combined with the ambient temperature
profile and the fact that Q1 > Q2 makes this solution a possible global minimum. The heat
transported from Q1 is directed in the positive x while the heat flow from Q2 is directed in
the negative y direction towards Q1. Figure 28 shows how the objective functional decreases
as a function of optimization iterations. We can also see that the maximum temperature
and the mean temperature (Figure 29-30) are decreasing in a manner similar to the objective
function.

Figure 27. Double conductor case 3. Final solution with
m∗ = [px1 , p

y
1; px2 , p

y
2] = [0.01, 0.1; 0.01, 0.9].
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Figure 28. Double conductor case 3. Objective functional as a function of optimization
iterations.

Figure 29. Double conductor case 3. Maximum temperature as a function of optimization
iterations.

Figure 30. Double conductor case 3. Mean temperature as a function of optimization iterations.
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7.7 ZX2.2 medium voltage switchgear

The motivation in this example is to test the functionality of the solver by adding several
heat sources with different design parameters. Figure 31 below shows the switchgear in 3D
and a corresponding 2D illustration is showed in Figure 32.

Figure 31. ZX2.2 medium voltage switchgear. 3D model [2].

Figure 32. ZX2.2 medium voltage switchgear. 2D model [2].

In our model we simplify this enclosure first by only looking at the lower part consisting
of the circuit breaker (5), current transformer (7), grounding switch (8) and the plug-in
connectors (9). The reduced model is found in Figure 33.

42



Figure 33. Part of ZX2.2 medium voltage switchgear [2].

Now, from the model in Figure 33 we let the conductors (red bars) be modelled as heat sources
(copper conductors). The first source, Q1, will be able to increase or decrease in thickness
by at most 10% from its original thickness. This design parameter is denoted t(d = 2t).
Next, let Q2 represent the second source and here the design parameter considered is the
height/length of the conductor, L, which is able to increase or decrease at most 2% from
its original height/length. The third source, Q3, will be able to rotate around the point
connected to the thought transformer by an angle −π/4 ≤ θ ≤ +π/4. Hence, the design
parameter is θ. The last source, Q4, is allowed to move in the x-direction constrained by
the left and the right boundary. This design parameter is denoted px. The complete design
parameter vector is then given by m = [t, L, θ, px]. Since t and L are known from (2.5) we
then describe these sources according to

Q1 = B1(x, y, px, py, rx, ry)f1(t) =f1(t), if
∣∣∣x− px

rx

∣∣∣ ∧ ∣∣∣y − py
t

∣∣∣ < 1 (7.57)

Q2 = B2(x, y, px, py, rx, ry)f2(L) =f2(L), if
∣∣∣x− px

rx

∣∣∣ ∧ ∣∣∣y − py
L

∣∣∣ < 1 (7.58)

and zero otherwise. For the two other heat sources we take k = 4 in (4.1) and parameterize
them according to (4.2) as Q3(x′, y′, px, py, rx, ry, θ︸︷︷︸

Q3(θ)

)

and Q4(x, y, px︸︷︷︸
Q4(px)

, py, rx, ry, θ). The simplified model is shown in Figure 34.
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Figure 34. Illustrative MVS model set-up.

7.8 MVS Case 1: Thermal optimization with four heat

sources and an unsymmetric horizontal convective

field

In this example, we introduce forced convection with the parameters C1 = 1.3, C2 = 0 and
α = 1 in (7.55-7.56) yielding the velocity field in Figure 35.

Figure 35. MVS case 1. Velocity field w.
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At (x = 1, y < 0.5) and (x = 0, y ≥ 0.5) we set n · ∇T = 0. The domain is set to a unit
square Ω = [0, 1]2. The initial positions and dimensions of the heat sources and the boundary
conditions are illustrated in Figure 36.

Figure 36. MVS case 1. Left: Model with sub domains and ambient temperature profile. Right:
Initial solution with m = [t, L, θ, px] = [0.0098039, 0.1, 0, 0.5].

Now we formulate the optimization problem as

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in Ω (7.59)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
4∑
j=1

Bj(m)Qj in Ω (7.60)

− κn · ∇T = h(T − T∞(x, y)) on ∂Ω1 ∪ ∂Ω4 ∪ ∂Ω3

(7.61)

− κn · ∇T = 0 on ∂Ω2 ∪ ∂Ω5

(7.62)

0.9t1 ≤ t ≤ 1.1t1 (7.63)

0.98L2 ≤ L ≤ 1.02L2 (7.64)

− π/4 ≤ θ ≤ +π/4 (7.65)

0.3 < px < 0.7 (7.66)
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where m = [t, L, θ, p] is the design parameter vector. Further, t1 = 0.0098039 and L2 = 0.1.
According to Figure 36 (left) the ambient temperature is set to

T∞(x, y) =


C, x = 0

C(2− y), x = 1

C(1 + x), y = 0

C, y = 1

Therefore, T∞ is continuously varying around the domain boundaries and at the corners.
Further, C = 20 is a constant. We use the following initial data m = [0.0098039, 0.1; 0, 0, 5]
and the heat transfer coefficient is set to h = 5. Figure 37 shows the final, optimal solution
where m∗ = [0.010774, 0.098,−0.078247, 0.30948]. The thickness of Q1 increases to the
allowed maximum thickness, causing the temperature to decrease. Q2 changes its length
to the minimum allowed causing a reduced temperature too. Q4 moves towards the left
boundary where the ambient temperature is lower than on the right boundary. It is also
feasible to move close to the left boundary due to the direction of the flow at the upper half
of Ω. The optimal angle of Q3 is θ∗ = −0.078 rad ≈ 4.47◦. Since the direction of the velocity
field in the lower half of Ω is set to +x and the opposite direction (−x) in the upper half of
Ω it make sense that Q3 is rotated counter clockwise allowing heat to dissipate through the
left boundary. In Figure 38, we notice that the objective functional decreases rapidly and
we can see that the maximum temperature and the mean temperature has decreased with
≈ 4◦C, see Figure 39-40.

Figure 37. MVS case 1. Final solution with
m∗ = [t, L, θ, px] = [0.010774, 0.098,−0.078247, 0.30948].
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Figure 38. MVS case 1. Objective functional as a function of optimization iterations.

Figure 39 MVS case 1. Maximum temperature as a function of optimization iterations.

Figure 40. MVS case 1. Mean temperature as a function of optimization iterations.
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7.9 MVS Case 2: Thermal optimization with four heat

sources and an unsymmetric convective field

In this case, the velocity field with zero velocity on the boundaries is obtained by setting
C1 = −0.3 and C2 = 0.3 in (7.55− 7.56), see Figure 41.

Figure 41. MVS case 2. Velocity field w.

Here we implement Robin conditions on all four boundaries and keep the ambient tempera-
ture constant outside the enclosure by setting T∞ = 20. The following optimization problem
then reads

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in Ω (7.67)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
4∑
j=1

Bj(m)Qj in Ω (7.68)

− κn · ∇T = h(T − T∞) on ∂Ω (7.69)

0.9t1 ≤ t ≤ 1.1t1 (7.70)

0.98L2 ≤ L ≤ 1.02L2 (7.71)

− π/4 ≤ θ ≤ +π/4 (7.72)

0.3 ≤ px ≤ 0.7 (7.73)

where m = [t, L, θ, px] as before. Figure 42 shows the geometry and the initial solution.
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Figure 42. MVS case 2. Left: Model set-up. Right: initial solution with
m = [t, L, θ, px] = [0.0098039, 0.1, 0, 0.5].

When changing the boundary conditions and the profile of the ingoing velocity field the
initial solution changes significantly compared to the previous example, as expected. Due
to this change, the final solution also take another turn. In Figure 43 we notice that the
first two parameters are the same as in the previous example but the optimal angle of Q3

is larger in this case: θ∗ = −0.10176 rad ≈ −6◦ and the optimal position of Q4 is in the
opposite direction: p∗x = 0.7, most likely because the horizontal velocity points in the positive
x direction where Q4 is placed. Figure 44 depicts how the objective functional decreases as
a function of iterations and from Figure 45 and Figure 46 we notice that the maximum
temperature and the mean temperature are reduced by ≈ 10◦C, respectively.

Figure 43. MVS case 2. Final solution with m∗ = [t, L, θ, px] = [0.010784, 0.098,−0.10176, 0.7].
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Figure 44. MVS case 2. Objective functional as a function of optimization iterations.

Figure 45. MVS case 2. Maximum temperature as a function of optimization iterations.

Figure 46. MVS case 2. Mean temperature as a function of optimization iterations.
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7.10 MVS Case 3: Thermal optimization with four

heat sources applying a symmetric horizontal con-

vective field

In the last example, we consider a velocity field that flows in the negative x direction which
is achieved by setting the velocity vector to w = [−0.05, 0]. The resulting velocity field is
shown in Figure 47.

Figure 47. MVS case 3. Horizontal velocity field w.

Here we set T∞ = 20 at all boundaries, Ω = [0, 1]2, h = 5 and apply the Neumann condition
n · ∇T = 0 at x = 0 and at x = 1 and formulate the optimization problem as

minimize
m

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2 in Ω (7.74)

subject to: −∇ · (κ∇T ) + ρCpw · ∇T =
4∑
j=1

Bj(m)Qj in Ω (7.75)

− κn · ∇T = h(T − T∞) on ∂Ω2 (7.76)

− κn · ∇T = 0 on ∂Ω1 (7.77)

0.9t1 ≤ t ≤ 1.1t1 (7.78)

0.98L2 ≤ L ≤ 1.1L2 (7.79)

− π/4 ≤ θ ≤ +π/4 (7.80)

0.3 < px < 0.7 (7.81)

The design geometry and the initial solution are found in Figure 48.
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Figure 48. MVS case 3. Left: Model set-up. Right: Initial slution with
m = [t, L, θ, px] = [0.0098039, 0.1, 0, 0.5].

Due to the horizontal flow in the negative x direction, the final solution in Figure 49 yet
again exhibits a different behaviour from the previous examples. Q1 increases in thickness
to its maximum value of 0.010781, Q2 shrinks to its minimum length 0.098. The optimal
angle of Q3 is ≈ zero degrees and Q4 moves to the minimum distance allowed from the left
boundary. The maximum temperature is reduced by ≈ .3◦C and the mean temperature with
about 4.5◦C as shown in Figure 51 and Figure 52, respectively. All terms in the objective
functional decreases rapidly, hence J (T (m)) decreases rapidly in the first iterations as shown
in Figure 50 and the solver converges after 6 optimization iterations.

Figure 49. MVS case 3. Final solution with
m∗ = [t, L, θ, px] = [0.010781, 0.098, 0.0094617, 0.30941].
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Figure 50. MVS case 3. Objective functional as a function of optimization iterations.

Figure 51. MVS case 3. Maximum temperature as a function of optimization iterations.

Figure 52. MVS case 3. Mean temperature as a function of optimization iterations.
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CHAPTER8
Discussion and conclusions

To achieve a low and uniform temperature distribution with small thermal gradients in a
sealed domain filled with heat sources, the minimium of the objective functional

J (T (m)) :=
1

2
||T (m)− T̂ (m)||2 + ||∇T (m)||2 + ||T (m)||2

constrained by the conduction-convection equation is computed with MATLAB’s built in
optimization function fmincon. The optimization solver converged in a few iterations to
the optimal solution.

The diffusion-convection equation is an elliptic PDE and the solution is smeared out at
each node and the optimal solution depends on the boundary conditions and the type of
velocity field applied.

From the 1D examples it was found that when imposing homogeneous Dirichlet bound-
ary conditions by setting T = 0, the temperature in the sources goes towards zero when
approaching the boundary which in fact is not physically realistic.

In the two dimensional optimal placement problem not involving any transport by con-
vection, the local minimum became rather trivial and the solver converged rapidly. The
optimal solution depended on the type of velocity field. It was found that the initial param-
eter m influenced the final solution due to the unsymmetry of case 3 in Section 7.6. Thus, a
loop over several random initial positions was considered in order to find the best solution.

When testing the solver using several different design parameters, the bounds on the
different design parameters are more tightly clustered due to a more realistic situation, yet
still illustrative. The final solution varied as the convective field inside the domain and the
ambient temperature varied, as expected.
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CHAPTER9
Future work

For further studies, there are some aspects that are important in order to achieve results
that represent real world applications. To begin with, one should add more physics to the
model such as the Navier-Stokes equations to model fluid flow. The parameterization of
the heat sources should be extended to model a three dimensional heat source. Although
fmincon is considered robust, when adding more physics and extend the solver to 3D and
increasing the number of the design parameters, other types of solvers should be investigated.
In each iteration in the optimization loop, the state equation needs to be solved numerous
times before finding the (better) new set of the design parameters. Since all the matrices
involved in the state equation except for the boundary matrices need to be assembled in
every function evaluation involving the updated design parameters, the computational time
will increase dramatically when the number of parameters grow.

An efficient method to compute the gradient of the objective functional with many pa-
rameters is to solve the adjoint PDE and, then, form the gradient.

When adding more physics, other types of objectives could be of interest to study. An
interesting objective would be to maximize the heat transfer out of the enclosure, for ex-
ample by making the heat transfer coefficient on one or several boundaries as the design
parameter(s). This type of objective combined with state constraints on the temperature,
i.e. setting a bound on the minimum and maximum temperature allowed in the enclosure is
an interesting continuation and would probably result in a non-trivial solution. PDE con-
strained optimization with pointwise state constraints were studied with an upper bound
on the state variable in [20]. To increase the accuracy of the solution in the optimization
problem one could use a finer mesh. Instead of updating the mesh between iterations which
is probably very time consuming in 3D, other types of techniques such as Cut-cell methods
where one creates several meshes overlapping, forming a so called composite mesh is a bet-
ter approach. A three dimensional simulation modeling flow around a propeller using this
method is presented in [11] and in [3] the method is investigated on several test cases where
the boundary changes over time. The list below shows possible next steps to start with:

• Extend the parameterization to model a three dimensional heat source

• Implement an adjoint based gradient calculation

• Study Cut-cell methods

• Add the Navier-Stokes equations to include fluid flow
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[9] Olle Högblom. Multiscale simulation methods for thermoelectric generators. 2016.

[10] Fatimah Sham Ismail, Rubiyah Yusof, and Marzuki Khalid. Optimization of electronics
component placement design on PCB using self organizing genetic algorithm (SOGA).
Journal of Intelligent Manufacturing, 23(3):883–895, 2012.

[11] August Johansson, Mats G Larson, and Anders Logg. High order cut finite element
methods for the Stokes problem. Advanced Modeling and Simulation in Engineering
Sciences, 2(1):24, 2015.

56



[12] Erik Jonsson, Nina Sasaki Aanensen, and Magne Runde. Current interruption in air for
a medium-voltage load break switch. IEEE Transactions on Power Delivery, 29(2):870–
875, 2014.

[13] D Koch. SF6 properties, and use in MV and HV switchgear. Cahier technique, (188),
2003.

[14] Stephan C Kramer, Simon W Funke, and Matthew D Piggott. A continuous approach
for the optimisation of tidal turbine farms. In Proc. 11th Eur. Wave Tidal Energy Conf,
pages 1–8, 2015.

[15] Mats G Larson and Fredrik Bengzon. The finite element method: Theory, implementa-
tion, and applications, volume 10. Springer Science & Business Media, 2013.

[16] Danny J Lohan, Ercan M Dede, and James T Allison. Topology optimization for
heat conduction using generative design algorithms. Structural and Multidisciplinary
Optimization, 55(3):1063–1077, 2017.

[17] John H Mathews, Kurtis D Fink, et al. Numerical methods using MATLAB, volume 4.
Pearson London, UK:, 2004.

[18] Jorge Nocedal and Stephen Wright. Numerical optimization. Springer Science & Busi-
ness Media, 2006.

[19] Günter Rudolph. Convergence of evolutionary algorithms in general search spaces. In
Evolutionary Computation, 1996., Proceedings of IEEE International Conference on,
pages 50–54. IEEE, 1996.

[20] Anders Ström. Preconditioned iterative methods for PDE-constrained optimization
problems with pointwise state constraints, M.Sc. thesis, Uppsala University, 2017.

[21] Margaret H Wright. Nelder, Mead, and the other simplex method. Documenta Mathe-
matica, 7:271–276, 2010.

[22] Hugh D Young and Roger A Freedman. Sears and Zemansky’s university physics,
volume 2. Pearson education, 2014.

57


