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Rydberg-atom-based scheme of nonadiabatic geometric quantum computation
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Nonadiabatic geometric quantum computation provides a means to perform fast and robust quantum gates.
It has been implemented in various physical systems, such as trapped ions, nuclear magnetic resonance, and
superconducting circuits. Another system being adequate for implementation of nonadiabatic geometric quantum
computation may be Rydberg atoms, since their internal states have very long coherence time and the Rydberg-
mediated interaction facilitates the implementation of a two-qubit gate. Here, we propose a scheme of nonadiabatic
geometric quantum computation based on Rydberg atoms, which combines the robustness of nonadiabatic

geometric gates with the merits of Rydberg atoms.
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I. INTRODUCTION

Quantum computation is believed much more effective
than classical computation in solving many problems, such
as factoring large integers [1] and searching unsorted data [2].
The key for implementing circuit-based quantum computation
is to realize a universal set of quantum gates with high
fidelities. However, the errors arising from inaccurate control
of a quantum system inevitably affect quantum gates, and
the accumulation of control errors may seriously spoil the
practical realization. This motivates researchers to utilize the
characteristic of geometric phases to suppress control errors.
Geometric phases are only dependent on evolution paths but
independent of evolution details so that quantum computation
based on geometric phases is robust against control errors.

The early schemes of geometric quantum computation
[3-5] were based on adiabatic geometric phases, both Abelian
[6] and non-Abelian phases [7]. While adiabatic geometric
gates are robust against control errors, an unavoidable chal-
lenge is the long run time needed by adiabatic evolution, which
makes the gates vulnerable to environment-induced decoher-
ence and thereby hinders the experimental implementation. To
overcome this difficulty, quantum computation [8—11] based
on nonadiabatic Abelian [12] and non-Abelian [13] geometric
phases was put forward. Nonadiabatic geometric quantum
computation has the merits of both high-speed implemen-
tation and robustness against control errors, and therefore
it has received increasing attention [14—44]. A number of
schemes for its physical implementation have been put forward
[15-20,26-31], and nonadiabatic geometric quantum com-
putation has been experimentally demonstrated with trapped
ions [39], NMR [40,41], superconducting circuits [42], and
nitrogen-vacancy centers in diamond [43,44].

As a promising candidate for implementing quantum
computation, Rydberg atoms seem particularly attractive due
to the long coherence time of internal atomic states and
the realistically controllable Rydberg-mediated interaction
between Rydberg atoms [45,46]. The long-lived Rydberg
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states can be taken as well-defined qubit states, and the
Rydberg-mediated interaction can lead to Rydberg blockade
regime [47,48], which allows an effective implementation
of two-qubit gates. The Rydberg-mediated dipole-dipole or
van der Waals interaction between high-lying Rydberg states
is strong enough to shift atomic energy levels. It leads
to Rydberg blockade, which prevents more than one atom
from being excited to Rydberg states by resonant laser
pulses. Rydberg blockade has been experimentally demon-
strated with individual atoms [49,50], as well as mesoscopic
atomic ensembles [51-56], and has been extensively applied
to quantum computation [57-69], including adiabatic ge-
ometric quantum computation [57]. However, nonadiabatic
geometric quantum computation based on Rydberg atoms has
not been developed yet.

In this paper, we propose a Rydberg atom-based scheme
of nonadiabatic geometric quantum computation, of which the
computational qubit is encoded into the stable ground state and
long-lived Rydberg state. The one-qubit gates are performed
by addressing an individual atom with laser pulse, and a
nontrivial two-qubit gate is realized with the aid of the Rydberg
blockade regime. Our scheme combines the robustness and
the speediness of nonadiabatic geometric gates with the merits
of Rydberg atoms, and thereby provides a promising way of
high-fidelity quantum computation.

The paper is organized as follows. In Sec. II, an arbitrary
one-qubit nonadiabatic geometric gate is proposed, which is
based on Rydberg atoms but also applicable to other two-level
systems. In Sec. III, a nontrivial two-qubit nonadiabatic
geometric gate based on Rydberg atoms is proposed. In
Sec. IV, we briefly discuss the feasibility of our proposal.
Section V is our conclusion.

II. ONE-QUBIT GATES

Consider a two-level Rydberg atom consisting of a stable
ground state |g) and a long-lived Rydberg state |r), where the
transition |g) <> |r) is driven by resonant laser pulse with Rabi
frequency €2(¢), as shown in Fig. 1.

In the rotating frame, by using the rotating wave approxima-
tion, the Hamiltonian describing the Rydberg atom interacting
with the laser reads

H(t) = Q(t)|g)(r| + H.c., (1)
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FIG. 1. Setup for two-level Rydberg atom. A stable ground states
|g) is coupled to Rydberg state |r) by resonant laser pulse with Rabi
frequency 2(t).

where H.c. represents the Hermitian conjugate term.
Taking {|g),|r)} as the computational basis, we aim to
realize an arbitrary one-qubit nonadiabatic geometric gate,

Un(y) = €7, (2)
Here, o =(ox,0,,0;) are the standard Pauli opera-
tors acting on computational basis |g) and |r),n =

(sin B cos ¢, sin @ sin @, cos 0) is an arbitrary unit vector, and
y is an arbitrary phase with the geometric feature. U,(y)
represents a rotational gate with the rotational axis » and
rotational angle y.

We now demonstrate how to realize such a gate by using
the Hamiltonian described by Eq. (1). To this end, we take the
Rabi frequency of the laser pulse as

Qr(t)e =3, <
Qr()e™ e+ 1 <t < 1, 3)
Qe -5, <

Q@) =

where the amplitude parameter Qg(7) is time-dependent and
the phase parameter ¢ is time-independent. Here, intermediate
time 71, 7, and the total evolution time 7 satisfy

T] 9 %3 T
Qrt)dt == Qr()dt = —
fo w0t =2 f wdi =7,

/t Qendr =%~ 2. (4)
o 2 2
Then, the evolution operator can be expressed as
e—ifn’ Hl(t’)dt’, 0<t <1,
U= e W O@), n<i<n, )
e o Hl(',)dt’U(rz), T <t<T,

with
Hi(t) = Qr(t)e "~ 2|g)(r| + Hec.,
Hy(t) = Qr()e™ Y43 |g) (r| + Hec.. (6)
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Specially, at the final time ¢ = t, there is
Ut)=e" [ i@t =i [ Ha(0)dr —i [{ Hy(0)di %
From Egs. (4) and (6), we can obtain
T 0 0 . .
e~ ot DAl = cog 5 Tsin (e Ig)irl — e¥Ir) (g,

€7i j'IIZ Hy(t)dt _ _efi(zp+y)|g><r| + ei(<p+}/)|r><g|’

—i[F . 0 9 . .
e fsz‘(t)dt:slnz—l—cosE(e 9 1g)(r| — ¥r)(gl). (8)

Substituting Eq. (8) into Eq. (7), we have, in the basis {|g),|r)},

.. cosf  sinfe ¥
U(t) =cosy +isiny (sineew’ — cosO > 9)
It can be written as
U(t) = U(y) = €7, (10)

with the aid of n = (sin 6 cos ¢, sinf sin¢, cos#h), or equiv-
alently

U(r) = e |d)(d| + e 7 |b)(b], (11)
where

0 0 .
|d) = cos Elg) + sin Ee“"|r),

|b) in ? |g) 9| ) (12)
= S1n —é — COS —|r),
2¢ 18 2

are the eigenstates of n - 0.

Equation (10) as well as Eq. (11) indicates that the evolution
operator U () is exactly the rotational gate with the rotational
axis n and rotational angle y .

To show U () is a geometric gate, we examine the evolution
of state |d). Clearly, the state |d) undergoes cyclic evolution,

) =i [z, Hydr
O ) |d).

13)

it
el f(] Hy(tdt

|d) lg)

—i [t
¢ xf,] Hy (1)t

It means that y is the total phase obtained by the state |d)
undergoing cyclic evolution. The dynamic phase is always
zero during the whole evolution, since the parallel transport
condition is satisfied, i.e.,

(d®)|H(1)]d(1) =0, 0 <1 <
(dO|Hy(0)]d(1) =0, 11 <1 < 1,
(dOIH\®)Id(@) =0, <1<, (14)

where |d(t)) = U(t)|d) and U(t) is defined in Eq. (5).
Therefore, y is a purely geometric phase without containing
any dynamic phase. Indeed, y is just equal to half of the
solid angle enclosed by the orange-slice-shaped loop, shown
in Fig. 2, which is the evolution path traced by U (t)|d) in the
Bloch sphere. Similar discussion is available for state |b).

It is worth noting that an arbitrary one-qubit nonadia-
batic geometric gate in our scheme is realized by a single
orange-slice-shaped loop rather than combining multiple
single orange-slice-shaped loops. Compared with the previous
schemes of the one-qubit nonadiabatic geometric gates based
on orange-slice-shaped loop [21-24], in which a general

71,
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FIG. 2. Bloch sphere representation for the evolution of state |d).

—i [ Hy(0)dr

The state |d) undergoes cyclic evolution, such that |d) L
Ry e i o

lg) ———— /YT |r) ———— ¢/7|d), and acquires a geomet-

ric phase y. In this process, the dynamical phase is always zero,
Le, (d®OIHI(®]d(®) =00 <1 < ), (dOIHAD]d(1)) = 0(T1 <
1 <), and (d@O|H\(D|d(1)) =0(r, <1 < 7), where |d())=
U(t)|d) and U(¢) is defined in Eq. (5).

one-qubit gate is realized by combining several special gates,
our scheme minimizes the exposure time of gates to error
sources but also keeps all the merits of the previous schemes.
Besides, the implementation of our one-qubit gate is only based
on a general two-level system driven by a laser pulse, which
is not limited to a Rydberg atom but is applicable to any other
two-level systems.

III. TWO-QUBIT GATE

We have shown that an arbitrary one-qubit nonadiabatic
geometric gate can be obtained by addressing an individual
Rydberg atom with laser pulse. To realize nonadiabatic
geometric quantum computation, beside one-qubit gates, a
nontrivial two-qubit gate is needed. We now demonstrate how
to realize a nontrivial two-qubit nonadiabatic geometric gate
by using the Rydberg-mediated interaction.

Consider two two-level Rydberg atoms with Rydberg-
mediated interaction V arising from dipole-dipole or van der
Waals force between high-lying Rydberg states, as shown in
Fig. 3.

For each of the two Rydberg atoms, the transition |g), —
|r)q of the ath Rydberg atom is driven by a resonant laser
pulse with Rabi frequency €2,(¢), where a = 1,2. The com-
putational space is taken as S = Span{|gg),|gr),|rg),|rr)},
where |uv) = |u)1|v), with w,v = g,r. In the rotating frame,
the Hamiltonian of the two-atom system reads

Ho®)=Hi®Q L+ 1) ® Ha(t) + Virr)(rr|,  (15)

where

Ha(1) = Qu()(I8)a (r| + Ir)a (gl (16)
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FIG. 3. Setup for two identical Rydberg atoms with Rydberg-
mediated interaction. The interaction between Rydberg atoms is
dipole-dipole or van der Waals force with strength V. For the
individual Rydberg atoms, the transition |g), — |r), is facilitated
by resonant laser pulse with Rabi frequency £2,(%).

is the single-atom Hamiltonian describing the interaction
between the oth Rydberg atom and the laser pulse, and
1, denotes the identity operator acting on the oth Rydberg
atom. Here, we have neglected the rapidly oscillating counter-
rotating terms in H,(#). To realize a nontrivial two-qubit
nonadiabatic geometric gate, the Rabi frequencies of laser
pulses are taken as Q(t) = —Qg(¢)cos(¢/2) and Q(t) =
Qg(t)sin(¢/2), where Qp(t) is time-dependent and ¢ is
time-independent. With the aid of these relations, we have,
by substituting H;(¢) and H,(¢) into Eq. (15),

Hix(t) = Qr(t)(IB)(gg| — |B) (rr| + H.c) + Vrr)(rr|,
a7

where | B)=sin(¢/2)|gr)— cos(@®/2)\rg),|B')=cos(@®/2)|gr)
— sin(¢/2)|rg). Further, we take a rotation transform U =
exp(—iV|rr)(rr|t), and then the two-atom Hamiltonian can
be recast as

Hio(1) = Qr(1)(IB)(ggl — |B))(rrle™ ") + Hee..  (18)

In Eq. (18), state |gg) is resonantly coupled to state | B) with
Qg(1), while |rr) is off-resonantly coupled to |B’) due to the
Rydberg-mediated interaction V. If V, compared with Qg (%),
is sufficiently large, i.e., V >> Qg(¢), the off-resonant terms
are negligible. It means that the simultaneous excitation of
two atoms from ground states to Rydberg states is inhibited.
In this case, the effective Hamiltonian reads

Hete (1) = Qr(2)(1B)(ggl + 1g8) (BI). 19)

Since the Rydberg-mediated interaction V, being ad-
justable, can be easily tuned to a value much larger than Qg(?),
the above effective Hamiltonian is available. It is interesting
to note that He(¢) has some desired features when it acts on
the computational space. Note that the computational space
S = Span{|gg),|gr),|rg),|rr)} comprises of three subspaces
Si = Span{|gg)}, S» = Span{lgr).|rg)} and S; = Span{|rr)},
where S, can be equivalently rewritten as S, = Span{|B),|D)}
with |D) = cos(¢/2)|gr) + sin(¢p/2)|rg)). Subspace S is
coupled to subspace S, by He(?), while S3 remains unaffected
by the Hamiltonian. Furthermore, the state |D) in subspace
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S, is a dark state of the effective Hamiltonian, which is
decoupled from other states. With the knowledge of these
features of the Hamiltonian, we can construct a nontrivial
two-qubit nonadiabatic geometric gate by carefully choosing
the period of evolution.

J
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The evolution operator reads
U([) =e—i f(; Heg(¢')dt
= cosay(|B)(B| + [gg)(ggl) — i sine(|B)(ggl
+ [88)(B) + |D){(D| + [rr)(rr|, (20)

where «, = fot Qg(t")dt’. In the basis S = Spanf{|gg),|gr),|rg),|rr)}, it can be expressed as

CoS o —i sin o sin% i sin o, cos % 0

UG = —i sino; sin% 0032%+cosa, sinZ% sin%cos %(1 —cosa;) O @1
isina;cos$  sin%cos5(1 —cosay sin” % + cos o, cos” 5
sinacostsingeos §0 — cosa) s’ S % 0
0 0 0 1
(

If we let the evolution period 7t satisfy subspace undergoes cyclic evolution. While every component
T in the subspaces acquires a geometric phase, the nontrivial
o = / Qrt)dt = m, (22) two-qubit geometric gate is realized. It combines the ideas of
0 Abelian and non-Abelian geometric phases in one single gate.
we have, from Eq. (21), Compared with the previous optical system-based schemes
1 0 0 0 of nonadiabatic geometric two-qubit gates [10,18-20,26],
0 coso sin ¢ 0 which are realized by weak-field coupling, our two-qubit
U(r) = 0 sing —cos¢ O (23) nonadiabatic geometric gate is realized by using resonant
0 0 0 1 laser pulses, which is much more effective in the practical

which provides a nontrivial two-qubit gate.
To show U(7) is a geometric one, we rewrite it as

U(r) = Us, () P Us, () P Us, (1. (24)

Us, () = —1, Us,(t) = ( ‘;ﬁfi _SIC‘(‘)‘Sf’(p ). and
Us,(t) = 1. Here, Ugs (7),Us,(r), and Us, act on the
subspaces Si, S», and Ss, respectively. Since U(t) does not
affect S3, we only need to show that Ug, (7) is a geometric
phase factor and Us, (7) is a holonomic matrix. Indeed, Ug, (1)
is a geometric phase factor, since it is just the phase factor
gained by the basis |gg) undergoing cyclic evolution and the
evolution satisfies the parallel transport condition,

(88lUT () Her (1)U (1)) g8) = 0, (25)

for 0 <t < t. Further, one can verify that the following
conditions,

UT(x)(Igr)(grl + Irg)(rghU(x) = lgr){gr| + Irg)(rgl, (26)

and
(grlUT () Hee(HU (1)l gr) = (rglU"(t) Heer (1)U (1)Irg) = O,

(gr|UT () Here (U (1)Irg) = (rglUT(t) Here (U (1)l gr) = 0,
27)

for 0 <t < 7, are fulfilled. It means that Ug,(7) is indeed a
holonomic matrix [4,10,11].

The above demonstrations show that a state initially
in subspace S; will undergo cyclic evolution and acquire
nonadiabatic geometric phase , a state initially in subspace
S, will undergo cyclic evolution and acquires a non-Abelian
geometric phase, and a state initially in subspace S; will remain
unchanged. Note that a general state is a superposition of three
components in the three subspaces, and the component in each

where

manipulation due to the strong resonant coupling between
Rydberg states and ground states. Besides, the controllable
Rydberg-mediated interaction facilitate its manipulation too.

IV. DISCUSSIONS

We have obtained an arbitrary one-qubit gate and a nontriv-
ial two-qubit gate comprising a universal set of nonadiabatic
geometric gates. Quantum computation based on such gates
possesses the following merits: robustness against control
errors, speediness of nonadiabatic evolution, long coherence
time of qubit states, and realistically controllable interaction
between qubits. It is the purpose of developing Rydberg atom-
based nonadiabatic geometric gates to realize fast quantum
computation with the merits of both geometric phases and
Rydberg atoms.

Our scheme realizes unitary gates, i.e., operations where the
decoherence has been neglected due to the long coherence time
of the excited Rydberg states. However, many experimentally
feasible Rydberg levels carry remnant decay, which determines
the coherence time and may still affect the quantum gates.
Noting that the evolution time of the gates, which satisfies
Eq. (4) or (22), is restricted by the amplitude parameter
Qg(t), a natural question is whether the coherence time can
sufficiently match the time requirement of time-dependent
function Qz(¢) of the driving fields’ Rabi frequencies. That
is, can we properly choose the amplitude parameter 2z(¢)
such that T < 7, is satisfied and Qg(¢) < V is experimentally
allowed, where 7, represents the lifetime of a Rydberg state and
V is the Rydberg-mediated interaction? Here, we answer this
question. As it has been shown [45,57], for alkali atoms, the
lifetime of a Rydberg state with principal quantum numbern >
70 can be larger than 100 ps and the dipole-dipole interaction
strength between two atoms are above 200r MHz when atoms
are separated less than 5 um. On the other hand, Egs. (4)
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and (22) indicate that for Qpr(t)dt ~ 7. This means that the
requirement, T < 7. and Qg(#) < V, can be indeed satisfied
by properly choosing Q(#). For example, the amplitude
parameter can be taken as Q2 ~ 57 MHz, which is sufficiently
small compared with the interaction V ~ 2007 MHz and is
experimentally allowed [45], and the corresponding evolution
time of quantum gates is T = 0.2 us, which is sufficiently short
compared to the lifetime > 100 us. Therefore, the effective
Hamiltonian in Eq. (19) is available. Besides, it should be noted
that to implement our scheme experimentally, the conditions
expressed in Egs. (4) and (22) must be fulfilled.

It is worth noting that Rydberg atoms have been used
to realize photonic pulse-based quantum gates in previous
works [66-69], where the computational qubits are encoded
by photons and the Rydberg atomic ensemble only acts
as mediator. By converting photonic pulses into Rydberg
excitations, the logic operations between pulses can be directly
performed. Our scheme is different from the photonic pulse-
based scenario. In our scheme, the computational qubits are
encoded into the stable ground states of Rydberg atoms and
the long-lived Rydberg states, and the quantum gates, based
on nonadiabatic geometric phases, have the merits of both
high-speed implementation and robustness against control
errors. While photonic qubits in the Rydberg ensemble have
the advantage that they can be directly read out, the operation
in our scheme must be read out by some other means to convert
it to flying qubits for the next operation.

In passing, we point out that although the quantum gates
in the present paper are demonstrated based on individual
Rydberg atoms, our scheme can be extended to the mesoscopic
atomic ensemble with the qubits encoded by collective
Rydberg states of the atomic ensemble.

V. CONCLUSION

In conclusion, we have proposed a scheme to implement
nonadiabatic geometric quantum computation with Rydberg
atoms. By encoding the computational basis into the stable
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ground state and long-lived Rydberg state, a universal set
of nonadiabatic geometric gates, consisting of an arbitrary
one-qubit gate and a nontrivial two-qubit gate, is realized.
The arbitrary one-qubit gate is performed by addressing an
individual Rydberg atom with resonant laser pulses while the
nontrivial two-qubit gate is performed with the aid of Rydberg
blockade regime.

The one-qubit gate in our scheme is realized via a single
orange-slice-shaped loop. Compared with all the previous
one-qubit nonadiabatic geometric gates based on orange-slice-
shaped loop, in which a general one-qubit gate is realized
via combining several special gates, our scheme minimizes
the exposure time of gates to error sources but also keeps
all the merits of the previous schemes. The two-qubit gate
in our scheme is realized by using resonant laser pulses.
Compared with all the previous optical system-based schemes
of nonadiabatic geometric two-qubit gates, which are realized
by weak-field coupling, our two-qubit nonadiabatic geometric
gate is much more effective in the practical manipulation.
Our scheme combines the robustness of nonadiabatic geo-
metric gates with the merits of Rydberg atoms and thereby
provides a promising approach to high-fidelity quantum
computation.
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