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Further Perceptions of Probability 

The perception-cognition gap and sequence retention models under continuously  

changing Bernoulli distributions 

 

Abstract 

Hyman Minsky’s Financial Instability Hypothesis (Minsky, 1977) proposes that 

cyclicality in the financial market is caused by a rational process of learning and inference of 

probabilities. Although a substantial literature is available on the perception of stationary 

probability distributions, the learning of non-stationary distributions has received less 

interest. The purpose of this thesis is to investigate people’s cognitive ability to learn cyclical 

changes in an underlying probability from feedback. Key aspects of the design of Gallistel et 

al. (2014) are replicated, but under continuously, rather than stepwise, changing Bernoulli 

distributions to establish: (i) if the learning process is continuous or discrete, (ii) if there is 

only local learning or if people induce the underlying functional form, and (iii) if there are 

any differences in performance between perceptual and cognitive formulations of the task. 

The step-hold updating model introduced by Gallistel et al. (2014) is compared to two simple 

trial by trial updating models. The results suggest that (i) the learning process is continuous, 

(ii) people perceive the functional form explicitly but do not extrapolate, and (iii) there are 

some differences depending on framing. One of the trial by trial models outperforms the step-

hold model for the majority of subjects in this sample and version of the task. 

Keywords: decision making, probability perception, perception-cognition gap 

 

1. Introduction 

The financial cycle, the cyclical pattern of “booms” and “busts” in financial activity is a 

concept, if not commonly known before, popularised by the financial crisis of 2008. Financial 

instability has considerable impact on the consumption and real net wealth of households 

(Barrell, Davis, & Pomerantz, 2006). Kriesi (2012) claims that the aggregated literature on 

social movements suggests that financial crises may cause increased voter support for 

populist parties. Developing countries, too, suffer the consequences of extranational crises as 
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foreign investment is reduced and demand for exports falls (Kin, 2008). It is perhaps for these 

reasons that a considerable amount of research from a multitude of subfields has sought to 

investigate how one can seek to soothe the effects of crises (Mitton, 2002), reduce the 

fluctuations of the general cycle (Hau, 2006), as well as, on a more fundamental level, 

understand the risk-taking behaviour of people (Kuhnen & Knutson, 2005). In recent years, 

psychological empirics and methods have been implemented in fields such as behavioural 

finance (Avgouleas, 2009), economic psychology (Veld & Veld-Merkoulova, 2008) and 

behavioural economics (Kaplanski & Levy, 2014). The aim of this thesis is to investigate the 

cognitive ability of people to learn cyclical patterns in the underlying risk over time from 

experience. 

1.1 The Financial Cycle and its Causes 

That the aggregated value of the production of the world’s economies vary in a wave-like 

pattern is well known. Periods of growth in production are followed by periods of decline, 

“booms” are followed by “busts”. Business cycles, as these are called, are readily observed 

by laypeople through the casual monitoring of the activity within their trade (Zarnowitz, 

1991). Perhaps less well known is the fact that the financial market exhibits a corresponding 

cyclical behaviour that is partly separated from the real economy (Runstler, 2016). Various 

financial indicators vary cyclically over time, some in more concordance than others 

(Claessens, Kose, & Terrones, 2011). 

Various theories, frameworks and hypotheses have been suggested in order to understand 

why this cyclical behaviour emerges in the first place. The well known IS-LM1 model 

proposed by Hicks (1937) gives the level of investment as the equilibrium of the model; that 

is, if all external aspects are held constant the economy will converge on some level of 

financial activity. 

Minsky (1977) argued, on the contrary, that this view of the financial market as being 

equilibrium seeking was flawed. In his reinterpretation of Keynes’s (1936) General Theory 

he proposed a view of financial markets as profit seeking activities in themselves, where 

credit institutions constantly try to infer the future state of the world. In this view, sustained 

periods of good times would cause the creditors to conclude that the future would entail a 

continuation of the successes of the past. Acting upon this conclusion, they would allow 

                                                           
1An acronym for the full name Investment-Saving (IS) Liquidity Preference-Money Supply (LM) model. 
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increased risk levels of portfolios, leading to riskier and riskier states of the financial system 

until a point where, when negative states of the world are realised, the compound losses are 

severe. Upward and downward trends would, if this is true, be inescapable consequences of 

inference and learning in an unregulated market. Although this so called Financial Instability 

Hypothesis (FIH) does not rule out the existence of effects explained by a more neoclassical 

theory, it does contribute the possibility of understanding financial cycles as in part stemming 

from a rational process of learning, which would have been ruled out by earlier theorists. 

The existence of effects resembling those proposed by the FIH have received some 

theoretical as well as empirical support. Bhattacharya, Tsomocos, Goodhart, and Vardoulakis 

(2011) have formalised the hypothesis and shown that a market of agents that are Bayesian 

learners investing in pricy assets with a stochastically determined payoff would exhibit a 

cyclical risk-taking pattern similar to the one suggested by Minsky (1992). Branch and Evans 

(2011) observe similar behaviour in a model where agents use induction to forecast a revenue 

stream from pricy assets. Keen (1995) demonstrates that extending Goodwin’s (1982) Limit 

Cycle Model with Minsky’s hypothesis causes it to simulate a behaviour in line with the FIH, 

implying that the two theories are complementary rather than opposed. Ammann and 

Verhofen (2007) have, using panel data, shown that mutual fund managers exhibit risk-taking 

behaviour in accordance with a Bayesian learning model.  These results are robust for various 

operationalisations of risk-taking (Ammann & Verhofen, 2009). 

1.2 The Concept of Risk 

1.2.1 Definitions of Risk 

In finance, risk might be thought of as the probability of reality assuming a state other than 

the expected state (Kungwani, 2014). Thus, the risk associated with any state is given by 

(1)   𝑅𝑖𝑠𝑘 = 1 − 𝑃(𝑄) 

where Q is the expected state. In this view, the risk of any action is thereby the probability of 

the complementary event of the expected outcome. Kungwani (2014) implies that the 

expected outcome might be assumed to be positive, as opposed to adverse. This is not 

explicitly stated, though. According to this definition, a bet with a 50 % chance of winning 

€10 and a 50 % chance of losing €5 would be considered rather risky, as the probability of 

reality assuming the adverse state is somewhat high. 
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Schwing and Albers (1980) define risk "as a compund measure of probability and magnitude 

of adverse effect". Similarly, Haimes (2009) defines risk as a complex construct which 

consists of the aforementioned probability of an adverse outcome as well as some notion of 

the severity of said outcome. A wide variety of definitions along these lines, where risk 

depends both on the probability and valuation of some outcome, have been proposed by 

different scientists (Trimpop, 1994). Assuming this definition, the aforementioned 50/50 bet 

with a pay off of €10 or negative €5 would not be considered very risky, as even though the 

probability of an adverse outcome is rather high the severity of it is rather low. 

Knight (1921) distinguishes between risk and uncertainty as the latter being fundamentally 

unknown. Tossing a die is, in this view, risky; I can not know for certain which face of it will 

be facing up and I can assign some probability that is smaller than one and greater than 

nought to each of these possibilities. The following conundrum is, on the other hand, one 

entailing uncertainty; “There is a box on the table. What is the probability of drawing a red 

ball?”. When approaching this question one would not know where to start; the probability of 

any one state is inherently unknown. Thus, in Knight’s view, risk refers to situations when 

individuals act upon some specific, known probability distribution. 

For the purposes of this thesis the first definition of risk provided by Kungwani (2014) will 

be assumed. Learning of risk will thus refer to the revision of ones estimate of the probability 

of some event from experience. 

1.2.2 Risk Attitude 

In economics, agents are oftentimes assumed to derive some benefit or cost, some utility, 

from any realised state. This can be formalised as 

(2)   𝑈 = 𝑓(𝑋1, 𝑋2, … , 𝑋𝑛) 

where U is utility and X1, X2, ... , Xn are all elements affecting utility (the preference set). If 

the function left unspecified above is in fact the preference set raised to some power that is 

smaller than one and greater than zero it is trivial to show that, when valuation of alternatives 

is based on the expected utility of said alternatives, extreme states will be comparatively less 

valued in comparison to more certain outcomes. Expected utility is given by 

(3)   𝐸 (𝑢(�̃�)) = ∑ 𝑝𝑖

𝑛

𝑖=1,2,…,𝑛
𝑢(𝑋𝑖) 
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where �̃� is a random variable, pi is the probability of outcome i, Xi is the pay off associated 

with outcome i and u is the utility associated with some state Xi (Schaefer, 1978). If the utility 

function is of the class mentioned above the associated agent is referred to as risk averse 

(Arrow, 1965). 

Tversky and Kahneman (1992) have shown that individuals behave as if they were risk 

averse when considering uncertainty of gains, but display risk loving behaviour (a preference 

set raised to some power exceeding one) when considering uncertainty of losses. This has 

been formalised in the Cumulative Prospect Theory. 

Loewenstein, Weber, Hsee and Welch (2001) have theorised that risk-taking behaviour is 

determined by an interaction between feelings and cognitive assessments of probabilities. 

Fessler, Pillsworth and Flamson (2004) have shown that the risk-taking of men is increased 

by anger whereas disgust has a similar effect on women. When individuals according to self-

report measures experience positive emotions they tend to become more risk averse, while an 

“investment-atmosphere happiness factor” has the opposite effect (Huang & Goo, 2008). 

Guven (2009), Delis and Mylonidis (2015) and Isen and Patrick (1983) have provided some 

support for the belief that the first effect of the two is causal and affects investment decisions 

of households. Their research does not adress the second effect mentioned. Although 

emotional factors clearly might affect risk-taking this thesis will solely investigate the 

cognitive ability to learn probabilities in the environment. 

As mentioned earlier, this paper will assume the definition of risk provided by Kungwani 

(2014) in section 1.2.1. The concepts of risk attitude and the Cumulative Prospect Theory 

reviewed in this section will thereby be considered distinct from the concept of risk.  

1.3 The Perception of Probability 

1.3.1 Perception of Stationary Probability 

A significant amount of literature has investigated the ability of people to form estimates of 

stationary probabilities. On several points have their accounts been contrasting. Peterson and 

Beach (1967) promoted a view of humans as intuitive statisticians; people form automatic 

and largely accurate perceptions of proportions, means and variances. Supporting this, 

DuCharme and Peterson (1969) found near optimal performance in a task concerning 

proportion estimation from samples. However, Arrow (1982) reviews several studies finding 

systematically suboptimal statistical behaviour.  
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Because of such observations, other scientists (Tversky & Kahneman, 1974) have suggested a 

view of people as heavily relying on heuristics – cognitive rules of thumb that yield 

systematical errors in return for ease of calculation. One example is the “availability 

heuristic” proposed by Tversky and Kahneman (1973); how easily accessible some event is 

from memory is used to estimate the frequency of said event, as opposed to the count of 

observations. 

Using statistical models, other, different attempts have been made to explain the information 

processing of generating estimates from observations (Slovic & Lichtenstein, 1971). Using a 

Bayesian model, Griffiths, Kemp and Tenenbaum (2008) showed how some of the results of 

Nisbett, Krantz, Jepson and Kunda (1983), previously thought to support the use of 

heuristics, can be explained in another way. Instead of being intrinsically suboptimal, 

estimates made by participants may reflect prior beliefs about the spread of the distributions 

that the variables are drawn from. Jones and Love (2011) have critisised some Bayesian 

models for purely adressing the computational level of cognition, as characterised by Marr 

(2010). 

1.3.2 Perception of Non-stationary Probability 

Far fewer studies have investigated human perception of non-stationary probabilities. The 

statistical inference problem of such a task is clearly distinct from that of stationary 

probability. It not only requires an estimation of the proportion of some element in a given 

multiset, but also the tracking and inference of any changes in that proportion over time. A 

historically popular (Gallistel, Krishan, Liu, Miller & Latham, 2014) class of models are the 

so called delta-rule updating models, where the estimate of the probability of some outcome 

is updated between trials following each piece of feedback. The difference (the delta, Δ) 

between the observed feedback and the predicition is then used to adjust the prediction. The, 

to undergraduate students perhaps familiar, Rescorla-Wagner model (Rescorla & Wagner, 

1972) is an example of a model which uses a parameter that is updated trial by trial to 

describe classical conditioning, the process of estimating some association between stimuli. 

Models of cognitive assessment of non-stationary probabilities of this class include those 

suggested by Walton, Woolrich, Rushworth and Behrens (2007), Nassar, Wilson, Heasly and 

Gold (2010) and Brown and Steyvers (2009).  

Using the results of Robinson (1964), Gallistel et al. (2014) have demonstrated empirical 

problems with these models. They suggest that a hypothesis-testing Bayesian learning model 
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describes the process more accurately, when individuals face a task concerning the estimation 

of probabilities of outcomes in Bernoulli trials (trials with exactly two possible outcomes, one 

of which must occur) and there are discrete changes in the underlying probability of each 

outcome. In the following, this model will be referred to using the acronym introduced by 

Ricci and Gallistel (2017); IIAB (If It Ain’t Broke, don’t fix it). The IIAB suggests that 

individuals perform computations equivalent to a significance test and only change their 

estimate of the underlying probability when the test shows that there is sufficient evidence to 

reject the currently held hypothesis. This means that individuals update their cognitive 

assessment of some probability stepwise, rather than smoothly as they would under a delta-

rule (see the example in figure 1). It also implies that individuals do not infer the functional 

form of the distribution. Instead, when faced with a recurring pattern of a continuously 

changing probability of some outcome people would keep misestimating the true probability 

with some recurring pattern of inaccuracy.  

 

 

 

 

Figure 1: A graph of the response of the IIAB to a continuously changing function, 

with the true probability in black, first estimated probability in red and estimated 

probability after second thoughts in green. Realised outcomes indicated by asterisks. 

Copied from Gallistel, C., Krishan, M., Liu, Y., Miller, R., & Latham, P. (2014). The 

perception of  probability. Psychological Review, 121(1), 96-123. All copyrights are 

reserved for the American Psychological Association. 

Lindskog and Winman (2014) have provided evidence for the Naïve Intuitive Statistician 

model of perception of descriptive statistics which implies that individuals store a subset of 

all observed values in the long term memory and sample from this to produce estimates. 

Their model would perform poorly when the descriptives are requested for substrings of trials 

and the underlying probability is non-stationary. They do not, however, rule out that other, 

different processes may be at work under such circumstances.  

Khaw, Stevens and Woodford (2016) have replicated the study of Gallistel et al. (2014), with 

some changes. Their results support the IIABs prediction of stepwise changes of estimates, 
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even when controlling for loss aversion, incomplete knowledge of the reward function, 

unsufficiently fine grained estimate steps and an inacurrate perception of ones own estimate.  

Estes (1984) provided results that suggest that people do infer a functional form in changing 

their hypothesis. When faced with a sine wave functional form of the probability distribution 

individuals continue to change their estimate as if they were still drawing from a continuously 

changing distribution, even when it is changed to a static one. Due to the design of the 

experiment, Estes’s (1984) data does not allow one to distinguish between the learning of 

regularity in one’s switching of hypotheses and a true inference of the functional form, which 

would cause a smooth, as opposed to stepwise, tracking of the true probability. 

Ricci and Gallistel (2017) provided evidence of the IIAB accurately describing probability 

estimation for continuously changing functional forms of Bernoulli probabilities in a study 

unpublished and unknown to the author at the beginning of the writing of this thesis. The 

method employed by them is similar to Gallistel et al.’s (2014). They allow participants to 

use a slider to estimate the proportion of rings of some colour present in a box, but do not 

force them to make a new estimate in each trial. Rather, a participant may proceed to the next 

round by clicking a "next" button, without placing or replacing the slider to any position. This 

thesis aims to, among other things, contribute to the literature by implementing an 

experimental design which allows further analysis of the IIAB. 

1.4 The Perception – Cognition Gap 

Jarvstad (2012) sought to address the existence of the so called perception-cognition gap. 

Although no explicit definition of what distinguishes a perceptual from a cognitive task was 

provided in the paper, a rudimentary one can be arrived at by pointing to the fact that the 

perceptual tasks included in Jarvstad (2012) consistently involve few distinct mental abilities 

and only require the use of the information being perceived during the session. Thus, a 

cognitive task might be defined as one involving numerous different mental processes as well 

as the use of prior information stored in memory. One example that conforms to this 

definition might be the use of motion detection as a perceptual task and mental arithmetics as 

a cognitive version. Jarvstad (2012) claimed that numerous studies have contrasted the ability 

of humans to make optimal decisions when faced with a perceptual or cognitive task. 

Perceptual frameworks have yielded close to optimal performance (Whiteley & Sahani, 2008; 

Navalpakkam, Koch, Rangel, Perona & Treisman, 2010; Navalpakkam, Koch & Perona, 

2009) whereas cognitive ones (Allais, 1952/1979; Ellsberg, 1961; Tversky & Kahneman, 
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1973) have not, when optimality is defined as the maximisation of the expected utility of 

one’s actions. Jarvstad (2012) went on to provide evidence to suggest that this is in fact an 

artifact of differences in expectations on the part of researchers; when scientists supposedly 

set high standards for high complexity cognitive tasks and low standards for low complexity 

perceptual tasks, this gives rise to a perceived difference in expertise. A second aim of this 

study is to probe this line of inquiry further by analysing any differences in performance 

between two computationally identical tasks framed as either cognitive or perceptual using 

the same measure. 

1.5 The Experiment 

As a contribution to the efforts of explaining the dynamics of financial cycles, this study will 

investigate the learning of non-stationary Bernoulli probabilities and their functional forms 

from experience. In addition, an attempt will be made to adress the gap in optimality of 

performance between perceptual and cognitive tasks that has been suggested by a portion of 

the literature. Earlier literature assumes that the learning process is continuous while Gallistel 

et al. (2014) and Ricci and Gallistel (2017) suggest that it is discrete. Their proposal is 

formalised as the IIAB model. Estes’s (1984) results suggest that there could be some 

learning of the functional form. A portion of the literature (Jarvstad, 2012) suggests that there 

will be a relatively higher performance in a perceptual condition while Jarvstad (2012) 

disputes this. There are thus three main questions: (i) if the learning process is continuous or 

discrete, (ii) if there is only local learning or if people induce the underlying functional form, 

and (iii) if there are any differences in performance between perceptual and cognitive 

formulations of the task. The literature on questions (i) and (ii) is, as noted earlier, not 

extensive. The application of the IIAB to continuously changing Bernoulli distributions, and 

the testing of the hypothesis of Gallistel et al. (2014), visualised in Figure 1, was at the 

beginning of the writing of this thesis not performed by any researcher. Since then, the 

literature has been extended with the contribution of Ricci and Gallistel (2017). The questions 

(i), (ii) and (iii) will be investigated by subjecting participants to a task where they are asked 

to provide their estimate of the probability of some binary outcome. The task will consist of 

one phase with outcome feedback and one phase without any feedback and will be framed as 

either a perceptual or cognitive task. If the IIAB model of Gallistel et al. (2014) is correct 

participants should show a step-hold pattern in their estimates and their model should 

outperform a continuous one. In order to confirm the results of Estes (1984) they should also 

exhibit the ability to extrapolate and infer the functional form. Not finding that people 
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perform worse in a cognitive task would support the conclusions of Jarvstad (2012). No 

particular hypothesis of any result is held; rather, this thesis will seek to test and replicate the 

just mentioned hypothesis, result and conclusion of Gallistel et al. (2014), Estes (1984) and 

Jarvstad (2012), respectively. The IIAB model of Gallistel et al. (2014), and its theoretical 

implication of stepwise learning, will be tested by way of model comparison with non-

stepwise learning models. 

 

2. Method 

2.1 Participants 

Participants were recruited using word of mouth marketing and notices advertising the study 

posted to advertisement boards on campuses around Uppsala. One cinema voucher was 

provided as imbursement for participation, with an additional voucher rewarded for achieving 

a certain high score. The exact score required was not disclosed to participants. Instead, they 

were informed that they needed to perform better than "our test pilots" in order to get the 

additional reward. The total number of participants amounted to 61 people, 26 men and 35 

women. One male was excluded from the analysis due to data loss. The mean age of the 

participants was 27.22 years (SD = 9.69). 

2.2 Design 

The experiment was a mixed factorial design with the between subject independent variables 

Task (Perceptual or Cognitive) and Functional Form (Half Amplitude Sine, Full Amplitude 

Sine or Negative Linear Function) with repeated measurements across one feedback phase 

and one no-feedback phase (the blind phase). The dependent variable was performance 

measured as the root mean squared error of estimates, which is given by 

(4)   𝑅𝑀𝑆𝐸 = √
∑ (𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦 − 𝑇𝑟𝑢𝑒 𝑝𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦)𝑛

𝑡=1

𝑛

2
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2.3 Materials 

There were two conditions with three levels in each; one perceptual version of the task and 

one cognitive. Each trial consisted of participants stating their certainty of the next state to 

occur being one or the other, followed by one of the two possible states being displayed on 

the screen and points being awarded. The levels of the IV were three different functional 

forms for the probability distribution of the two states. There was either a half amplitude sine 

wave, a full amplitude sine wave, both starting at 0.75 and with a period of 100 trials, or a 

linear form starting at 1 and finishing at 0.1 (see Figure 2). The first two forms were selected 

to mirror the pattern suggested by Gallistel et al. (2014) in Figure 1 with differences in 

amplitude to possibly provide one high and one low difficulty condition. The linear form was 

added as a non-trigonometric control; control in the sense of allowing one to see if 

performance is affected by mathematically more complex trigonometric patterns. True, as 

opposed to pseudo, randomisation was used for all trials. 

 
Figure 2: Graphs displaying the different functional forms of the hidden true 

probability of one of the outcomes. Please note that the probability of the second 

possible outcome always is equal to the complementary probability of the first 

outcome in a Bernoulli trial. 
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A bar was displayed on the computer screen on which participants were required to select a 

point which represented how certain they were of the next state to occur being one of the 

states. The leftmost end of the bar represented absolute certainty of the next state to occur 

being a certain one, the rightmost end absolute certainty of it being the other one and the 

middle area undecidedness. This was clearly marked on the bar.  

In the perceptual condition the states were green ball and blue ball, while in the cognitive 

version the states were that the stock market would go down or up tomorrow. Following the 

participant’s response the realised state; a picture of a green ball or a blue ball or a message 

that read “The stock market went down” or “The stock market went up” was displayed. 

Participants were randomised into conditions and levels of the independent variable using an 

online coin flipping tool generating outcomes from atmospheric noise.2 

The second stage of the experiment was identical to the first one, except for the omittance of 

feedback. Thus, participants were not shown the true state in each trial, but were instead 

immediately allowed to state their certainty concerning the next state to occur. This was 

visualised by displaying a picture of a black ball or the original message with the word 

“down” or “up” substituted for “-----“, instead of the feedback. Before commencing this 

stage, participants were informed that they would still be earning points that would go 

towards their final score. 

The points were calculated using the formula 

(5)   𝑃𝑜𝑖𝑛𝑡𝑠 = 1000×(1 − (𝜀 − 𝜎)2) − 750 

where ε is the estimate made by the participant and σ is a binary variable that equals one if 

the first state was realised and zero if the complementary state was realised. It may be noted 

that the formula is a Brier score, which is a proper scoring function (Wilks, 1995), that has 

been shifted and rescaled in order to always equal 0 when the estimate is perfect 

undecidedness and yield integer scores. A scoring function is proper if, when it is employed, 

giving your best guess of the true value of the target variable is always the optimal strategy. 

Furthermore, the score has been inverted in order to allow score maximisation, as opposed to 

minimisation, to be the goal of participants. 

                                                           
2 Further information about the tool may be found at https://www.random.org from where it was accessed. 
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In the third stage participants were provided with a printed questionnaire. The questions 

inquired about their gender, age, education level, degree, self assessed statistics expertise, as 

compared to others and in absolute terms, and if they thought that the probability of one of 

the outcomes of the recently completed task had changed during the progression of the task. 

Participants who, to the last question, answered that they believed that this was the case were 

presented with an additional question which asked them to draw the functional form that they 

believed the probability distribution to have had in a preprinted graph. The graph was labeled 

with “Probability that (X)” on the Y-axis and “Trials” on the X-axis. (X) is a placeholder for 

either “the stock market will go up” or “the ball will be blue”, depending on condition. 

The experimenter took care to wear similar, semi-formal clothes during all experiment 

sessions in order to hold compliance constant. 

2.4 Procedure 

After having received verbal information about the study, been informed of their right to 

discontinue their participation at any time and that the data would be anonymous and treated 

as confidential, participants were allowed to sit down with the computer and initiate the 

experiment. Participants were shown paragraphs of instructions concerning the task that 

would be presented. Important aspects of the task were illustrated with images. They were 

then allowed to proceed with the first task, where feedback was present, for 400 trials. Upon 

completion of all the trials of that phase an additional screen of instructions was displayed 

which explained that they would shortly be allowed to continue the task but without any 

feedback. The instructions emphasised that the participant would still be receiving points that 

would go towards their final score. Having finished the 100 trials of the second stage of the 

task participants were provided with the post-test questionnaire and, when applicable, the 

additional question. Participants were then debriefed and imbursed. Notes of any unregular 

circumstance or behaviour on part of the participant that was deemed possibly interesting in 

relation to the experiment were taken by the experimenter whenever such information came 

to their attention. If at any time prompted the experimenter would disclose that the task would 

carry on for a finite number of trials as opposed to some finite amount of time. A common 

duration for the entire session was 35 to 40 minutes, although some participants completed it 

in as little as 25 minutes or as much as one hour. 
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3. Results 

This section is divided into three subsections. The first section presents the results with 

respect to any differences between the cognitive and perceptual task, as well as the different 

levels of the functional form. The second section constitutes the results concerning the 

modeling of the behaviour of participants. The third section concerns the explicit 

extrapolation of the functional forms.3 

3.1 The Conditions and their Levels 

As the root mean squared errors (see section 2.2) fulfilled the assumption of normality to a 

higher degree than the mean squared errors they were used as the dependent variable in the 

analysis.  

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                           
3 Due to an unexplained loss of data, possibly caused by the participant exiting the program prematurely, 

participant number 36 is excluded from all analyses. 

Figure 3: Graphs displaying the mean estimated probability of the 

next ball being blue or the stock market going up the next day as a 

function of trial number. The numbers 1, 2 and 3 found on the right 

hand side indicate the half amplitude sine, full amplitude sine and 

linear functional form, respectively. The blue line is a reference line 

to indicate the onset of the blind phase. 
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As indicated in Figure 3 participants did, on average, provide estimates that followed some 

pattern that resembled the true functional form. Please note that the probability of the second 

possible outcome is always equal to the complementary probability of the first outcome in a 

Bernoulli trial. 

 

 

Figure 4: Graphs displaying the root mean squared errors of participants and a 

hypothetical clueless observer by task and functional form as a function of trial 

number. Task 1 is the perceptual version and task 2 is the cognitive version. 

Functional form 1 is the half amplitude sine, 2 the full amplitude sine and 3 the linear 

function. Please note that the estimates of the clueless observer were miscalculated. 

Figure 4 illustrates that the root mean squared errors of the participants increased on average 

after entering the blind phase. However, this does not seem to have been the case for 

participants facing a half amplitude sine functional form in neither of the two conditions. On 

average, participants display a wave like pattern of standard errors in the sine function 

groups. It was at a late stage of the writing of this thesis realised that there were errors in the 
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calculations of the RMSEs of the clueless observer, why these should be disregarded. 

Participants seem to, on average, roughly follow the underlying pattern but there is no clear 

indication of extrapolation into the blind phase. 

Two mixed, repeated measure, three way ANOVAs were performed with the blind phase 

included and excluded, respectively. RMSE was the dependent variable, Task and Functional 

form the independent variables and each block of 50 trials the repeated measure unit. In the 

first ANOVA, where the blind phase was included, Mauchly’s test indicated that the 

assumption of sphericity had been violated (χ2 = 261.544, p < .001). This is indicated by the 

output made available in “Appendix B”. Using the Greenhouse-Geisser correction, there was 

a positive, significant main effect of block of trials (F = 15.61, df = 4.125, p < .001) and a 

significant interaction effect of block of trials and functional form (F = 8.49, df = 8.250, p < 

.001) with effect sizes of .224 and .239 respectively, as measured by the Partial Eta Squared. 

See Figure 6 for directions of effect. There was no significant main effect of task (p = .423) 

or functional form (p = .059).  

 

There was a statistically 

significant interaction 

effect of functional form 

and task (F = 3,40, df = 

2, p = .041), as illustrated 

by Figure 5. The 

perceptual half sine 

group achieved a lower 

mean RMSE than the 

cognitive group with the 

same function. See 

“Appendix B” for Tukey 

HSD output. Please note that the  

estimated marginal mean is identical to  

an arithmetic mean when all factors are randomised. 

When the blind phase was excluded from the analysis, however, there was no significant 

main effect of block of trials (F = .75, df = 2.980, p = .521). There was still a significant 

Figure 5: The estimated marginal means of the root mean 

squared errors of participants by functional form and task. 
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interaction effect of block of trials and functional form (F = 2.23, df = 5.960, p = .043), 

though. No significant main effect of task (p = .385) or functional form (p = .672) was found. 

However, the interaction effect of task and functional form was significant (F = 3.22, df = 2, 

p = .048). Please note that the Greenhouse-Geisser correction was used as the assumption of 

sphericity was violated (χ2 = 197.250, p < .001). See “Appendix G” for the complete output. 

 

 

Decomposing Figure 5 further by block of 

trials, we notice that the estimated marginal 

means (EMM) of the root mean squared 

errors of participants were lower through the 

full course of the experiment for participants 

exposed to the perceptual condition and the 

half sine function, than for the cognitive 

group with the same function. This was not 

the case for the other levels where accuracy 

was interchangeably higher and lower.  

 

As illustrated by Figure 6 there was a visually  

striking increase in EMM of root mean squared  

errors following the commencement of the  

blind phase4 for participants facing the full amplitude sine and the linear function. 

                                                           
4 Please be reminded that the blind phase corresponds to block 9 and 10. 

Figure 6: Three graphs displaying 

the estimated marginal means of 

root mean squared errors by task 

and functional form. 

 

a b 

c 
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An additional, third mixed threeway repeated measure ANOVA was calculated but with 

variance of the estimates of the participants within blocks of 50 trials as the dependent 

variable. Task and Functional form were still the independent variables, and each block of 50 

trials the repeated measure unit. The blind phase was excluded from this analysis. Mauchly’s 

test of sphericity rejected the null hypothesis (χ2 = 109.207, p < .001) why the Greenhouse-

Geisser correction was observed. There was no significant main effect of block of trials (F = 

.578, df = 3.771, p = .669), task (F = .899, df = 1, p = .347) or functional form (F = .089, df = 

2, p = .915). The interaction effects of block of trials and functional form (F = 7.541, df = 

2.758, p = .008) and task and functional form (F = 4.825, df = 2, p = .012) were significant. 

The full output is available in “Appendix H”. 

 

3.2 The Models 

 

3.2.1 The Sample Model 

The first model that was fitted to data used the sample mean of the K most recent trials to 

estimate the latent Bernoulli parameter underlying the observations, while allowing for a 

response noise error term. The estimate was calculated by taking the arithmetic mean of the 

set of observations that stretched as far back as K. The K and the error term were calculated 

for each participant individually by maximising the log likelihood function of each 

parameter, thus finding the value of each parameter that fit the data the best. Responses were 

assumed to be corrupted by a Gaussian response noise. The predicted response, r, on trial t is 

thus written as 

(6)   𝑟𝑡 =
1

𝐾
∑ 𝑐𝑡−𝑖

𝐾

𝑖=1

+ 𝜂 

 

where η is a normal random variable with the standard deviation σresponse and ct-i is 1 if the 

first outcome was realised in trial t − i and 0 if the complementary outcome was realised. The 

standard deviation of the Gaussian response noise distribution (the sigma, σ) controls the 

amount of noise assumed by the model. Whenever the number of trials completed was 

smaller than K the model used the full number of outcomes observed. See “Appendix D” for 

additional mathematical details. 



   
 

  20 
 

The Myopic Model 

A myopic model – a hypothetical agent that always opts for whatever would have been the 

correct answer in the previous trial with complete certainty – was calculated as a special case 

of the Sample model where K is always equal to one. All other aspects were identical. 

 

3.2.2 The IIAB 

The IIAB model by Gallistel et al. (2014) posits that the estimation of probability consists of 

two stages that are carried out following each trial.  

In the first stage the agent determines whether there is a problem with the current estimate of 

the probability of an outcome, if it is broken, by calculating if the observed count of the 

outcome is to unlikely given the estimated probability. This is done by testing whether the 

observed count is further out on the tails of the sampling distribution than some critical 

Kullback-Leibler divergence value, which can also be expressed as some p-value. Gallistel et 

al. (2014) set this value equal to the lowest critical value that still made the model yield the 

same number of re-estimates as were actually made by the participant, within a 5 % interval. 

The version of the IIAB fitted in this thesis uses a maximum log likelihood function to 

calculate the best fitting value instead. If the model, in the first stage, finds that the observed 

count is indeed too unlikely given the critical value the model moves on to the second stage. 

If not, the estimate is not updated and kept the same as it was. 

In the second stage the model calculates if it believes there to have been a change in the true 

probability by checking if the posterior odds of there having been one is greater than some 

critical value. Gallistel et al. (2014) set this critical value equal to either 1, 2, 4 or 8. In the 

IIAB fitted on the participants in this experiment it was fixed to 1. If it is concluded that there 

has been a change, the relative frequency of one of the outcomes since the latest perceived 

change point is used to calculate the new estimate and a new change point is added to the 

sequence. If it is concluded that there has been no change, the posterior odds of the current 

estimate being incorrect are compared to the same critical value as was recently mentioned. If 

the posterior odds exceed the critical value the estimate is updated. If they do not, the model 

concludes that the last change point estimated was erronous and revises the last change-point 

and estimate; the model essentially changes its mind about when the last change in the 

underlying probability ocurred and decides on a new estimate given the observations since 

then. A complete review of the IIAB may be found in Gallistel et al. (2014). A response noise 
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error term identical to the one employed in the other two models was also supplemented to 

the original IIAB. 

3.2.3 The Comparison 

Maximum likelihood estimation was used to fit the free model parameters to the data, 

separately for each subject. The Akaike Information Criterion (AIC), a measure of goodness 

of fit of a model, was calculated for each model by subject. An overview of parameter 

estimates and AIC values is available in “Appendix C”. 

 

 

Figure 7: Two graphs displaying the responses of the subject in black, responses of 

the model in red and the true probability in green. Both models are undefined in the 

blind phase. 

Figure 7 shows the interpolated responses of one participant and one of the models. 

Participant 39 had the lower AIC out of the two numbers that constitute the median AIC for 

the group of individuals who were best described by the Sample model. Correspondingly, 

participant 29 hade the lower AIC out of the two numbers that constitute the median AIC for 

the group of individuals best described by the IIAB. The responses of these two participants 

Trial number 

Trial number 

Estimates made by participant 39 and the Sample model 

Estimates made by participant 29 and the IIAB model 
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were somewhat more varying than those predicted by the models, and no model showed a 

strikingly good fit. 

The Akaike weights (Wagenmakers & Farrell, 2004), the conditional probability of one 

model being true given the other models, for the Sample, Myopic and IIAB models were 

calculated by participant. For 52 participants the Sample model was the most probable out of 

the three tested, while for 8 participants it was the IIAB. The Myopic model was not the most 

probable for any participant. The evidence was, in all cases, clearly in favour of one model or 

the other. The dominating weight was in no case smaller than 0.96. See “Appendix F” for a 

table of weights by model and participant. 

3.3 The Explicit Extrapolation 

A participant’s manually drawn curve was coded as correct if it was of the correct class and 

the approximately correct amplitude, adequate if it might be believed to be intended to be of 

the same class and were of somewhat correct amplitude, and incorrect if it did not meet the 

conditions required to be correct or adequate. “The correct class” was defined as either a sine 

or linear function, depending on level of the IV. Thus, a drawing that was clearly showing a 

sine wave was coded as the correct class if the sine wave was the true functional form, and as 

intended to be of the same class if it resembled a sine wave but not clearly enough to be 

beyond reasonable doubt. If the final segment of the curve drawn differed from the rest of it 

in a striking manner it was assumed to refer to the pattern during the blind stage and was 

therefore disregarded during the coding. An example of this would be participant number 42 

who drew an approximate sine function that became linear and constant at the middle of the 

y-axis for the final third of the x-axis.  

Fifteen out of 60 participants answered that they believed that the probability of one of the 

outcomes to occur had been constant throughout the experiment. Seven participants drew 

correct curves, 15 participants drew adequate curves and 16 people drew incorrect curves. 

One participant provided a graph that would have been coded as correct had it been inverted. 

An additional 7 participants provided curves that clearly displayed a step-hold pattern. The 

coding was done by one individiual at one point in time. Thus, no inter-observer reliability 

measure was calculated. 
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4. Discussion 

The relative evidence for the Sample model was the strongest for a majority of participants, 

suggesting that stepwise perception of probability is not a property of the perception of non-

stationary Bernoulli probabilities in humans in general. For a smaller number of people the 

relative evidence was clearly in favour of the IIAB, suggesting that some people did perceive 

probability stepwise. The results of Estes (1984) were partially replicated, although a number 

of participants failed to explicitly report any pattern. No substantial extrapolation into the 

blind phase was recorded. There was no significant main effect of task on RMSE, which 

would indicate that there was no perception-cognition gap, in line with the results of Jarvstad 

(2012). See “Appendix A” for plots of the raw data. The general answers to the three main 

questions were thus: (i) the learning process was usually continuous, (ii) there was 

predominantly local learning and some people were explicitly, but not implicitly, aware of 

the underlying functional form, and (iii) there were some differences in performance between 

the perceptual and cognitive conditions. 

The results presented in this thesis are different from those of Ricci and Gallistel (2017). 

After having run both the Sample model and the IIAB-version used in this thesis on the 

original data from their paper it can be concluded that the IIAB had the better fit for eight out 

of their nine participants. Please refer to “Appendix E” for plots. Their paper spells out 

several challenges facing models that assume that individuals update their estimate trial by 

trial. One of these, what assumption trial by trial models want to make in order to explain the 

stepwise updating, would depend on this step hold behaviour being observed. That is not the 

case in the experiment performed for this thesis. Two of the other challenges that Ricci and 

Gallistel (2017) suggest relate to the assumption that some sequence of observed outcomes is 

stored in the memory of the participant. This assumption is clearly shared by the IIAB and 

the Sample model. The fact that some participants were able to explicitly state the pattern 

they observed in both Ricci and Gallistel’s (2017) experiment and the one performed for this 

thesis indicates that this is indeed the case. It does not necessarily imply that such information 

is used to generate the estimate, though, but rather that such an explanation is not impossible. 

As Figure 4 indicates average RMSE increased for participants in the full amplitude sine and 

negative linear function groups following the commencement of the blind phase. This might 

be believed to have been the variation driving the main effect of block of trials on RMSE, as 

the second ANOVA, which excluded the blind phase, did not find such an effect. Also 
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visually noticeable is the fact that this increase was greater for the average participant in the 

full amplitude sine and negative linear functional form, which might be the variation driving 

the interaction effect of block of trials and functional form which was observed regardless of 

whether the blind phase was included or not.  

Jarvstad (2012) conjectures that the lack of feedback in classic decision making experiment 

paradigms might be causing some portion of the supposed perception-cognition gap. In this 

experiment, the removal of feedback did coincide with a decidedly decreased performance 

for two out of three functional forms, regardless of task. 

Mean RMSE was significantly higher for the full amplitude sine group than the half 

amplitude sine group, which would suggest that they found the first function more 

challenging. When the blind phase is excluded from the analysis, this effect is no longer 

significant, albeit the direction of the effect is unreversed. Not finding that the full amplitude 

sine was easier for participants than the half amplitude version is somewhat surprising as 

more extreme peaks and throughs should be reflected in the sequences of outcomes observed 

by participants, and thus provide clearer evidence. However, if participants were consistently 

unsure and therefore tended to give close to undecided estimates this would cause a better 

average fit to a function that deviated less from perfect undecidedness.  

Merely observing the results of the first ANOVA would suggest that there is no learning. 

Instead, participants seem to get worse at the task as trials go by. This is rejected by the 

second, no-blind phase ANOVA which instead supports the notion of a lack of effect. 

Observing Figure 3, however, one might conclude that participants to some degree do, on 

average, follow the underlying pattern. One possible explanation of these facts is that the 

learning is local within 50 trials and that the repeated measure of blocks of 50 trials is not fine 

grained enough to allow one to observe this effect. 

In line with the results of Estes (1984) a number of participants managed to report functional 

forms that might credibly be believed to be intended to approximate the true changes. This 

extrapolation is, however, not evident from observing Figures 3 and 4. There is at this point a 

need for dinstinguishing between extrapolating retrospectively and actually assuming that any 

extrapolated trend should continue. Participants might well have been aware of whatever 

trend there was but assumed that the brief pause caused by the second instructions screen 

indicated the beginning of a new trend.  
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There was no significant main effect of task on RMSE regardless of whether the blind phase 

was included in the analysis, suggesting that no perception-cognition gap existed for this task, 

which would be in line with the conclusions of Jarvstad (2012). This is contradicted by the 

significant interaction effects of task and functional form. One possible explanation of this 

concerns prior information employed by participants. If a task is framed as a prediction game 

for the stock market any belief about real world market trends might be infered to be mirrored 

by the task. The fact that the framing is unrelated to the underlying pattern is obviously not 

known by anyone but the experimenter. If such an inference of trends differs between the two 

conditions this might cause the differences in variance of means and RMSE that Figures 3, 4 

and 6 suggest there was. As is clear in “Appendix H”, a significant interaction effect of task 

and functional form on variance of estimates was observed, which provides some support for 

the notion of inference caused by framing having an effect on people’s behaviour. 

Paradoxically, the above suggested explanation of the cause of the interaction effect might 

also be viewed as an argument against the validity of the experiment. If the content of any 

prior information is of distinct importance to the results, it might suggest that both the tasks 

are of a cognitive nature, according to the rudimentary definition in section 1.4, as memory 

functions must be accessed for this to be true. In such a case, no claim regarding the existence 

of a perception-cognition gap may be made. Also, the fact that the perceptual variable was 

qualitative (green or blue) and the cognitive one was quantitative (up or down) might be 

believed to complicate the interpretation of the results. No estimation of the validity was 

performed during analysis, why no conclusive statement regarding it may be made. 

The fit of the IIAB was not as good as suggested by Gallistel et al. (2014) and Ricci and 

Gallistel (2017). Instead, a computationally simpler Sample model outperformed it in the 

majority of instances. Although the computations of the IIAB could possibly be believed to 

be more demanding for the brain than those of the Sample model, it might in some cases 

require a less extensive memory capacity in terms of stored outcomes. As the K associated 

with the sample model of some participants goes towards 400 it implies that those 

participants would store the full or near full set of outcomes in their memory. For others, this 

number is smaller and perhaps less testing in terms of memory capacity, in which cases it 

might not restrict the plausability of such a model being an accurate desciption of reality. 

However, the Sample model must not necessarily be memory capacity intensive. It can be 

reformalised as 
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𝐸𝑠𝑡𝑖𝑚𝑎𝑡𝑒 =
𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠 𝑚𝑎𝑑𝑒 − 1

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠 𝑚𝑎𝑑𝑒
×𝐿𝑎𝑠𝑡 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒

+
1

𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛𝑠 𝑚𝑎𝑑𝑒
×𝐿𝑎𝑠𝑡 𝑜𝑢𝑡𝑐𝑜𝑚𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑 

which would only require the retention of three variables; the number of observations made, 

the latest estimate made and the last outcome observed (which is one for the first outcome 

and zero for the complementary outcome). In light of this, high K versions of the Sample 

model might not be unrealistic. 

The Myopic model did not describe the behaviour of participants better than the alternative 

models in any instance. It might be believed that the true calculations made by the brain are 

of a more complicated nature. 

The statistical problems faced by the participant in the experiment performed for this thesis 

and that of Ricci and Gallistel (2017) are formally identical. As tasks, however, they are 

slightly different. Ricci and Gallistel (2017) allow participants to estimate the probability by 

moving a slider, which is done by pressing the arrowkeys. This is done at their discretion and 

is not required in order to proceed to the next trial. In the experiment performed for this thesis 

participants are forced to make a new estimate each and every trial. The step-hold behaviour 

observed by Ricci and Gallistel (2017), and the sample behaviour observed in this thesis, 

could thus possibly be artifacts of the experimental designs. It might be the case that the 

slider adjustment procedure incentivices people to re-estimate the probability stepwise by 

making it comparatively easier to keep ones estimate than to change it. The fact could also 

possibly be explained by individuals inferring that the true change is stepwise from a design 

which, as just mentioned, facilitates the estimation of such a pattern. Alternatively, 

exploration of how the scoring function works or an imperfect memory of where on the bar 

one clicked last might generate data that to a higher degree fits the Sample model. 

As noted earlier the experimenter took care to wear similar clothes for all experiment sessions 

in order to hold any effect of clothing on compliance constant. It has at a later stage come to 

the attention of the experimenter that the results of Harris et al. (1983) indicate that there 

would be no such effect in a laboratory setting, why it might not be believed to have 

influenced the results. Some participants received a version of the additional question where 

the word “green” was mistakenly replaced by “red” in the instructions. This should have had 
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no influence on their responses, however, as they were merely asked for the probability of a 

blue ball being drawn. 

The critical value in the second stage of the IIAB was fixed to one in the version of the model 

fitted in this thesis, which was lower than that of some participants in Gallistel et al. (2014). 

This would cause the model’s reestimation of when the last change point was to conclude that 

any point was a change point more often than would have been the case otherwise. As every 

trial was a true change point this has biased the model toward fitting the data better than it 

otherwise would have and may therefore not be believed to have favoured the Sample model. 

The sigmas estimated by the models might in some cases be believed to be unrealistically 

high. The high variance in these cases might be speculated to come from participants not 

fully understanding the task, not being highly motivated or finding it rather challenging. 

Putting a prior on what sigma values are plausible would perhaps yield a response noise 

function that more accurately describes the true noise levels.  

As participants were in fact instructed to maximise their scores, as opposed to minimising 

their RMSE, it would possibly have been a more fitting dependent variable for the analysis. 

The extent to which the results would have differed following a change of dependent variable 

is not clear, and future analyses might attempt such a comparison in order to validate or cast 

doubt on the conclusions arrived on in this thesis. A comparison was not included in this 

thesis due to time constraints. 

As noted in the introduction, theorists have suggested that risk-taking is influenced by an 

interaction between feelings and cognitive assessments of probabilities. Positive feelings 

would have a negative effect on risk-taking which, as there is some evidence of a positive 

correlation between job performance and positive emotions (Wright & Cropanzano, 2000), 

might indicate that the results of Ammann and Verhofen (2007) can not be explained by 

feelings. It could be the case that a negative effect of feelings on risk-taking is dominated by 

a positive cognitive effect, though, but if the results of Wright and Cropanzano (2000) are 

accurate representations of the true state of the world further evidence for and understanding 

of the FIH might be conjectured to come from the study of cognition rather than emotion. 

The timescale of the task performed in this experiment is clearly different from that of a real 

life financial cycle, which can have a period of many years. It is therefore important to 

inspect the theoretical contributions of Bhattacharya et al. (2011) and Branch and Evans 
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(2011). Although there are clear differences between the models assumed in these papers, the 

IIAB and the Sample model, one important conclusion might be arrived upon. It is 

theoretically possible for short run decision making which takes short run feedback into 

account to generate long run stochastically driven volatility. The existence and size of such a 

“Minskyite” effect on real world market behaviour is not addressed or fit to be addressed by 

the kind of laboratory experiment performed for this thesis.  

As previously mentioned, both the IIAB and the Sample model demand some form of 

memory function that retains observations. No research is as of yet available that explains 

how such retention would work in light of current theories on Short Term Memory (STM) 

and Long Term Memory (LTM). Lindskog and Winman (2014) have, as mentioned earlier, 

suggested that participants store a subset of the observations in the LTM out of which a 

sample is retrieved and processed to generate descriptive statistics. It is not clear how this 

account would relate to the perception of non-stationary probability, but if true it does 

suggest a significant LTM capacity that might allow high K, non-reformalised Sample 

models to be used. Investigating the effects of interchangeably blocking the use of STM and 

working memory as well as the encoding into LTM might allow researchers to discern which 

cognitive functions are operating when and what the cognitive limits of probability 

perception are, narrowing down the set of possible models. 

Future studies might also adress the observed interaction effects of task and functional form 

by replicating the design of this experiment with the addition of the collection of data on, or 

control of, the content of the prior information associated with each condition by subject. 

It is not clear to what extent any decreased performance in the blind phase was caused by loss 

of interest associated with entering a phase of decreased stimulation. The results could also 

be explained by participants inferring that the phase-change also indicated a change in the 

functional form. These possibilities might be investigated in coming studies by clearly 

communicating that whatever trend there was will continue and by increasing the intensity of 

the stimulation provided by the task. 

Out of said set of possible models this thesis has merely adressed a choice three. It has in no 

way provided evidence to suggest that any of those is, or even shares features with, the most 

accurate model possible. No measure of explained variance or its equivalent was calculated, 

but Figure 7 indicates rather poor fits for participants at or below the median AIC. It has, 

however, provided some results that suggest that there are issues facing the claim that the 



   
 

  29 
 

IIAB accurately represents the cognition of probability perception. Further studies of this not 

well researched topic are needed in order to understand why the IIAB is the less accurate 

model under the experimental regime of this thesis and to what degree this is caused by 

shortcomings of the IIAB, experimental design or errors on part of the experimenter. In a first 

stage, a replication of both this study and Ricci and Gallistel (2017) by the same laboratory 

might allow conclusions regarding if these results are independent of the experimenter and 

thus artifacts of any differences in the two versions of the task presented to participants. 

A complete model of the perception of probability must apply to any atomic, and possibly non-

atomic, probability space as opposed to merely Bernoulli trials, where the sample space is always 

equal to two. At this stage, no proposal of such a model is within ready reach. In order for there 

to be applied science there must first be science to apply. A well validated theory of 

probability perception would see numerous possible uses in macroeconomics, of which the 

further development of the FIH is merely one, allowing regulators and institutions to more 

efficiently meet the goals set by the voting public. When gone to sea, making use of the 

winds and waves, and guarding against their dangers, requires not merely a captain but a 

comprehensive theory of captaincy. 
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Appendix A 

This appendix consists of the plotted estimated probability of one of the outcomes and the 

true probability for each trial by participant.  
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Appendix B 

The mixed threeway repeated measure ANOVA on RMSE with the blind phase included. 

Dependent variable: RMSE 

Mauchly’s Test of Sphericity 

     Epsilon 

Within Subjects 

Effect 

Mauchly's 

W 

Approx. 

Chi-

Square df Sig. 

Greenhouse-

Geisser 

Huynh-

Feldt 

Lower-

bound 

Blocks_of_trials ,006 261,544 44 ,000 ,458 ,547 ,111 

 
Dependent variable: RMSE 

Tests of Within Subject Effects 

Source Type III 

Sum of 

Squares 

df Mean 

Square 

F P-

value 

Partial 

Eta2 

Block of 

trials 

Sphericity 

Assumed 
,791 9 ,088 15,610 ,000 ,224 

Greenhouse-

Geisser 
,791 4,125 ,192 15,610 ,000 ,224 

Huynh-Feldt ,791 4,922 ,161 15,610 ,000 ,224 

Lower-

bound 
,791 1,000 ,791 15,610 ,000 ,224 

Block of 

trials * 

Task 

Sphericity 

Assumed 
,055 9 ,006 1,080 ,376 ,020 

Greenhouse-

Geisser 
,055 4,125 ,013 1,080 ,368 ,020 

Huynh-Feldt ,055 4,922 ,011 1,080 ,372 ,020 

Lower-

bound 
,055 1,000 ,055 1,080 ,303 ,020 

Block of 

trials * 

Functional 

form 

Sphericity 

Assumed 
,860 18 ,048 8,486 ,000 ,239 

Greenhouse-

Geisser 
,860 8,250 ,104 8,486 ,000 ,239 

Huynh-Feldt ,860 9,845 ,087 8,486 ,000 ,239 

Lower-

bound 
,860 2,000 ,430 8,486 ,001 ,239 

Block of 

trials * 

Task * 

Functional 

form 

Sphericity 

Assumed 
,129 18 ,007 1,277 ,197 ,045 

Greenhouse-

Geisser 
,129 8,250 ,016 1,277 ,255 ,045 

Huynh-Feldt ,129 9,845 ,013 1,277 ,244 ,045 

Lower-

bound 
,129 2,000 ,065 1,277 ,287 ,045 

Error 

(Block of 

trials) 

Sphericity 

Assumed 
2,737 486 ,006    

Greenhouse-

Geisser 
2,737 222,750 ,012    

Huynh-Feldt 2,737 265,805 ,010    
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Lower-

bound 
2,737 54,000 ,051    

 

 
Post Hoc Tests 

 
Tukey HSD 
Dependent variable: RMSE 

     

Multiple Comparisons 

     95 % Confidence Interval 

(I) 

Functional 

form 

(J) 

Functional 

form 

Mean 

Difference 

(I – J) 

Standard 

Error 

P-

value 

Lower 

Bound 

Upper 

Bound 

1 2 -,060075071* ,0232677114 ,033 -,116149881 -,004000261 

3 -,043952434 ,0232677114 ,152 -,100027244 ,012122376 

2 1 ,060075071* ,0232677114 ,033 ,004000261 ,116149881 

3 ,016122637 ,0232677114 ,769 -,039952173 ,072197447 

3 1 ,043952434 ,0232677114 ,152 -,012122376 ,100027244 

2 -,016122637 ,0232677114 ,769 -,072197447 ,039952173 

 
  

Dependent variable: RMSE 

Transformed Variable: Average 
  

Tests of Between Subjects Effects 

Source 

Type III 

Sum of 

Squares df 

Mean 

Square F P-value 

Intercept 43,878 1 43,878 810,477 ,000 

Task ,035 1 ,035 ,651 ,423 

Functional 

form 

,322 2 ,161 2,975 ,059 

Task * 

Functional 

form 

,369 2 ,184 3,404 ,041 

Error 2,923 54 ,054   

Based on observed means. 

 The error term is Mean Square (Error) = ,005. 

*Indicates significance at the .05 level. 
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Appendix C 

 

Subject 

number 
Myopic 

sigma 
Myopic 

AIC 
Sample 

K 
Sample 

sigma 
Sample 

AIC 
IIAB  
KL-

criterion 

IIAB 

sigma 
IIAB 

AIC 

1 0,487 561,4 302 0,081 -873,9 2,09 0,158 -339,2 

2 0,447 492,7 40 0,157 -343,9 2,46 0,167 -294,4 

3 0,461 516,9 21 0,348 294,5 2,05 0,354 307,8 

4 0,544 649,9 208 0,348 295,1 1,8 0,352 303 

5 0,46 516 400 0,119 -566 1,85 0,222 -63,3 

6 0,366 333,3 6 0,169 -283,6 1,77 0,279 117,1 

7 0,371 343,7 9 0,354 307,3 1,56 0,397 399,6 

8 0,518 611,4 104 0,291 151,6 2,2 0,283 130,1 

9 0,494 572,7 400 0,148 -391,2 2,47 0,197 -161 

10 0,49 567 75 0,213 -96,8 2,02 0,209 -113,3 

11 0,429 459,8 118 0,22 -72,1 1,91 0,298 170,5 

12 0,466 525,4 123 0,146 -399 2,41 0,163 -313,2 

13 0,597 724,3 400 0,254 43,9 2,22 0,328 246,6 

14 0,439 479,4 119 0,148 -388,9 1,99 0,269 87,4 

15 0,536 638 17 0,39 386,4 1,16 0,387 379,9 

16 0,474 540,6 212 0,202 -140,5 1,97 0,229 -39,8 

17 0,463 521,9 25 0,227 -46,6 2,1 0,234 -23,5 

18 0,345 285 4 0,273 100,6 2,11 0,321 230 

19 0,482 553,8 260 0,172 -267,6 1,95 0,169 -281,7 

20 0,501 584,6 400 0,164 -308,1 2,54 0,174 -259,6 

21 0,327 242,7 5 0,174 -259,5 1,78 0,284 130,9 

22 0,428 458,4 122 0,163 -311,9 2,14 0,24 -1,7 

23 0,508 595,4 195 0,104 -668 2,02 0,115 -589,2 

24 0,46 515,6 42 0,159 -331,3 2,14 0,172 -266,9 

25 0,454 504,8 108 0,122 -544,8 1,93 0,301 179,1 

26 0,478 546,4 312 0,098 -717,6 2,1 0,082 -864,2 

27 0,415 433,1 23 0,233 -27,2 1,92 0,241 0,1 

28 0,663 808,1 127 0,48 551,8 1,83 0,496 578,3 

29 0,474 540,3 56 0,203 -137,1 2,2 0,199 -152,7 

30 0,446 492,1 120 0,134 -466,5 1,92 0,246 17,2 

31 0,439 479,1 50 0,201 -145,8 2,04 0,207 -119,9 

32 0,507 594,3 119 0,416 438,4 2,08 0,455 510 

33 0,514 604 400 0,145 -404,1 2,03 0,217 -82 

34 0,445 488,8 78 0,384 372,5 1,54 0,387 379,3 

35 0,445 489,5 117 0,161 -321,6 2,13 0,302 180,5 

37 0,384 371,9 6 0,204 -130,7 1,77 0,287 140,5 

38 0,459 514,9 16 0,237 -12,8 2,04 0,254 43,1 

39 0,497 578,5 138 0,197 -160,6 2,31 0,231 -34,6 

40 0,484 556,1 42 0,151 -374,9 1,94 0,175 -253,8 

41 0,382 368,1 124 0,205 -129,4 2,02 0,256 47,7 

42 0,465 524,6 309 0,138 -445,4 1,97 0,215 -91 

43 0,448 494,5 24 0,14 -431,4 2,38 0,167 -290,3 

44 0,345 286,9 10 0,157 -342,3 1,96 0,209 -112 

45 0,579 700 103 0,293 156,5 1,96 0,312 207,5 

46 0,435 471,1 84 0,307 194,5 2,04 0,304 187,5 

47 0,324 235,6 4 0,252 35,8 2,02 0,339 274,9 

48 0,485 558,6 129 0,181 -226,9 2,24 0,216 -86,2 

49 0,34 272,4 6 0,2 -148,3 1,92 0,269 89,4 

50 0,498 579,7 6 0,333 259,1 1,41 0,36 321,3 

51 0,516 607,1 209 0,155 -350,1 2,73 0,148 -387,3 

52 0,439 478,8 222 0,204 -132,8 1,87 0,27 90,8 
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53 0,552 661,9 40 0,318 223,4 1,8 0,325 238,9 

54 0,377 355,7 10 0,213 -99,2 1,15 0,224 -57,9 

55 0,413 429,7 118 0,167 -294,1 1,82 0,291 151,2 

56 0,408 419,4 27 0,246 18,3 1,93 0,268 86,1 

57 0,456 509,4 116 0,142 -421,2 1,97 0,19 -190,6 

58 0,514 604,4 218 0,304 186,8 2 0,328 246,4 

59 0,425 453,4 144 0,109 -632,4 2,39 0,121 -552,5 

60 0,293 155,2 4 0,182 -222,7 2,02 0,294 159 

61 0,35 297,3 3 0,22 -71,5 1,92 0,269 87,5 
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Appendix D 

In the Sample model, the probability of observing subject response rt on trial t is 

𝑝(𝑟𝑡|𝒄) =
𝟏

√𝟐𝝅𝝈𝒓𝒆𝒔𝒑𝒐𝒏𝒔𝒆
𝟐

𝒆
−

(
𝟏

𝑲∗ ∑ 𝒄𝒕−𝒊−𝒓𝒕
𝑲∗

𝒊=𝟏 )
𝟐

𝟐𝝈𝒓𝒆𝒔𝒑𝒐𝒏𝒔𝒆
𝟐

 

where c1, …, ct-1 are the previously observed outcomes, K is the size of the sample used to 

make the estimate, σresponse is the width of the response noise distribution, and K* is the 

minimum of K and t. 

The maximum likelihood estimates of K and σresponse are given by 

𝑎𝑟𝑔𝑚𝑎𝑥

𝐾, 𝜎
[𝑝(�̅�|𝒄)] =

𝑎𝑟𝑔𝑚𝑎𝑥

𝐾, 𝜎
[log 𝑝(𝑟|𝒄)] =

𝑎𝑟𝑔𝑚𝑎𝑥

𝐾, 𝜎
[𝑙𝑜𝑔 ∏ 𝑝(𝑟𝑡|𝒄𝒕)

400

𝑡=1

]

=
𝑎𝑟𝑔𝑚𝑎𝑥

𝐾, 𝜎
[∑ 𝑙𝑜𝑔

400

𝑡=1

 𝑝(𝑟𝑡|𝒄𝒕)]

=
𝑎𝑟𝑔𝑚𝑎𝑥

𝐾, 𝜎
[∑ 𝑙𝑜𝑔

400

𝑡=1

1

√2𝜋𝜎𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒
2

𝑒
−

(
1

𝐾∗ ∑ 𝑐𝑡−1−𝑟𝑡
𝐾∗

𝑖=1 )
2

2𝜎𝑟𝑒𝑠𝑝𝑜𝑛𝑠𝑒
2

] 
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Appendix E 

 Periodic condition 

 

 Aperiodic condition 

 

 Plots of the log likelihood of the observations given that the Sample model is true 

minus the log likelihood of the observations given that the IIAB is true. Thus, the more 

negative the score the stronger the relative evidence for the IIAB. Please note that these are 

calculated on the original data of Ricci and Gallistel (2017) and with the version of the IIAB 

employed in this thesis. 
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Appendix F 

AIC Weights by subject 
Subject 

number 

Myopic 

Weight 

Sample 

Weight 

IIAB 

Weight 

Subject 

Number 

contd. 

Myopic 

Weight 

contd. 

Sample 

Weight 

contd. 

IIAB 

Weight 

contd. 

1 0.0000 1.0000 0.0000 31 0.0000 1.0000 0.0000 

2 0.0000 1.0000 0.0000 32 0.0000 1.0000 0.0000 

3 0.0000 0.9987 0.0013 33 0.0000 1.0000 0.0000 

4 0.0000 0.9811 0.0189 34 0.0000 0.9686 0.0314 

5 0.0000 1.0000 0.0000 35 0.0000 1.0000 0.0000 

6 0.0000 1.0000 0.0000 37 0.0000 1.0000 0.0000 

7 0.0000 1.0000 0.0000 38 0.0000 1.0000 0.0000 

8 0.0000 0.0000 1.0000 39 0.0000 1.0000 0.0000 

9 0.0000 1.0000 0.0000 40 0.0000 1.0000 0.0000 

10 0.0000 0.0003 0.9997 41 0.0000 1.0000 0.0000 

11 0.0000 1.0000 0.0000 42 0.0000 1.0000 0.0000 

12 0.0000 1.0000 0.0000 43 0.0000 1.0000 0.0000 

13 0.0000 1.0000 0.0000 44 0.0000 1.0000 0.0000 

14 0.0000 1.0000 0.0000 45 0.0000 1.0000 0.0000 

15 0.0000 0.0377 0.9623 46 0.0000 0.0285 0.9715 

16 0.0000 1.0000 0.0000 47 0.0000 1.0000 0.0000 

17 0.0000 1.0000 0.0000 48 0.0000 1.0000 0.0000 

18 0.0000 1.0000 0.0000 49 0.0000 1.0000 0.0000 

19 0.0000 0.0009 0.9991 50 0.0000 1.0000 0.0000 

20 0.0000 1.0000 0.0000 51 0.0000 0.0000 1.0000 

21 0.0000 1.0000 0.0000 52 0.0000 1.0000 0.0000 

22 0.0000 1.0000 0.0000 53 0.0000 0.9996 0.0004 

23 0.0000 1.0000 0.0000 54 0.0000 1.0000 0.0000 

24 0.0000 1.0000 0.0000 55 0.0000 1.0000 0.0000 

25 0.0000 1.0000 0.0000 56 0.0000 1.0000 0.0000 

26 0.0000 0.0000 1.0000 57 0.0000 1.0000 0.0000 

27 0.0000 1.0000 0.0000 58 0.0000 1.0000 0.0000 

28 0.0000 1.0000 0.0000 59 0.0000 1.0000 0.0000 

29 0.0000 0.0004 0.9996 60 0.0000 1.0000 0.0000 

30 0.0000 1.0000 0.0000 61 0.0000 1.0000 0.0000 
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Appendix G 

The mixed threeway repeated measure ANOVA on RMSE with the blind phase removed. 

Dependent variable: RMSE 

Mauchly’s Test of Sphericity 

     Epsilon 

Within Subjects 

Effect 

Mauchly's 

W 

Approx. 

Chi-

Square df Sig. 

Greenhouse-

Geisser 

Huynh-

Feldt 

Lower-

bound 

Blocks_of_trials ,022 197,250 27 ,000 ,426 ,495 ,143 

 
Dependent variable: RMSE 

Tests of Within Subject Effects 

Source Type III 

Sum of 

Squares 

df Mean 

Square 

F P-

value 

Partial 

Eta2 

Block of 

trials 

Sphericity 

Assumed 
,010 7 ,001 ,753 ,627 ,014 

Greenhouse-

Geisser 
,010 2,980 ,003 ,753 ,521 ,014 

Huynh-Feldt ,010 3,465 ,003 ,753 ,540 ,014 

Lower-

bound 
,010 1,000 ,010 ,753 ,389 ,014 

Block of 

trials * 

Task 

Sphericity 

Assumed 
,018 7 ,003 1,335 ,232 ,024 

Greenhouse-

Geisser 
,018 2,980 ,006 1,335 ,265 ,024 

Huynh-Feldt ,018 3,465 ,005 1,335 ,262 ,024 

Lower-

bound 
,018 1,000 ,018 1,335 ,253 ,024 

Block of 

trials * 

Functional 

form 

Sphericity 

Assumed 
,059 14 ,004 2,233 ,006 ,076 

Greenhouse-

Geisser 
,059 5,960 ,010 2,233 ,043 ,076 

Huynh-Feldt ,059 6,931 ,008 2,233 ,034 ,076 

Lower-

bound 
,059 2,000 ,029 2,233 ,117 ,076 

Block of 

trials * 

Task * 

Functional 

form 

Sphericity 

Assumed 
,037 14 ,003 1,428 ,137 ,050 

Greenhouse-

Geisser 
,037 5,960 ,006 1,428 ,207 ,050 

Huynh-Feldt ,037 6,931 ,005 1,428 ,197 ,050 

Lower-

bound 
,037 2,000 ,019 1,428 ,249 ,050 

Error 

(Block of 

trials) 

Sphericity 

Assumed 
,709 378 ,002 

   

Greenhouse-

Geisser 
,709 160,919 ,004    
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Huynh-Feldt ,709 187,125 ,004    

Lower-

bound 
,709 54,000 ,013 

   

 

 

 

Post Hoc Tests 

 
Tukey HSD 
Dependent variable: RMSE 

     

Multiple Comparisons 

     95 % Confidence Interval 

(I) 

Functional 

form 

(J) 

Functional 

form 

Mean 

Difference (I 

– J) 

Standard 

Error 

P-

value 

Lower 

Bound 

Upper 

Bound 

1 2 -,01427103050 ,01430465390 ,582 -,04874501640 ,0202029554 

3 -,00597741230 ,01430465390 ,908 -,04045139820 ,0284965736 

2 1 ,01427103050 ,01430465390 ,582 -,02020295540 ,0487450164 

3 ,00829361820 ,01430465390 ,831 -,02618036770 ,0427676041 

3 1 ,00597741230 ,01430465390 ,908 -,02849657360 ,0404513982 

2 -,00829361820 ,01430465390 ,831 -,04276760410 ,0261803677 

 

Dependent variable: RMSE 

Transformed Variable: Average 
  

Tests of Between Subjects Effects 

Source 

Type III 

Sum of 

Squares df 

Mean 

Square F P-value 

Intercept 2,705 1 2,705 165,256 ,000 

Task ,013 1 ,013 ,767 ,385 

Functional 

form 

,013 2 ,007 ,401 ,672 

Task * 

Functional 

form 

,105 2 ,053 3,215 ,048 

Error ,884 54 ,016   

Based on observed means. 

 The error term is Mean Square (Error) = ,005. 

*Indicates significance at the .05 level. 
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Appendix H 

The mixed threeway repeated measure ANOVA on variance with the blind phase removed. 

Dependent variable: Variance 

Mauchly’s Test of Sphericity 

     Epsilon 

Within Subjects 

Effect 

Mauchly's 

W 

Approx. 

Chi-

Square df Sig. 

Greenhouse-

Geisser 

Huynh-

Feldt 

Lower-

bound 

Blocks_of_trials ,076 132,694 27 ,000 ,539 ,638 ,143 

 
Dependent variable: Variance 

Tests of Within Subject Effects 

Source Type III 

Sum of 

Squares 

df Mean 

Square 

F P-

value 

Partial 

Eta2 

Block of 

trials 

Sphericity 

Assumed 
,005 7 ,001 ,578 ,774 ,011 

Greenhouse-

Geisser 
,005 3,771 ,001 ,578 ,669 ,011 

Huynh-Feldt ,005 4,464 ,001 ,578 ,698 ,011 

Lower-

bound 
,005 1,000 ,005 ,578 ,451 ,011 

Block of 

trials * 

Task 

Sphericity 

Assumed 
,013 7 ,002 1,594 ,136 ,029 

Greenhouse-

Geisser 
,013 3,771 ,004 1,594 ,181 ,029 

Huynh-Feldt ,013 4,464 ,003 1,594 ,170 ,029 

Lower-

bound 
,013 1,000 ,013 1,594 ,212 ,029 

Block of 

trials * 

Functional 

form 

Sphericity 

Assumed 
,046 14 ,003 2,758 ,001 ,093 

Greenhouse-

Geisser 
,046 7,541 ,006 2,758 ,008 ,093 

Huynh-Feldt ,046 8,929 ,005 2,758 ,004 ,093 

Lower-

bound 
,046 2,000 ,023 2,758 ,072 ,093 

Block of 

trials * 

Task * 

Functional 

form 

Sphericity 

Assumed 
,011 14 ,001 ,683 ,791 ,025 

Greenhouse-

Geisser 
,011 7,541 ,002 ,683 ,697 ,025 

Huynh-Feldt ,011 8,929 ,001 ,683 ,723 ,025 

Lower-

bound 
,011 2,000 ,006 ,683 ,509 ,025 

Error 

(Block of 

trials) 

Sphericity 

Assumed 
,452 378 ,001    

Greenhouse-

Geisser 
,452 203,615 ,002    
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Huynh-Feldt ,452 241,073 ,002    

Lower-

bound 
,452 54,000 ,008 

   

Dependent variable: Variance 

Transformed Variable: Average 
  

Tests of Between Subjects Effects 

Source 

Type III 

Sum of 

Squares df 

Mean 

Square F P-value 

Intercept 1,187 1 1,187 77,115 ,000 

Task ,014 1 ,014 ,899 ,347 

Functional 

form 

,003 2 ,001 ,089 ,915 

Task * 

Functional 

form 

,148 2 ,074 4,825 ,012 

Error ,831 54 ,015   

 

 
Post Hoc Tests 

 
Tukey HSD 
Dependent variable: Variance 

     

Multiple Comparisons 

     95 % Confidence Interval 

(I) 

Functional 

form 

(J) 

Functional 

form 

Mean 

Difference (I 

– J) 

Standard 

Error 

P-

value 

Lower 

Bound 

Upper 

Bound 

1 2 -,0096 ,01387 ,767 -,0431 ,0238 

3 -,0082 ,01387 ,827 -,0416 ,0253 

2 1 ,0096 ,01387 ,767 -,0238 ,0431 

3 ,0015 ,01387 ,994 -,0319 ,0349 

3 1 ,0082 ,01387 ,827 -,0253 ,0416 

2 -,0015 ,01387 ,994 -,0349 ,0319 

 

 

 

Based on observed means. 

 The error term is Mean Square (Error) = ,005. 

*Indicates significance at the .05 level. 


