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Abstract

All mechanical systems exhibit vibrational response when exposed to exter-
nal disturbances. In many engineering applications vibrations are undesir-
able and may even have harmful effects. Therefore, control of mechanical
vibration is an important topic and extensive research has been going on in
the field over the years.

In active control of vibration, the ability to actuate the system in a controlled
manner is incorporated into the structure. Sensors are used to measure the
vibrations and secondary inputs to the system are used to actuate the flexible
body in order to obtain some desired structural response.

In this thesis, feedback and feedforward control of active structures are ad-
dressed. The thesis is divided into four parts. The first part contains a
general introduction to the subject of active vibration control and also pro-
vides an outline of the thesis.

The second part of the thesis treats modeling and feedback control of a beam
system with strain sensors and piezoelectric actuators. Physical modeling
and system identification techniques are utilized in order to obtain a low
order parametric model that is suitable for controller design.

The third part introduces the concept of a mechanical wave diode, which
is based on feedforward control. A controller is derived on the basis of
equations that describe elastic waves in bars. The obtained controller is
shown to have poor noise properties and is therefore modified and further
analyzed.

The final part of the thesis treats the same type of wave diode system as
part three, but with more general feedforward filters. Especially, a controller
based on Wiener filter theory is derived and shown to drastically improve
the performance of the mechanical wave diode.
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1 Introduction

The presence of vibration is an important problem in many engineering ap-
plications. Traditionally, various passive techniques have been utilized to
mitigate such problems. Examples include adding mass and damping in
order to reduce structural vibration [29]. Passive techniques are, however,
difficult to apply in the low frequency region [15]. Furthermore, in many
applications it is desirable to keep the weight as low as possible, which can
make passive solutions unattractive [3]. In fact, it is a growing trend in
manufacturing of engineering systems to reduce the weight of mechanical
structures. This is particularly so in spacecraft and aircraft engineering,
where it is possible to substantially decrease costs by use of lighter materi-
als and/or weaker structures [32]. However, this will in turn lead to even
more flexible structural dynamics which may limit the performance of the
structure. Other applications that can be mentioned are vibration control
in cars [34], telescopes [38], marine applications [7, 11] and helicopters [36].

All mechanical systems exhibit vibrational response when exposed to distur-
bances. In order to modify the system dynamics in a desired way, one may
use secondary inputs to the system. This is performed in active vibration
control, or smart structures, where the ability to actuate the system in a
controlled manner is incorporated into the structure.

Modeling and control of active structures have received a lot of attention in
the past decades and there are several text-books on the subject, see e.g.

[32, 14, 38]. Active control of beam vibration has been the subject of intense
research. This is due to the fact that the beam is a fundamental element of
many engineering structures and that its characteristics are well understood
[6].

An active structure is a structure that is self-sensing and self-compensating.
Sensor measurements are fed to a controller (feedback, feedforward) which
manipulates the control variables that actuates the flexible body in order
to obtain some desired structural response. Thus, a way of transforming
electrical energy to mechanical energy and vice versa is needed [32].

Piezoelectric materials exhibit a significant deformation when an electric
field is applied and they produce an electric field when deformed. There-
fore, they can be used as both acting and sensing devices in smart structures.
The evolvement of materials science has resulted in the availability of inex-
pensive piezoelectric materials [18] and special interest has been devoted to
the ability of applying them in smart structures, see e.g. [15, 33, 18, 17, 35].
Strain gauges [46, 31] and accelerometers [35] are other sensors that are
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typically used to measure vibrations. Common devices used as actuators
are electromagnetic transducers [38, 13] and structures actuated by a mo-
tor attached to the flexible body, as for instance in control of flexible robot
manipulators [46, 31].

2 Modeling of Mechanical Structures

In order to design and analyze an active structure it is important to have
a good understanding of the vibration characteristics of the system under
consideration. An important task is therefore to construct some kind of
model for the actual system. This can be performed in various ways. The
most common approach is to utilize physical relations to obtain a mathemat-
ical model that describes the system. Recently, however, tools from system
identification [42, 22] have been employed in the design of active structures
[12, 27].

2.1 Physical Modeling

The theory of vibrations has attracted mathematicians, physicists and me-
chanical engineers for many years [30]. Often, the obtained models are
ordinary differential equations of one or several degrees of freedom; but not
seldom they are partial differential equations which means that the system
is of infinite order. An example of a simple mechanical system that can be
easily modeled by use of physical relations is shown in Figure 1.

Example 1. Physical modeling

Consider the single degree of freedom mass-spring-dashpot system in Figure
1. The deviation w from the rest position is modeled using Newton’s second
law of motion,

m
d2w

dt2
= −c

dw

dt
− kw + f(t),

where m, k and c are, respectively, the mass, the spring constant and the
damping coefficient. This is an example of viscous damping, where the force
is proportional the velocity. By use of Laplace transformation, the system
can be written in an input-output fashion,

W (s) =
1/m

s2 + c

m
s + k

m

F (s)
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k

c

m

f(t)

w

Figure 1: Mechanical system with a mass, a spring and a dashpot.

where W (s) and F (s) are the Laplace transforms of w(t) and f(t), respec-
tively. It assumed that the system is in rest position at time t = 0. �

Although very simple, the system in the example can be generalized to
arbitrary degree of freedom by interconnection of several such parts.

Structural modeling of vibrating beams and plates etc. are more complex
and requires partial differential equation descriptions. Then, the modal
analysis procedure is often employed to solve the equations [30, 32]. This
approach generates infinite order transfer functions of the form

G(s, r) =
∞

∑

k=1

φk(r)

s2 + ω2

k

(1)

where r is a spatial coordinate, φk(r) is a function of space and ωk are the
eigen (or natural) frequencies of the system. It is noticeable that in general,
the modal analysis procedure does not allow damping [30]. A term that
introduces a small damping is most often added to the denominator in an
ad hoc manner in a final step of the modeling.

For a model to be employed for simulations it must be of finite order. In
addition, for controller design purposes it is desirable to have a model of
quite low order. Therefore, (1) needs to be reduced in some way. The most
direct approach is to simply truncate the model and ignore all terms such
that k > M for some positive integer M . However, the truncation may
have an adverse effect on the low frequency dynamics since the reduced
order model will have incorrectly placed zeros. To overcome this issue, a
feed-through term can be added to the truncated model [32, 19].

Finite element modeling is a technique for spatial discretization of dis-
tributed parameter systems (such as beams and plates) which yields spa-
tially discrete models of very high order [30, 32]. The method has been used
for simulation and control of active structures [21].
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2.2 System Identification

In the field of system identification, dynamical models are constructed from
experimental data. Traditionally, system identification experiments are car-
ried out in the time domain. In the area of active structures most results
are, however, reported from frequency domain identification techniques [37].
The advantage of frequency domain identification is that a large amount
of time domain data can be compressed into a small amount of frequency
response data [26]. The frequency data can be obtained from e.g. stepped
sine excitation or Fourier transformation.

Often, lightly damped structures with several inputs and outputs are en-
countered. For such systems, subspace based frequency domain algorithms
have been successfully used [26, 45, 27]. These methods identify state-space
models by use of geometrical relations between the input and output data
and are well suited to describe high order multivariable systems.

Example 2. System identification

Let us return to the system in Example 1. Assume that we would like to
estimate the unknown parameters m, k and c. From an identification exper-
iment with F (ωk) as input, we have retrieved the noisy frequency domain
output data Y (ωk) = W (ωk) + ε(ωk) for M frequency points ω1 · · ·ωM . We
postulate the parametric model

G(s) =
b0

s2 + a1s + a2

and try to minimize the quadratic criterion

J =
M
∑

k=1

∥

∥

∥

∥

G(iωk) −
Y (ωk)

F (ωk)

∥

∥

∥

∥

2

,

with respect to a1, a2 and b0. This requires a nonlinear least squares search
procedure. For a subspace based approach, there is no need for a explicit
model parameterization. The only parameter needed is the model order. In
addition, there is no need for nonlinear optimization. �

3 Active Control of Mechanical Structures

In the literature, a variety of control strategies for active structures has been
reported. These strategies include both feedback and feedforward control.
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For feedback control, particular interest has been devoted to the design and
analysis of positive real (dissipative, passive) systems. This is an attractive
property that applies to e.g. beams with collocated actuator and sensor
pairs. If a dissipative system is controlled with a strictly positive real con-
troller the closed loop system will be guaranteed to be stable. This is a way
of avoiding instability due to spillover dynamics. Early work on such robust
control strategies include [24, 25] and more recently the text book [23].

Other control approaches that can be mentioned is spatial control, where
vibration is minimized over an entire structure [18]; and LQG and H∞

controller synthesis [35, 2, 40].

If disturbances are measurable, one alternative is to apply feedforward con-
trol. Early work reporting on feedforward control for damping vibration in-
clude [43, 39, 28]. Adaptive feedforward control strategies based on Widrow’s
least mean square algorithm have gained considerable popularity [9, 20, 10, 8].

Wiener filter theory has been used to construct ideal feedforward filters.
Typically, these are not causal and cannot be implemented but have been
used to derive some performance limitations for the designed systems, [9].

4 Outline of the Thesis

This thesis treats modeling and control of waves and vibration in mechanical
systems. Two main problems are considered; feedback control of flexural
waves in a beam and feedforward control of extensional waves in a bar.

4.1 Paper I

The paper concerns modeling and control of flexural waves in a viscoelastic
beam. The beam is relatively thin and equipped with a piezoelectric actu-
ator and a strain gauge. Under the assumption that the shear deformation
is negligible compared to the bending deformation, elastic beams can be
modeled using the Euler-Bernoulli beam equation [44],

∂2

∂ξ2

[

EI
∂2w(t, ξ)

∂ξ2

]

+ ρA
∂2w(t, ξ)

∂t2
= 0

where w(t, ξ) is the transversal displacement of the beam at time t and spa-
tial coordinate ξ; and E, I, ρ and A denote, respectively, Young’s modulus
of elasticity, moment of inertia, density and cross-sectional area of the beam.
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The Young’s modulus of elasticity is real valued and constant in the elastic
case but acts as a transfer function operator for viscoelastic materials. It is
denoted by the complex modulus in the mechanical engineering literature [5].
In addition, different parts of the beam have separate structural properties
due to the actuator material. Taking these issues into account makes the
modeling more difficult compared to previous modeling approaches, such as
e.g. [18, 17].

The modeling results in infinite dimensional frequency responses. In order to
perform model based controller design, system identification techniques are
employed for model reduction. Thus, a combination of physical modeling
and system identification is used to obtain a parametric model of relatively
low order. Finally, the system is controlled with a feedback controller which
is designed by use of LQG control theory.

4.2 Paper II

Paper II introduces the concept of a mechanical wave diode, which is de-
signed to control elastic extensional waves in mechanical networks. The sys-
tem is controlled using feedforward control with the purpose to fully reject
waves traveling in one direction of a bar and fully transmit waves traveling
in the opposite direction. The device is equipped with strain sensors to
measure disturbances and a piezoelectric actuator.

Elastic extensional waves in bars can be described by the partial differential
equation

E
∂2ε(t, ξ)

∂ξ2
− ρ

∂2ε(t, ξ)

∂t2
= 0,

where ε is the strain as a function of time and space. This equation is the
basis for the derivation of the mechanical wave diode. An ‘ideal’ feedforward
design is derived for the noise-free case; but is shown to have poor noise
properties. A modified feedforward design is proposed upon the basis of the
‘ideal’ design and analyzed for different disturbance scenarios.

4.3 Paper III

The third paper extends the results from Paper II with more general types of
feedforward design techniques. Especially, a Wiener feedforward controller
[41, 1] is derived and shown to improve the performance compared to the
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previous findings. Three different controller types are compared with respect
to output variance, control signal variance and signal model uncertainty.

5 Future Work

The results presented in this thesis rely on analytic results and computer
simulations. It would be valuable to perform real-life experiments to validate
the models and control strategies presented. There are several aspects of this
issue. For the beam system in Paper I for example, it would be interesting
to compare the computed transfer functions to experimental data. Then, it
would be possible to see how much is gained by using the detailed modeling
compared to less descriptive approaches. In addition, the controller should
be implemented and tested.

The optimality of the Wiener feedforward controller in Paper III is only
valid in the idealized situation that the models which describe the system
are true. Therefore, it would be of interest to test the performance of the
different feedforward structures on an experimental set-up.

Other ideas of coming research include:

• Due to the forgiving nature of the feedback mechanism [16], it is pos-
sible to use only approximative models for control design. Therefore,
one approach could be to use the modal analysis [32] procedure for
modeling of the viscoelastic beam, and employ the obtained model for
controller design. This can then be compared to what can be achieved
by use of the models in Paper I.

• The beam system in Paper I can be extended with several actuators
and sensors in order to improve the control effort and minimize vibra-
tion over the entire structure. Especially, the use of several actuators
would increase the complexity of the descriptive modeling approach
where the structural properties of the piezo-elements are taken into
account.

• Optimal sensor placement [4] can be used to improve the control of
flexible beams and can be an interesting topic for further research.

• In order to measure disturbances in the mechanical wave diode system,
a design with two sensor equipments is utilized. This is the minimum
number of sensors needed to separate waves traveling back and forth
in the bar. It would be interesting to investigate how much can be
gained by using a larger number of sensors.
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Modeling and Control of a Viscoelastic

Piezolaminated Beam

Peter Nauclér∗ Hans Norlander∗ Anders Jansson†

Torsten Söderström∗

Abstract

Modeling and control of a viscoelastic beam are considered. Piezo-
electrical elements are bonded to the beam and used as actuators.
The beam is also equipped with a strain gauge that serves as a sensing
device. The beam system is described by the Euler-Bernoulli beam
equation, which is Fourier transformed and numerically solved in the
frequency domain. Then, two different approaches are evaluated to ap-
proximate the infinite-dimensional system with a low order parametric
approximation. Finally, LQG control theory is applied to control both
strain and transversal vibrations. Especially, the control of the strain
shows promising results.

1 Introduction

The presence of vibrations is a common problem in mechanical structures,
particularly in flexible parts, for instance aircraft wings or robot arms. This
can be reduced by making such parts strong or heavy enough. For many
applications, e.g. in aircrafts and spacecrafts, it is desirable to keep the
weight as low as possible, which makes such solutions less suitable. Instead,
one would like to have a device which can perform active damping of the
vibrations without any substantial increase of the mass. In the case when
such a device is embedded in the structure it is often referred to as a smart
material or a smart structure [10].

∗
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†
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One way to design smart structures is to use piezoelectric elements that are
attached to the material. Piezoelectric elements exhibit a significant defor-
mation when an electric field is applied, and they produce an electric field
when deformed. Therefore they can be used as both actuators and sensors
in a smart structure. Using piezoelectric patches is a simple and cheap way
of integrating actuating and sensing devices in mechanical structures. Mod-
eling and control of simple flexible structures have received a lot of attention
in recent years; see for example [9], [8] and the references therein.

A popular setup is to use a steel beam that is simply supported at both ends.
Often the beam is equipped with collocated piezoelectric actuator-sensor
pairs which conveys that the tractable passivity property can be used for
controller design. This is utilized in [4], which employs the popular modal
analysis technique, or assumed modes approach, for describing the dynamics
of the system. In this method the orthogonality between vibration modes is
used to obtain transfer functions which have the form of infinite sums; each
term describing one vibrational mode. The sum is then truncated to obtain
a low order approximation of the infinite-dimensional system.

There are, however, a number of disadvantages related to the modal analy-
sis technique. First of all the method assumes pure elasticity which means
that no damping is present. This is most often compensated for by adding a
small damping term to each vibrational mode in an ad-hoc manner. In addi-
tion, the piezoelectric sensor/actuator is assumed not to affect the structural
properties of the beam. To take the piezoelectrical patches into account the
system gets a more complex structure and the modal analysis technique can
no longer be applied.

In this paper we present a procedure for how to model a viscoelastic beam
structure where the piezoelements are taken into account. Furthermore,
damping is included in the modeling phase by using a complex valued
Young’s modulus which was experimentally determined in [5]. Piezoelec-
trical patches are bonded to each side of the beam and used as actuators.
As a sensing device a strain gauge is attached to the beam. It consists of a
thin wire whose effect on the structural properties of the beam is negligible.
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Figure 1: An experimental setup of a viscoelastic beam with piezoelectric
patches (actuator) and a strain sensor.

2 Problem Formulation

Consider an experimental setup as in Figure 1. A viscoelastic beam is fixed
at one end and free at the other. The beam is divided into three sections
and piezoelectric patches are attached to the beam at its middle section. A
disturbance force f(t) enters at the tip of the beam, possibly as an impulse.
The beam is also equipped with one sensor that measures the strain, y(t) =
ε(t, ξ), at a spatial position ξ, that arises due to the impact of f(t). The
measured signal is corrupted with additive noise, e(t).

Our goal is to dampen the vibrations in the beam by applying a controller
that uses the strain measurements in a feedback loop. The control signal
u(t) is fed to the piezoelectric patches which are used as actuators. The
system can be schematically described as in the lower part of Figure 1. By
using the properties of linear systems, the output signal can be viewed as
a superposition of the strains caused by u(t) and f(t). The control signal
affects the output through the transfer function G(s), and the force con-
tributes through the transfer function H(s).
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Table 1: Properties of the beam and the piezoelement.
Description Value

Beam length [m] 0.59
Beam width [m] 0.01
Beam thickness [m] 0.002
Beam density [kg/m3] 1183
Piezo. length [m] 0.0318
Piezo. thickness [m] 0.00066
Piezo. density [kg/m3] 7878
Piezo. Young’s modulus [N/m2] 5.78 ×1010

Length of first section [m] 0.202

The vibrations in the beam are mathematically described by a partial dif-
ferential equation (PDE), which means that the system is of infinite order.
The piezoelectric patches are considerably stiffer than the rest of the beam.
This is a fact that is accounted for in the modeling. The strain sensor is,
however, very small and of negligible weight. It should thus not contribute
to the dynamics of the system. We aim at describing the infinite dimensional
system with a parametric model of finite order. This model should then be
a basis for model-based control. The properties of the beam are listed in
Table 1.

3 Modeling

Although the strain is measured, we first consider modeling of the transversal
deflection, w, at each section, k, of an elastic beam. At a spatial coordinate
ξ at time instance t the deviation can be described by the PDE

∂2

∂ξ2

[

EkIk

∂2wk(t, ξ)

∂ξ2

]

+ ρkAk

∂2wk(t, ξ)

∂t2
= 0 (1)

which is called the Euler-Bernoulli beam equation [11]. The quantities Ik,
Ak and ρk represent the moment of inertia of a cross-section area, cross-
section area and density, respectively. These parameters are assumed to
be time invariant and spatially constant for each section, k, of the beam.
The Young’s modulus of elasticity is denoted by Ek. In the pure elastic
case, this quantity is constant and real-valued for each section of the beam.
By Fourier transformation of (1) w.r.t. the temporal variable, the PDE is
transformed to a frequency dependent ordinary differential equation in the
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spatial domain, ξ

EkIk

d4WF

k
(ω, ξ)

dξ4
− ρkAkω

2WF

k (ω, ξ) = 0 (2)

where WF

k
(ω, ξ) is the Fourier transform of wk(t, ξ) and ω is the angular

frequency [rad/s]. In the sequel we will deal with both the Fourier transform
and the Laplace transform. To separate the two transforms the superscripts
F (Fourier) and L (Laplace) will be employed.

A viscoelastic beam exhibit the property that if the deformation is speci-
fied, the current stress depends on the entire deformation history. This is
described by a Young’s modulus that is frequency dependent and complex
valued [1]. Based on this, viscoelasticity can be introduced in a frequency
domain context by replacing Ek in (2) with Ek(ω). The frequency depen-
dent Young’s modulus was experimentally determined in [5]. To solve (2) a
number of boundary values and compatibility conditions are needed. The
(Fourier transformed) boundary values of the cantilever beam are

WF

1 (ω, 0) = DWF

1 (ω, 0) = D2WF

3 (ω, L) = 0

E3(ω)I3D
3WF

3 (ω, L) = FF (ω)

where D = d

dξ
is the differentiation operator. Furthermore the sections of

the beam are tied together by four compatibility conditions at each point
where two sections meet. For example, if sections k and k + 1 meet at the
spatial coordinate ξk the following must hold

WF

k (ω, ξk) = WF

k+1
(ω, ξk)

DWF

k (ω, ξk) = DWF

k+1
(ω, ξk)

MF

k (ω, ξk) = MF

k+1
(ω, ξk)

TF

k (ω, ξk) = TF

k+1
(ω, ξk)

where M and T are the bending moment and transversal force, respectively.

The disturbance force, FF (ω) = F [f(t)](ω), and the actuating voltage,
UF (ω) = F [u(t)](ω), are treated as input signals to the system. FF (ω)
enters through one of the boundary conditions and UF (ω) enters through
two of the compatibility conditions.

Using the above observations we replace Ek by Ek(ω) and solve (2). Its
characteristic equation now reads

r4

k − ω2
ρkAk

Ek(ω)Ik

= 0
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with the solution

rk,l = il
(

ω2
ρkAk

Ek(ω)Ik

)
1

4

, l = 1, . . . , 4

where i =
√
−1. The solution to (2) is readily written

WF

k (ω, ξ) = [eξrk,1 . . . eξrk,4 ][ck,1(ω) . . . ck,4(ω)]T

, RT

k (ω, ξ)Ck(ω) (3)

where ck,l(ω) are unknown parameters that are to be determined by using
the boundary values and compatibility conditions. Now, denote

C(ω) , [CT

1 (ω) CT

2 (ω) CT

3 (ω)]T ∈ R
12×1. (4)

Then, the following system of equations can be formed

A(ω)C(ω) = B1F
F (ω) + B2U

F (ω) (5)

where A(ω) ∈ C
12×12, B1 and B2 ∈ R

12×1 are completely determined by the
boundary values and compatibility conditions (i.e. fully known). The input
signals enters through the right hand side of the equation. Using (4) and
(5) we have

Ck(ω) = PkA
−1(ω)

(

B1F
F (ω) + B2U

F (ω)
)

(6)

where Pk ∈ R
4×12 is constructed such that PkC(ω) = Ck(ω). Finally, com-

bining (6) and (3) the frequency responses from the inputs to the transversal
deflection at the coordinate ξ is extracted

WF

k (ω, ξ) = RT

k (ω, ξ)PkA
−1(ω)B1F

F (ω)

+ RT

k (ω, ξ)PkA
−1(ω)B2U

F (ω)

, HF

w (ω, ξ)FF (ω) + GF

w(ω, ξ)UF (ω) (7)

The subscript w in the last line of (7) denotes that it is the frequency
response to the transversal deflection and not the strain as in Figure 1. To
obtain an expression for the strain, εk, as a function of frequency and space,
compatibility conditions are utilized [2]

Y F (ω) = εFk (ω, ξ) = −
hk

2
D2WF

k (ω, ξ) (8)

where hk is the height of the beam at section k. To find the frequency
responses HF (ω, ξ) and GF (ω, ξ), (8) is simply applied to (7), noting that
RT

k
is the only term depending on ξ.

Due to the complexity of A(ω) it is not possible to obtain a simple closed
form expression directly from the above equations. Instead HF (ω, ξ) and
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GF (ω, ξ) can be numerically computed for any frequency or spatial coor-
dinate. Typically, the spatial coordinate is held fixed and the frequency is
varied to obtain the frequency responses. Utilizing this, we drop the spa-
tial dependence and introduce the shortened notations HF (ω) and GF (ω).
Solving (7) directly is, however, not numerically sound. Instead, (5) is first
solved by means of an LU factorization and the result is put into (3) in a
second step. Finally, (8) is applied to get an expression for the strain.

It is most often desirable to have a parametric model of finite order that
describes the dynamics of a system; not the least if the model should be a
basis for model based control. In the following, two different strategies for
fitting parametric models to the frequency responses are evaluated.

3.1 An Ad-hoc Approach

The first approach is to realize the transfer functions as proper rational
functions in the Laplace domain, i.e.

ĤL(s, θH) =
BH(s)

A(s)
, ĜL(s, θG) =

BG(s)

A(s)

where A(s), BH(s) and BG(s) are polynomials of order na, nbH and nbG,
respectively. The parameter vector θH contains the coefficients of the un-
known polynomials A(s) and BH(s), i.e. θH = [a1 . . . ana b0 . . . bnbH

]T ;
whereas θG only contains the coefficients of BG(s). The reason for this con-
vention should soon be clear. To find θH we attempt to minimize a quadratic
criterion

V (θH) =
N

∑

k=1

∣

∣

∣
HF (ωk) − ĤL(iωk, θH)

∣

∣

∣

2

W (ωk) (9)

where N is the number of frequency points at which HF (ω) is computed
and W (ω) is a user chosen weighting function. To minimize V (θH) the
MATLAB function invfreqs is used. It applies a damped Gauss-Newton
iterative search algorithm [6]. Once acceptable estimates of A(s) and BH(s)
are obtained, A(s) is used when determining ĜL(s, θG) = BG(s)/A(s) in a
second step. This is performed by using the same type of loss function as in
(9). Since A(s) is now known this will be a linear problem which is solved by
using a standard weighted least squares procedure. It is then straightforward
to carry on and compute zero-polynomials for any sensor location along the
beam, using the pole polynomial from the first identification step.
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Figure 2: Magnitude plot of the numerically computed transfer function
HF (ω) (solid), the low order parametric approximation ĤL(iω, θ) (dashed)
and the error (dash-dotted).

Example 1. Now, this method is applied to the beam-system in Section
2. A collocated actuator-sensor configuration is used, i.e. the sensor is
attached on top of one of the actuators. Figure 2 shows the magnitude of the
numerically computed HF (ω) and its low order approximation ĤL(s, θH)
evaluated on the imaginary axis; i.e. s = iω. HF (ω) is used as frequency
domain data for the first identification step. In addition, the magnitude of
the error between the two frequency responses is depicted. The thick dash-
dotted line denotes an ideal low-pass filter which is used to delimit the part
of the frequency response that is utilized for the identification. The rational
transfer function ĤL(s, θ) has four zeros and six poles, that are fitted to the
data set.

The figure shows that a very good fit between the frequency response data
and the parametric model is obtained. �

The advantage of this simple method include that frequency weighting is
easily performed and that continuous time parametric models are directly
obtained. In addition, the method allows arbitrary spacing of the frequency
points. It is thus possible to use e.g. logarithmically spaced frequency
response data to get a natural weighting of the data. Nevertheless, there
are some disadvantages. The most obvious one is that only one data set is
used to identify the pole polynomial. This could be a real problem if pole-
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zero cancellation is hidden in the data set chosen for the first identification
step. It is also not obvious how to choose model orders and how to realize
the system in a state space representation; not the least if a large number
of outputs are used. Further, the numerical search procedure in the first
identification step is quite expensive computationally.

3.2 Subspace-based Identification

The subspace based algorithm is the algorithm denoted Algorithm 1 in the
paper [7]. It utilizes frequency response data from infinite-dimensional sys-
tems to identify MIMO state space models. The frequency response data
are restricted to be generated from equidistant frequency samples.

The method is based on estimating the impulse response coefficients by
using the inverse discrete Fourier transform on the frequency response data.
Then, the coefficients are used to construct a block Hankel matrix on which
a singular value decomposition (SVD) is performed. The sub-matrices from
the SVD that correspond to the most significant singular values are used to
construct the state space representation. In contrast to the ad-hoc approach
outlined in the previous section, this method estimates discrete-time models.
To convert the models to continuous-time the zero-order hold approach is
utilized.

Example 2. Now, the subspace-based approach is applied to find a low
order approximation of HF (ω) as in Example 1. Once again, the dashed-
dotted line denotes an ideal low pass filter which defines the part of the
frequency response that is used for the identification. In Figure 3 a state
space representation of order six is chosen.

The solid and dashed lines depict that a quite good fit between the para-
metric model and the frequency response data is obtained. However, the
dash-dotted line indicates that the high performance of the ad-hoc approach
is not attained. �

The advantage of this method is that frequency response data from all trans-
fer functions are used to estimate the low order parametric approximation
in a single step. The retrieved model is a MIMO state space representa-
tion, which is useful for controller design purposes. In addition, the singular
values of the Hankel matrix provide a tool for determining the order of
the representation. The disadvantage is primarily the lack of a frequency
weighting possibility.
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Figure 3: Magnitude plot of the numerically computed transfer function
HF (ω) (solid), the low order parametric approximation ĤL(iω, θ) (dashed)
and the error (dash-dotted). The parametric model is generated from the
subspace-based approach.

4 Controller Design

In order to apply controller design the system is realized in state space form

ẋ(t) = Ax(t) + Bu(t) + Nf(t)

z(t) = Mx(t) + D1u(t)

y(t) = Cx(t) + D2u(t)

ỹ(t) = y(t) + e(t) (10)

where y(t), z(t) and e(t) are the strain, transversal deflection and measure-
ment noise, respectively. The unit of the strain is [1] and the unit of the
transversal deflection is [m]. Although the strain is measured, z(t) = w(t, ξ)
is also modeled. The reason for this is that it may be desirable to control
the transversal deflection.

This section is divided into two parts. First, LQG-control theory is ap-
plied to control the strain. Thereafter, an attempt is made to control the
transversal deflection. For simplicity, the subspace-based approach is uti-
lized to model the beam system. This method directly yields a model of the
form (10).
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4.1 Control of the Strain

For controller design purposes the machinery of LQG control theory is uti-
lized, see e.g. [3]. A controller of the form

u(t) = −Lx̂(t)

˙̂x(t) = Ax̂(t) + Bu(t) + K(ỹ(t) − Cx̂(t) − D2u(t)) (11)

is then retrieved.

To find the controller, the following quadratic criterion is employed

J =

∫

∞

0

[qyy
2(t) + qzz

2(t) + u2(t)]dt (12)

with qy = 104 and qz = 0. When determining the Kalman gain, K, the
variance of the disturbance, R1, and the variance of the measurement noise,
R2, are treated as design variables. The values R1 = 5 · 107 and R2 = 1 are
chosen.

The system is simulated in MATLAB, with a small noise term added to
the measured signal. Figure 4 shows the time response, y(t), to an impulse
disturbance, f(t). The disturbance is of low-pass characteristics and has its
main power within the modeled part of the spectrum.

The figure shows that the disturbance is well damped if control action is
applied. To analyze stability due to unmodeled dynamics the Bode diagram
of the loop gain is drawn. Here, the numerically computed frequency re-
sponse GF (ω) is employed. It is performed by evaluating the controller (11)
for different frequencies and the result is multiplied with GF (ω). The Bode
plot of the loop gain is depicted in Figure 5. In addition, the sensitivity
function, S, and the complementary sensitivity function, T , are visualized
in the upper part of the figure.

In view of the figure it should be clear that the closed loop system is robust
against the ignored dynamics, since the high frequency content of GF (ω) is
well damped by the controller. The sensitivity function shows how sensitive

the closed loop system is to modeling errors. Thus, in frequency regions
where S is small the closed loop system is insensitive to modeling errors.
The figure shows that S is quite small in regions where HF (ω) is large.
Often, one would like to obtain S(0) ≈ 0 (integral action in the control
loop), in order to get rid of stationary errors. However, due to the nature of
the disturbance force (impulse), there is no need for integral action in the
control loop. The complementary sensitivity also has a reasonable behavior.



12 Peter Nauclér

0 1 2 3 4 5 6 7 8
−3

−2

−1

0

1

2

3

4

x 10
−5

Time [s]

S
tr

ai
n 

[1
]

Closed loop
Open loop

Figure 4: The time response of the strain. Closed loop (solid) and open loop
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4.2 Control of the Transversal Deflection

Now, the transversal deflection, z(t), is controlled. Still, the model (10) is
employed, i.e. the strain is measured. The parameters qy = 0, qz = 1 and
R1 = 106 are adjusted. The time response of the transversal deflection is
depicted in Figure 6.

Once again it is seen that the vibrations are nicely damped when control
action is applied. In the same fashion as previously the loop gain, S and
T are plotted for the new controller, see Figure 7. The Bode plot of the
loop gain shows that a very small phase margin is obtained. The sensitivity
function and the complementary sensitivity function also have a very un-
pleasant appearance. The result indicates that it is quite hard to control
the transversal deflection from strain measurements.
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5 Conclusions

In this paper, modeling and control of the vibrations in a viscoelastic beam
have been considered. For control purposes the beam is equipped with a
piezoelectrical actuator and a strain sensor. The aim has been to accurately
model the beam system by taking the structural properties of the piezo-
electrical actuator into account. In addition, viscoelasticity is introduced in
a frequency domain context by employing a frequency dependent Young’s
modulus of elasticity. The system is described by equations of infinite order
and two approaches for model reduction have been treated. Both methods
showed nice results.

Finally, LQG control theory was applied to the system. First the strain
was controlled with promising result. Then, the transversal deflection was
controlled by using the strain measurements in a feedback loop. Even though
the vibrations were well damped the Bode plot of the loop gain indicated
severe robustness problems.
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A Mechanical Wave Diode: Using Feedforward

Control for One-Way Transmission of Elastic

Extensional Waves

Peter Nauclér∗ Bengt Lundberg† Torsten Söderström∗

Abstract

This papers concerns the design and analysis of an active device
able of controlling mechanical waves. Its functionality is similar to
the diode in electrical networks and therefore it is referred to as a
mechanical wave diode. The aim is to block waves in one direction
in a mechanical structure, while not affecting waves travelling in the
opposite direction. The device is based on feedforward control and
the design is proposed on the basis of equations that describe elastic
extensional waves in bars.

We present an ideal feedforward design which performs perfectly in
the noise-free case. However, this design has poor noise properties
and is modified to be useful in a realistic scenario where measurement
noise is present. Theoretical analysis and computer simulations show
that the modified design is drastically less sensitive to such noise. We
also present a mechanical diode with a noise barrier and discuss the
implication of bandwidth limitation in the control loop.

1 Introduction

In different types of structures, waves and vibrations generated by machinery
or accidentally constitute an important engineering problem. Two aspects of
this problem are radiation of noise and failure due to fatigue. If a structure
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is partially built up of slender bar elements, disturbances may propagate
through such elements from the source to different parts of the structure
as extensional, torsional and flexural waves, [20, 15]. Even if the source
primarily generates only one type of wave, there will generally be secondary
generation of the other two types due to coupling of waves at joints, bends,
etc. in the structure. With regard to reduction of harmful effects, therefore,
no type of wave should generally be neglected. Clearly, however, measures
against one type of wave only, applied between a source of such waves and
the main structure, may significantly reduce the presence of all types of
waves and vibrations.

Traditionally, passive techniques have been used to reduce waves and vibra-
tions, and their effects. During the last decades, however, there has been
considerable interest in active techniques involving the use of sensor and
actuator arrays, [4, 18], wave analysers, wave synthesizers and control. The
control of extensional and torsional waves in elastic members is similar to
that of plane sound waves in ducts [29], as these waves are all governed by the
second-order wave equation. The control of flexural waves is more complex
as such waves are governed by a fourth-order partial differential equation,
implying the presence of evanescent waves and dispersion. The principles
of active control of waves and vibrations in structures are outlined in [11],
where numerous references are also given to work in the field.

There are many ways to design a controller [14]. When some disturbances
are measurable it is often an advantage to apply feedforward control. In
ideal cases, the effects of the disturbances can then be totally eliminated.
However, for this to happen it is necessary that the designer has a perfect
model of the system. Further, the ideal feedforward controller may turn out
to be noncausal or unstable, and therefore has to be approximated.

For feedback controllers, there are many design principles available, for ex-
ample [14, 13]. When there is limited knowledge of the system dynamics,
one alternative is to apply adaptive control, [2, 26]. Also here there are sev-
eral options. In signal processing and communications applications variants
of Widrow’s LMS (least mean squares) algorithm, [30, 31], used for FIR (fi-
nite impulse response) filter structures, have gained considerable popularity.
As FIR filters by construction are always asymptotically stable, the risks to
end up with an unstable controlled system are eliminated, even if the FIR
filter structure does not allow optimal rejection performance.

Early work reporting on feedforward control for damping vibrations includes
[29, 27, 24], while [23] focuses on feedback control. Feedforward control of
waves in a structural member signifies that the excitation by the primary
source of waves, isolated from the secondary excitation by the actuators,
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can be observed. This demands upstream sensors relative to the wave to
be controlled and also a detailed knowledge of the dynamic behaviour of
the structural member. Several papers report on successful designs of feed-
forward control to reduce transmission of vibrations in beams and plates.
Wiener filter theory has been used to first construct ideal feedforward filters.
Typically, these are not causal and cannot be implemented but have been
used to derive some performance limitations for the designed systems, [8].

Many ways to improve the slow convergence rate of the originally proposed
LMS algorithm have appeared in the literature. For adaptive feedforward
control of waves and vibrations, the filtered-x LMS and filtered-error LMS
algorithms have gained considerable popularity. Examples include [8, 7, 9,
16].

Fuller et al, [12], seem to be among first to implement adaptive feedback
control to both extensional and flexural sinusoidal waves in bars. Similar
work, but with control of bending in two planes, was carried out in [6, 3]
and [10].

Further studies deal with the effect of sensor locations, [1, 25], extensions
to multivariate cases, [7, 18], extensions to control of 2D or 3D mechanical
structures, [18], combination of adaptive feedforward and feedback control,
[5, 25], and explicit consideration of how random noise effects the system,
[19].

This paper is concerned with the design of feedforward control of elastic
extensional waves in a bar. The aim is to realize a device which fully re-
flects waves travelling in one direction and fully transmits waves travelling
in the opposite direction. Thus, with regard to wave transmission, this de-
vice should have properties analogous to those of an electrical diode. We
therfore can describe this device as a ‘mechanical wave diode’. An overall
description of such a mechanical wave diode and the control principle used
is given in Section II. The modeling of the electromechanical system and
an ideal feedforward design are presented in Section III. In Section IV, this
ideal feedforward design is evaluated through numerical simulation, in par-
ticular with respect to its shortcomings in the presence of noise. In Section
V, a modified feedforward design which can handle noise is presented and
evaluated, again through numerical simulation. Finally, main conclusions
are summarized in Section VI.
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Figure 1: Bar with two strain gauge pairs, one actuator pair and feedforward
control for one-way transmission from left to right.

2 Mechanical Diode Based on Feedforward Con-

trol

Consider propagation of elastic waves in a straight bar as shown in Figure
1. At two sections, the bar is equipped with strain gauge pairs. Also,
along a segment of the bar, a pair of piezo-electric actuators, electrically
and mechanically in parallel, are attached. The idea with this configuration
of bar, sensors and actuator is to apply feedforward control so that waves
traveling from the sensors towards the first bar-actuator interface will be
fully reflected while waves traveling in the opposite direction, towards the
second bar/specimen interface, will be transmitted undisturbed. Therefore,
waves traveling from the sensors towards the first bar/actuator interface will
be considered measurable disturbances which are to be suppressed through
feedforward control.

Two types of disturbing waves will be considered. The first consists of
isolated transient pulse-shaped disturbances that enter the system only oc-
casionally, and the second are random disturbances with given statistical
properties. Typical origins of such disturbances may be accidental impacts
by tools and pressure from wind, water and traffic, respectively.

Feedforward control is used to eliminate the influence of measurable distur-
bances. The basic idea is to introduce some suitable compensating control
action to reject the disturbance before it reaches the output. This is the
major advantage of feedforward control compared with control based on
feedback from the output. With a successful feedforward control law there
would be no need to compensate for the disturbance by use of feedback.
However, there are some difficulties related to feedforward control. First of
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all, feedforward is an open-loop compensation and therefore requires an ac-
curate system model. Furthermore, design of a feedfoward controller involves
calculation of the inverse of a dynamical system. Sometimes, this inverse
does not exist due to ‘unstable’ zeros of the system to be inverted. Also, a
dynamical system commonly has low-pass characteristics, which means that
its inverse will have excessive high frequency gain. This implies that the
feedforward filter then will be sensitive to noise.

3 Modeling and Ideal Feedforward Design

In order to design a feedforward controller for the system in Figure 1, a
first step is to model the actuator and its effect on the wave propagation in
the bar. We present such modeling in the next subsections. As the system
considered is linear, superposition will be used. In particular, the waves
originating from the disturbing source and those generated by the actuator
will be considered one by one and superimposed.

3.1 Bar, sensor and actuator configuration

The operative wave lengths are assumed to be much greater than the trans-
verse dimensions of the bar, which implies that one-dimensional theory is
accurate [20, 15]. Thus, the wave propagation outside the actuator region

is characterized by the wave speed cb = (Eb/ρb)
1/2 and the characteristic

impedance Zb = Ab (Ebρb)
1/2, where Ab is the cross-sectional area, Eb is the

Young’s modulus and ρb is the density. Within the actuator region, the cross-
sectional area of the bar is reduced to A1, while the total cross-sectional area
of the two actuators is A2, their Young’s modulus is E2 and their density
is ρ2. With the assumption that one-dimensional theory applies also within
this region, the effective wave speed and the characteristic impedance be-
come ca = (Ea/ρa)

1/2 and Za = Aa (Eaρa)
1/2, respectively, where Aa = A1+

A2 is the total cross-sectional area, Ea = (A1Eb + A2E2) /Aa is the effective
Young’s modulus, and ρa = (A1ρb + A2ρ2) /Aa is the effective density. For
given properties of the bar and actuator materials, the cross-sectional areas
A1 and A2 are chosen so that impedance matching is achieved, i.e. Za = Zb.
Therefore, for zero feedforward input voltage to the actuators from an ampli-
fier with negligible output impedance, waves traveling in both directions will
be transmitted undisturbed through the actuator region without generation
of reflected waves.
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3.2 Wave Propagation

Let x be an axial coordinate and let t be time. For zero feedforward input
to the actuators (Nc = 0 in Figure 1), the wave motion in the bar, including
the actuator region, can be expressed in terms of the normal force as

N̂(ξ, ω) = N̂p(ω)e−iωξ + N̂n(ω)eiωξ (1)

where

ξ =

∫

x

0

ds

c(s)
, (2)

with c(s) = ca within and c(s) = cb outside the actuator region, is a trans-
formed axial co-ordinate with dimension of time, and where N̂p(ω) and
N̂n(ω) are the Fourier transforms of the normal forces Np(t) and Nn(t)
at the origin ξ = 0 associated with waves Np(t− ξ) and Nn(t + ξ) traveling
in the directions of increasing and decreasing ξ, respectively. As these waves
have unit speed, the angular frequency ω plays the role of wave number in
(1). In terms of ξ, the sensor positions become ξ = ±tm, and the actuator
region becomes tc − ta < ξ < tc + ta as shown in Figure 1.

3.3 Wave Separation

Generally, the waves represented by N̂p(ω) and N̂n(ω) at ξ = 0 overlap in
the time domain. However, these waves can be separated if N1(t) = N(ξ1, t)
and N2(t) = N(ξ2, t) are known from measured strains at two different
bar sections ξ1 and ξ2 [22]. This can be achieved by substituting ξ = ξ1,
N = N1 and ξ = ξ2, N = N2 into (1) and solving the resulting system of
two equations for N̂p(ω) and N̂n(ω). If the two bar sections are taken to be
ξ1 = −tm and ξ2 = tm as shown in Figure 1, one obtains for ωtm 6= nπ/2
(n = 0, 1, 2, ...)

N̂p(ω) =
1

1− e−iω4tm

(

e−iωtmN̂1(ω)− e−iω3tmN̂2(ω)
)

(3)

and a similar result for N̂n(ω).

According to (1), the wave N̂p(ω) gives rise to the delayed incident wave

N̂i(ω) = B(ω)N̂p(ω) (4)

with

B(ω) = e−iω(tc−ta) (5)

at the first bar/actuator interface ξ = tc − ta.
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3.4 Transmitted and Reflected Waves Generated by Incident

Wave

First, it is assumed that the incident wave N̂i(ω) is the only wave acting
in the actuator region, i.e. there is no control action. Then, according to
(1), the incident wave N̂i(ω) at the first bar/actuator interface ξ = tc − ta
generates a delayed transmitted wave

N̂
(i)

t
(ω) = T (ω)N̂i(ω) (6)

with

T (ω) = e−iω2ta (7)

at the second bar/actuator interface ξ = tc + ta. Because of the impedance
matching, there is no reflected wave generated at the first bar/actuator
interface due to the incident wave, i.e.,

N̂ (i)

r (ω) = 0. (8)

3.5 Out-going Waves Generated by Actuator

Next, it is assumed that the feedforward input Nc to the actuator pair is
acting alone, i.e., there is no incident wave at anyone of the two bar/actuator
interfaces. If it is imagined that such input would be supplied to the actuator
pair with rigid constraints at its ends, a normal force N̂c(ω), assumed to be
proportional to the input voltage, would be generated in each section of

the actuator region. It generates out-going waves N̂
(c)

t
(ω) and N̂

(c)

r (ω) at
the second and first bar/actuator interfaces, respectively. As shown in [17],
these waves are

N̂
(c)

t
(ω) = N̂ (c)

r (ω) = C(ω)N̂c(ω) (9)

with

C(ω) =
1

2

(

1− e−iω2ta
)

. (10)

3.6 Feedforward Input for One-way Transmission

Finally, the incident wave N̂i(ω) at the first bar/actuator interface and the
feedforward input N̂c(ω) are considered to act simultaneously and their re-
sponses are superimposed. Thus, according to equations (6), (8) and (9)
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out-going waves

N̂t(ω) = N̂
(c)

t
(ω) + N̂

(i)

t
(ω) = C(ω)N̂c(ω) + T (ω)N̂i(ω) (11)

and

N̂r(ω) = N̂ (c)

r (ω) + N̂ (i)

r (ω) = C(ω)N̂c(ω) (12)

are generated at the second and first bar/actuator interfaces, respectively.
Zero transmission can be achieved by putting the right-hand member of (11)
equal to zero, which gives the feedforward input, c.f. (3) – (5),

N̂c(ω) = −D(ω)C−1(ω)T (ω)B(ω)
(

e−iωtmN̂1(ω)− e−iω3tmN̂2(ω)
)

(13)

where

D(ω) =
1

1− e−iω4tm
. (14)

With this feedforward input to the actuator pair, the outgoing waves from
the second and first bar/actuator interfaces will be

N̂t(ω) = 0 (15)

and

N̂r(ω) = −T (ω)N̂i(ω), (16)

respectively, where the last equation has been obtained by using (11) and
(15) into (12). Thus, due to the action of the actuator pair, the wave N̂i(ω)
incident on the first bar/actuator interface is not transmitted through the
output bar/actuator interface. From (7) and (16) it follows that this wave
is subjected to an apparent free-end reflection, with reversal of sign, at the
mid-section ξ = tc of the actuator region. Waves incident on the second
bar/actuator interface do not activate the actuators and are therefore trans-
mitted undisturbed through the actuator region without reflection. These
properties are illustrated in Figure 2.
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Figure 2: (a) Bar with strain gauge pairs and actuator pair.
(b) Apparent free-end reflection of wave traveling from left to right.
(c) Undisturbed transmission of wave traveling from right to left.

4 Evaluation of Ideal Feedforward Design

For the purpose of a further analysis it is useful to rewrite the relations
derived in the previous section as difference equations in discrete time. This
is straightforward since the equations derived so far basically involve time
delays, e.g. e−iωtaN̂(ω) ←→ N(t− ta). For simplicity we assume that the
time delays ta, tm and tc are integer multiples of the sampling interval T .
We label these multiples as τa, τm and τc, respectively, so that ta = τaT ,
etc. This means that we can use the backward shift operator q−1 so that,
e.g., q−τaN(t) = N(t− τaT ) = N(t− ta).

We aim at describing the system in a way that is tractable to analysis from
a control perspective. Then, it is natural to consider the total controlled
system (comprising both the mechanical part and the controller) as a two
input, single output system with the waves Np(t) and Nn(t) as inputs and
Nt(t) as output. Note that Nn(t) does not affect Nt(t), see (22) below.
The measured signals N1(t) and N2(t) are viewed as internal measurable
variables rather than inputs to the total system. The control signal is Nc(t),
i.e., the input to the actuator.
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To make the analysis more realistic, we assume the measured signals N1(t)
and N2(t) to be corrupted with additive measurement noise. By use of (1),
these signals can be expressed as

N∗

1 (t) = qτmNp(t) + q−τmNn(t) + w1(t) (17)

N∗

2 (t) = q−τmNp(t) + qτmNn(t) + w2(t) (18)

where w1(t) and w2(t) are measurement noise sequences which are assumed
mutually independent. The extraction of N∗

p is performed by the time-
domain equivalent of (3), which is

N∗

p (t) =
1

1− q−4τm
N∗

o (t) (19)

N∗

o (t) = q−τmN∗

1 (t)− q−3τmN∗

2 (t) (20)

In case there is no measurement noise present in (18), the reconstructed
force N∗

p (t) would be equal to Np(t).

The relation between control force and generated wave by the piezo-elements
is given by (9). For implementation purposes a power amplifier is needed
to amplify the control signal. The amplifier is modeled as linear and its
transfer function operator is denoted by G(q−1). Taking this into account
we obtain the output equation (c.f. (11))

N∗

t (t)
︸ ︷︷ ︸

y(t)

= C(q−1)G(q−1)N∗

c (t)
︸ ︷︷ ︸

u(t)

+T (q−1)B(q−1)N∗

p (t)

=
1

2
(1− q−2τa)G(q−1)N∗

c (t) + q−(τc+τa)N∗

p (t). (21)

The notations u(t) and y(t) are introduced for the convenience of the control
oriented reader. Hence, the output y(t) = N∗

t (t) is a linear combination
of the wave resulting from the control action u(t) = N∗

c (t) and the wave
N∗

p (t) propagating through the bar in the forward direction. By use of the
relations derived so far the system is schematically described in Figure 3. In
the figure, the wave Nn propagating in the backward direction is modeled

as the sum of two waves, N
(ext)

n and N
(int)

n . The wave N
(ext)

n is due to any

external disturbance coming from the right, whereas N
(int)

n originates from
the control action.

The signal N∗

o is a filtered sum of the measured signals N∗

1
and N∗

2
. The

filtering can be viewed as a decoupling operation as it will be seen to remove
the Nn component. Therefore, it is convenient to regard N∗

o as a decoupled
single input to a feedforward filter, which has the control signal u(t) = N∗

c (t)
as output.
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Wave separation

Feedforward Amplifier

Actuator

Controller

Figure 3: A direct realization of the system derived in Section 3. The wave
separation can be divided into a decoupling part and a reconstruction part.
We denote the feedforward filter as the filter with N∗

o as input.

The feedforward filter is built by three blocks. The first, D, is the recon-
struction (19) of Np, the second contains the time delays B, (4), and T , (6),
to compensate for the propagation time through the bar, the third inverts
the actuator dynamics (10).

As depicted in Figure 3, the ideal feedforward design derived in Section 3
can be divided into a wave separation part and a feedforward part. The
decoupling equations yield

N∗

o (t) = q−τmN∗

1 (t)− q−3τmN∗

2 (t)

= D−1(q−1)Np(t) + w(t), (22)

w(t) = q−τmw1(t)− q−3τmw2(t). (23)

Here w(t) is the assembled effect of the two noise sources. Equation (22)
shows that the wave Nn does not influence N∗

o . If N∗

o is viewed as a measured
signal, and by use of the above observation, the total controlled system can
be described as having Np as a single input, see Figure 4. In the figure the
ideal feedforward filter is introduced as

F (q−1) = −D(q−1)B(q−1)T (q−1)C−1(q−1)

=
−2q−(τc+τa)

(1− q−4τm) (1− q−2τa)
. (24)
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B T

w(t)

Ni(t)

N
∗
p (t)

N
(i)
t (t)

N
(c)∗
t (t)
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–BTC
–1

Np(t)

Feedforward, F (q
−1

)

C

D
−1

D

Σ

Σ
N

∗
o (t)

N
∗
c (t) = u(t)

N
∗
t (t) = y(t)

Figure 4: A simplified realization of the system. The feedforward filter is
denoted by F (q−1).

Note the difference between this description of the feedforward filter and
the relation (13) derived in Section 3, where the inputs to the filter were
the “true” measurements N1 and N2. Here, we instead use the decoupled
signal N∗

o , which includes additive measurement noise, as a single input
to the feedforward filter F (q−1). The noise part crucially influences the
performance of the mechanical diode. This will be highlighted in Section
4.2.

4.1 Modeling of disturbance and measurement noise

The disturbance entering the system is the wave Np. Two kinds of dis-
turbances are treated. The first type is a pulse-shaped disturbance that
enters the system relatively seldom and is well separated from other incom-
ing pulses. The second type is a stationary disturbance of low frequency
content.

One way to model a pulse disturbance stochastically is to describe it as the
impulse response from a linear system [21]. If the disturbance is a pulse as
depicted in Figure 5, it can be modeled as

Np(t) = A
1− q−k

1− q−1
δp(t). (25)
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Here A is the amplitude, T is the sampling interval, k is the length of the
pulse (in terms of samples) and {δp(t)} is a sequence of independent random
variables with the property

δp(t) =







1 with probability p/2
−1 with probability p/2

0 with probability 1− p,

where p is a positive and small number. Although Np(t) has a deterministic
appearance, the arrival time of pulses is stochastic and modeled by δp(t).
Obviously, δp(t) has zero mean, and for the auto-covariance we have

Eδp(t)δp(s) =

{

0 t 6= s
p t = s,

i.e. the stochastic signal δp(t) has exactly the same first and second order
characteristics as a white noise sequence. This means that Np(t) will have
the same statistical properties as filtered white noise in terms of first and
second order moments.

The stationary disturbance is modeled as a first-order AR process with ap-
proximate bandwidth ω0 that is small compared to the sampling frequency,

Np(t) =
1− e−ω0T

1− e−ω0T q−1
v(t). (26)

In (26) v(t) is a white noise sequence with zero mean and variance λ2
v. This

disturbance type is the most general of the two treated in this paper. A
realization of the stationary disturbance (26) is shown in Figure 6.

The measurement noise is also modeled as a first-order AR process driven
by zero mean white noise e(t) with variance λ2

e, i.e.,

w(t) =
1

1− 0.5q−1
e(t). (27)

This implies a bandwidth of about 0.7/T rad/s.
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Np(t)

A

to to + kT
t

Figure 5: A pulse-shaped disturbance with length kT that enters at
time to .
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Figure 6: Realization of the continuous disturbance with
ω0T = π × 10−2 rad.
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Table 1: Simulation parameters.
Description Parameter Value

Sampling interval T 5 µs

System parameters {τa, τm, τc} {2, 8, 200}

Continuous disturbance ω0 2π × 1000 rad/s
λ2

v 100

Pulse disturbance A 10
k 4
p 10−4

Noise variance λ2
e 0 or 0.01

Power amplifier G(q−1) 1

4.2 Simulation of Ideal Feedforward Design

So far, a number of parameters have been introduced. The values of these
parameters are summarized in Table 1. In the sequel these parameter val-
ues are chosen for numerical examples and for simulation (unless otherwise
stated). For the case of non-ideal power amplification, we refer to Section
5.5.

For purpose of illustration, the ideal feedforward design is simulated with a
stationary disturbance. The power amplifier is assumed to be ideal (G(q−1) ≡
1), and the case of no measurement noise (λ2

e = 0) is first treated. The re-
sult of the simulation is depicted in Figure 7. The figure shows that the
disturbance is completely cancelled out when control action is applied.

Next, a small amount of measurement noise w(t) is added. The measurement
noise obeys (27), with λ2

e = 0.01. The result of the simulation is shown in
Figure 8. The figure shows that the ideal feedforward control completely
breaks down when measurement noise is present. This is due to the poles
of the feedforward filter F (q−1) (24), being located on the unit circle.

The output from the wave separation filter, N∗

o (t), can be divided into one
information signal part and one noise part. The information signal part will
pass through the feedforward filter and cancel the positive wave propagating
through the bar. The noise part will, however, be a random walk process
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Figure 7: Simulation of the ideal feedforward design with no measurement
noise added. Transmitted wave y(t) = Nt(t)

∗ versus time t.

after passing the filter. The variance of the output, Ey2(t), will hence in-
crease linearly with time and be asymptotically unbounded. This implies
that the ideal feedforward design needs to be modified to be useful in a
realistic scenario where measurement noise is present.
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Figure 8: Simulation of the ideal feedforward design with noise added: (a)
Measurement noise w(t) (solid) and disturbance Np(t) (dashed); (b) Results
of feedforward control (grey) and open loop control (black).
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5 Modified Feedforward Design

The unpleasant performance of the ideal feedforward control depicted in
Figure 8 is due to the poles of the feedforward filter (24) lying on the unit
circle. Therefore, an attempt is made to modify the filter by moving the poles
towards the origin to make it asymptotically stable. One such modification
is

Fmod(q
−1) =

−2q−(τc+τa)

(1− r1q−4τm) (1− r2q−2τa)
(28)

where r1 and r2 are real numbers in the interval [0, 1). With this type of
modification we still keep Nn from affecting the output N∗

t . If we assume
ideal power amplification, G(q−1) ≡ 1, and use the modified feedforward
filter, the output y = N∗

t satisfies (c.f. Figure 4)

q(τc+τa) N∗

t (t)
︸ ︷︷ ︸

y(t)

=

(

1−

(

1− q−2τa
) (

1− q−4τm
)

(1− r2q−2τa) (1− r1q−4τm)

)

Np(t)

+

(

1− q−2τa
)

(1− r2q−2τa) (1− r1q−4τm)
w(t). (29)

By careful choices of the parameters r1 and r2, the effect of the measurement
noise can be significantly reduced and at the same time the wave Np(t) can
be considerably damped. However, perfect cancellation can not be obtained
when measurement noise is present. More specifically, we would like to
minimize the variance of the output, Ey2(t), by choosing appropriate values
of the parameters r1 and r2. It is obvious that r1 = 1 is a bad choice.
The system then will have poles on the unit circle. It might be tempting
to choose r2 = 1 and cancel the common poles and zeros in front of w(t).
However, this is an invalid operation because the output of a filter with poles
on the unit circle will depend on initial conditions also as t → ∞. Thus,
r2 = 1 is a poor choice.

Ultimately, one would not only want the variance of the output to be min-
imized, but also include some kind of robustness criterion. Unfortunately,
there is no obvious way how to include a robustness measure when mini-
mizing the variance of the output. If r1 and r2 are treated as independent
design variables it turns out that Ey2(t) will decrease as r2 approaches 1.
As explained above, the variance is not defined for r2 = 1 and the criterion
would therefore not be continuous at r2 = 1. To circumvent this problem,
the choice is made to minimize Ey2(t) with the constraint that all poles
should have the same distance to the origin, i.e. lie on the same circle. The

relation between r1 and r2 then will be r−4τm

1
= r−2τa

2
, or r2 = r

τa/2τm

1
. This

will in some sense also facilitate robustness since the approximative inverse



Paper II 19

of the actuator dynamics
(

1− r2q
−2τa

)

−1
will be forced to be asymptotically

stable.

5.1 Variance Analysis

If Np(t) and w(t) are mutually independent, the variance of the output can
be written as

Ey2(t) = Ey2

sig(t) + Ey2

w(t) (30)

where ysig(t) and yw(t) are the parts of the output derived from the informa-
tion signal Np(t) and the measurement noise w(t), respectively. Obviously,
the variance of the output will not only depend on r1 and r2, but also on
the disturbance and noise dynamics. Hence, the signal models for Np(t) and
w(t) must be included when evaluating the output variance.

It is useful to realize the system in state space form. This can be done by
using some canonical form. For example, if Np(t) is the pulse-shaped distur-
bance, the state space realization related to ysig(t) will have the structure

{

x1(t + T ) = F1x1(t) + G1δp(t)
ysig(t) = H1x1(t)

(31)

and for the noise part we obtain

{

x2(t + T ) = F2x2(t) + G2e(t)
yw(t) = H2x2(t).

(32)

Of course, one could instead choose to use a single state space description
for the system, but it can be of interest to treat the signal part and noise
part separately. Using this formalism, Ey2

sig
(t) is computed as

Ey2

sig(t) = H1PHT

1 (33)

where P is the covariance matrix of the states, x1, which is computed by
solving the Lyapunov equation

P = F1PF T

1 + Eδ2

p(t) G1G
T

1 (34)

with Eδ2
p(t) = p as discussed in Section 4.1 [28]. The variance of the noise

part, Ey2
w(t), is computed similarly, mutatis mutandis. The scenario of

a stationary disturbance does not impose any additional problem, just a
change in the state space description for the signal part.

By use of the parameters in Table 1, the variance of the output is computed
as a function of the parameters r1 and r2.
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For the case of pulse disturbance the result is depicted in Figure 9(a), where
the output variance is shown together with the variance of the noise part
and the signal part as functions of r1. The figure portrays the tradeoff
between the effect of the disturbance and the measurement noise. For large
values of r1 the variance of the signal part will be very low. This is expected
with the ideal feedforward in mind (r1 = 1), which gave perfect disturbance
cancellation. However, for r1 → 1 the noise variance rapidly increases. The
minimum variance is here obtained for r1 = 0.6152 and r2 = 0.9411.

Next, the same procedure is repeated but for the case of a stationary dis-
turbance, see Figure 9(b). The example shows that this disturbance type
gives a less flat variance curve. This is due to the disturbance signal in
this case having much higher power than the pulse disturbance. Therefore
a higher value of r1 is here needed to make the output variance small. For
this example, the optimal values are found to be r1 = 0.9593 and hence
r2 = 0.9948.

Generally, the optimal values of r1 and r2 will of course depend on the signal
to noise ratio (SNR). For low SNR their values will decrease to diminish the
effect of the noise, and as the SNR →∞ both r1 and r2 will approach 1.



Paper II 21

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.02

0.04

0.06

0.08

0.1

0.12

r
1

V
ar

ia
nc

e

Ey2(t)
Ey2

sig
(t)

Ey
w
2 (t)

(a)

0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95

0.2

0.4

0.6

0.8

1

1.2

r
1

V
ar

ia
nc

e

Ey2(t)
Ey

sig
2 (t)

Ey2
w

(t)

(b)

Figure 9: The output variance as a function of r1; Ey2(t) (solid), Ey2

sig
(t)

(dashed) and Ey2
w(t) (dash-dot): (a) Pulse disturbance; (b) Stationary dis-

turbance.
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5.2 Simulation with Stationary Disturbance

The scenario with a stationary disturbance is now simulated with the values
of r1 and r2 computed in the previous section. The simulation parameters in
Table 1 are utilized. Figure 10(a) shows the performance of the feedforward
control in a short time scale, whereas Figure 10(b) compares the modified
feedforward with the ideal filter in the long run. From the figure it is clear
that the modified feedforward control decreases the effect of the disturbance
without major amplification of the measurement noise.

5.3 Simulation with Pulse Disturbance

The performance of disturbance rejection by use of the modified feedfor-
ward filter for a pulse disturbance is depicted in Figure 11. In parts (a),
(c) the noise-free performance of the modified feedforward filter is depicted.
It shows that the modified design performs well also when no measurement
noise is present. Remember that the ideal design resulted in perfect distur-
bance rejection for this case. In the figure, we also show the control signal,
u(t), for both the modified and ideal feedforward filter. The figure portrays
yet another advantage of the modified control; the control signal unwinds.
For the ideal design the control signal will stay at the same level until an-
other disturbance pulse arrives. If this next pulse has the same sign as the
previous one, the amplitude of the control signal will increase and the system
will eventually saturate. This behavior is due to the ideal feedforward filter
having an integrator. The case of measurement noise is treated in parts (b),
(d) of Figure 11, which show that the disturbance is considerably attenuated
without major amplification of the measurement noise.
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Figure 10: Simulation with a stationary disturbance. Performance of feed-
forward control (a) in a short time scale and (b) in a long time scale.
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Figure 12: Schematic description of the diode system with a static nonlin-
earity as a noise barrier.
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5.4 Feedforward with Noise Barrier

If the pulse disturbance entering the system has an amplitude that is sig-
nificantly larger than the noise level, it is possible to take action to further
diminish the effect of the noise. In this case, one can distinguish the dis-
turbance from the noise with high probability by using a static nonlinear
element,

f(N∗

o ) =

{

N∗

o if |N∗

o | > α
0 otherwise,

(35)

applied to the measured signal, N∗

o (t) as depicted in Figure 12.

In (35), α is a user-chosen parameter. It is useful to relate α to the standard
deviation of the measurement noise, e.g choose α as some multiple of the
standard deviation, λw, of w(t) such that the noise will be filtered out with
probability 1 − pn (pn a small number). Then, the noise part, say wf (t),
of the output of the static nonlinearity will have a ‘shot-noise’ appearance,
since only noise samples of amplitude greater than α will pass the noise
barrier. This can be modeled similarly as the pulse disturbance, c.f. (25),

wf (t) = αδpn(t).

This means that the noisy input to the feedforward filter can be modeled as
a stochastic pulse-train. The duration of a pulse will be one sample interval
and the amplitude will most likely be close to α. The standard deviation of
a noise sequence that obeys (27) is

λw =

(

λ2
e

1− 0.52

)1/2

.

If w(t) can be taken to be Gaussian, pn = 10−4 is obtained for α = 4λw ≈

0.462. It is now possible to carry out the procedure described in Section 5.1
in order to find the parameters r1 and r2 that minimize the variance of y(t).
For the simulation parameters listed in Table 1, we find the optimal values
to be

r1 = 0.9797 and r2 = 0.9974.

Hence, the effective SNR is increased, and the poles of the feedforward filter
is moved closer to the unit circle, c.f. Figure 9(a). Simulation of the system
with a static nonlinearity and the new values of r1 and r2 is shown in Figure
13. It can be seen that the disturbance rejection is very powerful and that
the influence of the noise is minor. The major drawback compared to Figure
11 is the slow decay of the control signal.
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5.5 Effects of Non-ideal Power Amplifier

So far, the power amplifier has been assumed ideal, i.e. G(q−1) ≡ 1. In
practice an amplifier has a limited bandwidth. Here, we assume that the
amplifier can be accurately described by a first order linear system. In
order to compensate for the the bandwidth limitation which is introduced
by the non-ideal amplifier, the feedforward filter can be further modified.
Such a modification may consist in adding an approximative inverse of the
amplifier to the modified feedforward filter. Thus, the transfer function of
the power amplifier needs to be estimated. It is assumed that the static gain
of the amplifier can be estimated with high accuracy but some error in the
bandwidth estimation is present. If the true amplifier is described by the
transfer function

G(q−1) =

(

1− e−ωgT
)

q−1

1− e−ωgT q−1
,

where ωg is its bandwidth, then its inverse may be estimated as

Ĝinv(q
−1) =

1− e−ω̂gT q−1

(

1− e−ω̂gT
)

q−1
.

Here, ω̂g is the estimated bandwidth which may differ from the true band-
width ωg. However, the estimated static gain coincides with the true static
gain which equals unity. This approximate inverse is put in series with
Fmod(q

−1) to compensate for the amplifier. The new feedforward filter then
becomes

Fmod(q
−1) Ĝinv(q

−1) = Fmod(q
−1)

1− e−ω̂gT q−1

(

1− e−ω̂gT
)

q−1
. (36)

A natural question is how this feedforward modification effects the perfor-
mance of the mechanical diode. To answer this question the variance of the
output is computed as a function of ω̂g/ωg. The bandwidth of G(q−1) is
chosen as ωg = 2π × 104 rad/s. The procedure for evaluating the output
variance is the same as described in Section 5.1. Figure 14 shows the result
for both of the two disturbance types.

In the figure, FF denotes the different kinds of feedforward filters that are
employed. The optimal values of r1 and r2 computed in Section 5.1 are
utilized. Thus, these values are optimal only if ω̂g/ωg = 1, which is when
Ĝinv = G−1. The horizontal lines in Figure 14 show the variance of the
output when the amplifier is not compensated for, i.e. Ĝinv = 1. It can be
seen that it is better to simply use the filter (28) instead of (36) with ω̂g = ωg.
This is due to the circumstance that the amplifier mainly attenuates the high



28 Peter Nauclér

0.5 1 1.5 2 2.5 3 3.5 4 4.5

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

E
y2 (t

)

Cont. dist., FF =Fmod Ĝinv
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frequency noise content, whereas the information signal Np has most of its
power at lower frequencies. For example, the bandwidth of the stationary
disturbance is 1/10 of the amplifier bandwidth. The figure also shows that
if the amplifier should be compensated for, then the bandwidth should be
over-estimated. If it is under-estimated (ω̂g/ωg < 1) the product ĜinvG will
have a high-frequency gain larger than unity. This will increase the output
variance. However, the best approach is perhaps to use the filter (28) since
not much is achieved by modifying it to (36). Then, one does not risk
to under-estimate the bandwidth. In addition, Ĝinv would introduce high
frequency gain in the feedforward filter. Of course, if the information signal
Np would have a broader spectrum other conclusions might be drawn.

If it is chosen to use the feedforward filter (28) for the case of limited amplifier
bandwidth, then the values of r1 and r2 computed in Section 5.1 are no longer
optimal. One should then repeat the procedure to find new values of r1 and
r2 while including the amplifier dynamics in the optimization.
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6 Conclusions

In this paper, we have presented the concept and made an analysis of a
mechanical wave diode based on feedforward control. The mechanical diode
is derived on the basis of equations that describe elastic extensional waves
in bars. The derivation yields an ‘ideal’ design, which in the noise–free case
performs perfect disturbance cancellation. The obtained controller can be
extracted into a decoupling part that separates waves traveling in differ-
ent directions in the bar, and a feedforward part that reconstructs the wave
traveling in the forward direction and compensates for time delays and actu-
ator dynamics. However, a further analysis reveals significant performance
degradation in the case of noisy measurements. In fact, the variance of of
the output increases linearly with time. These noise problems originate from
the fact that the poles of the feedforward filter being located on the unit
circle. Therefore, the ideal design is modified to mitigate these problems by
moving the poles towards the origin. The modification is obtained by min-
imization of the output variance with the constraint that all poles should
have the same distance to the origin.

In order to carry out the variance analysis the disturbances and measure-
ments noise are modeled by means of AR(MA) processes. The analysis
and simulations show that the effect of the disturbance can be considerably
damped, without major amplification of the noise. To obtain the modified
controller the user has to choose some parameters for the signal models. In
the case of a pulse disturbance one of the parameters is the probability of
pulse arrival. Although hard to determine, this parameter can actually be
regarded as a design parameter, able of tuning the properties of the feed-
forward filter. Increasing its value yields poles closer to the unit circle and
stronger disturbance rejection to the expense of greater noise sensitivity.

For this type of disturbance the performance of the feedforward filter can
be significantly improved by employing a “noise barrier” as described in
Section 5.4. It reduces the effect of the noise and thereby allows poles closer
to the unit circle. To use the noise barrier it is important to be able to
distinguish between the disturbance and the measurement noise, i.e. to have
high enough signal levels. A drawback with this design is that the control
signal has a quite low rate of decay, which may lead to windup problems if
several pulses arrive closely in time.

Finally, the effect of a non–ideal amplifier is analyzed. It is shown that it
is possible to further improve the design by adding an approximate inverse
of the amplifier to the feedforward filter, but the improvement is minor. In
fact, an unfavorable such approximation may even worsen the performance.
Given the disturbance and noise dynamics it may be better to simply use
the original modified design.
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Polynomial Feedforward Design Techniques for a

Mechanical Wave Diode System∗

Peter Nauclér† Torsten Söderström†

Abstract

This paper considers feedforward control of extensional waves in a
bar. The system is designed to have properties analogous to those of
an electrical diode and is therefore referred to as a mechanical wave

diode. We present three different feedforward control strategies. Two
of them relies on an ‘ideal’ design which is derived in the noise-free
case, whereas the third is based on Wiener filtering theory.

The control strategies are compared and evaluated for different signal
models and in the presence of measurement noise. We show that the
performance of the device is improved by using the (optimal) Wiener
feedforward filter.

1 Introduction

Many mechanical structures consist of slender beam elements that can be
considered to act as wave guides. In such structures, waves may propagate
from a disturbance source along the structure as extensional, torsional and
flexural waves [8, 5]. Traditionally, passive techniques have been used to re-
duce mechanical waves and vibrations. Sometimes, however, such solutions
are less suitable. This can be the case in e.g. applications where the weight
of the structure is a limiting factor.
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Active structures have been the topic of intense research the last decades.
These structures have the ability to actuate the system with secondary in-
puts in order to obtain some desired structural response. This is performed
by incorporating sensors and actuators into the structure [3, 11, 13].

This paper is concerned with the design of feedforward control strategies for
extensional waves in a bar. The system is designed to fully reflect waves
traveling in one direction and fully transmit waves from the other direction.
Therefore, it has similar properties to those of an electrical diode and is
referred to as a ‘mechanical wave diode’. The concept of such a device
was originally introduced in [12]. Here, we extend those results with more
general control strategies.

1.1 Notation

The following notational conventions are used in this paper.

T sampling period
τ time delay (in samples)
q−1 backward shift operator, q−1y(t) = y(t − T )
nP degree of polynomial P
P = P (q−1) p0 + p1q

−1 + · · · + pnP q−nP

P ∗ p∗
0
+ p∗

1
q + · · · + pnP qnP

x scalar
x vector
X matrix

The zeros of the polynomial P (q−1) are the solutions to qnP P (q−1) = 0.
When appropriate, the complex variable z is substituted for the forward
shift operator q. The polynomial arguments q−1, z−1 are sometimes omitted
in order to simplify the notation.

2 Modeling

Consider propagation of elastic waves in a straight bar as shown in Figure
1. At two sections, the bar is equipped with strain gauge pairs. Also,
along a segment of the bar, a pair of piezo-electric actuators, electrically
and mechanically in parallel, are attached. The idea with this configuration
of bar, sensors and actuator is to apply feedforward control so that waves
traveling from the sensors towards the first bar-actuator interface will be
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Figure 1: Bar with two strain gauge pairs, one actuator pair and feedfor-
ward control for one-way transmission from left to right.

fully reflected while waves traveling in the opposite direction, towards the
second bar/specimen interface, will be transmitted undisturbed. Therefore,
waves traveling from the sensors towards the first bar/actuator interface will
be considered measurable disturbances which are to be suppressed through
feedforward control.

2.1 Electromechanical Modeling

In Figure 1, A, E and ρ denote cross-sectional area, Young’s modulus and
density, respectively. These quantities differ for different sections of the bar.
For given properties of the bar and actuator materials, the cross-sectional
areas A1 and A2 are assumed to be chosen so that impedance matching
is achieved. Therefore, the waves v̄ and v traveling back and forth in the
structure are transmitted undisturbed through the actuator region if no
control action is applied. The wave motion in the bar can be expressed in
terms of the Fourier transform of the normal force as

N(ξ, ω) = V (ω)e−iωξ + V̄ (ω)e−iωξ (1)

where ξ is a transformed axial coordinate with dimension of time [12], V (ω)
and V̄ (ω) are the Fourier transforms of v(t) and v̄(t), respectively. In the
time domain, (1) means that waves propagates through the bar without
damping and that superposition holds.

In [12], we extensively describe the electromechanical modeling of the wave
diode system. Here, we will briefly review the final modeling in discrete
time, where it is assumed that the time delays ta, tm and tc are integer
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Figure 2: Decoupling setup.

multiples of of the sampling interval T . We label these multiples as τa, τm

and τc, respectively, so that ta = τaT , etc. This means that we can use the
backward shift operator q−1 so that, e.g., q−τan(t) = n(t− τaT ) = n(t− ta).

Generally, the waves represented by v and v̄ overlap in the time domain.
Therefore, the disturbance v cannot be measured directly. However, the
waves traveling back and forth in the bar can be separated if n1 and n2 are
measured strains at two different bar sections ξ1 = −tm and ξ2 = tm as in
Figure 1 [10]. The measurements are then filtered in a way that is depicted
in Figure 2. The filtering can be viewed as a decoupling since it removes the
v̄ component that is carried by n1 and n2. The fact that v̄ is indeed filtered
out can be seen by equating the filter equations for no,

no(t) = q−τm [n1(t) + w1(t)] − q−3τm [n2(t) + w2(t)]

= q−τm [qτmv(t) + q−τm v̄(t) + w1(t)]

− q−3τm [q−τmv(t) + qτm v̄(t) + w2(t)]

= B1(q
−1)v(t) + w(t) (2)

with

B1 = 1 − q−4τm

w(t) = q−τmw1(t) − q−3τmw2(t).

Here, w(t) is the assembled effect of the two noise sources. The second
equality in (2) follows from the wave equation (1) and how n1 and n2 are
defined in Figure 1. In the sequel, no is treated as a ‘virtual’ measured signal
that only depends on v and w, and not on v̄. This signal is used as input
signal to the feedforward controller. The output from the controller u(t) is
fed to the actuator. It has the input-output relation

y(c)(t) = B2(q
−1)u(t)
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where

B2(q
−1) =

1

2

(

1 − q−2τa
)

,

which is derived in [7] and modified to discrete time in [12]. The signal
y(c) denotes the part of the output signal y that is deduced from the con-
trol action. The part of the output that originates from the disturbance
transmission in the bar, y(t)(t), is a pure time delay of v,

y(t)(t) = q−(τc+τa)v(t), (3)

according to (1) and the bar configuration in Figure 1, where y(t) = y(c)(t)+
y(t)(t) is defined at the 2nd interface. Finally, we model the time delay that
occurs in the feedforward link due to hardware limitations etc. In order to
prevent a need for signal prediction in the feedforward filter, this time delay
is not allowed to be larger than the disturbance transmission delay, which
is (τc + τa)T , see (3). Therefore, these time delays are put in relation and
the control loop delay is modeled as (τc + τa − m)T , with m ≥ 0. Thus,
the delay in the feedforward filter is m samples less than the delay due to
disturbance transmission.

By use of the relations introduced so far the system can be schematically
realized as shown in Figure 3, with the single input v(t) and single noise
source w(t). The measured signals n1 and n2 are ‘hidden’ in no as described
by (2). The expressions for the output signal and control signal as functions
of the disturbance and measurement noise can then be written as

y(t) = [1 + qmB2FB1] q
−(τc+τa)v(t) + B2Fq−(τc+τa−m)w(t) (4)

u(t) = qmFB1q
−(τc+τa)v(t) + Fq−(τc+τa−m)w(t). (5)
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The following values of the system parameters are chosen for illustrations
and numerical examples:

T = 5 µs

{τa, τm, τc} = {2, 8, 200}.

These values coincide with the ones employed in [12].

2.2 Signal Modeling

The disturbance v(t) and the measurement noise w(t) are modeled as ARMA
processes,

v(t) =
C(q−1)

D(q−1)
ṽ(t) w(t) =

M(q−1)

N(q−1)
w̃(t)

with driving noise variances λ2

ṽ
and λ2

w̃
, respectively. It is assumed that v(t)

and w(t) are mutually independent.

These models are quite general. One can employ ARMA models for model-
ing of stochastic signals as well as deterministic-like signals, such as steps,
pulses etc. as discussed in [9, 12]. In this paper we will treat two cases for
numerical examples,

Case (i) Case (ii)

C = 1 M = 1 C = 0.1 M = 0.5
D = 1 N = 1 D = 1 − 0.9q−1 N = 1 − 0.5q−1.

The first case treats white disturbance and measurement noise, whereas the
second case treats a disturbance of low frequency content and a noise source
with broader spectrum.

2.3 Ideal Feedforward Controller

The ideal feedforward filter, as derived in [12] is

F (q−1) = −
q−m

B1B2

=
−2q−m

(1 − q−4τm) (1 − q−2τa)
, (6)

which performs perfectly in the noise-free case, yielding y(t) = 0. However,
if measurement noise is present the output variance will grow linearly with
time. This is due to the poles of (6) lying on the unit circle, and the
measurement noise will contribute to the output as a random walk process
after passing (6). Therefore, the ideal design needs to modified to be useful
in a realistic scenario where measurement noise is present.
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3 Feedforward Design

In this section three different ways of designing asymptotically stable feed-
forward filters are presented. The first two techniques utilize the struc-
ture of the ideal design and are therefore referred to as ’fixed feedforward
structures’. The third feedforward design is instead based Wiener filtering
techniques.

The first approach was originally introduced and analyzed in [12], whereas
the other two are novel for this paper.

3.1 Fixed Feedforward Structures

The two fixed feedforward approaches are both based on modifying the
ideal design (6) by moving its poles towards the origin to make the filter
asymptotically stable. The modification is

F (q−1) =
−2q−m

(1 − r1q−4τm) (1 − r2q−2τa)
,

where r1 and r2 are real numbers in the interval [0, 1). These parameters are
design variables that can be adjusted to minimize some cost function. The
criteria we utilize are based on computing the variances of y(t) and u(t). In
order to perform this it is useful to first realize the system in state-space
form. Such a realization has the structure

x(t + T ) = Φ(r1, r2)x(t) + Γ

[

ṽ(t)
w̃(t)

]

[

y(t)
u(t)

]

= Hx(t)

(7)

where the dependence of r1, r2 on Φ is stressed. The state-space realization
can be obtained using e.g. some kind of canonical form [4]. Of course, (7)
will also depend on the signal models for v(t) and w(t).

Then, the output variance and the control signal variance can be computed
as [14]

E

[

y2(t) ∗

∗ u2(t)

]

= HPHT

where ∗ denotes a (non-interesting) cross term and P is the covariance ma-
trix of the state vector x, which is computed by solving the Lyapunov equa-
tion

P = ΦPΦT + Γ

[

Eṽ2(t) 0
0 Ew̃2(t)

]

ΓT . (8)
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In (8) the assumption that v(t) and w(t) are mutually independent is uti-
lized. This procedure of variance computation will also be useful in Section
4, where the different control strategies are evaluated.

3.2 Fixed one-DOF Design

In the first approach for feedforward design, all poles of the feedforward
filter are constrained to be placed at the same distance to the origin. This
is achieved by minimization of the criterion

J1 = Ey2(t) s.t. r2 = r
τa/2τm

1
. (9)

Due to the coupling between r1 and r2 this filter has only one degree of
freedom (DOF) and is therefore referred to as a fixed one-DOF structure.
The constraint to place all poles on the same circle is one way to make
the feedforward filter asymptotically stable. If r1 and r2 are treated as
independent design variables it turns out that Ey2(t) will decrease as r2

approaches 1. However, the output variance is not defined for r2 = 1, since
this would cancel common poles and zeros on the unit circle, c.f. (4). In
addition, r2 = 1 would cause u(t) to be a random walk process with a
variance that grows unbounded.

The minimum point of (9) is found in a numerical search procedure. The
equation (8) is repeatedly solved for different values of r1 and r2. Due to
the coupling between the two parameters the optimization is carried out in
one dimension.

In Figure 4(a) the result of such a procedure is shown for case (i). For
purpose of illustration the output signal is decomposed in a signal part and
a noise part, i.e.

y(t) = yv(t) + yw(t),

and their respective variances as functions of r1 are shown in the figure. It
portrays the tradeoff between disturbance rejection and measurement noise
sensitivity. The variance of the signal part decreases as r1 approaches 1,
while at the same time the variance of the noise part rapidly increases. In
the example, the SNR is set to 20 dB and the minimum value of the cost
function is obtained for r1 = 0.9141 and r2 = 0.9888.
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3.3 Fixed two-DOF Design

Another way to guarantee the feedforward filter to be asymptotically stable
is to penalize the control signal in the criterion to minimize. Such a cost
function is

J2 = Ey2(t) + ρEu2(t),

where ρ > 0. The amount of penalty on the control signal determines how
close r2 should be to 1. A small value of ρ gives 2τa number of poles close to
the unit circle and vice versa. The optimization procedure is carried out in
a similar fashion as for the one-DOF structure. The difference is that also
Eu2(t) is employed for each new set of {r1, r2} and that the optimization is
carried out in two dimensions, since the parameters are treated as indepen-
dent design variables. Therefore, the obtained feedforward filter is referred
to as a fixed two-DOF structure.

For case (i), a contour plot of the cost function is shown in Figure 4(b).
Here, ρ = 10−3 and SNR = 20 dB are chosen. The value of the cost function
for different level curves are shown in the plot and the minimum point is
obtained for r1 = 0.9038 and r2 = 0.9408.

For both of the two fix feedforward structures the optimum values of r1 and
r2 will depend on the SNR. For high noise levels, their values will decrease
to diminish the effect of the noise and vice versa.
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3.4 Design based on Wiener Filter Theory

The Wiener filter procedure is different from the other two design principles
in the sense that no prior feedforward structure is utilized. The Wiener filter
is designed to optimally minimize the cost function

J3 = Ey2(t|t + m) + ρEu2(t|t + m),

where m ≥ 0 is used as a fixed lag smoothing parameter to possibly improve
the performance of the feedforward filter.

Wiener filters are usually designed to recover some desired signal from noisy
measurements. The classical approach to realize such a filter is to utilize the
statistical relation between the desired signal and the measured signal by
employing the Wiener-Hopf equations [6]. Other methods include variational
arguments and the completing the squares approach [2]. For the wave diode
system, the difficulty is that it is not possible to pose a Wiener problem in
a usual way. One cannot find two correlating signals that can be used to
produce an asymptotically stable feedforward filter.

Instead, the cost function is evaluated using frequency domain relations
and we notice that the obtained structure can be utilized to produce a
Wiener solution for the feedforward filter. Expressing the output variance
and control signal variance by use of Parseval’s relation yields

Ey2(t|t + m) =
1

2πi

∮

|z|=1

(1 + zmB2FB1) (1 + zmB2FB1)
∗ Φv

dz

z

+
1

2πi

∮

|z|=1

B2B
∗

2FF ∗Φw

dz

z

Eu2(t|t + m) =
1

2πi

∮

|z|=1

FF ∗B1B
∗

1Φv

dz

z
+

1

2πi

∮

|z|=1

FF ∗Φw

dz

z

and the cost function is readily evaluated,

J3 =
1

2πi

∮

|z|=1

(

Φv + FzmB2B1Φv + B∗

1B∗

2z−mΦvF
∗

+ F [B2B
∗

2B1B
∗

1Φv + B2B
∗

2Φw + ρ (B1B
∗

1Φv + Φw)] F ∗
)dz

z

,
1

2πi

∮

|z|=1

(

Φv − FΦzv − ΦvzF
∗ + FΦzF

∗
)dz

z
. (10)
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In (10), the spectra Φz and Φsz are defined as

Φz = B2B
∗

2B1B
∗

1Φv + B2B
∗

2Φw + ρ (B1B
∗

1Φv + Φw)

= (B1B
∗

1Φv + Φw) (B2B
∗

2 + ρ) (11)

Φvz = −B∗

1B∗

2z−mΦv (12)

The signal z(t) has no physical interpretation that could be shown in e.g.

Figure 3. It is rather an instrument in formulating the Wiener solution
for minimization of the cost function J3. The structure in (10) appears
when formulating the Wiener problem by using the completing the squares

approach [2]. The ‘direct’ Wiener solution,

F (z−1) = Φvz(z
−1)Φ−1

z (z−1),

is generally unrealizable since it is non-causal. The realizable Wiener filter
is instead obtained by first computing an innovations representation of z(t)
and then extracting the causal part ([ ]+) of a filter [14].

The innovations representation can be written as

z(t) = H(q−1)ε(t),

where the innovations sequence ε is white with variance λ2
ε is determined by

use of spectral factorization. The filter H is minimum phase and asymptot-
ically stable. Inserting the expressions for the spectra of v(t) and w(t) in
(11) yields

(

B1B
∗

1
CC∗

DD∗
λ2

v +
MM∗

NN∗
λ2

w

)

(B2B
∗

2 + ρ) = HH∗λ2

ε, (13)

where

H =
β

DN
.

The structure of H is determined by setting the left hand side of (13) on
common denominator form. The polynomial β can be computed by two
spectral factorizations; one for each factor of (13),

B1B
∗

1CC∗NN∗λ2

v + MM∗DD∗λ2

w = β1β
∗

1λ2

ε1
(14)

B2B
∗

2 + ρ = β2β
∗

2λ2

ε2
, (15)

where β = β1β2 and λ2
ε = λ2

ε1
λ2

ε2
. Then, the filter that minimizes J3 is

[14],[2]

F (z−1) =

[

Φsz

{

H∗
}

−1 1

λ2
ε

]

+

H−1

=
λ2

v

λ2
ε

[

B∗

1
B∗

2
z−mCC∗N∗

Dβ∗

]

+

DN

β
. (16)



Paper III 13

The causal bracket [ ]+ in (16) can be evaluated by solving a Diophantine
equation [2]. This can be seen by writing the expression as a sum of a causal
and strictly anti-casual part,

[

B1B
∗

2
z−mCC∗N∗

Dβ∗

]

+

=

[

Q

D

]

+

+

[

z
L∗

β∗

]

+
︸ ︷︷ ︸

=0

, (17)

where Q and L∗ are polynomials in z−1 and z, respectively, of degree

nQ = max{nC + m, nD − 1}

nL = max{nB1 + nB2 + nC + nN − m, nβ} − 1.

The Diophantine equation is obtained by expressing the right hand side of
(17) on common denominator form (ignoring the brackets),

B∗

1B∗

2z−mCC∗N∗ = β∗Q + zDL∗, (18)

and the optimal filter is obtained using (16) and (17),

F (z−1) =
λ2

v

λ2
ε

Q(z−1)N(z−1)

β(z−1)
. (19)

The Diophantine equation (18) will have a unique solution due to the con-
struction of Q and L∗, as described in [1].

A remark regarding the choice of ρ: It can be seen from (15) that ρ = 0
generates a feedforward filter with poles on the unit circle. This is due to
the fact that β then would have a factor B2, which leads to a feedforward
filter that is only marginally stable when (19) is computed. Thus, ρ = 0 is
not a permitted choice.

Before turning to the numerical examples where the different feedforward
design approaches are compared it can be of interest to evaluate the effect
of smoothing for the Wiener filter. In Figure 5, Ey2(t)/Ev2(t) is shown as a
function of the smoothing parameter m. The y-axis then show how much is
gained by employing feedforward control. The SNR, Ev2(t)/Ew2(t) is tuned
to 5 dB. It can be seen that for both cases the output variance decreases
almost stepwise for integer multiples of 4τm = 32.
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Figure 5: The effect of smoothing for SNR = 5 dB and ρ = 10−3.
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4 Numerical Examples

In this section the different feedforward control strategies are evaluated and
compared for different SNR values. The one-DOF, two-DOF and Wiener
feedforward filters are denoted F1, F2 and F3, respectively. For F2 and
F3, ρ = 10−3 is chosen. The Wiener feedforward filter is evaluated for
pure filtering (m = 0) and smoothing with m = 32. For the latter, not
much is gained by choosing a smaller value of m and larger values may give
unnecessarily long time delay constraints to make the controller causal.

The output variance and the cost function with control signal penalty are
employed as performance measures. These quantities are normalized with
the variance of the disturbance, Ev2(t).

The results for cases (i) and (ii) are reported in Figure 6 and Figure 7,
respectively. The (a)-parts of the figures show the output variance as a
function of the SNR in dB scales. The interpretation should be that the
feedforward control is efficient for SNR values that yield outputs below 0
dB. If the output quantity reaches above 0 dB, the control loop amplifies
the disturbance v(t) and the wave diode becomes useless.

The (b)-parts of the figures depict the cost function measure [Ey2(t) +
ρEu2(t)]/Ev2(t). Here, the Wiener filter F3 should give better performance
than F1 and F2. This is due to the fact that it in some sense has the ‘truly
optimal’ structure.

Both cases demonstrate similar results for the different design techniques.
The two feedforward filters based on Wiener filtering yield the best perfor-
mance in terms of cost function evaluation. The Wiener filter with fixed lag
smoothing gives the lowest value since this filter utilizes ‘future’ data.

In terms of output variance minimization, the Wiener filters also give the
best overall performance. For high SNR values the one-DOF feedforward
filter F1 gives very low output variance. It may even beat the Wiener filter
structures. This is to the expense of a very high control signal variance.
Notice that F1 is not designed to take the magnitude of the control signal
into account. The effect of this can be seen in Figures 6, 7 (b) where the
variance of the control signal dominates for high signal to noise ratios. Here,
F1 clearly gives a substantial performance degradation compared to the
other design techniques.

The overall performance of the two-DOF filter F2 lies somewhat in-between
F1 and F3. It performs similar to F1 for low to moderate SNR values.
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However, it lacks F1:s drawback of a substantial control signal variance for
high SNR.

An observation is that F1 and F2 performs relatively better for case (i) than
for case (ii). This is natural since the structures of these two feedforward
filters do not take noise dynamics into account, which is present in the second
case.

Another issue is robustness against modeling errors. In Figure 8, the case of
inaccurate signal models are evaluated. The system is here operating with
the signal models of case (ii), whereas the feedforward design is carried out
under the assumption of case (i). Therefore, Figure 8 should be compared
to Figure 7 since both figures reports results from identical systems. It
can be seen that the performance of the feedforward filter is only slightly
degraded when wrong signal models are utilized and that the different design
strategies keep their joint grading. A circumstance that perhaps can be seen
a bit ambiguous is that the cost function measure for F1 actually is a bit
improved in Figure 8 compared to Figure 7. The explanation is that the
control signal is not accounted for in the design of F1, see (9).
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Figure 6: Case (i). Evaluation of (a) the output variance and (b) the cost
function with control signal penalty.
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Figure 7: Case (ii). Evaluation of (a) the output variance and (b) the cost
function with control signal penalty.
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Figure 8: Robustness examination. Design based on case (i), whereas the
true system applies to case (ii).
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5 Conclusions

In this paper, the results reported in [12] are extended with more general
types of feedforward control strategies. An apparent motivation for the work
is to investigate how much can be gained by utilizing an optimal design strat-
egy that does not presume a pre-determined model structure. In order to
accomplish this, a criterion with control signal penalty is introduced, which
allows optimal feedforward control design with Wiener filtering techniques.
This is in contrast to the previous work that only considered output vari-
ance minimization with constraint on the pole locations for a pre-determined
feedforward structure.

Numerical examples show that by use of Wiener filtering, the overall perfor-
mance (including both output variance and control signal variance) can be
improved over a wide range of signal to noise ratios. Due to the transmission
delay of disturbing waves traveling in the bar, one may also apply fixed lag
smoothing in the feedforward link to further improve the performance.

The amount of smoothing that one can allow is set by physical limitations.
For the controller to be casual the transmission delay cannot be shorter than
the sum of mT and the control loop delay. Therefore, a large value of m
may lead to a very long mechanical structure in order to increase the wave
transmission delay.

The two ‘fixed’ feedforward structures are optimized over only one and two
parameters, respectively. However, the structures of these feedforward filters
are chosen with prior knowledge of the ‘ideal’ feedforward filter (6). The
numerical examples show that these two design strategies perform quite well.
Especially for high SNR values they may challenge the Wiener structure in
terms of output variance minimization.

Despite its theoretical elaborateness, the Wiener structure has the lowest
computational complexity in the design phase. This is due to the fact that
the two ‘fixed’ feedforward structures are computed by means of a numeri-
cal search procedure, where a Lyapunov equation is solved in each step. In
terms of implementation, the Wiener structure is generally of highest com-
plexity. The order of F1 and F2 are both nB1 + nB2, whereas F3 is of order
max{nB1 +nC +nN, nD+nM}+nB2. The difference is, however, of minor
importance.

Regarding optimality, one should remember that the Wiener feedforward
type of controller is only optimal under the assumption that the models
do describe the system. However, when the design is based on false sig-
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nal models, all feedforward filters still perform similarly as before. Their
performances are only slightly degraded.

The evaluation of the optimal feedforward filter shows how much can be
gained by choosing a ‘complex’ feedforward structure instead of the simpler
one, that was derived from the ‘ideal’ controller (6). The conclusion is that
it actually is worthwhile to employ the Wiener filter structure. The main
achievement is that the output variance can be kept low for a wide range
of SNR values and at the same time keeping the control signal variance at
moderate levels.
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