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Abstract

Nonlinear system identification methods is a topic that has been gaining
interest over the last years. One reason is the many application areas in
controller design and system development. However, the problem of modeling nonlinear systems is complex and finding a general method that can be
used for many different applications is difficult.
This thesis treats recursive identification methods for identification of systems that can be described by nonlinear ordinary differential equations. The
general model structure enables application to a wide range of processes. It
is also suitable for usage in combination with many nonlinear controller
design methods.
The first two papers of the thesis illustrates how a recursive prediction error
method (RPEM) can be used for identification of an anaerobic digestion
process and a solar heating system. In the former case the model complexity
is significantly reduced compared to a semi-physical model of the system,
without loosing much in model performance. In the latter case it is shown
that it is possible to reach convergence even for a small data set, and that the
resulting model is of comparable quality as a previously published grey-box
model of the same system.
The third paper consists of a convergence analysis of the studied RPEM. The
analysis exploits averaging analysis using an associated ordinary differential
equation, and formulates conditions for convergence to a minimum of the
criterion function. Convergence to a true parameter set is also illustrated
by an example.
The fourth, and last, paper of this thesis addresses the problem of finding
suitable initial parameters e.g. for the RPEM. With a potentially nonconvex criterion function the choice of initial parameters becomes decisive
for whether the algorithm converges to the global optimum, or a local one.
The suggested initialization algorithm is a Kalman filter based method. Experiments using a simulated example show that the Kalman based method
can, under beneficial circumstances, be used for initialization of the RPEM.
The result is further supported by successful identification experiments of a
laboratory scale cascaded tanks process, where the Kalman based method
was used for initialization.
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Introduction

System identification can be defined as mathematical modeling of dynamical systems using measured data. It is hence an inherently experimental
method. The models obtained can be used for system development and controller design as well as to obtain an increased understanding of the system
studied [13]. The range of applications include industrial processes [2], economical systems [22], chemistry [23], bio-technical systems [18] and many
more.
The theory regarding identification of linear systems has been thoroughly
developed and can be said to be fairly well understood, see e.g. [13, 15, 25].
For nonlinear systems, on the other hand, system identification immediately
becomes much more complex and thereby more difficult to treat in a general
way.
There are several reasons why it is important to address methods for identification of nonlinear systems. Most important is the inherent nonlinearity of
many systems. Examples include highly nonlinear pH-control systems [19],
control valves [32], flight dynamics [7], and power systems [2]. Often such
systems can be identified with linear methods, rendering a model with local
validity. Application of feedback control then serves to reduce the effect of
nonlinear modeling errors, as long as stability is not compromised. However,
in [6] it is shown that linear models can be very sensitive to small nonlinearities and standard validation tools are not always applicable to validate
linear approximations of nonlinear systems. Sometimes, e.g. in flight control, the dynamics vary so much over the allowed operating range [7] that
an introduction of gain-scheduling or even adaptive controllers is required
[1, 27]. In such situations it may be more efficient to exploit nonlinear models with wider operating ranges [8]. The construction of such models can
e.g. be obtained by application of algorithms for identification of nonlinear
systems.
A further and major motivation for a study of nonlinear identification is the
progress in the field of model based nonlinear control. In the last 20-30 years
a variety of new systematic design methods based on nonlinear ordinary
differential equation (ODE) models have emerged. For example, in [17] and
[10] feedback linearization and back-stepping are discussed, just to mention
some of the more important methods. These methods generally require
nonlinear ordinary differential equation models to be applicable. Tools from
the nonlinear system identification field that are capable of producing such
models then become highly interesting. The methods and models discussed
in this thesis fit directly into many of the nonlinear ODE based design
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methods of e.g. [10, 17].
The analysis of methods designed for identification of nonlinear systems is
a difficult task. This is not a reason to avoid the subject. Due to the complexity of the methods and models, the need for a theoretical analysis is in
many respects even more important than in the linear case. An application
of a nonlinear identification method immediately needs to assess aspects like
choice of model structure, model stability, choice of input signals as well as
choice of sampling interval. All these aspects are less well understood than
in linear system identification. Other fundamental aspects that complicate
the application of nonlinear identification include stationarity of signals as
well as the proper application of scaling [16].
As the title suggests, this thesis treats recursive identification using blackbox models of nonlinear systems. This summary gives a background to nonlinear black-box identification (Section 2) and to two fundamental modeling
approaches (Section 3). In Section 4 recursive methods and their analysis
are treated. A description of a recursive method for identification of nonlinear state-space ODEs related to the contributions of this thesis follows in
Section 5. Finally the contribution of each paper is discussed in Section 6
followed by suggestions for future work in Section 7.

2

Nonlinear black-box methods - an overview

This section presents an overview of nonlinear black-box identification methods. It should be noted that the methods mentioned here do not constitute
a complete list but are merely examples of the wide range of methods that
can be categorized as nonlinear and of black-box type.
Both linear and nonlinear identification methods can be described as being
either of black-box or grey-box type. A grey-box, or semi-physical, model
is based on a priori knowledge of the physical properties of the system, and
the identification is focused on unknown constants of the models, cf. [3, 20].
The main advantage of this type of method is that available knowledge of the
system dynamics is utilized in the modeling and optimization procedures.
A drawback is that each model is application specific and can therefore not
be used for identification of a different type of system.
Unlike grey-box models, a black-box, or non-physical, model is a strictly
mathematical description of a system, where little or no consideration is
taken to the physical connection between different system variables. This
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implies that there may not be a complete physical interpretation of each
part of the black-box model, which may under certain circumstances be
considered a drawback. Clearly, little a priori knowledge of the system is
required, and since the model is not tailored to the application, one model
structure can be used for numerous applications, cf. e.g. [24] for a further
discussion.
The problem of modeling nonlinear dynamical systems has not been as extensively covered as the modeling of linear systems. The main reason for
this is that an introduction of nonlinearities greatly complicates the modeling procedure. For example, for each linear model there are many nonlinear
models that locally resemble the linear system. Consequently, if a linear
model is not general enough to describe a particular nonlinear system there
are several types of nonlinear models to choose from when determining a
nonlinear model structure. One way of getting around the difficulty involved
with choosing a suitable model structure is to perform grey-box modeling
using prior knowledge of the physical dynamics of the studied system. In
cases when prior knowledge is limited or grey-box modeling for other reasons is difficult to perform, there are still a number of black-box approaches
described in the literature that can be applied.
Some of the early black-box models were based on the Volterra series [21]
ŷ(t) =

∞ Z
X
k=1

∞
−∞

...

Z

∞

hk (τ1 , . . . , τk )

−∞

k
Y
i=1

u(t − τi )dτi

(1)

where u(t) can be interpreted as an input signal, and ŷ(t) an output. From a
system identification point of view the objective is to determine the Volterra
kernels hk (τ1 , . . . , τk ) for
τi = 0, τi1 , . . . , τiNi ,

i = 1, . . . , k.

(2)

where Ni is the number of points in which each τi is evaluated, assuming a
discrete time setup. It is also possible to use Volterra related methods in
combination with frequency domain estimation methods as in [28].
Wiener used orthogonalization of the Volterra series to develop a different
series expansion
∞
X
Gm (km ; u(t)),
(3)
ŷ(t) =
m=0

see [21] and [31]. The advantage of the Wiener series over the Volterra
series is that the Wiener functionals Gm (km ; u(t)) are orthogonal when the
input is white Gaussian noise. The Wiener kernels km (σ1 , . . . , σm ) can hence
easily be separated when the input is white Gaussian noise. This greatly
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Figure 1: Schematic picture of the Wiener (top) and Hammerstein (bottom)
models.
facilitates the identification procedure. However, it should be mentioned
that the large number of unknown parameters, also for low order systems,
is a major drawback of these methods.
Another way of interpreting the Wiener model is as block dynamics. The
Wiener model can then be seen as a cascaded system consisting of a multiple
input-multiple output (MIMO) linear dynamic system to which a static
nonlinearity is applied.
The above observation is the reason why systems with the block structure
of Fig. 1a are denoted Wiener systems. This model structure has a counterpart in the Hammerstein model where the static nonlinearity acts directly
on the input signal and the linear block treats the transformed input (see
Fig. 1b). Though visibly similar, it is considered significantly easier to identify the linear dynamics in the Hammerstein model than in the Wiener
model. The reason is that the Hammerstein model can be transformed to
a linear multiple input-single output (MISO) model by a suitable choice of
parameterization. A wide variety of methods have been developed based on
the structure of Fig. 1, and related block structures. See [26, 30] and the
references therein for detailed algorithms and analyses.
A more general input-output model structure is provided by a nonlinear
difference equations approach denoted NARMAX [4]. This model structure
can be seen as the nonlinear generalization of the linear ARMAX model.
Put differently the ARMAX model (Auto Regressive Moving Average with
eXogeneous inputs)
A(q −1 )y(t) = B(q −1 )u(t) + C(q −1 )e(t)

(4)

Summary
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is a special case of the NARMAX (Nonlinear ARMAX) model
y(t) = F (y(t − 1), . . . , y(t − ny ), u(t − 1), . . . , u(t − nu ),
e(t − 1), . . . , e(t − ne )).

(5)

Here q −1 is the backward shift operator (q −k y(t) = y(t − k)), y(t) the output, u(t) the input, and e(t) white noise. A(q −1 ), B(q −1 ), and C(q −1 )
are polynomials and F (·) is an arbitrary nonlinear function. As for NARMAX/ARMAX there are nonlinear counterparts to other linear model structures as well, e.g. NARX and NFIR correspond to ARX and FIR in the
linear case [24].
The NARMAX model structure is very general, in fact, it is so general that
unless the type of nonlinearity of the system is known, it may become difficult to choose a suitable function F (·). As a polynomial can, at least locally,
model any sufficiently smooth nonlinearity, it is suggested in [4] that F (·)
should preferably be chosen as a polynomial. The difference equation has
the advantage of enabling least squares techniques without requiring differentiation. The reason is that the differentiation is replaced by shifting.
However, least squares methods are generally sensitive to un-modeled dynamics [29] and may produce models corresponding to unstable dynamics
without giving any indications of it. It should also be noted that the NARMAX is a discrete time model, which may cause problems in cases when
conversion to continuous time is needed.
Closely connected to the NARMAX model is the neural network [5] which
can be used for estimation of the function F (·) of (5). Typically a neural
network consists of multiple computational elements (nodes) arranged in
layers. Each layer operates in parallel and each node is connected to all nodes
in the adjacent layers (but not to the nodes in its own layer), see Fig. 2.
Through communication between the nodes the network is then utilizing
the information in the measured data to build a model of the system from
which the measured data was obtained. The generality of neural networks
make them useful primarily in cases when little or no information about the
system dynamics is available. One major limitation of the neural network is
that as the number of nodes increases the number of estimated parameters
grows rapidly, which in turn requires very large data sets to obtain reliable
results. As is well known, validation of the model needs to be carried out
with care when neural networks are applied.
Recently, in [6], a method for identification of NARX and NOE systems
was suggested. The method includes estimation of a linear sub-model and
a function r0 (ϕ(t)) that depends nonlinearly on the regression vector ϕ(t).
Lipschitz conditions are then used to limit the allowed variation in r0 (·).

6

Linda Brus
Inputs
Layer 1

Layer 2

..
.

..
.

Layer 3
..
.
Layer m − 1

Layer m
Outputs

Figure 2: Multilayer structure of a neural network.

3
3.1

Fundamental modeling approaches
Equation error and output error modeling

When designing identification schemes for the methods and models described
in Section 2, a number of choices need to be made. One such choice that
is relevant in this thesis is the one between equation error and output error
modeling. To explain the differences, consider a linear dynamic system
described by

y(t) =

B0 (q −1 )
u(t) + e(t)
F0 (q −1 )

(6)

where y(t) is the measured output, u(t) the input, and where B0 (q −1 ) and
F0 (q −1 ) are polynomials in the backward shift operator q −1 . When an equation error model approach is used, the assumption on the noise e(t) is expressed as
e(t) =

1
w(t),
F0 (q −1 )

(7)
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where w(t) is white noise. This assumption is consistent with the following
ARX model
ŷ(t, θ) = −

ny
X
i=1

fi y(t − i) +

nu
X
i=1

bi u(t − i) + e(t) = ϕT (t)θ + e(t)

ϕT (t) = (−y(t − 1) . . . − y(t − ny ) u(t − 1) . . . u(t − nu ))
T

θ = (f1 . . . fny b1 . . . bnu ).

(8)
(9)
(10)

In particular it should be observed that the regression vector in this case
consists of measured data.
In situations when the noise (or output error) of the model is not consistent with (8) the equation error model is not directly applicable. In such
situations an output error model can be built up from the input and the
parameters as
B(q −1 , θ)
ŷ(t, θ) =
u(t)
(11)
F (q −1 , θ)
i.e.
ŷ(t, θ) = −

ny
X
i=1

fi ŷ(t − i, θ) +

nu
X
i=1

bi u(t − i) = ϕT (t, θ)θ

ϕT (t, θ) = (−ŷ(t − 1, θ) . . . − ŷ(t − ny , θ) u(t − 1) . . . u(t − nu ))
T

θ = (f1 . . . fny b1 . . . bnu ).

(12)
(13)
(14)

It is stressed that in (12), the regressor does not contain measured output
data but simulated outputs, obtained from the estimated model.

3.2

Least Squares and Prediction Error Methods

In the equation error case the general nonlinear prediction error criterion
N
1 X 2
ε (t, θ),
V (θ) =
N

(15)

t=1

where ε(t, θ) is the prediction error and N the number of data samples,
collapses to the linear least squares criterion
V (θ) =

N
1 X
(y(t) − ϕT (t)θ)2 .
N

(16)

t=1

Hence, equation error models are closely tied to an application of least
squares (LS) and Kalman filter theory [15]. No such simplification exists
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in the output error case, which remains nonlinear due to the dependence of
θ in the regression vectors ϕ(t, θ), i.e. the criterion is

V (θ) =

N
1 X
(y(t) − ϕT (t, θ)θ)2 .
N

(17)

t=1

As a consequence, nonlinear iterative search algorithms [16] are generally
required for the minimization of (17). Typical choices can be obtained by
application of Gauss-Newton and gradient search directions [15].
In the present thesis the previously published algorithm that is the starting point is a recursive prediction error method (RPEM) that identifies an
output error model.

3.3

Consequences

The equation error/LS and the output error/PEM type algorithms have
some fundamentally different properties. First, the criterion of the equation error/LS type algorithm has a unique minimum point, provided that
the excitation is sufficient and that the model is not over-parameterized
[25]. Hence, under such conditions, the algorithm always gives the correct
asymptotic result, regardless of the initialization. The criterion function of
the output error/PEM type algorithm, on the other hand, may have multiple
suboptimal minimum points to which the algorithm may converge.
A first consequence is a need for algorithms that provide useful initial values
for the output error/PEM algorithm. The construction of such initialization
methods, tailored to the algorithm of Section 5, is a first main contribution
of this thesis. A second consequence is a need to understand the convergence properties of the output error/RPEM. An analysis of the convergence
properties of the algorithm of Section 5, is therefore performed in Paper III,
this being another contribution of the thesis.
It should be noted that the output error approach also have important advantages as compared to equation error models. The advantages include
a better ability to handle unmodeled dynamics [29], as well as an on-line
feedback from parameters to model signals that counteracts nearly unstable
models within the algorithm. For equation error models a stability check
would need to be added to the algorithm to prevent complications related
to unstable models.

Summary
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Recursive identification algorithms

All system identification methods can be characterized as either recursive or
non-recursive. In the latter case a whole batch of data is used to compute an
off-line estimate of the model parameters. A recursive method, on the other
hand, is performed with a gradual update of the parameter estimates, where
the parameter estimate at time t is a function of the parameter estimate
of the previous time step and the measured data obtained at time t. A
recursive method can hence be applied on-line, with gradual addition of new
measured data, or off-line. The main advantage of a recursive method over
a non-recursive method is that it can be tuned to track changes of model
parameter values over time, whereas the non-recursive methods lack this
ability. The reference [15] discusses the main methods for design of recursive
algorithms. Many system identification methods can be formulated both as
recursive algorithms and as corresponding non-recursive implementations.

4.1

Convergence analysis by averaging

One fundamental property of a model is that of identifiability [25]. The
analysis of identifiability addresses conditions under which the parameters
of a model can be exactly retrieved from measured input-output data. Parameterization and excitation are important concepts in that analysis, see
[25] for details. This subject is not further treated in this thesis.
The reference [15] discusses ways to characterize the performance (in a general sense) of recursive identification algorithms. The presentation is focused
on convergence analysis. Such an analysis aims at establishing conditions,
under which the parameters of the identification algorithm approach certain
limit points or limit sets. Both local and global properties are treated in
[15] by the application of averaging analysis.
Averaging analysis is a technique that treats identification algorithms in the
low gain limit [11, 12, 15]. The idea is to replace the updating direction
of the algorithm by its average, using an assumption that the parameters
change very slowly (constant parameters in the limit). It then follows that
an associated ODE, corresponding to the algorithm, can be defined. It is
e.g. proven in [11, 12] that under certain conditions

• The parameter trajectories of the associated ODE coincide with the
asymptotic (low gain) parameter paths of the algorithm.
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• Global stability of the associated ODE is equivalent to global convergence of the algorithm, with the convergence points corresponding to
the invariant set.
• Local stability of the associated ODE in a point is equivalent to local
convergence of the algorithm, in the same point.

In this thesis, the following general algorithm, treated in [11], is studied
xg (t) = xg (t − 1) + γ(t)Q(t; xg (t − 1), ϕg (t))

ϕg (t) = g(t; xg (t − 1), ϕg (t − 1), e(t))

(18)

where xg (·) are the estimates, ϕg (·) the observations, and Q(·; ·, ·) is a deterministic function. It is proven in [11] that the convergence properties of
(18) can be obtained from the stability properties of
d
xg,D (τ ) = f (xg,D (τ ))
dτ
f (x̄g ) = lim EQ(t, x̄g , ϕ̄g (t, x̄g )).

(19)

t→∞

Here bars denote variables related to fix values of the estimates. The details
appear in Paper III of this thesis.

5

Recursive identification of a nonlinear ODE with
a restricted black-box parameterization

Ordinary differential equations (ODEs) is a common way of describing the
dynamics of various physical systems and processes. Many modern controller
design methods are e.g. based on such models [10, 17]. Consider a general
system of nonlinear ODEs
 (1)  

x1
f1 (x, u, θ1 )
 (1)  
 x2   f2 (x, u, θ2 ) 

 . =
(20)

..
 .  

.
 . 
(1)
fn (x, u, θn )
xn
where the superscript (·)(j) denotes the j th derivative. Further,
x(t) = (x1 (t) x2 (t) . . . xn (t))T

(21)

is the state vector,
(n1 )

u(t) = (u1 (t) . . . u1

(nk )

(t) . . . uk (t) . . . uk

(t))T

(22)
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is the input vector, θi is a vector of unknown parameters, and f1 (x, u, θ),
. . . , fn (x, u, θ) are arbitrary nonlinear functions. This model structure could
be used to describe a wide class of nonlinear systems. However, the number
of degrees of freedom is quite high, and as it turns out, too high. This can be
seen by consideration of the linear case, which becomes over-parameterized
[36]. In [36] it is also shown that (20) can, in a local environment around a
nonsingular point, be written as


(1)

x
 1.
 ..

 (1)
 xn−1
(1)
xn





 
 
=
 




x2
..
.
xn
f (x, u, θ)






(23)

for some function f (x, u, θ), where x1 , . . . , xn of (23) denote new state variables, obtained from (21) by a transformation. By choosing a polynomial
parameterization of f (x, u, θ), i.e.
f (x, u, θ) =
Ix1
X

...

ix1 =0

Iu1
Ixn
X
X

ixn =0 iu1 =0

I

(n )
u1 1

...

X

...

(n ) =0
u1 1

i

Iuk
X

I

u

...

iuk =0
(n1 ) iu(n1 )

(x1 )ix1 . . . (xn )ixn (u1 )iu1 . . . (u1

)

1

(nk )

k
X

θix1 ...ixn iu1 ...i

(n ) ...iuk ...i (nk )
u1 1
u
k

(n ) =0
u k
k

i

(nk )

. . . (uk )iuk . . . (uk

i

(nk )

) uk

=

(24)

ϕT (x, u)θ
where

θ = θ0...0 . . . θ0...I

u

(nk )
k

θ0...010 . . . θ0...01I

u

(nk )
k

. . . θ0...0I

u

(nk ) 0
k

T
,
(25)
. . . θ0...0I (n ) I (n ) . . . θIx1 ...I (n ) I (n )
u k u k
u k u k
k
k
k
k




I

I
(nk ) u(nk )
(nk −1)
(nk −1)
(nk ) u(nk )
k
k
ϕ = 1 . . . uk
uk
. . . . . . uk
uk




I
I
I
(nk −1) u(nk −1)
(nk −1) u(nk −1)
(nk ) u(nk )
k
k
k
. . . uk
. . . uk
uk
...
(26)

T

I
(nk ) u(nk )
Ix1
Ixn
Iu1
k
. . . (x1 ) . . . (xn ) (u1 ) . . . uk

it can be ensured that a fairly general class of systems can be described,
at least locally (cf. [36]). To clarify the polynomial form of ϕ(x, u) the
following examples might be useful
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Example 1 Assume a SISO system. The model order is chosen to 1 (first
order model), and the polynomial degree of the state and input are selected
as 1 and 2 respectively. The obtained model structure then has six unknown
parameters
θ = (θ00 θ01 θ02 θ10 θ11 θ12 )T
(27)
corresponding to the regressor vector
ϕ(x, u) = (1

u

u2

x

xu2 )T .

xu

(28)

The model can be written on the form in (24), as
x(1) = θ00 + θ01 u + θ02 u2 + θ10 x + θ11 xu + θ12 xu2

(29)

Example 2 Assume that the system is of second order with one input. The
polynomial degree of each state and input are selected as 1. The obtained
model then has eight unknown parameters
θ = (θ000

θ001

θ010

θ011

θ100

θ101

θ111 )T

(30)

x1 x2 u)T .

(31)

θ110

corresponding to the regressor vector
ϕ(x, u) =(1

u

x2

x2 u

x1

x1 u

x1 x2

It should be noted that the model order and the polynomial degrees of each
state and input can be regarded as tuning parameters. The number of inputs
and outputs are determined by the system. It would, however, be possible
to exclude e.g. an input or an output if this variable is found uninteresting
for modeling purposes. Also note that with an increased number of inputs
or states the number of parameters to estimate grows rapidly. It is then
possible to limit the number of unknown parameters by using only some of
the polynomial elements of ϕ. Note, however, that the number of parameters
is normally much lower than when e.g. Volterra series models are applied.

5.1

Discretization

In [36] the output vector is given by
y = Cm x

(32)

where Cm is some known constant matrix and x is the state vector given by
(23). Throughout this thesis Cm is assumed to be a unit vector such that
y = (1 0 . . . 0)x.

(33)
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In order to be able to formulate an algorithm from the model (23),(33) it first
needs to be discretized. Applying the Euler integration method to (23), and
using the sampling period Ts and the relations (33) and (24) the following
discrete time model is obtained in [36].



 

x2 (t, θ)
x1 (t, θ)
x1 (t + TS , θ)



 

..
..
..



 

.
.
.
(34)

 + TS 
=

 xn (t, θ) 
 xn−1 (t + TS , θ)   xn−1 (t, θ) 
ϕT (x, u, θ)θ
xn (t, θ)
xn (t + TS , θ)
y(t, θ) = (1 0

...

0)x(t, θ)

(35)

A treatment of nonlinear output equations appear in [33, 34].

5.2

An RPEM

One of the methods, which is used and analyzed in this thesis, is a previously
published RPEM algorithm of output error type. The algorithm, which
has been described in [33, 34, 35, 36] is formed from the discretized model
(34)-(35) and includes on-line estimation of the covariance matrix of the
measurement disturbances. The construction of the algorithm follows the
standard approach of [15]. The RPEM is given by
ε(t) = ym (t) − y(t)

µ(t)
(ε(t)εT (t) − Λ(t − TS ))
t
µ(t)
R(t) = R(t − TS ) +
(ψ(t)Λ−1 (t)ψ T (t) − R(t − TS ))
t
µ(t) −1
θ̂(t) = [θ̂(t − TS ) +
R (t)ψ(t)Λ−1 (t)ε(t)]DM
t


I (n ) 

I (n )

k
(nk )
(nk −1)
(nk −1)
(nk )
u k
(t) uk (t) uk
uk
(t) . . .
uk
ϕ(t) = 1 . . . uk (t) k

I (n ) 
I (n −1) 
I (n −1)

k
(nk )
(nk −1)
(nk −1)
u k
u k
uk (t) uk
(t) k
. . . uk
(t) k
. . . uk

Λ(t) = Λ(t − TS ) +









I (n ) T
k
(n )
. . . (x1 (t))Ix1 . . . (xn (t))Ixn (u1 (t))Iu1 · . . . · uk k (t) uk


 

x2 (t)
x1 (t)
x1 (t + TS )



 
..
..
..



 
.
.
.
 + αTS 

=




xn (t) 
xn−1 (t)
xn−1 (t + TS )
xn (t)
xn (t + TS )
ϕT (t)θ̂(t)

y(t + TS ) = (1

0

...

0)x(t + TS )

(36)

14

Linda Brus



dϕ
(n )
(t) = 0T 1 uk k (t) . . . (xi+1 (t))Ixi+1 . . . (xn (t))Ixn
dxi

I (n )
k
(n )
(n )
2xi (t) 2xi (t)uk k (t) . . . )) ,
· (u1 (t))Iu1 . . . uk k (t) uk

 dϕ
dx1 (t)
dϕ


..
(t) = 

.
dx
dϕ
dxn (t)
  dx1

 dx1
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dθ (t)
..
..
 


 


.
 =  dx .
 + αTS
 dx
n−1
n−1

(t + TS )  
(t) 
dθ
dxn
dθ (t









dθ
dxn
dθ (t)

+ TS )

dx2
dθ (t)

..
.

dxn
(t)
 dθ

T
dϕ
dx1
ϕT (t) + θ̂(t) dx (t)
...
(t)
dθ



ψ(t + TS ) = (1 0

i = 1, . . . , n

...

0)

dx
(t + TS )
dθ







 


T
dxn
(t)
dθ

Here ε(t) is the prediction error, ym (t) is the measured output, Λ(t) is the
running estimate of the covariance matrix of the measurement disturbance,
µ(t)/t is the gain sequence, R(t) is the running estimate of the Hessian,
and ψ(t) is the gradient of the output prediction with respect to the parameter vector. The gradient is determined by dynamic recursion, using the
dynamics from the linearized state space model of the system. The set of
parameter estimates that give stable models, DM , is introduced to ensure
model stability and is determined by linearization. Further, α is a scale
factor applied to the sampling period. Aspects of the above parameters are
treated in [35].
The main motivation for using this method is its generality, as the model
structure (23),(33) enables modeling of a very wide range of systems. It is
also an advantage that it is easy to reconstruct a continuous time model from
the result of the RPEM algorithm. As compared to e.g. Volterra and Wiener
series the number of parameters is kept small. Since the parameter vector is
unaffected by the sampling the obtained model parameters can be directly
interpreted in the original continuous time system. The main weakness of
the method is, as discussed in Section 4, that the criterion function can
have multiple suboptimal minima to which the algorithm may converge,
depending on the initial parameters. It is therefore stressed that some kind
of initialization algorithm is required to avoid erroneous convergence of the
RPEM. This issue is addressed in Paper IV of this thesis.

Summary
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Scaling of the sampling period

The scale factor α, which is applied to the sampling period, was introduced
to compensate for differences in magnitude between estimated quantities.
Other methods of scaling often require prior knowledge of the expected
range of each estimated parameter, which may be difficult to determine
in advance. The scaling of the sampling period addresses the problem of
state vector components of different magnitudes. This is, in fact, a common
reason why scaling is required in the first place [36]. For details on the effect
of a scaled sampling period see [35, 36]. Scaling is likely to be less important
in the initialization methods proposed in the thesis.

6

Contributions

The papers on which this Licentiate thesis is based are all in different ways
connected to the method described in the previous section.

6.1

Paper I

In Paper I the RPEM method based on the model described in Section 5
is applied to data from an anaerobic digestion process. The data used for
identification was generated by the IWA Anaerobic Digestion Model No.
1 (ADM1) [9], a complex grey-box model describing the relations between
more than 30 states corresponding to e.g. concentrations of chemical compounds and microorganisms. By simulating data instead of using experimental data from a real digestion process difficulties related to the large
time constants of the system and a potential lack of excitation of the input
signal can be avoided. Identification experiments show that a second order
model is sufficient for the RPEM method to describe most of the dynamics
of the much more complex ADM1 model. This reduction of model complexity opens up for e.g. nonlinear controller design, based on the simplified
identified model.

6.2

Paper II

Paper II treats a problem similar to that of Paper I, but in this case the
system studied is a small scale solar heating system with a limited amount
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of measurement data. In addition there is no excitation of one of the input
signals, the solar insolation, during the night. This is a fact that further
complicates the identification procedure. The problem of having a small
data set is circumvented by application of ’multiple scans’, where the parameter estimate at the end of the data set is used as initial parameters when
applying the algorithm to the data set again. This is a means of extracting
all information possible from the data, when using a recursive identification
method initialized by an arbitrary parameter vector in an off-line situation.
The result of the experiments is a reduced first order model which has similar performance to a previously published energy-balance based grey-box
model [14].

6.3

Paper III

The convergence properties of the RPEM algorithm [36] are studied in this
paper. Sufficient conditions to obtain convergence to a minimum of the
criterion function are formulated. The analysis, which exploits averaging
analysis using an associated ordinary differential equation shows that convergence to the true parameter vector is possible. Convergence to a true
parameter vector is also illustrated by a numerical example.

6.4

Paper IV

The use of the RPEM method is complicated due to the minimization of a
nonlinear non-convex (in the general case) criterion function. In this paper
a Kalman filtering method is suggested as a means for finding an initial
parameter vector. Differentiated measurements then replace the simulated
counterparts in the regression vector of the RPEM. Further, a variant with
more advanced differentiating filters is presented. The suggested method
is examined in terms of performance, both as a separate algorithm and as
an initialization method for the RPEM. The more advanced differentiation
scheme improves the performance gain primarily for low SNRs. Further, the
method is used for identification using live data from a laboratory process
- a set of cascaded tanks. Experiments show that the Kalman filter can,
under beneficial circumstances, be used for generation of initial parameters
for the RPEM.

Summary
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Future work

The work presented in this thesis cover different aspects of nonlinear system
identification: application to simulated and live data, theoretical analysis,
and algorithm development. All papers treat aspects related to the same
nonlinear ODE model structure. For future research, there are a number of
topics that would be interesting to study.
First, it would be of interest to evaluate the initialization method further
with live data sets from other processes. The results of such experiments
would either confirm the Kalman filter based method as a working initialization method for the RPEM, or indicate a need for further algorithm
development.
Algorithm development is another subject for further studies to ensure that
the initialization method can be applied also to more complex systems.
Problems may occur e.g. as the initialization method in Paper IV uses
approximate state variables obtained by differentiation of the output signal.
For a high order model and/or noisy measurements this is very likely to
cause problems. The effect of low pass filtering in such cases need to be
investigated.
A natural continuance of the convergence analysis of the RPEM, in Paper III, would be to study conditions that need to be fulfilled for the algorithm to converge to the true parameter vector. The conditions in Paper III
only indicate that such convergence is possible. It would also be of interest
to study the convergence properties of the Kalman filter based method, and
to analyze the relation between the minima of the criterion functions of the
Kalman filter based algorithm and the RPEM.
Last but not least, it would be interesting to use models obtained through
identification experiments for controller design, and to eventually evaluate
these with (on-line) identification and control of a physical process, e.g. an
anaerobic digestion process as the one described in Paper I.
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Paper I

Nonlinear Identification of an Anaerobic
Digestion Process
Linda Brus

Abstract
Anaerobic digestion in bioreactors is an important technology for
environmental friendly treatment of organic waste. To optimize and
control such processes accurate dynamic models of the process are
needed. Unfortunately, modeling of anaerobic digestion often results
in high order nonlinear models with many unknown parameters, a fact
that complicates controller design. This paper attempts to circumvent this problem, by application of new recursive system identification techniques, thereby radically reducing the degree of the models
and the number of parameters. Experiments show that a second order
nonlinear model is sufficient for accurate modeling of the system.

1

Introduction

With increased population and migration to urban areas the need for sustainable ways to manage the large amounts of waste produced increases.
Some of the waste, e.g. domestic compost material, waste from food production, cattle and pig manure, and sludge from wastewater treatment, is
of organic origin and is decomposed by microorganisms in nature. However,
the amounts or concentrations associated with urban areas or large scale
food production poses problems.
In a bioreactor, organic material can be decomposed by microorganisms in
an anaerobic environment, producing methane (biogas) that can be used for
fuel, and extracting nutrients that can be used for fertilization. As a bonus,
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the volume of waste used for landfill is reduced, and the amount of leachate
from the landfill decreases.
To get an efficient digestion process the environment in the bioreactor needs
to remain propitious for the microorganisms. This control problem is complicated by the sensitivity and complexity of the system as well as by the slow
dynamics, which make pilot scale experiments time consuming. A model of
the process can to some extent replace pilot scale experiments. However,
if the model is to be used for control purposes it is preferable if the model
structure is as simple as possible without losing important aspects of the
system dynamics. The anaerobic digestion process is nonlinear which must
also be considered in modeling and controller design. Examples of previous
studies of nonlinear modeling and control of anaerobic digestion and biogas
production include [1, 3], and [9]. In [1] an adaptive controller based on
a simple model of anaerobic digestion is proposed, in [3] a procedure for
model structure selection is considered, and [9] treats control design based
on a grey-box model of a biogas tower reactor.
In this paper modeling by means of system identification is applied. Such
modeling methods are often classified as grey-box (semi-physical), or blackbox (non-physical). In grey-box modeling a priori knowledge of the system
dynamics is included in the model structure, followed by estimation of a
number of unknown model parameters using measured data. Examples of
grey-box modeling include [2]. In black-box identification no previous knowledge of the system is required, which can be an advantage if information of
the system dynamics is limited. An other advantage can be avoiding to get
models that depend on a large number of parameters, which may be the case
if detailed grey-box modeling of a complex system is performed. However,
the black-box modeling involves the problem of choosing a suitable model
structure.
A recursive prediction error method (RPEM) for solving nonlinear identification problems with a restricted black-box parameterization of a state space
ODE was described in [11, 12]. The model exploits a multi-variable polynomial in one right-hand side component of the ODE, which offers flexibility
in terms of application areas. One advantage is that the polynomial form
enables identification using relatively few parameters. The model structure also offers a possibility to, locally, model systems with a more complex
right-hand side structure of the ODE.
In this paper the main purpose is to apply the above RPEM to simulated
data from a biogas reactor model. The contribution of the paper include
showing that nonlinear black-box identification can be used for modeling of
biogas production with good results. A second order nonlinear model with

Paper I

3

eight parameters is sufficient to describe the system. A second order linear
model, however, fails to describe some of the system dynamics. The two
state, eight parameter model is substantially less complex than the 34 state
grey-box model from which the data was obtained. This reduction in model
complexity greatly simplifies e.g. the issue of control design for the biogas
reactor. The more complex grey-box model has been evaluated in e.g. [5].
This paper is organized as follows. In section 2 the anaerobic digestion data
is described. Section 2 presents the model parameterization, followed by
experiments in section 4. Finally, the conclusions can be found in section 5.

2

Anaerobic digestion

Biogas production has been introduced to treat organic waste, domestic
as well as industrial. In the anaerobic environment of a biogas reactor
microorganisms decompose organic material and produce hydrocarbons that
can be used as an energy source.
The experimental data used in this paper (see Fig. 1) comes from simulations [4] using the IWA ADM1, an anaerobic digestion model presented by
the International Water Association [6]. The model is of grey-box type, estimating the concentration of a substantial number of chemical compounds
as well as the amount of biomass in the reactor. Implemented as a set
of differential and algebraic equations, the model consists of 26 dynamic
state concentration variables, and 8 algebraic variables per reactor vessel or
element. If implemented as differential equations only, the model has 32 dynamic concentration state variables. This rather complex model can be used
for detailed estimation of different aspects of the decomposition process.
Since the time constants of microbial growth in an anaerobic digestion reactor are large, the model offers an alternative to long and costly experiments
in a pilot scale reactor. It also enables the input signal to be persistently
exciting in terms of frequency and amplitude, which is crucial to the nonlinear identification, without having to consider the environmental problems
of varying process performance, associated with physical experiments.
In the ADM1 simulation used in this paper the microorganisms are fed with
domestic waste, but the initial values are adjusted to digestion of excess
waste water sludge. It takes a while for the process to stabilize after the
change of conditions, and therefore the first 100 samples (25 days) were not
used for the experiments.
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Figure 1: Simulation data from the anaerobic digestion model (ADM1),
propionate concentration (top), and substrate input (bottom).

To obtain better conditions for identification the data was rescaled, the input
signal with a factor 104 and the output with a factor 10. However, in all
plots the input and output (ADM1 generated as well as modeled) are in the
original scale.

3
3.1

Model and algorithm
Model

The identification was performed with a recursive prediction error algorithm
with a restricted black-box parameterization. To describe the identification
model, which is of output error (OE) type, introduce the input vector
(n1 )

u(t) = (u1 (t) . . . u1

(nk )

(t) . . . uk (t) . . . uk

(t))T

(1)

and the state vector
x(t) = (x1 (t)

x2 (t)

...

xn (t))T .

(2)
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(j)

The superscript j of ui denotes the j th derivative of the ith input signal.
The algorithm is based on the state space model
 (1)  

x1
x2
 .  

..
 ..  

(1)
.
=
x =
(3)

 (1)  

x
 xn−1 
n
(1)
f (x, u, θ)
xn
y = (1

0

...

0)x

(4)

where θ is the unknown parameter vector containing nθ components. The
right-hand side of (4) can be exchanged for any set of known nonlinear vector
functions to expand the model to a general multiple output model (cf. [11]).
By limiting the nonlinearity to entering equation (3) in one of the right-hand
side components only, overparameterization can be avoided and the model
structure complexity kept relatively low. Yet, the state space form (3)-(4)
provides a possibility to model a wide variety of right-hand side components
through the function f . In fact, it is proven in [11] and the references therein
that the model can (locally) describe systems with arbitrary right-hand side
structures.
f (x, u, θ) is chosen to be of polynomial form
f (x, u, θ) =
=

Ix1
X

ix1 =0

...

Iu1
Ixn
X
X

ixn =0 iu1 =0

I

(n )
u1 1

...
i

X

(n1 ) =0

u1

θix1 ...ixn iu1 ...i

(n ) ...iuk ...i (nk )
u1 1
u
k

(n1 ) iu(n1 )

(u1 )iu1 . . . (u1

)

1

...

Iuk
X

I

u

...

iuk =0

i

u

(nk )

k
X

(nk )
k

=0

(x1 )ix1 . . . (xn )ixn
(nk )

. . . (uk )iuk . . . (uk

i

(nk )

) uk

(5)
=

T

= ϕ (x, u)θ
For example, a simple second order model of this representation would be
with two states, x1 and x2 (corresponding to the output signal, and its
derivative, cf. equation (4)) and one input signal, u where n1 = 0, (the
differential equation does not depend on derivatives of the input signal in
this case). This means that nθ = 8,
θ = (θ000 θ001 θ010 θ011 θ100 θ101 θ110 θ111 )T

(6)

and
ϕ = (1

u x2

x2 u x1

x1 u x1 x2

x1 x2 u)T .

(7)
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Remark 1: A discussion on the consequences of the use of input signal
derivatives appears in [11]. Note that no input signal derivatives are used
in this paper.

3.2

Discretization

To be able to formulate the model as an RPEM algorithm it needs to be
discretized. Applying the Euler integration method to (3), and using the
relations (4) and (5) the following discrete time model is obtained
 
x1 (t, θ)
x1 (t + TS , θ)
 

..
..
 

.
.
=

 xn−1 (t + TS , θ)   xn−1 (t, θ)
xn (t, θ)
xn (t + TS , θ)


y(t, θ) = (1

3.3

0

...









 + TS 



0)x(t, θ).

x2 (t, θ)
..
.
xn (t, θ)
ϕT (x, u, θ)θ







(8)

(9)

RPEM

From the discretized model an RPEM can now be formulated. The identification is performed using an output error approach, and the covariance
matrix of the measurement disturbances is estimated on-line. The construction of the algorithm follows the standard approach of [8]. The RPEM is
given by
ε(t) = ym (t) − y(t)

µ(t)
(ε(t)εT (t) − Λ(t − TS ))
t
µ(t)
R(t) = R(t − TS ) +
(ψ(t)Λ−1 (t)ψ T (t) − R(t − TS ))
t
µ(t) −1
θ̂(t) = [θ̂(t − TS ) +
R (t)ψ(t)Λ−1 (t)ε(t)]DM
t



I (n ) 

I (n )
k
k
(n −1)
(n )
(n −1)
(n )
uk k (t) uk k (t) uk
uk k (t) . . .
ϕ(t) = 1 . . . uk k (t) uk

I (n ) 
I (n −1) 

I (n −1)
k
(nk )
(nk −1)
(nk −1)
u k
u k
uk (t) uk
. . . uk
(t) k
. . . uk
(t) k

Λ(t) = Λ(t − TS ) +


I (n ) T

k
(nk )
Ix1
Ixn
Iu1
. . . (x1 (t)) . . . (xn (t)) (u1 (t)) · . . . · uk (t) uk
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T
dxn
(t)
dθ

Here ε(t) is the prediction error, ym (t) is the measured output, Λ(t) is the
running estimate of the covariance matrix of the measurement disturbance,
µ(t)/t is the gain sequence, R(t) is the running estimate of the Hessian, and
ψ(t) is the gradient of the output prediction with respect to the parameter
vector. The gradient is determined by dynamic recursion, using the dynamics from the linearized state space model of the system. DM is the set of
parameter estimates that give stable models, and is introduced to ensure
model stability. DM is determined by linearization. α is a scaling factor
applied to the sampling period, see [12] for further details.

3.4

Model characteristics and algorithmic properties

The main advantage of the model used in this paper is that it enables a blackbox approach for a nonlinear identification problem. The restricted black-
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box parameterization of the state space ODE, with a polynomial model of
one right-hand side of the ODE, avoids inherent overparameterization. In
addition the polynomial can, locally, model more complicated nonlinearities
in the right-hand side of the ODE [12]. Due to the generality of a black-box
approach, the model could be used for various applications within many
engineering fields.
Certain conditions may, however, cause problems with the identification.
For example, if the relative sizes of the state vector components differ a
lot, the polynomial elements will differ in magnitude too. This may cause
numerical problems in the RPEM algorithm. The scaling factor α in (10)
can be applied to the sampling period to improve the conditioning of the
identification problem, see [12] for further details.

4
4.1

Experiments
Order selection and data properties

Identification experiments with the biogas reactor data have been performed
using the model and algorithm described by equations (3)-(7), and (10),
respectively. Step responses from the ADM1 indicate that the system needs
to be modeled as 2nd order, or more. Hence, the approach has been to make
identification experiments on a basic second order model structure, and then
use it as reference when changing the polynomial degree of the input.
As in linear identification it is important to use persistently exciting inputs
when collecting data, in order not to miss important information on the
system. Hence, the input needs to have a varying frequency content. Furthermore, since a nonlinear relation between inputs and output is assumed,
a variation of input amplitudes is required to identify the nonlinear dynamics. In the experiments described in this paper the input signal is chosen as a
PRBS with varying amplitudes, see Fig. 1. The steps of various amplitudes
provides information on the static behavior of the system. The data consists
of an input signal, which corresponds to the substrate volume added to the
process (m3 ), and an output that corresponds to the propionate concentration in the reactor (kg COD/m3 ). The sampling period is 6 hours (0.25
days).
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Initialization and algorithm tuning - general considerations

When initializing the RPEM algorithm, the choice of initial parameters, θ0 ,
and the magnitude of the Hessian, R0 , are of great importance for the result
of the identification. If θ0 is chosen unfavorably the algorithm may not
converge to a stable parameter set. The size of the Hessian, R, determines
how fast the parameters change, and with a badly chosen R0 , the algorithm
may take very long to converge, or cause unstable parameter estimates.
In the experiments the initial parameter vector, θ0 , was chosen to correspond
to a stable linear system. Attempts to use a linear θ0 with a pole placement
that would give a similar step response as the nonlinear ADM1 generated
data, resulted in instability after a few iterations with the RPEM. A θ0 with
more stable poles gave better results.
In models with a large number of θ parameters, it takes longer before all
parameters have responded to system dynamics and converged. It can then
−1
−1
be necessary to adjust the parameter updating gain, µ(t)
t R (t)ψ(t)Λ (t).
−1
Since the parameter updating gain is proportional to µ(t) and R the convergence speed can be increased by increasing µ(t) or reducing R. However,
if the parameter updating gain is chosen too large there is an increased risk
of numerical problems. For the experiments in this paper the default value
of the initial Hessian R(0) has been chosen as the identity matrix of dimension nθ . µ(t) was chosen as a standard updating function µ̄(t) that tends
t
, where µ0
to 1 exponentially. In addition there is a limitation factor t+µ
0
is chosen large, that makes µ(t) small for small t. The gain is defined as
µ(t)
1
t = t+µ0 µ̄(t).
An other important tuning parameter is the scaling factor of the sampling
period. If the states differ significantly in magnitude the identification problem will be badly conditioned, and numerical problems will occur. By scaling the sampling period of the model, the eigenvalues of the Hessian can
be adjusted (cf. [12]), and convergence speed will be improved. This way
parameter sets that would otherwise lead to divergence and instability may
converge. Similarly, the gain can be tuned to obtain more favorable conditions for convergence.
Though not treated in this paper, it is worth mentioning that other ways of
increasing model complexity to catch unmodeled system dynamics could be
to increase the model order, or the polynomial degree of the states. Both
methods may, however, introduce convergence problems and increase the
risk of instability. In general increasing the degree of the states poses more
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Table 1: Initialization values for the different nonlinear test cases. iu is the
polynomial degree of the input, θu , θx1 , and θx2 are the initial values of
linear parameters. α is the scaling factor of the sampling time, the initial
Hessian R0 = rInθ , where Inθ is the nθ × nθ identity matrix, and nθ is the
number of elements in the parameter vector θ
.
iu θu θx2 θx1
α
r
nθ
1 0.1 -1 -1.5
1
10
8
2 0.1 -1.5 -0.5
1
10 12
3 0.1 -1 -1.5 0.4
2
16
4 0.1 -1 -1.5 0.4
5
20

of a problem than increasing the degree of the input, since the model involves
the derivatives of the states.

4.3

Identification results

Before running the recursive algorithm on the dataset an initial parameter
vector is required. Choosing suitable initial values for the θ vector is not
trivial. Preferably the vector should be chosen close to the optimal values,
to ensure convergence, and avoid local minima. However, the optimal values are, obviously, unknown. If initialized wrongly, the model will produce
unstable parameter estimates or converge to a local minimum.
The experiments presented in this paper were based on a simple second
order model, which was repeatedly extended by increasing the polynomial
order of the input, iu (cf. (5)). For comparison the identification was also
performed on a model containing only the linear parameters of the second
order system, i.e. ϕ = (1 u x2 x1 ) (see Fig. 2).
Initialization of the different test cases were all done starting with all nonlinear parameter values set to zero. The linear parameters were then adjusted
to obtain a stable parameter estimation that converges. For example, the
basic nonlinear model with a first degree input (iu = 1) was initialized with
θ0 = (0 0.1 − 1 0 − 1.5 0 0 0)T . Comparison to (6)-(7) shows that the
nonzero elements correspond to the u, x2 , and x1 parameters respectively.
To obtain convergence the initial values of the Hessian needed adjustment.
Table 1 shows the initial values for the linear parameter elements, the sampling scale factor, and the initial Hessian.
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Figure 2 shows a close up of the simulation results from the linear model
experiment. It is clear that the linear model structure only manages to
describe a fraction of the system dynamics. The basic nonlinear second
order model (see Fig. 3) performs radically better, and explains most of the
output variations. The parameter estimates converge and behave nicely,
which can be seen in Fig. 4.
Figures 5, and 6, show the results of simulations with iu = 2, and iu = 4,
respectively. To highlight the difference in model performance the plots
only cover the time between day 500 and 1500. The behavior with iu = 3
lies somewhere between that of iu = 2, and iu = 4. All three alternatives
manage to model the main dynamics, but fail somewhat to describe some
of the overshoot that occurs at large changes in input substrate. It is also
worth mentioning that the higher the degree of u, the more parameters, and
thereby an increased difficulty to get the model to converge. With increased
model complexity the algorithm becomes more sensitive to the choise of
initial parameters as well as to scaling and gain. The 3rd and 4th degree
models also show a tendency to oscillate, if the RPEM parameters are not
chosen carefully.
For the biogas data the simulations shows high accuracy already at models
with a low polynomial degree of the input signal. The improvement compared to the linear model is substantial. Model accuracy improves slightly
as iu increases, however, the low degree model (with iu = 1) is sufficient
to describe most of the system dynamics. The model structure opens for
identification using live data, which would be very complicated with a greybox model with a large number of parameters. The more complex grey-box
model is likely to be harder to tune and stability issues may easily occur
due to the large number of parameters. A low degree model also simplifies
control design significantly, as the number of parameters is small.
Interesting topics for future research include applying the obtained model to
live data from a full scale biogas reactor. Further, designing nonlinear controlers based on the model would be of great interest. The model structure,
based on the polynomial form, enables application to a number of control
strategies, see e.g. [7]. Finally the obtained controllers could be evaluated
when applied to a real biogas reactor. Improvements to the RPEM include
developing an initialization method, to simplify the choice of initial parameters for complex model structures. It would also be of interest to study the
behaviour of higher order models, i.e. more states and derivatives of the
input signals included in the nonlinear model.
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Figure 2: ADM1 (solid) and simulated (dotted) propionate concentration
for the linear 2nd order model, from day 500 to day 1500.
The software implementation of the algorithm that was used for the identification experiments is described in [10], and can be downloaded from
http://www.it.uu.se/research/reports.

5

Conclusions

The identification experiments in this paper show that an anaerobic digestion process can be modeled, obtaining good results, with as little as eight
parameters. This relatively uncomplicated model could greatly simplify the
issue of controller design for the complex biological system in a biogas reactor.
The identification method was an RPEM based on a restricted black-box
state space model. Different second order model structures were used for
the identification. A linear model was insufficient to describe the system
dynamics, whereas nonlinear models that describe most of the dynamics
could be found for models with input polynomial degree of 1 to 4. The
first degree input model was very accurate, and contains few parameters
compared to e.g. the corresponding grey-box model. The simple model
structure and the low number of parameters open for direct application to
live data and is believed to significantly simplify controller design.
Interesting topics for further research would be to study the model behaviour
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Figure 3: ADM1 (solid) and simulated (dotted) propionate concentration
for the 2nd order model with ix1 = 1, ix2 = 1, and iu = 1.
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Figure 4: Parameter estimates for the basic nonlinear 2nd order model,
ix1 = 1, ix2 = 1, and iu = 1
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Figure 5: ADM1 (blue) and simulated (green) propionate concentration for
the 2nd order model with ix1 = 1, ix2 = 1, and iu = 2.
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Figure 6: ADM1 (blue) and simulated (green) propionate concentration
(top), and substrate volume (bottom) for the 2nd order model with ix1 = 1,
ix2 = 1, and iu = 4.
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when applied to measured data from a biogas reactor, to design nonlinear
controllers based on the model, and eventually to evaluate the controller
performance on a real reactor. As for the algorithm future work could
include developing an initialization method for the RPEM, and to study the
behaviour of higher order models, i.e. more states and derivatives of the
input signals included in the nonlinear model.
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Paper II

Nonlinear Identification of a Solar
Heating System
Linda Brus

Abstract
The use of solar heating systems is a way of exploiting the clean
and free energy from the sun. To optimize the energy gain from such a
system, where the main input, the solar insolation, is an uncontrollable
variable, good models of the system dynamics are required. Identification methods are often either highly specialized for the application
or require an extensive amount of data, especially when the dynamics
studied are nonlinear. This paper shows that by application of a new
recursive system identification technique, a small scale solar heating
system can be modeled with very little data, without having to tailor
the model structure to the application.

1

Introduction

The sun is the primary energy source of the earth, providing the planet with
light and heat. The energy from the sun is a lasting environmentally friendly
resource that leaves no waste products, and it is available in amounts that
greatly exceeds our demands. As compared to the use of fossil fuels, the
long term advantages appear to be overwhelming. The main problem with
solar energy is, however, how to utilize, store, and distribute it. Heating of
buildings and hot water is one common way to make use of the solar energy.
In this paper a small scale solar heating system is modeled with nonlinear
identification. The system consists of a solar collector, a heat storage, and
a fan that blows hot air from the former to the latter. The heat can then

2

Linda Brus

be distributed from the heat storage to the house. The system is used for
building heating only.
Nonlinearities are not uncommon in solar energy applications, which poses a
problem in modeling and control of e.g. solar collector fields. Good control
strategies are crucial to obtain efficient utilization of the solar energy. For
example, the energy loss from the solar collectors increases as the temperature increases, which calls for low influent temperature, so that the energy
loss is minimized. At the same time the objective of a solar heating system
is to utilize as much energy as possible and thereby increasing the temperature in the collectors. Examples of efforts to increase the energy gain from
solar collectors, by the use of nonlinear models include [2], [8], and [3]. In [2]
an adaptive nonlinear controller of a solar collector field is designed, [8] describes a study of energy based control of solar collectors, and [3] uses neural
identification methods to obtain a model for predictive controller design.
With accurate models of the solar heating process available, controller design
can be facilitated, and the energy gain from the collector improved. However, if the accuracy of the model is obtained at the cost of high complexity
and many model parameters, the controller design may be complicated. The
ideal would be a simple model structure that gives a high accuracy. Such a
model could be used for various applications, like fault detection and weather
forecast based control. Note that weather forecast based control would rely
on a dynamic model of the energy utilization, since only predicted solar
insolation is available for present control decisions.
Given the background described above a first objective of the paper is to apply a new nonlinear system identification technique to measured data from
the solar heating system. At the same time, this provides a benchmark for
the new recursive algorithm. A second objective is to study the obtainable performance when the data set is very small and the main input signal
excitation (solar insolation) is limited. The intention is, naturally, to investigate the practical feasibility of on-line nonlinear modeling, to prepare for
nonlinear optimal control, e.g. utilizing weather forecasts.
Today linear system identification has been widely studied and is well developed, and in many cases linear models will be sufficient to describe the
behavior of a system. There are also several methods to solve nonlinear
identification problems, but due to the complexity of the subject, this area
is not as thoroughly studied as the linear identification methods. Previous
studies of nonlinear identification strategies to different engineering applications include power plant modeling [1], pulp digester modeling and control
[7], and modeling of closed loop plant processes [5] just to mention a few.
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Identification methods are often classified as grey-box (semi-physical), or
black-box (non-physical) models. In grey-box modeling a priori knowledge
of the system dynamics is included in the model structure, followed by estimation of a number of unknown model parameters using measured data.
Examples of grey-box modeling include [6] and [4]. In black-box identification no previous knowledge of the system is required, which can be an
advantage if information of the system dynamics is limited, but it also involves the problem of choosing a suitable model structure.
A recursive prediction error method (RPEM) for solving nonlinear identification problems with a restricted black-box parameterization was described
in [13, 14]. The model involves a multi-variable polynomial, which offers
flexibility in terms of application areas. In this paper the RPEM is applied
to a limited data set from the small scale solar heating system outlined
above.
This paper is organized as follows. In section 2 the solar heating system
is described. Section 2 presents the model parameterization, followed by
experiments in section 4. Finally, the conclusions can be found in section 5.

2

System description

The main component of a solar heating system is the solar collector. Depending on application and locality of the system the collector can differ in
design, but common to all solar collectors is that they are constructed to absorb the solar radiation and transfer it to heat. The heat is then transported
by some kind of medium to a heat storage. The medium can be air, but
more common is to use a fluid, e.g. oil or a water and anti-freeze mixture.
The energy gain from the solar collector is determined by the balance between absorbed energy and heat loss to the environment. The heat loss
increases with temperature and limits the maximum temperature attained
from the system. To optimize the amount of extracted energy from the
system it is therefore of interest to minimize the temperature loss from the
collector. Hence, the ideal collector giving maximum temperatures and maximum useful power outputs is highly absorbent, well-insulated, and exposed
to intense solar radiation.
The data [9] used for the experiments are from a small scale solar heating
system, see Fig. 1. The collector, which has air as energy transportation
medium, is connected to a heat storage filled with pebbles that retain the
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u1 (t)

y(t)

u2 (t)

Figure 1: A schematic picture of the solar heating system, with the measured
variables irradiance (solar insolation), u1 (t), fan switch state, u2 (t), and heat
storage temperature, y(t).
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Figure 2: Measured data from the solar heating system, heat storage temperature, y(t) (top), solar insolation, u1 (t) (middle), and fan switch state,
u2 (t) (bottom).
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energy from the collector. There is also a fan, which controls the air flow
between the collector and the heat storage. Data consist of measurements of
solar insolation, u1 (t), fan switch state (on/off), u2 (t), and the temperature
of the heat storage, y(t), during approximately two days, see Fig. 2. The
sampling period is 10 minutes and the total number of samples is 296.
Several different off-line modeling approaches have previously been applied
to this data set. In [10] a linear model, a neural network approach, and a
grey-box model that involves reparameterization are presented.
The amount of data is limited, and for many nonlinear black-box identification methods 296 samples may not be sufficient to obtain an accurate model.
However, this paper aims to show that the proposed black-box recursive algorithm can produce highly accurate models even with a small data set,
by multiple scans of the algorithm over the data set. Note that only 148
samples (50%) are used for identification, the second half of the data set is
used for validation.

3
3.1

Model and algorithm
Model

The identification was performed with a recursive prediction error algorithm
with a restricted black-box parameterization. To describe the identification
model, which is of output error (OE) type, introduce the input vector
(n1 )

u(t) = (u1 (t) . . . u1

(nk )

(t) . . . uk (t) . . . uk

(t))T

(1)

and the state vector
x(t) = (x1 (t) x2 (t)

...

xn (t))T .

(2)

(j)

The superscript j of ui denotes the j th derivative of the ith input signal.
The algorithm is based on the state space model
 (1)  

x1
x2
 .  

..
 ..  

(1)
.


(3)
x =  (1)  = 



xn
 xn−1 
(1)
f (x, u, θ)
xn
y = (1

0

...

0)x

(4)
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where θ is the unknown parameter vector containing nθ components. The
right-hand side of (4) can be exchanged for any set of known nonlinear vector
functions to expand the model to a general multiple output model (cf. [13]).
By limiting the nonlinearity to entering equation (3) in one of the right-hand
side components only, overparameterization can be avoided and the model
structure complexity kept relatively low. Yet, the state space form (3)-(4)
provides a possibility to model a wide variety of right-hand side components
through the function f . In fact, it is proven in [13] and the references therein
that the model can (locally) describe systems with arbitrary right-hand side
structures.
f (x, u, θ) is chosen to be of polynomial form
f (x, u, θ) =
=

Ix1
X

ix1 =0

...

Iu1
Ixn
X
X

I

(n )
u1 1

...

ixn =0 iu1 =0

θix1 ...ixn iu1 ...i

(n )
u1 1

u

(n1 ) iu(n1 )

)

...

(n ) =0
u1 1

i

...iuk ...i

· (u1 )iu1 . . . (u1

X

1

(nk )
k

Iuk
X

I

u

...

iuk =0

i

u

(nk )

k
X

(nk ) =0
k

(x1 )ix1 . . . (xn )ixn ·
(nk )

. . . (uk )iuk . . . (uk

i

(5)
(nk )

) uk

=

= ϕT (x, u)θ.

For example, a simple first order model of this representation would be with
one state, x (corresponding to the output signal, cf. equation (4)) and two
input signals, u1 and u2 where n1 = n2 = 0 (the differential equation does
not depend on derivatives of the input signals in this case). This means that
nθ = 8,
θ = (θ000 θ001 θ010 θ011 θ100 θ101 θ110 θ111 )T
(6)
and
ϕ = (1

u2

u1

u1 u2

x

xu2

xu1

xu1 u2 )T .

(7)

Remark 1: A discussion on the consequences of the use of input signal
derivatives appears in [13]. Note that no input signal derivatives are used
in this paper.

3.2

Discretization

To be able to formulate an RPEM algorithm the model needs to be discretized. Applying the Euler integration method to (3), and using the rela-
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tions (4) and (5) the following discrete time model is obtained





x1 (t + TS , θ)
x1 (t, θ)
x2 (t, θ)





..
..
..





.
.
.

= 
 + TS 
 xn−1 (t + TS , θ) 
 xn−1 (t, θ) 

xn (θ)
xn (t + TS , θ)
xn (t, θ)
ϕT (x, u, θ)θ
y(t, θ) = (1

3.3

0

...







0)x(t, θ)

(8)

(9)

RPEM

From the discretized model an RPEM can now be formulated. The identification is performed using an output error approach, and the covariance
matrix of the measurement disturbances is estimated on-line. The construction of the algorithm follows the standard approach of [11]. The RPEM is
given by
ε(t) = ym (t) − y(t)

µ(t)
(ε(t)εT (t) − Λ(t − TS ))
t
µ(t)
R(t) = R(t − TS ) +
(ψ(t)Λ−1 (t)ψ T (t) − R(t − TS ))
t
µ(t) −1
θ̂(t) = [θ̂(t − TS ) +
R (t)ψ(t)Λ−1 (t)ε(t)]DM
t



 

x2 (t)
x1 (t)
x1 (t + TS )



 

..
..
..



 

.
.
.

 + αTS 
=

 xn (t) 
 xn−1 (t + TS )   xn−1 (t) 
xn (t)
xn (t + TS )
ϕT (t)θ̂(t)




I (n ) 

I (n )
k
(nk −1)
(nk )
(nk −1)
(nk )
u k
uk
(t) uk (t) uk
uk
(t) . . .
ϕ(t) = 1 . . . uk (t) k


I (n −1)
I (n ) 
I (n −1) 
k
k
k
(n −1)
(n )
(n −1)
. . . uk k (t) uk
. . . uk k (t) uk
uk k (t) uk
Λ(t) = Λ(t − TS ) +



. . . (x1 (t))

Ix1

Ixn

. . . (xn (t))

(u1 (t))

Iu1

· ... ·



I

(n )
uk k (t)

u

(nk )
k

y(t + TS ) = (1 0 . . . 0)x(t + TS )


dϕ
(n )
(t) = 0T 1 uk k (t) . . . (xi+1 (t))Ixi+1 . . . (xn (t))Ixn
dxi

I (n )
k
(n )
(n )
2xi (t) 2xi (t)uk k (t) . . . )) ,
(u1 (t))Iu1 . . . uk k (t) uk
i = 1, . . . , n

T

(10)
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dϕ

(t) = 
dx














dϕ
dx1 (t)

..
.

dϕ
dxn (t)

dx1
dθ (t





 
+ TS )
..
 
 
.
=
dxn−1
(t + TS )  
dθ
dxn
dθ (t

+ TS )

dx1
dθ (t)

..
.





 + αTS
dxn−1

(t)
dθ
dxn
dθ (t)

dx2
dθ (t)

..
.

dxn
(t)
 dθ

T
dx1
ϕT (t) + θ̂(t) dϕ
...
(t)
(t)
dx
dθ

ψ(t + TS ) = (1



0

...

0)

dx
(t + TS ).
dθ







 
T 
dxn
dθ (t)

Here ε(t) is the prediction error, ym is the measured output, Λ(t) is the
running estimate of the covariance matrix of the measurement disturbance,
µ(t)
t is the gain sequence, R(t) is the running estimate of the Hessian, and
ψ(t) is the gradient of the output prediction with respect to the parameter
vector. The gradient is determined by dynamic recursion, using the dynamics from the linearized state space model of the system. DM is the set of
parameter estimates that give stable models, and is introduced to ensure
model stability. DM is determined by linearization. α is a scaling factor
applied to the sampling period, see [14] for further details.

3.4

Model characteristics and algorithmic properties

The main advantage of the model used in this paper is that it enables a blackbox approach for a nonlinear identification problem. The restricted blackbox parameterization of the state space ODE, with a polynomial model of
one right-hand side of the ODE, prevents overparameterization. In addition the polynomial can, locally, model more complicated nonlinearities in
the right-hand side of the ODE [13]. Due to the generality of a black-box
approach, the model could be used for various applications within many
engineering fields.
Certain conditions may, however, cause problems with the identification.
For example, if the relative sizes of the state vector components differ a
lot, the polynomial elements will differ in magnitude too. This may cause
numerical problems in the RPEM algorithm. The scaling factor α in (10)
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can be applied to the sampling period to improve the conditioning of the
identification problem, see [14] for further details.
Abnormal behavior may occur e.g. when the parameter values leave the
stability region. When this happens the parameter estimates will be changed
back to their values from the previous time step. From here the algorithm
may take the same route again, and hence the parameter estimates may be
stuck on the margin of the stability region.

4
4.1

Experiments
Application and data

As mentioned previously the data from the solar heating system consists
of two inputs and an output. The solar insolation u1 varies over the day,
and during the night there are, naturally, long periods of no solar radiation.
This introduces some difficulties, since there is no excitation of u1 during this
time. The second output u2 corresponds to the speed of the fan transporting
warm air from the solar collector to the heat storage. The fan has one speed
only, hence u2 is a binary signal where 1/0 means on/off. Thirdly, the output
signal y represents the air temperature in the heat storage, measured at the
inlet from the solar collector.
To be able to compare model performances the data set was split in two, one
subset for calibration of the model parameters and a second for validation
of the calibrated model. The calibration set consists of the first half of the
samples and the validation data of the second half.

4.2

Small data set - multiple scans

As mentioned earlier, the data set used for calibration only contains 148
samples. From a modeling perspective this is a small data set, especially
when considering that the identification method is of black-box type. In
fact, 148 data points is unlikely to be enough for the algorithm to converge
from an arbitrary set of initial parameters. To avoid this problem multiple
scans have been introduced.
The idea behind the multiple scans is to apply the algorithm to the data
set several times, each time changing the initial parameters to the final
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parameters of the previous iteration. This way an arbitrary set of initial
parameters could eventually converge to a minimum, even for a small data
set. An acceptable model could be obtained from a small amount of data
even if the initial guess is poor. If the data set would have been larger
the multiple scans would be superfluous. Note that multiple scans are only
believed to be required during initial convergence. When tracking the model
on-line the RPEM is believed to be able to cope with changes of dynamics,
as reflected by a few tens of samples. See below for further comments.
The nonlinear model structure increases the risk of instability issues and
convergence to local minima significantly. There is no stringent way of determining if a model is in fact the best model obtainable, or if it is just a
local minimum. Similarly, in case the algorithm fails to converge to a good
model, it is difficult to know whether this is because it lacks the required
polynomial elements, or if it is a result of e.g. badly chosen initial parameters. However, it may not be crucial to find the optimal model, but rather
one with a model performance satisfactory for the intended application.

4.3

Identification results

Identification experiments with the solar heating system data have been performed using the model described by equations (3)-(7) through the RPEM
(10). The experiments were of black-box type, where no prior knowledge of
the system was assumed to be available. The starting point was then to use
the whole ϕ and θ vectors described in (6) and (7), and then exclude one
polynomial element at a time to determine which parameters improve the
model performance the most.
The algorithm was initialized with
θ0 = [0 5 0.5 0 − 0.08 0 0 0]T

(11)

A comparison to (6) shows that all the initial nonlinear parameters have
been chosen to zero. The first element, corresponding to the bias parameter,
was also chosen to be zero. The initial bias parameter did, however, cause
difficulties. The estimation of the bias parameter totally dominated the
identification procedure, leaving the static gains (element 2 and 3) relatively
unchanged. This lead to convergence to a local minimum that resulted in a
poor model. To solve this problem the bias parameter of θ0 was excluded
until the static gains had adapted, after which it was added to the parameter
vector again. The model obtained by this procedure was significantly better
than the one obtained when just using (11).
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Each of the other, reduced, models were obtained by removing one parameter
at the time from the full eight parameter model. For some of the parameter
combinations the estimates changed a lot over the calibration data set, resulting in bad models. The rapid changes in parameter estimates, see Fig. 3,
−1
−1
indicated that the parameter updating gain, µ(t)
t R (t)ψ(t)Λ (t), was too
high. This can be avoided by increasing the initial value of the Hessian,
R, or reducing the size of the gain sequence µ(t)
t . By the same reasoning
reducing the Hessian or increasing the gain sequence increase the changes in
the parameter estimates, which can be desirable e.g. if the algorithm does
not adapt fast enough or converges to a local minimum.
Examples of simulations with models obtained in the experiments are shown
in Fig. 4 and 5. In Table 1 the mean square error
M SE =

1 X
(ym (t) − y(t))2
N t

(12)

of the simulated output with each model are presented.
The model performance was only improved when one of the parameters θ011
and θ110 , was removed, all other parameter removals resulted in a higher
MSE after convergence. With θ010 removed, however, convergence was obtained after increasing the Hessian by a factor 3. With the original Hessian
the algorithm reached a point where it alternated between two parameter
estimates, one giving an MSE of 20.1 and the other 13.4. The lower MSE
suggests that removal of θ010 may lead to improved model performance, even
though the converged parameter set did not indicate that. The experiment
was therefore extended to removing also different combinations of θ010 , θ010 ,
and θ110 . As Table 1 shows, removal of any combination of two of these
three parameters improves the model significantly. Removal of all three
parameters also results in a relatively good model.
The original removal of only θ100 did not seem to affect the model behavior
significantly. However, an attempt to remove the θ100 parameter from the
model where θ010 , θ011 and θ110 had been removed resulted in a very poor
model.
As an extra experiment θ011 was exchanged for θ111 (in the model with three
removed parameters) under the hypothesis that the important aspect would
be to have a term in the model containing the product of the two inputs,
but that it would be of lesser importance whether it was u1 u2 or xu1 u2 .
The hypothesis was supported by the identification results, the MSE was
even slightly lower for the model where θ111 was removed, compared to that
where θ011 was removed.
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Table 1: Experiments. The left column indicates which parameters are not
included in the model. The right column contains the mean square error
after convergence.
Excluded parameters

Mean Square Error

None (full model)

15.0

θ000
θ001
θ010
θ011
θ100
θ101
θ110
θ111

17.0
15.5
15.7
14.7
15.1
19.1
14.6
15.6

θ010 , θ011
θ010 , θ110
θ011 , θ110

11.2
12.1
11.3

θ010 , θ011 , θ110
θ010 , θ110 , θ111

11.9
11.6

θ010 , θ011 , θ100 , θ110

46.3

Finally, a case when the whole data set was used for identification is displayed in Fig. 6. The simulation was also done over the entire data set,
using the final parameter estimate from the identification.

4.4

Comparison with an alternative model

Since the same data set has been treated previously by [10] a comparison
of model performance would be interesting. Hence, the off-line reparameterization experiment presented by Ljung and Glad has been performed on
the same calibration and validation data sets to enable a comparison. The
reparameterized model,
y(t) = θT (t)ϕ(t)
ϕ(t) = (ϕ1 (t) ϕ2 (t) . . . ϕ6 (t))T

(13)
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Figure 3: Parameter estimations for the model where θ010 , θ011 , and θ110
has been excluded. The initial Hessian is here equal to the identity matrix
of dimension nθ (R0 = Inθ )
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Figure 4: Measured (solid) and simulated (dashed) heat storage temperature
for the full black-box model.
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Figure 5: Measured (solid) and simulated (dashed) heat storage temperature
for the model where θ010 and θ011 has been excluded.
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Figure 6: Measured (solid) and simulated (dashed) heat storage temperature
for the model where θ010 , θ011 , and θ110 has been excluded. The whole data
set has been used for identification.
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where
ϕ1 (t) = y(t − 1)

ϕ2 (t) = y(t − 1)u2 (t − 1)/u2 (t − 2)

ϕ3 (t) = y(t − 2)u2 (t − 1)/u2 (t − 2)

ϕ4 (t) = u2 (t − 1)u1 (t − 2)

ϕ5 (t) = y(t − 1)u2 (t − 1)

ϕ6 (t) = u2 (t − 1)y(t − 2)

(14)

is based on an energy balance of the solar heating system.
As in the RPEM model the off-line model has parameters that are more
crucial to the model performance than others. In both cases there were also
a substantial improvement when some of the more superfluous parameters
were excluded from the model. Hence, the best model obtained with the
RPEM model has been compared to a reduced version of (13)-(14), containing the parameters ϕ1 (t), ϕ2 (t), ϕ3 (t), ϕ4 (t), and ϕ6 (t). The reparameterization method also requires removal of background temperature before
the identification event. In this case the background temperature has been
assumed to be 21o C. It might have been possible to reduce the MSE of
the off-line model further by subtracting an other background temperature
(perhaps time varying) or by using a different subset of parameters. The
results appear in Fig. 7.
Some comments are in order here. Note that the model (13)-(14) settles to
a constant output during periods with zero solar insolation. This is because
only the product of u1 and u2 affects the output signal. A consequence is
that this model underestimates the temperature during night. The blackbox RPEM, however, retains a direct impact from the fan (u2 ) on the output,
a fact which allows the model to compensate somewhat during periods of
zero solar insolation. This is why the output of the RPEM model does not
settle to a constant value during periods when u1 = 0.
The MSE of the RPEM and reparameterization methods were 11.2 and 11.9,
respectively.

4.5

Discussion

The experiments show that it is possible to model the solar heating system
with a black-box identification method, and a small number of data points.
The parameters can be made to converge using as little as 148 samples by
applying multiple scans. Excluding some of the parameters may improve
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Figure 7: Measured temperature of the heat storage (solid), as well as simulated ditto; the black-box model where θ010 and θ011 has been excluded
(dashed), and a reduced version of the reparameterized model presented in
[10] (dotted).
the model performance while the structure becomes less complex, and thus
even more suitable for controller design. As an extension to this work it
would be interesting to study different applications for the model, like fault
detection. The fact that the model adapts fast, cf. Fig. 3, implies that it
could be used for on-line tracking of the model, and optimal control based
on e.g. weather forecasts.
The software implementation of the algorithm that was used for the identification experiments is described in [12], and can be downloaded from
http://www.it.uu.se/research/reports.

5

Conclusions

The identification experiments performed in this paper show that the dynamics of a small scale solar heating system can be identified with a recursive
black-box model even for a very small amount of data, using multiple scans.
The simple model structure and the general approach in addition to the small
amount of data required opens up for e.g. improved controller design and
thereby a more efficient utilization of the solar energy. Such improved control methods would improve the economic benefits of solar heating, thereby
contributing to an extended use of environmentally friendly energy sources.

Paper II

17

The identification method used was an RPEM based on a restricted blackbox state space model. The initial model was reduced by removal of parameters, which, for certain parameter combinations, significantly improved
the model performance. The best model obtained was also compared to
an energy balance based least squares method. The models proved to have
comparable performance, the MSE of the least squares model being slightly
higher. Some differences of the models that are worth noting are that the
RPEM method studied in this paper is an OE method, which is normally less
sensitive to unmodeled system dynamics compared to least squares methods.
An other thing worth mentioning is that the results from the RPEM can be
interpreted directly in terms of the physical meaning of the continuous time
parameters.
Interesting topics for further research could be to study optimal controller
design, possibly based on weather forecasts. Model based fault detection
would also be of interest. The model could also be extended to including
energy consumption.
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Paper III

Convergence Analysis of a Nonlinear Recursive
Black-box Identification Algorithm
Linda Brus

Abstract
A convergence analysis is performed for a recursive prediction error method based on a restricted black-box parameterization. Sufficient conditions to obtain convergence to a minimum of the criterion
function are formulated. This proves that convergence to the true parameter vector is possible. The analysis exploits averaging analysis
using an associated ordinary differential equation. Convergence to a
true parameter vector is also illustrated by a numerical example.

1

Introduction

In system identification methods for modeling of linear systems have been
thoroughly studied, and the modeling tools are numerous. For nonlinear
systems, on the other hand, the problem of identification becomes more
complex, and it is more difficult to find a general model structure applicable to different types of nonlinearities. One common way to address the
problem is by use of so called semi-physical, or grey-box modeling, where a
priori information of the system dynamics is included in the model structure. Examples of grey-box modeling include e.g. biogas tower reactors
[13].
The main drawback of grey-box modeling is that as physical relations are introduced the method becomes application dependent, and the model structure will be tailored for one specific type of systems. In black-box (nonphysical) modeling no physical properties are built into the model structure, and hence the method becomes more generally applicable. On the
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other hand, using a black-box method for nonlinear identification is far from
trivial, as the choice of model structure can be complicated and will be decisive for the identification result. For an extensive overview of nonlinear
black-box models see [14]. Examples of nonlinear black-box identification
methods include neural networks [7], block-oriented algorithms [2], and difference equation based nonlinear methods e.g. NARMAX [6], NARX and
NFIR. Nonlinear dynamics also introduce issues of stability, scaling, and
regularization [12].
One important aspect when evaluating an identification method is the convergence properties of the algorithm used. In [10] a method for analyzing the
convergence of an identification algorithm for general linear systems is presented. The idea is that provided that a number of conditions are fulfilled,
there is an associated ordinary differential equation (ODE) corresponding
to the algorithm, and the convergence of the algorithm is linked to the stability of the ODE. Hence, it is possible to analyze the stability of the ODE
and from the results draw conclusions about the convergence of the algorithm. In [9] similar results are discussed but for a more general nonlinear
identification algorithm.
In this paper a recently proposed method for identifying nonlinear systems
is analyzed using the theory presented in [10] and [9]. The analyzed method
is a recursive prediction error method (RPEM) based on a restricted blackbox parameterization. The model and the algorithm have previously been
presented and applied to different data sets in [19], [18], [4], [3], and [5].
The objective of the analysis is to formulate conditions which imply that
convergence to a minimum of the criterion function is possible. Examples of
analyses of different algorithms using the same principle include a Wiener
type model [16].
The paper is organized as follows. In Section 2 the model and the algorithm
are described. Section 3 reviews the general analysis tools from [9], after
which conditions on the algorithm and data to be analysed are formulated
in Section 4. The main results are discussed in Section 5, followed by a
numerical example in section 6. Conclusions are found in Section 7.
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Model and algorithm

2.1

Model

The method studied in this paper is a recursive prediction error algorithm
based on a restricted black-box parameterization. To describe the model,
introduce the input vector
(n1 )

u(t) = (u1 (t) . . . u1

(nk )

(t) . . . uk (t) . . . uk

(t))T ,

(1)

and the state vector
x(t) = (x1 (t) x2 (t)

...

xn (t))T .

(2)

(j)

The superscript j of ui denotes the j th time derivative of the ith input
signal. The algorithm is based on the state space model
 (1)  

x1
x2
 .  

..
 ..  

(1)
.
=
x =
(3)

 (1)  

xn
 xn−1 
(1)
f (x, u, θ)
xn
y = Cm x,

(4)

where θ is the unknown parameter vector containing d components, y(t) is
a p × 1 vector containing the model output signals, and Cm is a p × d matrix
with constant elements.
By restricting the nonlinearity to entering equation (3) in one of the righthand side components only, overparameterization can be avoided and the
model structure complexity kept relatively low. Yet, the state space form
(3)-(4) provides a possibility to model systems with a much wider variety of
right-hand side components. In fact, it is shown in [19] and the references
therein that the model can (locally) describe systems with arbitrary righthand side structures.
The function f (x, u, θ) is chosen to be of polynomial form
f (x, u, θ) =
Ix1
X

ix1 =0

...

Iu1
Ixn
X
X

ixn =0 iu1 =0

I

(n )
u1 1

...

X

...

(n ) =0
u1 1

i

Iuk
X

I

u

...

iuk =0
(n1 ) iu(n1 )

(x1 )ix1 . . . (xn )ixn (u1 )iu1 . . . (u1
T

ϕ (x, u)θ

)

1

(nk )

k
X

θix1 ...ixn iu1 ...i

(n ) ...iuk ...i (nk )
u1 1
u
k

(n ) =0
u k
k

i

(nk )

. . . (uk )iuk . . . (uk

i

(nk )

) uk

=

(5)
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where

θ = θ0...0 . . . θ0...I

u

(nk )
k

θ0...010 . . . θ0...01I

u

(nk )
k

. . . θ0...0I

u

(nk ) 0
k

T

,
(6)
. . . θ0...0I (n ) I (n ) . . . θIx1 ...I (n ) I (n )
u k u k
u k u k
k
k
k
k




I

I
(nk ) u(nk )
(nk −1)
(nk −1)
(nk ) u(nk )
k
k
ϕ = 1 . . . uk
uk
. . . . . . uk
uk



I


I
I
(nk −1) u(nk −1)
(nk −1) u(nk −1)
(nk ) u(nk )
k
k
k
. . . uk
. . . uk
...
(7)
uk
T


I
(nk ) u(nk )
Iu1
Ixn
Ix1
k
. . . (x1 ) . . . (xn ) (u1 ) . . . uk

The vector ϕ contains the elements of a polynomial in x and u, and the
corresponding unknown parameters are stored in θ. The polynomial degree
of each state xj in ϕ is denoted Ixj , analoguously for the inputs.

2.2

Discretization

To be able to formulate the RPEM algorithm, the model needs to be discretized. Applying the Euler integration method to (3), and using the relations (4) and (5) the following discrete time model is obtained



 

x2 (t, θ)
x1 (t, θ)
x1 (t + TS , θ)



 

..
..
..



 

.
.
.
 (8)
 + TS 
=



 xn−1 (t + TS , θ)   xn−1 (t, θ) 
xn (θ)
T
ϕ (x, u, θ)θ
xn (t, θ)
xn (t + TS , θ)
y(t, θ) = Cm x(t, θ).

2.3

(9)

RPEM algorithm

The algorithm studied in this paper was presented in [19]. It is a recursive
prediction error method (RPEM) based on the model (8)-(9). It is given by
ε(t) = ym (t) − y(t)

µ(t)
(ε(t)εT (t) − Λ(t − TS )))DM
t
µ(t)
R(t) = (R(t − TS ) +
(ψ(t)Λ−1 (t − TS )ψ T (t) − R(t − TS )))DM
t
µ(t) −1
R (t − TS )ψ(t)Λ−1 (t − TS )ε(t))DM
θ̂(t) = (θ̂(t − TS ) +
t

Λ(t) = (Λ(t − TS ) +

5

Paper III




I (n )

I (n ) 
k
(nk −1)
(nk )
(nk −1)
(nk )
u k
uk
(t) . . .
ϕ(t) = 1 . . . uk (t) k
uk
(t) uk (t) uk

I (n ) 
I (n −1) 

I (n −1)
k
(nk )
(nk −1)
(nk −1)
u k
u k
k
k
uk (t) uk
. . . uk
(t)
. . . uk
(t)


. . . (x1 (t))







Ix1

Ixn



Iu1

I

(n )
uk k (t)

. . . (xn (t)) (u1 (t)) · . . . ·
 


x2 (t)
x1 (t + TS )
x1 (t)
 


..
..
..
 


.
.
.
 = 
 + αTS 
 xn (t)
xn−1 (t + TS )   xn−1 (t) 
xn (t + TS )
xn (t)
ϕT (t)θ̂(t)

u

(nk )
k







T

sat

y(t + TS ) = Cm x(t + TS )


dϕ
(n )
(t) = 0T 1 uk k (t) . . . (xi+1 (t))Ixi+1 . . . (xn (t))Ixn
dxi

I (n )
k
(n )
(n )
(u1 (t))Iu1 . . . uk k (t) uk 2xi (t) 2xi (t)uk k (t) . . . )) ,
i = 1, . . . , n

T
T !T

dϕ
dϕ
dϕ
(t) =
(t)
(t)
...
dx
dx1
dxn
 dx1
 
dθ (t + TS )
..

 
dx

 
.
(t + TS ) =  dx
 = 
dθ
 n−1 (t + TS )  
dθ
dxn
dθ (t





+ αTS 



+ TS )

dx2
dθ (t)

..
.

dx1
dθ (t)

..
.




dxn−1

dθ (t)
dxn
dθ (t)





dxn

dθ(t)

 
dϕ
dx
T
T
ϕ (t) + θ̂ (t) dx (t) dθ (t)

dx
ψ(t + TS ) = Cm (t + TS ),
dθ



sat

(10)

where ε(t) is the prediction error, Λ(t) is the running estimate of the covariance matrix of the measurement noise, µ(t)
t is the gain sequence, R(t) is
the running estimate of the Hessian, and ψ(t) is the gradient of the output
prediction. The subscript DM denotes a projection into the compact subset
DM ∈ Rn defining the allowed values of θ, R, and Λ. Throughout the paper
the projection is assumed to be given by

h(t)
h(t) ∈ DM
H(t) = (h(t))DM =
H(t − 1) h(t) ∈
/ DM
H(0) ∈ DM

(11)
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as suggested in [11]. H(t) represents the left-hand side of the recursions,
while h(t) is the corresponding right-hand side. Since H(0) ∈ DM , it is
guaranteed that H(t) ∈ DM , ∀t. In general DM only contains θ that
correspond to asymptotically stable time invariant linearized dynamics, and
positive definite symmetric R and Λ, i.e. DM = {θ, R, Λ : |λi (S(θ))| ≤
1 − δ ∀i, R > 0, Λ > 0, δ > 0}, where S(θ) is the system matrix of the
linearized system. The parameter α is a scaling factor that can be applied
to the sampling period to improve numerical performance [18].
Two modifications have been introduced in (10), as compared to the algorithm of [19]. The reason is to make the analysis tools of [9] applicable
to (10). The first modification introduces an additional backward shift in
time in the R and θ recursions, thereby making the recursive algorithm fit
the framework of Section 3. The second modification introduces a saturation
( )sat in the recursions of x(t) and dx
dθ (t). This, together with a corresponding
assumption on the data generation, guarantees that the function g(·; ·, ·, ·) of
(12) is bounded. This would otherwize not have been the case, considering
the polynomial of (5). Note that the saturation can be chosen arbitrarily
large, and does therefore not affect the algorithm in practice. This follows
since the model is assumed to be exponentially stable and bounded in DM ,
see Appendix A.1 for details. Finally the corners of the saturation are assumed to be smooth, so that differentiability conditions are not affected.

3

Associated ODE Analysis Tools

In the rest of the paper a change of time notation is applied. Hence t + TS
is replaced by t + 1 and similar. The subscript g is introduced for x and ϕ
variables of the general analysis tools of [10] and [9] to avoid confusion with
the RPEM variables of (10).
The convergence properties of the recursive identification algorithm (10) is
analyzed using the associated differential equation approach described in
[10] and [9]. Ljung treats the general nonlinear algorithm
xg (t) = xg (t − 1) + γ(t)Q(t; xg (t − 1), ϕg (t))

ϕg (t) = g(t; xg (t − 1), ϕg (t − 1), e(t))

(12)

where xg (·) are the estimates, ϕg (·) the observations, and Q(·; ·, ·) is a deterministic function.
The following regularity conditions on (12) are introduced in [9], section 4.2.
DR is a subset of the xg -space, where the regularity conditions are assumed
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to hold.
C1: kg(xg , ϕg , e)k < C

∀ϕg , e ∀xg ∈ DR .

C2: Q(t, xg , ϕg ) is continuously differentiable with respect to xg and ϕg ,
and the derivatives are bounded in t for xg ∈ DR .
C3: g(t; xg , ϕg , e) is continuously differentiable with respect to xg for xg ∈
DR .
C4: Define ϕ̄g (t, x̄g ) as
ϕ̄g (t, x̄g ) = g(t; x̄g , ϕg (t − 1, x̄g ), e(t)), ϕ̄g (0, x̄g ) = 0
and assume that g(·) has the property
kϕ̄g (t, x̄g ) − ϕg (t)k < C max kx̄g − xg (k)k
n≤k≤t

if ϕ̄g (n, x̄g ) = ϕg (n).
C5: Let ϕ̄g,i (t, x̄g ) be solutions of (3) with ϕ̄g,i (s, x̄g ) = ϕog,i , i = 1, 2. Then
define DS as the set of all x̄g for which holds
kϕ̄g,1 (t, x̄g ) − ϕ̄g,2 (t, x̄g )k < C(ϕog,1 , ϕog,2 )λt−s (x̄g )
where t > s and λ(x̄g ) < 1. (Region of exponential stability of (12))
C6: lim E Q(t, x̄g , ϕ̄g (t, x̄g )) = f (x̄g ), x̄g ∈ DR , with expectation over
t→∞

e(·), exists.

C7: e(·) is a sequence of independent random variables.
C8:

∞
P

t=1

C9:

∞
P

t=1

γ(t) = ∞.
γ p (t) < ∞

for some p.

C10: γ(·) is a decreasing sequence.
1
−
C11: lim sup( γ(t)
t→∞

1
γ(t−1) )

< ∞.

It is then proven in [9] that, provided that C1-C11 hold, the theorems and
averaging analysis tools of [9] (and [10]) are applicable to (12). The details
are clarified in Section 5.
In Fig. 1 a schematic picture of the analysis in [10], [9] is shown to the right.
To the left is the parallel of each step for the RPEM algorithm analysed
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RPEM
algorithm
(10)

write as

Conditions
M1, G1, A1
A2, S1, S2

Lemma 3

General nonlinear
algorithm (12)
from [9]

Lemma 1

Lemma 4

Regularity
Conditions
C1-C11

Lemma 2
implies

⇐⇒

Corollary 1 of

Theorem 2 of

[10]

[10]

Main Results
Theorem 1

Figure 1: A schematic picture of the convergence analysis procedure of the
RPEM (left) as compared to that of Ljung (1975) (right).

in this paper. The RPEM algorithm (10) can be written as (12), and the
regularity conditions C1-C11 (from [9]) are fulfilled provided that conditions
M1, G1, A1, A2, S1, and S2 of Section 4 hold for (10). Lemma 3 and 4 are
identical to Corollary 1 and Theorem 2 of [10], which enables the convergence
analysis tools in [10] to be applied.

4

Conditions on the algorithm and the data

When analyzing the algorithm (10), the following regularity conditions on
the model, the algorithm, and the data are used.

2

2

M1: DM is a compact subset of Rd×d ×p , such that the extended parameter vector θ∗ = (θT (col(R))T (col(Λ))T )T ∈ DM implies that i) the
combined dynamics of (10) is exponentially stable and bounded, ii)
R(t) ≥ δR I, ∀t, some δR > 0, iii) Λ(t) ≥ δΛ I, ∀t, some δΛ > 0.
G1: lim µ(t) = µ > 0.
t→∞

T (t) uT (t))T is such that, w.p.1, kz(t)k ≤
A1: The data sequence {z(t)} = (ym
C < ∞, ∀t.

Paper III
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A2: The following limits exist for fixed θ∗ ∈ DM
(a)
(b)
(c)

lim Eψ(t, θ)Λ−1 ε(t, θ) = f (θ, Λ),

t→∞

lim Eψ(t, θ)Λ−1 ψ T (t, θ) = G(θ, Λ),

t→∞

lim Eε(t, θ)εT (t, θ) = H(θ).

t→∞

S1: For each t, s, t ≥ s, there exists a random vector zso (t) that belongs to
the σ-algebra generated by z t but is independent of z s (for s = t take
zso (t) = 0), such that
Ekz(t) − zso (t)k4 < Cλt−s , C < ∞, |λ| < 1.
S2: The system that generates the data can be described by an ODE with
bounded dynamics (i.e. C1 holds for the data generation).
The imposed conditions can be explained as follows. M1 defines the set of
exponentially stable and bounded models and gradients for a fixed value
θ∗ ∈ DM . The reason for the introduction of a condition on exponential
stability is that for nonlinear systems local exponential stability (in DM )
only results in local boundedness around equilibrium points, where the region of boundedness may be smaller than DM ([8], Theorem 6.1). It is only
for globally exponentially stable models that global boundedness is guaranteed ([8], Theorem 6.1). However, it is very likely that there exist interesting
non-globally exponentially stable systems that can be described by the polynomial model of (10). Hence, a boundedness assumption is introduced in the
present analysis. Further, the condition G1 is standard. The conditions on
the data express boundedness (A1), exponential stability (S1), and a basic
assumption on the existence of the average updating directions (A2). This
avoids lengthy discussions on ergodicity that would otherwize be needed.
Since the vector ϕg (t) of (12) contain the data, cf. (48) in Appendix A.2,
the last condition (S2) is required to ensure that C1 holds.

5
5.1

Main Results
Outline of proof

In order to prove the main results, (10) is first written in the form of (12)
(Lemma 1). The regularity conditions C1-C11 are then verified for (13) of
Lemma 1, using M1, G1, A1, A2, S1, and S2. This proves Lemma 2, i.e.
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Theorem 8 of [9]. Lemma 2 shows that Theorem 2 and Corollary 1 of [10]
can be used for analysis of (10). The conditions of these theorems are then
verified, which leads to the validity of Lemma 3 and 4. Further analysis
using Lemma 3 and 4 establishes the main result of Theorem 1.

5.2

Establishments of tools for analysis

The result of the first part of the analysis is given by
Lemma 1 The algorithm (10) can be transformed to the form (12), using
the definitions (32)-(39) together with
1
e(t) = z(t)
t

µ(t)R−1 ζψ (ξ)Λ−1 ζε (ξ)gate(Γθ (θ∗ ))
Q(t, xg , ϕg ) =  µ(t)col(ζψ (ξ)Λ−1 ζψT (ξ) − R)gate(ΓR (θ∗ )) 
µ(t)col(ζε (ξ)ζεT (ξ) − Λ)gate(ΓΛ (θ∗ ))


ηx (θ∗ , ξ(t − 1), z(t))
(θ∗ , ξ(t − 1), z(t)) 
g(t, xg , ϕg , e) =  η dx
dθ
z(t)
xg = θ∗

ϕg = ξ


γ(t) =

where gate(·) is the gate function defined by

1 Γ ∈ Io = (Γ− , Γ+ )
gate(Γ) =
.
0 Γ∈
/ Io = (Γ− , Γ+ )

(13)

(14)

Γ(·) maps arguments onto Io when the arguments ∈ DM and outside Io
when the arguments ∈
/ DM . Typically Γθ is selected as the largest absolute
value of the eigenvalues of the linearized system, and Io = (0, 1 − δ). The
gate function shows that the projection can be incorporated in (12), cf. the
discussion of [16].
Proof: See Appendix A.1.
Lemma 2 Consider the algorithm (10) and assume that M1, G1, A1, A2,
S1 and S2 hold. Then Corollary 1 and Theorem 2 of [10] hold.
Proof: See Appendix A.2
Remark: It is known from Lemma 1 that the algorithm (10) can be written
as (12), which is treated in [9] under the conditions C1-C11. It is now shown
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in Appendix A.2 that when M1, G1, A1, A2, S1 and S2 hold the conditions
C1-C11 are also fulfilled. This means that according to Theorem 8 in [9],
Lemma 1 and Theorems 1-6 in [9] are applicable to (10). Theorems 1 and 2
of [10] are exactly the same as Theorems 1 and 5 of [9], respectively, and the
conclusion is that these theorems can therefore be used when analyzing (10).
Also, Corollary 1 of [10] follows from Theorem 1 of [10], and can thus also
be used for the continued analysis of (10). The above analysis prove that
Lemma 3 and 4 below are valid for the continued analysis of (10). Lemma 3
and 4 are the main tools of analysis of the paper.

Lemma 3 (Corollary 1 of [10]) Consider the algorithm (10) and assume
M1, G1, A1, A2, S1 and S2 hold. Also assume that there exists a twice
differentiable positive function V (θ, R, Λ) such that
d
V (θD (τ ), RD (τ ), ΛD (τ )) ≤ 0
dτ
(θD , RD , ΛD ) ∈ DM \∂DM

for
(15)

when evaluated along solutions of the differential equations
d
−1
θD (τ ) = µRD
(τ )f (θD (τ ), ΛD (τ ))
dτ
d
RD (τ ) = µ(G(θD (τ ), ΛD (τ )) − RD (τ )),
dτ
d
ΛD (τ ) = µ(H(θD (τ )) − ΛD (τ ))
dτ
where f (θ, Λ), G(θ, Λ), H(θ) are defined by A2. Let
n
DC = (θD , RD , ΛD )|(θD , RD , ΛD ) ∈ DM \∂DM ,
o
d
V (θD (τ ), RD (τ ), ΛD (τ )) = 0
dθ

(16)

(17)

Then either (θD (t), RD (t), ΛD (t)) → DC w.p.1 as t → ∞, or (θD (t), RD (t), ΛD (t))
converges to ∂DM
Proof: Follows from Lemma 1 and 2, and the analysis of Appendix A.3
Remark: This Lemma corresponds to Corollary 1 of Theorem 1 in [10],
with the exception that here the boundedness condition is not mentioned.
However, it is shown in Appendix A.3 that under the conditions above, the
boundedness condition holds.
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Lemma 4 (Theorem 2 of [10]) Consider the algorithm (10) subject to M1,
G1, A1, A2, S1, and S2. Suppose that x̃g ∈ DM \∂DM has the property
P (xg (t) → B(x̃g , ρ)) > 0, ∀ρ > 0, where P (·) denotes the probability of an
event, and B(x̃g , ρ) = {xg | kxg − x̃g k < ρ} is a ρ-neighborhood of x̃g . Also
assume that Q(t, x̃g , ϕg (t, x̃g )) given by (13) has a covariance matrix bounded
from below by a strictly positive definite matrix, and that EQ(t, xg , ϕg (t, xg ))
is continuously differentiable w.r.t. xg in a neighborhood of x̃g and the
derivatives converge uniformly in this neighborhood as t → ∞. Then

µR̃−1 f (θ̃, Λ̃)
f¯(θ̃, R̃, Λ̃) =  col(µ(G(θ̃, Λ̃) − R̃))  = 0
col(µ(H(θ̃) − Λ̃))


(18)

and ∇f¯(θ̃, R̃, Λ̃) has all eigenvalues in the left halfplane (Re(z) ≤ 0).
Proof: Follows from Lemma 1 and 2.

5.3

The main results

The next step is to prove global convergence using Lemma 3. First it is
noted that the criterion function is (cf. [11]).
1
1
V (θ, Λ) = EεT (t, θ)Λ−1 ε(t, θ) + log det Λ.
2
2

(19)

∂
∂
∂
Note that f (θ, Λ) = −( ∂θ
V (θ, Λ))T , and that ∂α
log det Λ(α) = tr(Λ−1 ∂α
Λ(α)).
By parallel arguments as in [11], p. 187, it follows that

d
V (θD (τ ), ΛD (τ )) =
dτ
−1
= −µf T (θD (τ ), ΛD (τ ))RD
(τ )f (θD (τ ), ΛD (τ ))
 1
1
−
− tr ΛD 2 (τ ) (µ(H(θD (τ )) − ΛD (τ ))) Λ−1
D (τ )
2

−1
× (µ(H(θD (τ )) − ΛD (τ ))) ΛD 2 (τ )
−1

(20)

where ΛD 2 is a symmetric square root of Λ−1
D . Since ΛD , and RD are positive
definite (from M1)
∂
V (θD (τ ), ΛD (τ )) ≤ 0
(21)
∂τ

Paper III
where the equality holds only for θ, Λ such that

T
∂
f (θ, Λ) = −
V (θ, Λ)
= 0,
∂θ
∂
H(θ) − Λ = 2 −1 V (θ, Λ) = 0,
∂Λ
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(22)
(23)

i.e. for stationary points of V (θ, Λ). Hence, according to Lemma 3 global
convergence to a set described by (22)-(23) holds for the algorithm (10).
It remains to investigate local convergence to stable stationary points using
Lemma 4. First the following conditions are introduced
M2: The observations z(t) are generated by a system that can be described
by (8), (9), i.e. there exists a true extended parameter vector θ0∗ =
(θ0 colR0 colΛ0 )T ∈ DM \∂DM , such that the estimation error ε(t, θ0 )
is white noise, independent of the inputs, with covariance matrix Λ0 .
A3:

∂
∂θ f (θ, Λ)|θ=θ0

T
= Eψ(t, θ0 )Λ−1
0 ψ (t, θ0 ) = G(θ0 , Λ0 ) = R0 > 0

Remark: A3 states that the Hessian is positive definite in the true parameter
vector. Fulfilment on this condition is likely to require conditions on persistant excitation and identifiability, generalized from the linear case. This is
a subject for future research.
From A2 and M2 follows that (θ̃T col(R̃T ) col(Λ̃T )) = (θ0T colT (R0 ) colT (Λ0 ))
is a stationary point as f (θ0 , Λ0 ) = 0, G(θ0 , Λ0 ) = R0 , and H(θ0 ) = Λ0 . Provided that A3 holds, the following expression for the gradient holds
1 ¯
∇f =
(24)
µ
 ∂ −1

∂
∂
−1
−1
∂θ R f (θ, Λ)
∂colR R f (θ, Λ)
∂colΛ R f (θ, Λ)
∂
∂
 ∂ (G(θ, Λ) − R)

∂θ
∂colR (G(θ, Λ) − R) ∂colΛ (G(θ, Λ) − R)
∂
∂
∂
∂θ (H(θ) − Λ)
∂colR (H(θ) − Λ)
∂colΛ (H(θ) − Λ)


I
0
0
∂
= −  2E ∂θ
ψ(t, θ)Λ−1 ψ T (t, θ) I Eψ(t, θ)Λ−2 ψ T (t, θ)  .
0
0
I

Most of the calculations of (24) are straight forward, the corner elements of
the anti-diagonal are zero, since ε and ψ are independent in the stationary
point (follows from M2 and the fact that (10) is of output error type). In
[15] it is shown that the determinant of a block matrix


A B
P =
,
(25)
C D
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where A and D are square matrices, can be written as det P = det A det(D−
CA−1 B). This implies that
2
2
det ∇f¯ = (−µ)d+d +p det(I) 6= 0.

(26)

Consequently , from (24), ∇f¯ is negative definite, so all eigenvalues are in
the left half plane. Thus the stationary point (θ0 , R0 , Λ0 ) is stable, and
the true parameter set is a possible convergence point for (10) as stated by
Lemma 4. This proves the main result.

Theorem 1 Consider the algorithm (10) and assume that M1, M2, G1,
A1, A2, A3, S1 and S2 hold. Then (θ(t) colΛ(t))T converges w.p.1 either
to the set of stable stationary points of V (θ, Λ), or to ∂DM , as t → ∞.

6

A Numerical Example

To illustrate the results above a numerical example described in [1] is used.
The example corresponds to a temperature servo for heating a rod, operated in closed loop. Heat is transported to and from the rod by a Peltier
effect device, which has nonlinear dynamics due to energy loss caused by
resistance. The system can be described by the state space representation


x2
ẋ =
−x2 + u − x1 + (u − x1 )2
y = x1

(27)

which is of the same form as (3), (4). The simulations were performed using
the software implementation in [17] of the algorithm. Data was generated
using a PRBS-like input signal, and the sampling time 0.05s. Studying the
model set containing the true system it becomes clear that most of the 18
parameters should be zero in the global minimum. However, with so many
parameters there are also numerous local minima that the algorithm can
converge to. As the objective of this numerical example is to illustrate that
the “true” parameter set is a possible convergence point for the algorithm,
the number of parameters in θ are reduced to containing a bias parameter
and the parameters included in the system dynamics (27). Hence ϕ and the
“true” parameter vector θ0 become
ϕ = (1
θ0 = (0

u u2
1 1

x2
−1

x1
−1

x1 u x21 )T

(28)
T

− 2 1) .

(29)
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Figure 2: Scaled parameter convergence for the RPEM algorithm.
The RPEM was initialized with Λ(0) = 0.1, and R(0) = 10I. x1 (0) was
chosen as the sum of the mean and the standard deviation of y, x2 (0) = 0,
dx
dθ (0) = 0. Further, the scaling factor α = 2, and the stability limit of the
projection algorithm was δ = 0.025. The initial parameter vector was chosen
as θ̂(0) = (0 0 0 − 0.9 − 0.9 0 0)T . At the end of the run the scaled and
rescaled parameters (corresponding to θ0 ) were
θ̂s (10000TS ) = (0.0005

0.2666 0.2429

− 0.5140

T

− 0.2656

− 0.5037 0.2590)

− 1.0623

− 2.0149 1.0360)T ≈ θ0 ,

θ̂(10000TS ) = (0.0022

1.0666 0.9718

− 1.0280

(30)
(31)

see [19] and [18] for the transformation between scaled and original parameters. The parameter convergence is illustrated in Fig. 2.

7

Conclusions

The paper has analyzed the convergence of a nonlinear recursive black-box
identification method. A number of conditions were introduced, and it was
shown that these conditions imply convergence to a minimum of the RPEM
criterion. The parameters that the algorithm converges to may correspond
to the global or a local minimum of the criterion function. The result is
also supported by simulations. It should, however, be noted that it is only
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meaningful to speak of convergence to ‘true’ parameters when the data is
generated by a system on the form of the model of the algorithm.
Future work could include a method for facilitating initialization of the
RPEM with parameters close to the optimal ones. This way convergence
problems can be reduced and convergence to local minima avoided to a
higher degree. One such method is suggested in [5].
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A
A.1

Proof of Theorem 1
Proof of Lemma 1 - Reformulation of (10)

In order to be able to write the algorithm (10) in the form of (12), introduce
the vector

T
dx
T
ξ(t) = xT (t) (col (t))T ym
(t) uT (t)
.
(32)
dθ
Then ε(t) and ψ(t) can be rewritten as
ε(t) = ym (t) − y(t) = ym (t) − Cm x(t)

= (−Cm 0 1 0)ξ(t) , ζε (ξ(t)),
dx
ψ(t) = Cm
= col−1 (0 colCm 0 0)ξ(t) , ζψ (ξ(t))
dθ

(33)
(34)

where col(·) stacks the columns of a matrix on top of each other to form
a vector. From (10), ϕ(t) is a function of x(t) and u(t). In turn x(t) is a
function of x(t − 1), ϕ(t − 1) and the first component of θ∗ (t − 1), where
θ∗ = θT (colR)T (colΛ)T

T

(35)

is the extended parameter vector. Hence, ϕ(t) depends on θ∗ (t − 1), ξ(t − 1),
and u(t). u(t) fits into the notation of (12) and (13) with e(t) = z(t), where
z(t) contains the observations ym (t) and u(t). It follows that ϕ(t) and dϕ
dx (t)

17

Paper III
can be written as
ϕ(t) , ζϕ (θ∗ (t − 1), ξ(t − 1), z(t))
dϕ
(t) , ζ dϕ (θ∗ (t − 1), ξ(t − 1), z(t)).
dx
dx

(36)
(37)

By the same reasoning, if ζϕ (·) and ζ dϕ (·) are inserted into the expressions
for x(t) and

dx

dx
dθ (t)

x(t) , ηx (θ∗ (t − 1), ξ(t − 1), z(t))
dx
(t) , η dx (θ∗ (t − 1), ξ(t − 1), z(t))
dθ
dθ

(38)
(39)

The algorithm can now be written in the form of (12) by the use of the
definitions of Lemma 1, and (32)-(39).
The open set DR of [10] and [9] corresponds to DM \∂DM of this paper,
while the closed set D̄ ⊂ DR of [9] corresponds to the compact set D̄M ⊂
DM \∂DM .

A.2
A.2.1

Verification of Regularity Conditions
Verification of C1

Because of the saturation imposed on the right hand-side of (10) on x and
dx
dθ , and since S2 ensures that z is bounded, all components of g(xg , ϕg , e)
are bounded. C1 follows.

A.2.2

Verification of C2

Continuous differentiability of Q(t; xg , ϕg ) follows from (10), (13), and M1
by inspection. The derivatives with respect to xg and ϕg shall also be
bounded in t for xg ∈ DR (= (DM \∂DM )). To study boundedness the
partial derivatives of Q(t; xg , ϕg ) are studied in a neighbourhood of xg = x̄g
and ϕg = ϕ̄g . It holds that
∂Q
∂xg

≤

XX
i

j

∂Qi
,
∂xg,j

∂Q
∂ϕg

≤

X ∂Qi
.
∂ϕg
i

(40)
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To illustrate the procedure, consider

∂Q1
∂ϕg

.

∂Q1
∂
= µ(t) (R−1 ζψ (ξ)Λ−1 ζε (ξ))gate(Γθ (θ))
∂ϕg
∂ξ


−1 ∂ζε (ξ)
−1 ∂ζψ (ξ) −1
Λ ζε (ξ) + ζψ (ξ)Λ
= µ(t)R
∂ξ
∂ξ

∂ζ
(ξ)
ψ
−1 −1
kζε (ξ)k
×gate(Γθ (θ))k ≤ µδR
δΛ
∂ξ

∂ζε (ξ)
−1 −1
≤ CµδR
δΛ (1 + kξk).
+ kζψ (ξ)k
∂ξ

(41)

The second last inequality follows from M1 and G1 by noting that the projection algorithm is inactive for sufficiently large times, cf. [16], Appendix
A. The last equality follows from (33) and (34). Now, the model and the
system are exponentially stable and bounded (M1 and S2), provided that
xg ∈ DR . Hence, in the considered neighbourhood
¯ + kξk
¯ ≤ C(1 + kξk)
¯ ≤C⇒
kξk ≤ kξ − ξk

∂Q1
≤C
∂ξ

(42)

−1
−1
where the constant C is formed from µ, δR
, δΛ
and the constants from the
regularity conditions. In the same way it can be shown that the bound (42)
is valid for all partial derivatives of (40), i.e.

∂Q
∂xg

< C,

∂Q
∂ϕg

This completes the verification of C2.

A.2.3

Verification of C3

Follows from M1 and (10) by inspection.

< C.

(43)
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Verification of C4

Iteration of (10) gives
ϕg (t) − ϕ̄g (t) =
+
=

∂g
(ϕ̃g (t − 1))(ϕg (t − 1) − ϕ̄g (t − 1))
∂ϕg

∂g
(x̃g (t − 1))(xg (t − 1) − x̄g )
∂xg

∂g
(x̃g (t − 1)(xg (t − 1) − x̄g ))
∂xg
t−n
X
∂g
+
(x̃g (t − i))(xg (t − i) − x̄g )
∂xg
i=2
i−1
Y

×(

j=1

∂g
(ϕ̃g (t − j)).
∂ϕg

(44)

The first equality follows by application of the mean value theorem (ϕ̃g (t−1)
is a point between ϕg (t − 1) and ϕ̄g (t − 1)).This is valid since g is smooth by
definition, and (44) then follows by repeated application of this argument.
The projection algorithm now guarantees that (cf. (10), (11) and (38))
k

∂g
(t)k ≤ 1 − δ < 1, ∀t.
∂ϕg

(45)

Hence,
kϕg (t) − ϕ̄g (t)k ≤ k
+

∂g
(x̃g (t − 1))kkxg (t − 1) − x̄g k
∂xg

i−1
t−n Y
X
∂g
∂g
k
(
(ϕ̃g (t − j))kk
(x̃g (t − i))k
∂ϕg
∂xg
i=2 j=1

× k(xg (t − i) − x̄g )k

≤

t−n
X
i=1

(1 − δ)i−1 max k
n≤s≤t

(46)

∂g
(s)k max kxg (s) − x̄g k
n≤s≤t
∂xg

1
< C max kxg (s) − x̄g k < C max kxg (n) − x̄g k.
n≤s≤t
δ n≤s≤t
Here continuous differentiability (C3) and the condition M1 (boundedness
∂g
of signals) was used to bound max k ∂x
(s)k.
g
n≤s≤t
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Verification of C5

Condition C5 follows by repeated use of the exponential stability of x and
dx
dθ (M1) together with S1. The details are similar to Appendix 4A of [11].
They are not repeated here.

A.2.6

Verification of C6

Note that A2 consists of unprojected average updating directions, whereas
(13) is affected by the gate function. Since the signals are bounded by M1,
this is of no consequence, since the unprojected updating direction coincide
with the projected one for interior points of DM . To demonstrate this
the θ recursion of (10) is considered. For fixed (θ, R, Λ) ∈ DM \∂DM , M1
and A1 show that R−1 ψ(t)Λ−1 ε(t) is bounded. Consequently, using G1,
µ(t) −1
−1
t R ψ(t)Λ ε(t) → 0 as t → ∞. Following (14) Γθ (·) = |λ1 (S(θ))| is
chosen, where λ1 (S(θ)) is the eigenvalue of the linearized system S(θ) with
the largest absolute value. DM is restricted by only allowing eigenvalues
of S(·) with absolute values in (0, 1 − δ) for some small δ > 0. By using
I0 = (0, 1 − δ), (10), (12), (14), (44), and A2 the projected direction can be
written as
lim Eµ(t)R−1 ψ(t)Λ−1 ε(t)

t→∞

µ(t) −1
R ψ(t)Λ−1 ε(t)))|)
t
lim Eψ(t)Λ−1 ε(t)gate(|λ1 (S(θ))|)

× gate(|λ1 (S(θ(t − 1) +
= µR−1
= µR

−1

t→∞

lim Eψ(t)Λ−1 ε(t) = µR−1 f (θ)

t→∞

(47)

which is the unprojected direction. The last equality follows from A2. A
similar approach is used in [16], p. 2194.

A.2.7

Verification of C7

Since the data is correlated C7 cannot be directly verified. However it is
outlined here how the problem can be circumvented. Define the extended
dynamic system

 

g(t, xg (t − 1), ϕ(t − 1), y(t − 1), u(t − 1))
ϕg (t)

 ym (t)  
gy (t, y(t − 1), u(t − 1))

 

(48)

 u(t)  = 
gu (t, u(t − 1), ū(t))
ū(t)
ū(t)
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where e(t) = ū(t) is a new i.i.d. input. By using the assumption that
the system is exponentially stable (S2), it follows that u(t) and y(t) can
be generated, such that A1, A2, S1, and S2 are valid, using e(t) = ū(t) as
input. A formal verification would require inclusion of (48) in (12), which
is not pursued here. Finally note that the time alignment of (48) can be
controlled by shifts of ū(t).

A.2.8

Verification of C8-C11

C8-C11 holds for γ(t) = 1t .

A.3

Verification of the Boundedness Condition

The boundedness condition of Theorem 1 of [9] assumes the existence of a
C < ∞ and an infinite subsequence {tk } such that (θ(tk ), R(tk ), Λ(tk )) ∈
D̄M and kξ(tk )k < C < ∞. The projection algorithm (11) ensures that
(θ, R, Λ) ∈ DM , ∀t. Since DM is compact there is at least one cluster point (θ̃, R̃, Λ̃) ∈ DM (Bolzano-Weierstrass). The case with cluster
points on ∂DM is covered by Lemma 3. As for the case of cluster points
(θ̃, R̃, Λ̃) ∈ DM \∂DM standard analysis shows that since DM \∂DM is
open, there is a compact set D̄M and a neighborhood B(θ̃, R̃, Λ̃, ∆) =
{(θ, R, Λ)|k(θ, R, Λ) − (θ̃, R̃, Λ̃)k < ∆} ⊂ D̄M ⊂ DM \∂DM , where ∆ > 0.
Since (θ̃, R̃, Λ̃) is a cluster point the existence of an infinite subsecuence {tk }
such that (θ(tk ), R(tk ), Λ(tk )) ∈ B(θ̃, R̃, Λ̃, ∆) ⊂ D̄M immediately follows.
The boundedness of ξ is secured by M1 and S2. A similar approach is used
in [16].
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Intitute of Technology, Lund, Sweden, 1968.
[2] S. A. Billings and S. Y. Fakhouri. Identification of systems containing
linear dynamic and static nonlinear elements. Automatica, 18:15–26,
1982.
[3] L. Brus. Nonlinear identification of a solar heating system. In Proceedings of IEEE Conference on Control Applications, pages 1491–1497,
Toronto, Canada, Aug. 2005.

22

Linda Brus

[4] L. Brus. Nonlinear identification of an anaerobic digestion process. In
Proceedings of IEEE Conference on Control Applications, pages 137–
142, Toronto, Canada, Aug. 2005.
[5] L. Brus and T. Wigren. Constrained ODE modeling and kalman filtering for recursive identification of nonlinear systems. In Proceedings of
IFAC Symposium on System Identification 2006, Newcastle, Australia,
March 2006.
[6] S. Chen and S. A. Billings. Representation of nonlinear systems: the
NARMAX model. International Journal of Control, 49:1013–1032,
1989.
[7] S. Chen and S. A. Billings. Neural networks for nonlinear dynamic
system modelling and identification. International Journal of Control,
56:319–346, 1992.
[8] H. K. Khalil. Nonlinear Systems. Prentice Hall, Upper Saddle River,
NJ, 2:nd edition, 1996.
[9] L. Ljung. Theorems for the asymptotic analysis of recursive, stochastic
algorithms. Technical Report 7522, Department of Automatic Control,
Lund Institute of Technology, Lund, Sweden, 1975.
[10] L. Ljung. Analysis of recursive stochastic algorithms. IEEE Transactions on Automatic Control, 22(4):551–575, 1977.
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Paper IV

Black–box Identification of Nonlinear ODE Models
Applied to Laboratory Plant Data
Linda Brus, Torbjörn Wigren, and Bengt Carlsson

Abstract
New techniques for recursive identification of systems described by
nonlinear ordinary differential equation models are discussed. The
model is of black–box state space type, where the right–hand side
function is estimated as a multi–variate polynomial in the states and
input, with the parameters selected to be the polynomial coefficients.
An algorithm based on Kalman filtering techniques is derived, where
a numerical differentiation scheme, used for generation of approximate
state variables is a key ingredient. The Kalman filter based algorithm
is e.g. suitable for initiation of a previously published RPEM method
based on the same model. In the paper the algorithm performance
of the Kalman filter based method is compared to that of the RPEM
using a numerical example. The Kalman filter based algorithm is then
used for finding initial parameters for the RPEM when applied to live
data from a laboratory process - a system of cascaded tanks. Based
on the experimental results, the paper discusses advantages and disadvantages of different algorithms and differentiation schemes.

1

Introduction

Due to the many important applications and the progress of nonlinear control during the last decades, the interest for nonlinear identification is on
the rise. The present paper presents recursive identification algorithms that
identify black–box nonlinear differential equation models, thereby enabling a
direct use in the many nonlinear controller design algorithms that are based
1
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on such models. Optimal control [8], feedback linearization, backstepping
design, passivity and Lyapunov based methods [12], as well as many adaptive control schemes [1] are based on nonlinear ODE models.
Grey–box identification is another field where the focus has been on the
identification of differential equation models, see e.g. [4]. Typically, physical modelling is first applied to derive a differential equation model, parameterized in terms of physical parameters. A subset of these parameters
can then be identified e.g. by a combination of numerical integration and
optimization techniques, or by Bayesian methodology. The advantages of
grey–box identification includes the fact that the physical prior knowledge
reduces the size of the identification problem, since a more limited number
of parameters can be used. If the model structure is appropriate the result
can be an improved accuracy. On the other hand, in cases where the model
structure is too limited and under–modelling occurs, unnecessary bias could
be introduced, as compared to when a more flexible black–box method is
used.
Many other methods have been developed to solve nonlinear identification problems. Early black–box methods were based on the Volterra series. Wiener performed an orthogonalization of the Volterra series using
Gaussian inputs to derive a series expansion that can be identified by cross
correlation analysis [21]. As it turns out, the so obtained Wiener model is
of cascade type, with linear dynamics followed by static nonlinear blocks.
This structure has then become known as one of the block oriented models,
for which many discrete time identification methods have been developed,
see e.g. [2, 11, 22, 20]. In the Hammerstein model the order of the blocks
is reversed, a fact that simplifies the identification [3, 18]. Methods that
are based on more advanced discrete time models than block–oriented ones
include algorithms for identification of the NARMAX class of models [9],
which describe nonlinear difference equations. Further developments along
this line are described in [13]. That paper also reviews other methods that
can be used to identify nonlinear systems, e.g. neural networks [10].
Although general, the series expansion identification methods do not provide differential equation models suitable for controller design. They are
also subject to input signal constraints [21], and generally require long data
sequences for the identification. The methods based on NARMAX and similar models generate discrete time parameters that describe difference equations. An advantage is that continuous time differentiation is then replaced
by shifting, something that allows the use of least squares techniques [14]
without differentiation. However, the advantage is somewhat balanced by
the fact that least squares techniques can be highly sensitive to un–modelled
dynamics [19] which is always present in practical applications. In order to
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apply the obtained models for controller design purposes they must also be
transformed back to the continuous time domain, something that requires
modelling of the sampling process. However, least squares and similar techniques have a distinct advantage as compared to nonlinear search methods
that are often applied in output–error and grey–box identification. The
advantage manifests itself in that least–squares methods avoid the risk of
convergence to sub–optimal minima of the criterion function [14]. The main
development of the present paper is motivated by this effect, and by the
need for algorithms that provide initial values for more advanced algorithms
that are based on nonlinear iterative search methods.
The contributions of the present paper includes an algorithm for black–box
identification of systems described by nonlinear state space ODEs. The
model is restricted in that only one right hand side component of the ODE
is parameterized. This avoids over–parameterization. It is discussed in [26]
why this model can anyway model systems with general right hand side
structure, locally. Contrary to a previously developed RPEM [5, 6, 7, 23,
24, 25, 26], where the regressors are modelled by output error techniques,
the regressors are obtained by numerical differentiation of the measurements.
The proposed algorithm allows for standard numerical differentiation using
the Euler method, as well as for more elaborate differentiation schemes [15].
The more advanced differentiation schemes can exploit e.g. additional low
pass filtering or even optimal filters tailored to known measurement noise
properties. Due to the above facts, the new method is related to the class
of equation error methods. As a consequence the resulting algorithm does
not converge to sub-optimal minimum points. The price paid is that the
estimates may become biased. However, the proposed algorithm can with
advantage be used for initialization of the RPEM [26], thereby reducing the
risk that the RPEM converges to a false optimum. Further advantages of
the proposed algorithm is the estimation of continuous time parameters. A
final important advantage is that the proposed method can exploit scaling
of the sampling period. This scaling method can improve the conditioning
of the identification problem with several orders of magnitude as shown in
[25].
A further contribution of the paper is an investigation of algorithmic performance, using simulated data from a numerical example and live data from a
laboratory process. The laboratory process is a cascaded tank system, with
free outlets. As is well known, the levels in the tanks are described by two
coupled nonlinear differential equations, when modelled from the voltage
applied to the pump to the water levels. Using simulated data from the
example system and measured data from the laboratory process conclusions
are obtained on the performance of the algorithms, e.g. on the sensitivity to
un-modelled dynamics. It is also shown that more advanced differentiation
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schemes have an advantage at low signal to noise ratio, as expected.
The paper is organized as follows. Section 2 presents the new algorithm,
whereas section 3 focuses on the laboratory process. The experiments and
obtained results are discussed in section 4. Conclusions follow in section 5.

2

A Kalman Filter Based Algorithm

In this paper two different identification schemes are compared. The first one
is the nonlinear RPEM described in [26], and the second is a new Kalman
filter based algorithm that is based on the same model as the RPEM algorithm.

2.1

ODE Model And Discretization

The algorithms that are compared in this paper are based on a continuous
time state space ODE. The nonlinearities enter the differential equation in
one right-hand side element only. It would be possible to let each right handside component of the ODE consist of a separate nonlinear function, resulting in a more general form of the state space model. However, by limiting
the nonlinearity to one right hand-side element only, over–parameterization
is avoided [26] and the model complexity is kept relatively low.
To describe the model, first introduce the state vector
x(t) = (x1 (t) x2 (t) . . . xn (t))T .

(1)

and the input vector
(n1 )

u(t) = (u1 (t) . . . u1

(nk )

(t) . . . uk (t) . . . uk

(t))T ,

(2)

(j)

where the super script j of ui is the j th derivative of the ith input. A
discussion on the consequences of the use of input signal derivatives appears
in [26]. Note that no input signal derivatives are used in the numerical
examples of this paper. Introduce the state space model
 (1)  

x1
x2
 .  

..
 ..  

(1)
.


(3)
x =  (1)  = 



xn
 xn−1 
(1)
f (x, u, θ)
xn
y = (1 0

...

0)x

(4)
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where θ is a vector of nθ unknown parameters. Through the choice of the
nonlinear function f , (3)-(4) provides a possibility for modeling of a wide
variety of nonlinearities. It is, in fact, shown in [26] and the references
therein that the model (3)-(4) can locally describe systems with arbitrary
right-hand side structures.
In this paper f (x, u, θ) is chosen to be of polynomial form
f (x, u, θ) =
Ix1
X

...

ix1 =0

Iu1
Ixn
X
X

I

(n )
u1 1

...

ixn =0 iu1 =0

θix1 ...ixn iu1 ...i

(n )
u1 1

X

(n ) =0
u1 1

i

...iuk ...i

u

(nk )
k

(n1 ) iu(n1 )

× (u1 )iu1 . . . (u1

)

...

1

Iuk
X

I

u

...

iuk =0

i

u

(nk )

k
X

(nk ) =0
k

(x1 )ix1 . . . (xn )ixn
(nk )

. . . (uk )iuk . . . (uk

(5)
i

(nk )

) uk

= ϕT (x, u)θ

For example, a second order model with one input signal would, in its most
simple form (polynomial degree one of both the input and the states) have
nθ = 8 parameters
θ = (θ000 θ001 θ010 θ011 θ100 θ101 θ110 θ111 )T

(6)

and the corresponding regressor vector
ϕ = (1

u x2

x2 u x1

x1 x2 u)T .

x1 u x1 x2

(7)

Applying an Euler integration method to (3), and using the relations (4)
and (5) gives
 
x1 (t, θ)
x1 (t + TS , θ)
 

..
..
 

.
.
=

 xn−1 (t + TS , θ)   xn−1 (t, θ)
xn (t, θ)
xn (t + TS , θ)


y(t, θ) = (1

0

...


x2 (t, θ)



..



.

 + TS 
 xn (t, θ) 

ϕT (x, u)θ




0)x(t, θ)

(8)

(9)

The algorithms can then be formulated from the discrete time model (8)-(9).
Note that only the new method is described in this paper, all details on the
RPEM are available in [5, 6, 7, 23, 24, 25, 26].
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Generation of Regressors

The regressors are, as can be seen in (3), generated from the states, x, and
the inputs, u. Clearly the inputs are measured, while the states need to be
estimated. A first method, that result in the RPEM [26] is to update the
whole state vector by numerical integration as in (8). A second method,
that results in the new algorithm proposed in this paper, is to estimate the
states by numerical differentiation of the measured output. The reasoning
behind the latter method is described next.
Each state of (8) corresponds to the derivative of the previous state. Hence, a
simple numerical differentiation of the measured output signal should render
an approximation of x2 . Similarly, by numerical differentiation of the second
state, an approximation of the third state would be obtained, and so on.
Hence, if ξ1 (t) is set equal to the measured output ym (t) the approximated
states ξ(t) can be obtained by iteration
ξ1 (t) = ym (t)
ξ(k−1) (t) − ξ(k−1) (t − Ts )
ξk (t) =
,
Ts
k = 2, . . . , n

(10)

ξ(t) = (ξ1 (t) . . . ξn (t))T .

(11)

If required, the Euler differentiation method applied in (10) can be exchanged for a more advanced differentiating filter. It is well known that
differentiation is associated with sensitivity to noise. In order to reduce
the noise transmission a low pass filtering of the states may be feasible. A
general description of a nth order differentiation scheme is given by
ξ1 (t) = ym (t)
ξk (t) = H d (q −1 )HkLP (q −1 )ξk−1 (t),

(12)

k = 2, ..., n.
where HkLP (q −1 ), k = 2, ..., n are digital filters, typically of low pass character (see [15] for further details), and H d (q −1 ) is the differentiating filter,
which in its simplest form is given by
H d (q −1 ) =

1 − q −1
.
Ts

(13)

Note that the filters depend on the order of the system.
The main motivation for introducing the numerical differentiation is that
the regressors cease to depend on the parameters θ as x(t, θ) is replaced by
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ξ(t) in the model. Consequently, the optimization problem becomes linear
in the parameters, with a convex criterion function. This is important since
it addresses the main problem of the RPEM method considered here - the
RPEM criterion function which may have multiple sub-optimal minima.
Depending on the choice of initial values the RPEM may therefore converge
to a local minimum rather than the global minimum.
It should be noted that by exchanging x(t, θ) for ξ(t) the output error model,
as used in the RPEM, can be replaced by an equation error model. The disadvantage of this change is an increased sensitivity to unmodelled dynamics
[19]. It can also be assumed that differentiation of the measurement noise
will cause problems for low signal to noise ratios (SNR). However, as stated
above, a main purpose is to use the new method for initialization of the
RPEM.

2.3

The Kalman Filter Based Algorithm

The algorithm used for initialization of the RPEM is a Kalman filter based
method, see e.g. [17]. The idea is to use the approximated states, ξ(t),
obtained by differentiation of the measured output to determine a linear
system matrix F . To acquire this the state vector is extended to include the
parameter vector
x̄(t) = (x1 (t) . . . xn (t) θT (t))T .

(14)

The right hand side of (8) can then be approximated as F (t, ξ, u)x̄(t). The
system matrix F (t, ξ, u) and the output matrix H (cf. (9)) are given by





F (t, ξ, u) = 




1 αTs · · ·
..
..
.
.
..
.
1
0 ···
0
···

H =(1 0 . . . 0).

0
..
.
αTs
1
0

0
..
.








0

αTs ϕ(ξ(t), u(t)) 
Inθ

(15)

(16)

The parameter α is a scaling factor that can be applied to the sampling
period in cases of numerically ill-conditioned problems (for details see [25]).
Writing out the Kalman filter based method as an algorithm, see [16], results
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in
Initiate:
x̂(0| − Ts ), P (0| − Ts )

Iterate:

K(t) = P (t|t − Ts )H T (HP (t|t − Ts )H T + R2 )−1

x̂(t|t) = x̂(t|t − Ts ) + K(t)(ym (t) − H x̂(t|t − Ts ))
P (t|t) = P (t|t − Ts ) − K(t)HP (t|t − Ts )

(17)

x̂(t + Ts |t) = F (t, ξ(t), u(t))x̂(t|t)

P (t + Ts ) = F (t, ξ(t), u(t))P (t|t)F T (t, ξ(t), u(t))
+ R1
R1 and R2 are the covariance matrices of the process noise and measurement
noise, respectively. Note that it is only in the right hand-side of the ODE
that the approach x(t, θ) ≈ ξ(t) is used.
The system (3)-(4) is of a general nonlinear form, whereas the Kalman filter
based method produces the optimal state estimate for a linear system. Bias
errors can therefore be expected in the state and parameter estimates of
(17). Noise amplified by differentiation that enters F (t, ξ(t), u(t)) can also
be expected to contribute to the bias. In addition, the Kalman filter based
method is related to least squares algorithms and would be expected to be
better suited for prediction applications than for system modeling, cf. [19].
However, as will be shown below, the parameter estimate from the Kalman
filter based method can be reasonably close to the true system parameters,
and is then suitable for initialization of the RPEM.

3

The Laboratory Process

The laboratory process on which the experiments were performed is a set of
cascaded tanks with free outlets, see Fig. 1. The outlet of the upper tank
feeds the lower tank whereas the upper tank is fed by a pump. In this type of
system the water flow out from a tank depends on the pressure at the outlet
which in turn is a function of the water level. The water level in each tank
is measured using water level sensors that provide the water level given in
volts. The voltage can then be converted to centimeters by a scaling factor
(0.5 V/cm). The input signal is the voltage to the pump, which operates in
the range 0-10 V . The input signal and the water level measurements are
processed using a PC equipped with MATLAB interfaces to the A/D and
D/A converters.
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A1
h1
a1
u(t)

A2
h2
a2

Figure 1: Schematic picture of the cascaded tanks.
Bernoulli’s principle and mass balance equations for the two tanks give the
following system description


dh1
dt
dh2
dt



=

!
√ √
− a1A12g h1 + Ak1 u(t)
√ √
√ √
.
− a2A22g h2 + a1A12g h1

(18)

Here h1 and h2 are the water levels (in cm) in the upper and lower tanks
respectively. A1 and A2 are the areas of the horizontal cross section of each
tank, while a1 and a2 are the areas of the outlets. Further, the conversion
factor from input voltage u(t) to input flow is denoted k, and g is the gravity.
The process is clearly nonlinear, which makes it suitable for illustration of
the differences of the algorithms studied in the paper.

4
4.1

Experiments
A Simulated Example

In order to evaluate the accuracy of the methods data was generated by
simulation of a system corresponding to the model structure (3), with mea-
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surement noise added to the output (4). The studied second order system
! 

(1)
x2 (t)(2 + u(t)) − u(t))
x1 (t)
=
(1)
−x1 (t) − x2 (t)
x2 (t)
y = x2 (t) + e(t)

(19)

has previously been described in [25], and can be rewritten on the form of
(3)-(4). To generate the data, an Euler integration method was used for
updating the states. To ensure that the numerical method used for data
generation was not part of the model set, the data was generated with a
sampling period of 1.0 · 10−4 s. The identification was then performed using
subsets of the total data set with sampling periods between 5.0 · 10−3 and
5.0 · 10−1 s, thereby ensuring that discretization errors were generated. The
reason was to make sure the bias that can occur in live data sets due to
discretization effects become visible also in the numerical example. For a
system that is part of the model set this would not be the case.
The model orders were chosen as Iu = Ix1 = Ix2 = 1 which is sufficient to
express (19) on the form (3)-(4). The Kalman filter based algorithm was
initialized with θ(0) = 0. P (0| − Ts ), R1 and R2 were tuned in the various
SN R and Ts cases.
To measure the performance of the algorithms, the following error measures
were used
V =

kθ̂ − θ0 k2
,
kθ0 k2

N
1 X
(ym,0 (t) − y(t))2
M SE =
N

(20)
(21)

t=1

where θ̂ denotes the estimated parameter vector, and θ0 is the true continuous time parameter vector from which the data has been generated. ym,0
is the measured output signal for the noise free case, and y is the simulated
output obtained with the model corresponding to θ. Two error measures
were introduced to illustrate both the the missalignment in the estimated
parameters and the accuracy of the simulated model output. The purpose of
the comparison to the noise free output signal is to illustrate the differences
of the methods without drowning them in the errors caused by the noise.
Identification experiments with the Kalman based and RPEM algorithms
show that both algorithms perform better for higher SNR (see Fig. 2 and
3). This seems reasonable, as does the fact that the curves level out when the
SNR is no longer the limiting factor for algorithm performance. The break
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point for noise sensitivity is approximately 10 dB higher for the Kalman filter
based method than for the RPEM. This can be explained by the state estimation methods, where differentiation of the measured output (Kalman based)
will produce an algorithm more sensitive to measurement noise than when
numerical integration is used to generate the regressor vectors (RPEM).
The standard Euler differentiation scheme was also compared to a low pass
differentiation scheme (12). In this example the filter H2LP (q −1 ) was selected
as a second order Butterworth lowpass filter with normalized (w.r.t. Ts )
bandwidth, and H d (q −1 ) was given by (13). As can be seen in Fig. 2 and
Fig. 3, low pass filtering may extend the operating range 1-3 dB towards
lower SNRs. However, the performance remains worse than the performance
of the RPEM. Furthermore, there is a performance penalty as compared to
the Euler differentiation scheme for high SNRs. The explanation is that the
low pass filtering removes useful information from the signals in the high
SNR case.
In order to illustrate the properties of (12) further, the performance of the
Kalman filter based algorithm is displayed as a function of the normalized
bandwidth in Fig. 4 and 5. As expected, a distinct optimum appears for
low SNRs, whereas the experiments indicate that differentiation should be
avoided for higher SNRs. In the rest of the experimental investigation of
the paper, the Euler differentiation method is applied.
As for the variation of Ts the effect on the parameter estimate as well as the
prediction error shows a minimum for the Kalman based algorithm, see Fig. 6
and 7. Variation of the sampling period illustrates the trade-off between the
discretization error and the problems caused by differentiation of the noise.
For the RPEM the choice of sampling period has a different effect. Not only
does the RPEM perform better in general than the Kalman filter based
method but it does not appear to have a performance optimum, at least not
corresponding to the one of the Kalman based algorithm. The RPEM is
less sensitive to small sampling periods, as there is no differentiation of the
measured output. Hence, the sensitivity related to differentiated noise does
not appear.
It would be easy to use the numerical example to draw the conclusion that
the RPEM is superior to the Kalman algorithm. However, the Kalman
algorithm suggested here is not meant to be an alternative to the RPEM,
but rather a complement. As the output error model of the RPEM can
have a non-convex criterion function, good initial parameters are crucial to
obtain convergence to the global minimum. In a complex system it may
not be obvious what is a good set of initial parameters. The equation error
model of the Kalman algorithm provides a method to obtain an initial guess,
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Figure 2: The effect of the signal to noise ratio (SNR) on parameter estimation for the Kalman based algorithm (solid), and the RPEM (dashed). The
dashdotted line corresponds to the Kalman based algorithm with low pass
filtering (normalized bandwidth 0.6π rad/s). The variables Ts and α were
kept fixed at 0.1 s and 1, respectively.
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Figure 3: The effect of the signal to noise ratio (SNR) on the mean square
of the prediction error for the Kalman filter based algorithm (solid) and the
RPEM (dashed). The dashdotted line corresponds to the Kalman based
algorithm with low pass filtering (normalized bandwidth 0.6π rad/s). The
variables Ts and α were kept fixed at 0.1 s and 1, respectively.
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Figure 4: The effect low pass filtering of the differentiated state vector,
ξ, on parameter estimation for the Kalman based algorithm for data with
SN R = −9 dB (solid) and SN R = 2 dB (dashed). The variables Ts and α
were kept fixed at 0.02 s and 1, respectively.
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Figure 5: The effect low pass filtering of the differentiated state vector,
ξ, on the prediction error for the Kalman based algorithm for data with
SN R = −9 dB (solid) and SN R = 2 dB (dashed). The variables Ts and α
were kept fixed at 0.02 s and 1, respectively.
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Figure 6: The effect of the sampling period, Ts , on parameter estimation
for the Kalman based algorithm (solid) and the RPEM (dashed). Low pass
filtering could further improve the performance of the Kalman based algorithm for small sampling periods. Decimation of the data, would e.g. lead
to the conclusion that the curve levels out for small sampling periods. The
variables SN R and α were kept fixed at 10 dB and 1, respectively.
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Figure 7: The effect of the sampling period, Ts , on the mean square of
the prediction error for the Kalman based algorithm (solid) and the RPEM
(dashed). Low pass filtering could further improve the performance of the
Kalman based algorithm for small sampling periods. Decimation of the
data, would e.g. lead to the conclusion that the curve levels out for small
sampling periods. The variables SN R and α were kept fixed at 10 dB and
1, respectively.

15

Paper IV
2.5

2

u(t) [V]

1.5

1

0.5

0
0.5

0.6

0.7

0.8

0.9

1
Time [s]

1.1

1.2

1.3

1.4

1.5
4

x 10

Figure 8: Input signal used for cascaded tank experiments. The signal
corresponds to the voltage to the pump that feeds the upper tank.
which, under favorable conditions, is close to the global minimum of the
RPEM criterion function.
As for the use of the Kalman filter based method as an initialization method
for the RPEM, it should be mentioned that the choice of sampling period
and scale factor also affects the location of the poles of the linearized model.
If chosen badly, the sampling period and scaling factor could thus result in
initial parameters very close to, or even outside the limit of the stability
region of the projection algorithm of the RPEM, cf. [26].

4.2

Cascaded tanks

From the simulated example it appears that under benificial conditions the
Kalman filter based algorithm can provide a useful initial parameter vector
for the RPEM. To evaluate the result further, measured data from the cascaded tanks described in Section 3 were used for identification experiments.
The input signal was chosen as a PRBS like signal, but with varying amplitudes (cf. [26] and Fig. 8). The sampling period was chosen to 4 s, and
the scaling of the sampling period, α, was 0.2. The Kalman filter based
algorithm parameters R1x , R1θ and R2 were chosen as 10−6 , 10−8 and 1
respectively, the initial parameters θ(0) = 0 and P (0) = 102 .
The Kalman filter based algorithm produced a parameter vector (for the
scaled problem)
θα =(−0.0001

0.0111

− 0.4858 0.0151

− 0.0040 0.0000 0.0476

(22)
T

− 0.0526)

(23)

which was then used as inital parameters for the RPEM. In the RPEM the
initial Hessian was chosen as R(0) = 103 I, where I is the identity matrix.
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Figure 9: Measured (solid) and simulated (dashed) output for the tank
model obtained by the RPEM. The residual error (dotted) is relatively small.
Further, the stability limit of the projection algorithm was selected as δ =
0.01. Here 1 − δ is the maximal allowed pole radius of the linearized system.
This limit was introduced to compensate for possible differences between
the poles of the linearized system and the true nonlinear system stability
(cf. [26]). At the end of the run with the RPEM algorithm the scaled (θα )
and rescaled parameters (θ) were
θα =(−0.0006 0.0146
− 0.0075 0.0022

θ =(−0.0000 0.0006

− 0.0003 0.0001

− 0.0964

− 0.0190

− 0.0193

− 0.0038

− 0.0143

− 0.0029

− 0.0074)T

(24)

− 0.0015)T .

(25)

For details on the conversion between scaled and rescaled (original) parameters see [25].
Simulations using the parameters obtained by the Kalman based algorithm
gave poor results, the MSE of the prediction error was 0.81 (to be compared
with the variance of ym which was 1.35). The RPEM, on the other hand,
generated parameter estimates suitable for high accuracy simulation of the
system, as is shown in Fig. 9. The MSE of the prediction error using these
parameters was only 0.08, or approximately 6% of the output variance. This
illustrates the need for both algorithms, using the Kalman filter based model
for initialization of the RPEM. Experiments with low pass filtering of the
differentiated states did not improve the result for the cascaded tank model.
This is in line with the results of the simulated example as the data set does
not, from observation, seem to have a low SNR.
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Conclusions

In this paper a method for identification of a nonlinear state space ODE was
treated. The method, a Kalman filter based algorithm, performed well and
was shown to be a useful tool for finding initial parameters for more advanced
nonlinear identification methods. This result was supported by experiments
with live data from a laboratory process consisting of cascaded tanks where
initial parameters were determined using the Kalman filter based algorithm
and then further adjusted using an RPEM. The obtained model describes
the system well.
This paper has only treated second order systems experimentally. For the
Kalman filter based method higher order models imply repeated differentiation of measurement noise that would potentially cause problems in using
the method as intended. However, for a large number of systems a second
order model is sufficient to describe the dynamics.
Interesting topics for future research hence include a study of more complex systems, possibly of higher order, to investigate the vulnerability to
measurement noise in such cases.
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