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Abstract

The chemical master equation (CME) describes the probability for the
discrete molecular copy numbers that define the state of a chemical sys-
tem. Each molecular species in the chemical model adds a dimension to
the state space. The CME is a difference-differential equation which can
be solved numerically if the state space is truncated at an upper limit
of the copy number in each dimension. The size of the truncated CME
suffers from an exponential growth for an increasing number of chemical
species.

In this thesis the CME is approximated by a continuous Fokker-
Planck equation (FPE) which makes it possible to use sparser computa-
tional grids than for CME. FPE on conservative form is used to compute
steady state solutions by computation of an extremal eigenvalue and the
corresponding eigenvector as well as time-dependent solutions by an im-
plicit time-stepping scheme.

The performance of the numerical solution is compared to a standard
Monte Carlo algorithm. The computational work for solutions with the
same estimated error is compared for the two methods. Depending on the
problem, FPE or the Monte Carlo algorithm will be more efficient. FPE
is well suited for problems in low dimensions, especially if high accuracy
is desirable.
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C P. Sjöberg, P. Lötstedt and J. Elf. Fokker-Planck approximation
of the master equation in molecular biology. Technical Report,
Department of Information Technology, Uppsala University, 2005,
to appear, will be available at:
http://www.it.uu.se/research/publications/reports/.

iii



iv



Acknowledgments

I would like to thank my advisor Per Lötstedt for his support and advice
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1 Stochastic models in molecular biology

Molecular biology is the study of the structure, function and interaction
of the macromolecules (DNA, RNA and proteins) in the biological cell
machinery. Networks of gene expression and chemical processes deter-
mine the state of the cell. The key to understanding biology is to decode
those networks.

For some time it has been known that it might be necessary to con-
sider the variation in molecule numbers to accurately describe a class
of chemical systems [16] and that many examples of members of this
class are found in molecular biology [2], [3]. The matter has received
increased attention in the last years partly because of new experimental
techniques [15], and randomness is used to explain differences between
individuals in populations [18] as well as the properties of biochemical
control mechanisms [5], [17], [21].

1.1 Chemical reactions

Let us review the prerequisites of ordinary test tube chemistry. Con-
sider N molecular species Xi, i = 1, . . . , N , in a chemical reactor with
volume Ω. Let xi be the copy number of Xi. The state of the system
is determined by the number of molecules x = (x1, x2, . . . , xN )T , xi ∈
Z+ = {0, 1, 2, . . .}, but the number of molecules is usually very large in
the laboratory and is scaled by the Avogadro constant NA ≈ 6.022 · 1023

molecules per mol, in order to get the more manageable unit mol. For
practical purposes it is convenient to use concentrations [Xi] = xi/Ω in-
stead of amount of substance and describe the state of the system by
[X] = ([X1], [X2], . . . , [XN ])T , [Xi] ∈ R+ = {x ∈ R|x ≥ 0}. The mixture
is assumed to be homogeneous so that the concentrations are the same
in the entire reactor. The indicated notation where the concentration of
molecular species A is denoted [A] and the copy number is denoted a will
be used below.

The fundamental description of the chemical dynamics is the formu-
lation of reactions. A reaction is a process that changes reactants into
products by some rate defined by a rate law v([X]). The reactants and
the products are defined by vectors s = (s1, s2, . . . , sN )T , where si ∈ Z+.
The vector s− holds the number of molecules that are needed to produce
s+ molecules. A reaction is written

s−1 X1 + s−2 X2 + . . . + s−NXN
v([X])−−−−→ s+

1 X1 + s+
2 X2 + . . . + s+

NXN . (1)
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Terms where s−i = 0 or s+
i = 0 are normally not written out.

Even if concentrations change in discrete steps, it is a good approxi-
mation to assume that the change is continuous when molecule numbers
are large. This assumption is made in order to derive the reaction rate
equations which determine the time evolution of the concentrations. For
R reactions where each reaction r is associated with reactants specified
by s−r , products specified by s+

r and a rate law vr([X]), the reaction rate
equation is written

d[X]
dt

=
R∑

r=1

vr([X])
1
Ω

(s+
r − s−r ). (2)

The rate law vr([X]) must be determined experimentally and can not
be inferred from the reaction mechanism in general, but for an elementary
reaction the rate law takes a simpler form [1]. An elementary reaction is a
one-step reaction. The reaction rate then depends on some temperature-
dependent constant k and the concentrations of the reactants. The rate
law of an elementary rection r

vr([X]) = k
N∏

i=1

[Xi]s
−
ri , (3)

where s−ri is the i:th component of s−r . This equation is a good model if
the following two assumptions are satisfied [20]:

1. Between reactive collisions many non-reactive collisions ensure that
the velocities of molecules comply to the Maxwell velocity distri-
bution. Otherwise the frequency of reactive collisions will not be
proportional to the product of the concentrations.

2. Internal states of molecules are in thermal equilibrium. The re-
action rate would otherwise depend on a varying distribution of
excited states.

A complex of elementary reactions can be analyzed and a total rate of
the complex can be determined and used as rate law for a non-elemental
reaction.

It is extremely rare to consider trimolecular elementary reactions
since it would require simultaneous collisions between three molecules,
which is very improbable. It is more likely that such a reaction occurs in
two steps.
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1.2 Chemistry in the cell

When considering a single cell, the convenient concept of continuously
varying concentrations used in large scale chemistry obscures the pic-
ture. The actual molecule numbers x = (x1, x2, . . . , xN )T are quite well
suited to describe the chemical state of the cell as molecule numbers are
small (for a gene: DNA one or two copies, RNA some tens and proteins
perhaps hundreds). The actual numbers vary from gene to gene. A more
important problem is that the discrete nature of the chemical state of
the cell will make the concentration, which is a continuous variable, a
less suitable description for some cases.

The discrete nature of molecules introduces an inevitable source of
noise in the chemical system. The noise is not a result from an un-
predictable environment, but rather the discrete nature of the chemical
system and hence it is called intrinsic noise or internal noise [20]. The
experimental biology has in the last years developed methods to study
intrinsic noise in the gene expression of single cells, e.g. [6].

On the model level we cannot hope to study all molecular species in
the cell. The model has to be a subset of the species. Reactions where
either no reactants or no products are within the subset are written using
the symbol ∅ to denote that no molecules of the model are consumed
alternatively produced in the reaction. For example

∅ k−→ A,

denotes that A is created from reactants that are not included in the
model by a constant rate k.

Examples of reactions corresponding to the system schematically shown
in Figure 1 are listed in Table 1 The syntheses in Figure 1 are controlled
by feedback mechanisms symbolized by the “arrows with blunt ends”.
The minus sign indicates that the feedback is negative. The constants
k, K and µ in Table 1 determines the maximal rate of synthesis, the
strength of the feedback and the rate of degradation. The syntheses are
not elemental reactions due to the feedback mechanisms, but the syn-
thesis rate law can be derived from analysis of the underlying elemental
reactions. The reaction rate equation for the example is

d[A]
dt = k1

1+
[A]
K1

− µ[A]− k3[A][B]

d[B]
dt = k2

1+
[B]
K2

− µ[B]− k3[A][B].
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Figure 1: Two metabolites coupled by a bimolecular reaction.

No. Reaction Rate law Type

1 ∅ v1([A])−−−−→ A v1([A]) = k1/(1 + [A]/K1) synthesis

2 A
v2([A])−−−−→ ∅ v2([A]) = µ[A] degradation

3 ∅ v3([B])−−−−→ B v3([B]) = k2/(1 + [B]/K2) synthesis

4 B
v4([B])−−−−→ ∅ v4([B]) = µ[B] degradation

5 A + B
v5([A],[B])−−−−−−→ ∅ v5([A], [B]) = k3[A][B] bimolecular

reaction

Table 1: Reactions of the chemical model shown in Figure 1 (No. corre-
sponds to the numbers in the figure).

2 The master equation

The master equation describes how the probability for the state of the
system evolves in time. The probability distribution of the states give
a very detailed information about the variation in copy numbers, but
it is not the only measure that can be used to describe the properties
of the molecular control systems of cells. It is the only measure that
is considered here, but might be sufficient for some cases to compute
the autocorrelation or some moments of the probability density. The
probability density function is a more general description, though. The
goal here is to solve the master equation.

To introduce the some concepts a brief summary of the master equa-
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tion and related concepts from [20] and [8] follows.

2.1 Markov processes

The story of the master equation must begin with Markov processes.
A Markov process is a special case of a stochastic process. Stochas-
tic processes are often used in physics, biology and economy to model
randomness. In particular, Markov processes are often used to model
randomness, since it is much more tractable than a general stochastic
process.

A general stochastic process is a random function f(X, t), where X
is a stochastic variable and t is time. A stochastic variable, explained
very briefly, is a domain of possible values ΩX and the probabilities
p(x), x ∈ ΩX . The stochastic process hence describes how the proba-
bility for different states vary in time.

A general way to specify a stochastic process is to define the joint
probability densities for values x1, x2, x3, . . . at times t1, t2, t3, . . . re-
spectively

p(x1, t1;x2, t2;x3, t3; ...). (4)

If all such probabilities are known, the stochastic process is fully specified,
but it is of course not an easy task to find all such distributions.

Using (4) the conditional probabilities can be defined as usual

p(x1, t1;x2, t2; . . . |y1, τ1;y2, τ2, . . .) =
p(x1, t1;x2, t2; . . . ;y1, τ1;y2, τ2, . . .)

p(y1, τ1;y2, τ2, . . .)
,

where x1, x2, . . . and y1, y2, . . . are values at times t1 ≥ t2 ≥ . . . ≥ τ1 ≥
τ2 ≥ . . ..

This is where a Markov process has a very attractive property. It has
no memory. For a Markov process

p(x1, t1;x2, t2; . . . |y1, τ1;y2, τ2, . . .) = p(x1, t1;x2, t2; . . . |y1, τ1).

The probability to reach a state x1 at time t1 and state x2 at time t2
if the state is y1 at time τ1 is independent of any previous states, with
times ordered as before. This property makes it possible to construct any
of the probabilities (4) by a transition probability p→(x, t|y, τ) (t ≥ τ)
and an initial probability distribution p(xn, tn):

p(x1, t1;x2, t2; . . . ;xn, tn) = p→(x1, t1|x2, t2)p→(x2, t2|x3, t3) . . .
. . . p→(xn−1, tn−1|xn, tn)p(xn, tn).
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A consequence of the Markov property is the Chapman-Kolmogorov
equation

p→(x1, t1|x3, t3) =
∫

p→(x1, t1|x2, t2)p→(x2, t2|x3, t3)dx2. (5)

2.2 Derivation of the master equation

The master equation is a differential form of the Chapman-Kolmogorov
equation (5). The terminology differs between different authors. Some-
times the term “master equation” is used only for jump processes. Jump
processes are characterized by discontinuous motion, that is there is a
bounded and non-vanishing transition probability per unit time

w(x|y, t) = lim
∆t→0

p→(x, t + ∆t|y, t)
∆t

,

for some y such that |x − y| > ε > 0. Here, the function w(x|y, t) =
w(x|y).

The master equation for jump processes, which is the type of processes
that will be considered here, can be written

∂p(x, t)
∂t

=
∫ (

w(x|x′)p(x′, t)− w(x′|x)p(x, t)
)
dx′. (6)

The master equation has a very intuitive interpretation. The first part
of the integral is the gain of probability from the state x′ and the second
part is the loss of probability to x′. The solution is a probability distri-
bution for the state space. Analytical solutions of the master equation
are possible to calculate only for simple special cases.

2.3 The model of the cell

Here, the model of the cell is a well-stirred volume where molecules react
with a certain probability each time molecules come together in random
collisions. The state of the cell is determined by the number of molecules
of N species x = (x1, x2, . . . , xN )T . Then the reaction (1) is a state
transition

(x1, . . . , xN )T ṽ(x)−−→ (x1 + s+
1 − s−1 , . . . , xN + s+

N − s−N )T , (7)

where ṽ(x) is the mesoscopic reaction rate. The state trasition (7) and
an initial state define a jump Markov process. The number of molecules
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change as a result of reactions at random times. The mesoscopic reaction
rate for an elementary reaction corresponds to (3) but takes the discrete
nature of molecule numbers into account

ṽ(x) = Ωk
N∏

i=1

xi!

Ωs−i (xi − s−i )!
.

The reaction rate (3) is the macroscopic reaction rate and is a very good
approximation of ṽ(x) even for moderate copy numbers. From here on,
reaction rate will refer to the mesoscopic reaction rate. The reaction
rate as a function of the number of molecules will be dependent of the
volume of the cell. If the volume and molecule numbers are increased in
such a way that the concentrations are kept constant the jump process
will approach a continuous process as the volume tends to infinity. The
reaction rate can be derived also for the more complex rate laws that are
the result of a complex of elementary reactions.

For all models in this thesis the volume will be kept constant. Since a
cell is expected to grow and split, which should make the volume change
with a factor two, that might seem a little bit odd. The reason is that
the growth is modeled by a dilution of the chemical species. The dilution
is hence included in the model as a degradation rate.

This model of the cell will be used to describe the fluctuations in
molecule numbers. There are at least three reasons why this is important.

1. If molecule numbers are small, the macroscopic reaction rate equa-
tions will not be accurate [20].

2. For near-critical systems fluctuations may be very large [5].

3. The dynamics of systems with several stable fix points or a nearly
unstable fix point can not be studied unless the fluctuations are
properly characterized [21].
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2.4 The chemical master equation

We choose to define a reaction r as a jump to the state x from a state xr,
where x, xr ∈ ZN

+ . The propensity wr(xr) = ṽ(x) is the probability for
transition from xr to x per unit time [12]. One reaction can be written

xr
wr(xr)−−−−→ x.

The difference in molecule numbers nr = xr − x is used to write the
master equation (6) for a system with R reactions

dp(x, t)
dt

=
∑
r = 1

(x + nr) ∈ ZN
+

wr(x + nr)p(x + nr, t)−
∑
r = 1

(x− nr) ∈ ZN
+

wr(x)p(x, t) (8)

This special case of the master equation is sometimes called the chemical
master equation (CME), [16], [20]. If the state space is truncated in
each dimension the equation can be numerically integrated. The major
problem then is that the state space is very large; it grows exponentially
with N . Solutions cannot be computed for more than a few dimensions.

In this formalism our example, the reactions in Table 1, will take the
form shown in Table 2. The CME for the reactions in Table 2 is written

r Reaction w(x) nT
r

1 ∅ w1(a)−−−→ A w1(a) = Ωk1/(1 + a/(ΩK1)) (−1, 0)

2 A
w2(a)−−−→ ∅ w2(a) = µa (1, 0)

3 ∅ w3(b)−−−→ B w3(b) = Ωk2/(1 + b/(ΩK2)) (0, −1)

4 B
w4(b)−−−→ ∅ w4(b) = µb (0, 1)

5 A + B
w5(a,b)−−−−→ ∅ w5(a, b) = k3ab/Ω (1, 1)

Table 2: Reactions of the chemical model displayed in Figure 1.
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∂p(0,0,t)
∂t = µp(1, 0, t) + µp(0, 1, t) + k3

Ω p(1, 1, t)
−Ω(k1 + k2)p(0, 0, t),

∂p(0,b,t)
∂t = Ω k2

1+ b−1
ΩK2

p(0, b− 1, t)+ b > 0

µp(1, b, t) + µ(b + 1)p(0, b + 1, t)+
k3
Ω (b + 1)p(1, b + 1, t)
−(Ω(k1 + k2

1+ b
ΩK2

) + µb)p(0, b, t),
∂p(a,0,t)

∂t = Ω k1

1+ a−1
ΩK1

p(a− 1, 0, t)+ a > 0,

µ(a + 1)p(a + 1, 0, t) + µp(a, 1, t)+
k3
Ω (a + 1)p(a + 1, 1, t)
−(Ω( k1

1+ a
ΩK1

+ k2) + µa)p(a, 0, t),
∂p(a,b,t)

∂t = Ω k1

1+ a−1
ΩK1

p(a− 1, b, t) + Ω k2

1+ b−1
ΩK2

p(a, b− 1, t)+ a, b > 0

µ(a + 1)p(a + 1, b, t) + µ(b + 1)p(a, b + 1, t)+
k3
Ω (a + 1)(b + 1)p(a + 1, b + 1, t)−

(
Ω( k1

1+ a
ΩK1

+

k2

1+ b
ΩK2

) + µ(a + b) + k3
Ω ab

)
p(a, b, t).

2.5 Reducing the dimension by modeling

The dimensionality is a problem, not only for solving the master equation,
but also for interpreting the results. Removing not so important parts
makes the model more clear and simplifies computations at the same
time.

Biological systems are stiff by nature in the sense that processes with
very different time scales are coupled. Some molecules are quickly syn-
thesized and degenerated (typically metabolites) and some take a long
time to turn over (typically macromolecules). There is also a difference in
the complexity of reactions. Some biochemical reactions involve a chain
of many steps, while other reactions just involve a single association or
dissociation event. This difference in time-scales can be used by assuming
quasi-equilibrium and using the equilibrium constant to eliminate some
components. Other assumptions or properties of the biological system
will also be important for the simplification of the model.

One common example of how the analysis of the kinetics can simplify
the model is the Michaelis-Menten kinetics [7]. The model of an enzyme
E that binds a substrate S and form an intermediate I that is transformed
to the product P and the unaltered enzyme by rate k3 in an irreversible
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step is written

E + S
k2·[I]−−−−−−⇀↽−−−−−−

k1·[E]·[S]
I

k3·[I]−−−→ P + E.

Using the assumption that there is a rapid equilibrium between E, S
and I compared to the rate of product formation k3 the reactions can be
modeled

S

k·[S]
KM +[S]

[E]0−−−−−−−−→ P,

where KM = (k2 + k3)/k1 is the Michaelis-Menten constant, and [E]0 is
the total amount of enzyme, regardless of if it is bound in complex or
free and is considered constant.

2.6 The stochastic simulation algorithm (SSA)

The most common way to solve the master equation for models in molec-
ular biology is using the Stochastic Simulation Algorithm (SSA) [10], [11]
[9].

The simulation is a statistically correct realization of the underlying
Markov process. A realization is a trajectory x(t) through the space of
possible values ΩX . The trajectory should be thought of as the actual
time evolution of one individual system, here, one cell. The state of the
cell is traced through time by randomly applying reactions.

The realization can be used to compute statistical properties of the
Markov process, such as moments, auto-correlation or the probability
distribution. The implementation is straightforward for any number of
molecular species. Here SSA is used for computing the probability dis-
tribution and any reference to the solution process will refer to SSA for
solving the master equation.

It is common for Markov processes to have the ergodicity property
that the mean value of a long trajectory is the same as the mean value
of an ensemble of processes. That means that the steady state solution
can be sampled by the mean value of a long trajectory. That makes SSA
efficient since the entire simulation can be used to compute the solution.
On the contrary, it is expensive to compute a solution at a specific time
T since the trajectory cannot be used for the statistics, only the state in
the actual time point T .

The weakness of the SSA approach is that the simulation of reaction
after reaction might be slow, especially if the system has many different
time scales and some reactions are very fast and others are comparatively
slow. Then the examination of the properties of the entire system will be
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slow, since it will take a long time to simulate the large amount of fast
reactions, but the simulation must be long enough to study the behavior
of the slow reactions. There is work in progress to remedy this problem,
e.g. [4].

3 The Fokker-Planck equation (FPE)

The FPE can be derived from the Chapman-Kolmogorov equation (5) if
there are no jumps in the Markov process or alternatively as an approx-
imation of the master equation (6).

The general FPE for N variables x = (x1, x2, . . . xN )T has the form

∂p(x, t)
∂t

= −
N∑

i=1

∂

∂xi
D

(1)
i (x)p(x, t) +

N∑

i=1

N∑

j=1

∂2

∂xi∂xj
D

(2)
ij (x)p(x, t), (9)

where D
(1)
i is called the drift vector and D

(2)
ij is called the diffusion tensor

[19].
In the terminology of van Kampen in [20] the FPE is a master equa-

tion, while Gardiner in [8] prefers to call it a differential form of the
Chapman-Kolmogorov equation. The FPE is also linked to stochastic
differential equations, but that subject is not discussed in this thesis.

3.1 Fokker-Planck approximation of the chemical master
equation

Let us interpolate the solution and the propensity functions between the
discrete states and define a master equation by embedding the discrete
state space in a continuous space. The solution of this master equation
is identical to the chemical master equation on the integer lattice.

The Kramers-Moyal equation is obtained by inserting a Taylor ex-
pansion in the master equation. The full Kramers-Moyal equation is
identical to the master equation. If the functions wr(x) and p(x, t) are
sufficiently smooth we discard all terms of order three and higher. The
approximation of the CME (8) now has the form of a FPE

∂p(x, t)
∂t

=
R∑

r=1





N∑

i=1

nri
∂ (wr(x)p(x, t))

∂xi
+

N∑

i=1

N∑

j=1

nrinrj

2
∂2 (wr(x)p(x, t))

∂xi∂xj



 .

The FPE is a parabolic partial differential equation (PDE). Compared to
the master equation much fewer computational grid points can be used
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for the discretization of the FPE in each dimension. The exponential
growth of the problem size is not avoided, but it is mitigated.

The Fokker-Planck approximation of CME for the system in Table 2
in terms of (9) can be written using

D
(1)
1 (a, b) = Ω k1

1+ a
ΩK1

− µa− k3ab
Ω

D
(1)
2 (a, b) = Ω k2

1+ b
ΩK2

− µb− k3ab
Ω

D
(2)
1,1(a, b) = 1

2

(
Ω k1

1+ a
ΩK1

+ µa + k3ab
Ω

)

D
(2)
1,2(a, b) = 1

2
k3ab
Ω

D
(2)
2,1(a, b) = 1

2
k3ab
Ω

D
(2)
2,2(a, b) = 1

2

(
Ω k2

1+ b
ΩK2

+ µb + k3ab
Ω

)

4 Paper A

Paper A can be read as an introduction to the problem. Even tough
SSA is briefly discussed in the paper the main focus is to approximate
and solve the master equation using a PDE framework. The compari-
son is rather numerical solution of FPE versus numerical solution of the
master equation as a difference-differential equation. A four-dimensional
problem using FPE is propagated in time until the solution approaches
steady state.

4.1 Numerical solution of the Fokker-Planck equation

The state space is discretized using finite differences and Dirichlet bound-
ary conditions. The solution on the boundary is assumed to be zero. This
is a good assumption if the mass of the solution is located far from the
boundary. The discretized equation is written

∂p(x, t)
∂t

= Ap(x, t),

where A is the space discretization matrix.
Time is integrated using the implicit backward difference formula of

order 2 (BDF-2) [14]. The time stepping scheme is
(

3
2
I −∆tA

)
pn = 2pn−1 − 1

2
pn−2,
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where I is the identity matrix, ∆t is the size of the time step and pn

is the solution in time step n. An implicit method is suitable since the
problem is stiff. The large sparse system of equations is solved by the
iterative method Bi-CGSTAB, preconditioned by zero fill-in incomplete
LU-factorization [13].

5 Paper B

Paper B uses a conservative form of the FPE. The purpose is to find
the steady state solution by computing the eigenvector corresponding to
the zero eigenvalue and to solve the time-dependent problem by time-
integration. Two examples are solved in 2D with adaptivity in space and
time. Two test problems are studied and a time-dependent solution is
compared to a solution computed using the SSA. The solutions are in
good agreement.

5.1 The steady state problem as an eigenpair problem

A fundamental property of the master equation is that as t → ∞ all
solutions p → p∞, where p∞ is the stationary solution [20]. That implies
that there is an eigenpair of the space operator with eigenvalue 0 and
eigenvector p∞.

The steady state problem for the FPE discretized in space can be
written

Ap∞ = 0.

Even though any proper stable space discretization A will have an eigen-
value close to 0 it will probably not be exactly zero if no special concern
is exercised in this matter. This will make the search for the steady state
solution by eigenvalue methods hazardous. There are very likely other
eigenvalues close to zero and it may not be easy to discern which is the
correct one.

The existence of a zero eigenvalue of A is in accord with the conserva-
tion of probability. It is intuitive to understand that the master equation
conserves the probability for at least a couple of reasons. First of all
we expect the total probability for all states to be one. Secondly, it is
particularly clear for the chemical master equation that the probability
to leave one state is exactly the same as the probability to enter some
other state from that state. The second view is close to how conserva-
tive discretizations are constructed. As a consequence of conservation the
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space discretization matrix A will have an eigenvalue that is exactly zero.
This is an advantage when solving steady state problem with eigenvalue
methods.

The eigenpair approach to computing the steady state solution is
superior compared to time stepping in time until steady state.

5.2 Boundary conditions

The boundary ∂Ω of our N -dimensional computational domain can be
conceptually divided into two domains, the lower boundary Γl where the
molecule copy number is xi = 0 in at least one dimension i and the upper
boundary Γu which is the rest of the boundary. The upper boundary is
an artificial numerical boundary.

The mathematical boundary condition on lower boundary is called
reflecting boundary conditions [8]

R∑

r=1

nri(qr + 0.5nr · ∇qr) = 0 on Γi = {x|xi = 0}.

A reflecting boundary condition on the lower boundary simply means
that there is no probability flowing to states where copy numbers are
negative.

We apply reflecting boundary conditions at the upper boundary as a
numerical boundary condition in order to preserve the total probability.
This is a reasonable approximation if the solution at the upper boundary
satisfies p(x, t) ≈ 0, x ∈ Γu, for all times in the simulation.

5.3 A biological example, the Barkai-Leibler oscillator

The first example in the paper is a slightly simpler version of the same
system that was presented as an example in section 1.2. The second
test problem is a model for circadian rhythms, i.e. a molecular clock.
The molecule numbers oscillates and produce peaks that can be used
to keep track of time and control daily rythms. There is a parameter
regime where the macroscopic reaction rate equation fails to oscillate,
but where a stochastic simulation oscillates with a stable period. The
original model is reduced in [21] to two components, which here is called
x and y. A short stochastic simulation of the model, using the same
parameters that are used in paper B is shown i Figure 2. The figure
shows how the trajectory in the space make repeated counter-clockwise
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Figure 2: A realization of the model of a circadian clock.

excursions in a loop in the phase plane. In the parameter regime where
macroscopic oscillations vanish the trajectory returns to an area of local
stability between rotations in the state space. The reason that a stochas-
tic description can maintain oscillations is that the system is disturbed
from the pseudo-steady state and if the state variable leave the area of
local stability, another turn in the loop is generated. This oscillation will
never die out, even if the master equation has a steady state solution.

6 Paper C

Paper C contains theoretical bounds of the error in the approximation
and the numerical solution, and a comparison between the PDE and the
SSA approach to solution of the master equation.

6.1 Error bounds

The difference between the solution of the FPE and the CME arises
from two sources, the model error of the Fokker-Planck approximation
of the master equation and the discretization error from the numerical
method. Both error sources are bounded by higher derivatives of q(x, t) =
w(x)p(x, t). The model error depends on third derivatives of q(x, t) since
the Kramers-Moyal expansion is truncated after the third term. The
discretization error depends on the numerical method.
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6.2 Computational work

The computational work for solving the master equation by FPE de-
pends on the numerical methods for large sparse unsymmetric matrices,
namely Krylov subspace methods for computation of extremal eigenval-
ues (Arnoldi’s method) and solution of linear systems of equations (e.g.
Bi-CGSTAB or GMRES). Let us assume that these tasks for a sparse
M × M -matrix can be completed in CM operations, where C is some
constant.

The size M will be dependent on the number of grid points in each
dimension. The space discretization error ε for a ps-order method is
proportional to hps where h is the distance between grid points. A certain
ε requires a step length h = ε1/ps in each dimension. That implies that
the work for computing the steady state solution in N dimensions is

Wss(ε) = Cs(d, ps)ε−N/ps ,

since that is equivalent to finding the zero eigenmode. Cs(N, ps) is inde-
pendent of ε.

For the time dependent problem, O(M) operations will be performed
in each time step. Let us use the same error ε to choose the time step
of a pt-order method. Analogous to the reasoning about grid points in
space the number of time steps is proportional to ε−1/pt and the work for
the time-dependent solution in N dimensions is

Wtd(ε) = Ct(N, ps, pt)ε−(1/pt+N/ps),

where Ct is independent of ε.
Solving the master equation using SSA will in one sense mean that the

resolution in space and time is perfect. During the simulation solution
for all times is computed in the simulated time interval. Of course, to
determine p(x, t) the memory will limit the resolution in time and usually
also in space, since the number of states is KN where K is the size of
the computational domain in each dimension. In time, it is sufficient to
store the solution at a few time points. In space, the resolution and the
memory requirements can be lowered by collecting the discrete states in
bins. Instead of recording the probability for the system to be in a specific
state, the probability for being in a bin is recorded. For the standard SSA,
the reduction in resolution will not speed up the computation however,
just lower the memory requirements.

The error for Monte Carlo methods has another source, namely the
stochastic sampling. The number of operations is proportional to the
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number of samples L. The error ε is proportional to 1/
√

L, and hence
the computational work is

WSSA = CSSAε−2,

where CSSA is independent of ε. CSSA may be large depending on the
problem. For example, the SSA applied to stiff systems will sample some
subspace of the state space extensively (the fast time scale). The cost for
sampling the entire state space will be high because of the high sampling
rate of the subspace of the fast reactions. Another example of a high
CSSA is time-dependent problems where only a few snapshots of the
solution in time is needed. The cost for generating a single sample is to
simulate a trajectory in state space for a long time until T . For steady
state solutions the ergodicity property makes the entire trajectory useful,
but for time-dependent problems only the values of the trajectory at a
few time points are used to construct the solution.

When the cost of a sample in SSA is high, the slow convergence rate
will be a problem. For those problems FPE will be an alternative.

6.3 Test problems

Some of the problems treated in Paper C are examples of when SSA
runs into problems and some other problems when it is the best method.
The first example is the system that has been used as an example in
previous sections and is shown in Figure 1. The steady state solutions
for two different K = K1 = K2 are shown in Figure 3. The weak feed-
back to the right in Figure 3 is much more problematic to the SSA, than
the strong feed-back to the left since the diffusion along the boomerang-
shaped ridge is slow.

Another example in the paper is the toggle switch, which is shown
schematically in Figure 4 and the corresponding reactions are listed in
Table 3. The switch is composed of two metabolites which mutually
inhibit each other. If one of them is abundant, very little of the other
will be produced. There is a probability that the state is perturbed by
noise and the inhibition of the repressed metabolite is decreased. Now,
the roles of the metabolites may become the opposite if the previously
repressed metabolite get the upper hand and start to repress synthesis
of the previously dominating metabolite.

The time-evolution of the toggle switch is shown in Figure 5. The
switch is initiated at one of the pseudo-stable states and the time series
shows how the probability to be at the other switch state increases to
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Figure 3: The steady state solutions of the two metabolites example,
strong inhibition (left) and weak inhibition (right). The contour levels
are 1 · 10−7, 1 · 10−6, 5 · 10−6, 1 · 10−5, 2 · 10−5, and 3 · 10−5.

approach the steady state, which is equal probability for both switch
states. The SSA will spend a lot of time simulating the distribution
of the pseudo-steady states, while the interesting feature, the transition
between switch states is a rare event.

The other two test problems in the paper, one three-dimensional and
one four-dimensional, are examples of when SSA is efficient. Not only is
the convergence of SSA insensitive to high dimensionality, but also these
two problems have a high probability for very small molecule numbers
and that suits SSA as the entire solution is “just a few reactions away”.

B

A
2

43

1

−

−

Figure 4: Toggle switch implemented by two mutually repressive metabo-
lites.
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No. Reaction Rate law Type

1 ∅ v1([B])−−−−→ A v1([B]) = k/(K + [B]2) synthesis

2 A
v2([A])−−−−→ ∅ v2([A]) = µ[A] degradation/dilution

3 ∅ v3([A])−−−−→ B v3([A]) = k/(K + [A]2) synthesis

4 B
v4([B])−−−−→ ∅ v4([B]) = µ[B] degradation/dilution

Table 3: Reactions of the chemical model displayed in Figure 4.

7 Conclusions

The Fokker-Planck approximation is an alternative for numerical solu-
tion of the master equation for a small number of dimensions, especially
for high accuracies. Conservative schemes enables fast steady state so-
lution by computation of an eigenpair. Time-dependent solutions are
computed by implicit time-stepping schemes that are well suited for the
stiffness that is so common in biological systems. High-order difference
approximations and adaptive grids will make the method more efficient
by reducing the number of grid points further.
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Abstract

The deterministic reaction rate equations are not an accurate description of many
systems in molecular biology where the number of molecules of each species often
is small. The master equation of chemical reactions is a more accurate stochastic
description suitable for small molecular numbers. A computational difficulty is the
high dimensionality of the equation. We describe how it can be solved by first
approximating it by the Fokker-Planck equation. Then this equation is discretized
in space and time by a finite difference method. The method is compared to a Monte
Carlo method by Gillespie. The method is applied to a four-dimensional problem of
interest in the regulation of cell processes.

Introduction

There has been a technological breakthrough in molecular biology during the last decade,
which has made it possible to test hypothesis from quantitative models in living cells [1],
[5], [9], [11], [18], [21], [28]. This development will contribute greatly to understanding
of molecular biology [16], [30]. For instance, we can now ask questions about how the
chemical control circuits in a cell respond to changes in the environment and reach a deep
understanding by combining experimental answers with theory from systems engineering
[4]. When put in an evolutionary context we can also understand why the control systems
are designed as they are [6], [8], [31].
The vast majority of quantitative models in cell and molecular biology are formulated in
terms of ordinary differential equations for the time evolution of concentrations of molecu-
lar species [17]. Assuming that the diffusion in the cell is high enough to make the spatial
distribution of molecules homogenous, these equations describe systems with many par-
ticipating molecules of each kind. This approach is inspired by macroscopic descriptions
developed for near equilibrium kinetics in test tubes, containing 1012 molecules or more.
However, these conditions are not fulfilled by biological cells where the copy numbers of
molecules often are less than a hundred [14] or where the system dynamics are driven
towards critical points by dissipation of energy [3], [7]. Under such circumstances is it
important to consider the inherent stochastic nature of chemical reactions for realistic
modeling [2], [22], [23], [24].
The master equation [19] is a scalar, time-dependent difference-differential equation for
the probability distribution of the number of molecules of the participating molecular
species. If there are N different species, then the equation is N -dimensional. When
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N is large the problem suffers from the ”curse of dimensionality”. With a standard
discretization of the master equation the computational work and memory requirements
grow exponentially with the number of species. As an example, engineering problems are
nowadays solved in three dimensions and time, often with great computational effort.
A Monte Carlo method is suitable for problems of many dimensions in particular for
the steady state solution of the probability distribution. In Gillespie’s algorithm [12]
the reactions in the system are simulated by means of random numbers. By sampling
the number of molecules of each species as time progresses, an approximation of the
probability distribution is obtained.
Our approach to reduce the work is to approximate the master equation by the Fokker-
Planck equation [19]. This is a scalar, linear, time-dependent partial differential equation
(PDE) with convection and diffusion terms. The solution is the probability density and
the equation is discretized by a finite difference stencil. The advantage compared to the
master equation is that fewer grid points are needed in each dimension, but the problem
with exponential growth of the work still remains. When N is large there is no other
alternative than a Monte Carlo method.
In the following sections the reaction rate equations, the master equation, and the Fokker-
Planck equation are presented and written explicitly for a system with two reacting
components. The Gillespie algorithm is discussed and compared to numerical solution
of the master or Fokker-Planck equations. The Fokker-Planck equation is discretized
in space by a second order method and in time by a second order implicit backward
differentiation method. An example of a biological system in a cell is the control of two
metabolites by two enzymes, see Fig. 1. The metabolites A and B are synthesized by the
enzymes EA and EB respectively. The synthesis is feedback inhibited and the expression of
enzymes is under transcriptional control. The consumption of the metabolites is catalyzed
by an unsaturated two-substrate enzyme.

EB

EA

B

A

source and

sink

Ract.
B

Rinact.
B

Rinact.
A

Ract.
A

repressor feedback

enzyme

product

Figure 1: The synthesis of two metabolites A and B by two enzymes EA and EB.

The time evolution of this system is computed in the last section. The solution is obtained
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by a numerical approximation of the Fokker-Planck equation in four dimensions.

1 Equations

The deterministic and the stochastic descriptions of chemical reaction models in a cell are
given in this section. On a macroscale, the concentrations of the species satisfy a system
of ODEs. On a mesoscale, the probability distribution for the copy numbers of the
participating molecules satisfies a master equation. The solution of the master equation
can be approximated by the solution of a scalar PDE, the Fokker-Planck equation.

1.1 Deterministic equations

Assume that we have N chemically active molecular species and that the mixture is
spatially homogeneous to avoid dependence in space. Then the reaction rate equations
are a macroscopic description, valid for a system far from chemical instability and with
a large number of molecules for each species [7]. The time evolution of the average
concentrations are governed by a system of N coupled nonlinear ODEs. It is convenient
to use average numbers of molecules instead of average concentrations. We assume a
constant reaction volume.
As an example, suppose that we have two species A and B. Let their copy numbers be
denoted by a and b and their average numbers be denoted by 〈a〉 and 〈b〉. The species
are created with the intensities kAe∗A and kBe∗B, they are annihilated with the intensities
µa and µb, and they react with each other with the intensity k2ab. Then the chemical
reactions can be expressed in the following way:

∅ kAe∗
A−−−→ A ∅ kBe∗

B−−−→ B

A + B k2ab−−−→ ∅
A

µa−−→ ∅ B
µb−→ ∅

(1)

The corresponding system of ODEs is

d〈a〉
dt

= kAe∗A − µ〈a〉 − k2〈a〉〈b〉,

d〈b〉
dt

= kBe∗B − µ〈b〉 − k2〈a〉〈b〉.
(2)

As an example, the coefficients in the system can be

kAe∗A = kBe∗B = 1s−1, k2 = 0.001s−1, µ = 0.002s−1. (3)

The system (2) may be stiff depending on the size of the coefficients µ and k2.
When the synthesis of A and B are under competitive feedback inhibition by A and B
respectively

∅
kAe∗

A
1+ a

KI−−−−→ A ∅
kB e∗

B

1+ b
KI−−−−→ B

A + B k2ab−−−→ ∅
A

µa−−→ ∅ B
µb−→ ∅ .

(4)
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The ODE system is now

d〈a〉
dt

= kAe∗A

1 +
〈a〉
KI

− µ〈a〉 − k2〈a〉〈b〉,

d〈b〉
dt

= kBe∗B

1 +
〈b〉
KI

− µ〈b〉 − k2〈a〉〈b〉.
(5)

Reasonable coefficients in this case are

kAe∗A = kBe∗B = 600s−1, k2 = 0.001s−1, µ = 0.0002s−1, KI = 1 · 106. (6)

1.2 The master equation

The master equation is an equation for the probability distribution p that a certain
number of molecules of each species is present at time t [19]. Let a state x ∈ S

N where
N is the number of molecular species or the dimension of the problem and S = Z

+,
the non-negative integer numbers. An elementary chemical reaction is a transition from
state xr to state x. Each reaction can be described by a step nr in S

N . The probability
for transition from xr to x per unit time, or the reaction propensity, is wr(xr) and
w : S

N → R. One reaction can be written

xr
wr(xr)−−−−→ x, nr = xr − x. (7)

The master equation for p(x, t) and R reactions is

∂p(x, t)
∂t

=
r=R∑
r = 1

(x + nr) ∈ S
N

wr(x + nr)p(x + nr, t) −
r=R∑
r = 1

(x − nr) ∈ S
N

wr(x)p(x, t). (8)

The computational difficulty with this equation is that the number of dimensions of the
problem grows with the number of species N in the chemical reactions.
Let a and b denote the number of A and B molecules and introduce the shift operator
EA in a as follows

EAf(a, b, t) = f(a + 1, b, t).

The shift EB is defined in the same manner. Then the master equation of the reactions
in (2) can be written

∂p(a, b, t)
∂t

= kAe∗A(E−1
A − 1)p(a, b, t)

+kBe∗B(E−1
B − 1)p(a, b, t)

+µ(EA − 1)(ap(a, b, t)) + µ(EB − 1)(bp(a, b, t))
+k2(EAEB − 1)(abp(a, b, t)).

(9)
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1.3 The Fokker-Planck equation

By truncating the Taylor expansion of the master equation after the second order term
we arrive at the Fokker-Planck equation [19]. Let H denote the Hessian matrix of second
derivatives with respect to x ∈ (R+)N . Then the equation is

∂p(x, t)
∂t

=
R∑

r=1

nr · ∇x(wr(x)p(x, t)) + 0.5nr · H(wr(x)p(x, t))nr

=
R∑

r=1




d∑
i=1

nri

∂
(
wr(x)p(x, t)

)
∂xi

+
d∑

i=1

d∑
j=1

nrinrj

2
∂2

(
wr(x)p(x, t)

)
∂xi∂xj


 .

(10)
The Fokker-Planck equation of the chemical system (1) is after Taylor expansion of (9)

∂p(a, b, t)
∂t

= kAe∗A(−pa + 0.5paa) + kBe∗B(−pb + 0.5pbb)
+ µ((ap)a + 0.5(ap)aa) + µ((bp)b + 0.5(bp)bb))
+ k2((abp)a + (abp)b + 0.5(abp)aa + (abp)ab + 0.5(abp)bb).

(11)

The boundary conditions at the lower boundaries are by assumption p(x, t) = 0,xi =
0, i = 1 . . .N .
It is shown in [19] that for large systems with many molecules the solution can be expanded
in a small parameter where the zero-order term is the solution to the deterministic reaction
rate equations and the first perturbation term is the solution of a Fokker-Planck equation.

2 Methods for numerical solution

We have three different models for the time evolution of the chemical reactions in a
cell. The numerical solution of the system of ODEs is straightforward [15]. The master
equation is discrete in space and can be discretized in time by a suitable method for
stiff ODE problems. The Fokker-Planck equation has straight boundaries at xi = 0, i =
1 . . .N , and is easily discretized in space by a finite difference method. An artificial
boundary condition p(x, t) = 0 is added at xi = xmax for a sufficiently large xmax > 0
to obtain a finite computational domain. For comparison we first discuss the Gillespie
algorithm, which is equivalent to solving the master equation.

2.1 Gillespie’s method

A Monte Carlo method was invented in 1976 by Gillespie [12] for stochastic simulation
of trajectories in time of the behavior of chemical reactions. Assume that there are
M different reactions and that p̃(τ, λ), λ = 1, . . .M, is a probability distribution. The
probability at time t that the next reaction in the system will be reaction λ and will occur
in the interval (t + τ, t + τ + δt) is p̃(τ, λ)δt. The expression for p̃ is

p̃(τ, λ) = hλcλ exp(−
M∑

ν=1

hνcντ),
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where hν is a polynomial in xi depending on the reaction ν and cν is a reaction constant
(cf. k2 and µ in (3)). The algorithm for advancing the system in time is:

1. Initialize N variables xi and M quantities hν(x)cν

2. Generate τ and λ from random numbers with probability density p̃(τ, λ)

3. Change xi according to reaction λ, update hν , take time step τ

4. Store xi, check for termination, otherwise goto 2

The time steps are τ . For stiff problems with at least one large hν(x)cν , the expected value
of τ is small and the progress is slow, similar to what it is for an explicit, deterministic
ODE integrator. One way of circumventing these problems is found in [25].

2.2 Solving the master equation

The master equation (8) is solved on a grid in an N -dimensional cube with xi = 0, . . . , xmax,
and step size ∆xi = 1. The total number of grid points is

∏N
i=1(xmax +1) = (xmax +1)N .

The time derivative is approximated by an implicit backward differentiation method of
second order accuracy (BDF-2) [15]. The time step is chosen to be constant and a system
of linear equations is solved in each time step.

2.3 Solving the Fokker-Planck equation

The computational domain for the Fokker-Planck equation (10) is an N -dimensional cube
as above but with ∆xi ≥ 1. Suppose that the j:th step in the i:th dimension is ∆xij

and that
∑qi

j=1 ∆xij = xmax. Then the total number of grid points is
∏N

i=1(qi + 1) <

(xmax + 1)N . The time integrator is BDF-2 with constant time step ∆t. The space
derivatives of fr(x) = wr(x)p(x) are replaced by centered finite difference approximations
of second order of the first and second derivatives with respect to xi. One can show that
with certain approximations and a step ∆xi = 1 then we obtain the master equation. It
is known from analysis of a one-dimensional problem that for stability in space there is a
constraint on the size of ∆xi [20].
If fn

r is the vector of fr(x) at the grid points at time tn, then Arfn
r approximates the

space derivatives and Ar is a constant matrix. It is generated directly from a state
representation of chemical reactions and stored in a standard sparse format [26]. Let pn

be the vector of probabilities at the grid points. With the matrix B defined such that
Bpn =

∑
r Arfn

r the time stepping scheme is

(
3
2
I − ∆tB)pn = 2pn−1 − 1

2
pn−2. (12)

The system of linear equations is solved in each time step by BiCGSTAB after precondi-
tioning by Incomplete LU factorization (ILU), see [13]. The same factorization is used in
every time step. Since B is singular, there is a steady state solution p∞ 6= 0 such that
Bp∞ = 0.
The advantage with the Fokker-Planck equation compared to the master equation is that
with ∆xi > 1 instead of ∆xi = 1 the number of grid points is reduced considerably making
four-dimensional problems tractable. On the other hand, the Fokker-Planck equation only
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approximates the master equation, but one can show that error in this approximation is
of the same order as in the numerical approximation of the Fokker-Planck equation [27].

2.4 Comparison of the methods

Compared to the Monte Carlo method in section 2.1 smooth solutions p(x, t) are eas-
ily obtained with the Fokker-Planck equation also for time dependent problems. Many
trajectories with Gillespie’s method are needed for an accurate estimate of the time de-
pendent probability. A steady state problem can be solved with a time-stepping procedure
as in (12) or directly with an iterative method as the solution of Bp = 0. A termination
criterion is then based on the residual r = Bp. It is more difficult to decide when to stop
the Monte Carlo simulation. The main advantage of Gillespie’s algorithm is its ability
to treat systems with large N and M . It needs only N + 2M memory locations for a
simulation whereas numerical solution of the Fokker-Planck equation with a traditional
grid based method is limited to N = 5 or perhaps 6. When N is small it is, however, very
competitive. In an example in [27] with N = 2 the steady state solution is obtained with
the solver of the Fokker-Planck equation 130 times faster than with Gillespie’s algorithm
[27]. If the statistics is collected for p with the Monte Carlo method and there are xmax

molecules of each species, then also that method needs xN
max storage.

3 Numerical results

The time evolution of the four-dimensional example in Fig. 1 with two metabolites A
and B and the enzymes EA and EB is simulated with the Fokker-Planck equation in this
section. The copy numbers of the EA and EB are denoted by eA and eB. The reactions
are:

∅
kAeA
1+ a

KI−−−−→ A ∅
kB eB

1+ b
KI−−−−→ B

A + B k2ab−−−→ ∅
A

µa−−→ ∅ B
µb−→ ∅

∅
kEA

1+ a
KR−−−−→ EA ∅

kEB

1+ b
KR−−−−→ EB

EA
µeA−−→ ∅ EB

µeB−−→ ∅

(13)

The reaction constants have the following values

kA = kB = 0.3s−1, k2 = 0.001s−1, KI = 60, µ = 0.002s−1,
kEA = kEB = 0.02s−1, KR = 30.
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The average copy numbers are denoted by 〈eA〉 and 〈eB〉. Then the deterministic equa-
tions are

d〈a〉
dt

= kA〈eA〉
1 +

〈a〉
KI

− µ〈a〉 − k2〈a〉〈b〉,

d〈b〉
dt

= kB〈eB〉
1 +

〈b〉
KI

− µ〈b〉 − k2〈a〉〈b〉,

d〈eA〉
dt

= kEA

1 +
〈a〉
KR

− µ〈eA〉,

d〈eB〉
dt

= keB

1 +
〈b〉
KR

− µ〈eB〉.

(14)

The solution is computed with the Fokker-Planck equation and then plotted in two-
dimensional projections in Fig. 2. The number of molecules of each species is found on
the axis. The simulation starts at t = 0 and at t = 1500 the steady state solution is
approximately reached.
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Figure 2: The isolines of p(x, t) (black) and the isolines of the steady state solution
p(x,∞) (grey) are displayed for different combinations of molecular species.
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4 Conclusions

A stochastic simulation of chemical reactions is necessary in certain models in molecular
biology. The master equation governs the time evolution of the probability distribution
of molecule numbers in a spatially homogenous system. N molecular species imply an
N dimensional master equation. The standard approach to solve the master equation
numerically is Gillespie’s Monte Carlo method. The Fokker-Planck approximation of the
master equation is an alternative for a limited number of molecular species with savings
in computing time.
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Abstract

The Fokker-Planck equation on conservation form modeling stochastic
chemical reactions is discretized by a finite volume method for low dimen-
sional problems and advanced in time by a linear multistep method. The
grid cells are refined and coarsened in blocks of the grid depending on an
estimate of the spatial discretization error and the time step is chosen to
satisfy a tolerance on the temporal discretization error. The solution is
conserved across the block boundaries so that the total probability is con-
stant. A similar effect is achieved by rescaling the solution. The steady
state solution is determined as the eigenvector corresponding to the zero
eigenvalue. The method is applied to the solution of a problem with two
molecular species and the simulation of a circadian clock in a biological
cell. Comparison is made with a Monte Carlo method.

Mathematics Subject Classification 2000: 65M20, 65M50.
Keywords: Fokker-Planck equation, finite volume method, adaptive method,
probability density function, conservation.

1 Introduction

The standard differential equation model for chemical reactions is the reaction
rate equations. They form a system of nonlinear ordinary differential equa-
tions (ODEs) for the concentrations of the molecular species in the reactions.
This model is deterministic and suitable for reactions with many participating
molecules of each species. If the number of molecules is small or if the reac-
tions occur far from thermodynamic equilibrium, then a stochastic model such

∗Financial support has been obtained from the Swedish Foundation for Strategic Research
and the Swedish National Graduate School in Scientific Comptuing.
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as the master equation [5, 6, 13, 18] is much more accurate. This is often the
case in molecular biology, see e.g. [18]. The master equation is a differential-
difference equation for the time dependent probability density p of the number
of molecules of each species. With N different species, the spatial domain of p
is an N -dimensional space.

The Fokker-Planck (FP) equation is a partial differential equation (PDE) in
time and N -dimensional space approximating the master equation. For small
N , the FP equation can be solved numerically after discretization, but for N & 5
other methods are needed due to the exponential growth of computational work
and storage requirements with increasing N (’the curse of dimensionality’). A
deterministic method for high dimensions is to use sparse grids [2]. A stochastic
method is Gillespie’s algorithm [10], which is a Monte Carlo method simulating
the reactions step by step. This is the usual method to compute the time
evolution of the probability distribution of chemical compositions also for small
N . We show in this paper that numerical solution of the FP equation is an
alternative for low dimensions with many advantages and illustrate our method
with two two-dimensional examples inspired by molecular biology.

The FP equation is discretized in the nonnegative orthant by a finite volume
method. The boundary conditions are such that the total probability density is
constant over time. The grid is Cartesian and is adaptively refined and coars-
ened in blocks of the grid [7]. Second order accuracy is obtained also at block
boundaries. The scheme is conservative after corrections at the block bound-
aries but then formal accuracy is reduced to one there. The total probability
is preserved with a conservative discretization. The same effect is achieved
by rescaling the solution now and then. The time step is chosen so that the
estimated temporal discretization error is below some given threshold [15].

The steady state solution of the FP equation is computed with adaptation
by solving an eigenvalue problem for a few eigenvalues with Arnoldi’s method
[14]. The solution is the eigenvector corresponding to the zero eigenvalue. The
operator of the conservative scheme is guaranteed to have a zero eigenvalue. This
may not be the case for the non-conservative method. This way of computing
the steady state solution is orders of magnitude faster than integrating the time
dependent solution until the time derivatives vanish.

The method is first applied to a system with two species modeling two re-
acting metabolites created by two enzymes in a growing cell [6]. Then the FP
equation corresponding to the model of the circadian clock in [19] is solved.
The circadian clock is a biological rhythm responsible for adapting organisms
to periodic variations in their terrestial environment such as the daylight [11].
This equation is sensitive to the formulation of the boundary conditions. The
FP solution is compared to the solution obtained by Gillespie’s method.

The supremum norm for a vector v of length N is denoted by |v|∞ and the
`2-norm is ‖v‖2 = (

∑N
i=1 |vi|2)1/2 in the paper.
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2 The master and Fokker-Planck equations

Chemical kinetics can be modelled by macroscopic, deterministic equations or
by mesoscopic, stochastic equations. The concentrations of the chemical species
satisfy a system of ODEs on a macroscale. The probability density for the par-
ticipating molecules satisfies a master equation on a mesoscale. These equations
are discussed in this section and the solution of the master equation is approxi-
mated by the solution of the FP equation. The assumption is that the mixture
of molecules is spatially homogeneous so that space dependent solutions are
avoided.

Assume that we have N chemically active molecular species Xi, i = 1 . . . N ,
and that there are xi molecules of substrate Xi at time t. The state vector x
of dimension N satisfies x ∈ ZN

+ , where Z+ denotes the non-negative integer
numbers. The inequality relation x ≥ 0 for a vector x denotes that all compo-
nents are non-negative xi ≥ 0, i = 1 . . . N . A chemical reaction r is a transition
from a state xr to x so that xr = x + nr. The probability or propensity for the
reaction to occur per unit time is wr(xr) ∈ R. The propensity is non-negative
and often modeled as a polynomial or a rational polynomial in xi. The reaction
r can be written

(1) xr
wr(xr)−−−−→ x, nr = xr − x.

The time evolution of the concentrations of the molecules is governed by the
reaction rate equations. They form a system of N coupled nonlinear ODEs,
which are valid when the molecular copy number of each species is large. Let
the concentration of Xi be denoted by [xi] and let [x] ∈ RN

+ be the vector of
concentrations, where R+ denotes the non-negative real numbers. Then the
reaction rate equations with R reactions are [13]

(2)
d[xi]
dt

= −
R∑

r=1

nriwr([x]), i = 1 . . . N.

The system (2) is often stiff with the size of the terms in wr differing by orders
of magnitude.

The master equation is a difference-differential equation for the time evolu-
tion of the probability density p(x, t) that the molecular state is x at time t [13].
To derive the equation for p, split nr into two parts so that

nr = n+
r + n−r , n+

ri = max(nri, 0), n−ri = min(nri, 0).

A reaction (1) at xr takes place if xr ≥ 0 and x ≥ 0 implying that x + n−r ≥ 0,
and a reaction at x occurs if x ≥ 0 and x− nr ≥ 0 implying that x− n+

r ≥ 0.
Introduce the flux for the r:th reaction

qr(x, t) = wr(x, t)p(x, t).

For a single reaction the change of probability is

(3)
∂p(x, t)

∂t
=

{
qr(x + nr, t), x + n−r ≥ 0

0, otherwise

}
−

{
qr(x, t), x− n+

r ≥ 0
0, otherwise

}
.
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Summation of (3) over all x yields

(4)

∑

x∈ZN
+

∂p(x, t)
∂t

=
∂

∂t

∑

x∈ZN
+

p(x, t) =
∑

x+n−r ≥0

q(x + nr, t)−
∑

x−n+
r ≥0

q(x, t)

=
∑

y≥0

q(y + n+
r , t)−

∑

y≥0

q(y + n+
r , t) = 0.

Thus, the total probability
∑

x∈ZN
+

p(x, t) is constant over time and therefore
conserved.

With R reactions the master equation is

(5)
∂p(x, t)

∂t
=

R∑
r = 1

x + n−r ≥ 0

qr(x + nr, t)−
R∑

r = 1
x − n+

r ≥ 0

qr(x, t).

It follows from (4) and (5) that the total probability in the master equation is
also conserved.

By truncating the Taylor expansion of the first sum of the master equation
(5) after the second order term we arrive at the FP equation [13] for x ∈ RN

+ .
The equation for the probability density is

(6)

∂p(x, t)
∂t

=
R∑

r=1





N∑

i=1

nri
∂qr(x, t)

∂xi
+

N∑

i=1

N∑

j=1

nrinrj

2
∂2qr(x, t)
∂xi∂xj





=
R∑

r=1





N∑

i=1

nri
∂

∂xi


qr(x, t) +

1
2

N∑

j=1

nrj
∂qr(x, t)

∂xj






.

The conservation form of the FP equation is obtained by introducing Fr with
the components

Fri = nri(qr + 0.5nr · ∇qr), r = 1 . . . R, i = 1 . . . N.

Then by (6)

(7)
∂p(x, t)

∂t
=

R∑
r=1

∇ · Fr.

Assume that p(x, t) = 0 outside

(8) Ω(ρ) = {x | x ∈ RN
+ and ‖x‖2 < ρ}

for some ρ > 0. Then qr = 0 and Fr = 0 in RN
+ \Ω(ρ) and the time derivative of

the total probability in the non-negative orthant RN
+ is by Gauss’ formula and
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(7)
(9)

∂

∂t

∫

RN
+

p(x, t) dV =
∫

RN
+

∂p

∂t
dV =

R∑
r=1

∫

RN
+

∇ · Fr dV =
R∑

r=1

∫

Ω

∇ · Fr dV

=
R∑

r=1

∫

∂Ω

Fr · nΩ dS = −
R∑

r=1

N∑

i=1

∫

Γi

Fri dS

= −
N∑

i=1

∫

Γi

R∑
r=1

nri(qr + 0.5nr · ∇qr) dS,

where nΩ is the normal of ∂Ω and Γi = {x | x ∈ RN
+ and xi = 0}. If the total

flux in the FP equation satisfies

(10)
R∑

r=1

nri(qr + 0.5nr · ∇qr) = 0 on Γi, i = 1 . . . N,

then the total probability in RN
+ is conserved. This is the boundary condition

(’reflecting barrier conditions’ in [9]) we adopt in the discretization of the FP
equation in the next section.

In order to derive the adjoint equation for the space operator of the FP
equation and its boundary condition from (6), consider for every r the inner
product

∫

Ω

nr · ∇(qr + 0.5nr · qr)u dΩ

=
∫

∂Ω

nΩ · nr(qr + 0.5nr · qr)u dS −
∫

Ω

pwr(nr · ∇)u dΩ

−0.5
∫

∂Ω

nΩ · nrqr∇ · (nru) dS + 0.5
∫

Ω

pwr(nr · ∇)∇ · (nru) dΩ.

Since
∑

r nr(qr + 0.5nr · qr) = 0 on ∂Ω, the adjoint steady state equation and
its boundary condition are

(11)

R∑
r=1

wr

N∑

i=1

nri





∂u

∂xi
− 0.5

N∑

j=1

nrj
∂2u

∂xi∂xj



 = 0,

R∑
r=1

nriwr

N∑

j=1

nrj
∂u

∂xj
= 0 on Γi.

A solution to (11) is a constant u. This solution is compared to the solution of
the discretized adjoint equation in Sect. 4.

3 Discretization

A numerical method for solution of the FP equation (7) with the boundary
conditions (10) is described in this section. The method is adaptive in space and
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time and the total probability is preserved as it is in the analytical counterpart
(9).

3.1 Space discretization

The FP equation (7) is discretized by a finite volume method in 2D with quadri-
lateral cells as in [8]. Integrate (7) using Gauss’ theorem over one cell ωij in R2

+

to obtain
(12)
∂pij

∂t
=

1
|ωij |

∫

ωij

∂p(x, t)
∂t

dω =
1
|ωij |

∫

ωij

R∑
r=1

∇ · Fr dω =
1
|ωij |

∫

∂ωij

F · nω dS,

where pij is the average in a cell, F =
∑R

r=1 Fr, and nω is the normal on the
boundary ∂ωij of cell ωij with area |ωij |.

For evaluation of the integral on ∂ωij , we need an approximation of F =∑R
r=1 nr(qr +0.5nr ·∇qr) using the cell averages pij . An upwind approximation

of
∑R

r=1 nriqr is chosen depending on the sign of w in

R∑
r=1

nriqr =
R∑

r=1

nriwrp = wp.

On the face (i + 1/2, j) between ωij and ωi+1,j

(13)
R∑

r=1

nriqr =
{

wi+1/2,j(3pij − pi−1,j)/2, wi+1/2,j < 0,
wi+1/2,j(3pi+1,j − pi+2,j)/2, wi+1/2,j ≥ 0.

The gradient is approximated in a dual grid with cell corners at the midpoints
of the primal grid. By Gauss’ theorem in a dual cell ωi+1/2,j+1/2 with midpoint
at the common corner of ωij and ωi+1,j+1

∇qi+1/2,j+1/2 =
1

|ωi+1/2,j+1/2|
∫

ωi+1/2,j+1/2

∇q dω

=
1

|ωi+1/2,j+1/2|
∫

∂ωi+1/2,j+1/2

qnωdS.

Then q is approximated at the right hand face of ωi+1/2,j+1/2 by 0.5(qi+1,j +
qi+1,j+1). The other cell faces are treated similarly. Finally, on the face (i +
1/2, j)

∇qi+1/2,j = 0.5(∇qi+1/2,j+1/2 +∇qi+1/2,j−1/2).

The approximation on the other cell faces of ωij is the same. The scheme is
second order accurate on grids with constant grid size. In conclusion, the time
dependent equation for pij in a rectangular cell with the length of the edges ∆x
and ∆y in a rectangular domain Ω is
(14)

dpij

dt
= Φij(p) = 1

|ωij |
(
(Fi+1/2,j − Fi−1/2,j)∆y + (Fi,j+1/2 − Fi,j−1/2)∆x

)
,

i = 1, . . . , Ni, j = 1, . . . , Nj .
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The vector p consists of all the averages pij in some order.
The grid size in a block is determined by an estimated spatial discretization

error. If a finer grid is necessary to satisfy an error tolerance εS , then the
solution is interpolated from the present grid to the finer grid so that the total
probability P in (26) is preserved. If a coarser grid is sufficient in a block, then
the solution is transfered to a coarser grid. The discretization error caused by
the finite volume approximation is estimated by comparing the space operator
Φ in (14) on a coarse and a fine grid as in [7, 15].

The master equation in 1D for two reactions is compared to the discretization
of the FP equation. Let the cells be ωi = {i−1/2 ≤ x < i+1/2}, i = 0, 1, 2 . . . ,
and suppose that n1 = 1 and n2 = −1. Then

(q1 + 0.5
∂q1

∂x
)(i) ≈ q1(i + 1/2), (q2 − 0.5

∂q2

∂x
)(i) ≈ q2(i− 1/2),

and the master equation is

(15) ∂pi

∂t
= q1,i+1 − q1,i + q2,i−1 − q2,i, i ≥ 1,

∂p0

∂t
= q1,1 − q1,0 − q2,0.

The finite volume approximation of the FP equation is
(16)

∂pi

∂t
≈ I

i+1/2
i−1/2 (q1(i + 1/2)− q2(i− 1/2)) = q1,i+1 − q1,i + q2,i−1 − q2,i, i ≥ 1,

∂p0

∂t
≈ q1,1 − q1,0 − q2,0.

The right hand sides in (15) and (16) are identical, also at the boundary.
The stability of the space discretization can be investigated with the model

equation in 1D

a
∂p

∂x
+ b

∂2p

∂x2
= 0,

where a and b are positive and constant. With a centered evaluation 0.5wi+1/2(pi+1+
pi) in (13) instead of the upwind flux, the discrete solution is non-oscillatory
only if ∆x is so small that the cell Peclet number satisfies a∆x/(2b) ≤ 1 [16].
For the upwind scheme in (13) the discrete solution is

pi =
3∑

k=1

γkλi
k, λ1 = 1, λ2,3 = α±

√
α2 − β,

where α = (3a∆x+2b)/(2a∆x) and β = 2b/(a∆x). Since β > 0 and α2−β > 0
we have λ2,3 > 0 and no oscillations occur in this case.

3.2 Grid structure and interpolation

The computational domain is a rectangle [0, xmax]×[0, ymax] with xmax, ymax >
ρ in (8). It is covered by a Cartesian grid partitioned into blocks as in [7, 15].
A block consists of a number of cells and the cell size is adapted so that the
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estimated spatial error in the solution is sufficiently small. All cells in a block
are refined if at least one cell is flagged for refinement. All cells in a block are
coarsened if this is acceptable for the error in all the cells. The coarsening and
refinement are introduced by doubling or halving the grid size. The jump in
grid size at the boundary between two blocks is at most two.

Each block has a layer of ghost cells outside the block to simplify the ap-
plication of the discretization stencil in a block and the communication of data
between the blocks. Two layers of extra cells are needed for our space discretiza-
tion. If the grid size is the same on both sides of a block boundary, then the cell
values in one block are copied into the corresponding ghost cells in the other
block. If a ghost cell ωIJ corresponds to four cells ωij , ωi+1,j , ωi,j+1, ωi+1,j+1

in the adjacent block, then the value in the ghost cell is updated by the area
weighted average in the four cells so that the restriction is

(17) pIJ = rIJ(p) =
i+1∑

k=i

j+1∑

l=j

κklpkl, κij = |ωij |/
i+1∑

k=i

j+1∑

l=j

|ωkl|.

If four ghost cells cover one cell in the coarse block, then the values in the ghost
cells are determined by accurate interpolation.

The prolongation from a coarse cell to the corresponding four ghost cells in
the fine grid has to be fourth order accurate for second order accuracy in the
approximation of the second derivatives [8]. In Fig. 1.a, the upper coarse grid
block shares a block boundary with the lower fine grid block. The shaded coarse
cell consists of four fine ghost cells. They are updated by one-sided interpolation
from the coarse cells. One-sided interpolation at the block interfaces and upwind
discretization are sufficient for stability for a model problem in [8].
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Figure 1: Interpolation molecules at the block boundaries. (a) The shaded cell is
split into two parts for one-sided interpolation in the normal direction. (b) The
cell is split again for interpolation in the tangential direction. (c) Interpolation
weights multiplied by 64 for the shaded diagonal ghost cell at a block corner.
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Firstly, U0 in the shaded coarse cell along the interface in Fig. 1.a is split
into two parts

v0 = U0 − d0, v1 = U0 + d0, d0 = (29 U0 − 47 U1 + 23 U2 − 5 U3)/64.

Then the coarse cells are split vertically as in Fig. 1.b. The interpolation in cell
i along the interface is

(18)
wj0i = vji − dji, wj1i = vji + dji, j = 0, 1,
dji = 11

64 (vj,i+1 − vj,i−1)− 3
128 (vj,i+2 − vj,i−2).

In this manner, the w-values in the fine ghost cells are determined from the
U -values in the coarse cells to fourth order accuracy. The advantage of coordi-
nate splitting of the prolongation is simplicity, few operations and convenient
generalization to multi-dimensions. The interpolation (18) is also employed in
both coordinate directions for transfering values in the inner cells of a block
when the grid is refined. The value in the coarse cell is preserved locally since

∑

j=0,1

wj0 + wj1 =
∑

j=0,1

vj = U0 − d0 + U0 + d0 = U0.

The diagonal ghost cell at a block corner, see Fig. 1.c, is needed for the
approximation of second order derivatives, and the data for these ghost cells
are obtained from the diagonally located neighboring block. The value in the
shaded fine ghost cell is calculated by interpolation with the coefficients in the
figure.

The centered interpolation operator (18) use ghost cell data at the ends of
the interface. For these to be available, we must update the ghost cells in a
certain order. First copy at interfaces without jumps in grid size, and restrict
from fine to coarse ghost cells. Then fine ghost cells are filled in from coarser
block data. The interpolation is finished by updating all diagonal ghost cells.

3.3 Time discretization

After space discretization, write the time dependent equations as

(19)
dp
dt

= Ap.

The matrix A is constant for a given grid. The time derivative is approximated
by the backward differentiation formula of order two (BDF-2). To advance the
solution pn−1 at tn−1 to tn with a variable time step ∆tn = tn − tn−1, pn is
updated by

(20) (αn
0 I −∆tnA)pn = −αn

1pn−1 − αn
2pn−2.

The coefficients in (19) are [12, 15]

(21)
θn = ∆tn/∆tn−1,
αn

0 = (1 + 2θn)/(1 + θn), αn
1 = −(1 + θn), αn

2 = (θn)2/(1 + θn).
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The integration is initialized at t0 = 0 by the Euler backward method.
Assume that A is diagonalizable, that Z has the eigenvectors zk as columns,

and that Λ has the eigenvalues λk in the diagonal so that A = ZΛZ−1. Introduce
sn = Z−1pn in (20) to arrive at

(22) αn
0 sn + αn

1 sn−1 + αn
2 sn−2 = ∆tΛsn.

Let the time step ∆t be constant for simplicity so that α0 = 3/2, α1 = −2, α2 =
1/2. The k:th component in sn is a solution to the difference equation (22) with
λk replacing Λ

(23)
sn

k = γn
1ks0

k + γn
2ks1

k, n ≥ 0,
γ1k = (1 + β1)/β2, γ2k = (1− β1)/β2,
β1 = 0.5

√
1 + 2∆tλk, β2 = 1.5−∆tλk.

For a sufficiently small ∆tλk, sn
k is dominated by its first term in (23) for

increasing n and

(24) γ1k = 1 + ∆tλk +O(|∆tλk|2).

If <λk < 0 but small, then there is a ∆t such that |γ1k| < 1 and sn
k vanishes

when n →∞ but the decay may be slow.
The error due to the time stepping scheme is estimated by comparing pn

from (20) with an explicit predictor of second order in [15]. The time step is
adjusted so that the estimated error is less than a given tolerance εT .

The system of linear equations (20) is solved in each time step by restarted
GMRES [17]. An upper bound is introduced on ∆t to avoid slow convergence in
the GMRES-iterations. Either it is a fixed bound or it is given by a CFL-number
χ of O(1) and the minimal ∆x in the grid

(25) ∆tmax = χ∆xmin.

The size of the spectrum of the iteration matrix I −∆tA grows linearly when
∆t grows and a deteriorating performance of the iterative solver is the usual
result without the bound ∆tmax.

3.4 Conservation

The discrete total probability P is defined by (cf. Sect. 2)

(26) P =
∑

ωij∈Ω

|ωij |pij .

By summing |ωij |pij over all NiNj cells in (14) and taking into account that
F1/2,j = Fi,1/2 = 0 by the boundary condition (11) and that p = 0 in an
area including the outer computational boundary and therefore FNi+1/2,j =
Fi,Nj+1/2 = 0, we have that dP/dt = 0 and the total probability is preserved.
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This also holds true on a grid with blocks and block interfaces with equal
grid size on both sides. If two cell faces on one side meet one face on the other
side of the interface, then the average of the two fine grid fluxes will in general
not be equal to the coarse grid flux. For the flux to be unique there, the average
from the fine grid is chosen for the coarse cell. It is shown in [15] that one order
of accuracy is lost locally by this procedure. Extra precautions are necessary
at the corners where coinciding ghost cells of different blocks may be filled with
different data.

Let A be the space discretization matrix resulting from a conservative scheme
and let w be the vector of all cell areas |ωij | ordered in the same way as pij in
p. Then by (20)

(27) 0 = ∆tnwT Apn = αn
0wT pn + αn

1wT pn−1 + αn
2wT pn−2

= αn
0Pn + αn

1Pn−1 + αn
2Pn−2.

If 0 < θn < 1 +
√

2 for θn in (21), then BDF-2 is stable [12] implying that the
recursion for Pn in (27) is stable. If P 0 = P 1 = 1, then Pn = 1 for all n, since
αn

0 + αn
1 + αn

2 = 0.

4 Steady state solution

The discrete steady state solution p∞ satisfies

(28) Ap∞ = 0,

when the time derivatives have vanished. The stationary p∞ can be calculated
as the eigenvector of A corresponding to the zero eigenvalue. Such an eigenvalue
always exists in a conservative method as is shown by considering (27) and the
fact that wT Ap = 0 for the area vector w and all p. Therefore, wT A = 0 and w
is the left eigenvector of A with eigenvalue zero and p∞ is the right eigenvector
of the same eigenvalue. Then we have proved

Proposition If A is defined by a conservative method, then there is a
steady state solution and it is the right eigenvector corresponding to the zero
eigenvalue of A.

The adjoint steady state equation of the discretization AT u = 0 has the
solution u = w. If the grid size is constant, then wij is constant. This is also
the solution to the adjoint of the analytical FP equation (11).

A good algorithm to compute a few small eigenvalues and their eigenvec-
tors of a large, sparse matrix A is the implicitly restarted Arnoldi method for
nonsymmetric matrices implemented in ARPACK [14]. The eigenvector is com-
puted by successively refining the grid starting with a coarse, uniform grid with
matrix A0. The spatial error in p∞k on grid k with matrix Ak is estimated as in
Sect. 3.1 and the blocks are refined or coarsened using the same criteria. The
new grid k+1 and Ak+1 are generated and a new eigenvector p∞k+1 is computed.
The iteration is terminated when the estimated error is less than the tolerance
εS .
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An alternative is to integrate (19) forward in time until the residual Ap is
sufficiently small. When λ1 = 0 in (22) and (23) we have

sn
1 = s0

1 + 3−ns1
1.

If <λj ≤ ε < 0, j ≥ 2, then all other components sn
j vanish by the stability

properties of BDF-2 [12]. Consequently,

lim
n→∞

pn = lim
n→∞

Zsn = z1s
0
1,

but as remarked in the end of Sect. 3.3 the convergence is often slow since ε is
small and this is confirmed in the numerical examples in Sect. 5.

For a non-conservative scheme, the smallest eigenvalue λ1 of A may have
<λ1 > 0 but <λj < 0 for j ≥ 2. By (22) and (23) the dominant term in pn for
large n is growing slowly

pn ≈ (1 + ∆tλ1)nz1.

Since w is an approximation of the first row of Z−1, we have wT z1 ≈ 1 and

(29) Pn = wT pn ≈ (1 + ∆tλ1)n.

The total probability also exhibits a slow growth. This growth is avoided by
rescaling pn occasionally by

(30) pn :=
P 0

wT pn
pn,

so that Pn remains constant and pn is stabilized. Since the boundary conditions
(10) are homogeneous and the FP equation (6) and its discretization are linear
and homogeneous, the new pn is also a solution.

5 Numerical results

The branch of molecular biology that has accepted the challenge to develop
new techniques for understanding the complex chemical networks in a cell is
sometimes called systems biology [4]. An important tool of systems biology is
to use simple models for computer investigation of the principles of regulation
of gene expression and biochemical pathways.

Our method for solution of the FP equation is applied to two different sys-
tems with two molecular species as in [6, 19]. The time-dependent and steady
state solutions are computed by the time-stepping scheme and by calculating
the eigenvector with eigenvalue zero. In the second example, the solution is
compared to Gillespie’s stochastic method [10]. The solutions are scaled such
that |p|∞ = 1 initially.
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5.1 Metabolite reactions

Consider the following five reactions for the molecular species X and Y modeling
the creation of two metabolites controled by two enzymes, a reaction and their
destruction:

∅ kX−−→ X ∅ kY−−→ Y

X + Y
k2[x][y]−−−−−→ ∅

X
µ[x]−−→ ∅ Y

µ[y]−−→ ∅
The difference between the states and the propensities for the five reactions are

(31)
nT

1 = (−1, 0), w1 = kX , nT
2 = (0,−1), w2 = kY ,

nT
3 = (1, 1), w3 = k2xy, nT

4 = (1, 0), w4 = µx,
nT

5 = (0, 1), w5 = µy.

The corresponding FP equation is (cf. (6))

∂ p(x, y, t)
∂ t

= kX(−px + 0.5pxx) + kY (−py + 0.5pyy)

+ µ((xp)x + 0.5(xp)xx + (yp)y + 0.5(yp)yy)
+ k2((xyp)x + (xyp)y + 0.5(xyp)xx + (xyp)xy + 0.5(xyp)yy).

In the experiments, the coefficients are kX = kY = 0.6 and µ = k2 = 0.001, and
the computational domain is the square Ω = {0 ≤ x, y ≤ 200}.
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Figure 2: The initial solution (a), and the solution after 5 · 104 time steps (b).
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Figure 3: Time series of the number of cells (a), and the length of the initial
time steps (b).

The computational domain is partitioned into 8 × 8 blocks. The error tol-
erances for the adaptation in space and time are εS = εT = .003. The initial
distribution is a Gauss pulse at x = y = 60 and is displayed in Fig. 2.a together
with the first adapted grid. Every 8:th grid line is drawn in each space dimen-
sion in the figures. The solution propagates towards a steady state in the lower
left corner, see Fig. 2.b.

The equation is integrated for 5 ·104 time steps corresponding to a final time
T = 8742. The time histories of the number of cells and the time steps are
found in Fig. 3. After about 4400 steps the number of cells is constant when the
solution approaches the steady state. The time step increases in the beginning
of the time interval and reaches its maximum value ∆tmax.

The problem is solved with and without conservation at block interfaces.
Let the discretization matrix on the final grid with conservation be Ac and
without conservation Anc. The time evolution of the residuals Apn of the
two discretizations are displayed in Fig. 4.a. The residual |Acpn|∞ decays
steadily but |Ancpn|∞ stagnates at about 6 · 10−6. The explanation is that
Ac has a computed eigenvalue λmin(Ac) = 3 · 10−17 and for Anc the small-
est eigenvalue is λmin(Anc) = 6.3 · 10−6. Then pn → p∞nc where p∞nc is the
eigenvector of the smallest eigenvalue and |p∞nc|∞ ≈ 0.95. Thus, |Ancpn|∞ →
λmin(Anc)|p∞nc|∞ ≈ 0.95λmin(Anc) which is in good agreement with the stag-
nated residual in Fig. 4.a. The sudden increase in the residual at about 4400
time steps is explained by the change of grid size in Fig. 3.a.

There is no steady state solution in the non-conservative case except for the
trivial p = 0 and the growth of p∞nc is according to (24) approximately

(γ11)n ≈ exp(λmin(Anc)n∆t).

Thus, with n = 5 · 104 and ∆t = 0.17 from Fig. 3.b the growth factor is 1.055.
The scaled total probability Pn/P 0 is preserved with conservation in Fig. 4.b
but it grows slowly without a conservative scheme. The measured increase in
Pn/P 0 is 5 per cent as expected from (29). The difference between the solutions
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at 5 · 104 time steps obtained with Ac and with Anc with rescaling of pn as in
(30) is shown in Fig. 5.a. The maximal difference is 0.18 per cent of |p|∞.

1 2 3 4 5

x 10
4

−10

−8

−6

−4

−2

0

time steps

lo
g 

re
s

1 2 3 4 5

x 10
4

0

0.2

0.4

0.6

0.8

1

1.2

time steps

P

(a) (b)

Figure 4: Time series for the conservative (solid) and the non-conservative
(dashed) schemes. (a) The logarithm of the residual. (b) Conservation of total
probability.

The steady state solution is computed as the eigenvector of Ac with eigen-
value zero (see Sect. 4). The zero eigensolution is computed on three succes-
sively refined grids. The third grid is identical to the grid obtained with the
time stepping scheme after about 4400 steps. One iteration with the Arnoldi
implementation in eigs in MATLAB is sufficient at each grid level and every
iteration requires 20 solutions of systems of linear equations with the system
matrix Ac − σI, where σ is 10−5. The initial dimension of the matrix is about
4000 and on the final grid it is about 13300.
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Figure 5: The difference between the solutions with and without conservation
at block interfaces after rescaling. (a) At 5 ·104 time steps. (b) The logarithm of
the maximum difference between the zero eigenvector and the time dependent
solutions.

The maximal difference between the steady state solution and the time de-
pendent solutions with Ac and Anc during 5 ·104 time steps is found in Fig. 5.b.
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The non-conservative solution is rescaled as in (30) afterwards at every 5000:th
time step. The difference in convergence using conservation and a rescaled non-
conservative solution is not visible in the plot. A conservative scheme and an
adjustment of the probability with a non-conservative scheme yield similar re-
sults for the probability even though the residuals do not agree very well in
Fig. 4.b. This is explained by the difference between Ac and Anc.

At least one solution of a system of linear equations with the matrix αn
0 I −

∆tA is necessary in each time step of the time integration algorithm. Hence,
more than 5 · 104 solutions are computed to determine the stationary solution
while only 60 solutions with Ac − σI are needed with the eigenvalue routine.
Computing the eigenvector is almost three orders of magnitude faster.

5.2 Circadian rhythm

Many different organisms have developed biological clocks to regulate the bio-
chemistry of their cells to best suit e.g. the daily variations in light. A model
for the circadian rhythm is derived by Vilar et al [19] from [1] taking the bio-
chemical noise into account. A wide variety of different organisms seems to
use similar mechanisms to produce reliable chemical oscillations [3]. The model
has two molecular species, the complex X and the repressor Y . It is shown in
[19] that the deterministic model (2) with certain parameters fails to exhibit a
periodic behavior but the solution of the stochastic model (5) is periodic. The
reason is that the deterministic solution reaches a stable fixed point and stays
there while the noise in the stochastic solution is a sufficient perturbation for it
to remain cyclic for many periods.

The difference between the states and the propensities of the four reactions
in the model in [19] are
(32)

nT
1 = (0,−1), w1 = βR(αRθR + α′RγRÃ(y)))/(δMR(θR + γRÃ(y))),

nT
2 = (0, 1), w2 = δRy,

nT
3 = (−1, 1), w3 = γCÃ(y)y,

nT
4 = (1,−1), w4 = δAx,

where

Ã(y) = 0.5(α′Aρ(y)−Kd +
√

(α′Aρ(y)−Kd)2 + 4αAρ(y)Kd),
ρ(y) = βA/(δMA(γCy + δA)), Kd = θA/γA.

The FP equation is then
(33)

∂ p(x, y, t)
∂ t

= −(w1p)x + 0.5(w1p)xx + (w2p)y + 0.5(w2p)yy

− (w3p)x + (w3p)y + 0.5(w3p)xx − (w3p)xy + 0.5(w3p)yy

+ (w4p)x − (w4p)y + 0.5(w4p)xx − (w4p)xy + 0.5(w4p)yy.

The coefficients of the model in the numerical experiments are:
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αA 50 βA 50 γA 1 δA 1 θA 50
αR 0.01 βR 5 γC 1 δR 0.2 θR 100
α′A 500 γR 1 δMA 10
α′R 50 δMR 0.5

The computational domain Ω = {0 ≤ x ≤ 2500 , 0 ≤ y ≤ 2000} is initially
partitioned into 10 × 10 blocks. The grid is stretched in the y-direction close
to the x-axis. The error tolerances are εS = 0.01 and εT = 0.01 with χ = 7 in
(25) and the initial solution is a Gauss pulse at (750, 600). The FP equation
(33) is integrated until a final time at about T = 370 with the total probability
conserved.

For comparison with the FP solution, M trajectories are generated with
Gillespie’s method [10]. Each trajectory simulates the time evolution of the
chemical system modeled by the master equation (5). The state of the system
is advanced in time by first deciding when the next reaction will take place
and then which reaction it will be. These two numbers are drawn from two
probability distributions. Then the state is updated and one time step has been
completed. The solution domain is first divided into boxes Bij = {(i − 1)d ≤
x < id, (j − 1)d ≤ y < jd}, i, j = 1, 2, 3, . . . for some d > 0. Then at given
times t1, t2, . . . the number of trajectories mij with the solution in a box Bij is
counted and the estimate of the probability is pij(tk) = mij/M . In the results
below, we choose d = 10. By computing the probability in boxes, the work and
storage grow exponentially with the dimension N of the problem also for this
method.

The maximum of the solutions is displayed in Fig. 6. The solution is oscil-
latory with an average period of 14.3 for the FP equation and a few per cent
longer with Gillespie’s Monte Carlo (MC) method.
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Figure 6: The variation of the maximum of the FP solution (upper) and the
MC solution for M = 105 (lower).

The deterministic FP solution and its grid and pij obtained with the stochas-
tic method with M = 106 are collected in Fig. 7 at tk = 23.76, 27.52, 31.08, 34.62.
The probability mass rotates in the counter-clockwise direction with a high
speed at about t = 27 and a slow speed in the beginning and the end of the
period. The trajectories in the MC solution are initialized by randomly choos-
ing a point in the positive quadrant with the same probability as the initial
solution of the FP equation. The computational work for the FP solution and
the MC solution is within the same order of magnitude in this example. For
a fair comparison of the efficiency of the methods, the work would have to be
measured for equal accuracy in the solutions.
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Figure 7: Isolines in a logarithmic scale at t=23.76, 27.52, 31.08, and 34.62 (from
top to bottom) for the FP solution (left) and the MC solution with M = 106

(right).
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Figure 8: The stationary solution computed as an eigenvector p∞3 of the zero
eigenvalue (a) and the MC solution with M = 105 at t = 1300 (b).

The maximum of the residual |Ap|∞ in each period decreases by one decade
in about 105 time steps or 300 time units in the FP solution. Hence, circa 4.4·105

steps are required for |Ap|∞ to converge to 10−4 at about t = 1300 when pn

approximates the steady state p∞. The faster alternative to time integration for
the steady state is to compute the eigenvector with the smallest eigenvalue as in
Sect. 5.1. Three grids are generated successively with error tolerance εS = 0.01
and the zero eigenvector p∞3 is computed with eigs requiring solutions of 60
systems of linear equations, see Fig. 8. The solution is compared to the solution
with the stochastic method after more than 106 time steps for 105 trajectories.
There seems to be only stochastic variation and no oscillatory variation left in
|p|∞ of the MC method around t = 1300.

The largest difference |δp|∞ between the last time-dependent FP solution
in Fig. 6 and p∞3 in Fig. 8 is 0.144. The amplitude of the oscillations in Fig. 6
is between 3.1 and 3.7 for t > 350 and |p∞3 |∞ = 3.35. The average of the
amplitude in the MC solution at the end of the interval in Fig. 6 is 2.5 and
equal to the average of |p|∞ around t = 1300 and t = 2000. The difference
δp = p(1300)− p(2000) is measured in the `1-norm over the boxes

(34) ‖δp‖1 =
∑

i,j

|Bij ||δpij |,

where |Bij | is the area of Bij . With a scaling such that ‖p‖1 = 1, ‖δp‖1 is 0.18
mainly due to statistical errors.

The total number of grid cells vary periodically in Fig. 9 for the FP solution.
Changes of the grid occur relatively seldom at only 3.7 per cent of the time steps
before t = 260 although the impression may be different in the figure. After
t ≈ 260, the grid remains fixed and the analysis of the convergence in Sect. 4
is applicable. The time step is about 3 · 10−3 in the whole time interval and is
limited by the CFL-constraint most of the time. The average time between the
events in the MC method is about 10−3.
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Figure 9: Time series of the number of cells (upper) and the time steps (lower).

The dependence of the MC solution on the number of trajectories is apparent
in Fig. 10. The data are plotted for four different M . As expected, the smoothest
isolines are obtained for the largest M .

The solutions appear to agree very well in Fig. 7. To measure the difference,
every integer point in Ω is first given a probability value by the FP solution.
Then let δpij be the difference between the average of the FP solution and the
MC solution in the box Bij and measure it in the `1-norm (34). The difference
for M = 103, 104, 105, 106, in one period in the same time interval as in Fig. 7
is presented in Fig. 11. The solution converges almost with the expected rate
O(1/

√
M) to a solution which is slightly separated from the FP solution. Part of

the explanation to this deviation is the difference between the master equation
(5) approximated by the MC solution and the FP equation (6) and a small
difference in the phase (see Fig. 6).
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Figure 10: The isolines of the MC solution in a logarithmic scale at t = 29.30
for M = 103, 104, 105, 106, in the (1, 1), (1, 2), (2, 1), and (2, 2) positions in the
panel matrix.

6 Conclusions

The FP equation for chemical kinetics on conservation form is discretized by a
finite volume method in space and advanced in time by the BDF method of sec-
ond order. The advantages of the conservation form are: The total probability is
preserved, the time integration is stable in the experiments, the boundary con-
ditions are easily implemented, and the steady state solution is the eigenvector
with zero eigenvalue.

The time dependent solution is computed by a method with space-time adap-
tivity based on estimates of the local discretization errors. The steady state
solution is determined adaptively by calculating the eigenvector corresponding
to the zero eigenvalue. Compared to time integration to the stationary solution,
eigenvector computation with Arnoldi’s method is orders of magnitude faster.

The solution of the circadian rhythm model is compared with the solution
by the Gillespie algorithm. The advantages of solving the FP equation are: The
solutions are smooth without filtering, the solution is computed with full error
control, and there is a fast method to arrive at the steady state solution. The
disadvantage is that it is directly applicable only to problems with few molecular
species.
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Abstract

The master equation of chemical reactions is solved by first approxi-
mating it by the Fokker-Planck equation. Then this equation is discretized
in the state space and time by a finite volume method. The difference
between the solution of the master equation and the discretized Fokker-
Planck equation is analyzed. The solution of the Fokker-Planck equation is
compared to the solution of the master equation obtained with Gillespie’s
Stochastic Simulation Algorithm (SSA) for problems of interest in the reg-
ulation of cell processes. The time dependent and steady state solutions
are computed and for equal accuracy in the solutions, the Fokker-Planck
approach is more efficient than SSA for low dimensional problems and high
accuracy.

Keywords: master equation, Fokker-Planck equation, numerical solu-
tion, stochastic simulation algorithm

1 Introduction

Biological cells are microscopical chemical reactors. They control their inter-
nal state through a complex regulatory network of non-equilibrium chemical
reactions. The intracellular rules for chemistry is quite different from the cir-
cumstances when the descriptions of ordinary test tube chemistry applies. For
one thing there is an enormous number of different reactants but only very few
molecules of each kind. To gain understanding of the principles that is used in

∗Present address: Department of Chemistry and Biology, Harvard University, Cambridge,
MA 02138, USA.
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cells to control essential processes, it is therefore necessary to study drastically
simplified models.

The validity of some assumptions of macroscopic kinetic modeling must be
reinvestigated before they can be safely applied to biochemical systems in vivo.
Sometimes the validity does not hold. In particular it has been widely appreciated
that stochastic models for the dynamics of biochemical reactants are sometimes
necessary replacements for the standard reaction rate equations which only apply
strictly to mean values in infinitely large, yet, well stirred systems [21], [22].

The reaction rate equations will give an insufficient description of biochemical
systems because molecule copy numbers are sometimes small [2], [3], [27], and
because the molecules have a hard time finding and leaving each other due to slow
intracellular diffusion [10], [4]. Biological macromolecules may also have many
internal states which makes the individual reaction events more interesting than
interactions between ions in dilute solutions [30].

The master equation is a scalar differential-difference equation for the time
evolution of the probability density function (PDF) of the copy numbers of the
molecular species participating in the molecular system [22]. This equation is
an accurate model on the meso scale of biochemical systems with small copy
numbers. The number of space dimensions in the equation is N , where N is the
number of different molecular species. When N is large, numerical solution of
the master equation suffers from the ”curse of dimensionality”. Suppose that
the computational space is restricted to Mm points in every dimension. The
computational work and memory requirements are then proportional to MN

m , an
exponential growth in N .

Gillespie has developed the Stochastic Simulation Algorithm (SSA), which is
a Monte Carlo method for simulation of the trajectories of the molecular system
in time [16]. By collecting statistics from the simulation, the PDF of the copy
numbers is obtained approximately. The work grows linearly with N , making it
possible to use this method also for large N . This method is the standard method
for stochastic simulation of reaction networks in cells. A disadvantage is that
many trajectories are needed for an accurate estimation of the time-dependent
solution of the master equation and only long time-integrations yield accurate
results for its steady state solution.

The master equation is approximated by a discretization of the Fokker-Planck
equation (FPE) [22] on a Cartesian grid in this paper. The FPE is a time-
dependent partial differential equation and it is discretized with a finite volume
scheme as in [12]. The ”curse of dimensionality” is an obstacle also for the
numerical solution of the FPE but the number of grid points can be reduced
dramatically compared to the master equation. If the number of points is MFP

in each dimension, then MFP < Mm and MN
FP ¿ MN

m . The difference between
the solutions of the master equation and the discretized FPE is estimated by a
maximum principle thanks to the parabolic nature of the FPE. This difference is
quantified in numerical experiments.
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The solution of the FPE is computed with a certain estimated accuracy and
the solution of the master equation is determined by SSA with the same estimated
accuracy. Problems with two, three, and four species are solved to different
accuracies and the computing time is compared between the methods. In two
dimensions, solution of the FPE is the preferred method, especially for higher
accuracy. In many dimensions, SSA is the superior alternative. A theoretical
support for this result is derived.

The paper is organized as follows. In the next section, the FPE is discretized in
space and time. The PDF is determined by the SSA in Section 3 and the number
of necessary realizations is discussed. The estimate of the difference between the
solutions of the master equation and the discretized FPE is derived in Section
4. The FPE is applied to four different molecular systems of biological interest
described in Section 5 and compared to simulations with Gillespie’s algorithm in
the last section. A vector is denoted by x in bold and its j:th component by xj

in the sequel.

2 Deterministic solution of the Fokker-Planck

equation

The FPE is derived from the master equation in this section following [22]. The
FPE is then discretized in space and integrated by an implicit time-stepping
scheme.

2.1 The FPE and its boundary conditions

Assume that we have a reaction with a transition from state xr to state x. The
vectors xr and x have N non-negative integer components such that x,xr ∈ ZN

+

where Z+ = {0, 1, 2, . . .}. Each reaction can be described by a step nr and the
probability flow from xr to x by the rate wr(xr)

xr
wr(xr)−−−−→ x, nr = xr − x. (1)

Let ∂t and ∂i denote the time derivative ∂/∂t and ∂/∂xi, respectively. The master
equation corresponding to R reactions satisfied by the PDF p to be in state x at
time t is

Γm(p) ≡ ∂tp(x, t)−




R∑
r = 1

(x + nr) ∈ ZN
+

qr(x + nr, t)−
R∑

r = 1

(x− nr) ∈ ZN
+

qr(x, t)


 = 0, (2)

where qr(x, t) = wr(x)p(x, t). A term is included in the first sum only if x+nr is
a possible state and in the second sum only if x can be reached from a possible
state by the reaction.
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The FPE is derived from (2) by Taylor expansion around x (the Kramers-
Moyal expansion) and ignoring terms of order three and higher, see [11], [22].
With x = (x1, x2, . . . xN)T ∈ RN

+ = {x | xi ≥ 0, i = 1, . . . , N} we have

G(p) ≡ ∂tp(x, t)−
R∑

r=1

(
N∑

i=1

nri∂iqr(x, t) +
1

2

N∑
i=1

N∑
j=1

nrinrj∂i∂jqr(x, t)

)
= 0.

(3)

The FPE is written in conservation form by introducing Fr with the compo-
nents

Fri = nri(qr + 0.5nr · ∇qr), r = 1, . . . , R, i = 1, . . . , N.

Then by (3)

∂tp(x, t) =
R∑

r=1

∇ · Fr. (4)

Integrate (4) over a computational cell ω with boundary ∂ω and boundary normal
n̂ω and apply Gauss’ formula to obtain

∂t

∫

ω

p(x, t) dω =

∫

ω

∂tp dω =

∫

ω

∇ ·
R∑

r=1

Fr dω =

∫

∂ω

R∑
r=1

Fr · n̂ω ds (5)

This is the basis for the finite volume discretization.
Assume that we are interested in the solution in a multidimensional cube

Ω ⊂ RN
+ with the boundary

∂Ω = ∪N
j=1∂Ωj, ∂Ωj = {x | xj = 0 ∨ xj = xMj

> 0}.

By letting F =
∑R

r=1 Fr and taking Fj = 0 on ∂Ωj it follows from [12] that the
total probability

P(t) =

∫

Ω

p(x, t) dΩ

is constant for t ≥ 0.

2.2 Space discretization

A Cartesian computational mesh is generated in each coordinate direction so that
in 2D

xij = xi−1,j + hi, i = 1, . . . M1, xi0 = 0,
xij = xi,j−1 + hj, j = 1, . . . M2, x0j = 0.

(6)
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The computational domain Ωh is defined by [0, xM1 ]× [0, xM2 ] and covered by the
rectangular cells ωij, i = 1, . . . , M1, j = 1, . . . , M2. The end points xM1 and xM2

are chosen such that the solution p can be approximated by zero at the outer
boundary of Ωh.

From (5) we have for the average pij of p in ωij with area |ωij|

∂tpij =
1

|ωij|
∫

∂ωij

F · n̂ω ds. (7)

For evaluation of the integral on ∂ωij, we need an approximation of

F =
R∑

r=1

nr(qr + 0.5nr · ∇qr) (8)

using the cell averages pij. With a centered approximation of
∑R

r=1 nriqr we have
on the face (i + 1/2, j) between ωij and ωi+1,j

R∑
r=1

nriqr = 0.5(wi+1,jpi+1,j + wijpij), (9)

where wij =
∑R

r=1 nriwr(xij).
A shifted dual cell ωi+1/2,j is introduced. The midpoint of ωij is located on

the left hand face of ωi+1/2,j and the midpoint of ωi+1,j on the right hand face.
The gradient in the dual cell is computed using Gauss’ theorem

∇qi+1/2,j =
1

|ωi+1/2,j|
∫

ωi+1/2,j

∇q dω =
1

|ωi+1/2,j|
∫

∂ωi+1/2,j

qn̂ωds. (10)

Then q is approximated at the right hand face of ωi+1/2,j by qi+1,j, at the left hand
face by qij, at the upper face by 0.25(qi+1,j+1 + qi+1,j + qi,j+1 + qij) and at the
lower face by 0.25(qi+1,j−1 + qi+1,j + qi,j−1 + qij). The approximation on the other
cell faces of ωij follows the same idea. The flux F in (8) can now be computed
on all cell faces using (9) and (10). The scheme is second order accurate on grids
with constant grid size.

The space discretization can be summarized in 2D by

dpij

dt
= h−1

i (Fi+1/2,j −Fi−1/2,j) + h−1
j (Fi,j+1/2 −Fi,j−1/2),

i = 1, . . . , M1, j = 1, . . . , M2.
(11)

Since at most two dimensions are involved in the derivatives in (3), the general-
ization of (11) to more dimensions than two is relatively straightforward since at
most two coordinate directions are involved in every space derivative in (3).
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After space discretization and with the vector p containing the unknown cell
averages of length M =

∏N
i=1 Mi, the FPE approximation is

dp

dt
= Ap, (12)

where A ∈ RM×M is a constant, very sparse matrix. It is proved in [12] that
A has one eigenvalue equal to zero when the discretization is conservative as
in (11). When N grows, M increases exponentially fast. This is the ”curse of
dimensionality” but the growth is slower for the FPE with hi > 1 than for the
master equation.

2.3 Time discretization

The time integration of (12) is performed by the backward differentiation formula
of second order, BDF-2 [18]. This method is implicit and stable if the real part
of the eigenvalues λ(A) of A, <λ(A), is non-positive. There are different time
scales in the dynamics of biological systems [8] favoring a method suitable for stiff
equations where the time step can be selected with only the accuracy in mind.
This is an advantage compared to SSA where stiff problems are advanced with
small time steps determined by the fast time scale. Work is in progress trying to
remedy this inefficiency of SSA, see e.g. [6],[19].

Let the time step between tn−1 and tn be ∆tn. It is chosen adaptively ac-
cording to [25] such that the local discretization error is smaller than a given
tolerance ε. Then the coefficients in the BDF scheme depend on the present and
the previous time steps [18], [25]. The system of linear equations to solve for pn

at each time step is

(αn
0I −∆tnA)pn = −αn

1p
n−1 − αn

2p
n−2

θn = ∆tn/∆tn−1

αn
0 = (1 + 2θn)/(1 + θn), αn

1 = −(1 + θn), αn
2 = (θn)2/(1 + θn),

(13)

where I ∈ RM×M is the identity matrix.
The time-dependent solution pn in (13) is computed by an iterative method

in every time step. We have chosen Bi-CGSTAB [29] with incomplete LU (ILU)
preconditioning of A [17] for rapid convergence. The steady state solution p∞ of
(12) satisfying

Ap∞ = 0 (14)

is determined by computing the eigenvector of A corresponding to λ(A) = 0 with
an Arnoldi method [24] or a Jacobi-Davidson method [28] for sparse, nonsym-
metric matrices.
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2.4 Error estimation

The error in the steady state solution of the FPE can be estimated by computing
the solution for the same problem on a coarser grid and compare the two solutions.
Let the solution be ph of the FPE and p2h the solution where the grid size is
doubled in all dimensions. The solution on the fine grid is restricted to the
coarse grid by the operator R2h by taking the mean value of ph in the fine cells
corresponding to each coarse cell. The solution error eh in ph is then estimated
for second order discretizations by

eh = (R2hph − p2h)/3.

An additional error in the time-dependent problem is due to the time dis-
cretization. The total solution error eh,k in ph,k at t = T with ∆t = k is estimated
by computing p2h,2k, the coarse grid solution computed in every second time step
of the fine grid solution. The estimate of eh,k at T is

eh,k = (R2hph,k − p2h,2k)/3.

In N space dimensions, the computational work to calculate p2h is reduced by
a factor 2−N and to calculate p2h,2k by 2−(N+1) compared to the work to determine
ph and ph,k. Hence, the cost of the error estimates is low for the FPE.

The error is measured in the `1-norm ‖ · ‖1 defined as follows. Let ν =
(ν1, . . . , νN) be a multi-index with 1 ≤ νj ≤ Mj and |ν| = ∑N

j=1 νj, and let ων be
a cell in Ωh. For a scalar grid function fν(t) we have

‖f(t)‖1 =
∑

ν

|ων | |fν(t)|. (15)

2.5 Work to solve the FPE

Suppose that h is the step length in each dimension, ε is the error tolerance, and
that the discretization error is of order r. Then ε ∝ hr and the size M of the
discretized equation (12) satisfies M ∝ h−N . The number of non-zero elements
in the stencil at one grid point is at most 1 + 2N2. If the work for finding the
zero eigenvalue and its eigenvector is approximately proportional to M , the work
to compute the steady state solution is

W (ε) = Cs(N)ε−
N
r , (16)

where Cs is independent of ε.
For the number of time steps K, we have K ∝ (∆t)−1. The work in each time

step is proportional to M and the error tolerance ε ∝ (∆t)r for an r:th order time
integrator. Thus, the total work is

W (ε) = Ct(N)ε−
N+1

r , (17)
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where Ct has the same property as Cs.
The memory requirements to store pn−1 and pn is 2M floating point numbers.

Additional workspace in Bi-CGSTAB and the eigensolvers proportional to γM is
necessary. Here γ is 5− 10.

The generation of the constant matrix A was implemented in C++ and im-
ported into MATLAB [26] for time integration and computation of eigenpairs.
The adaptive time integrator was implemented in MATLAB.

3 Monte Carlo solution of the master equation

The master equation is solved by Gillespie’s algorithm SSA [16]. The computa-
tional domain Ωh is partitioned into the same cells as in Section 2. Since hi > 1,
each cell contains many states of the state vector x. The probability of the system
to be in a cell is estimated from one trajectory in the steady state case assum-
ing ergodicity and several trajectories in the time-dependent case. At least M
floating point numbers have to be stored for the probabilities in the M cells.

3.1 Steady state problem

The SSA generates one trajectory of the chemical system. The probability of the
system to be in a cell ν in a time interval ∆τ between τn−1 and τn is denoted by
P n

ν . It is computed as the quotient between the fraction of time ∆τn
ν spent by

the trajectory in the states in cell ν in the interval (τn−1, τn] and ∆τ

P n
ν = ∆τn

ν /∆τ.

After the transient, when the steady state solution is approached, P n
ν , n =

ntr + 1, ntr + 2, . . . are considered as a sequence of independent random variables
in a stationary stochastic process. The average of P n

ν between ntr and ntr + ∆n,
defined by

P
∆n

ν =
1

∆n

ntr+∆n∑
n=ntr+1

P n
ν , (18)

is normally distributed N (µν , σ
2
ν/∆n) according to the central limit theorem [23].

The standard deviation of P
∆n

ν depends on the standard deviation σν of P n
ν . The

steady state solution determined by the stochastic algorithm has an expected
value µν corresponding to the probability p∞ν in (14) computed by the FPE.
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3.2 Error estimation and computational work

The error in P
∆n

ν in cell ν is eν = P
∆n

ν − µν and can be estimated by Student’s
t-distribution [23]. Let s2

ν be the sample variance defined by

s2
ν =

1

m− 1

n0+m∑
n=n0+1

(P n
ν − P

∆n

ν )2,

for some n0. The sample standard deviation of P n
ν is computed using m = 100

samples in a separate simulation of the system. Then we have with probability
0.68

−sν/
√

∆n ≤ eν ≤ sν/
√

∆n

and

‖e‖1 . ‖s‖1/
√

∆n. (19)

The length of ∆τ for a reliable sν depends on the properties of the system. If
∆τ is too small, the sampling will be biased by the intitial state of the simula-
tion and ‖σ‖1 will be underestimated. Numerical experiments are employed to
determine a suitable ∆τ for each system by computing ‖s‖1 for increasing ∆τ
until the estimates conform with what is expected from the central limit theorem.
The variance is itself a stochastic variable having a χ2-distribution [23]. A 90%
confidence interval for σν with m = 100 is Iσ ≈ (0.896sν , 1.134sν).

With the error tolerance ε, the number of samples ∆n of P n
ν after the transient

follows from (19)

∆n ≈ (‖s‖1/ε)
2.

The total simulation time Tmax will then be

Tmax = ∆n∆τ ≈ ∆τ(‖s‖1/ε)
2. (20)

The number of steps in SSA to reach Tmax is problem dependent but is indepen-
dent of ε. Compared to the error estimation for the FPE, computing ‖s‖1 for
SSA is a relatively expensive operation, see the results in Section 6.

The SSA was implemented in C for each model system in Section 5 separately
in order to avoid unnecessary efficiency losses associated with a more general
implementation.

3.3 The time-dependent problem

In order to compute the PDF pν(T ) at time T , L different trajectories are gener-
ated by SSA up to t = T . Partition L into L0 intervals of length ∆λ, introduce
the number of trajectories ∆λl

ν in the l:th interval in cell ν, and define

P l
ν(T ) = ∆λl

ν/∆λ.
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The result is a stochastic variable P l
ν(T ), l = 1, . . . , L0. An increasing l corre-

sponds to an increasing time for the steady state problem. The average value

P ν(T ) =
1

L0

L0∑

l=1

P l
ν(T ) (21)

is normally distributed N (µν(T ), σ2
ν(T )/L0), cf. (18). The total number of nec-

essary realizations for an error eν(T ) satisfying ‖e(T )‖1 ≈ ε is

L ≈ ∆λ(‖s‖1/ε)
2. (22)

where s is calculated as above. A suitable size of ∆λ is problem dependent and
is determined in the same way as ∆τ . The total work is proportional to L and
therefore also to ε−2.

4 Comparison of the solutions

The solution of the master equation is compared to the solution of the discretized
FPE in this section and a bound on the difference is derived.

For a sufficiently smooth p we have for the difference between the FPE (3)
and the master equation (2)

G(p)− Γm(p) = τm(p). (23)

The remainder term τm consists of the truncated part of the Taylor expansions
in space when the FPE is formed from the master equation. If p solves the FPE
then G(p) = 0 and

Γm(p) = −τm(p).

A solution p̂m of the master equation defined at x ∈ ZN
+ is extended by a

smooth reconstruction pm to x ∈ RN
+ , e.g. by a polynomial approximation. Then

we have p̂m(x) = pm(x) for x ∈ ZN
+ so that

G(pm) = τm(pm) + Γm(pm), (24)

and at the non-negative integer points Γm(pm) = 0.
In the same manner, let p̂FP be the solution of the discretized FPE according

to (13) so that ΓFP (p̂FP ) = 0 at tn, n = 0, 1, . . . , and at e.g. the midpoints of the
cells. Extend p̂FP smoothly to pFP defined for t,x ∈ RN

+ . The difference between
G and ΓFP for a sufficiently smooth p is

G(p)− ΓFP (p) = τFP (p), (25)
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where τFP is the discretization or truncation error when G is approximated by
ΓFP . If p solves the FPE, then we have

ΓFP (p) = −τFP (p).

For pFP we have

G(pFP ) = τFP (pFP ) + ΓFP (pFP ), (26)

and at the midpoints ΓFP (pFP ) = 0. Since G is linear in p in (3) we can subtract
(24) from (26) to obtain

G(pFP − pm) = G(pFP )−G(pm) = ε(pFP , pm),
ε(pFP , pm) = τFP (pFP )− τm(pm) + ΓFP (pFP )− Γm(pm).

(27)

The difference δp between the reconstructed solutions pFP and pm of the master
equation and the discretized FPE satisfies a FPE with a small driving right hand
side ε. The right hand side can be estimated by higher derivatives of pFP and pm

and bounds on ΓFP and Γm. A bound on δp depending on nr, wr, r = 1, . . . , R,
the deviation of ΓFP and Γm from zero, τFP and τm will now be derived.

First we need the definitions of a few norms for a scalar f(x, t) with x ∈ Ω ⊂
RN

+ and t ∈ T = [0, T ] and a vector x:

|f |∞ = supΩ,T |f(x, t)|, ‖x‖2
2 = xTx,

‖D(α)f‖∞ = max|ν|=α |∂ν1∂ν2 . . . ∂νN
f(x, t)|∞.

The first lemma provides bounds on τm and τFP .

Lemma 1 Assume that pm ∈ C3 and pFP ∈ C4 and that nr is bounded for all
r and let , qrm = wrpm, and qrFP = wrpFP . The difference τm in (23) is bounded
by

|τm(pm)|∞ ≤ cm max
r
‖D(3)qrm‖∞.

The discretization error τFP in (25) is bounded by

|τFP (pFP )|∞ ≤ 1

3
∆t2|∂3

t pFP |∞ + csh
2(max

r
‖D(3)qrFP‖∞ + max

r
‖D(4)qrFP‖∞),

where h is the maximum grid size.
Proof The remainder term ρr after the first two terms in the Taylor expansion
of

qr(x + nr)− qr(x)
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is

ρr(qr) = qr(x + nr)− qr(x)−
∑

i

nri∂iqr − 0.5
∑
i,j

nrinrj∂i∂jqr

=
1

6

∑

i,j,k

nrinrjnrk

∫ 1

0

∂i∂j∂kqr(x + ζnr) dζ,

see [7]. Since

τm(pm) =
R∑

r=1

ρr(qrm),

it follows that there is a cm depending on nr such that the first inequality holds.
The discretization error or remainder term in the Taylor expansion τFPt due

to the time discretization in (13) is bounded by (see [18])

|τFPt| ≤ 1

3
∆t2 sup

T
|∂3

t pFP |.

The error in the space discretization τFPs due to the first and second derivatives
is in the same way bounded by

|τFPs|∞ ≤ csh
2(max

r
‖D(3)qrFP‖∞ + max

r
‖D(4)qrFP‖∞)

for some positive cs. The lemma is proved.¥
The second lemma is needed to show that the coefficients in front of the

second derivatives in the FPE (3) are positive definite under certain conditions.
The stoichiometric matrix S of the reactions is defined by

S = (n1,n2, . . . ,nR) ∈ RN×R. (28)

Lemma 2 Assume that the rank of the stoichiometric matrix S in (28) is N
and that wr(x) ≥ w0 > 0 in a domain Ω for every r. Then

pT (
R∑

r=1

wrnrn
T
r )p ≥ w0p

Tp.

Proof The matrix nrn
T
r has one eigenvalue λr = nT

r nr different from zero and
the corresponding eigenvector is nr. There is no p 6= 0 such that nT

r p = 0 for all
r since nr, r = 1, . . . , R, span RN . A lower bound on the sum

∑R
r=1 wr(n

T
r p)2 is

given by a p = αnj such that wjλ
2
j is minimal

∑R
r=1 wrα

2(nT
r nj)

2 ≥ α2wj(n
T
j nj)

2 = wj‖nj‖2
2p

Tp ≥ w0p
Tp,
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since ‖nj‖2
2 ≥ 1. ¥

We are now prepared to prove an upper bound on the difference δp between
one function pFP interpolating the solution of the discretized FPE and one func-
tion pm interpolating the solution of the master equation. The proof is based on
the maximum principle for parabolic partial differential equations. The difference
will satisfy (27) in a weak sense, i.e. for any smooth function φ(x, t) with compact
support we have

∫

T

∫

Ω

φ(G(δp)− ε) dx dt = 0.

For a discussion of weak solutions of partial differential equations, see e.g. [1],
[20].

Theorem Assume that the stoichiometric matrix S and the propensities wr

satisfy the conditions in Lemma 2 in Ω and that |wr|, |∂xi
wr|, |∂xi

∂xj
wr|, and nr

are bounded for all r, i, and j in Ω. Furthermore, assume that on the boundary
∂Ω of Ω we have |(pFP − pm)(x, t)| ≤ ε for the reconstructed solutions pm ∈ C3

and pFP ∈ C4. Then

|(pFP − pm)(x, t)| ≤ ε + C(εd + µ),

where µ is defined by

|ε(pm, pFP )|∞ ≤ µ = |ΓFP (pFP )|∞ + |Γm(pm)|∞
+|τm(pm)|∞ + |τFP (pFP )|∞.

Here, C and d depend on w0, T , the size of Ω, the bounds on wr and its first and
second derivatives, and the bound on nr. The discretization errors τm and τFP

are bounded in Lemma 1.
Proof Let

∇ · A(p,∇p) = 0.5
∑

r

∑
i,j ∂i(wrnrinrj∂jp),

B(p,∇p) =
∑

r

∑
i nri(ωr∂ip + p∂iωr),

ωr = wr + 0.5
∑

j nrj∂jwr.

Then the FPE (3) can be written

G(p) = ∂tp− (∇ · A(p,∇p) + B(p,∇p)) = 0,

and it follows from Lemma 2 that

q · A(p,q) = 0.5
∑

r

∑
i,j qi(wrnrinrjqj) = 0.5

∑
r wr

∑
i qinri

∑
j qjnrj

= 0.5
∑

r wr(q
Tnr)

2 ≥ 0.5w0q
Tq.

There is a bound on A(p,q) with a function fq(x, t) such that

‖A(p,q)‖2 ≤ fq‖q‖2.
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Moreover, there are functions gp(x, t) and gq(x, t) such that

|B(p,q)| ≤ gp|p|+ gq‖q‖2.

Since nr and wr, ∂iwr, ∂i∂jwr, are all bounded in Ω, there are bounds on fq, gp,
and gq

|fq|∞ = e, |gp|∞ = d, |gq|∞ = c.

By Lemma 1 we have a bound on |τFP − τm|∞ ≤ |τFP |∞ + |τm|∞. Then the
estimate

pFP − pm ≤ ε + C(εd + µ)

follows from the maximum principle with p = q = ∞ in Theorem 1 in [1]. The
lower bound on δp

−ε− C(εd + µ) ≤ pFP − pm

is obtained by applying the same theorem to the equation for pm − pFP . ¥
Remark. Under certain conditions, a similar bound can be derived for the

difference between the steady state solutions pFP (x) and pm(x) following [15].
There is a bound in the theorem on the difference between the solution of the

master equation and the discretized FPE for interpolating functions depending
on the discretization error for the FPE τFP , how well the FPE approximates the
master equation τm, the deviation from zero of the space operator for the master
equation |Γm(pm)|∞ for pm, and the deviation from zero of the discretization
of the FPE in space and time |ΓFP (pFP )|∞ for pFP . If the third derivatives
of qr are all small, then the modeling error τm in Lemma 1 will be small. The
discretization error τFP can be reduced by taking shorter time steps, using a finer
grid, and by raising the order of the approximation from two. Both |Γm(pm)| and
|ΓFP (pFP )| are zero at the grid points of their respective grids and |Γm(pm)|∞ and
|ΓFP (pFP )|∞ are small for many pm and pFP . By taking Ω to be in the interior
of RN

+ we can expect all wr to be non-zero, so that Lemma 2 is satisfied.

5 Test problems

The test problems for the two algorithms in Sections 2 and 3 are all systems
with stiff behavior in the sense that they contain very different time scales as is
common in biology. Lower case letters denote the copy numbers of the chemical
species denoted by the upper case letter, e.g. a is the number of A molecules. In
all models the biological cell volume is kept constant and cell growth is modeled
by dilution, which takes the form of a constitutive degradation rate. Furthermore,
the cell volumes are assumed to be well-stirred.
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5.1 Two metabolites

Two metabolites, A and B, are consumed in a bimolecular reaction by rate k2

and degraded by rate µ. The two metabolites are each synthesized by an enzyme.
Both the synthesis rates are constrained by competitive inhibition [13] by the re-
spective products. The dissociation constant of the product-enzyme complex KI

determines the strength of the product inhibition. We use two different inhibition
strengths and call them “weak” and “strong”, see below. The reactions are:

∅
kA

1+ a
KI−−−→ A ∅

kB

1+ b
KI−−−→ B

A + B
k2·a·b−−−→ ∅

A
µ·a−→ ∅ B

µ·b−→ ∅,
where kA = kB = 600s−1, k2 = 0.001s−1, µ = 0.0002s−1. For weak inhibition
KI = 106 and for strong inhibition KI = 105. The computational domain is
Ωh = [0, 3999] × [0, 3999]. For some analysis of similar models in a biological
context, see [9].

5.2 Toggle switch

Two mutually cooperatively repressing gene products A and B can form a toggle
switch. By binding to control sequences of the B-gene, A can inhibit production
of B and vice versa. If A becomes abundant the production of B is inhibited and
the system is in a stable state of high A and low B. If for some reason the amount
of A falls or the amount of B is sufficiently high, the switch might flip and once B
becomes abundant and A will be repressed. This motif has been implemented in
vivo in a cell [14]. In this model A and B are formed with maximal rates kA/KA

and kB/KB, respectively. The parameters KA and KB determine the strength of
the repression and γ is the degree of cooperativity of the repressive binding. The
reactions are:

∅
kA

KA+bγ−−−−→ A ∅
kB

KB+aγ−−−−→ B

A
µ·a−→ ∅ B

µ·b−→ ∅,
where kA = kB = 3 · 103s−1, KA = KB = 1.1 · 104, γ = 2 and µ = 0.001s−1. The
computational domain is Ωh = [0, 399]× [0, 399].

5.3 Two metabolites and one enzyme

Test problem 5.1 is extended to three dimensions by a variable for the enzyme
EA that synthesizes metabolite A. The synthesis of the enzyme is controlled by a
repression feedback loop [8]. The strength of the repression is determined by the
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constant KR, which is a measure of the affinity of the repressor for the control
site. The maximal rate of synthesis is given by the constant kEA

. The reactions
are:

∅
kA·eA
1+ a

KI−−−→ A ∅ kB−→ B

A + B
k2·a·b−−−→ ∅

A
µ·a−→ ∅ B

µ·b−→ ∅

∅
kEA

1+ a
KR−−−−→ EA

EA
µ·eA−−→ ∅,

where kA = 0.3s−1, kB = 1s−1, KI = 60, k2 = 0.001s−1, µ = 0.002s−1, KR = 30
and kEA

= 0.02s−1. The computational domain is Ωh = [0, 99]× [0, 99]× [0, 19].

5.4 Two metabolites and two enzymes

Test problem 5.3 is extended by a variable for the enzyme EB that synthesizes
metabolite B in the same way as EA synthesises A. The reactions are:

∅
kA·eA
1+ a

KI−−−→ A ∅
kB ·eB

1+ b
KI−−−→ B

A + B
k2·a·b−−−→ ∅

A
µ·a−→ ∅ B

µ·b−→ ∅

∅
kEA

1+ a
KR−−−−→ EA ∅

kEB

1+ b
KR−−−−→ EB

EA
µėA−−→ ∅ EB

µ·eB−−→ ∅,

where kA = kB = 0.3s−1, k2 = 0.001s−1, KI = 60, µ = 0.002s−1, kEA
= kEB

=
0.02s−1 and KR = 30. The computational domain is Ωh = [0, 99] × [0, 99] ×
[0, 19]× [0, 19].

6 Numerical results

In this section, the numerical method for solution of the FPE in (3) approximating
the master equation in (2) in Section 2 and the Stochastic Simulation Algorithm
in Section 3 for the master equation are applied to the four different systems in
Section 5. The domain Ωh is covered by a grid with a constant step size h. A
grid adapted to the solution as in [25] would improve the performance of the FPE
solver. The execution time to compute solutions of equal accuracy is compared
on a Sun server (450 MHz UltraSPARC II) and the procedures to estimate the
solution errors and the variance in SSA are verified.
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6.1 Error estimation in 1D

For simple one-dimensional systems there are exact solutions to the master equa-
tion and the FPE. One such simple system is this 1D birth-death process:

∅ k−→ A A
q·a−→ ∅. (29)

The birth rate k and the death rate q determine the first moment of the distribu-
tion λ = k/q. The exact solution to the master equation is a Poisson distribution

pm(a) = e−λ λa

a!
, (30)

where a ∈ Z+. The exact solution of the FPE approximation is [22]

pFP (a) = Ce−2a(1 +
a

λ
)4λ−1, (31)

where a ∈ R+ and C is a scaling constant such that
∫∞
0

pFP (x) dx = 1.
The error eν in the solutions computed by SSA and FPE is determined using

the exact PDFs pm in (30) and pFP in (31) and compared with the estimated
error for three different λ in Figure 1.
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Figure 1: The true errors ‖e‖1 in the SSA solution (left) and the FPE solution
(right) are compared to the estimated error.

Ideally, the symbols in Figure 1 should coincide with the reference line but
the estimate in the SSA case is at most wrong with a factor 2 and the estimate
for the FPE is asymptotically correct when the estimate tends to zero.

6.2 Modeling error

In Section 4, the difference between the solutions of the master equation (2)
and the discretized FPE (13) depends on two quantities: the modeling error τm
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and the discretization error τFP . The difference em(j) = pFP (j) − pm(j) due to
the modeling is computed for j = 0, 1, . . . , d2λe, for three λ-values. The result
measured in the `1-norm is found in Table 1. The deviation from the master
solution is small.

λ 50 100 500
||em||1 1.18 · 10−3 5.88 · 10−4 1.17 · 10−4

Table 1: The FPE approximation error.

Exact solutions with two or more chemical species are known only in special
cases. Instead, we compare the computed PDFs pFPE and pSSA at the steady
state obtained with the FPE and the SSA for the system in Section 5.1 with weak
inhibition. Five different grids with different error tolerances ε are compared in
Table 2.

Computational cells ε ||pFPE − pSSA||1
170× 170 0.122 0.159
180× 180 0.0690 0.0583
190× 190 0.0480 0.0618
200× 200 0.0368 0.0636
300× 300 0.0128 0.0499

Table 2: Two metabolites, weak inhibition, approximation error.

By changing the grid size, τFP in the theorem in Section 4 is changed but
the modeling error τm remains the same. We infer from the table that for high
tolerances the discretization error dominates, while for a low ε the difference in
p is explained by the modeling error.

6.3 Two dimensional systems

The FPE solution and the SSA solution of three 2D problems are computed with
the same estimated accuracy following Sections 2.4 and 3.2. The execution times
are compared for the two algorithms to calculate the steady state and the time-
dependent solutions. The execution time includes discretization and computation
of the solution. For the steady state problem in 1D–3D the Arnoldi method is
used for computation of eigenpairs, in 4D the Jacobi-Davidson method is used
instead. The error estimation is not included in the execution time.
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Figure 2: The steady state solutions of the 2D examples with weak (left) and
strong (right) inhibition.

The first example is the problem with two metabolites and weak inhibition in
Section 5.1. The isolines of the steady state solution are found in Figure 2. The
work to reach steady state, WFPE and WSSA, is measured in seconds for the two
algorithms and different number of cells and estimated errors e and is found in
Table 3.

cells ||e||1 WFPE WSSA

170× 170 0.122 194 1.25 · 103

180× 180 0.0690 207 4.64 · 103

190× 190 0.0480 229 1.22 · 104

200× 200 0.0368 254 1.84 · 104

300× 300 0.0128 584 1.04 · 105

350× 350 0.00920 793 2.26 · 105∗

Table 3: Computational work in seconds for the steady state solution of the test
problem with two metabolites and weak inhibition. The time marked with ∗ is
an estimated value.

The estimated σ for the same problem as above using ∆τ = 5 · 103, the final
time Tmax in (20), the number of events in SSA Nevt, and the computational
time tσ in seconds to determine σ are shown in Table 4 for the same grids as in
Table 3. The estimates of ||σ||1 are stable independent of the grid size. The work
to calculate σ is considerable compared to the work for the full simulation WSSA
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for the small problems but is negligible for the large problems. The number of
events in the SSA is almost 1011 for the largest grid.

cells ||σ||1 Tmax Nevt tσ
170× 170 0.941 2.98 · 105 5.35 · 108 2350
180× 180 0.941 9.30 · 105 1.67 · 109 3190
190× 190 0.940 1.92 · 106 3.45 · 109 3180
200× 200 0.900 2.92 · 106 5.25 · 109 2550
300× 300 0.909 2.52 · 107 4.54 · 1010 2490
350× 350 0.964 5.49 · 107 9.87 · 1010 2440

Table 4: Parameters in the SSA computation of the steady state solution of the
test problem with two metabolites and weak inhibition.

The parameter ∆τ is determined by numerical experiments for one grid and
is assumed to be valid for all space discretizations. In Table 5 we show Tmax in
(20), ‖σ‖1, and the computational time tσ to determine σ. Between ∆τ = 5 ·103

and 5 · 104, ||σ||1 drops at the expected rate and Tmax stabilizes.

∆τ Tmax ||σ||1 tσ
5 · 101 2.07 · 105 3.80 21.2
5 · 102 7.86 · 105 1.98 203
5 · 103 1.72 · 106 0.928 2030
5 · 104 2.12 · 106 0.326 20400

Table 5: Determination of ∆τ for σ estimation in the SSA computation of the
steady state solution of the test problem with two metabolites and weak inhibi-
tion.

Table 6 contains the results for the steady state solution of the same system
with strong inhibition. The steady state solution is plotted in Figure 2.
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cells ||e||1 WFPE WSSA

120× 120 0.0944 95.1 4.35 · 102

160× 160 0.0478 168 1.74 · 103

200× 200 0.0263 268 6.11 · 103

240× 240 0.0172 414 1.22 · 104

280× 280 0.0130 545 1.65 · 104

300× 300 0.0115 667 2.28 · 104

340× 340 0.00898 849 3.68 · 104

Table 6: Computational work for the steady state solution of the test problem
with two metabolites and strong inhibition.
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Figure 3: A solution of the toggle switch at t = 103 (left) and t = 106 (right).

The execution times for computing the steady state solution and the time-
dependent solution at T = 10000 for the toggle switch in Section 5.2 are collected
in Tables 7 and 8. The initial solution at t = 0 is a Gaussian distributionN (µ,σ2)
with µ = (133, 133)T and σ2

j = µj. The number of trajectories L generated to
achieve the same accuracy with SSA as in the PDE solution is more than 107

in some cases. The time evolution of a system with an unsymmetric initial
distribution is displayed in Figure 3.

21



cells ||e||1 WFPE WSSA

30× 30 0.134 4.91 1.11 · 102

40× 40 0.0760 6.44 6.26 · 102

50× 50 0.0355 9.93 1.47 · 103

60× 60 0.0317 14.3 1.87 · 103

70× 70 0.0208 19.7 3.57 · 103

80× 80 0.0160 25.8 1.06 · 104

90× 90 0.0129 33.2 1.18 · 104

100× 100 0.0101 43.0 1.81 · 104

110× 110 0.00832 50.1 2.82 · 104

Table 7: Computational work for the steady state solution of the toggle switch
problem.

cells ||e||1 WFPE L WSSA

30× 30 0.0952 7.08 7.8 · 103 8.35 · 101

40× 40 0.0585 11.8 3.4 · 104 3.65 · 102

50× 50 0.0339 18.1 1.6 · 105 1.68 · 103

60× 60 0.0227 26.1 5.0 · 105 5.43 · 103

70× 70 0.0164 35.6 1.3 · 106 1.36 · 104

80× 80 0.0124 50.9 2.9 · 106 3.02 · 104

90× 90 0.00979 61.9 5.9 · 106 6.25 · 104

100× 100 0.00803 78.9 1.1 · 107 1.13 · 105

110× 110 0.00667 98.0 1.9 · 107 1.95 · 105

Table 8: Computational work for the time-dependent solution of the toggle switch
problem at T = 104.

The FPE solver is much faster than the SSA, especially for higher accuracies,
in all the examples above. The difference is two orders of magnitude or more in
many cases. This is explained by the work estimates in Sections 2.5 and 3.2. For
2D problems and second order accuracy for the steady state solution, the work
for the FPE based algorithm is proportional to ε−1 but for SSA it is ∝ ε−2.

6.4 Three dimensional system

The work in seconds to compute the steady state solution of the test problem with
three molecular species in Section 5.3 is found in Table 9. The execution times are
for the FPE are somewhat longer compared to problems of the same size in 2D in

22



cells ||e||1 WFPE WSSA

18× 18× 18 0.102 82.6 5.72
20× 20× 20 0.0859 121 10.4
30× 30× 20 0.0618 316 22.1
40× 40× 20 0.0565 658 33.6
40× 40× 30 0.0296 1740 124

Table 9: Computational work for steady state solution of the test problem with
two metabolites and one enzyme.

the previous section but the SSA is much faster making it the preferred algorithm.
The speed of the SSA for this problem is mainly due to the fact that molecule
numbers are very small and the system is not very stiff. Since a trajcetory is
simulated the method is very dependent of both these properties. Still, the FPE
has convergence properties that will make it useful for 3D problems.

6.5 Four dimensional system

The methods for steady state problem in Section 5.4 are compared in Table 10.
Also here SSA is much more efficient than the FPE based algorithm. This is

cells ||e||1 WFPE WSSA

18× 18× 18× 18 0.104 2510 41.9
20× 20× 20× 20 0.0864 4150 59.8
24× 24× 24× 24 0.0772 5900 93.4
30× 30× 20× 20 0.0723 9340 126

Table 10: Computational work for the steady state solution of the test problem
with two metabolites and two enzymes.

what we can expect when the dimension of the problem inceases.
The computational work for the time-dependent, four-dimensional problem

at time T = 100 is displayed in Table 11. The initial distribution is a Gaussian
distribution N (µ,σ2) with µ = (33, 33, 7, 7)T and σ2

j = µj. The difference is
smaller between the two solution methods for the 4D time-dependent case than
for the steady state problem in Table 10. The explanation for this behavior is
that the ergodic property of the system makes steady state solutions efficient
since the entire simulated trajectory can be used to estimate the solution. The
time-dependent solution is estimated by simulation of a trajectory in time where
only the final state can be used for the solution. About 106 realizations by SSA
are necessary for the same accuracy as in the FPE solution.

23



cells ||e||1 WFPE L WSSA

18× 18× 18× 18 0.0930 4.55 · 103 1.0 · 106 8.51 · 102

20× 20× 20× 20 0.0789 6.26 · 103 6.0 · 105 1.48 · 103

24× 24× 24× 24 0.0547 9.98 · 103 4.1 · 106 4.08 · 103

30× 30× 20× 20 0.0573 1.29 · 104 3.0 · 106 5.63 · 103

Table 11: Computational work for the time-dependent solution at T = 100 of the
four-dimensional problem.

6.6 Execution time in theory and experiments
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Figure 4: Work as a function of the tolerance ε for the steady state problem
solved by the FPE: 2D - weak inhibition (x), 2D - strong inhibition (∇), toggle
switch (+), 3D (∗) and 4D (·), and dashed reference lines with slopes −1 (no
symbol), −3/2 (◦) and −2 (¤).

The predictions of the work estimates in Sections 2.5 and 3.2 are compared
to the recorded execution times in Figures 4, 5, and 6. The agreement for the
steady state problems is good in all cases except for the two metabolites with
weak inhibition and the 3D problem in Figure 4. However, for lower tolerances
in the asymptotic regime the trend is as expected from (16) for all examples.
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Figure 5: Work as a function of tolerance for the steady state problem solved by
the SSA: 2D - weak inhibition (x), 2D - strong inhibition (∇), toggle switch (+),
3D (∗) and 4D (·), and dashed reference line with slope −2.
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Figure 6: Work as a function of tolerance for the time-dependent problem solved
by the FPE: toggle switch (+) and 4D (·), and dashed reference lines with slopes
−3/2 (¤), −5/2 (◦).

A faster growth of the work is predicted by (17) than is measured in Figure 6
for the time-dependent problems. The maximum local error in the adaptive time
discretization is allowed to be as large as the error in the space discretization.
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The inital time step is chosen to be ∆t0 = 0.01T and the growth in ∆t in every
step is limited. The result is that the maximum time step is not reached for any
ε and almost the same sequence of steps is generated in all examples. Hence, the
work is relatively independent of the time integration and is dominated by the
space discretization as it is in the steady state problem.

7 Conclusions

Two methods to approximate the probability density function for the molecular
copy numbers in biochemical reactions with a few molecular species have been
derived and compared. The steady state solution and the time-dependent solution
of the Fokker-Planck equation (FPE) have been computed and the same solutions
have been obtained by the Stochastic Simulation Algorithm (SSA) [16].

A bound on the difference between the solutions is proved by the maximum
principle for parabolic equations. The errors in the numerical methods are esti-
mated and the execution times for equal errors are compared. The FPE approach
is much more efficient for the two dimensional test problems while SSA is the pre-
ferred choice in higher dimensions. However, the results depend on the properties
of the problem: the size of the computational domain, the stiffness of the chemical
reactions, and the chosen error tolerance.
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