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Abstract
The aim of this study is to develop numerical techniques for the analysis
and optimization of acoustic horns for time harmonic wave propagation.
An acoustic horn may be viewed as an impedance transformer, designed
to give an impedance matching between the feeding waveguide and the
surrounding air. When modifying the shape of the horn, the quality of
this impedance matching changes, as well as the angular distribution of
the radiated wave in the far field (the directivity). The dimensions of
the horns considered are in the order of the wavelength. In this wave-
length region the wave physics is complicated, and it is hard to apply
elementary physical reasoning to enhance the performance of the horn.
Here, topology optimization is applied to improve the efficiency and to
gain control over the directivity of the acoustic horn.
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1 Introduction

When designing an object it is usually desirable that the object is optimal
in some sense. Optimality can refer to having the smallest energy loss, the
most esthetically appealing design, or the highest expected rate of return.
In this thesis only problems where the performance can be measured are
examined. That is, it is assumed that the performance can be evaluated
as a mathematical function known as the objective function.

A design is said to be optimal if the value of the objective function for
the design is as low—or high, depending on the objective—as possible.
Moreover, it is assumed that the physics governing the problem can be
described mathematically by a so-called state equation. Usually, it is
required that the final structure stays within a certain region of space, the
design region, and it is also common that there are constraints limiting
the choices of the designer. For example, when designing a load-bearing
structure, it is desired that the structure should be as stiff as possible
(objective), and it may also be required that the weight of the structure
is at most a pre-specified quantity (constraint).

One way of finding an optimal design is through the use of computer
simulations. In these simulations the geometry is parameterized, and
the optimal design is sought in the parameter space. That is, the algo-
rithm systematically evaluates the performance (the objective function)
for different parameter combinations. Often the geometry is parame-
terized from a given reference configuration or ground structure. The
computer program can only fully exploit the chosen parameterization,
thus the resulting computed optimal designs may vary as the parameter-
ization is changed. Three main branches in design optimization are sizing
optimization, boundary shape optimization, and topology optimization.

Sizing optimization is used to find the optimal thicknesses (sizes)
of the parts in a structure. In boundary shape optimization, geometry
changes, given by boundary displacements of the reference configuration,
are examined. Boundary shape optimization is appropriate in the final
steps of the design process. The optimal design obtained using boundary
shape optimization is topologically equivalent with the reference config-
uration. A more general approach is topology optimization, where the
connectedness of the optimal design is determined as a part of the opti-
mization.

Topology optimization for continuum structures is a relatively new
research area and has developed rapidly during the last two decades.
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The first problems considered were from structural mechanics, and the
most popular problem is to minimize the compliance of a structure, that
is, making it as stiff as possible for a given set of load conditions and a
given maximal weight. During the last decade researchers have started
to apply similar strategies also for problems in other disciplines, such as
for fluids and wave propagation.

The focus of this thesis is to study and apply topology optimization
to an acoustic horn operating as a wave transducer. The main character-
istics of an acoustic horn are its efficiency and the directivity properties.
The efficiency can be seen as a measure of the quality of the impedance
matching between the feeding waveguide and the surrounding air, and the
directivity describes the behavior of the wave propagation in the far field.
One way of defining an optimal horn is to find the horn with the highest
efficiency for a frequency or frequency range. The problem of optimizing
an acoustic horn has been studied using boundary shape optimization by
Bängtsson et al. [4, 9] and Udawalpola and Berggren [46].

In Paper A, topology optimization is applied to optimize the efficiency
using the same physical dimensions of the horn as Bängtsson et al. A
natural extension is to include also the far-field behavior of the radiated
waves in the optimization. Paper B presents acoustic horns optimized
both for efficiency and directivity, and Paper C establishes the mathe-
matical theory behind the far-field properties and describes the numerical
evaluation of the far-field pattern.

2 Topology Optimization

Topology optimization consists of finding the best distribution of material
within a given region. The first examined topology optimization problem
appears to be the design of truss structures transmitting specified loads
to given points of support. Already in 1866 this problem was addressed
by Culmann [17], who proposed a positioning strategy for the joints in
the structure. In 1904 Michell [25] presented important principles for low
volume truss structures, using infinitely many infinitely thin bars, that
are optimal with respect to weight. With the introduction of computers,
the development of numerical algorithms for finding the optimal design
started. The ideas presented by Culmann and Michell were extended and
generalized by among others Prager [32] and Rozvany and Prager [34].
In 1988, Bendsøe and Kikuchi [6] published their pioneering work on
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topology optimization for continuum structures. Since then, topology
optimization has been subject to intense research, and is today used as
part of the design process of advanced components, for instance in the car
and aeronautical industries. For some classes of problems there are com-
mercial software, from for example Altair Engineering and FE-Design.
A short introduction to the subject, with emphasis on the methods and
techniques used to optimize the acoustic horn, is given in this section.
A review of topology optimization of continuum structures is given by
Eschenauer and Olhoff [20]. For a exhaustive introduction to topology
optimization and its applications, the interested reader is referred to the
monograph [8] by Bendsøe and Sigmund.

2.1 The Material Distribution Method

The most common approach to topology optimization is to model the
presence of material with a material indicator function �, such that
� = 1 where material is present and � = 0 otherwise. The aim is to
find a discrete-valued design that maximizes the performance, that is,
minimizes (or maximizes) the value of the objective function. The state
equation is here assumed to be given as a variational problem over a
region Ω, that is

Find u 2 V such that
a�(u; v) = `(v); 8 v 2 V;

(1)

where the state variable u is the physical property governed by the state
equation, v is a test function, and V is an appropriate functional space
henceforth denoted the state space. The objective function is denoted
J(�) and the optimization problem is given by

min
�2U

J(�)

subject to a�(u; v) = `(v); 8 v 2 V;

all constraints satisfied,

(2)

where U is the set of admissible designs. When U is the set of all functions
� such that � 2 f0; 1g almost everywhere in Ω, then the optimization
problem above is in general a nonlinear integer programming problem.
These problems are computationally expensive to solve; the seemingly
simpler class of linear integer programming problems is NP-complete [28,
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p. 358]. Another problem with the integer formulation is that, in many
cases, the problems are ill-posed, in that there exist non-convergent min-
imizing sequences. The standard method used to clear this obstacle is to
relax the problem and let � take values in the continuous range � 2 [0; 1].
For elastic structures, the relaxed material indicator function � can be
interpreted as a relative density and is thus often denoted �.

2.2 Discretization

When the optimization problem is solved with a computer, the design
domain is partitioned into small chunks (elements). The material func-
tion � is then approximated by a function �h 2 Uh. Usually the space Uh
consists of all functions being constant on each element. The state equa-
tion is for example discretized using the finite element method (FEM).
The discretized state equation is

Find uh 2 Vh such that
ah;�h(uh; v) = `h(vh); 8 vh 2 Vh;

(3)

where uh, vh, ah, and `h are the discretized counterparts to u, v, a, and
` respectively, and Vh � V is the discretized state space. The discretized
optimization problem reads

min
�h2Uh

Jh(�h)

subject to ah;�h(uh; v) = `h(vh); 8 vh 2 Vh;

all constraints satisfied,

(4)

where Jh is a discrete version of the objective function. Problem (4) is of-
ten solved using a gradient based method. The method used to optimize
the acoustic horns in Papers A and B is the method of moving asymp-
totes (MMA) [43]. For many topology optimization problems MMA is a
good choice. By construction MMA handles box constraints; moreover,
the convex approximations used by MMA are of a form that utilize the
fact that the state and the design variable appear bilinearly in the state
equation. For an efficient computation it is crucial to be able to correctly
compute the gradient of the objective function efficiently.

2.3 Numerical and Mathematical Issues

This section contains a short presentation of different restriction meth-
ods used to treat the ill-posedness and the numerical instabilities that
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might occur. A systematic investigation of restriction methods together
with illustrative numerical examples in elastic continua is presented by
Borrvall [11] and an overview of numerical instabilities in topology opti-
mization is given by Sigmund and Petersson [38]. In this section a small
selection of the strategies to handle these problems is presented.

When the optimization problem is discretized with the finite element
method, the zero lower bound on the design variables might cause that
the state matrix becomes singular, and thus the state equation is not
uniquely solvable. To avoid this problem, the bounds are often changed
into � 2 f"; 1g, where " > 0, in the binary case, and to � 2 ["; 1] in the
continuous case. The material indicator function ��, corresponding to
the computed optimal design for the relaxed problem, is frequently not a
binary function. One way of dealing with this problem is to introduce a
penalty so that the values 0 and 1 are promoted. Another problem is the
ill-posedness of the binary problem, which causes that the solutions (of
the discretized problem) depend on the size of the elements in the mesh,
and do not converge as the mesh is refined. A third problem is that
the numerically optimal design might have regions of checkerboard-like
structures. This problem originates from at least one of: improper choice
of finite elements in the discretization or nonuniqueness of solutions (in
the continuum problem) [29]. These problems are normally treated by
choosing the proper elements, filtering, adding a perimeter constraint, or
by imposing gradient constraints.

2.3.1 Penalization

In topology optimization of linearly elastic structures, a common way
of tackling the problem with the intermediate values is the SIMP (Solid
Isotropic Material with Penalization) approach. This approach was sug-
gested by Bendsøe [5] and is traditionally used for problems where the
objective, for example, is to minimize the compliance of a structure with
a constraint on the maximum weight of the structure. The idea is to
introduce an artificial density function

f(�) = �q; (5)

where q is a constant, and to modify state equation (1) into

Find u 2 U such that
af(�)(u; v) = `(v); 8 v 2 V
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while keeping the volume constraint, that is,Z
Ω
� � V; (6)

where V is a pre-specified constant. By choosing q � 1 the elements
with intermediate design values, that is 0 < � < 1, carry little stiffness
compared to their weight.

Remark 1. Whenever there is no risk for confusion, as in equation (6),
the symbol of measure will not be stated explicitly.

Another interpolation scheme RAMP (Rational Approximation of
Material Properties), suggested by Rietz [33] and studied in more detail
by Stolpe and Svanberg [40], is given by choosing the artificial density
function f as

f(�) = �

1 + q(1� �)
; (7)

where the parameter q describes the amount of penalization, q = 0 gives
no penalization, and the intermediate values give less stiffness relative
to weight as q is increased. Another material interpolation function
suggested by Borrvall [11], is obtained by combining the interpolation
functions (5) and (7) into the two-parameter function

f(�) = �q1

1 + q2(1� �)
: (8)

A number of interpolation functions, including SIMP, are analyzed and
compared—RAMP had not seen the light of day when this comparison
was made—by Bendsøe and Sigmund [7].

The material interpolation schemes are based on the fact that there
is a constraint of the form (6). A more versatile approach to deal with
the intermediate values is to explicitly add a penalty function Jp to the
objective function in problem (2) and to examine the penalized problem

min
�2U

J(�) + Jp(�)

subject to a�(u; v) = `(v); 8 v 2 V;

all constraints satisfied.

A similar approach is to include the penalty as a constraint and to ex-
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amine the following problem:

min
�2U

J(�)

subject to a�(u; v) = `(v); 8 v 2 V;

Jp(�) � C;

all constraints satisfied,

where C is a constant. A commonly used penalty function, suggested for
topology optimization (in 1993) by Allaire and Kohn [2], and used by for
instance Jog and Haber [24] and Borrvall and Petersson [12], is

Jp = 

Z
Ω

(�� ")(1� �);

where  is a constant representing the amount of penalization that should
be used.

The penalized problems might have many local minima, and the pe-
nalization also destroys the existence of solutions for the continuous prob-
lem. To increase the chance of obtaining good results—hopefully a global
minimum—the penalization methods presented above are in practice of-
ten used together with a continuation approach.1 That is, the optimiza-
tion problem is first solved without penalty then the penalty parameter
q or  is increased and the problem is solved again, this time with the
results of the unpenalized optimization as a starting guess. Then the
penalty parameter is increased and the problem is once again solved,
with the results from the preceeding optimization round as a starting
guess. The process is then repeated, and usually this method works sat-
isfactory. However, Stolpe and Svanberg [41] show that, for continuously
increasing penalization, the trajectory of the global optimal solutions
might be discontinuous, and give examples where the procedure fails to
produce an "–1 design no matter how large the penalization becomes.

2.3.2 Filter

The problems with checkerboards and mesh-dependence can be handled
using a filtering technique. The technique is analogous to the filtering
used for denoising in image processing. The use of filtering in topology
optimization was suggested by Sigmund [36], who used a filter to stabilize

1This is standard procedure when using penalty methods in nonlinear optimization.
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the numerical computations by modifying the design sensitivities. This
was done by letting the sensitivity used in the computation be a weighted
average of the sensitivities over the elements in a fixed neighborhood.

Another use of the filtering technique suggested, by Bruns and Tor-
torelli [14] is to let the filter act on the design instead of only the sensi-
tivities. This technique optimizes over a function e� and lets the physical
design � be defined through the convolution

�(x) =
Z
Rd

Φ(x; y)e�(y) dy;

where d is the number of space dimensions. The kernel Φ often is chosen
as a function of the kind

Φ(x; y) = �max
�

0; 1�
�
jx� yj

�

�p�
;

where � > 0 is the filter radius, p is a parameter describing the shape of
the kernel, and � a constant such that

1 =
Z
Rd

Φ(x; y) dy:

The choice p = 1 gives the kernel a hat shape and is the one most used
in practise. When the parameter p tends to infinity the kernel function
tends to the characteristic function of the ball with radius � (multiplied
with �), and the kernel function tends to the Dirac delta function when
p (or �) tends to zero. For the special choice p = 1 the minimum size
of the structural parts in the filtered design is approximately twice the
filter radius [11]. Thus, the filter radius can be used as a tool specify-
ing the minimal size of the parts in the design. The filtered version of
optimization problem (2) reads:

mine�2U J(�)

subject to �(�) =
Z
Rd

Φ(�; y)e�(y) dy;

a�(u; v) = `(v); 8 v 2 V;

all constraints satisfied.

(9)

Bourdin [13] studies a filtered version, with a fixed kernel, of the minimum
compliance topology optimization problem, proves existence of solutions,
and shows that one obtains convergence of solutions to the finite element
discretized version of the problem.
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2.3.3 Gradient and Perimeter Control

In the binary setting, the material indicator function is equal to the char-
acteristic function for a set E� � Ω. Let P (E�;Ω) denote the perimeter
of E� in Ω. Ambrosio and Buttazzo [3] studied the problem of finding the
minimal energy configuration for a mixture of two conducting materials
and proved existence of solutions to a penalized problem of the form

min
�2U

J(�) + P (E�;Ω):

A related approach is to instead limit the maximum allowed perimeter
of the design by adding a constraint of the kind

P (E�;Ω) � C; (10)

where C is a constant, to problem (2). When � is allowed to take values
in a continuous range the perimeter constraint above is replaced by a
constraint on the variation of the design, that is

sup
�

�Z
Ω
� div� ; � 2 C1

0(Ω); k�(x)kp � 1 8x 2 Ω
�
� C: (11)

For a binary function � and p = 2, expressions (10) and (11) are equiv-
alent. The first numerical experiments on topology optimization with
a constraint on the variation of the design were performed by Haber et
al. [21] using p = 1. The problem was later treated more theoretically by
Petersson [30] who showed existence of solutions to a class of problems,
including the penalized compliance optimization, using a constraint on
the variation of the design.

A similar approach is to put a limit on the gradients of the design
function, that is ���� @�@xi

���� � C; for i = 1; 2; : : : ; d:

The above approach was used to find the optimal design of an elastic
plate by Niordson [26] in 1983. A proof of existence of solutions was
given by Petersson and Sigmund [31]. However, for the Cartesian grid
discretized version of the optimization problem, this approach adds as
many constraints as the number of internal edges in the discretization.
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2.4 Alternative Methods

The bubble method treats the topology optimization problem by solving
a sequence of boundary shape optimization problems. After each shape
optimization step, the introduction of new holes (bubbles) is possible.
The positioning of the new bubble is performed by finding its optimal
position in the structure using so-called topological sensitivities. The
method generates a number of possible topologies and a criteria for the
maximum number of holes must follow external demands on the con-
struction [19]. A related method is based on the level set method [27]
for tracking moving boundaries and topology changes in the optimiza-
tion. Sethian and Wiegmann [35] present elastic structures optimized
using this approach, where the velocity of the boundary movement was
depending on the stress on the boundaries. The holes could merge during
the boundary movement and new holes were introduced by cutting away
material along contour lines of the von Mises stress. Instead of relying
on such heuristics, Allaire et al. [1] perform optimization using the level
set method, with the the velocity of the boundary movement given by
the shape derivative.

An interesting, but computationally expensive approach, is to keep
the condition that the design � is binary throughout the discretization.
Stolpe and Svanberg [42] show that a large class of non-linear 0–1 topol-
ogy optimization problems can also be modeled as linear mixed 0–1 prob-
lems. The integer programming problems have also been attacked using
standard algorithms in combinatorial optimization, such as branch-and-
bound and local search [28]. Svanberg and Werme utilize a hierarchical
method with a neighborhood search to deal with topology optimization
of discretized load-carrying structures [44, 45]; and Stolpe [39] uses a
branch-and-bound technique to find the global optimum of minimum
weight truss problems.

2.5 Topology Optimization for Wave Problems

During the last decade much work has been focused on extending the
ideas and methods used in topology optimization of structures to other
fields. The first use of a material distribution method for wave propaga-
tion problems was to maximize band gaps, that is, ranges of frequencies
in which waves cannot propagate. The first articles were by Cox and
Dobson [15, 16] who applied topology optimization to maximize band
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ΩH Ωm

Ωm

Ωm

Figure 1: Material is placed in the region Ωm � ΩH to improve the horn’s
radiation properties. The dotted lines in the left figure mark the left and
right boundaries of the region ΩH and are not part of the structure.

gaps in photonic crystals for E- and H-polarized light. The next type
of wave propagation problems considered was the maximization of the
transmission efficiency through different devices, like photonic waveg-
uides [10, 22], or acoustical devices [23, 37]. A further extension for
acoustic wave propagation, described in more detail in Papers B and C,
is to optimize also over the far-field properties.

3 Problem Description

3.1 Problem Statement

The acoustic horn to be optimized is depicted in Figure 1. The geometry
is assumed to be infinite in the direction normal to the plane. The wave
transducer consists of a waveguide with a funnel-shaped termination (the
horn). A wave propagating through the waveguide can be expressed as
a superposition of modal components. For the studied problem it is
possible to choose the width of the waveguide such that only the planar
wave mode propagate.

Consider a single frequency planar wave moving from left to right in
the waveguide. When this wave reaches the horn, parts of it will prop-
agate out from the horn while other parts get reflected back into the
waveguide. The transmission efficiency of the horn can be measured by
comparing the amplitudes of the incoming right-going wave and the re-
flected left-going wave. The directivity describes the angular distribution
of the radiated wave in the far field. When designing an acoustic horn,
it is desired to have high transmission efficiency as well as control on the
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t

n 2a

Figure 2: A truncated waveguide of width 2a. The outward directed
normal at the end of the waveguide is denoted n and t is orthogonal to
n.

directivity of the horn.
The walls of the waveguide and the horn consist of a sound-hard solid

material and that all other parts of space consist of air. The optimization
consists of finding the region Ωm � ΩH where solid material is to be
placed to get the optimal performance of the horn. The presence of
material in the region is modeled by the material indicator function �
(the characteristic function of the region Ωm).

3.2 The Acoustical Problem

Assume that the wave propagation is governed by the wave equation for
the acoustical pressure P 0

@2P 0

@t2
= c2∆P 0;

where c is the speed of sound, and that all waves are outgoing in the far
field. Seeking time harmonic solutions for a single frequency ! making
use of the ansatz P 0(x; t) = <fei!tp(x)g, where < denotes the real part
and i the imaginary unit, the above equation reduces to the following
Helmholtz equation for the complex amplitude function p in the region
filled with the fluid material,

c2∆p + !2p = 0: (12)

Consider the truncated waveguide of width 2a illustrated in Figure 2.
The waveguide is filled with air and the upper and bottom sides consist
of sound-hard material. The wave propagation in the waveguide satisfies
equation (12), and the boundary condition along the sound-hard walls is

@p

@n
= 0:
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The solution of this wave propagation problem for a wave of mode m =
0; 1; : : : can be found by separation of variables and is

p(x) = cos mx � t�

2a

�
Ameibkx�n + Bme�ibkx�n� ;

where Am is a constant describing the complex amplitude of the incoming
wave at the left end of the waveguide, Bm the amplitude of the outgoing
wave, and bk is the reduced wavenumber in the waveguide given by

bk2 = !2

c2 �
�m�

2a

�2
:

The wave of mode m propagates as long as bk2 > 0, or equivalently,

a >
�cm

2!
= cm

4f
: (13)

Hence by choosing the width of the waveguide sufficiently small only the
planar mode (m = 0) propagates and the solution to equation (12) in the
waveguide is

p(x) = A0eikx�n + B0e�ikx�n; (14)

where k = !=c is the wavenumber. Differentiating expression (14) in the
direction n results in

@p

@n
= A0ikeikx�n �B0ike�ikx�n:

At the outer end of the truncated waveguide, x � n is constant and hence

ikp + @p

@n
= 2A0ikeikx�n = 2Aik; (15)

where A is the amplitude of the incoming wave at the end of the waveg-
uide. By imposing boundary condition (15), it is possible to set the
amplitude of the incoming wave without affecting the amplitude of the
outgoing wave.

The numerical solution of the acoustic wave propagation problem is
performed on a bounded domain Ω shown in Figure 3 using the finite
element method. When optimization is performed for the directivity of
the horn the waveguide is truncated. This is done because the evaluation
of the far-field properties requires the integration around a boundary that
encloses all sound sources. The boundary Γsym is a symmetry boundary,
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Ω
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Γ
in

Γ
n

RΩ

Ω

Γ
sym

Γ
sym

Γ
out

Γ
in

Γ
n

RΩ

Figure 3: Computational domains. Left: domain used when optimizing
only for efficiency and right: domain used when optimizing for both
efficiency and directivity.

and Γn corresponds to the sound-hard boundaries of the waveguide and
the horn. The inflow boundary Γin corresponds to a cross section of the
waveguide and the outer boundary is denoted Γout.

Imposing a first-order outgoing wave boundary condition [18] on the
outer boundary Γout, together with condition (15) on Γin, and a symmetry
condition on Γsym, result in the following variational problem over Ω

Find p 2 H1(Ω) such that

c2
Z

Ω
�rq̄ � rp� !2

Z
Ω
�q̄p

+ i!c
Z

Γin[Γout

q̄p + c2

2RΩ

Z
Γout

q̄p = 2i!cA
Z

Γin

q̄; 8q 2 H1(Ω):

In order for this problem to have a unique solution, as mentioned in
Section 2.3, the lower bound for � is set to a small number ".

3.3 The Optimization Problem

The two physical properties that are subject to optimization in Papers A
and B are the efficiency and the directivity. To measure the efficiency,
the mean complex amplitude at Γin, given by

hpiin = 1
a

Z
Γin

p;

is observed. The reflection factor R is defined as the quotient between
the amplitude B of the outgoing wave and the amplitude A of the ingoing

14
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Figure 4: Left: the funnel shaped reference horn, right: the reflection
spectrum of the reference horn.

wave, that is,

R = B

A
= hpiin �A

A
:

The reflection factor depends on the shape and size of the horn as well as
the frequency of the incoming wave. Figure 4 depicts the funnel-shaped
horn (� � 1 in ΩH) and its reflection spectrum, that is, the absolute value
of the reflection coefficient as a function of frequency. The dimensions of
the funnel shaped reference horn are given in Table 1. From this table
and equation (13), it follows that only the planar mode wave propagates
(c = 345 m/s) for frequencies less than 1725 Hz.

Far from the horn, the complex amplitude function can be expanded
as

p(x) = e�ikjxj

jxj(d�1)=2

�
p1(arg x) + O

�
1
jxj

��
;

where arg x denote the argument(s) of x and d is the number of space
dimensions considered. The function p1 is denoted the far-field pattern
and characterizes the behavior of the wave propagation in the far field
(Paper C).

The optimization problem is then formulated as the minimization of
a function depending on the reflection factor for a single frequency or for
a range of frequencies and the far-field pattern for these frequencies and
some directions. For the numerical optimization, the problem is relaxed
such that the indicator function � may take values in the continuous
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Table 1: The dimensions of the horn—upper row the values used for
the numerical experiments in Paper A, bottom row the values used in
Paper B. The parameters a, b, l, and d are illustrated to the right, and
RΩ is the radius of the computational domain Ω (Figure 3).

a(m) b(m) l(m) d(m) RΩ(m)
0.05 0.3 0.5 0.5 1
0.05 0.3 0.5 0.5 1.2

range ["; 1]. The methods used to handle the numerical and mathematical
issues when optimizing the acoustical horn are the explicit penalization
method from Section 2.3.1 and the filtering of the design described in
Section 2.3.2. The method of moving asymptotes is utilized to solve the
resulting problem, and the required gradients are computed using the
adjoint equations associated with the wave propagation problems.

4 Summary of Papers

4.1 Paper A

In Paper A the problem of maximizing the efficiency, or minimizing the
absolute value of the reflection factor, of the horn is studied. The mini-
mization problems are of the form

min
�2U

8<
:Jp +

X
!j2F

jhp(!j)iin �Aj2

9=
; ;

where Jp is a penalty function, F is the set of frequencies to optimize the
horn for, and each pair !j , p(!j) satisfies

c2
Z

Ω
�rq̄ � rp(!j) � !2

Z
Ω
�q̄p(!j)

+ i!jc
Z

Γin[Γout

q̄p(!j) + c2

2RΩ

Z
Γout

q̄p(!j) = 2i!cA
Z

Γin

q̄; 8q 2 H1(Ω):

16



To compute the gradient efficiently the associated adjoint equations
are solved—a detailed derivation of the gradient expressions are given
in this paper. Paper A includes many numerical examples and presents
horns optimized for different frequency ranges and using different order
of basis functions. The numerical experiments also include an accuracy
check where the reflection spectra for two of the optimized horns is com-
puted using body fitted meshes for the final design.

The appendix presents an interpretation of the material indicator
function � which applies to inviscid flow in general. The interpretation
follows from considering the flow of a compressible, inviscid fluid between
a planar surface T0 and a surface T� = fx��(x)n0 ; x 2 T0g, where n0 is
the unit normal of T0 and � is a positive real valued function representing
the distance between the plane and the surface.

4.2 Paper B

Paper B can be seen as a direct continuation of Paper A. The problem
examined in this paper also contains the far-field properties of the horn.
The general form of the studied optimization problem is

min
�2U

8<
:
X
!j

jhp(!j)iin �Aj2
X
!j ;�k

�j;kjp
(!j)
1 (�k)j2 + Jp

9=
; ;

where the constants �j;k can be adjusted to control the far-field behavior
of the horn. The numerical experiments present horns, optimized with
respect to the objective function above, together with their reflection
spectra and polar plots of their far-field patterns.

4.3 Paper C

Paper C contains a theoretical treatment of the far-field behavior of the
wave propagation and is intended to serve as a reference for work related
to the directivity of the horn in two and three space dimensions. The
paper presents a derivation for the time harmonic wave propagation and
covers the numerical treatment of the far-field pattern in a few typical
situations.
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2005-003 Magnus Ågren: High-Level Modelling and Local Search
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