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Mesoscopic spin systems consist of an ensemble of lithographically patterned nanomagnetic
elements - mesospins. The interactions between the mesospins, can be designed at will by
altering their lateral arrangement, enabling the study of collective magnetic order in a wide range
of systems.
The spin dimensionality of a mesospin is controlled by its shape and form. Thin elongated
elements are Ising-like, with only two possible magnetization directions. Disc shaped elements
can be single domain and behave XY-like, with a magnetization direction free to rotate in the
plane of the disc. Larger disc sizes result in magnetic vortices. Tuning the material parameters
of the elements enables mesospin dynamics at and below room temperature. Combining all of
the above, the magnetic state of a lattice is then defined by the mesospins lateral arrangement,
their spin dimensionality, and the temperature.
In this Thesis we investigate the magnetic order and dynamic properties in a series of
different configurations, where the nano-magnetic elements are in the vortex state, Ising-like
mesospins or of mixed mesospin dimensionality. Chains of Ising-mesospins were investigated
and shown to be successfully described by the Ising model. A lossless transition between the
magnetic vortex state and the collinear state, was found in square arrays of magnetic discs. In a
more complicated interaction regime, square artificial spin ice, the dynamical range of the Isinglike mesospins in the lattice was probed, in terms of magnetization relaxation studies.
Utilizing the configurational freedom in mesoscopic spin systems, together with the
possibility to alter the spin dimensionality of the elements, it is possible to create a lattice
with no naturally occurring analogue. In such a lattice, where XY mesospins were added to
square artificial spin ice, it was found that the degeneracy of the square ice model was restored.
Furthermore, using a reciprocal space analysis tool, the magnetic spin structure factor, the
system was shown to possess the characteristic features of a Coulomb spin liquid with strong
local correlations and absence of long range order. Increasing the interaction between the
elements, results in an emergent magnetic order on a large length-scale.
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The ideal subject of totalitarian rule
is not the convinced Nazi or the
dedicated Communist, but people
for whom the distinction between
fact and ﬁction, true and false,
no longer exist.
HANNAH ARENDT
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1. Introduction

In magnetism, a magnetic moment is typically depicted by an arrow, indicating that it is a vector quantity, having both magnitude and direction.
The moments are often thought of as being located at discrete locations
in space, i.e. belonging to a particular atom, see Fig. 1.1. Two spins in
proximity will interact with each other with a coupling constant, commonly denoted by J. In a ferromagnetic material, e.g. a fridge magnet,
this coupling will ensure that the spins point along the same direction. In
an anti-ferromagnet, on the other hand, the spins will align opposite to
each other. In a simpliﬁed picture1 the magnetic properties of materials
can be classiﬁed by only two parameters: the spin- and the spatial dimensionality of the system. The spatial dimensionality of the system is given
by its extension in space. A single row of atoms is 1-dimensional, a single
sheet of atoms is 2-dimensional, and a block of atoms is 3-dimensional.
The dimensionality of the spins can be classiﬁed in a similar way. A spin,
restricted to point along only one axis, having two possible conﬁgurations, is referred to as an Ising spin. A spin free to rotate within a plane
is referred to as an XY spin. Finally, a spin which can rotate freely in all
three dimensions is referred to as an XYZ-, or a Heisenberg spin.
One can deﬁne an overall property called
the magnetization, m, which is related to how
many of the atomic moments that are aligned
J
with respect to each other, see Fig. 1.2. The
order is dependent on the temperature, since
excitations will scale with the available thermal energy kB T , where kB is the Boltzmann
constant. These excitations create deviations Figure 1.1. Two atomic
from the perfect ordering observed at 0 K, see spins interacting with couFig. 1.2. To explain how the spin dimensional- pling parameter J. In
ity aﬀects the magnetization, a comparison can a ferromagnetic material,
the interaction causes the
be made between a 2-dimensional Ising system
spins to align.
and a 2-dimensional XY system. The crystal
structure is identical between the two situations, only the spin dimensionality is changed. Spins in the Ising system
are constrained to two possible directions. A reduction in magnetization
is thus dependent on a complete spin reversal of 180 degrees, which has
1

See e.g. ref. [1] for a comprehensive discussion about universality and normalization.
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an energy cost of 2 J per bond. In contrast, spins in the XY system
can take any direction within a plane. Rotating a spin an inﬁnitesimal
amount takes inﬁnitesimal amounts of energy. The slope of the magnetization curve close to 0 K is thus zero (dm/dT=0) for the Ising system
whereas the slope will be less than zero (dm/dT<0) for an XY system,
see the illustration in Fig. 1.2. The decrease in magnetization can be
described by the equation m ∝ (1 − T /TC )β close to the critical point
with the condition that T ≤ TC . TC is the critical temperature for the
system, above which the thermal energy creates enough excitations so
that the overall spin direction becomes fully disordered and net magnetization is lost. For ferromagnetic materials, this critical temperature is
called the Curie temperature. The exponent β is determined by the spinand spatial dimensionality of the system. Reversibly, it is thus possible
to determine the spin dimensionality from measuring the temperature
dependence of the magnetization. Using the same example as above, for
a spatial dimensionality of 2 and Ising spins, β = 1/8[1]. For a spatial
dimensionality of 2 and a XY spins, β ≈ 0.23[2, 3] (in ﬁnite systems).
T=0

Magnetization

=0.23
=1/8

T>Tc

Temperature

Tc

Figure 1.2. Magnetization as a function of temperature. At T = 0, all spins
are perfectly ordered, as soon as T >0 excitations are possible, approaching TC
the excitations grow. At T > TC the spin orientations are disordered and the
net magnetization is lost. Close to the critical temperature, TC , the decrease
in magnetization follows the equation m ∝ (1 − T /TC )β

Conceptually atoms can be seen as building blocks forming matter.
This concept translates through the length scales. DNA is an interesting
example, where just 4 speciﬁc building-blocks, the nucleotides, encode
the information required to create life as we know it. Stackable plastic
pieces oﬀered by, among others, a Danish company, is another. This thesis
explores the concept of using building-blocks typically covering an area
of ∼ 0.05 μm2 with ∼ 106 atoms. We shape these building-blocks such
14

that they mimic some of the magnetic properties of the atoms themselves
and we call these elements mesoscopic spins, or mesospins. With these
mesospins we construct patterns with various interaction regimes and try
to answer some fundamental questions regarding their characteristics.
In fairness, the results will have little direct impact on society or applications in the near future. But, to quote Louis Pasteur: “...there does
not exist a category of science to which one can give the name applied
science. There are sciences and the application of science, bound together
as the fruit of the tree which bears it”.2
We do not know what the future holds, but let us learn as much as
possible today to prepare as best as we can for tomorrow.

2

La Revue scientiﬁque de la France et de l’étranger : revue des cours scientiﬁques,
Pourquoi la France n’a pas trouvé d’hommes supérieurs au montent du péril (1871).
The quote is slightly better in French: “Non, mille fois non, il n’existe pas une
catégorie de sciences auxquelles on puisse donner le nom de sciences appliquées. Il y
a la science et les applications de la science, liées entre elles comme le fruit à l’arbre
qui l’a porté”.
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2. Mesoscopic spins

In order to create a mesoscopic spin, there are some conditions that need
to be fulﬁlled. In a simpliﬁed picture1 , the magnetic ground state of
a nanometer-sized magnetic object is given by the competition between
the exchange energy, Eex , and the demagnetizing energy, Ed . When
considering the state of a magnetic element under an applied ﬁeld the
Zeeman energy, EZ , is also needed.
The Hamiltonian for the exchange interaction, in its simplest form, can
be written as:
1 
Si · Sj
(2.1)
H =− J
2 ij
where J is the coupling constant, which we assume is J for nearest neighbors and zero otherwise. Assuming that the angle between the spins is
small and making a continuum approximation, i.e. ignoring the discrete
nature of the lattice, the magnetization of the element is deﬁned as M(r).
The magnetization is thus a vector quantity dependent on the location r
existing everywhere in the element. From this it is relatively straightforward to show that the exchange energy of a magnetic volume, V, is given
by:

E=A

V

[(∇mx )2 + (∇my )2 + (∇mz )2 ]dV

(2.2)

where A = JS 2 z/a is the exchange stiﬀness parameter and mx,y,z is the
reduced magnetic moment m = M/Mr in respective direction [1]. Ms is
the saturation magnetization, a is the nearest neighbor distance, and z is
the number of atoms in the unit cell of the lattice. The exchange energy
thus arises from a non-uniform magnetization distribution. The term is
zero if all spins are perfectly aligned.
The reason for the ground state for every magnetic entity not being
a perfectly collinear spin state is the demagnetizing energy, which takes
the form:

1
(2.3)
Ed = − μ0 M · Hd dV
2
V
where Hd is the demagnetizing ﬁeld. Ed can be minimized by breaking
up the sample into magnetic domains, see Fig. 2.1. But that comes at
the cost of the exchange energy, as described above, since the spins do not
1

Neglecting among other things the magnetocrystalline anisotropy, for a comprehensive discussion about micro-magnetism see e.g. ref. [4] or ref. [5].
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align collinear along the domain boundaries. For a uniformly magnetized
magnetic element, with a fully collinear structure, the demagnetizing ﬁeld
can be deﬁned as:
(2.4)
Hd = −Nd M
where Nd is the demagnetizing factor which depends on the shape of the
element. This feature is sometimes referred to as the shape anisotropy.
For a sphere, which is rotationally symmetric in three dimensions, Nx =
Ny = Nz = 1/3 and Hd = −M/3. For an elongated element, as shown
in Fig. 2.1, which is thin, Nx = Ny  Nz . The demagnetizing factor for
such elements, or more precisely for ellipsoidal elements, can be calculated
using a methodology brought forward by Osborn[6].
Without dwelling too much on the details, (see ref. [6] for a derivation of the
results presented here) consider a magnetic element with a length l, a width w
and height h, which have the following
relation: l ≥ w ≥ h. Setting l =450 nm,
w =150 nm, and h = 2 nm, which satisfy the stated relation, the demagnetizing factors are Nl =0.0024, Nw =0.0125,
and Nh =0.9852. Since Nh is an order Figure 2.1. Schematic illustraof magnitude larger then Nl and Nw the tion of three diﬀerent domain
demagnetizing ﬁeld strongly drives the structures with decreasing stray
spins to lie in the plane of the element. ﬁeld from left to right.
With Nl < Nw it is energetically favorable for the spins to align along the long axis of the elements. Following
up on the discussion about spin dimensionalities in the previous chapter.
A mesospin can only have a spin dimensionality which is equal, or lower,
than the spin dimensionality of the material. A XY material cannot support a mesoscopic Heisenberg spin since the magnetization is restricted
to a plane.
The last term mentioned above, the Zeeman energy, is the energy of a
magnetic element in an applied ﬁeld, HA , and is given by:
EZ = −μ0



V

M · HA dV

(2.5)

Under large enough applied ﬁelds it is thus possible to obtain a collinear
magnetization within any magnetic element.
Consider now Fig. 2.2 from the work of Imre et al.[7]. The ﬁgure is an
atomic force microscopy micrograph, AFM2 , depicting the topography of
the magnetic elements. From left to right the aspect ratio of the elements
2

AFM is a technique which can be used to obtain topographical information about a
sample down to sub-nm resolution, see ref.[8].
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changes from 7.5, a needle like element, to a circle, aspect ratio 1. The
magnetic domain structure is revealed by a magnetic force microscopy,
MFM3 , micrograph, see Fig. 2.2b. The MFM is sensitive to stray ﬁelds

Figure 2.2. A, AFM micrograph of patterned elements with decreasing aspect
ratio going from left to right. B, MFM micrograph revealing the magnetic
structure of the elements in A. The elements to the left have a binary magnetic
state, where the direction of the magnetization points either up or down, as
revealed by the color coding which shows the location of the magnetic poles.
As the aspect ratio decreases, the magnetic structure goes from this Ising-like
state to a two-domain state and ﬁnally a vortex state to the right. From ref.[7].
Reprinted with permission from AAAS.

originating from the sample surface and image the north and south pole
of the needle like element to the left. The internal structure is collinear,
with most of the moments pointing along the long axis of the element.
Compare e.g. with the magnetic state of the rectangle to the left in Fig.
2.1. The energy cost for creating a domain wall is larger than the energy
cost for creating the stray ﬁeld in this element. It is thus energetically
favorable for the spins to point along the long axis of the element. As
such, the mesospin itself only has two possible directions. This feature
is strikingly similar to the atomistic Ising spin. As the aspect ratio decreases, the elements stay in this Ising like state until at a critical aspect
ratio4 where a two-domain state is formed with domain walls separating
the domains (starting from element six counting from the left). Upon
decreasing the aspect ratio further, down to 1, the thin circular magnetic
element, henceforth known as a disc, is in the magnetic vortex state. A
magnetic vortex state is characterized by an in-plane rotation around the
vortex core which points out of plane. Both the sense of rotation, the
circularity c= ±1, and the direction of the central moments, the polarity
p= ±1, are two-fold, thus the vortex state has 4 diﬀerent (generally) degenerate states. The transition in aspect ratio in Fig. 2.2 thus cover the
two extreme points in planar elements. The needle like element stays in
3

MFM is a spin oﬀ technique to AFM with the capability to image magnetic domains,
see e.g. ref.[9] and ref.[5]
4
This critical aspect ratio is material dependent, thickness dependent, and temperature dependent, in the presented case the elements consists of a polycrystalline NiFe
alloy.
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a collinear, Ising-like state, due to its shape anisotropy and the relative
low cost of creating a stray ﬁeld. However, the disc is in the vortex state,
which carries virtually no stray ﬁeld, in order to minimize its total energy. In addition to the vortex state, a disc of a magnetic material has a
critical relation between its height and its diameter, where, under certain
conditions the disc has a collinear magnetic structure[10]. In this regime,
the disc can act as an XY-like mesospin[11].
In this thesis, elongated elements and discs are used. The elongated
elements act as Ising-like mesospins (Ising mesospins), whereas the disc
either is in a XY-like mesospin (XY mesospin) state or in the vortex state
depending on its diameter. In the next sections, thermal reversals in these
elements are discussed.

2.1 Thermal ﬂuctuations
At T>0 thermal excitations are possible. However not all mesospins
support thermal reversals due to intrinsic properties of the constituting
material and/or their size[12]. In this thesis, δ-doped Pd(Fe)[13, 14] is
used as a material in order to facilitate thermal reversals. δ-doped Pd(Fe)
is a tri-layer system of Pd-Fe-Pd where the Pd base usually extends some
40 nm and the Pd top layer extends 2 nm. The Curie temperature is dependent on the Fe layer thickness and scales roughly as 200K/MLF e [13],
where MLF e is the number of mono-layers of Fe. For a discussion regarding the patterning of the elements used in this thesis see the PhD thesis
of Henry Stopfel[15].
The reversal energy barrier, Er , for the Ising mesospins, i.e. the energy
cost for reversing the magnetization between the two possible states, neglecting island interactions in e.g. a lattice, can be approximated by[16]:
1
Er (T ) = μ0 [M (T )]2 V ΔN
2

(2.6)

where ΔN is the diﬀerence between the in-plane demagnetizing factors,
μ0 is the vacuum permeability, and M is the total magnetization of the
sample. In the thermally active region, the mesospins are referred to as
being in the superparamagnetic state[17]. Since the mesospins used in this
thesis all have sizes of 450×150 nm2 or very similar, we use the previously
obtained values for the demagnetizing factors such that ΔN = |0.0125 −
0.0024| = 0.0101, with the caveat that the islands here are stadium shaped
and not ellipsoidal. The temperature dependence of M can be obtained
from e.g. magneto-optical Kerr measurements (see Appendix 8.1).
19

The reversal rate of the islands can be obtained by the Néel-Brown
law[18, 19]:
τ = τ0 e

Er (T )
kB T

(2.7)

where τ0 is the inverse attempt frequency which generally is considered to be ∼ 10−10 s[17]. This equation was brought forward for single, collinear particles, with uniaxial anisotropy, i.e. a particle having
two preferential magnetization directions, similar to the Ising mesospins.
At temperatures at or above TC , τ = τ0 , since M = 0. When kB T
Er (T ) the system is blocked. Note that Er (T ) is temperature dependent, increasing T thus both increases kB T while simultaneously decreasing Er (T ), see eq. 2.6. The interesting temperature range is when
kB T ≈ Er (T ), then τ ≈ τob , where τob is the observation time which deﬁnes
whether we can observe a magnetization reversal within the measurement
window. A shorter measurement time gives access to faster dynamics; if
enough transitions occur during a measurement the spin will reside equal
amounts of time in each state averaging out to zero. From this we deﬁne
the blocking temperature, TB , to be:
TB =

Er
kB ln( ττob0 )

(2.8)

When applying this approach and comparing it with experimental data
on reversal rates for individual islands[15], it fails to reproduce a quantitative agreement. The calculated and experimental blocking temperature,
diﬀer by a factor of ∼ 2 (depending on island dimensions). Even so, it
manages to reproduce the qualitative dependence of island size, where
TB increases with increasing length of the island maintaining all other
dimensions the same[15]. It is clear that the magnetization reversal process is more complicated than the simpliﬁed process described here. Not
only are the islands not ellipsoidal, the assumption that they are fully
collinear is not correct either, since the spins in the island will diverge
at the edges. Furthermore, any excitations in the island are neglected
and the path taken during the transition is not explored, a rigid spin
transition is assumed in the model.
Analogous to the atomic spins, the reversal energy barrier is diﬀerent
for the Ising mesospin compared to the XY mesospins. While the Ising
mesospin has an energy barrier, as described above, which increases with
increasing length of the mesospin, the activation energy (since XY spins
have more directions than two it makes more sense to refer to an activation
instead of a complete reversal) for the XY mesospin, is not, at ﬁrst,
aﬀected by the disc diameter. Over a span of diameter size, Er will remain
20

zero, since the energy cost for an inﬁnitesimal rotation is inﬁnitesimal5 .
At a critical diameter, the magnetic state of the disc will change to the
magnetic vortex state in order to reduce the cost of the demagnetizing
energy. It is ﬁrst in this state that the activation energy is non-zero.

2.2 Mesoscopic Ising chain
Possibly the simplest model which can be tested using the Ising mesospins
is the 1-d Ising model, see Fig. 2.3. In its simplest form, the 1-dimensional
Ising model consists of an inﬁnite chain of binary spins with nearest neighbor interactions.
a

b

Figure 2.3. Schematic representation of a 1-dimensional Ising chain with antiferromagnetic ordering, a, and ferromagnetic ordering, b. Note that the interaction parameters J has the same sign for both chains.

The Hamiltonian
for this system under zero applied ﬁeld can be writ
ten as H = −J <i,j> si · sj , where J is the interaction strength between
two neighboring spins and < ij > indicates that only nearest neighbor
interactions are taken into account[20]. The minus sign is optional and
only deﬁnes the choice of sign for the interaction parameter J. This model
was analytically solved already in the early 1920’s by Ernst Ising[21] who
discovered that a chain of spins with binary states do not have a phase
transition at ﬁnite temperatures.6 Even though the 1-d Ising model does
not have a phase transition, it still has short range order at ﬁnite tem1
where K is
peratures, with a correlation length given by ξ = ln(coth(K))
J/kB T and kB is the Boltzmann constant. Athermal mesoscopic studies
of the 1 dimensional Ising model are of course possible and interesting
in their own right[23], but in order to study the thermal dynamics of
the model the mesospins need to support thermal ﬂuctuations such that
Er ≤ kB T , in an accessible temperature range.
The magnetization curve, measured using the magneto-optical Kerr
eﬀect MOKE, of a δ-doped Pd(Fe) thin ﬁlm with a nominal thickness
5

Much like the atomic XY spin. Of course, this is assuming a perfect patterning
without any impurities which could act as pinning points for the magnetization.
However, to a ﬁrst approximation, the argument holds true.
6
This actually misled Ising to believe that the Ising model in higher dimensions does
not have a phase transition either, which is wrong, as Onsager later showed when
providing the analytical solution for the 2-dimensional case[22].
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of 1.4 MLFe , and a TC of approximately 270 K, is shown in Fig. 2.47 .
As mentioned earlier, in a region close to TC , the magnetization can be
described by m ∝ (1 − T /TC )β . When measured using MOKE 1.4 ML of
Fe can be described by a β=0.367[13].
1.0
1.4 ML Fe
(1-T/TC) 0.367

0.6
0.4
0.2

Energy barrier [arb.u.]

M r /M(0)

0.8

Angle [rad]

0.0
0.0

0.2

0.4

0.6

0.8

1.0

T/T c
Figure 2.4. Magnetization as a function of temperature for a δ-doped Pd(Fe)
thin ﬁlm with a nominal thickness of 1.4 MLt extF e. The magnetization can
be described by a β=0.367[13]. Below TC the material is ferromagnetic and a
moment is building up in each island. At high temperatures, m is low and the
reversal energy barrier, Eb , is consequently low, dashed line in the inset. As
the temperature is decreased, kB T decreases, while Eb increases, solid line in
the inset.

In order to obtain an experimental realization of a mesoscopic Ising
chain, mesoscopic islands with length, l=470 nm, and width, w=170 nm,
were patterned from the continuous δ-doped Pd(Fe) thin ﬁlm, see Fig.
2.5. The lattice parameter α, the center-to-center distance between two
islands, is 520 nm, the shortest distance between the edges of the islands
is 50 nm. Each chain contains N=80 islands. Ten chains where patterned in parallel with an inter-chain distance of 2μm, long enough to
diminish any inter-chain interactions. As the sample is cooled down, the
δ-doped Pd(Fe) thin ﬁlm goes through its phase transition, going from a
paramagnetic state to a ferromagnetic state. A photo-emission electron
microscopy image utilizing the x-ray circular dichroism technique8 , or in
7

MOKE optically measures the magnetic response of a system with respect to the
applied ﬁeld, see Appendix 8.1 for details.
8
With this technique magnetic domains can be imaged. The domains show as either
white, black, or gray areas depending on their orientation with respect to the xray beam. In Fig. 2.5c a white domain has a magnetization direction to the right,
vice-versa for a black. See Appendix 8.3 for further information.
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Figure 2.5. a Schematic of an Ising chain with island dimensions, l=470 nm,
w=170 nm, and inter-island distance or gap, g=50 nm. b PEEM-XMCD micrograph of the array at T>150 K. At this temperature there is still a signiﬁcant
moment within each island, see Fig. 2.4. However, the reversal rate is much
faster than the measurement time (which is ∼ 5 min) and the magnetic contrast is averaged out. c PEEM-XMCD micrograph of the array at T=38 K.
At this temperature, well below TB , there is a clear magnetic contrast within
each island. White domains point to the right whereas black domains point
to the left, as such it is possible to determine the direction of each individual
spin. Arrow indicates the X-ray direction.

short a PEEM-XMCD image, at ∼ 150 K, or ∼ 0.55TC is shown in Fig.
2.5b. Even though the material is ferromagnetic at this temperature, TB
of the array, with respect to τob , has not been reached and no magnetic
contrast is observed. As T is decreased further, M increases and with it
the reversal energy barrier between the two available states, see inset in
Fig. 2.4. At 38 K, Fig. 2.5c, each island has a clear magnetic contrast,
given by white or black elongated shapes. At this temperature the system
is frozen, with an average spin reversal time many times larger than the
time-scale of the experiment. Since the color of each mesospin can be
matched to its magnetization direction, the full spin state of the array
can be analyzed. With this information it is straightforward to extract
the correlation length, ξ, of the system since it is given by the relation:
−i

G(i) = e ξ , where i denotes the i:th nearest neighbor. The spin correlation up to the 10th nearest neighbor for a frozen spin state acquired at
38 K is shown in Fig. 2.6 together with the exact solution for the Ising
23

model with a correlation length ξ=3.5 as given by a ﬁt to the experimental
data(ξ = 3.5 ± 0.1).
Frozen state at 38 K
1-d ising model

1

Correlation

0.8
0.6
0.4
0.2
0
0

2

4

6

8

10

i:th nearest neighbor

Figure 2.6. Correlation between spins up to the 10th nearest neighbor, for a
frozen spin state acquired at 38 K, circles, and the exact result from the 1-d
Ising model with ξ=3.5 as acquired from a ﬁt of the experimental data.

The results show that the near century old Ising model is applicable
even to the Ising mesospins. In coming chapters Ising mesospins like these
are used to thermally explore the energetic manifolds of other artiﬁcial
systems with more complicated interaction regimes.
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2.3 Magnetic vortices and collinear magnetic discs
Thin circular magnetic elements, or discs, can have several distinctly different meta-stable states, as mentioned in the beginning of this chapter.
Whether the disc is in a vortex state or in a collinear state depends not
only on the material and the size of the disc, but can also be controlled
by the application of a magnetic ﬁeld. The energy barrier between the
diﬀerent states is also altered by thermal ﬂuctuations.
A typical vortex magnetization curve is shown in Fig. 2.7. The inset is
1.0
 0H

Hn
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0.5
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M/Ms
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Hn
0

0H [mT]
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Figure 2.7. Magnetization curve at room temperature for the Fe20 Pd80 sample.
Inset shows an AFM micrograph of the sample, with major symmetry directions
[10] and [11] marked. The discs have a diameter of 450 nm, a lattice parameter
α=513 nm and inter-disk distances of 63 nm and 212.5 nm in the [10] and [11]
directions, respectively.

an AFM micrograph of the sample with the two major symmetry directions of the array shown with arrows. At zero applied ﬁeld, Fig. 2.7 (a),
the discs are in the vortex state and have no net magnetic moment, consequently, M=0. This is independent of whether μ0 H=0 is approached
from positive or negative values. The measurement takes roughly 4 million discs into account, approximately the same number as the number
of atoms in each disc.
A PEEM-XMCD micrograph, see Fig. 2.8(a)9 of the array under zero
applied ﬁeld conﬁrms that all discs are in the vortex state. The schematic
on top helps identifying the vortex circularity, whereas the polarity is
inaccessible in this measurement and approximate position of the vortex
core, not distinguishing between the two states, is marked by a black
dot. As a ﬁeld, μ0 H, is applied, the vortex core is shifted perpendicularly
with respect to the direction of the applied ﬁeld. The direction of the
9

This set of PEEM-XMCD measurement uses a false red-blue color coding of the
magnetic domains, the diﬀerent colors still represent domains pointing in opposite
directions.
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 0H
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Figure 2.8. PEEM-XMCD images, (a)-(c), depicting the vortex to collinear
transition, compare with ﬁeld values in Fig. 2.7

movement is dependent on the vortex circularity. Just before annihilation,
the vortex core is located close to the disc edge, Fig. 2.8(b). At this ﬁeld,
dM/dH is approaching a maxima, see Fig. 2.7(b). At high enough ﬁelds
the vortex core is pushed out of the disc, the vortex is annihilated, and
the discs have a collinear magnetic structure, Fig. 2.7c. Upon lowering
the ﬁeld a vortex is nucleated in each disc again, but now at a lower
magnetic ﬁeld, see Fig. 2.7, as such there is a hysteresis associated with
the vortex-collinear-vortex transition. We deﬁne the annihilation ﬁeld
Han and nucleation ﬁeld Hn to be Hn(an) = (|H↑n(an) − H↓n(an) |)/2 as deﬁned
in Fig. 2.7d. Ideally, a vortex to collinear transition is inﬁnitely sharp.
The slightly smeared out transition, which is observed in Fig. 2.7, is due
to a variation of annihilation and nucleation ﬁelds in the discs measured.
Previous investigations on individual disks of permalloy, Py (Ni80 Fe20 ),
have shown an eventual decrease in both the nucleation and annihilation
ﬁelds with temperature[24], whereas vortices in an array of curved Py
caps have shown an increase in the nucleation ﬁelds but an decrease in
the annihilation ﬁelds[25].

2.4 Lossless switching of magnetic vortices
The temperature dependence of the magnetization of a Fe13.5 Pd86.5 sample is shown in Fig. 2.10. As the temperature is increased, the intrinsic
magnetic moment of the material decreases, altering the energies for the
diﬀerent magnetic states. The hysteresis curve at 222 K diﬀers greatly
from the one at 50 K, see Fig. 2.10b. At 50 K a typical magnetization
curve of a magnetic vortex system is observed, with a signiﬁcant hysteresis between nucleation and annihilation. At 222 K the situation is widely
diﬀerent. At this temperature, there is no observable hysteresis and the
annihilation and nucleation ﬁeld collapses on to the same value.
The temperature dependence of the annihilation and nucleation ﬁelds
reveals that upon increasing the temperature, the annihilation ﬁeld decreases, while the nucleation ﬁeld increases. In other words, the increase
in temperature destabilizes the vortex, making the energy diﬀerence be26
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Figure 2.9. (a) Magnetization curve for the Fe13 Pd87 sample, solid line is a ﬁt
according to a modiﬁed Bloch law behavior M (T ) = M (0)(1 − (T /Tc )a ). (b)
Magnetization curves for two diﬀerent temperatures, 50 K and 250 K, showing
the collapse of the hysteresis.

tween the collinear state and the vortex state ever smaller. The temperature, Te , at the onset of a hysteresis free transition is Te =212 K, as
revealed by the phase diagram in Fig. 2.10. Below Te the vortex state
and the collinear state are separated by a region wherein the state of the
discs depends on the direction of the ﬁeld cycling. Above Te there is no
middle region. In essence, this means that the energy cost for a vortexcollinear transition, Δεv→c , or vice versa is smaller than the available
thermal energy, kB T . This is schematically shown in Fig. 2.11.
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Figure 2.10. Phase diagram of the magnetic state of the discs, for the Fe13 Pd87
sample, in applied ﬁeld and temperature showing the temperature dependence
of Han and Hn as a function of applied ﬁeld μ0 H. Solid lines are ﬁts according
to equation 2.9.

In the absence of a full theoretical picture of the inter-disk coupling
and its temperature dependence, we take a phenomenological approach
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Figure 2.11. Schematic hysteresis loop above Te depicting the changing energy
landscape with applied ﬁeld. At (2), Δεv→c and Δεc→v are of equal magnitude
and, importantly, smaller than kB T .

to describe the magnetization dependence, and thus implicitly the temperature dependence, of Han and Hn .
Han(n) ∝ aMs (T )b

(2.9)

The resulting ﬁt for the Fe13.5 Pd86.5 sample are shown in Fig. 2.10,
obtained values from the ﬁtting for both the Fe13.5 Pd86.5 sample, and the
Fe20 Pd80 sample is shown in table 2.1. The increased Fe content does
not change the interrelation for Han between the [10] and [11] directions.
The inter-disk coupling is more clearly seen in Hn . Here, the increased
Ms in the Fe rich sample enhances the diﬀerence between the [10] and
[11] direction. The larger inﬂuence of the inter-disc coupling in nucleation
can be understood considering it occurs at lower applied ﬁelds. As such
the relative ﬁeld strength from neighboring discs compared to the applied
ﬁeld is larger than in annihilation.

Fe13.5 Pd86.5
Fe20 Pd80

[10]
[11]
[10]
[11]

Han
1.06±0.02
0.99±0.06
0.74±0.02
0.76±0.02

Hn
-0.97 ±0.07
-0.74±0.11
-0.80 ±0.14
-0.30±0.06

Table 2.1. Values of the exponent b in Eq. 2.9 for both samples. From Paper
II.

28

3. From Ising to ice with Ising spins

In 2006, Wang et al.[12] presented an artiﬁcial realization of the square
spin ice geometry[26], square artiﬁcial spin ice.1 This triggered a wealth
of studies into e.g. the magnetic order [12, 28, 29, 30, 31, 32], collective
low-energy dynamics[33, 34], emergent magnetic properties[35, 36, 37, 31]
and phase transitions[38, 39, 40] in artiﬁcial spin ice systems. Studies on macroscopic systems, with mm sized elements, have also been
performed[41, 42]. To further understand the appeal for creating such
a system, let us note some of the features of water ice and their magnetic
analog, the spin ice pyrochlores, from where artiﬁcial spin ice has derived
its name.
Already back in 1935, Pauling discussed the residual entropy in a number of molecules, among them water ice in the Ih phase, which seemed
to possess a zero-point residual entropy[43]. Pauling’s argument for the
calculation of the residual entropy takes its base from the location of
the hydrogen nuclei, or protons, with respect to the oxygen atoms in the
crystal structure, see Fig. 3.1a. Each proton is positioned along a oxygenoxygen bond, speciﬁcally, it will be closer to one of the two oxygen atoms.
In this structure, each oxygen atom is surrounded by 4 protons, where
two will be further away and two will be closer to it. This arrangement,
two away - two close, or two in - two out (with respect to the oxygen atom
in the center of the tetrahedron), is referred to as the ice-rule. The number of ice-rule obeying states scales with the number of water molecules,
N, as (3/2)N , as such this ground state manifold has a high degree of
degeneracy associated to it.
There is an analogy to be made with a class of magnetic oxides referred
to as spin-ice pyrochlores with two examples being Ho2 T i2 O7[44] and
Dy2 T i2 O7[45]. Instead of protons obeying the ice rule, the atomic spins
in the spin-ice pyrochlores obey it, see Fig. 3.1b. At the corner of each
tetrahedron sits an Ising like spin which can point either in or out of
the tetrahedron, furthermore the spins have an eﬀective ferromagnetic
interaction. Due to the ferromagnetic interaction, the spins try to arrange
head-to-tail. However, it is not possible to locally arrange the spins in
a tetrahedron such that all spins satisfy this condition resulting in the
lowest energy conﬁguration being the ice-rule obeying states, see Fig.
1

It should be noted that Tanaka et al.[27] already in 2005 published their work on a
Kagome lattice.
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a
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Figure 3.1. a Structure of the Ih phase of water ice[43]. The protons follow
a two-in two-out rule where each oxygen atom has 2 protons closer to it and
two further away. b Spin orientation of a single tetrahedron in a spin-ice
pyrochlore material, also obeying the two-in two-out ice-rule, albeit with spins
and not atoms. One of the 2-dimensional projections of the spin structure in
the spin ice pyrochlores, the shadow in the ﬁgure, results in what is known as
the square spin ice structure[26].

3.1b. This gives the spin-ice materials a highly degenerate ground state
with similar physics to water ice.
In the spin ice pyrochlores, individual spins have so far not been possible to image. In other words, the exact spin state cannot be identiﬁed,
only its overall characteristics. Wang’s approach[12] was to take one of
the projections of the spin-ice pyrochlores onto a ﬂat surface and create
an artiﬁcial system from that resulting spin arrangement, see the shadow
in Fig. 3.1b.2 Such a mesoscopic crystal thus has ice rule obeying states
akin to the spin-ice pyrochlores with the advantage that it can be imaged
in real space.
In square artiﬁcial spin ice, SASI, see Fig. 3.2, each vertex is thus fourlegged with 24 vertex conﬁgurations. From the 16 vertex conﬁgurations,
six are ice-rule obeying. But as with any 3-dimensional mapping onto a
2-dimensional surface, information about the original structure is lost. In
the case of SASI, the mapping results in an energy split in the ice-rule
obeying vertices where EI <EII . This results in the loss of the highly
degenerate ground state as found in the spin ice pyrochlores. Instead, the
ground state of SASI is two-fold, consisting of a tiling with alternating
TI,a and TI,b vertices separated only by a global spin ﬂip[29]. As such,
2

Of course there are other projections one can make, the other famous example is the
Kagome lattice where each vertex is three-fold. This actually makes the interaction
between the mesospins in the vertex isotropic resolving some of the issues encountered
in SASI. See e.g. the PhD thesis of Qi[46] or Chioar[47] for a comprehensive discussion
about this type of lattice.
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Figure 3.2. The four energetically diﬀerent vertex types in SASI, note the
diﬀerent degeneracies, qI =2, qII =4, qIII =8, and qIV =2. TII and TIII carries a
residual ﬂux as indicated by the blue and yellow arrows. TIII and TIV vertices
have an eﬀective charge associated to them due to the diﬀerence in the number
of spins pointing in and out of the vertex. The triangles deﬁne up and down
charges.

frustration does not by necessity imply a large degeneracy, something
SASI is a perfect example of. SASI is a frustrated system on the vertex
level, since not all mesospins simultaneously can be arranged ferromagnetically in the vertex, yet it has a well-deﬁned ground state.
The reason for the energy split between EI and EII is simple: interaction between islands is mediated via their stray ﬁeld in a magneto-static
framework, and the distances between the islands in a vertex are not all
equal. Given stadium shaped islands, as used in this thesis, where the
rounded end of an island is a half circle with radius r = w, where w is the
width of an island, the distance between parallel islands is d = α−l. Here
α is the lattice parameter and l the island
√ length. The distance between
α−l+2w(1−
2)
√
. This has the eﬀect that J1 ,
perpendicular islands is d⊥ =
2
the coupling strength between perpendicular islands, is larger than J2 ,
the the coupling strength between parallel islands. Micro-magnetic simulations, Fig. 3.3, give us the stray ﬁeld picture of the four energetically
diﬀerent vertex types. Here it becomes clear that the coupling between
perpendicular islands is promoted.

3.1 Global response to external stimuli
As explained in Chapter 2, the Ising mesospins support thermal excitations and are therefore suitable for exploring the energetics of the SASI
manifold. Given the nature of the superparamagnetic state, there is
a temperature window where the spins are ﬂuctuating in a meaningful
timescale, i.e. which is experimentally realizable and measurable. One
way to probe this temperature window, or dynamic range, of an array
is by using a super quantum interference device magnetometer, SQUID.
The SQUID is able to measure the overall magnetization of a magnetic
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Figure 3.3. a-d Stray ﬁeld from TI -TIV vertices in SASI. The white contour
represents the stray ﬁeld strength in [mT]. Yellow arrows indicate the general
magnetization direction of the islands. The coupling between perpendicular
islands is clearly favored, compare e.g. the stray ﬁeld for ⊥ and  islands in the
TII vertex where all spins are ferromagnetically aligned. From micro-magnetic
simulations (see Appendix 8.2).

sample in absolute terms.3 For this technique, the state of individual
spins is not visible, nevertheless it is possible to conjecture some aspects
about the state of the array.
In Paper III a SQUID is used to measure two SASI arrays, one with
lattice parameter α=420 nm, and one with α=380 nm, shown in Fig. 3.4a.
In order to get a substantial magnetic signal, the arrays cover a 2×2 mm2
area. The measurement protocol is depicted in 3.4b. The sample is ﬁeldcooled with an applied ﬁeld μ0 H=Ha to a speciﬁc temperature, Tm . At
the time tm , the ﬁeld is turned oﬀ and the measurement starts at t0 . The
ﬁeld-cooled process ensures that all mesospins are polarized in the [110]
direction, such that all vertices are in the TII conﬁguration, see 3.4c. As
time evolves from t0 to t1 , the magnetization of the sample will evolve
from M0 to M1 , where M0 > M1 . At temperatures where kB T < Eb , the
inverse reversal frequency for the mesospins is larger than the timescale of
the experiment and any changes in M will be due to relaxation of atomic
magnetic moments to decrease the energy of individual islands and not
due to magnetization reversals. However, as soon as kB T approaches
Eb and the inverse reversal frequency is smaller than the measurement
time, mesospins will reverse between t0 and t1 . Any mesospin reversal
in a fully polarized, or dressed, TII state creates two TIII vertices. Any
subsequent reversal in a vertex adjacent to the two TIII vertices will move
the TIII vertex creating a TI vertex in between the TIII ’s. The process
will continue stochastically, with the general driving force of reducing
the overall magnetization of the array. Finally, at a time te , the overall
magnetization will be zero. This does not indicate that all vertices, by
necessity, are in the TI conﬁguration, but that on average there will be
3

Beside the phenomenal acronym, a SQUID is also a phenomenal device for probing
the magnetization of a sample, how it depends on temperature, how it changes over
time and how it is altered by an applied magnetic ﬁeld. For a thorough description
of the custom built SQUID used for the measurements here see ref.[48].
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equally many mesospins pointing in the four possible directions. The
mesospins will continue to reverse but the SQUID cannot extract any
more information about this process.
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Figure 3.4. a AFM micrograph of the α=380 nm array with length, l=330 nm,
and width, w=150 nm. b Measurement protocol for the SQUID relaxation
measurements. c Evolution of vertex states from the polarized state at t0 to
t1 . In a polarized TII state any spin ﬂip will create two TIII vertices, a higher
energy vertex state. As soon as a spin is reversed in a TII vertex next to a TIII
vertex the TIII moves one vertex step and a TI vertex is created between the
two TIII vertices, lowering the overall energy of the array. Adapted from Paper
III.

Measuring relaxation curves for diﬀerent temperatures gives an insight
into the dynamic range the system has. The temperature and time dependence of the magnetization for the two arrays is shown in Fig. 3.5. The
magnetization is normalized to the magnetization at T=130 K for each
array, indicating the change of magnetization from this temperature. A
given magnetization value of the arrays is not unique in the sense that it
can be achieved via multiple routes through time and temperature. Since
the contour lines show constant magnetization and are all separated by
the same magnetization step, a higher density of lines indicates a higher
relaxation rate. The black + marks the maximum relaxation rates at t=3
s and t=300 s for each array. That they occur at higher temperatures for
the α=380 nm array reﬂects its higher inter-island interaction strengths.
To summarize, the lattice spacing, and consequently the interaction
strength, which also is aﬀected by the Fe content, thus deﬁne the tem33

perature window where thermal reversals of the mesospins are possible.
A larger interaction strength leads to higher blocking temperature.
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Figure 3.5. Colormaps of the magnetization as a function of time and temperature for the α=420 nm array, a, and the α=380 nm array, b. The relaxation
rate is given by taking a vertical cut along a speciﬁc measurement time. The
gray lines show cuts along t=3 s and t=300 s where the black + marks the
highest density of contour lines, which reﬂects the maximum relaxation rate
for the respective measurement time. From Paper III.
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3.2 Seeing (again) is believing
While a SQUID is highly suitable for measuring the global response of
an ASI system, it cannot reveal the micro-structure of the array. Using
PEEM-XMCD, the individual state of each island can be identiﬁed, see
Fig. 3.6. Herein lies the strength of the artiﬁcial systems, since the state
of each mesospin can be acquired, every property deriving from those can
be measured.

h

Figure 3.6. PEEM-XMCD micrograph of a SASI array. The island dimensions
are: length l=470 nm and width w=160, lattice parameter α=600 nm. The Fe
layer thickness in the δ-doped Pd(Fe) ﬁlm is 2.2 ML. The trained eye immediately identiﬁes a quite large domain of ground state ordering in the mid-upper
left.

Using a self-written dedicated Matlab code, PEEM-XMCD micro-graphs,
like the one in Fig. 3.6, are evaluated, identifying each mesospin. The
full list of arrays examined are listed in Table 3.1. The l/w ratio is nearly
identical between the diﬀerent island sizes and the α/l ratio is identical between the two sets. All arrays were patterned on the same sample,
ensuring identical heating/cooling protocols for the arrays. The data presented is from frozen-in spin states obtained by cooling the sample from
room temperature to 40 K, with a cooling rate of approximately 8 K/min.
The Fe mono-layer thickness of the sample was 2.2 ML.
300×100
α
420
460
540

nm2
α/l
1.4
1.53
1.8

470×160 nm2
α
α/l
600
1.28
660
1.4
720
1.53
850
1.8

Table 3.1. List of the SASI arrays examined.

The simplest analysis of these systems is a vertex count, which simply
provides the counts for each discrete energy state of the vertices, see Fig.
35

3.7. As expected, the stronger coupled arrays, smaller α, have a higher
TI vertex count, i.e. a larger degree of ground state ordering. As α
is increased the population for all vertices approach 25 %, dashed gray
line, which is the expected degeneracy corrected count for a completely
uncoupled system, or a system at inﬁnite temperatures. Judging from the
populations and comparing arrays with the same α/l ratio, it is clear that
the smaller islands do not reach the same level of ground state ordering.
A point dipole approximation of the energetics of the SASI lattice yields
the same relative energy values for the vertices, no matter the island size
or lattice parameter, see Appendix 8.6. Micro-magnetic simulations show
that the diﬀerence in the relative energy values are smaller than 0.5 %
between the small and large island arrays due to the similarities in the
α/l ratio and the l/w ratio. However, in absolute values the point dipole
approximation gives higher values for the coupling constants J1 and J2
for the large islands (approximately 62% larger). Back calculating J1 and
J2 from the TI and TII energies from micro-magnetic simulations gives a
similar result. Smaller J’s lead to lower ground state ordering, explaining
the diﬀerences between the two sets of arrays.
Another aspect worth pointing out is that since the smaller islands have
a lower energy barrier, Eb , than the large islands, their dynamic window
is at lower temperatures. It is thus necessary to keep a steady cooling
through both systems dynamic window to achieve frozen states reﬂecting
the same thermalization process. As shown in the previous section, less
coupled systems have their dynamic window shifted to higher temperature
as well, making it even more important with a steady cooling rate for a
large temperature span.
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Figure 3.7. Normalized and degeneracy corrected vertex populations, P, for the
470×160 nm2 arrays, a, and the 300×100 nm2 arrays, b. Comparing the arrays
with the same α/l ratio, it is noticeable that the arrays with smaller islands
are in a more excited state. The dashed line represents the vertex population
for an array with fully uncorrelated islands, or islands with zero interaction,
and is the expected population at inﬁnite temperatures.
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If inter-vertex correlations can be neglected, the probability of a given
vertex is:
qi e−Ei βef f
(3.1)
Pi =
Z
where Z is the partition function and Ei is the energy for vertex type i. In
this canonical ensemble approach Tef f = 1/kB βef f and vertex correlations
are neglected. Equation 3.1 yields:
βef f (Ei − Ej ) = ln(

q i Pj
)
q j Pi

(3.2)

Following ref. [49] and using i=III in equation 3.2, the experimental
data can be plotted together with the predicted vertex populations, see
Fig. 3.8. Dashed lines are the predictions based on energies from the
point dipole model with energies normalized such that EI =0 and EIII =1,
see Appendix 8.6 and ref. [49].
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Figure 3.8. Vertex populations, Pi , as a function of βef f EIII . Filled symbols,
data from small islands, hollow symbols, data from large islands. Dashed lines
are the canonical model with vertex energies provided by the point dipole
approximation. Diamonds are data from ref. [49].

Judging from Fig. 3.8 the simple canonical model captures the overall
behavior of the arrays very well, and of course the data from ref.[49], diamond markers in Fig. 3.8. However, it is worthwhile to note the following
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concerning the data presented in this thesis. It is not surprising that the
model works best for lower values of βef f . Due to the nature of the
point dipole approximation, where the moment of each island is treated
as having a discrete location, lower values of βef f , i.e. larger lattice spacings, are where the model has the lowest error, see e.g. ref[49, 50]. This
is also in line with what is observed for smaller lattice spacings, higher
βef f where the deviation from the model increases. The exact opposite is
true, however, for the data from ref. [49]. Counter intuitively, considering the features of the point dipole approximation, the model is better at
predicting higher βef f , smaller lattice spacings, than lower βef f , higher
lattice spacings. Calculating the vertex energies using micro-magnetic
simulations (see Appendix 8.2) reveals how far oﬀ the point dipole approximation is. Comparing the relative energies of the TII vertex between
the two energy models reveals a 12 % higher EII for the point dipole model
for the α=600 nm array. This drops to 7 % for the α=850 nm array, still
a signiﬁcant number. The inset in Fig. 3.8 shows the experimental data
together with the canonical model with energies from micro-magnetic
simulations for α=600 nm, solid lines, α=850 nm, dashed lines, and the
point dipole model, dotted lines. Here, naturally, the agreement is better
for the energies with smallest lattice spacing.
The data presented in ref. [49] is obtained from as-grown samples.
That is, it is neither demagnetized nor has the sample material undergone its phase transition from a paramagnet to a ferromagnet. Instead,
the thermal relaxation occurs during growth. Comparing the data-sets,
it seems like a SASI system where the material of the islands undergoes
its phase transition during the thermalization process better represents a
truly thermally equilibrated system. Furthermore, one would also expect
a higher deviation from the model at higher βef f , where correlations are
expected to be important. To elucidate on this point, the approximation
in equation 3.1 that the energies of a vertex can be described only by
the islands in a vertex, not taking into account more distant neighbors,
hinges on the assumption that the surrounding medium consists of uncorrelated dipoles. This assumption is reasonable at low βef f , given the
weak correlations[50]. At higher βef f , this assumption becomes less and
less true. The data-set is too limited and too weakly coupled, giving low
βef f values even for the smallest lattice spacing, and cannot shed any
further light on this last point, since even at the smallest lattice spacing
the arrays are weakly coupled and correlations die out fast.
Again, in accordance with ref.[49] the obtained vertex population is
plotted as the ratio of ln(4PI /2PII ) to ln(8P I/2PIII ). The experimental
vertex energy ratio EII /EIII can be obtained from the slope. A linear ﬁt
results in 0.60±0.03, compared to the point dipole approximation value
of 0.692, the micro-magnetic simulation value of α=600 nm of 0.618, and
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the value from ref. [49] 0.62±0.02. The experimental result lies closer to
the micro-magnetic simulations.

ln(4n I /2n II )

1.5

1

0.5

0

0

0.5

1

470-160 nm

2

islands

300-100 nm
linear fit

2

islands

1.5

2

2.5

ln(8n I /2n III )

Figure 3.9. Ratio of vertex populations. The vertex energy ratio EII /EIII is
the slope of the linear ﬁt of the data under the assumption that the relative
vertex energies do not change with lattice parameter and/or island size.

Vertex counts still do not return any spatial information of the array,
which is accessible considering every individual spin can be observed.
One way of investigating the speciﬁc arrangement of the mesospins or
the vertices is to probe the correlations between them. Given that the
aforementioned model does not take any correlations into account while
still being able to reproduce the vertex counts, further analysis might
seem wasteful. However, if one is interested in discovering if and how
the correlations in more coupled arrays do aﬀect the vertex count in the
model described above, or if there are subtle points regarding the microstructure of the arrays, it is still worth pursuing.
Another method, not tied to pre-identiﬁed correlations, and therefore
suited for disordered or glassy systems, is the conditional entropy[51].
There are several ways to interpret entropy in a general way. Here entropy
is discussed from a viewpoint of the uncertainty, or the ignorance4 , of the
system at hand. It is not a thermodynamic entropy. Fig. 3.10 shows
the conditional entropy of all arrays, with two diﬀerent conditions, as a
function of the eﬀective temperature. Two diﬀerent conditions are used,
one with a condition of two islands, including a total of four islands, and
4

The choice of this word is more or less stylistic, however, uncertainty can give connotations to Heisenberg’s uncertainty principle, which is the reason for the use of the
word ignorance. That the word uncertainty is used for the uncertainty principle is
unfortunate. There is absolutely nothing uncertain about it. Instead the German
word unbestimmtheitsrelation for the principle is very appealing, especially if you are
Swedish and understand it without translation.
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one with a condition of ﬁve islands, including a total of seven islands.
The former is referred to as s4 and the latter s7 . The application of
conditional entropy to artiﬁcial spin ice is described in more detail in
Appendix 8.4. As the eﬀective temperature is increased, larger areas of
ground state ordering form. A larger ground state ordering decreases the
uncertainty of the system, i.e. the likelihood that a TI vertex is followed
by another TI vertex increases and the entropy decreases. In the present
case of SASI, the entropy will continuously drop as a higher and higher
ground state ordering is achieved, until eventually the system is fully in
its ground state and the entropy reaches zero. In the coming chapter the
predictive power of the conditional entropy is highlighted when applied
to a modiﬁed SASI system.
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Figure 3.10. Conditional entropy per spin vs. βef f EIII . Circles, data from
the small island arrays, squares, data from large island arrays. A completely
disordered SASI system would have s=1, whereas a SASI system in the ground
state would have s=0. As βef f EIII increases the entropy decreases due to the
increase in ground-state formations.
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4. Mixing mesospin dimensionalities

Möller and Moessner[52] proposed, already in 2006, how the diﬀerent
coupling strengths between nearest and next-nearest neighbors in SASI
could be modiﬁed by creating a sample where all mesospins pointing in
one particular direction in the lattice are shifted in height. In this theoretical work, they predicted a critical h/α ratio, where h is the height and
α is, as usual, the lattice parameter, yielding J1 = J2 . Experimentally,
such a system has been non-trivial to achieve, mainly because of the,
presumably, needed double step lithography and complications thereof.
Nonetheless, Perrin et al..[37] managed to create such a sample with 30
nm thick Py islands using an Au base to create the height displacement.
The thickness of the Py islands meant that the sample was athermal and
a demagnetizing protocol was used to generate a low energy manifold. A
square lattice where EI =EII creates a system where all the ice-rule obeying vertices are degenerate. Such a system creates a mesoscopic analog to
the square ice model[26], which has a massively degenerate ground state.
They could furthermore show, with a thorough analysis, that the magnetic state of their system is indicative of a Coulomb phase[53] with power
law decaying spin-spin correlations. The term Coulomb phase refers to a
speciﬁc phase which exists in a number of physical systems and requires a
few conditions to be met. In the case of square ice, they can be expressed
as follows: the sum of the incoming spins, S, at each vertex must be zero;
and the system must be in a highly disordered phase, to be speciﬁc, it
cannot have long range order. Another word to describe this criteria is
that the system is liquid-like since it has no long range order but strong
local correlations.1
In Paper IV, the eﬀect of mixed spin dimensionalities in a lattice is
explored, and how this enables the creation of a thermally active SASI
system possessing a Coulomb phase.

1

These are actually generic statements for a Coulomb phase, but the vector ﬁeld
doesn’t have to be given directly by the spin lattice as is the case with the square ice
model, it can also be emergent.
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4.1 Mind the gap - The importance of the weak
The idea of mixing spin dimensionality is appealing since it creates an
energy hierarchy between the elements in the lattice. In paper IV, the
individual structures from the previously presented results are brought
together to realize this idea, see Fig. 4.1. Here a thin circular magnetic
element, a disc, is placed in the middle of each vertex, which acts as an
interaction modiﬁer. This change, which albeit lithographically not without challenge, is very feasible. Moreover, the structure is still ﬂat in the
sense that all islands remain in the same plane. This lattice is called the
modiﬁed SASI lattice, or mSASI for short. The introduction of the disc
thus creates a master-slave system, where the higher activation energy
elements, the islands, control the magnetic state of the low activation
energy discs.
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TI, EI, z=2
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TIII, EIII, z=8
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Figure 4.1. Schematic of the SASI lattice, a, together with the mSASI lattice, b. The crystal structure for the square lattice is deﬁned in a with real
space vectors, a1 and a2 , and the base marked in red. The island dimensions
are length l=450 nm and width w=150 nm. The vertex types are deﬁned as
previously. In isolation, the disc acts as an XY spin[54], in the vertex it is accommodating itself to the stray ﬁelds from neighboring islands. In TII and TIII
it thus has a well-deﬁned direction. In TI and TIV the disk has 4 degenerate
possible directions. The addition of the interaction modiﬁer, the disc, changes
the absolute and relative energies of the vertices. From Paper IV.
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D

α=660
nm

α=720
nm

α=800
nm

0 nm
120 nm
130 nm
150 nm
180 nm

0 nm
130 nm
150 nm
180 nm
200 nm

0 nm
130 nm
150 nm
180 nm
200 nm

Table 4.1. List of the mSASI arrays examined.

As Fig. 4.1c alludes to, this means that, within the collinear approximation, the discs will have a well-deﬁned magnetic direction in TII and
TIII vertices.2 In TI and TIV vertices, the disc has four degenerate directions along the islands of the vertex (see Appendix 8.2).
In total, 15 diﬀerent arrays of the mSASI lattice have been investigated,
as listed in table 4.1. As with the previous experiments, PEEM-XMCD
was used to determine the spin conﬁguration of each array. The measurements were performed at 120 K, well below the blocking temperature
of the islands. As D is increased the TI population decreases while the
TII population increases, see Fig. 4.2. At D=150 nm for the 660 nm
array, Fig. 4.2a, the degeneracy corrected count between the two types
are nearly identical. As D is increased further to D=180 nm, the populations are inverted in comparison to D=0, suggesting a transition in
vertex energies from EI <EII to EII <EI . The trend is similar for all three
diﬀerent lattice parameters. The 720 nm array and the 800 nm array,
Fig. 4.2b,c, have more defects in the form of TIII and TIV vertices, as is
to be expected due to their weaker coupling. Vertex maps, showing the
spatial location of the vertices, in the α=660 nm for D=0 nm, D=150
nm, and D=180 nm, are shown in Fig. 4.2d-f respectively.
Micro-magnetic simulations oﬀer a qualitative agreement with the experimental picture (see Fig. 8.2 in Appendix 8.2), where there is a
crossover at a critical disk diameter DC for EI =EII . Furthermore, it
also captures the behavior of an increasing DC with increasing α. It
is not surprising that a quantitative agreement is not found since the
micro-magnetic simulations are 0 K calculations not taking into account
any thermal excitations. However, it is interesting to note that the point
dipole approximation breaks down when applied to this system (see Appendix 8.6 for a full calculation). For the material parameters, it yields
2

The transition from a collinear magnetic structure in the disk to a multi-domain
structure, or even a vortex structure is not known. However, PEEM-XMCD measurements on 265 nm in diameter discs in a square array clearly show their single
domain, collinear state, see Appendix 8.7.
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Figure 4.2. Normalized and degeneracy corrected vertex populations as a function of disc diameter, D, for a α=660 nm, b α=720 nm, c α=800 nm. Vertex
maps for α=660 nm D=0 nm, d, α=660 nm D=150 nm, e, and α=660 nm
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a critical diameter of Dc =130 nm, which is close to the experimental
crossover for the experimental data for α=660 nm. However, it shows no
dependence on the lattice parameter, which clearly is unphysical and in
stark contrast with the experimental data.
In the same way as with the SASI lattices, the conditional entropy
approach can be applied, making it possible to trace out how the interaction modiﬁers aﬀect the upper bounds of the conditional entropy, which
gives us meaningful information about the order, see Fig. 4.3. As the
diameter is increased there is an increase in entropy up to D=150 nm. At
D=180 nm the entropy decreases, even below that of D=0 (see Appendix
8.4 for data set sizes). This hints at some kind of order transition with
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Figure 4.3. Conditional entropy, presented as bits for the α = 660 nm array.
The noticeable increase up to D=150 nm and the sudden drop at D=180 nm
suggests some kind of ordering transitioning. The data sets sizes are listed in
Appendix 8.7.

increasing disc diameter. However, this analysis is still quite limited. In
order to further probe the order in the arrays, a reciprocal space analysis
tool is used, the magnetic spin structure factor, SSF, which visualize the
spin-spin correlations in reciprocal space[37, 36]. In this technique, the
intensity for every position, q = (qx , qy ), in reciprocal space is given by:

⊥
⊥
I(q) = N1 N
(i,j=1) Si · Sj exp(iq · (ri − rj )) (see Appendix 8.5 for details).
To take an example, the SSF for the ground state of SASI is shown in Fig.
4.4a, which shows well deﬁned Bragg peaks. The location of the Bragg
peaks stem from the periodicity of the ground state ordering, which is
composed of alternating TI,a and TI,b vertices. This ordering creates a
magnetic repetition length twice that of the underlying spin lattice and
the Bragg peaks thus occur at q = [± 12 , ± 12 ]. The extension of the Bragg
peaks in reciprocal space is related to the average domain size of the TI
domains, or in this case, the extension of the lattice (which in the present
case is 840 spins).
In order to compare this SSF with an experimental map, the experimental data from the α=600 nm array presented in the previous chapter
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Figure 4.4. a SSF from constructed pure SASI ground state, the underlying
spin matrix consists of 840 spins. b SSF from the experimental data of the
α=600 nm array presented in Chapter 3. c SSF from a constructed spin state
with 840 spins and the same vertex statistics as the experimental data used
to calculate the SSF in b but with each vertex type positioned in rectangular
homogeneous blocks.

is used, since it has the largest observed ground state ordering, see Fig.
4.4b. The reciprocal lattice vectors, as given by the real space lattice vectors in Fig. 4.1, a portion of the reciprocal lattice, and the ﬁrst Brillouin
zone are also shown in the ﬁgure. Bragg peaks at the same positions
as in Fig. 4.4a are observed. However, they are much more diﬀuse and
have a larger extension in reciprocal space due to the limited TI domain
size and the existence of vertices other than TI . To illustrate the spatial
sensitivity of the magnetic spin structure factor, a SSF for a constructed
spin state with the same vertex statistics as the α=600 nm array is shown
in Fig. 4.4c. The diﬀerence is in the vertex distribution, vertices of the
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same type are placed in homogeneous rectangular blocks3 covering the
full width of the lattice. Peaks exist at the same position as in Fig. 4.4ab, however, they have a peculiar shape. Furthermore, there are several
other peaks not observable in the two other ﬁgures. Clearly Fig. 4.4c does
not resemble Fig. 4.4b even though they have the same vertex statistics.

4.2 From order to degeneracy
The evolution of the SSF with increasing disc diameter is presented in
Fig. 4.5. Since the array with D=0 nm is dominated by TI vertices, it
has Bragg peaks at the expected locations. As D is increased, the Bragg
peaks become increasingly diﬀuse before completely vanishing at D=150
nm. At this diameter, the SSF is, while still being diﬀuse, clearly structured, resembling the characteristic intensity distribution for a square-ice
model spin liquid, associated to a Coulomb phase with slow decaying
spin correlations [53, 55]. This closely reproduce the ﬁndings of Perrin et
al.[37] for their athermal system. However, the thermal system presented
here is free from the kinetic constraints imposed during a demagnetizing protocol.4 As such, the Bragg peaks observed for D=0, Fig. 4.5a are
highly symmetrical and the SSF of the spin liquid-like state does not have
the same anisotropy as the athermal system.
The Coulomb phase exhibits characteristic intensity features at speciﬁc
reciprocal lattice points, [±1,±1] r.l.u, referred to as pinch points[56]. In
ideal systems, the intensity at a pinch point exhibits a singularity, but
the intensities of the pinch points in Fig. 4.5d exhibit a weak divergence
due to ﬁnite size eﬀects and the amount of excitations in the array (see
Appendix 8.7, Fig. 8.12a.)
In order to probe the thermal dynamics of the liquid-like state, a heating protocol was applied. The array was brought to a temperature T=170
K, where the spin reversal time is in the order of hours. The temperature
was subsequently raised in steps of 10 K, and two measurement points
were taken at each temperature above 170 K. The nominal acquisition
time was kept the same for all measurements with the shortest acquisition time being 470 s and the longest 483 s. The starting time t for all
measurements relative to t0 were 1047 s, 1531 s, 2371 s,2864 s, 3753 s,
and 4242 s. Upon heating the array, spins will start to reverse, changing
the overall magnetic structure. The average SSF for all time-temperature
steps is shown in Fig. 4.6b. Fig. 4.6c shows the computed SSF averaged
over 1000 random, de-correlated spin conﬁgurations that satisfy the ice
3

This renders the vertex statistics to be correct within 1 percentage unit. The lattice
consists of 840 spins.
4
A demagnetizing process is essentially a single shot energy-minimization approach
where each island only has one opportunity to ﬂip during the ﬁeld ramping.

47

b 3

c
6

6

5

5

4

4

3

3

-1

2

2

-2

1

1

2

q y [r.l.u]

1
0

-3

d 3

a
4

2

4
3

q y [r.l.u]

1

3

0

2
2

-1
1

1

-2
-3
-3

-2

-1

0

q x [r.l.u]

1

2

3

-3

-2

-1

0

1

2

3

q x [r.l.u]

Figure 4.5. Evolution of the magnetic spin structure factor with the increase
in disc diameter for the α=660 nm arrays in the frozen spin state. The color
scale indicates the intensity for every point (qx , qy ). From a through d, the
disc diameter is D=0 nm, D=120 nm, D=130 nm, and D=150 nm. In a the
expected Bragg peaks at [qx , qy ] = [±1, ±1], the M points of the ﬁrst Brillouin
zone, are visible. Their overall symmetric shape is an indication of the very low
stray ﬁelds present during the thermalization process. As D is increased, the
SSF becomes more and more diﬀuse. At D=150 nm it is diﬀuse but yet clearly
structured, resembling the characteristic intensity distribution for a square-ice
model spin liquid, associated to a Coulomb phase[55, 53].

rule, i.e. the expected SSF for a system where EI =EII without any defects
(see Appendix 8.5.1 for details). Comparing the frozen state, Fig. 4.6a,
and the time-temperature average, Fig. 4.6b5 , with Fig. 4.6c, it is clear
that the time-temperature average more closely resembles Fig. 4.6c. This
is because the Fig. 4.6b is averaged over several, but not identical, spin
liquid-like states. During the time-temperature series the system remains
in the spin liquid-like state exploring its manifold.
5

For individual SSF’s for all time-temperature steps see Appendix 8.7
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The rate of transformation in the spin liquid-like state, for a given temperature and time interval, can be directly determined using the EdwardsAnderson order parameter[57]. Fig. 4.7a illustrates the changes in the
Edwards-Anderson order parameter, which is used to determine how far
from the original spin conﬁguration the array has evolved. The autocorrelation is calculated in a way so that any change in the spin system at
t > t0 is tracked cumulatively towards tf inal . Between t=t0 and t=tf inal
close to 20 % of all spins have reversed, while the array still remains in
the spin liquid-like state. The evolution of the system depicts changes in
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Figure 4.6. a SSF from the frozen state of the α=660 nm D=150 nm array.
b Averaged SSF from 7 time-temperature steps. c Averaged SSF from 1000
computed random and de-correlated spin conﬁgurations obeying the ice rule
(see Appendix 8.5.1).

the spin liquid-like manifold, diﬀering signiﬁcantly from other dynamics
studies targeting thermal relaxation processes[33, 58, 59]. Here the mag49

netic structure does not relax, instead the vertex populations and domain
sizes remain constant (see Appendix 8.7 Fig. 8.14).
The autocorrelation does not reveal the net magnetization of the array,
or the path it takes in the mx − my plane. In order to trace this path, the
net moment normalized to the number of measured spins is calculated for
each array and presented in Fig. 4.7b. The path looks akin to a random
walk process, where spins are reversed stochastically. The step size is
limited to the fraction of a single spin ﬂip to N/2, where N is the total
number of islands. However, there seems to be a slight bias for the net
moment to reside in the upper left quadrant, even though the data set
is too small to say anything conclusive.6 . Nonetheless Fig. 4.7b again
conﬁrms that the array does not relax or seems to follow any particular
path, but instead explores the liquid like manifold. In the theoretically
predicted map, Fig. 4.6c, only loop ﬂips are allowed when computing
the spin state in order to ensure that the system obeys the ice-rules (see
Appendix 8.5.1 for details). This results in a quantized motion with larger
step sizes, since only loops wrapping around the periodic boundaries of
the lattice contribute to any change in the magnetization.
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Figure 4.7. a Autocorrelation of the spin states over the 7 time-temperature
steps indicating how far from the original spin state the system has evolved.
b Trace of the normalized magnetization in the mx − my plane for the 7 timetemperature steps. The path resembles a random walk process, which is expected for an unbiased system exploring its manifold.

In order to visually depict the autocorrelation function in terms of
spin reversals, the diﬀerence between the spin states at t0 and t1 , and t5
and t6 , are shown in Fig. 4.8 respectively. As already revealed by the
autocorrelation, the amount of spin reversals at the lower temperatures
6

The net magnetization for the 15 frozen states all reside in the two quadrants to
the left, with negative mx values, with varying positive and negative values of my
suggesting there is a small stray ﬁeld in the microscope during measurements.
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a

b

Figure 4.8. a Mesospin reversals between t0 and t1 . b Mesospin reversals
between t5 and t6 . Each blue and red arrow depicts a mesospin which has
reversed its magnetization between the measurement points. The ﬁnal state
of the mesospin is shown in the ﬁgures. As the temperature is increased, the
mesospin reversal time decreases.

are low. However, between t5 and t6 the diﬀerence is more than 10 %, or
192 spin reversals. Here it becomes clear that the system does not evolve
in the form of loops. Still, out of the 192 reversals, 94 of them occur in
chains, with a mean chain length of 2.7 islands. Approximately 50% of
the reversals thus happen in isolation whereas the other half occurs in
chain. Interestingly, out of the 64 couplings between islands reversing in
chains, 53 of them are ferromagnetically aligned, which is the condition
for spin reversals in the loop algorithm. These head to tail spin reversals
ensure that any ice-rule obeying vertex remains in an ice-rule obeying
vertex after the transition, again supporting the statement that the array
does not relax, but explores the liquid-like manifold. Note that, as the
temperature is increased, the number of unambiguously magnetization
direction assignable mesospins drops from 100 % down to just over 94
% for the last time-temperature step. Only islands identiﬁable in all
time-temperature steps are taken into account in the analysis presented.
With the loop algorithm, it is also possible to examine the expected
conditional entropy limit for the liquid state. The average entropies,
s7 =0.3347 with σ=0.0049 and s4 =0.3403 with σ=0.0048, reveal that the
abundance of charges moves us away from the expected entropy values.7
Ideally the entropy should change from s7 =0, for the ground state in
SASI, to s7 =0.3347±0.0049 for the spin-liquid state. The experimental
data does capture the increase in entropy when going from D=0, s7 =0.84,
to D=150 s7 =0.88.

7

Here σ denotes the standard deviation over the 1000 de-correlated spin states.
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4.3 From degeneracy to emergence
Increasing the disk diameter further to D=180 nm, for the α = 660 nm
array, reverses the energy landscape for TI and TII vertices, see Fig. 4.2.
This transition happens at D=200 nm for the α = 720 nm and α = 800 nm
arrays, due to the decreased coupling between the elements. The diameter
increase of 30 nm has a dramatic eﬀect not only on the populations but
also on the SSF, see Fig. 4.9a. The structured yet diﬀuse form in the
α = 660 nm D=150 nm SSF is gone and replaced with a more line-like
structure. In order to understand this transition in the SSFs, we propose
that an emergent structure starts to form.
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Figure 4.9. a, Experimental SSF from the α = 660 nm D=180 nm array. b,
Computed SSF from spin states c-f where the π/2 rotation of spin state e and f
are included. c-f, TI -tiling, vortex-state, herringbone state and collinear state
from the ﬂux of TII vertices, drawn with blue arrows. g, Line cut along qx =0
for a and b. From Paper IV.
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The increase of TII vertices in the D=180 nm array changes the overall
domain characteristics. The TI domains slowly decrease in size from an
average domain size of 3.2 vertices at D=0 nm, to 1.4 vertices at D=180
nm. The TII domains, on the other hand, abruptly increase in average
domain size as the diameter is increased, from an average domain size of
2.2 vertices at D=0 nm, to 3.6 vertices at D=150 nm and 11.7 vertices at
D=180 nm. Furthermore, there is a noticeable drop in the entropy, see
Fig. 4.3, going below even that of the D=0 nm array, suggesting a more
ordered system8 . In contrast to TI vertices, TII vertices have a stray ﬁeld
associated to them, lending them an additional order parameter.
This stray ﬁeld for TII vertices is shown for the α=660 nm D=180 nm
array in Fig. 4.10 as blue arrows, while yellow arrows are stray ﬁeld from
TIII vertices. In this stray ﬁeld map, or ﬂux array, four characteristic
structures are identiﬁed, created by the TII ﬂux: TI vertices on this new
length scale, vortices, and two types of ferromagnetic domains, herringbone and collinear-domains as illustrated in Fig. 4.9c-f respectively. In
order to try to recreate the SSF in Fig. 4.9a, SSF maps are calculated
from pure spin states according to Fig. 4.9c-f (see Appendix 8.7 Fig.
8.15 for the individual SSF maps). In each case, an array containing 144
islands and 64 vertices, all TII , where used. The extension in space for
Fig. 4.9c,e-f is straight forward. In the case of Fig. 4.9d, the extension to
144 islands results in a structure containing 5 vortices and 4 anti-vortices.
Each of the spin structure factors are scaled in intensity (1/20, 1/2, 1/20,
1/9) in order to match the experimental data illustrated in Fig. 4.9a. It
is important to note that these scaling factors does not directly relate neither to the extend nor the abundance of the diﬀerent states, this since the
scaling does not provide a unique solution. To quantify the resemblance
between Fig. 4.9a and Fig. 4.9b, a line cut along qx =0 is shown in Fig.
4.9g. The solid line is from the simulated maps whereas the experimental
data is binned in series of three, using a moving average, and shown as a
bar diagram, the experimental data is in good agreement with the data
from the computed SSF.
To estimate the energy diﬀerence between the proposed ground state,
which is the TI -tiling, and the other emergent states, we us micro-magnetic
simulations on the spin states whith dimensions as described above. In
this scenario the energy diﬀerence, ΔE, expressed as ΔE/kB , are 9 K,
86 K, and 174 K for the vortex-antivortex state, the herringbone state,
and the collinear state respectively. Of course, this energy diﬀerence is
dependent on the size of the system used to calculate the energy.
Since the scaling does not provide a meaningful way of determining
the abundance of each state, it is more fruitful to analyze the real space
8

Remember that this entropy is the upper bound limit, it might be lower but never
higher.
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Figure 4.10. Flux lattice from the α=660 D=180 array. Each blue arrow
denotes the ﬂux from a TII vertex and each yellow arrow denotes the ﬂux from
a TIII vertex. A TI -tiling state is highlighted by a blue square, a near full
vortex state by a red square. A herringbone state and a collinear state are
highlighted as well. From Paper IV.
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Figure 4.11. a A 12 island cluster with the 16 all-TII conﬁgurations possible.
The degeneracy for each separate spin state is noted by q. b Absolute counts of
the spin states deﬁned in a. c Degeneracy corrected counts of the spin states.

data. The smallest meaningful cluster to analyze contains 12 islands, see
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Fig. 4.11. In absolute counts, there are 27 TI -tiling, 38 herringbone-, and
17 collinear states observed in Fig. 4.10. Looking on the degeneracy of
the states and normalizing against it, as is done with the regular vertex
counts, the TI -tiling has the highest count, followed by the herringbone
state and the collinear state, qualitatively supporting the energy diﬀerence calculated by micro-magnetic simulations.
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5. Conclusions

Lithographic techniques allow for the arbitrary arrangement of patterned
magnetic elements. Mesoscopic spin systems with various interaction
regimes can thus be realized by altering the lateral conﬁguration of the
mesospins.
The research in this thesis explored diﬀerent mesoscopic magnetic elements, how their shape and size, temperature and applied ﬁeld aﬀect their
internal state. The magnetic order in lattices with diﬀerent interaction
schemes and diﬀerent magnetic elements where investigated.
It has been demonstrated that the 1-dimensional Ising model still is
valid for chains of Ising mesospins. In discs with magnetic vortices as the
lowest energy state, it was found that there exists a speciﬁc temperature
range where, under an applied ﬁeld, a lossless switching between the
vortex state and the collinear state occurs.
Comparing SASI with diﬀerent sizes of elongated islands but nearidentical l/w ratios, and identical α/l ratios revealed that smaller islands
are not equally eﬀective when trying to reach the ground state. Their close
proximity is oﬀset by a smaller eﬀective coupling between the islands.
By varying the diameter of the interaction modiﬁer, the XY mesospin,
and hence the gap, the vertex energies were altered. At a certain gap,
between the Ising mesospin and the XY mesospin, the degeneracy of
the square ice model could be restored. Furthermore, it was shown, by
using reciprocal space analysis tools, that this mSASI lattice can exhibit
the characteristic features of a Coulomb spin liquid, with strong shortrange correlations and absent long range order. The degeneracy point
for TI and the TII did not remain constant, with respect to the gap
between the interaction modiﬁer and the Ising mesospins, when changing
the lattice parameter. Both the disc diameter as well as the gap increase,
for the degeneracy point, when increasing the lattice parameter. The
internal structure of the interaction modiﬁer is thus of importance and a
feedback mechanism between the vertex state and the interaction modiﬁer
is apparent.
It was found that the energy landscape of the modiﬁed SASI lattice
can be reversed compared to regular SASI. This creates an abundance
of TII vertices, which in turn, result in an emergent magnetic structure
forming from the ﬂux of the TII vertices.
The results illustrate how the magnetic ordering in artiﬁcial spin ice
systems can be modiﬁed by using elements with diﬀerent spin dimensionality. The synergy between the Ising mesospin and the XY mesospin
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provides a route for designing new types of magnetic metamaterials with
rich magnetic phase diagrams and thermodynamics.
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6. Outlook

As usual in science, the answer to one question triggers multiple new
ones. Some thoughts and ideas regarding possible future work based on
this thesis is presented below.
As shown in Paper IV, the interaction modiﬁer is an excellent way of
controlling the energy landscape of the vertices. The results suggest that
there is another crossover region in vertex energies where EIII <EI while
EII <EIII . In such a lattice, the two vertex types with the lowest energy
both have a residual ﬂux. Furthermore, only a single spin reversal is required to switch between the two, which is a diﬀerent situation from both
regular SASI and the square ice model. The ordering and the dynamics
in such a system would be very interesting to investigate.
The Ising model is valid even for mesospins, as is shown in Paper I.
Could the 2-dimensional XY model be realized in a mesoscopic system
as well? Using the XY mesospins in an extended 2-dimensional lattice
would be one way to investigate this. Since the state of each spin can be
observed vortex-antivortex[60] pairs could be imaged in real space.
Mixing spin dimensionalities is very appealing due to the intrinsic differences between the two types of spins. However, the physical dimensions
of the mesospins, as presented in Paper IV, could be reversed, having
larger discs and smaller elongated islands, see Fig. 6.1. Here the Ising
mesospins would act as pinning centers for the XY mesospins, reducing
their degree of rotational freedom. This could be a way to increase the
coupling between the discs and promote the order discussed above.

Figure 6.1. Mesoscopic spin system where the Ising spins act as interaction
modiﬁers instead of the XY spins.

As a last thought. Would it be possible to use mesospins as components in an eﬀective computing device? If one neglects the problems of
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integrating the mesospins with CMOS etc., there are some interesting
approaches which seem at least not totally impossible. Probabilistic spin
logic[61] would be one interesting route to take. In probabilistic spin logic,
probabilistic bits, p-bits, are used to create probabilistic circuits which
perform the calculations. A p-bit is simply a tunable random number
generator, which is more or less what the Ising mesospins are. The two
diﬀerent states can be translated to 1’s and 0’s and their occupational
preference could easily be biased. A recent paper actually also presented
the idea of a computational device using the Ising-model[62]. Using simulations, the authors could present a hardware system which intrinsic
physics, was described by the generalized Ising model and could encode
the solution to some important NP-hard problems1 as its ground state.
That to me is fascinating. And maybe could something like it, be one of
the futures for artiﬁcial spin ice systems.

1

NP-hard stands for Non-deterministic Polynomial acceptable problems. I.e. it is not
known if there exists an algorithm which can solve the problem in polynomial time.

59

7. Populärvetenskaplig sammanfattning

Byggstenar är ett vanligt förekommande koncept i vårt dagliga liv. Till
exempel ﬁnns det ett välkänt danskt företag som har nått stor framgång
med att sälja små plastbitar som går att sätta ihop för att skapa alla
möjliga konstruktioner. DNA är ett annat exempel där enbart fyra speciﬁka byggstenar, nukleotider, kan kombineras på ett sådant intrikat vis
att dom kan tillhandahålla informationen som behövs för att skapa liv.
Både plastbitarna och nukleotiderna är i sig uppbyggda av ännu mindre
byggstenar, atomer.1 Denna avhandling handlar om mycket små magnetiska byggstenar och de magnetiska strukturer som kan skapas med
dom.
Vi utgår ifrån, utan närmare förklaring, att en atomär spinn kan representeras av en pil där det magnetiska momentet är riktat åt det håll pilen
pekar. Genom att tillverka magnetiska byggstenar av ett ferromagnetiskt
material (såsom järn) med en area som är mindre än en tiotusendel av
tvärsnittsarean av ett hårstrå är det möjligt att skapa magnetiska enheter som i mångt och mycket har liknande egenskaper som atomära
magnetiska spinn. Vi kallar dessa byggstenar mesoskopiska spinn, se
ﬁgur 7.1.
Egenskaperna för de mesoskopiska spinnen styrs av deras form och storlek. En mycket viktig egenskap är den så kallade spinn-dimensionaliteten.
I en cirkulär byggsten har det mesoskopiska spinnet ett magnetiskt moment som kan peka varsomhelst i planet. Denna typ av spinn kallas för
XY spinn. I en avlång byggsten å andra sidan kan det mesoskopiska spinnet enbart peka åt två olika håll, denna typ av spinn kallas för Ising spinn.
Båda dessa typer är illustrerade i ﬁgur 7.1. Det ﬁnns två tydliga fördelar
med dessa mesoskopiska spinn-strukturer jämfört med atomära system.
Den första är att spinn-tillståndet i varje byggsten kan avbildas. Den andra är att det är möjligt att blanda spinn med olika spinn-dimensionalitet
i samma mesoskopiska spinn-system.
Det visar sig att den magnetiska ordningen i kedjor av dessa Ising
mesospinn följer en teoretisk modell som togs fram för nästan 100 år sedan
1

Atomer som en gång i tiden troddes vara den minsta odelbara partikeln som utgjorde
materia. Nu vet vi att atomer i sin tur består av protoner, neutroner, och elektroner
samt att neutronerna och protonerna är uppbyggda av kvarkar. Än så länga så anses
kvarkarna och elektronerna vara så kallade elementarpartiklar. Vilket i princip enbart
betyder att vi är lite osäkra på om dom i sin tur består av ännu mindre enheter eller
ej.
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Ising spinn

XY spinn

200 nm

Figure 7.1. Denna bild, som är tagen med ett svepelektronmikroskop, visar en
speciell typ av nanostruktur som kallas för modiﬁerad artiﬁciell spinn is. Varje
avlång ö är 450×150 nm2 , skalan ﬁnns nere till vänster i bild. De cirkulära
öarna har en diameter på 130 nm. De vita pilarna är ett exempel på en möjlig
spinn-konﬁguration i denna struktur.

som ett tankeexperiment för ferromagnetisk ordning. Detta påvisar hur
pass lika egenskaper de atomära spinnen och de mesoskopiska spinnen
har.
En analys av den magnetiska ordningen i en mesoskopisk spinn-struktur
bestående av både Ising mesospinn och XY mesospinn, såsom man kan
se i ﬁgur 7.1, visar att ordningen påverkas av avstånden de olika spinntyperna. När avståndet minskas ökar växelverkan mellan mesospinnen,
vid ett speciﬁkt avstånd uppvisar systemet en magnetisk ordning som
liknar ordningen i vätskor. Närliggande mesoskopiska spinn är starkt korrelerade, har stor inbördes ordning, medan systemet är oordnat på längre håll. Genom att ändra storleken på de cirkulära byggstenarna, och
därmed minska avståndet mellan de olika mesospinnen, ökar växelverkan
ytterligare och den magnetiska ordningen förändras helt och hållet. Nu
påvisar systemet istället en emergent struktur där ordningen inte längre enbart deﬁnieras utifrån individuella spinn utan av de sammantagna
egenskaperna av ﬂera spinn.
Sammanfattningsvis visar arbetet hur i grunden ganska enkla interaktioner i magnetiska strukturer kan uppvisa väldigt komplexa fenomen
samt ha emergenta egenskaper. DNA, mesoskopiska spinn-strukturer,
helt olika är dom inte ändå.
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8. Appendix

8.1 The magneto-optical Kerr eﬀect
The magneto-optical Kerr eﬀect, MOKE, is a valuable tool for measuring
a magnetic systems response to an applied ﬁeld. It is a simple, yet sensitive technique based on the ﬁndings of Rev. John Kerr in 1877[63]. Below
is a very short summary of the technique, for a thorough description see
e.g. ref. [64] and references therein, for a description of our in-house
system see ref. [14]. There are three fundamental MOKE setups, the
transversal, the polar, and the longitudinal. Here, only the longitudinal
setup is reviewed.
Linearly polarized light impinging on a magnetic material, under an
applied magnetic ﬁeld, will typically have both its polarization changed
and have some degree of ellipticity induced, as schematically shown in
Fig. 8.1. To a ﬁrst approximation this change will be proportional to the
change of the magnetization of the sample. A polarizer is used to linearly polarize the light before reﬂecting on the sample surface, a second
polarizer is placed after the sample with a set angle with respect to the
light. This enables the proportional change of the magnetization of the
sample, due to the applied ﬁeld, to be measured as an intensity change
in the reﬂected light. In a typical experiment the applied ﬁeld is changed
in magnitude and direction symmetrically around zero resulting in a hysteresis loop, as seen in Fig. 2.7. Measuring hysteresis loops as a function
of temperature enables the extraction of the magnetization as a function
of temperature, see Fig. 2.8a.
 0H
Linearly
polarized light

Sample
Elliptically
polarized light

Figure 8.1. Schematic of a longitudinal MOKE setup, note that the incoming
light lies in the same plane as the direction of the applied ﬁeld, μ0 H.
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8.2 Micro-magnetic simulations
There are various softwares available for micro-magnetic simulations. In
this thesis the software MUMAX3[65] is used. MUMAX3 uses a ﬁnitediﬀerence discretization to solve the time- and space dependent magnetization evolution in magnetic structures as deﬁned by the user. It relies on GPU-accelerated calculations which drastically improves its performance over CPU-based techniques. Below the important aspects of
micro-magnetic simulations with regard to this thesis are outlined.
In micro-magnetism the magnetization M(r) is considered a continuous
vector function of spatial coordinates. MUMAX3 uses a ﬁnite diﬀerence
discretization of M(r) when calculating the time evolution of the LandauLifshitz equation:
δM(r, t)
γ
=−
M(r, t) × Hef f (r, t)
δt
1+α
αγ
M(r, t) × (M(r, t) × Hef f (r, t)) (8.1)
−
Ms (1 + α2 )
where γ is the gyromagnetic ratio, α is the damping term, Ms is the
saturation magnetization, and Hef f is the eﬀective ﬁeld term which is
further explained below. From equation 8.1 two important input parameter can be observed, Ms and α. Besides these parameters, the size of the
discretization cell is of fundamental importance for the simulations since
it needs to be small enough such that the atomic exchange interactions
dominate typical magneto-static ﬁelds[66, 67]. In practice thismeans that
cell size needs to be smaller than the exchange length lex = AKex where
d

Kd = μ0 Ms2 /2 is the stray ﬁeld constant, Aex is the exchange stiﬀness, and
Ms is the saturation magnetization, for the simulation to yield reliable
results. In total Ms , α, γ, Aex , and lex need to be deﬁned for any simulation. To complicate matter lex is as shown above dependent on Aex and
Ms . Unfortunately, the value for Aex is not well known for either δ-doped
Pd(Fe) nor FePd alloys. In this thesis an Aex = 6.5 × 10−12 has been used
for the δ-doped Pd(Fe) samples, which is half of the magnitude for Aex
in permalloy, a common FeNi alloy which historically has been used to
benchmark diﬀerent micro-magnetic simulation software. The saturation
magnetization, Ms is estimated to be 663260 A/m[34] for a 1 nm thick
magnetic layer (2 MLF e ). In order to get consistent results when parameterizing simulations lex is calculated for every set of parameters and the
cell size is calculated such that it is 75 % of lex .
When calculating the energies for certain states, i.e. for vertex energies
or ﬂux states, all mesospins are deﬁned in the code and the direction of
each mesospin is set at the start of the simulations. The system is then
relaxed, a process where MUMAX3 tries to ﬁnd the minimum energy of
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the system. The term Hef f consists of multiple terms, among them
magneto-static ﬁeld term and the exchange ﬁeld1 .

8.2.1 Results from Micro-magnetic simulations
The micro-magnetic simulations captures the behavior of an increasing
DC with increasing α, see Fig. 8.2. Comparing the relative energies of
the TI and TII vertices in the point dipole model with the magneto-static
energies from micro-magnetic simulations reveals a weak, compared to
the TII vertex, dependence on the orientation of the disc for TI vertices,
see Fig. 8.3. Micro-magnetic simulations thus captures the behavior of
the system, if not quantitatively, at least qualitatively.
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Figure 8.2. Magneto-static energy for TI and TII vertices as a function of disc
diameter, D, for α=660 nm and α=800 nm. The horizontal lines indicate the
crossover for the energies for the two vertex types drawing straight lines between
the data points, as α is increased DC increases, a behavior not captured by the
point-dipole approximation.

1

there are several other terms including e.g. the magneto crystalline energy term,
which is not included in the simulations presented. For our samples the assumption
is that the magneto crystalline energy term is negligible. For further details regarding
Hef f see ref. [65].
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Figure 8.3. Magneto-static energy for TI and TII vertices with D=180 nm as
a function of the angle φ as calculated using micro-magnetic simulations and
the point-dipole model. The angular dependence of the energies is normalized
to the max-min diﬀerence for the T2 vertices in both cases to highlight the
diﬀerence in magneto-static energy as a function of the direction of the moment
in the disc. The MUMAX3 simulations are all non-relax simulations.
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Figure 8.4. Magneto-static energy for the all-TII states deﬁned in Fig. 4.9.

8.3 PEEM-XMCD
Photo-emission electron microscopy employing x-ray magnetic circular
dichroism, PEEM-XMCD, is a technique used to visualize magnetic domains2 . The ﬁrst imaging of ferromagnetic domains using X-rays were
2

A beam-line scientist once told me that he did not like PEEM (I’m paraphrasing
slightly here): “Not two scientist get the same image when using PEEM-XMCD,
it’s more like art than science, I prefer measuring spectra and get my data in hard
numbers”. While I have to stress that I do not believe that PEEM-XMCD is more art
than science, I have to state that I do believe there is a certain know-how, or feeling,
to operating a PEEM end-station. I guess that’s why I like the technique so much.
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performed in the early 1990’s[68], while the PEEM technique was developed already in the 1930’s[69]. The technique relies on the excitation of
core electrons to unoccupied states in the valence band, see Fig. 8.5a.
Since the magnetic atoms of the materials used in this thesis is Fe, the Fe
L3 edge at ≈ 707.6 eV is probed using synchrotron radiation. The valence
band is split into up and down states for the electrons, right circularly
polarized light, σ+ , mainly excites spin up photoelectrons, vice versa
for left, σ− . The number of secondary electrons is proportional to the
number of transitions and thus give contrast to the magnetic domains.
a
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Left circularly
polarized light

Right circularly
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Figure 8.5. a Schematic illustration of the spin up and spin down channel in
a ferromagnetic material. b, PEEM-XMCD image of the mSASI array, α=660
nm D=180 nm, used in Paper IV. c, PEEM-XMCD image of the square disc
array used in Paper II.

Speciﬁcally, the secondary electron yield is proportional to the direction of the magnetic moment of an element with respect to the incoming
X-ray direction. As such discerning magnetic domains parallel to the incoming beam is straightforward. A sequence of images is taken with σ+
light, A, and σ− light, B. The order of the sequence can be ABABAB...
AABBAABB... or variations thereof. An average of the A and B images are calculated and the ﬁnal XMCD contrast is usually calculated as
I = A−B
A+B . In the end, the magnetic elements simply show as black or
white or something in between. Domains at 45-degree angle to the incoming beam can be separated as either being parallel or anti-parallel to
the incoming beam but cannot be separated with respect to pointing perpendicular up or down to the incoming beam. Domains perpendicular to
the incoming beam shown no magnetic contrast. This is ideal for square
ASI which have Ising spins with a√90 degree separation, the projection
of the moment of each island is 1/ 2 along the beam direction and the
islands show up as either “very dark” or “very white”, see Fig. 8.5b. Vortices, which have a continuous rotation of the internal magnetic moment
around its center, show up as a two domain structure separated by a gray
area, see Fig. 8.5c. There are alternative techniques which in principle
could be used to image the magnetic state of the islands. Magnetic Force
Microscopy, MFM[9, 70], is one. This technique is, however, unsuitable
for the islands presented in this thesis since the magnetic tip of the MFM
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would cause a reversal of the magnetization within the islands due to
their low magnetic moment. Another potential technique is Lorentz force
microscopy[46].

8.4 Conditional Entropy
A conditional entropy approach directly applicable to artiﬁcial spin ice
was presented by Lammert et al. in 2010[51]. Historically entropy measurements have been relying on macroscopic measurements of the speciﬁc
heat where a inﬁnitesimally small amount of heat δQ added to a system
reversibly yields: dS = δQ
T . We have the advantage of being able to observe the current macro-state since we image all islands. With this in
mind we make use of the Shannon-Gibbs-Boltzmann entropy instead:
S(PΛ ) = −



P (σΛ )log2 P (σΛ )

(8.2)

σΛ

where S is summed over all possible values of σλ and is dimensionless since
kB is omitted. Since the islands are bi-directional it is natural to use base
2 for the logarithm. What follows is a brief presentation of the method
developed by Lammert et al.. Note that this not is a thermodynamic
entropy.
a

b

?
?

?
?
Figure 8.6. a Four island cluster for entropy calculations, referred to as S4 , b
seven island cluster for entropy calculations, referred to as S7 .

The total entropy of a spin ice macro-state can be thought of as the
average uncertainty of the given micro-state at hand. Let’s say that you
reveal the state of two islands in a vertex given the state of the other two
islands in the vertex, see Fig. 8.6a. We deﬁne the conditional entropy of
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a state σΛ , gray islands in Fig. 8.6a, given the state of σΓ , black islands
in Fig. 8.6a as:
S(σΛ |σΓ ) = −



P (σΛ , σΓ )log2 P (σΛ |σΓ )

(8.3)

σΛ ,σΓ

here P (σΛ |σΓ ) = P (σΛ , σΓ )/P (σΓ ) is the conditional entropy of the state
σΛ given the state σΓ . Also, S(σΛ , σΓ ) = S(σΛ |σΓ )+S(σΓ ). For each array
every identiﬁable 7 island cluster and its four-fold rotation is recorded as
a data point, see Appendix 8.7 for dataset sizes. A SASI lattice which
is fully ordered in its ground state therefore has S = 0 bits since there is
no uncertainty of the spin orientations, the maximum entropy is S = 1
bits. The entropy estimate is clearly dependent on the choice of condition,
a more detailed condition, see Fig. 8.6b, would always give a lower (or
possibly equal) estimate of the entropy. The conditional entropy estimates
are all upper bound estimates for the entropy of the system, as such the
“true” entropy might be lower but never higher. In essence, it gives a
handle on the spatial correlations in the array without having to preidentify particular correlation classes.

8.5 The spin structure factor
The magnetic SSF is deﬁned analogous with neutron scattering experiments where spin correlations perpendicular to the scattering vector is
measured. We start by deﬁning a perpendicular spin component S⊥ of
spin S:
(8.4)
S⊥ = S − (q̂ · S)q̂
where q̂ is the unit scattering vector:
q̂ =

q
q

For every q = (qx , qy ) the intensity I is given by:
I(q) =

N
1 
S⊥ · S⊥
j exp(iq · (ri − rj ))
N (i,j=1) i

(8.5)

Which we can write as:
1
I(q) =
N

N


⎞
 ⎛N

S⊥ exp(iqri ) · ⎝ S⊥ exp(−iqrj )⎠
i

i=1

j

(8.6)

j=1

Expanding yields:
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1
I(q) =
N

N


S⊥
i cos(q · ri ) + i

i=1

⎛
⎝

N




S⊥
i sin(q · ri )

·

i=1
N


j=1

S⊥
j cos(q · rj ) − i

N


⎞
⎠ (8.7)
S⊥
j sin(q · rj )

j=1

Recognizing
that i and j sum up over the same spins and deﬁning

⊥ cos(q · r ) and B = N S⊥ sin(q · r ) we can simplify the
A= N
S
i
i
i=1 i
i=1 i
equation such that:
I(q) =

1
1
(A + iB) · (A − iB) =
A2 + B2
N
N

(8.8)

The intensity, I, is now a real quantity which is calculated. Normalization can either be done by normalizing against the number of spins, N, or
against N2 . The latter has the advantage that when comparing intensities
at certain (qx ,qy ) values between SSF with diﬀerent sizes of underlying
spin maps the intensities are normalized against the number of correlations and not the number of spins, i.e. the intensity at (qx ,qy ) goes from
being an extensive property to an intensive one.

8.5.1 Loop algorithm on a square lattice
In order to calculate a theoretical spin map for a fully compensated lattice
we start with a spin conﬁguration containing N=800 spins using periodic
boundary conditions polarized diagonally with respect to the major axis
of the square lattice and employ the standard loop algorithm[71, 72, 37].
To fully decorrelate the spin conﬁgurations 4N loops are ﬂipped. For
each loop the ﬁrst spin is chosen at random in the lattice, the next spin is
chosen from one of the six neighbors at random with the condition that
the spins in the loop must align ferromagnetically after the spin ﬂip. As
soon as the loop is closed, the spins contained in the loop are ﬂipped, and
a new loop is started. The loops can either be closed, contained within
the lattice, or open, wrapped around the periodic boundary condition of
the lattice. Only loops wrapping around the lattice change the overall
magnetization in the array. In this way, all vertices will obey the ice
rule and only the ice rule manifold will be explored. The calculated
magnetic spin structure factor map is averaged over 1000 de-correlated
spin conﬁgurations.
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8.6 Point dipole models of SASI and mSASI lattices
Let us start by noting how the vertex energies for TI and TII vertices can
be calculated from the coupling constants J1 and J2 in regular SASI. In
a TI vertex the perpendicular islands align ferromagnetically while the
parallel islands align anti-ferromagnetically, see Fig. 3.2, leading to E1 =4J1 +2J2 . In TII vertices two of the perpendicular islands align ferromagnetically while the other two align anti-ferromagnetically. The parallel
islands align ferromagnetically resulting in E1 =-2J2 (see below for values
of J1 and J2 ). With the same approach, it is possible to obtain the relative energies for all vertex types. By setting EI = 0 and EIII = 1 one can
obtain the relative values of EII and EIV , in the point-dipole approximation these relative energy values will be independent from α and island
dimensions, EI = 0, EII = 0.6916, EIII = 1, EIV = 2.6168
The introduction of the disc introduce another coupling constant Ji,d ,
islands i’s coupling to the disc. This changes the energies of the vertices
as described below.

8.6.1 The point-dipole model for mSASI vertices
For the calculations that follows the following assumptions have been
made.
• Each magnetic element is approximated with a point dipole located
at its center and bearing its entire magnetic moment.
• The total magnetic moment of each magnetic element is calculated
assuming an uniform magnetization throughout the entirety of its volume.
• The islands are modelled as rectangular prisms while, the disc is assumed to be cylindrical.
• When calculating the vertex energies, we assume the disc’s dipole is
always aligned with the local ﬁeld created by the islands, thus minimizing
its energy.
The couplings between the islands and the discs are calculated using
the point dipole-approximation, which can be brought to the following
from:
μ0 μ1 μ2 →
−
−
−
−
−
[(−
e 1· →
e 2 ) − 3(→
e 1· →
e r )(→
e 2· →
e r )]
(8.9)
4πr3
where μ1 and μ2 are the magnetic moments of the interacting dipoles
−
−
separated by the distance r. The →
e unit vectors are deﬁned as: →
e1=
−
→
−
→
−
→
μ1 →
μ2
r 12
−
→
−
, e 2 = |−
, and e r = |−
, the unit vector of the relative position
→
→
→
|−
μ 1|
μ 2|
r 12 |
between the moments.
J=
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Using the above expression, the vertex energies for the four vertex
types can be calculated by summing up all the pairwise couplings. Of
a particular interest is the capability of this model to predict the disc
diameter for which the degeneracy condition, EI = EII , is satisﬁed, as well
as to capture the diﬀerent features observed experimentally regarding the
dependence of this diameter on the lattice parameter.

8.6.2 Type I and Type II vertices
We start by computing the energy of the type I vertex. We ﬁrst focus on
the coupling between the disc and the four islands and assume a general
case in which the disc’s moment points along a direction deﬁned by a
polar angle θ (see Fig. 8.7a). Given the nomenclature presented in this
schematic the expression of each individual island-disc coupling can be
computed as follows:
μ0 μ 1 μ d →
−
−
−
−
−
[(−
e 1· →
e d ) − 3(→
e 1· →
e r )(→
e d· →
e r )]
4π( a2 )3
μ0 μ1 μd
μ 0 μ1 μd
=
8[cos(θ) − 3· 1· cos(θ) =
[−16 cos(θ)]
3
4πα
4πα3
J1,d =

a

(8.10)
(8.11)

b
μ2
μ1

μd

μ2


μ3

μ1

μd

μ4



μ3

μ4

Figure 8.7. a, Schematic of a TI vertex with notations as used in the calculations. b, Schematic of a TII vertex with notations as used in the calculations.

In the same way we calculate J2,d , J3,d , and J4,d which yields:
μ0 μ 2 μ d
[−16 sin(θ)]
4πα3

(8.12)

J3,d =

μ0 μ 3 μ d
[16 cos(θ)]
4πα3

(8.13)

J4,d =

μ0 μ 4 μ d
[16 sin(θ)]
4πα3

(8.14)

J2,d =
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Summing over all these couplings we ﬁnd the energetic contribution of
the disc to the type I vertex energy:

EI,d =

4

i=1

Jid =

μ0 μ i μ d
16[− cos(θ) − sin(θ) + cos(θ) + sin(θ)] = 0 (8.15)
4πα3

This result reveals that, within this point-dipole approximation, the
disc does not contribute to the total energy of a Type I vertex and there
is no preferential direction, deﬁned by the polar angle θ, for the disc
moment. The energy for a Type I vertex thus has the same expression as
for the standard square ice case:
EI = −4J1 + 2J2

(8.16)

where J1 and J2 are the nearest neighbor and next-nearest coupling
strengths respectively (in absolute value). Using the point-dipole ap√
μ0 μ2i
μ0 μ2i
proximation, one ﬁnds that J1 = 4πα
3 · (3 2) and J2 = 4πα3 · (2), where μi
is the moment of an island.
We continue with the Type II vertex, depicted in Fig. 8.7 Using the
results from the previous case and accounting for the diﬀerent orientation of the islands, we arrive at the following expression for the disc’s
energetic contribution:
μ 0 μi μd
32[− cos(θ) + sin(θ)]
(8.17)
4πα3
As expected, the energetic contribution of the disc in this case has
a polar angle dependence, the minimum of which will be given by the
minimum of the function f (θ) = − cos(θ) + sin(θ). Taking its derivative
and putting it equal to zero we ﬁnd that a maximum is obtained for
π
θ = 3π
4 , while the minimum for θ = − 4 . These values are, of course,
dependent on the choice of type II vertex conﬁguration, but, as expected,
the minimum corresponds to the disc dipole pointing along the local ﬁeld
created by the islands, while the maximum to the anti-parallel alignment.
Given our assumption that the disc moment will always take the favorable case, the expression of the minimum energy of the disc is given
by:
√
μ 0 μi μd
π
· 32 2
(8.18)
EII,d (θ = − ) = −
3
4
4πα
For this particular disc moment orientation, all island-disc couplings
are equal and we denote this coupling by:
μ0 μ i μ d √
8 2
(8.19)
J3 =
4πα3
EII,d (θ) =
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The type II vertex energy can thus be written as a sum of pairwise
couplings:
EII = −2J2 − 4J3

(8.20)

8.6.3 Degeneracy condition and the critical disc diameter,
DC
We can now use the expressions found above to determine the critical
disc diameter, DC for which EI = EII . We ﬁrst ﬁnd that:
EI = EII ⇐⇒ −4J1 + 2J2 = −2J2 + 4J3 ⇐⇒ J1 = J2 + J3
(8.21)
By substituting the coupling expression we ﬁnd that:
μ0 μ2i √
μ0 μ2i
μ0 μi μd √
3
2
=
2+
8 2
3
3
4πα
4πα
4πα3
√
μd √
3 2 = 2+ 8 2
μi
√
μd 3 − 2
=
μi
8

(8.22)

We have thus obtained a ratio between the island and the disc moments
for which the degeneracy is recovered. Following the assumptions further,
we can even write DC as a function of the island dimensions. By denoting
h as the height of the magnetic elements, l as the island length, w as the
island width and D as the disc diameter, we calculate the moments to be:
2
μi = M lwh, and μd = M π D4 h. Replacing these in eq.8.22, we ﬁnd that:


√
3− 2
lw
(8.23)
DC =
2π
Using the sizes of the elements; l=450 nm and w=150 nm, this gives
D≈130 nm.
While the current point-dipole approximation model manages to give
a quantitative prediction for the re-establishment of the degeneracy between type I and type II vertices, it fails to describe any dependence on
the lattice parameter α. This is not surprising, since ﬁnite-size eﬀects of a
magnetic element are being washed out by concentrating all the moment
in a single point. However, it is not a physical result.
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8.7 Additional data and data analysis schemes
The PEEM-XMCD images are analyzed using a self-written Matlab code.
The dataset for each array in all measurements contains several images.
Each image is analyzed individually and a matrix is created which contains the position and direction of each mesospin. In the end, the matrices
are merged together, using a script, to create a matrix of all measured
mesospin for each array. The data analysis is performed on these matrices.
The number of vertices, N, for each array are listed in the tables below.
The number of islands measured is ≈ 2×N, the deviation stems from edge
eﬀects where partial vertices are imaged and the occasional missing island/unassignable island. The average error stemming from the analysis
for the SASI lattices are <1%, as judged by the mismatch of vertices in
the merging process and manual controls. The number of unassignable
islands are ≈0.1%. The average error stemming from the analysis for the
mSASI lattices are <.5%, the lower error rate is attributed to slightly
higher quality raw data. The number of unassignable islands are ≈ 0
(2 islands out of nearly 50 000 islands). This due to a higher quality
of patterning. Error bars in population ﬁgures represent one standard
deviation.
α=600
α=660
470×160 nm2
α=720
α=850
α=420
300×100 nm2 α=460
α=540

nm
nm
nm
nm
nm
nm
nm

TI
2141
1510
907
464
1016
807
545

TII
1083
1189
848
592
1109
1018
813

TIII
822
1233
1042
974
1564
1615
1373

TIV
0
13
25
72
66
110
184

S7
15846
15846
10932
8134
14656
13814
11184

Table 8.1. Vertex counts for the SASI experiments together with the number of
data points for the 7 island cluster entropy calculation, S7 , see Appendix 8.4 for
details. The number of data points for the 4 island cluster entropy calculations
is given by the vertex populations.
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α=660 nm

α=720 nm

α=800 nm

D=0 nm
D=120 nm
D=130 nm
D=150 nm
D=180 nm
D=0 nm
D=130 nm
D=150 nm
D=180 nm
D=200 nm
D=0 nm
D=130 nm
D=150 nm
D=180 nm
D=200 nm

TI
529
465
332
269
138
459
445
435
500
171
341
344
313
290
219

TII
417
513
459
475
583
653
642
668
1123
543
437
484
489
530
503

TIII
457
435
449
437
328
817
800
842
1190
506
745
718
694
722
567

TIV
11
7
9
5
0
44
53
24
22
17
70
60
56
56
35

S7
5444
5464
4788
4548
4008
-

Table 8.2. Vertex counts for the mSASI experiments together with the number
of data points for the 7 island cluster entropy calculation, S7 , as described
above.

Figure 8.8. PEEM-XMCD image of magnetic discs with a diameter of 250 nm
in a square array with α=265 nm. The discs have a near collinear magnetic
texture. In the gray areas, the direction of the moment in the discs are perpendicular to the incoming beam and thus not yielding any magnetic contrast.
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a

b

h

Figure 8.9. a PEEM-XMCD image of the α=720 D=0 array. b PEEM-XMCD
image of the α=720 D=180 array. The relatively weak magnetic contrast of
the disc and their small size makes them hard to image. Nevertheless, many
of them are visible. In TII vertices with a residual ﬂux pointing in a direction
parallel to the incoming X-ray beam, e.g. all black or all white islands, should
have a disc with a clear magnetic contrast mimicking that of the islands. This
is observed for many vertices, as marked in the white and black rectangles.
In TII vertices with a residual ﬂux pointing in a direction perpendicular to
the incoming X-ray beam, should have a disc with near no magnetic contrast.
Again, this is observed for several vertices, one is marked with a black square.
TIII should have discs with a magnetic moment along the ferromagnetically
aligned islands. This behavior is also observed, see eg. the vertex in the white
square. However, there are several vertices which do not obey these rules. Due
to the combined resolution limit, it is diﬃcult to say if the reason is that there
are frozen excitations within the discs or if the absence of magnetic contrast
for the discs are due to the resolution problem. Nevertheless, the overall eﬀect
of the disc is clear. It drastically alters the interactions between the islands.

77

=660 nm
TIII

TIV

D=180

D=150

D=130

D=0

TII

=800 nm

D=200

D=180

D=150

D=130

D=120

D=0

TI

=720 nm

Figure 8.10. Vertex maps for all mSASI arrays.
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Figure 8.11. Calculated SSF maps for all mSASI arrays.
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Figure 8.12. a Intensity proﬁle of the α = 660 nm, D=150 nm lattice going
from [3/4, 5/4] to [5/4, 3/4] r.l.u passing through the pinch point at [1,1] r.l.u in
reciprocal space.b Evolution of peak intensity values at the pinch points while
increasing the disc diameter. Peak values are averaged over all four positions
[±1, ±1] r.l.u.. c Evolution of peak intensity values at the pinch point for the
temperature series. Peak values are averaged over all four positions [±1, ±1]
r.l.u..d Population of islands with a uniquely deﬁnable magnetization direction,
PI , for each time-temperature step. An island spending near equal, or equal,
amount of time in each of its two possible directions during the measurement
will show nearly no, or no, magnetic contrast.
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Figure 8.13.
Computed magnetic spin structure factor for the timetemperature series. a corresponds to 170 K t=t0 , b 180K t=1047 s, c 180
K t=1531 s, d 190 K t=2371 s, e 190 K t=2864 s, f 200 K t=3753 s, g 200 K
t=4242 s.

81

a

0.5

0.4

0.3

T

I

P(t,T)

TII
T
T

0.2

III
IV

0.1

0
170 K

1st 180 K

2nd 180 K

1st 190 K

2nd 190 K

1st 200 K

2nd 200 K

1st 200 K

2nd 200 K

Step in time-temp. sequence

b

Average domain size

4

3

2

1

T I domains
T II domains
T III domains

0
170 K

c

1st 180 K

2nd 180 K

1st 190 K

2nd 190 K

Step in time-temp. sequence
1.0

Vertex activity

0.8

0.6

0.4

0.2

0

TI

TII

TIII

TIV

Vertex type
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Figure 8.15. Computed magnetic spin structure factors for the diﬀerent all-TII
states. a, TI -tiling, b, vortex-antivortex, c, herringbone structure, and d is the
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