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Chapter 1

Introduction
“Nothing in life is to be feared, it is only to be understood.”
Marie Curie

Scientiﬁc research often makes progress within a current paradigm of a research
ﬁeld. Studies are designed to verify predictions, or to explore implications and
phenomena, of a given theory. New concepts are invented and old knowledge is
put into a new context. Every now and then, there will be research - a single effort from one researcher/research group, or the sum of recent results from many
diﬀerent research groups - that enforces a paradigm shift. It was results of this
kind that was published in 2007 by Engel et al. [1] when it was experimentally
conﬁrmed that quantum eﬀects in a natural photosynthetic complex persists
for much longer than expected in such a macroscopic system. The paradigm
shift consisted in going from using (semi)classical theories to describe processes
in these complexes, to consider them as systems where quantum theory applies.
Following the results of [1], the magnetoreception of migratory birds as well as
olfaction were added to the list of biological systems that might use quantum
eﬀects to improve their functioning. A new paradigm, where the theoretical
models for some biological systems are founded on quantum mechanical equations of motion, has been formed over the last decade. It has forced us to revise
the rules for when quantum theory applies and has caught the interest not only
of traditional biology and physical chemistry, but within ﬁelds far away such as
quantum information theory and condensed matter physics. As a consequence,
an interdisciplinary research ﬁeld - where the motivation spans from unveiling
fundamental laws of nature to its usefulness in technological applications - has
formed. In this thesis we explore parts of the world of quantum biology from
a quantum information point of view, where diﬀerent quantum eﬀects can be
seen as resources that can be quantiﬁed. We ask research questions of both fundamental interest and more application oriented ones, but the main focus and
attempt is to contribute to future technological applications within artiﬁcial
photosynthesis.

1

1.1

The quantum mechanical description of nature

In the 19th century, there was an era of physics when it was believed that there
were nothing of importance left to be done. The laws and theories found by then
were suﬃcient to describe everything we knew of. In the end of the 19th century
it started to become clear though that the existing theories - now referred to as
classical physics - failed when it comes to describing very small systems such as
atoms and molecules. The classical view of treating waves and particles as two
completely diﬀerent entities was about to collapse. New experiments showed
that light, that was up to then described by Maxwells equations, could behave
as particles [2]. Moreover, the treatment of blackbody radiation as an ensemble
of arbitrary electromagnetic oscillators led to absurd conclusions about the
energy distribution at low temperatures; the so called ultraviolet catastrophe.
It was not until the energies of the oscillators were limited to discrete values
[3] that the theoretical expressions for the energy distribution conformed with
the experimentally determined distribution of black-body radiation.
In 1913, Bohr introduced his atom model where electrons are considered
to form standing waves [4]. This assumption lead to discrete energy levels
in atoms through the imposed boundary condition of a standing wave and
could successfully describe the spectral lines of hydrogen. A new theory that
acknowledges the wave-particle duality of matter as well as the quantization of
diﬀerent physical quantities was starting to form.
In classical physics, the dynamics of a particle is described by equations of
motion taking contributions of translational, vibrational, rotational and electronic motion into account. After the experimental veriﬁcation of the particle
properties of light and the success of Bohr’s atom model to reproduce spectral lines, the possibility that all matter could behave either as a wave or as a
particle was investigated. The work of de Broglie [5] introduced the idea that
all particles have a wavelength that is inversely proportional to the momentum
(and hence, mass) of the particle. Hence, for massive particles, the wave properties are negligible since the wavelength is too small to observe. The general
equation for a wave function, ξ, reads
 2

∂ ξ
∂2ξ
∂2ξ
∂2ξ
2
=
v
+
+
(1.1)
= ∇2 ξ,
∂t2
∂x2
∂y 2
∂z 2
where v is the speed of the wave and x, y and z are the spatial coordinates.
This equation applies to mechanical waves through a medium and for electromagnetic waves (light). Starting from this, Schrödinger began to try to ﬁnd
a corresponding equation describing particle waves. In 1926, he proposed the
famous Schrödinger equation [6, 7]:
∂ψ
= Ĥψ.
(1.2)
∂t
Note the similarity with a classical diﬀusion equation. The solution is given as
a set of wave functions, {ψi }, where each ψi provides a probability distribution
for the spatial location of a particle in the state represented by ψi . The operator
i

2

Ĥ is the Hamilton operator, corresponding to the Hamilton function in classical
mechanics, and reads
2 2
∇ + V (r, t),
(1.3)
2m
for a spinless particle with mass m. The term V (r, t) is the potential energy
2
∇2 represents the kinetic energy of the system, which can
and the term − 2m
Ĥ = −

2

p̂
,
be compared to the classical expression of the kinetic energy of a particle, 2m
where the operator p̂ is deﬁned as p̂ = −i∇. Note that Equation 1.2 is a
postulate; it cannot be derived from classical physics or a more fundamental
theory. Quantum theory is built on a number of such postulates.
Independently from Schrödinger’s work, another formalism describing the
wave properties of matter was developed [8, 9] . The two formalisms were later
shown to be equivalent. In 1927, it was experimentally conﬁrmed that electrons
can behave as waves, showing interference patterns when a beam of electrons
is scattered through a crystal [10].
A quantum system can consist of a single particle, like an electron, or of
many - possibly interacting - particles where the total state of the system
might not be possible to separate into single-particle states. Such features of
quantum mechanics has no classical analogue.
The wave function description of a particle entails the possibility of constructive and destructive interference between diﬀerent wave functions, just as
for light. According to the Born interpretation, the probability density, just
as intensity of light, is equal to the square of the wave function. The Born
interpretation further restricts the possible wave functions for a given system
since it requires that the total probability of ﬁnding a particle in any of its
possible states must equals one.
The formalism of the postulates, especially the Schrödinger equation and
its interpretation, constitutes the foundation of quantum mechanics; the theory
that still is used to describe very small physical entities like atoms and molecules
since it oﬀers a tremendous agreement with experiments. It is, together with
Einsteins theory of relativity, the most experimentally tested theory. An illustration of the diﬀerence between the classical and quantum description of an
atom is shown in Figure 1.1.
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Electron

Nucleus

Figure 1.1: Illustration of the diﬀerence between the classical and quantum description of an atom. The electron cloud represents the probability distribution
of ﬁnding the electron in a certain region of space.
Stationary solutions of the Schrödinger equation are found by setting
∂ψ
= Ĥψ = Eψ,
(1.4)
∂t
where E is a constant. The solution of Equation 1.4 are the eigenstates of the
quantum system and the constants {Ei } are the system’s energy eigenvalues.
Boundary conditions of the quantum system will put constraints on what values
on E are allowed, and as a consequence, there is a quantization of possible
energies of the system. By spectroscopy, the diﬀerences between energy levels
can be determined since photons will only be absorbed or emitted by a system
if their energy - and hence frequency - equals the energy diﬀerence between two
energy levels.
i

1.2

Open quantum systems

The Schrödinger equation describes the time evolution of a closed quantum
system, i.e., a system where nothing else than the particles of interest exists.
Hence there is nothing else, no environment, surrounding the system. Even
though some quantum systems such as atoms and molecules in gas phase can be
modeled with good accuracy as closed quantum systems, any realistic quantum
system will inevitably interact to some extent with an environment. How much,
and in what way, depends on the properties of the environment and the strength
of the interaction between the system and the environment. Normally the
result of this interaction is a destruction of the very sensitive phase relations
in superpositions of diﬀerent states - the quantum coherence - of a quantum
system. In such a case, the system should be modeled as an open quantum
system. A schematic illustration of an open quantum system is shown in Figure
1.2.
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System

Interaction

Environment

Figure 1.2: Schematic illustration of an open quantum system.
The processes of destruction of the phase relations are referred to as decoherence. By decoherence, a quantum mechanical pure state will be reduced to a
mixed state, i.e., a classical mixture of pure states. When there is no coherence
left, the “quantumness” of the system is lost and the system can just as well be
described as a classical statistical distribution of a number of states.
In general, the decohering eﬀects increase with the size (number of degrees
of freedom) of the environment and when considering an environment on a
macroscopic scale - such as a biomolecule - the chances of persistent quantum
coherence are negligible. The founders of quantum mechanics even took it
as a postulate that a quantum state would collapse instantly in contact with
a macroscopic environment and obviously this is true when looking at the
classical world we live in. However, it has lately been recognized that for
some open quantum systems in contact with a macroscopic environment, the
decohering processes are not as devastating as would have been expected.

1.3

Quantum eﬀects in photosynthetic complexes

Photosynthetic complexes - the machinery in nature where sunlight is converted
into chemical energy - are molecular aggregates where a number of pigments
(which are light-absorbing organic molecules) are attached to a protein scaﬀold.
The photon energy is captured as an excitation of one of the pigments and then
transferred through the network of pigments until it reaches a reaction center
where the conversion into chemical energy occurs. An illustration of this process
is shown in Figure 1.3.
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Figure 1.3: Illustration of the excitation energy transfer in a photosynthetic
complex.
Despite the macroscopic scale, the idea of quantum coherent excitation
energy transfer (EET) in photosynthetic complexes was discussed already more
than 70 years ago [11]. However, it was not experimentally conﬁrmed to exist
until the technique of two-dimensional electronic spectroscopy was developed
about 10 years ago to include frequencies in the visible region. This technique
oﬀers a probe of the couplings between energy levels in a molecular system and
how these aﬀects the excited state dynamics of the system.
The discovery of long-lasting (in comparison to the EET process) quantum coherence in photosynthetic complexes has placed these systems into the
category “open quantum systems” instead of being treated as classical (or
semi-classical) systems. Consequently, these photosynthetic complexes are not
only of interest for chemists and chemical physicists, but has also attracted
researchers from the quantum information community who see an opportunity to gain knowledge about how quantum properties can be preserved in a
macroscopic environment. The framework and concepts of the theory of open
quantum systems, originally developed in a diﬀerent context in the quantum
information community, has been introduced to analyze these molecular aggregates from a new perspective. Especially, the idea of quantifying diﬀerent
potential quantum resources in the EET in pigment-protein molecular aggregates has been embraced. A common goal of the diﬀerent communities has
been to relate the known highly eﬃcient EET of photosynthetic complexes to
quantum eﬀects; are there quantum resources that enables more eﬃcient EET
than if the system would operate within the classical regime?

6

From a chemists point of view, the ultimate goal is to uncover the design
principles of photosynthesis in order to develop low-cost and highly eﬃcient
devices in form of artiﬁcial pigment-protein molecular aggregates.

1.4

Quantum resources for eﬃcient excitation energy transfer in pigment-protein molecular
aggregates

There are several parameters that determine the EET dynamics and in particular, the EET eﬃciency, in natural and artiﬁcial pigment-protein molecular
aggregates. The dynamics of a speciﬁc open quantum system is governed by:
• The system’s internal structure (which determines the parameter space
of the system Hamiltonian).
• The processes in the surrounding environment and the system-environment
interaction (which determines the rate of decoherence in the system).
• The state describing the system initially.
The internal structure of a pigment system, which is given by the pigments excitation energies and couplings to each other, will determine whether quantum
eﬀects such as coherence can exist in a closed system. Quantum coherence has
recently been a main focus in the quantum information theory community since
its status has been upgraded from being a prerequisite for known resources such
as quantum entanglement, to actually be considered as a resource in itself.
The eﬀect of the environment in a pigment-protein molecular aggregate is
complex. It can help to protect - or even (re)create - quantum coherence, as
well as it can help to modulate the excitation energies of diﬀerent pigments in
order to get a more eﬃcient EET than would have been possible with a static
conﬁguration. It also has the power to destroy destructive interference in the
system, i.e., breaking pathways that do not lead to the desired target. The
phenomenon when the environment of an open quantum system enhances the
EET eﬃciency, as compared to the closed system, is called environment-assisted
quantum transport.
It has been recognized that the time scale of the processes in the environment in pigment-protein molecular aggregates is similar to that of the EETprocess. In such a case, the traditional Markovian approximation (where the
time scale of the environment is assumed to be negligible in comparison to the
time scale of the system) is not valid and non-Markovian dynamics has to be
considered. It opens up for a possible backﬂow of information from the environment to the system, hence allowing for mixed states to become less mixed
and quantum coherence revivals. The concept of non-Markovianity, being a
new branch of quantum information theory, has not yet reached the status of
a resource theory, but has proved to be beneﬁcial for some operational tasks.
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1.4.1

Research questions

The aim of this thesis is to explore the existence and possible role of diﬀerent
quantum eﬀects in the EET in pigment-protein molecular aggregates, both
natural and artiﬁcial. Especially, the relationship between diﬀerent quantum
eﬀects and EET eﬃciency is investigated. We ask questions such as:
• What kind of quantum eﬀects can survive in the EET in a photosynthetic
complex?
• Is quantum coherence a resource for eﬃcient EET?
• Can environmental eﬀects be optimized with respect to EET eﬃciency?
• Is there a connection between EET eﬃciency and non-Markovianity?
Furthermore, it is also an aim to contribute to the understanding of how quantum eﬀects can be preserved in an open quantum system by taking the view
of the pigment-protein molecular aggregates as multipartite quantum systems
subjected to a macroscopic environment at physiological temperatures.
More speciﬁc research questions and the ﬁndings are found in Part II where
each chapter is a summary of the papers this thesis is based on.
To underline that this thesis is not dealing with the full EET-mechanism of
photosynthetic complexes but only models of the part where the excitation is
transferred from an initially excited pigment to an end-site pigment, the term
“pigment-protein molecular aggregate” is used to denote the systems studied.
The exact mechanisms of EET from the antenna molecules are not considered
in detail and we omit including excitation trapping in our models when EET
eﬃciency is investigated. Hence, we do not try to explain the mechanisms
occurring in real photosynthetic complexes but solely try to understand the
nature of EET in pigment networks and whether the eﬃciency of transferring
an excitation to the end-site pigment can be increased by quantum eﬀects acting
as resources.

1.4.2

Outline of the thesis

The thesis starts with a background (Part I) to introduce the research subject
and context of the thesis, as well as to present and justify the methods used in
the studies in Part II. The aim with the background is further that it will serve
as a justiﬁcation of the signiﬁcance of the research questions in the studies in
Part II by presenting the current activities in the research ﬁeld.
In Chapter 2, some basic concepts of quantum (information) theory are
introduced. It is followed by an introduction to quantum correlations and
quantum coherence in Chapter 3. Work related to the studies in Part II is
integrated in the text. In Chapter 4, the theory of open quantum system dynamics is presented. Here, a major focus is on non-Markovian dynamics and
relevant studies on this topic are reviewed. This chapter also introduces concepts necessary for the derivation of the numerical method used for modeling
EET dynamics in pigment-protein molecular aggregates, which is presented in
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Chapter 5 together with a brief overview of pigment-protein molecular aggregates. Chapter 6 is devoted to quantum eﬀects in pigment-protein molecular
aggregates and the major part of this chapter is a review of relevant and recent
work on the subject to clearly reveal the context of the studies in this thesis.
The more related a study is to the work in this thesis, the more details are
taken into account when describing the study. The diﬀerent studies are categorized in terms of their major focus, but clearly some of them could fall into
multiple categories.
In Part II, the research results of the studies in papers I-IV are presented
and discussed to reveal the developments made in this thesis. The summaries
of the studies have a more “behind-the-scene-character” and a less technical
presentation than the corresponding papers. A major focus is on the motivation
for the diﬀerent studies, the explicit research questions for each study and the
interpretation of the results. It is also presented how the diﬀerent studies are
related to each other.
Chapter 7 (paper I and II) introduces the studies on quantum correlations
in the EET in a natural pigment-protein molecular aggregate. In particular,
the role of diﬀerent conditions for the initial excitation is evaluated. In Chapter
8 (paper III), the relation between eﬃcient EET and quantum coherence in
model pigment-systems is investigated. Lastly, in Chapter 9 (paper IV), optimal environmental eﬀects for eﬃcient EET in model pigment-protein molecular
aggregates are studied. Especially, the possible role of non-Markovianity on efﬁcient EET is investigated in this study. The thesis ends with the conclusions
in Chapter 10.
The four papers that the thesis is based on can be found reprinted at the
end. Nevertheless, the thesis can be read and understood independently from
the papers.

9

Part I

Background
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Chapter 2

Outline of quantum theory
"In mathematics you don’t understand things. You just get used
to them."
John von Neumann

Quantum theory is a statistical theory and hence, non-deterministic. Unlike
classical probability theory, it is based on non-commutative algebras, meaning
that it is impossible to make measurements on a quantum system without
aﬀecting its posterior statistics. Observing or making a measurement on a
quantum system disturbs the system through the interaction with the observer.
Once a quantum system has been observed to be in a particular state, it will
thereafter always be observed to be in this state. Any interaction with the
system will work in the same way as an observer making a measurement on
the system and in this way, it is the mutual interaction of matter that makes
up the classical world we live in.
The implications of quantum theory can only be understood in terms of the
language of mathematics; there is no intuitive interpretation of what happens in
a measurement and it is not possible to relate the phenomena in the quantum
world to every-day experience. Perhaps this is why quantum theory has a
reputation of being hard to understand. In fact, when you give up trying to
understand quantum theory, the mathematics used to describe it is not very
advanced. The basic ingredients of quantum theory are quantum states, which
represent physical states of a system, and quantum operators. Some operators
correspond to observables, i.e., quantities of the system that can be measured.
The most important operator - already introduced in the Chapter 1 - is the
Hamiltonian of a system, which corresponds to the total energy. This operator
governs the time evolution of a quantum state.
Everything introduced in this chapter is used in the studies presented in
Part II of this thesis. Especially, the concept of quantum entropy (Section 2.6)
is used in paper II and III and the concept of distinguishability (Section 2.7)
is used in paper II, III and IV.
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2.1

Quantum states

Pure quantum states are given by state vectors in Hilbert space, denoted H,
where a ﬁnite dimensional Hilbert space can be viewed as Cd (where d is the
system’s dimension) with a deﬁned inner (scalar) product. Like any vector
space, it is a linear space. Since a quantum state |ψ is physically equivalent to
a quantum state eiφ |ψ (eiφ being a phase factor), the pure states correspond
to equivalence classes of vectors. Given two state vectors, |ψ and |θ, there
are two types of objects that can be formed; a complex number θ |ψ , and an
operator |θ ψ|.
The role of a quantum state is to provide a probability associated with a
measurement outcome and it is postulated to contain complete information
about the physical system it describes.

2.1.1

Pure quantum states

A pure quantum state can be written as
d

|Ψ =
ci |ψi  ,

(2.1)

i=1

where {|ψi } is a set of basis state vectors (most commonly orthonormal) and
{ci } are complex numbers. A system described by a pure state will in a mea2
surement be found in state |ψi  with probability |ci | . Any linear combination
of pure states will be another pure state.
The simplest quantum system is a two-level-system, spanned by two orthonormal states |ψ1  and |ψ2 . A pure state of a two-level-system can then be
written as
|Ψ = c1 |ψ1  + c2 |ψ2  .

(2.2)

There are several natural two-level-systems; “spin up” or “spin down” of a
fermion, right- or left-polarization of a photon and ground or excited state in
an atom or molecule, to name a few. Two-level-systems are the fundamental
building blocks of quantum information theory, where |ψ1  is denoted |0 and
|ψ2  is denoted |1 to show the analogy with classical bits (0 and 1) in computer
science. In vector representation,
 
 
1
0
|0 =
, |1 =
.
(2.3)
0
1
In such a case, the quantum system is referred to as a quantum bit or just
qubit.

2.1.2

Mixed quantum states

If we instead of a system described by a pure state given in Equation 2.1,
consider an ensemble of k systems where each one of them can be in a state
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|Ψk  =

d


cik |ψik  ,

(2.4)

i=1

and where the probability that we will measure the system represented by |Ψk 
is pk , the probability for the measurement outcome to be |ψi  is given by a
statistical mixture of states |Ψk . In order to treat such mixed states, we use
a mathematical object called the density operator,


pk |Ψk  Ψk | , pk ≥ 0,
pk = 1.
(2.5)
ρ̂ =
k

k

Note that pk are classical probabilities and hence diﬀer from the coeﬃcients
cik . The situation of an ensemble of systems where the state of each system,
|Ψk  , is prepared with a probability pk is called a proper mixed state [12].
However, the same mathematical object appears in a diﬀerent scenario as well;
when one system interacts with an environment that introduces random phases
to the system. In this case, the same system can be in a number of states |Ψk 
with probabilities pk . This is called an improper mixed state [12], even though
the two types of mixed states are impossible to distinguish in a measurement.
The density operator is a uniﬁed framework to describe both the superpositions in the pure state components |Ψk  and the classical averaging in terms of
probabilities pk .
All mixed quantum states can be expressed as a statistical mixture of pure
states in many diﬀerent ways; there is no physical operation which can distinguish diﬀerent ensembles from each other when they are described by the
same density operator. This is true even if the processes yielding the states are
diﬀerent.
A density operator has to fulﬁll the following criteria:
i) It is a positive operator, ρ̂ ≥ 0 (implying that all eigenvalues are nonnegative).
ii) It is normalized, Tr(ρ̂) = 1.
The convex set of all density operators in the Hilbert space Hd is denoted M(d) .
For pure states, ρ̂ = ρ̂2 .

2.2

Quantum operators

Quantum operators play a major role in the mathematical framework describing quantum mechanics. Quantum operators are also the key ingredient in
the mathematical description of a quantum map, i.e., a super-operator (the
notation super because it acts on an operator to yield another operator) that
transforms quantum states in some manner.
Two very central types of operators in quantum mechanics are Hermitian
operators, for which Â† = Â , and unitary operators, for which Â† = Â−1 .
Hermitian operators correspond to physical observables and hence have real
eigenvalues, while unitary operators govern time evolution of quantum states
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and have complex phase factors as eigenvalues. Both types of operators belong
to the family of normal operators, which are operators that can be diagonalized
and written as
Â =

r


λi |ei  ei | ,

(2.6)

i=1

where the sum spans over the r nonvanishing eigenvalues λi belonging to orthogonal eigenvectors |ei . Hermitian operators can be seen as weighted sums
of the projection operators that project to the eigenstates of the operator. The
expectation value is given by
A = Tr(Âρ̂),

(2.7)

which for a pure state |Ψ is reduced to
A = Ψ| Â |Ψ .

(2.8)

Another important group of operators, to which the density operator belongs, are positive operators. A positive operator P̂ is an operator for which
Ψ| P̂ |Ψ is real and non-negative for all states |Ψ in Hilbert space. Hence,
positive operators can also be deﬁned as Hermitian operators with non-negative
eigenvalues.

2.3

Time evolution of a quantum state

The time evolution of a pure quantum state, |Ψ, is - as postulated - given by
the Schrödinger equation;
i

d
|Ψ = Ĥ |Ψ ,
dt

(2.9)

where Ĥ is the Hamiltonian operator of the system and  = h/2π where h is
Planck’s constant. The solution can be represented as
|Ψ(t) = U (t, t0 ) |Ψ(t0 ) ,

(2.10)

where
U (t, t0 ) = exp



−iĤ(t−t0 )/



,

if Ĥ is time independent. For a time dependent Hamiltonian,
⎡
⎤
ˆt
i
U (t, t0 ) = T← exp ⎣−
Ĥ(s)ds⎦ ,


(2.11)

(2.12)

t0

where T← denotes a chronological time-ordering operator, which orders products of time-dependent operators such that their time-arguments increase from
right to left as indicated by the arrow. Here, t0 is some initial time, which is
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usually set to zero. The time evolution is unitary, i.e., the inner product between two state vectors is preserved. From the product rule of diﬀerentiation,
it follows that Equation 2.9 can be written in terms of the density operator as
d
ρ̂ = [Ĥ, ρ̂] = Ĥ ρ̂ − ρ̂Ĥ,
dt

(2.13)

ρ̂(t) = U (t, t0 )ρ̂(t0 )U † (t, t0 ).

(2.14)

i
with solution

Equation 2.13 is often referred to as the von Neumann equation or the Liouvillevon Neumann equation. The latter name is to elucidate its connection to the
Liouville equation in classical statistical mechanics and it is in such case often
written in the form
d
ρ̂(t) = L̂ρ̂(t),
dt

(2.15)

where L̂ is the Liouville super-operator. The formal solution can be written
ρ̂(t) = exp L̂(t − t0 ) ρ̂(t0 ),

(2.16)

when L̂ is time independent, and
⎡
ρ̂(t) = T← exp ⎣

⎤

ˆt

L̂(s)ds⎦ ρ̂(t0 ),

(2.17)

t0

when L̂ is time dependent.
The von Neumann equation describes the time evolution of a quantum
system in the Schrödinger picture. Often, it is useful to instead consider the
time evolution in the interaction picture. To do so, the Hamiltonian of a system
is written in the form
Ĥ(t) = Ĥ0 + Ĥ1 (t),

(2.18)

where Ĥ0 is assumed to be time-independent while Ĥ1 (t) is assumed to carry
the time dependence of Ĥ(t). Any operator, Â, acting on the system can
be transformed to the corresponding operator in the interaction picture, Ã,
through
Ã = U0† (t)ÂU0 (t),

(2.19)

where
U0 (t) ≡ exp



−iĤ0 t/



.

(2.20)

The time evolution of operators in the interaction picture is hence given by
the time independent part of the total Hamiltonian Ĥ(t) of the system. Any
operator Â that commutes with Ĥ0 satisﬁes Ã = Â. The corresponding von
Neumann equation, Equation 2.13, in the interaction picture is
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i

dρ̃
= H̃, ρ̃ ,
dt

(2.21)

or alternatively,
i
ρ̃(t) = ρ̃(0) −


2.4

ˆt
H̃(s), ρ̃(s) ds.

(2.22)

0

Combined systems and reduced states

The structure of the arena for quantum states, i.e., the Hilbert space, enables us
to describe the total system of diﬀerent subsystems (such as two-level-systems)
as a tensor product of the vector spaces of the subsystems. If a quantum system
consists of subsystem A with Hilbert space HA (dimension dA ) and subsystem
B with Hilbert space HB (dimension dB ), the states of the total system will
be in a Hilbert space HAB = HA ⊗ HB with dimension dAB = dA · dB .
The concept of tensor products of diﬀerent Hilbert spaces is used to divide
a physical system into two parts; one that is our system of interest, described
by ρ̂S , and one that we refer to as the environment, described by ρ̂E . If our
total system is described by ρ̂tot , ρ̂S and ρ̂E can be obtained as reduced density
operators of ρ̂tot through an operation referred to as the partial trace,
ρ̂S ≡ TrE (ρ̂tot ) ,

(2.23)

ρ̂E ≡ TrS (ρ̂tot ) .

(2.24)

and

For a total system described by ρ̂AB , where subsystem B is described by a set
of basis states {|ψb,i } , the reduced density operator describing subsystem A
is given by
ρ̂A = TrB (ρ̂AB ) =

dB


ψb,i | ρ̂AB |ψb,i  .

(2.25)

i=1

An operator, ÂA , that only acts on subsystem A can in the total system be
written as
Âtot = ÂA ⊗ 1̂B .

(2.26)

This is used when the time evolution of a combined system, where each subsystem is associated with its own Hamiltonian, shall be calculated.

2.5

Quantum dynamical maps

A quantum dynamical map, Φ, is a super-operator that maps a quantum state
at time t0 into another state at time t;
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ρ̂(t) = Φ(t)ρ̂(t0 ).

(2.27)

For a closed quantum system, the dynamical map is given by
ρ̂(t) = U (t, t0 )ρ̂(t0 )U † (t, t0 ),

(2.28)

as introduced in Section 2.3.
There are some conditions that Φ has to fulﬁll in order to describe a physical
process. One criteria is that a density operator ρ̂ = ρ̂(t) shall be mapped into
another density operator ρ̂ = Φ (ρ̂(t)), i.e., the criteria for density operators
introduced in Section 2.1.2 shall be fulﬁlled for ρ̂ . The ﬁrst condition - the
density operator shall be positive - is necessary to ensure that the elements in
the density operators represents probabilities. A quantum map Φ is completely
positive if and only if for an arbitrary K-dimensional expansion, the map Φ⊗1̂K
is positive. This is a necessary requirement for the map to represent a physical
process. It can be shown that a quantum map is completely positive if it can
be written
Φ(ρ̂) =

K


Êi ρ̂Êi† ,

(2.29)

i=1

where the operators Êi are known as Kraus-operators. Such a dynamical map
will map physical states to physical states. The trace is preserved if and only
if
K


Êi† Êi = 1̂.

(2.30)

i=1

Maps that fall into this category are referred to as a completely positive trace
preserving maps.

2.6

Quantum entropy

Quantum entropy is of great importance in quantum theory, especially in the
ﬁeld of quantum information theory since it quantiﬁes the gain of information made by a measurement on a quantum system. It also characterizes the
irreversibility of the dynamics of a quantum system interacting with an environment.

2.6.1

von Neumann entropy

If we have a classical probability distribution, P , for a ﬁnite number of outpi = 1. The
comes, d, this can be described by a vector, pd with pi ≥ 0 and
Shannon entropy for P is given by
S(P ) = −

d

i=1
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pi ln pi .

(2.31)

In quantum mechanics, the probability distribution of pure states (corresponding to outcomes in the classical case) is given by the density operator
describing the quantum system, but in this case the probabilities pi are not
unambiguously determined since the density operator can be expressed as a
mixture of pure states in many diﬀerent ways. Instead, the von Neumann
entropy for a density operator ρ̂ is deﬁned as
S(ρ̂) ≡ −Trρ̂ ln ρ̂ = −

d


λi ln λi ,

(2.32)

i=1

where {λi } are the eigenvalues of the density operator. Hence, the von Neumann entropy equals the Shannon entropy in the eigenbasis of ρ̂. The von
Neumann entropy obeys S(ρ̂) ≥ 0 with equality if and only if ρ̂ is a pure state,
and S(ρ̂) ≤ ln d, where d is the dimension of the Hilbert space.

2.6.2

Relative entropy

Relative entropy - a measure of how diﬀerent two probability distributions are
from each other - plays a central role in classical probability theory. In quantum
mechanics it is deﬁned as

S(ρ̂1 ρ̂2 ) ≡ Tr (ρ̂1 (ln ρ̂1 − ln ρ̂2 )) ,
(2.33)
where ρ̂1 and ρ̂2 are two arbitrary
 quantum states. Due to Klein’s inequality,
S(ρ̂1 ρ̂2 ) ≥ 0. In general, S(ρ̂1 ρ̂2 ) = S(ρ̂1 ρ̂2 ).

2.6.3

Linear entropy

The linear entropy of a quantum state, which is a measure of the degree of
mixedness of the state, is given by
Sl (ρ̂) = 1 − P,

(2.34)

where the term P = Trρ̂ measures the purity of the state. The purity equals
one for a pure state and for a Hilbert space of dimension d,
2

d−1
.
d
To ensure a quantity that ranges between 0 and 1, the quantity
0 ≤ Sl (ρ̂) ≤

d
Sl (ρ̂),
d−1
can be used to measure the degree of mixedness.
M (ρ̂) =

2.7

(2.35)

(2.36)

Distinguishability

Quantum states can generate a number of diﬀerent classical probability distributions depending on how a measurement is performed and two quantum
states can only with certainty be distinguished if they are orthogonal [13].
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Classically, a function that measures statistical distinguishability must be a
decreasing monotone under general stochastic maps (i.e., when the map is given
by a square matrix where the elements in each row or column is added to 1).
A function that fulﬁlls this condition is the l1 −distance, where the lp −distance
is deﬁned as

Dp (P, Q) ≡ P − Q

p

≡

1
p
|pi − qi |
2 i

1/p
, 1 ≤ p,

(2.37)

where P and Q (P = P (X), Q = Q(X) are two probability distributions and X
is a random variable. The l1 −distance quantiﬁes how reliable two probability
distributions can be distinguished with one single sampling.
When density operators, instead of classical probability distributions, are
sampled, the corresponding probability distribution will depend both on the
density operator and the operator describing the measurement. If the measure 
ment operator is denoted Â and the set of projectors of Â are denoted Âi ,
the probability that the quantum state is projected on Âi is given by


pi (Â, ρ̂) = Tr(Âi ρ̂).



(2.38)

Hence, Âi provides measurement outcomes that can be described as a classical probability distribution. The quantum mechanical distinguishability measures are deﬁned by varying all possible measurement operators until the corresponding classical distinguishability measure for the resulting probability distributions is maximized. This is normally a very hard task to accomplish. To
use the l1 −distance for two density operators, ρ̂1 and ρ̂2 , we need to optimize
the quantity


D(ρ̂1 , ρ̂2 ) ≡ maxD1 P (Â, ρ̂1 ), P (Â, ρ̂2 ) ,
(2.39)
Â

where P denotes the corresponding classical probability distribution and Dp
for two operators Â and B̂ is deﬁned as




(2.40)
Dp (Â, B̂) ≡ Â − B̂  .
p

2.7.1

Trace distance

The optimized quantity in Equation 2.39 is given by the trace distance for the
two quantum states, ρ̂1 and ρ̂2 [13],
D(ρ̂1 , ρ̂2 ) =

1
Tr |ρ̂1 − ρ̂2 | ,
2

where the norm of an operator Â is deﬁned as
  
 
Â = ÂÂ† .
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(2.41)

(2.42)

If ρ̂1 and ρ̂2 have orthogonal support, i.e. the subspaces spanned by their
eigenstates with nonzero eigenvalues are orthogonal, D(ρ̂1 , ρ̂2 ) = 1, i.e., the two
states can be distinguished with absolute certainty with a single measurement.
Further,
D(U ρ̂1 U † , U ρ̂2 U † ) = D(ρ̂1 , ρ̂2 ),

(2.43)

i.e., trace distance is preserved under unitary evolutions. It means that in a
closed system, distinguishability is preserved.

2.7.2

Fidelity

Among the distinguishability measures used in quantum information theory,
ﬁdelity has an important role. It is deﬁned by
 
  



  
(2.44)
ρ̂1 ρ2 ρ̂1 = Tr  ρ̂1 ρ̂2  ,
F (ρ̂1 , ρ̂2 ) = Tr
and shall be interpreted
as the probability that ρ̂2 is identical to ρ̂1 . If ρ̂1 is a
√
pure state, ρ̂1 = ρ̂1 = |Ψ1  Ψ1 |, which yields
F (ρ̂1 , ρ̂2 ) = |Ψ1 | ρ̂2 |Ψ1 | .

(2.45)

Fidelity is for instance used to quantify the eﬃciency, or precision, for transferring an initial state into another state, i.e., if we are considering two pure
states, |Ψ1  and |Ψ2 , we are interested in the probability for U (t, 0) |Ψ1  =
|Ψ2  for some time t. When the probability is 1, F = 1 and when the probability is 0 - which only can be true when ρ̂1 and ρ̂2 are orthogonal - F = 0.
Hence, 0 ≤ F (ρ̂1 , ρ̂2 ) ≤ 1. In terms of unitary operators and initial states,
|Ψ1 (t) = Ureal |Ψ1 (0) ,

(2.46)

|Ψ2  = Uideal |Ψ1 (0) ,

(2.47)

and

where Ureal is the unitary operator for the real process and Uideal is the unitary
operator for the ideal process, the ﬁdelity can be expressed as




†
F = |Uideal Ψ1 (0)| |U Ψ1 (0)| = Ψ1 (0)| Uideal
U |Ψ1 (0) .
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(2.48)

Chapter 3

Quantum correlations and
quantum coherence
“Not only is the Universe stranger than we think, it is stranger than
we can think.”
Werner Heisenberg

In order to study quantum eﬀects as a possible resource in a process, it is important to ﬁnd ways of quantifying the “quantumness” of a system, i.e. how
much the properties of a system diﬀers when it is described by quantum mechanics compared to a description based on a classical framework. In general,
the “properties” of interest are correlations such as entanglement and nonlocality when two or more systems are interacting with each other. For a single
quantum system, the property of interest is instead coherence. Both correlations and coherence are considered to be resources since they can enable tasks
that would be impossible in a classical system.
While correlations normally only are considered when the quantum systems
are physically separated, coherence of the total system always applies. It means
that coherence of the total system also can be considered in a basis where the
state vectors are delocalized over many systems, such as the eigenbasis of the
total system.
Quantum correlations and/or quantum coherence are investigated in the
studies in paper I, II, III and IV. Especially the measures of (quantum) correlations, presented in Sections 3.1.3 and 3.1.6, and the measures of coherence,
presented in Section 3.2.3, are used. The rest of the chapter serves as an introduction of the concepts of quantum correlations and quantum coherence as
well as a review of recent and relevant research on the topic.
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3.1

Quantum correlations

Quantum correlations can exist between quantum systems that cannot be described as separate systems, but has to be described as parts of a multipartite
quantum system. For a total system consisting of two subsystems, A and B,
each described by a pure state, the two subsystems are entangled if the state
of the total system cannot be found as a tensor product of the two states
representing system A and B, respectively, i.e., ρ̂tot = ρ̂A ⊗ ρ̂B .
The concept of entanglement is what really distinguish quantum mechanics
from a classical probability theory. It was shown by Bell in 1964 [14] when
he derived an upper limit for the maximal amount of correlation between two
objects, given that the underlying probability distribution is classical. He then
proved that the underlying probability distribution of two entangled quantum
systems may not agree with classical probability distributions since it admits a
correlation between the two subsystems that is stronger than the upper bound.
The concept of nonlocality, or nonlocal correlations, was introduced to denote such correlations. Even though entanglement and nonlocality are closely
related, they are quantities based on diﬀerent frameworks. Entanglement is
deﬁned as a mathematical property of the Hilbert space while nonlocality, on
the other hand, is operational and founded on correlations of observables that
can be measured in experiments.
In the end of the 20th century, entanglement started to be considered as
a resource that could enable otherwise impossible tasks. Especially, quantum
teleportation [15], where a shared pair of entangled particles between a sender
and receiver enables the receiver to recreate the state of a spin-half particle
despite the fact that the state is unknown to the sender. When the receiver
has recreated the state of the spin-half particle, the shared entangled pair is
no longer entangled; the entanglement has been consumed during the process,
and hence the resource denotation. Entanglement is also used in quantum
cryptography and quantum computation. Being a resource, it is necessary to
be able to quantify entanglement. In general, this is a very complicated task.
Even though entanglement is a mathematical quantity while nonlocality is
an operational quantity, nonlocality and entanglement were initially believed
two be two facets of the same phenomenon, but have later on been recognized
as fundamentally diﬀerent. In particular, it has been shown that nonlocality
is not necessary in order to obtain mixed entangled states [16]. Later, it has
also been shown that nonlocality is not a good measure for the amount of
entanglement [17, 18]. In [19] it is found that a range of values of the amount
of nonlocality can be obtained for a given amount of entanglement and in [20]
it is shown that bipartite mixed states can be more entangled than pure states
for a given amount of nonlocality. It has also been shown that nonlocality
and entanglement are inequivalent in multipartite systems, regardless of the
number of parties [21].
In the context of quantum correlations, there are some classes of dynamical
maps - also referred to as operations - acting on bipartite systems, that are
important to introduce. Local operations (LO) are given as a tensor product
of two trace preserving maps;
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[ΦA ⊗ ΦB ] (ρ̂) =


i

(Âi ⊗ B̂j )ρ̂(Â†i ⊗ B̂j† ),

(3.1)

j

 
 
where Âi and B̂i are operators acting on system A and B, respectively.
An operation which can be written as

(Âi ⊗ B̂i )ρ̂(Â†i ⊗ B̂i† ),
(3.2)
Φsep (ρ̂) =
i

with
 †
Âi Âi ⊗ B̂i† B̂i = 1̂ ⊗ 1̂,

(3.3)

i

is called a separable operation (SO). A third important class of operations
is local operations and classical communication (LOCC), where any kind of
local operation on each subsystem is allowed. The two parties (i.e., those who
perform the local operations) are further allowed to communicate by using
classical channels. LOCC is fundamental when deriving a resource theory for
entanglement. The three introduced classes obey LO ⊂ LOCC ⊂ SO and
since there is no straightforward characterization of LOCC-operations, SOoperations has instead been developed.
In terms of LOCC, quantum correlations can be deﬁned as those correlations
between quantum systems that cannot be generated by LOCC-operations.

3.1.1

Resource theory of entanglement

Entanglement theory is based on the following statements [22]:
1) Separable quantum states do not contain entanglement, where a state is
separable if it can be written as
 

pi ρ̂iA ⊗ ρ̂iB ⊗ ρ̂iC . . . .
(3.4)
ρ̂ABC... =
i

Here P =

pi is a probability distribution. These states can be generated by
i

LOCC-operations and are referred to as free states.
2) Non-separable states contain entanglement and enable the possibility to
perform tasks better, in some sense, than if only LOCC-operations are used.
These states are referred to as resource states.
3) Entanglement cannot be increased by LOCC-operations.
4) Entanglement cannot be changed by local, unitary operations.
5) There are states that are maximally entangled. For a bipartite quantum
system where both subsystems have dimension d, these maximally entangled
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states (MES) are pure states that are, up to a local, unitary transformation,
equivalent with
|00 + |11 + . . . + |(d − 1)(d − 1) .
√
(3.5)
d
The notation “maximally entangled” is independent of a speciﬁc quantiﬁcation
of entanglement. Any other state can be generated from a maximally entangled
state by means of LOCC-operations.
|ΨMES  =

In general, it is hard to decide whether a quantum state is separable or not, i.e.,
if there is a way to write it in the form given in Equation 3.4. A useful criteria
is derived in [23]: If ρ̂TA  0, the state ρ̂ is entangled. Here, ρ̂TA ≡ (TA ⊗ 1̂)(ρ̂),
is the partial transpose of system A.

3.1.2

Quantiﬁcation of entanglement

A measure of entanglement orders entangled states depending on their abilities
to function as a resource. Ideally, it should also relate to some operational
procedure. The following statements for entanglement measures are postulated
in [22]:
E1: A bipartite entanglement measure, E(ρ̂), is a map from density operators
to real and positive numbers.
E2: E(ρ̂) = 0 for a separable state.
E3: E does not increase on average under LOCC-operations;



Ai ρ̂A†i
,
E(ρ̂) ≥
pi E
Tr(Ai ρ̂A†i )
i

(3.6)

where Ai are Kraus-operators (not denoted by Ei as previously to not be confused with E) describing some LOCC-protocol and the probability for outcome
i is pi = Tr(Ai ρ̂A†i ).
E4: For pure states ρ̂ = |Ψ Ψ|, E(ρ̂) is reduced to entropy of entanglement,
which is the von Neumann entropy (Section 2.6.1) of the reduced state describing one of the subsystems.
All functions E fulﬁlling E1-E3 are denoted entanglement monotones. Functions that fulﬁll E1, E2 and E4 and do not increase under deterministic LOCC,
are accepted as appropriate entanglement measures.

3.1.3

Entanglement measures

So far, entanglement measures only exists for bipartite quantum systems. There
are a number of diﬀerent measures proposed. For a two-qubit mixed state, it
is common to quantify entanglement by concurrence.
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Concurrence
Concurrence was developed in [24]. To calculate concurrence for a density
operator ρ̂, it is ﬁrst transformed (note, this is not a physical map) as
ρ̂ → ρ̂˜ = (σ̂2 ⊗ σ̂2 )ρ̂∗ (σ̂2 ⊗ σ̂2 ),

(3.7)

where σ̂2 is the Pauli operator,

σ̂2 =


0 −i
,
i 0

(3.8)

and ρ̂∗ denotes complex-conjugation in the {|00 , |01 , |10 , |11} product basis. The ﬁdelity (Section 2.7.2) for ρ̂ and ρ̂˜ is
  
˜ = Tr
ρ̂ρ̂˜ ρ̂ .
(3.9)
F (ρ̂, ρ̂)
√ √
If {λi } denotes the eigenvalues of ρ̂ρ̂˜ ρ̂ in decreasing order, concurrence is
deﬁned as
C(ρ̂) ≡ max {0, λ1 − λ2 − λ3 − λ4 } .

(3.10)

When λ1 < λ2 + λ3 + λ4 , C(ρ̂) = 0 and the state is separable. For a maximally
entangled state, C(ρ̂) = 1.

3.1.4

Entanglement as a resource

Entanglement is a resource in quantum teleportation [15], which is the reconstruction of an unknown quantum state at a remote location. It is one of the
most important protocols in quantum information theory and requires that the
sender and the receiver share an entangled pair of qubits. If the sender wants
to teleport a qubit state |ΨA  to a receiver, the sender and receiver ﬁrst share
a maximally entangled pure state of qubits B and C. The receiver can express
the total state of qubit A and B in the Bell-basis and then perform one of four
speciﬁed measurements on qubit A. The result is communicated via a classical
channel to the receiver, who then can reconstruct the unknown state of qubit
A. Due to the measurement procedure, the entanglement between qubit B and
C vanish. This is hence the price to pay to teleport qubit A.
Many important building blocks in quantum information theory is founded
on quantum teleportation.

3.1.5

Nonlocality

The quantum mechanical description of nature was not accepted as a complete
theory by some very prominent physicist like Einstein [25]. What bothers them
was that quantum theory is not consistent with a deterministic world, that is;
a reality that is objective and independent of an observer. This is not the case
in the quantum world; a deﬁnite outcome will not appear until we interact
with a system and hence force the quantum state to take the value of one of its
possible outcomes. In this sense, there is no meaning to ask what was before
we observed.
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In the criticism of quantum theory, it was attempted to prove that this
description of reality was not able to maintain both realism and locality in
some quantum systems, where realism is the property for an observable to be
independent of an observer and locality refers to the physical impossibility that
a system would inﬂuence another system at a distance.
In 1964, Bell formulated the Bell inequality [14] that is a criterion for two
correlated systems to have independent probability distributions, i.e., systems
that fulﬁlled the conditions for realism and locality. It was also shown that this
criterion is violated for some entangled pairs of quantum systems and so they
were said to have nonlocal correlations, also referred to as nonlocality.
The standard Bell inequality for two systems, A, with observables a, a =
±1, and B with observables b, b = ±1, is stating that for the Bell function, B,
B = |ab + ab  + a b − a b | ≤ 2,

(3.11)

whenever the correlation between A and B can be described by a classical
framework. Here, xy denotes the expectation value of the product of the
outcomes x and y. In quantum mechanics, the inequality instead reads
√

√
B ≤ 2 2,

(3.12)

where 2 < B√≤ 2 2 indicates nonlocal correlations. The largest possible value
of B, B = 2 2, is referred to as the Cirelson bound [26].
The corresponding inequality for a two-qubit system, as derived by Clauser,
Horne, Shimony and Holt (the CHSH-inequality) [27], can be written




(3.13)
Tr(ρ̂B̂CHSH ) ≤ 2,
where
B̂CHSH = â · σ ⊗ (b̂ + b̂ ) · σ + â · σ ⊗ (b̂ − b̂ ) · σ ,

(3.14)

is the Bell-CHSH-operator. Here, the expectation value of B̂CHSH is maximized
over real-valued unit vectors â, â , b̂, b̂ in R3 and
σ = (σ̂1 , σ̂2 , σ̂3 ),

(3.15)

is the Pauli vector.

3.1.6

Nonlocality measures

In [28] it is shown that for bipartite, pure states, entanglement and nonlocality
are equivalent resources, why any valid entanglement measure can be taken to
measure nonlocality. For a two-qubit mixed state, a well known necessary and
suﬃcient condition for nonlocality was developed by Horodecki et al. [29].
Horodecki-measure
In [29], a criterion for violating the CHSH-inequality for an arbitrary two-qubit
mixed state is derived. To do so, ﬁrst the real matrix Tρ̂ , with matrix elements
tij = (ρ̂σ̂i ⊗ σ̂j ), i, j = 1, 2, 3, is formed. From Tρ̂ , the matrix Uρ̂ = Tρ̂T Tρ̂
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with Tρ̂T denoting the transposition of Tρ̂ is formed. Taking the two largest
eigenvalues, u1 and u2 of Uρ̂ , the quantity M (ρ̂) is deﬁned as
M (ρ̂) = u1 + u2 .

(3.16)

The correlations in the density operator ρ̂ will violate the CHSH-inequality if
and only if M (ρ̂) > 1, i.e., the correlations in ρ̂ are nonlocal when M (ρ̂) > 1.
Here,





(3.17)
Tr(ρ̂B̂CHSH ) ≤ 2 M (ρ̂),
with maximal violation for M (ρ̂) = 2.
Based on the criterion developed in [29], a measure of nonlocality is constructed in [20] where the authors introduce the function

B(ρ̂) = max {0, M (ρ̂) − 1}.
(3.18)
Hence, for a given state, B(ρ̂) = 0 when the Bell-CHSH inequality is fulﬁlled,
and B(ρ̂) = 1 when it is maximally violated.

3.2

Quantum coherence

The foundation of quantum coherence is the linearity of the Schrödinger equation; if there is a set of solutions of the Schrödinger equation, {|ψi } (representing orthonormal vectors spanning a d-dimensional Hilbert space) for a system,
also a linear combination of the solutions forms a valid quantum state of the
system. Such a state is said to be a superposition of quantum states {|ψi }.
Quantum coherence arises as a consequence of superposition.
The simplest quantum system that can be in a superposition is a two-levelsystem with basis states |ψ1  and |ψ2 . Any pure state of the system can be
written as
|Ψ = c1 |ψ1  + c2 |ψ2  .

(3.19)

In the density operator notation of |Ψ, cross terms will arise. The density
operator in the basis {|ψ1  , |ψ2 } reads

 2
c1 c∗2
|c1 |
(3.20)
ρ̂ =
2 .
c∗1 c2 |c2 |
Denoting c1 c∗2 = c and c∗1 c2 = c∗ it can be seen that c is a complex number
√
satisfying 0 ≤ |c| ≤ 1/2 . It is only equal to 1/2 for a state with |c1 | = |c2 | = 1/ 2
and only equal to 0 when |c1 | = 0 (|c2 | = 0) and |c2 | = 1 (|c1 | = 1). In the latter
case, the system can only be in state |ψ1  (|ψ2 ) and there is no superposition
of states. The cross-terms c and c∗ are denoted quantum coherence and their
values are depending on in what basis the density operator is expressed in.
For a mixed quantum system, the scenario is diﬀerent. The density operator
ρ̂ is now
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ρ̂ =




pk |Ψk  Ψk | =

k

ρ11
ρ21


ρ12
,
ρ22

(3.21)

and in this case the coherence terms are ρ12 and ρ21 = ρ∗12 , which are sums
of all the cross-terms arrising from multiplying the c1k and c2k terms. Again,
0 ≤ |ρ12 | ≤ 1/2, but since the coherence terms in one pure state component
can be erased by destructive coherence terms of another pure state component,
|ρ12 | = 0 can occur by total destructive interference of the quantum states
|Ψk  in ρ̂ . The diﬀerence compared to the scenario of |c| = 0 in the pure state,
is that the system can still be in either state |ψ1  ψ1 | with some probability
2
2
pk |c1k | or state |ψ2  ψ2 | with some probability pk |c2k | .
k

k

It is reasonable to think of the coherence terms (ρ12 and ρ21 ) as a measure of
the amount of constructive interference in the system. Normally the coherence
decreases when number of terms in the sum in Equation 3.21 increases.

3.2.1

Resource theory of quantum coherence

Quantum coherence can be considered a resource; it can enable tasks that
would be impossible if the system of interest could be described by a classical framework. The ﬁeld of coherence resource theory has recently started to
develop and it follows the same pattern as entanglement theory. The basic
ingredients are:
1) Incoherent states (corresponding to separable states in entanglement theory).
2) Coherent states (corresponding to entangled states in entanglement theory).
3) Incoherent operations (corresponding to local operations and classical communication in entanglement theory).
The framework of local operations and classical communication in entanglement
theory is replaced by local incoherent operations and classical communication
in coherence resource theory.
A major focus of coherence resource theory is the conversion between pure
coherent states and mixed ones, which is carried out by restricted operations.
Incoherent and coherent states
Incoherent states are those whose density operator
form
⎛
ρ11 0
⎜ 0 ρ22

⎜
pk |Ψk  Ψk | = ⎜ .
ρ̂ =
..
⎝ ..
.
k

0
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0

(in a chosen basis) is of the
···
···
..
.

0
0
..
.

···

ρdd

⎞
⎟
⎟
⎟,
⎠

(3.22)

i.e., only the diagonal terms are nonzero. The set of incoherent states are
denoted Δ (Δ ⊂ M). The coherent states are those not of this form, i.e., at
least one oﬀ-diagonal element is nonzero. They are considered to be resource
states.
A maximally coherent d-dimensional state is a state from which all other
d-dimensional states can be generated by means of incoherent operations. It is
a pure state of the form [30]
d
1 
|ΨMCS  = √
|ψi  .
d i=1

(3.23)

The maximally coherent states in coherence resource theory is analogous to
maximally entangled states in entanglement theory.
Incoherent operations
Incoherent operations
  are quantum operations for which there exists a Kraus
representation Êi such that
Êi ρ̂Êi† ∈ Δ ∀ρ̂ ∈ Δ,
for all i. This guarantees that a quantum map of the form

ΦIC (ρ̂) =
Êi ρ̂Êi† ,

(3.24)

(3.25)

i

also generates an incoherent state, i.e., coherence cannot be generated from
incoherent input states. The notion of incoherent operations corresponds to
using classical devices for manipulation of coherent quantum states.
The incoherent maps inEquation
3.25 can be divided into two categories:

(a) all the Kraus-operators Êi are of the same dimension, dout × din and (b)
each Kraus-operator Êi may have a diﬀerent output dimension, di × din .
It is important to note that the set of incoherent operations is not unique
and there exist several diﬀerent classes such as maximally incoherent operations, strictly incoherent operations and translationally-invariant operations.
In [31] the authors show that the set of strictly incoherent operations is a strong
candidate for the set of incoherent operations in coherence resource theory.

3.2.2

Quantiﬁcation of quantum coherence

In order to distinguish between diﬀerent quantum states in terms of their ability to function as resources, it is important to be able to quantify quantum
coherence in an unambiguous manner. There are two natural ways of quantifying coherence. In the ﬁrst approach, which is distance based, one seeks to ﬁnd
the deviation from a quantum state to the closest incoherent quantum state.
The second approach is based on the commutation of the quantum system and
an observable and takes into account the fact that only an observable that does
not commute with the quantum system can reveal quantum coherence.
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The idea of using and quantifying coherence in terms of a resource was ﬁrst
introduced in [32] and has later been developed in [33], where a framework for
a proper coherence measure is given. It is summarized as a set of conditions
for any functional C mapping quantum states into non-negative real number
space.
C1: C should vanish for incoherent states, i.e.,
C(ρ̂) = 0 ⇔ ρ̂ ∈ Δ.

(3.26)

C(ρ̂) ≥ 0 (nonnegativity).

(3.27)

Hence,

C2: A proper coherence measure should not increase under the action of incoherent operations (as given by Equation 3.25) or on average under selective
incoherent operations. The ﬁrst condition is given by
C(ρ̂) ≥ C (ΦIC (ρ̂)) ,

(3.28)

while the second condition is given by

C(ρ̂) ≥
pi Ci (ρ̂i ).

(3.29)

i

Here,
ρ̂i =


and pi = Tr Êi ρ̂Êi† .

Êi ρ̂Êi†
,
pi

(3.30)

C3: C should be non-increasing under the mixing of quantum states (convexity). Mathematically it is formulated as




(3.31)
pi C(ρ̂i ) ≥ C
pi ρ̂i ,
i

i

for any set of states {ρ̂i } and any pi ≥ 0 with

pi = 1.
i

In [34] there are two more conditions added:
C4: Pure states should be unique, i.e., for a pure state |Ψ the following holds
C(|Ψ Ψ|) = S(ΦD [|Ψ Ψ|]),

(3.32)

where S(ρ̂) is the von Neumann entropy and ΦD is a dephasing operation
deﬁned by
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ΦD (ρ̂) =

d−1


|ψi  ψi | ρ̂ |ψi  ψi | ,

(3.33)

i=1

where {|ψi } is an orthonormal basis and d is the dimension of the Hilbert
space of the system.
C5: C is additive under tensor products, i.e.,
C(ρ̂ ⊗ σ̂) = C(ρ̂) + C(σ̂).

(3.34)

In the more stringent framework proposed in [34], all ﬁve conditions should be
fulﬁlled in order for a measure to be classiﬁed as a proper coherence measure.
Even though the framework of Baumgratz et al. [33] seems to be widely
accepted, there has been some criticism to it. In [35] it is pointed out that the
introduction of incoherent operations is not physically justiﬁed. For example,
the authors of [35] claim that in order to keep the framework, one needs to argue
that there are experimental constraints which lead to restrictions on statepreparation and transformations, but not on the possibilities for discriminating
states.

3.2.3

Quantum coherence measures

There exist several candidates of a proper coherence measure, where not all of
them fulﬁll the conditions (C1-C3) that has been accepted to describe a proper
measure. Some of the most prominent quantiﬁers and measures are introduced
in this section.
Distance based coherence measures
A distance-based coherence measure can be deﬁned as
C(ρ̂) = inf D(ρ̂, σ̂),

(3.35)

where σ̂ ∈ Δ and D is a distance measure, i.e., the minimal distance of ρ̂ to
the set of incoherent quantum states.
l1 -norm The l1 -norm is a measure induced by the l1 -matrix norm [36]. For
a density operator, ρ̂ = ρij |i j|, and a density operator σ̂ belonging to the
i,j

set of free states, i.e., σ̂ =

σii |i i|, the l1 -matrix norm is given by

|ρij − σij | .
Dl1 (ρ̂, σ̂) = ρ̂ − σ̂ l1 =
i

(3.36)

i,j

Taking σ̂ as the closest free state, i.e., σ̂ = ρ̂diagonal =

ρii |i i|, the l1 -norm
i

for ρ̂ is given by
Cl1 (ρ̂) =



|ψi | ρ̂ |ψj | =

i,j


i,j
i=j
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|ρij | = 2


i<j

|ρij | ,

(3.37)

where |ψi  and |ψj  are two quantum states belonging to the chosen basis. Note
that the l1 -norm is bounded by [37]
Cl1 (ρ̂) ≤ d − 1,

(3.38)

where d is the dimension of the Hilbert space of the system. Equality occurs
for a maximally coherent state as given in Equation 3.23.
In the more stringent framework, the l1 -norm does not fulﬁll the last two
conditions. For example, the l1 -norm takes the value [37]
Cl1 (|Ψ) = d − 1,

(3.39)

when |Ψ is a d-dimensional, maximally coherent state, i.e., condition C4 is not
fulﬁlled.
Relative entropy of coherence The relative entropy of coherence (REOC)
is a proper coherence measure (fulﬁlls C1-C5). It is deﬁned by the relative
entropy of the two density operators ρ̂ and σ̂ ∈ Δ, which is written as
S(ρ̂

σ̂) = −S(ρ̂) − Tr [ρ̂ log2 σ̂] .

(3.40)

Taking σ̂ as the closest incoherent state, i.e., σ̂ = ρ̂diagonal =

ρii |i i|, Equai

tion 3.40 can be written as
S(ρ̂

σ̂) = S(ρ̂diagonal ) − S(ρ̂) + S(ρ̂diagonal

σ̂),

(3.41)

where it has been used that −Tr [ρ̂ log2 σ̂] = −Tr [ρ̂diagonal log2 σ̂] when σ̂ is a
free state. Klein’s inequality, S(ρ̂ σ̂) ≥ 0, with equality if and only if σ̂ = ρ̂,
yields minimization of Equation 3.41 as
CREOC (ρ̂) = S(ρ̂diagonal ) − S(ρ̂),

(3.42)

which is the corresponding coherence measure.
According to [38], when using the framework for coherence introduced in
[33], one can interpret REOC as the minimal amount of noise needed in order
for the coherence to vanish completely. In other words, it is shown that by
using the framework of incoherent states and incoherent operations, a measure that coincides with REOC and that has an operational signiﬁcance, is
yielded. REOC can also be related to the deviation from thermal equilibrium
of a quantum state, as shown in [39].
In [40] it is shown that there exists pairs of states ρ̂1 and ρ̂2 where the
l1 -norm of coherence and REOC do not give the same ordering, i.e.,
Cl1 (ρ̂1 ) ≤ Cl1 (ρ̂2 )  CREOC (ρ̂1 ) ≤ CREOC (ρ̂2 ).
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(3.43)

Commutation based coherence measures
Skew information This coherence measure is related to the fact that coherence requires that the associated observable does not commute with the
density operator considered. It means that only when the density operator
commutes with the observable, will the quantum state be left invariant when
measuring the observable. Based on this, Girolami et al. in [41] deﬁnes the
K-coherence of a quantum system described by the density operator ρ̂ as the
quantum coherence it carries when measuring the observable K. The skew
information,
I(ρ̂, K) =

−1
√
2  ,
2Tr  ρ̂, K 

(3.44)

is a measure of the K-coherence.
The Skew information can increase under incoherent operations, i.e. violates
condition C2, and can hence not be classiﬁed as a proper coherence measure.

3.2.4

Quantum coherence as a resource

Quantum coherence has been shown to function as a resource in several kinds of
operational tasks. Especially its ability to extract energy in thermodynamical
systems should be mentioned. Since quantum states having coherence allows
for transformations that are otherwise impossible, as shown in [42] and [43],
coherence can be seen as a resource in thermodynamics.
In [44], a link between coherence and thermodynamic resource theories is established. It is shown that there exists an upper bound of how much coherence
that can be created from a thermal state, using arbitrary unitary operations.
It is not possible to create coherence by unitary operations from a maximally
mixed state. The authors also investigate the maximal amount of coherence
that can be created for a limited amount of energy.
The role of quantum coherence of individual quantum systems for thermodynamical work extraction is analyzed in [45]. It is shown that coherence can
enhance the performance of work extraction protocols. However, in order to
achieve optimal coherence to work conversion, access to a reference system with
unbounded coherence resources is needed.
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Chapter 4

Dynamics of open quantum
systems
"All of physics is either impossible or trivial. It is impossible until
you understand it, and then it becomes trivial."
Ernest Rutherford

In many realistic situations, the eﬀects of an environment in contact with the
quantum system of interest has to be taken into account to accurately model
the dynamics, i.e., the quantum system has to be modeled as an open quantum
system. The evolution of an open quantum system is determined by a time
independent total Hamiltonian of the form
Ĥtot = ĤS ⊗ 1̂E + 1̂S ⊗ ĤE + ĤI ,

(4.1)

where ĤS is denoting the Hamiltonian of the system of interest, ĤE is the
Hamiltonian of the environment and ĤI the Hamiltonian describing the interaction between the system and the environment. In a multipartite quantum
system, the environment can either act globally as a common reservoir or locally, on each subsystem, see Figure 4.1.
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Figure 4.1: Illustration of a multipartite quantum system interacting with a
global environment (left) and local environments (right).

The contact with an environment can induce processes such as decoherence
(resulting in a mixed state of the system) and dissipation of energy from the
system.
The evolution of the (closed) total system is found by the time dependent
Schrödinger equation,
d
ρ̂tot (t) = [Ĥtot , ρ̂tot (t)],
(4.2)
dt
where ρ̂tot is the density operator of the total system, representing physical
states of the total system. A formal solution of Equation 4.2 can be written as
i

(4.3)
ρ̂tot (t) = U (t)ρ̂tot (0)U † (t),

where U (t) = exp −iĤtot t/ is the corresponding unitary time evolution operator. The evolution of the system of interest is then found as the reduced
density operator ρ̂S , i.e., the partial trace of the total density operator over the
environmental degrees of freedom,


ρ̂S (t) = TrE (ρ̂tot (t)) .

(4.4)

By combining the fact that ĤS + ĤE + ĤI , ρ̂ = ĤS , ρ̂ + ĤE , ρ̂ + ĤI , ρ̂
and TrE ĤE , ρ̂tot (t) = 0 with Equation 4.4, Equation 4.2 turns into


d
ρ̂S (t) = [ĤS , ρ̂S (t)] + TrE ĤI , ρ̂tot (t) .
(4.5)
dt
Equation 4.5 is called a master equation. It is an exact equation from which
the attempts to deal with open quantum system dynamics starts. Computing
ρ̂tot (t) requires complete information about the environment and would result
in that Equation 4.4 can be written as
i

ρ̂S (t) = Φ(t)ρ̂S (0),
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(4.6)

where Φ(t) is a dynamical map, as introduced in Section 2.5. If the total system
starts in a product state,
ρ̂tot (0) = ρ̂S (0) ⊗ ρ̂E (0),

(4.7)

i.e., there are no initial correlations between the system and the environment,
such a dynamical map exists. It will be a complete positive trace preserving
(CPTP) map, as introduced in Section 2.5, and can hence be given in terms of
Kraus-operators as

 †
(4.8)
ρ̂S (t) = Φρ̂S (0) =
Êi ρ̂S (0)Êi† ,
Êi Êi = 1̂.
i

i

For macroscopic environments, the degrees of freedom will be inﬁnitely many
and impossible to keep track of. Instead, the reduced density operator is calculated by treating the inﬂuences of the environment in a statistical manner;
stochastic master equations need to be used. In such equations, one considers
the average eﬀect on the system dynamics of random ﬂuctuations of the environment. An example from classical equations of motion is the Langevin equation, describing a Brownian motion, i.e., one large particle in an environment
of much smaller particles. The total eﬀect of the particles in the environment
on the Brownian particle is summarized in a friction term and a random force,
which is assumed to be a Gaussian random variable. The random force and
the friction force are related due to the ﬂuctuation-dissipation theorem (which
describes how the response of a system to a small perturbation is related to the
ﬂuctuations of the system at thermal equilibrium). The adequacy of a stochastic master equation depends on how well the average eﬀect of an environment
can be estimated.
The theory presented in this chapter constitutes the foundation on which the
numerical method for modeling EET dynamics in pigment-protein molecular
aggregates (presented in Chapter 5) is derived from. The concept of open quantum system dynamics is introduced and in particular, the statistical tools used
to extract information about environmental eﬀects. Further, non-Markovianity,
which is studied in paper IV, is presented in Section 4.3. In this section, recent and relevant research on the topic is also presented in order to justify the
study of non-Markovian eﬀects.

4.1

Probing environmental interactions

Ideally, the environmental interactions on a quantum system is extracted from
experimental data. In such a case, there will be an ensemble of total systems
(system and environment) and the results from experiments will only give the
environmental interaction of an average total system. Nevertheless, it can
give us important information about the time scale and magnitude of diﬀerent
processes.
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4.1.1

Experimental analysis of environmental interactions

The time dependent behavior of quantum variables in a system at equilibrium
can be statistically described by correlation functions. These functions encodes
the time dependent ﬂuctuations and relaxation, due to the environmental interaction, in our system of interest. Often, the induced ﬂuctuations are considered
to be random.
For two classical variables, A and B, the correlation function
CAB = AB − A B ,

(4.9)

describes the statistical relationship between A and B. It can be seen that
for A = B, the correlation function equals the variance σ 2 . By comparing the
value of a variable A at time t0 with the value of the same variable at time t,
time scales and amplitude changes of A can be characterized. In this case, a
time-correlation function, also referred to as an autocorrelation function, can
be deﬁned as
C(t, t0 ) = A(t)A(t0 ) ,

(4.10)

where the average is over an equilibrium ensemble. A time-correlation describes
how long the property of interest persists until it vanishes due to interactions
with a surrounding. It depends only on the value of the time interval t − t0
(since for an equilibrium quantity, correlation functions are stationary) and
often it is assumed that t0 = 0, i.e., the correlation function can be referred to
as C(t). The time scale for C(t), denoted τ , is called the correlation time.
The quantum (auto)correlation function for an operator Â is given by


C(t) = Â(t)Â(0) = Tr Â(t)Â(0)ρ̂eq ,
(4.11)
where ρ̂eq denotes a quantum system at thermal equilibrium,
ρ̂eq =

e−β Ĥ
, Z = Tr(e−β Ĥ ).
Z

(4.12)

Here,
1
,
(4.13)
kB T
T and kB denoting the temperature and Boltzmann’s constant, respectively.
Since C is a complex quantity, it is not possible to measure it directly. Instead, observables are often related to the real or imaginary part of correlation functions. Another option is to Fourier transform C(t) and deﬁne the
frequency-domain correlation function as the spectral density function, J(ω),
ˆ ∞
J(ω) =
C(t)eiωt dt,
(4.14)
β=

0

or, if the correlation function is a real and even function of time,
ˆ
1 ∞
J(ω) =
C(t)eiωt dt.
2 −∞
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(4.15)

This function describes the strength of the interaction between the system and
a single mode of frequency ω in the environment and can be understood as the
density of states of the environment, weighted by the strength of the coupling
between the system and a particular vibrational mode. When the correlation
function C(t) decays exponentially with a single time constant τ , which is the
simplest model of C(t), J(ω) is a Lorentzian peaking at ω = 0. In the case
where the environment consists of a large number of vibrational modes that
are closely spaced, the spectral density function can be approximated by a
continuous function.
The spectral density function is a key ingredient in statistical approaches
to treat dynamics with inﬁnitely many degrees of freedom. As in any kind of
signal analysis, environmental frequencies comparable to the background noise
can be discarded by introducing a cutoﬀ frequency.
In order to probe the environmental eﬀects on the quantum system of interest, one can experimentally investigate the response of the total system (system
and environment), initially in equilibrium, to an external perturbation. Typically, the external force is small in comparison to the internal forces in the
system. In such a case, the change in the variable of interest can be calculated
to the linear order and the response function can be related to correlation functions calculated at equilibrium (even though the system has been driven out of
equilibrium). Hence, knowledge about the equilibrium dynamics can be used
to describe non-equilibrium processes. The quantum linear response functions
for an operator Â is given by
i
R(t) = − (C(t) − C ∗ (t)) ,


(4.16)

i.e., the sum of two correlation functions of Â. Hence, the time evolution of
the perturbed system is governed by the dynamics of the equilibrium system.
For the response function R(t), the Fourier transform is a complex quantity
called the susceptibility;
ˆ∞
χ(ω) = eiωt R(t)dt = χ (ω) + iχ (ω),

(4.17)

0

where


ˆ∞

χ (ω) = Re

eiωt R(t)dt,

(4.18)

eiωt R(t)dt.

(4.19)

0

and


ˆ∞

χ (ω) = Im
0


The function χ (ω) is denoted the spectral distribution function.
In addition to investigating the system response of an external perturbation,
we may also describe the relaxation of the perturbed, non-equilibrium system
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back to equilibrium. The quantity used is referred to as the step response
function, S(t). The step response function can in terms of a real observable
that is even in time, be represented by a symmetrized correlation function,
1
(C(t) + C(−t)) .
(4.20)
2
This function is a real-valued quantity, related to the real part of the correlation
function C(t) and deﬁned for t ≥ 0.
A schematic illustration of a response function and its corresponding step
response function is shown in Figure 4.2.
S(t) =

Figure 4.2: Illustration of a response function, R(t), and the corresponding step
response function, S(t).

4.1.2

Application to solid state crystal systems

As already mentioned in Section 2.3, the Hamiltonian of a total system can be
divided into a time independent part, Ĥ0 , and and a time dependent "perturbation" Ĥ1 (t). Since the time independent part in general represents the sum
of the energies in the system and the environment when their mutual interaction is removed, it is natural to assume Ĥ0 = ĤS + ĤE and Ĥ1 (t) = ĤI (t).
The term Ĥ1 (t) describes the (randomly) ﬂuctuating interactions with the environment. The time scale and the amplitude of the ﬂuctuations of Ĥ1 (t) will
be encoded in
C(t) = Ĥ1 (t)Ĥ1 (0).

(4.21)

In [46] it is established that for a solid state quantum system weakly coupled
to its environment, the eﬀect of the environment can be described as a set of
linearly coupled harmonic oscillators. Using linear response theory, a complex
environment can be mapped into an eﬀective harmonic environment. For such
environments, the information about the interaction is encoded in a spectral
density function of the form,

J(ω) = π gξ2 δ(ω − ωξ ),
(4.22)
ξ
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where gξ is the coupling strength to the vibrational mode ωξ . The corresponding correlation function is


ˆ∞
CT (t) =
For T = 0 K, coth





J(ω) coth
0

ωβ
2



ωβ
2




cos(ωt) − i sin(ωt) dω.

(4.23)

= 1 and the correlation function becomes
ˆ∞
C(t) =

J(ω)e−iωt dω.

(4.24)

0

The correlation function can hence be determined by the shape of the spectral
density function, which can be determined in diﬀerent ways depending on the
particular system considered. If there is microscopic knowledge about the system, such as the values of the coupling constants gξ , the spectral density can
be found from Equation 4.22. In other cases, the spectral density function can
be obtained by considering an accurate modeling of it at low frequencies and
add factors to it ad-hoc. A well known model, suggested in [47] is
J(ω) = ηs ω s ωc1−s e

−ω/ωc

,

(4.25)

where ωc is a cutoﬀ frequency added ad-hoc to achieve a smooth behavior of
the spectral density function, and ηs describes the coupling strength between
the system and the environment. The parameter s determines the feature of
the spectral density function according to
0 < s < 1 : Sub − ohmic,
s = 1 : Ohmic,
s > 1 : Super − ohmic.

(4.26)

When the environment is a complex structure - such as protein environments
in pigment-protein molecular aggregates - there also have to be experimental
data to obtain the spectral density function.

4.2

Markovian dynamics

If the correlation function in Equation 4.21 can be taken as a delta function,
C(t, t0 ) = δ(t − t0 ),

(4.27)

the dynamics is Markovian. It means that the time scale for the environment
to go back to its equilibrium conﬁguration after a perturbation is much smaller
than the characteristic time scale of the process in the system. Hence the
interaction between the system and the environment is at equilibrium of the
environment, which is the same as saying that the environment is memoryless;
at any other time than t = t0 the correlation is zero. The Markovian approximation can be made when the environment gives rise to an Ohmic spectral
density (see Equation 4.26),
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−ω/ωc

J(ω) ∝ ωe

,

(4.28)

where ωc is taken to be the largest frequency scale, and the coupling between
the system and the environment is below a certain value. When ωc is large,
the time scale of the environment, τ = ωc−1 , is fast and implies that the corresponding correlation function, C(t, t0 ), will be strongly peaked at short time
scales. Hence, it can be approximated by a delta function. Ohmic spectral
densities typically arise in bulk condensed matter systems.
An important concept for Markovian dynamics is divisibility. If there for a
CPTP-map, Φ, exists an inverse, Φ−1 , for all times t ≥ 0, one can deﬁne a two
parameter family of maps as
Φt,s = Φt Φ−1
s , t ≥ s ≥ 0,

(4.29)

where Φt = Φt,s Φs . The dynamical map Φt,s does not even have to be positive
since the inverse (Φ−1
s ) of a CP-map (Φs ) does not have to be positive. If the
family of maps, Φt,s , is completely positive, the corresponding dynamical maps
are denoted CP-divisible. A family of dynamical maps that are CP-divisible is
Φt = eL̂t (Φt,s = eL̂(t−s) ), where L̂ is a Liovillian of the Lindblad form [48].
A feature of processes described by a dynamical map where the inverse exists, is that they always leads to a time-local master equation, i.e., the derivative
of the system’s state at time t only depends on its state at time t. The environment is “memoryless” and such a master equation hence describes a Markovian
process. A consequence of the memoryless environment is that the quantum
system continuously looses information to the environment in a Markovian
process; information that cannot be recovered.
Divisible dynamical maps are obeying the composition law,
Φ(t1 )Φ(t2 ) = Φ(t1 + t2 ), t1 , t2 ≥ 0,

(4.30)

which is a result of the deﬁnition of Markovian processes in classical statistics.
If the dynamics of an open quantum system diﬀers to a great extent from
being described by a Lindblad master equation, the dynamics is denoted nonMarkovian. One then has to employ a time non-local master equation, i.e., an
equation where the derivative of a systems state at time t depends on its state
at previous times.

4.3

Non Markovian dynamics

Since the memory time of an environment will be encoded in the decay time of
the correlation function, a nonzero correlation time means that the environment
exhibits memory eﬀects. In other words; the interaction between the system
and the environment occurs during the time that the environment returns to
its equilibrium conﬁguration. In such a case, the Markovian approximation is
not valid anymore and the process should be regarded as non-Markovian. A
precise deﬁnition of non-Markovianity is not yet established, but it has been
proposed to take Equation 4.30 as a deﬁnition of a Markovian process [49] and
hence, a non-Markovian process is a process not obeying the composition law.
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A characteristic for non-Markovian dynamical maps are that they allow a
backﬂow of information from the environment to the system; a reversed ﬂow
that enables the system to regain information of its states at previous times.
The eﬀect of a backﬂow of information is that a system will have a “memory”;
the future states of the system depend on the past states.
There has been an increasing interest in non-Markovian dynamics in recent
years, both from a fundamental and applicability point of view. In particular,
it has started to be regarded as a resource for certain quantum tasks. However,
it should be noted that no formal resource theory for non-Markovianity exists
yet.

4.3.1

Quantiﬁcation of non-Markovianity

When considering quantiﬁcation of non-Markovianity, there are two main approaches in the literature; non-Markovianity quantiﬁcation based on the deviation of a dynamical map from CP divisibility, and non-Markovianity quantiﬁcation based on temporal increase of the distinguishability of states. Distinguishability is more operational than divisibility and represents - as mentioned
in Section 2.7 - the probability of how well you can distinguish two quantum
states with one measurement. Since a memoryless environment only functions
as a sink that drains information from the system, the possibility to distinguish two quantum states will decrease monotonically during the time evolution. When this is not the case, i.e., when distinguishability increases over some
time intervals of the evolution, the environment is not memoryless and can act
as a source for information recovery in the system. A physical interpretation
of this process is a backﬂow of information.
In general, the two ideas of non-Markovianity detection and quantiﬁcation
do not coincide, but in [50] it is shown that the two frameworks are equal
for bijective evolutions that are not CP-divisible. Equality occurs when the
distinguishability of two states on an extended Hilbert space (consisting of the
Hilbert space of the system with dimension d and an additional system with
dimension d + 1) is considered.

4.3.2

Non-Markovianity measures

A measure of non-Markovianity should not depend on a speciﬁc representation
or approximations of the dynamics of a system’s state. To do so, one needs a
quantity that represents a functional of the dynamical map that describes the
evolution of quantum states.
BLP-measure
The BLP-measure, developed by Breuer, Laine and Piilo [51] is based on the
fact that the trace distance (D) cannot increase under a Markovian process.
If it would increase under some time interval of the dynamics, the evolution
can be regarded as non-Markovian. The interpretation of the increase in the
probability to correctly distinguish two quantum states are that information
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about the original states can be recovered by a backﬂow of information from
the environment to the system.
For all CPTP maps, Φ, the following holds [52];
D(Φρ̂1 , Φρ̂2 ) ≤ D(ρ̂1 , ρ̂2 ),

(4.31)

i.e., a CPTP-map can never increase the distinguishability between two states
as measured by D. Hence, the trace distance between two initial states will be
a monotonically decreasing function of time.
The rate of change of trace distance is deﬁned as
d
D(ρ̂1 , ρ̂2 ).
(4.32)
dt
It is hence a quantity that depends both on the dynamics and the initial states
of which the trace distance is calculated for. If σ (t, ρ̂1 (0), ρ̂2 (0)) > 0 for some
time interval, Δt and at least some pair of initial states ρ̂1 (0), ρ̂2 (0), during
the evolution, the process is deﬁned as non-Markovian. From Equation 4.32, a
measure of the non-Markovianity of a quantum map Φ(t) can be deﬁned as
ˆ
N (Φ) = max
σ (t, ρ̂1 (0), ρ̂2 (0)) dt.
(4.33)
σ (t, ρ̂1 (0), ρ̂2 (0)) =

ρ̂1 (0),ρ̂2 (0)

σ>0

The integration is performed over all time intervals Δti,j = tj − ti , j > i where
σ(t, ρ̂1 (0), ρ̂2 (0)) > 0 and the maximum is taken over all pairs of initial states.
Equation 4.33 can then be rewritten as
N (Φ) =

max
ρ̂1 (0),ρ̂2 (0)



[D (ρ̂1 (tj ), ρ̂2 (tj )) − D (ρ̂1 (ti ), ρ̂2 (ti ))] .

(4.34)

i,j

The measure is a positive functional of the quantum map Φ(t). Deﬁned in this
way, the detected non-Markovian processes are always non-divisible. However,
the converse is not necessarily true.
The mathematical and physical features of optimal state pairs, i.e., pairs of
initial states that optimizes Equation 4.33 are studied in [53]. It is shown that
pairs of initial states that optimizes N (Φ) are orthogonal (i.e., their supports
are orthogonal) which implies that both states have a zero eigenvalue. Consequently, optimal states belong to the boundary, ∂M of the state space M
of the density operators describing physical states of the system (since states
lying on the boundary of the state space has at least one zero eigenvalue). The
orthogonality requirement implies that optimal state pairs fulﬁll D(ρ̂1 , ρ̂2 ) = 1
at t = 0, i.e., they are initially completely distinguishable.
For a dimer system, the boundary will coincide with the set of pure states
while for higher dimensions, the set of pure states forms a subset of ∂M.
RHP-measure
Rivas, Huelga and Plenio (RHP) [54] has constructed a measure of non-Markovianity
based on divisibility, see Equation 4.30. The idea is to ﬁnd how much a given
dynamical map departs from CP-divisibility by studying quantum correlations
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between two systems where one of the system interacts with an environment
in such a way that it can be modeled as a CPTP-map. If the two systems are
prepared in a maximally entangled state, a Markovian dynamics will monotonically decrease the entanglement between the two systems. A deviation of
this behavior would imply non-Markovian dynamics. Explicitly, the proposed
measure, I (E) is formulated as
I

(E)


ˆt 
 dE [ρ̂(t)] 
 dt − ΔE,
= 

dt

(4.35)

t0

where ΔE = E [ρ̂(t0 )] − E [ρ̂(t)], E being some entanglement measure, and ρ̂(t)
denotes the density operator describing the correlated system.
The proposed measure is suﬃcient, but not necessary, i.e., there might be
non-Markovian evolutions that will not be detected.

4.3.3

Non-Markovianity as a resource

Non-Markovianity has been shown to function as a resource in a number of
processes. The complex nature of non-Markovianity where many features of
the environment create a non-Markovian evolution, makes it challenging to
draw general conclusions on how it inﬂuences the system of interest.
Entanglement generation
Non-Markovianity as a resource for entanglement generation has been shown
in a number of studies. In [55], the generation of steady state entanglement
in a coherently coupled dimer, where each site is coupled to a localized harmonic mode, is related to the degree of non-Markovianity of the evolution.
The degree of non-Markovianty is altered by varying the memory time of the
environment, while the eﬀective noise strength is kept ﬁxed. It is shown that
non-Markovianity, as quantiﬁed by the RHP-measure, can be seen as a resource
for the formation of steady-state entanglement.
The eﬀect on non-Markovianity on entanglement dynamics of two noninteracting qubits, initially in a pure Bell-like state and locally coupled to
an environment of quantized modes, is investigated in [56]. The authors ﬁnd
entanglement revivals (quantiﬁed by concurrence) that arise from the nonMarkovian dynamics of each qubit. This study does not explicitly quantify
non-Markovianity, but rather construct their environmental parameters into
what is assumed to be within the non-Markovian regime.
The work in [56] is extended in [57] where a more general class of initial
states is considered. In this case, the initial states have a X-structure, i.e., the
density operator will have the form
⎞
⎛
0 ρ14
ρ11 0
⎜ 0 ρ22 ρ23 0 ⎟
⎟
(4.36)
ρ̂X = ⎜
⎝ 0 ρ32 ρ33 0 ⎠ .
0 ρ44
ρ41 0
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The authors also investigate the eﬀect of the degree of mixing in the initial state. It is found that for an intermediate value of mixing of the initial state, entanglement revivals occur. The more pure the initial state, the
longer time-period of revivals. The dependency of entanglement revivals on
non-Markovianity is such that only for a certain level of non-Markovianity,
revivals can occur.
Quantum communication
Non-Markovianity can be a resource for information transfer in a noisy channel.
In [58] it is shown that quantum channel capacities can be increased by nonMarkovianity as compared to a Markovian one.
An experimental setup of a pair of entangled photons, locally subjected to
environments consisting of polarization degrees of freedom is studied in [59].
Non-Markovianity is quantiﬁed by the BLP-measure. Initial correlations between the local environments induce non-Markovianity, which can be used to
maintain quantum properties of the system. Connected to this study is the
work in [60] where it is shown that non-Markovianity is a resource for quantum communication since it allows for perfect quantum teleportation even with
mixed resource states. The authors use the same experimental setup as in [59]
and analyze how teleportation ﬁdelity is related to the amount of initial correlations between the local environments. It is found that perfect teleportation
using a mixed resource state is possible when the environments of the two
photons are initially maximally correlated.

4.3.4

Environmental engineering

The possibility to engineer environments in order to help preserving quantum
eﬀects in the system has gained interest lately. By properly engineering an
environment, it can be transformed from being solely a source of dissipation
and decoherence to instead function as a source of resource protection. Hence,
the possibility to design the environment in a constructive manner might lead to
a shift from the current paradigm in quantum technology, where environmental
eﬀects are reduced as much as possible.
The ability to control and probe the spectral density function of a complex
bosonic quantum network of nodes is explored in [61]. By using a harmonic
oscillator as a probe, locally immersed in the network and linearly coupled
to a single node, it is found that the spectral density function as well as the
structure and topology of the system, can be obtained. No assumption about
the temperature or the structure of the system is made and the dynamics of
the system is obtained by a generalized quantum Langevin equation where
diﬀerent spectral density functions can be obtained by varying the strength of
the coupling between the network nodes.
In [62] the spectral density function of a system - consisting of a center
of mass motion of a micro-mechanical oscillator in the high temperature limit
- is probed. The authors try to link the properties of the spectral densities
to a quantitative measure of non-Markovianity, and a clear signature of nonMarkovian Brownian motion is observed. The micro mechanical oscillator is
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linearly coupled to the bath, where the strength of the coupling is encoded in
the spectral density function of the environment.
A system of an atomic impurity in an environment of a one-dimensional
Bose-Hubbard lattice is investigated in [63]. The authors show that the lattice
can be used as an tunable engineered environment, allowing in a controlled way
to simulate both Markovian and non-Markovian dynamics.
In [64] the experimental data for the Stoke shift response function of a spin
system immersed in a protein scaﬀold and in contact with a solvent is used
to show that the environmental relaxation process can be characterized by a
three-parameter sub-Ohmic spectral density.

4.3.5

Coherence in non-Markovian dynamics

In open quantum systems, coherence will normally be degraded over time due
to the interaction with the surrounding environment. In such a case, the superiority of the system as compared to a classical system is eventually lost. The
study of conditions where coherence can be invariant or recovered in a system
interacting with an environment has caught some interest lately, especially in
the quantum biology community, where it has been realized that coherence can
survive even in noisy, macroscopical systems, where the decohering eﬀects are
expected to destroy the coherence instantly.
A trade-oﬀ relation between coherence and the degree of mixedness in a
system, is found in [65] and shows that in order to be able to maintain the
quantum coherence, the dynamical evolution must not monotonically increase
the mixedness of a system. In a non-Markovian time evolution, it is hence
possible that coherence can be recovered after a backﬂow of information has
reduced the mixedness of the system.
The conditions for a proper coherence measure proposed in [33], states that
coherence should not increase under incoherent operations. In [66], the authors
conclude that this statement implies that coherence measures are monotone
under Markovian dynamics, which opens up for the interpretation of a deviation
from the monotonicity as a sign of non-Markovian dynamics. Indeed, it is shown
that the decay of coherence (as measured by l1 -norm) for a two-qubit system
interacting with a harmonic oscillator bath slows down in a non-Markovian
evolution.
In [67] the notion coherence trapping is introduced and studied. Coherence
trapping is the phenomenon of a quantum system, undergoing non-Markovian
dynamics, that partly retains coherence in the long time limit due to the backﬂow of information from the environment. In this study, the system of interest is a single qubit interacting with a non-Markovian environment where
the spectral density function can be varied. In the case of Markovian dynamics, coherence will vanish in the long time limit due to the exponential decay
connected with Markovian dynamics. In the case of non-Markovian dynamics,
this is not necessarily true. It is further found that the low-frequency part of
the spectrum in the spectral density function dictates the occurrence of information backﬂow and hence, coherence trapping. The high-frequency part of
the spectrum, on the other hand, determines the stationary value of coherence
whenever it exists. The authors also conclude that the occurrence of coher-
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ence trapping is not consistent with a Markovian time evolution and is hence
a purely non-Markovian phenomenon.

4.3.6

Correlations in non-Markovian dynamics

Since quantum correlations normally are more sensitive to environmental eﬀects
than quantum coherence, non-Markovianity constitutes a promising way to
maintain and recreate quantum correlations in an open quantum system.
In [68] the dynamics and connections between entanglement, nonlocality
and mixedness in a two-qubit system (only X-states are considered) are studied. The dynamics is modeled by a non-Markovian master equation where the
environment is modeled as a common, structured reservoir consisting of a set
of harmonic oscillators with a Lorentzian spectral density function. Entanglement is quantiﬁed by concurrence and nonlocality by the Horodecki-measure.
In particular, the authors investigate the connection between entanglement,
nonlocality and mixedness when the initial state is the maximally entangled,
single-excitation state
|Ψ(0) =

|10 + |01
√
.
2

(4.37)

For this particular initial state, a closed relation between nonlocality, entanglement and purity is found. It reads
M 2 − P − C 2 = −(1 − C)2 .

(4.38)

The non-Markovian dynamics induces revivals of all quantities.
The time evolution of entanglement, nonlocality and mixedness (purity)
in a two-qubit system undergoing non-Markovian dynamics is also studied in
[69]. The non-Markovian dephasing noise, modeled as classical ﬂuctuations of
the qubit level spacings, can act both locally and globally. Entanglement is
quantiﬁed by concurrence and nonlocality by the maximum of the Bell-CHSHoperator, which coincides with the Horodecki-measure. The initial states of
the time evolution are X-states. When only one of the qubits interacts with
the classical noise, it can be seen that for high purity of the initial state,
non-Markovianity plays an important role for prolonging the life-time of entanglement; the stronger non-Markovianity, the longer the life time. For pure
initial states, entanglement decays exponentially. It is further found that strong
non-Markovian eﬀects and high purity have a key role in improving nonlocality. Nonlocality disappears on a shorter time scale than entanglement. When
both qubits are subjected to local, classical noise, the behavior is similar to
when only one qubit interacts with an environment, but here, the life time of
entanglement and nonlocality is shorter.
In [70], the connection between entanglement dynamics and nonlocality
dynamics in a two-qubit system in a non-Markovian environment is studied.
Especially, conditions where revivals in entanglement and nonlocality occur are
investigated. The qubits are modeled to interact with local, identical bosonic
environments at zero temperature. Nonlocality is detected by violation of the
CHSH-inequality and entanglement is quantiﬁed by concurrence. The initial
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states considered are pure, Bell-like X-states. The CHSH-operator is optimized
for a X-state, which coincides with the Horodecki criterion. It is found that
revivals of nonlocality do occur for certain threshold values of entanglement,
but that the two quantities clearly diﬀer from each other and in particular,
nonlocality may disappear even for high values of entanglement (up to C ≈ 0.8).
The eﬀect on entanglement dynamics of two non-interacting qubits in a
classical non-Markovian environment is investigated in [71]. The two qubits
are locally interacting with Gaussian environments and the initial state is a Xstate. It is shown that the life-time of entanglement, quantiﬁed by concurrence,
can be prolonged by non-Markovianity. However, entanglement revivals do not
occur in this model.
The eﬀect of non-Markovian dynamics on an initially maximally entangled
qubit-oscillator system is analyzed in [72]. Two diﬀerent models for the dynamics is investigated. In the ﬁrst one, the harmonic oscillator, with frequency
ω0 , is subjected to an environment of bosonic modes, described by an Ohmic
spectral density function with cutoﬀ frequency ωc . Nonlocality
  is measured
 
by the Bell-CHSH-operator, B̂, and the optimized value of B̂  is given as a
function of τ = ωc t. It is found that for a large cutoﬀ frequency (i.e., many
 
 
environmental modes) and a large system-environment coupling, optimized B̂ 
decays monotonically. For a weaker system-environment coupling and
  ω c  ω0 ,
 
which corresponds to a strong non-Markovian regime, optimized B̂  becomes
a periodic function of τ . The other model for the dynamics is a time-nonlocal
master equation with dissipation rate γ0 and the correlation function of the
−γt
(where γ −1 is the memory time of the
dynamics taken to be C(t)
 = γe
 
environment). Optimized B̂  as a function of τ = γ0 t is analyzed for diﬀerent
memory times of the environment.
 In the regime of non-Markovian dynam 
cis, i.e., when γ  γ0 , optimized B̂  is observed in a larger temporal window
than in the opposite regime (which is close to Markovian). Hence, also for
this model, non-Markovian dynamics seems to correlate with a more persistent
nonlocal correlation between the qubit and the oscillator.
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Chapter 5

Excitation energy transfer in
pigment-protein molecular
aggregates
"Satisfaction of one’s curiosity is one of the greatest sources of happiness in life."
Linus Pauling

Assemblies of organic molecules held together by non-covalent interactions are
called molecular aggregates. Photosynthetic complexes - which typically consists of an assembly of pigment molecules in a protein scaﬀold - are a type
of molecular aggregate found in nature. The surrounding protein keeps the
pigments at ﬁxed positions to each other. Their structure can be imitated to
produce various artiﬁcial photosynthetic complexes.
When a pigment molecule interacts with light, the photon energy creates
a quasiparticle - which is a bound state of an excited electron and a hole
- called an exciton. The electron in the excited state and the hole in the
ground state are held together by the Coulomb-force between them. Unlike in
semiconductors, where exciton transport occurs through free charge carriers,
the electrons remain localized on pigment molecules in the aggregate through
the transfer.
In photosynthetic complexes photons are absorbed by antenna (pigment)
molecules and then transferred through a network of pigments until the excitation reaches a reaction centre where the photon energy is converted into
chemical energy. The chemical energy captured in such a manner is later used
to form carbohydrates from water and carbon dioxide. The overall eﬃciency
of photosynthetic complexes hence depends - among many other things - on
how eﬃcient an excitation can be transferred from the antenna molecules to
the reaction center.
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In pigment-protein molecular aggregates where the interaction between the
pigments are weak, the exciton will be localized on a single pigment at a time
and will diﬀuse through the system in a hopping manner. The excitation energy
transfer (EET) can in such a case be treated as an incoherent process. When
the pigments are more strongly coupled, the scenario is diﬀerent; the excitons
will now be delocalized over several pigments at a time and the transfer process
have to be described as a coherent process, which means that the transport has
to be treated by quantum mechanical equations of motion. Lately, there has
been experimental evidence that some photosynthetic complexes fall into the
latter regime.
In this chapter, the numerical method for modeling EET dynamics in
pigment-protein molecular aggregates, used in paper I, II and IV, is introduced and justiﬁed. The assumptions and approximations in the model is
pointed out. The chapter starts with a brief introduction of pigments, EET
and common model pigment-protein molecular aggregates.

5.1

Photo-excitation of a pigment

Pigments are organic molecules that absorb light within the visible region. The
most common type of such pigments are those from a group called chlorophylls.
There are many diﬀerent types of chlorophylls, but the shared features are a
polyplanar, cyclic structure with a phythol side chain. In the cyclic part, there
are four inward-oriented nitrogen atoms that are coordinated with a Mg2+ -ion
in the center. Examples are chlorophylls in plants and bacteriochlorophylls in
bacteria such as Green sulfur bacteria. As an example, Bacteriochlorophyll a
is shown in Figure 5.1.































Figure 5.1: Illustration of an example of a pigment; Bacteriochlorophyll a.
Photo-excitation from the ground state, |ψg , to the excited state, |ψe , occurs on the attosecond time scale. The pigment molecule will initially be in its
ground state equilibrium conﬁguration, which diﬀers from the equilibrium conﬁguration of the excited state. Under the very short time of photo-excitation,
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the conﬁguration of the nuclei in the pigment molecule will not have time to
change and hence the pigment molecule will be in a non-equilibrium state after
excitation, i.e., vibrational modes of the excited state are also excited. Due
to environmental interaction, the pigment molecule will relax through nonradiative decay (i.e., conversion into heat) to its vibrational ground state in
the excited state. Relaxation of the vibrational modes occurs on time scales
ranging from 100 femtoseconds to some picoseconds and the energy released the reorganization energy - can lead to a reconﬁguration of the environment.
The reorganization energy can be related to the Stokes shift, which is the energy
diﬀerence between the maxima of the absorption and emission spectra.
At time scales of about picoseconds to nanoseconds, the pigment molecule
will relax back to its electronic ground state through either a radiative process (ﬂuorescence) or a non-radiative process. Excitation and de-excitation
processes of a molecule are shown in Figure 5.2.

Energy

Vibrational
relaxation

│ ψe〉

λ
Absorption

Non-radiative relaxation
Fluorescence
│ ψg〉

Figure 5.2: Illustration of excitation and de-excitation processes of a pigment
molecule.

5.2

EET between two pigments

The simplest form of a pigment-protein molecular aggregate is a dimer, i.e., two
pigments in a protein scaﬀold. The interest in the dimer system as a model
system is partly due to the possibility to ﬁnd an analytical solution for the
quantum mechanical time evolution. The dimer also constitutes the simplest
model for studying EET tunneling through an energy barrier, which arises from
the diﬀerence in excitation energies.
In a dimer, an excitation on one pigment can be transferred through a nonradiative process to the other pigment due to their mutual interaction. The
process is schematically illustrated in Figure 5.3.
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│ψe,2〉

Energy

│ψe,1〉

EET

│ψg,2〉

│ψg,1〉
Pigment 1

Pigment 2

Figure 5.3: Illustration of excitation energy transfer in a dimer.
A quantitative description of such a process is Förster resonance energy transfer
(FRET) theory [73]. Here, the rate of transition, between excitation of pigment
i and j, kij , is expressed as an overlap integral of the ﬂuorescence spectrum of
pigment i, Fi (ω), and the absorption spectrum of pigment j, Aj (ω);
2
Jij
kij =
2π

ˆ∞
Aj (ω)Fi (ω)dω.

(5.1)

−∞

Here, Jij is the electrostatic interaction between pigment i and j and the overlap
integral can be understood as a ﬂuctuation-induced resonance between the
excitation energy of pigment i and j.
In FRET, the EET is treated in an incoherent manner, but as already
mentioned, the nature of this process depends on the relationship between
the strength of the interaction between the pigments and the strength of the
coupling to the protein environment. It also depends on the time scale of
the processes in the environment. Therefore, other theoretical frameworks to
describe EET in pigment-protein molecular aggregates have been developed.

5.3

EET in more complex pigment-protein molecular aggregates

The principles of EET in a dimer system applies to larger and more complex
pigment-systems. The simplest model system beyond the dimer is obviously
a trimer; i.e., three pigments. This model system allows for studying more
complex structures where also pigments only weakly coupled to each other i.e., not nearest neighbor pigments - participate in the EET process. It is the
smallest system for which not only quantum tunneling can inﬂuence the EET,
but include also the eﬀects of constructive and destructive interference between
diﬀerent EET pathways in the pigment-system.
Another common test system is the Fenna-Matthews-Olson (FMO) complex, a naturally occurring pigment-protein molecular aggregate found in Green
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sulfur bacteria (Chlorobaculum tepidum). It consists of three identical units
(monomers) that functions independently and one can hence restrict studies of
photosynthetic EET to one of these monomers. Each monomer consists of a
network of seven pigments in the form of bacteriochlorophylls, held together by
a protein scaﬀold. An excitation, initially captured by antenna molecules located outside of the monomers, is transferred through the network of pigments
until it reaches a pigment from where the excitation energy can be captured by
the reaction centre of the photosynthetic complex. An illustration of the FMO
complex can be seen in Figure 5.4.

ŚĨ
ŶƚĞŶŶĂ
DŽůĞĐƵůĞƐ

ZĞĂĐƟŽŶ
ĞŶƚƌĞ

WŝŐŵĞŶƚ

WƌŽƚĞŝŶ
ƐĐĂīŽůĚ

Figure 5.4: Illustration of the FMO complex and its location between the antenna molecules and the reaction centre (left). One of the monomers, where
the seven pigments are attached to a protein scaﬀold, is shown in close up to
the right in the ﬁgure.
The FMO complex was the ﬁrst chlorophyll-protein system where the structure was determined with atomic resolution [74] and is by far the most studied
system when considering EET in photosynthetic complexes. The pigment excitation energies as well as the strength of the inter-pigment interactions have
been experimentally and theoretically determined [75] and calculations propose that pigment 1 and 6 receives the initial excitation while pigment 3 and
4 are connected to the reaction centre. This is in accordance with experimental studies of the network orientation with mass spectrometry [76]. Using the
ﬂuctuation-dissipation theorem, Fleming and Cho [77] managed to develop a
method where the spectral density function can be extracted from experimental
data. Highly structured spectral density functions that are in good agreement
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with the spectral density functions achieved from absorption spectra have been
found for the FMO complex [75].
There have been some experimental studies suggesting that there is an
eighth pigment in the FMO complex [78, 79], which probably have been removed in the sample preparation in previous studies on the FMO complex.
However, the major part of studies on EET in the FMO complex neglects the
existence of the eighth pigment.

5.4

Modeling EET in pigment-protein molecular
aggregates

There exist many diﬀerent models to include the eﬀects of the environment on
the EET process in an open system approach. Due to the crystal structure of
pigment-protein molecular aggregates, most of them model the environment as
an inﬁnite set of harmonic oscillators to represent the vibrational modes of the
atoms in the environment that interact with the system of interest.
A general master equation describing EET in a network of pigments in a
protein scaﬀold can be written
d
ρ̂S (t) = L̂S ρ̂S (t) + L̂R ρ̂S (t),
(5.2)
dt
where the operator L̂S is the system Liouvillian and L̂R is the relaxation superoperator representing the system’s relaxation due to environmental eﬀects. Its
explicit form depends on what kind of system that is considered. Especially, the
relation between the relaxation time of the environment τr , which is inversely
proportional to the coupling between pigments and the environment, and the
EET time τt , which is inversely proportional to the coupling between pigments,
determines in which regime the EET will occur and hence the explicit form of
L̂R .
When τr  τt , the decoherence is very fast and the EET can be considered
to be an incoherent process. In such a case, the pigment-pigment coupling can
be treated perturbatively and the EET can be described by FRET [73]. When
the time scale relation is the opposite, i.e. τt  τr , the EET is within the coherent regime and could in principle be described by the Schrödinger equation
(that is, environmental eﬀects are negligible). However, it is most common
to use Redﬁeld theory [80] to describe EET in this regime. Here, the environmental dynamics is considered to be Markovian and the coupling between
the system and the environment is weak. The Markov assumption essentially
means that the environment is considered to be in equilibrium through the
EET process and in [81] it is shown that the Redﬁeld equation only is appropriate when the coupling strength between the pigments is large compared to
the reorganization energy. Otherwise, the pigment-dependent reorganization
processes cannot be captured accurately by Redﬁeld theory.
When considering photosynthetic complexes, it has been recognized that
many of them fall into an intermediate regime; typically the coupling between
pigments are comparable to the reorganization energies. FRET as well as weakcoupling and Markovian master equations all fail to reproduce this intermediate
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EET regime. Many diﬀerent approaches to more accurate modeling of the EET
in photosynthetic complexes have been developed in recent years, and especially
one of these approaches has become the benchmarking method to model EET
in this intermediate regime; the hierarchical equations of motion.

5.5

Hierarchical equations of motion

The hierarchical equations of motion (HEOM) method was originally developed
by Kubo and Tanimura [82, 83, 84] and later extended by Ishizaki and Fleming
[85, 86] to be an appropriate tool to model EET in pigment-protein molecular
aggregates. It is designed to accurately model EET in the intermediate regime
and is able to describe quantum coherent dynamics and incoherent dynamics
within the same framework. It hence reduces to Redﬁeld theory and FRET in
their respective regimes of validity.
HEOM was ﬁrst developed for a test-system coupled to a Gaussian-Markovianenvironment in [82]. The theory is then extended to include two-time-correlation
functions in [83] where it is also observed that a strong system-environmentinteraction gives rise to special features of two-time-correlation functions. In
[84], HEOM for general (non-Ohmic) spectral densities and arbitrary temperatures is developed. In [87], the work in [82] is extended to account for a
two-level-system strongly coupled to an environment of harmonic oscillators
(the spin-boson model). The model is applicable also to the low-temperature
case and it takes non-equilibrium molecular reorganization eﬀects into account.

5.5.1

General framework

To ﬁnd the EET dynamics within a network of pigments (i.e., the system of
interest), the Liouville equation (Equation 5.2) has to be solved. The solution
can be expressed in the interaction picture as
ρ̃S (t) = Φ̃(t)ρ̃S (0).

(5.3)

Here, Φ̃(t) can be expressed as
⎡
Φ̃(t) =

T← exp ⎣

ˆt
0

⎤!
L̃R (s)ds⎦

,

(5.4)

E

i.e., a time-ordered exponential averaged over the environmental degrees of
freedom in the thermal equilibrium state in Equation 4.12.
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5.5.2

Modeling the system

Ϯ
:ϭϮ

:Ϯϯ
:ϭϯ

ϭ

ϯ

Figure 5.5: Illustration of a system of interacting pigments. The arrows through
the pigments represents the orientation of the dipole moment.
In a pigment-protein molecular aggregate, the system of interest is the network
of pigment molecules, or, more precisely; the electronic degrees of freedom of the
pigment molecules. A model system of three pigments (i.e., a trimer) is shown
in Figure 5.5. Due to very fast internal conversion of higher singlet states,
pigment molecules can be modeled as two-level systems with a singlet ground
state, S0 , and an excited state represented by the ﬁrst excited singlet state,
S1 . If the ground state is denoted |ψg  and the excited state is denoted |ψe ,
the transition between them is characterized by the transition dipole moment,
μ
 = ψe | qer |ψg , where qe denotes the electron charge and r is the electrons
position. The coupling between diﬀerent pigments is given by the electrostatic
dipole-dipole coupling. For pigment i and j,


j
μ
 i· μ
1
3(
μi · r)(μ̂j · r)
,
(5.5)
Jij =
3 −
5
4πεε0
|r|
|r|
where μ
 x is located at rx and r = rj −ri . As can be seen from the Equation 5.5,
the coupling strength depends on the alignment of the two dipole moments. In
the case of one of the dipole moments being perpendicular to the radius vector,
r, the last term of the expression vanishes and the coupling can be written as
Jij =

1
4πεε0 |r|

 i· μ
j
3μ

=

1
4πεε0 |r|

3

|
μi | |
μj | cos θ,

(5.6)

where θ is the angle between the two dipole moments.
In most cases, it can be assumed that the system only have one excitation
at a time. This is due to the fact that EET is much faster than the rate of
photon absorption. The reduction to the single excitation subspace means that
the Hilbert space is reduced from 2N dimensions to N dimensions, where N
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is the number of pigments in the network. Population of |ψe  on pigment i is
denoted |i;
|i = |ψg,1  . . . |ψe,i  . . . |ψg,N  .

(5.7)

It is reasonable to assume that the diﬀerent ground- and excited states do
not overlap and that the exchange interaction (i.e., the interaction between
identical particles mediated by the the overlap of one-particle wave functions)
is negligible. Therefore it is appropriate to use a tight-binding Hamiltonian [88]
to model the system Hamiltonian. In the single-excitation subspace it takes
the form
ĤS =

N


Ei |i i| +

i=1

N


Jij |i j| ,

(5.8)

i=j

where Ei is the excitation energy of pigment i, deﬁned as the optical transition
energy at the equilibrium position in the ground state. In general, Ei will diﬀer
for diﬀerent pigments due to their diﬀerent protein environments. The values
of Ei and Jij can be found by combining experimental data with quantum
chemical calculations.

5.5.3

Modeling the environment

The system of pigments are attached to a protein environment. Thermal energy
induces ﬂuctuations already in the native state, but especially ﬂuctuations arise
as proteins vary between diﬀerent conformational states. The latter form deep
valleys in the potential energy surface where the deepest one corresponds to the
native state. Thermal ﬂuctuations can be represented as oscillations around a
local minima. As introduced in Section 4.1.2, in crystal structures such as a
pigment-protein molecular aggregate, the environment can be described as a
set of linearly coupled harmonic oscillator modes. Hence, anharmonic modes
can be assumed to be irrelevant in EET in such systems. In pigment-protein
molecular aggregates, it is assumed that each pigment is inﬂuenced by its own
local environment which implies that the environmental Hamiltonian can be
written
ĤE =

N


Ĥiph ,

(5.9)

i=1

where
Ĥiph =



ωiξ

ξ

2
(p̂2iξ + q̂iξ
)
,
2

(5.10)

is the phonon Hamiltonian for the ith pigment . Here, qiξ is a dimensionless normal coordinate of the equilibrium conﬁguration of pigment i, piξ is the
momentum of the atom in position qiξ , and ωiξ is the frequency of the corresponding normal mode. The equilibrium conﬁguration is taken as the phonon
conﬁguration in the electronic ground state (assuming that the conﬁguration
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of the excited state is not very diﬀerent from the ground state due to the absence of large permanent dipoles). A schematic illustration of how the protein
environment is modeled is shown in Figure 5.6.

Pigment

Harmonic oscillator mode

Figure 5.6: Schematic illustration of how the protein environment is modeled;
each pigment (black dots) is surrounded by its local environment of harmonic
oscillator modes.
The idea of assuming local environmental phonons of each pigment in the
network and hence, modeling the environment as independent sets of harmonic
oscillators, is controversial; it is not fully understood whether this constitutes a
reasonable approximation or if the vibrational modes of each pigment is correlated. It should be mentioned that by assuming local environments, the model
for EET in pigment-protein molecular aggregates diﬀers from the spin-bosonmodel - a model usually employed to describe electron transfer in condensed
matter systems - where the transfer is described to occur between the electronic
ground- and excited state of a two-level system coupled to a single environment.

5.5.4

Modeling the system-environment interaction

The excited state of pigment i is assumed to be be linearly coupled to the set
of harmonic oscillators described by Ĥiph in Equation 5.10. The Hamiltonian
for the system-environment coupling is given by
ĤI =

N


V̂i ui ,

(5.11)

ωiξ diξ qiξ .

(5.12)

i=1

where V̂i = |i i| and
ui = −


ξ

Here, diξ is the dimensionless displacement of the equilibrium conﬁguration
of the ξth phonon mode when pigment i is excited from |ψg  to |ψe . The
interaction Hamiltonian, ĤI in Equation 5.11, originates from the diﬀerence
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in the environmental Hamiltonian associated with the excited electronic state,
compared to the ground state (pigment excitation energy not included). It can
be modeled as a set of displaced harmonic oscillators;
ωiξ
ξ

(p2iξ +(qiξ −diξ )2 )
2

=

ωiξ
ξ

=

Ĥiph

+

2
(p2iξ +qiξ
−2qiξ diξ +d2iξ )
2

ωiξ
ξ

d2iξ
2

−

ωiξ qiξ diξ ,

(5.13)

ξ

where the last term is exactly the coupling term in Equation 5.12 . The middle
term is equal to the reorganization energy, λi , of pigment i,
λi =



ωiξ

ξ

d2iξ
,
2

(5.14)

which is the coupling constant between the ith pigment and the ξth phonon
mode. The coupling term ui in Equation 5.12 is called the collective gap coordinate and is used to describe ﬂuctuations in the electronic states; it describes
the ﬂuctuations in excitation energies and dissipation of reorganization energy.
Due to the very large number of environmental degrees of freedom, the modulations in the electronic states can be modeled as random ﬂuctuations. Because
qiξ are normal modes, the collective gap coordinate in the interaction picture
(with ui propagated with the ground state Hamiltonian for pigment i), ũi (t),
satisﬁes Gaussian statistics. It follows that the n-time correlations function
vanishes when n is odd and for even n, it is suﬃcient to include the terms up
to n = 2 to be able to describe the dynamics in the system exactly, i.e., all the
environment-induced processes can be characterized by two-point correlation
functions of ũi (t). Fluctuations in the electronic energy of pigment i can be
described by the symmetrized correlation function of ũi (t), as introduced in
Section 4.1.1
1
(ũi (t)ũi (0) + ũi (0)ũi (t)) ,
(5.15)
2
where the averaging is over the equilibrium density operator with pigment i in
its ground state.
The reorganization energy, λi , is the dissipation of energy when environmental conﬁguration in the excited state relaxes to its equilibrium conﬁguration.
This energy can be characterized by the response function of ũi (t),
Si (t) =

i
Ri (t) = − (ũi (t)ũi (0) − ũi (0)ũi (t)) ,

and can be measured via the Stokes shift magnitude according to
Γi (0) = 2λi ,
where Γi (t) - the phonon relaxation function - is deﬁned as
ˆ ∞
Γi (t) =
Ri (s)ds.
t
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(5.16)

(5.17)

(5.18)

The interaction between the set of harmonic oscillators and the pigments is
completely characterized by the spectral distribution function, χi (ω), as introduced in Equation 4.19. In terms of χi (ω), the phonon relaxation function,
Γi (t), is
2
Γi (t) =
π

ˆ∞

χi (ω)
cos ωt dω.
ω

(5.19)

0

The symmetrized correlation function and the response function can, in terms
of the spectral distribution function, be expressed as
Si (t) =


π

ˆ∞

χi (ω) coth



βω
2


cos(ωt)dω,

(5.20)

0

and
2
Ri (t) =
π

ˆ∞

χi (ω) sin(ωt)dω.

(5.21)

0

The reorganization energy is related to the absolute magnitude of the spectral
distribution function by
ˆ∞
λi =

χi (ω)
dω.
πω

(5.22)

0

5.5.5

Modeling the initial excitation

The initial state of the system, ρ̂S (0), has to be speciﬁed prior to modeling
the EET. In general, theoretical models of EET in pigment-protein molecular
aggregates takes a localized excitation on one of the pigments as the initial
condition, i.e.,
ρ̂S (0) = |i i| .

(5.23)

Whether this is a correct way of modeling the initial excitation remains an
open question. In [89] it is suggested that this initial condition only applies
when the aggregate is photo-excited by a laser pulse, while the excitation in a
natural pigment aggregate rather would be written
ρ̂S (0) =

N


2

|i |ek | |ek  ek | ,

(5.24)

k=1

where |ek  is the kth exciton state, i.e., the kth eigenstate of the system Hamiltonian ĤS . The motivation for such an initial condition is that the excitation is
transferred by FRET from the antenna molecules to the pigment that initially
receives the excitation due to the large distance between these components as
compared to the intra-system distances.
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The initial condition for the full system (system and environment) is usually
taken as
ρ̂tot (0) = ρ̂S (0) ⊗ ρ̂E (0),

(5.25)

where ρ̂E (0) is the thermal equilibrium state of the environment. Hence, pigments are initially uncoupled from the vibrational modes in the environment.
Even though an initial condition of this kind could be considered unphysical
(since the system and environment might be correlated at t = 0), it has been
shown to be an approximation that works good enough [90].

5.5.6

Derivation of HEOM

To derive the HEOM, the degrees of freedom of the environment are assumed
to be of an order where the ﬂuctuations can be approximated as random and
are obeying normal distribution. Hence, the collective gap coordinates will also
follow Gaussian statistics. Due to Wicks theorem (which holds for Gaussian
operators), environmental eﬀects can be fully characterized by the symmetrized
correlation function, Si , and the response function, Ri , of the collective gap
coordinate ui . The interaction-picture dynamical map Φ̃(t) in Equation 5.4
can then be recast into
⎡t
⎤
ˆ
"
(5.26)
Φ̃(t) = T← exp ⎣ W̃i (s)ds⎦ ,
i

0

where the Wick operators, W̃i (t), are
W̃i (t)

=

− 12

´t
0
×

Ṽi (t)ds×

× Si (t − s)Ṽi (s) −

i 2 Ri (t

(5.27)
− s)Ṽi (s)

◦

.

Here, the hyper-operators are deﬁned as
ĝ × fˆ = ĝ fˆ − fˆĝ,

(5.28)

ĝ ◦ fˆ = ĝ fˆ + fˆĝ.

(5.29)

and

Hence, the density operator of the system in the interaction picture, ρ̃S (t), can
be expressed in terms of the symmetrized correlation function and the response
function as

d
ρ̃S (t) = T← W̃i (t)ρ̃S (t).
dt
i

(5.30)

Equation 5.30 is a time non-local equation. It is derived in a non-perturbative
manner with respect to the electron-phonon coupling and is in itself a nonMarkovian master equation.
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When the environmental degrees of freedom can be described classically which is the case in the high temperature limit - the symmetrized correlation
function, Si (t), response function, Ri (t), and relaxation function, Γi , will satisfy
the classical ﬂuctuation-dissipation relation,
Si (t) =

1
Γi (t),
β

(5.31)

d
Γi (t),
(5.32)
dt
i.e., the functions Si (t) and Γi (t) contain the same information about the environmental ﬂuctuations. The relaxation function will in general have a complicated form. To derive the HEOM, where the focus is the time scale of the
phonon relaxation dynamics, the relaxation function is modeled as an exponential decay (the over-damped Brownian model, t > 0),
Ri (t) = −

Γi (t) = Γi (0)e−γi t ,

(5.33)

where Γi (0) = 2λi . The symmetrized correlation function is hence
2λi −γi t
e
,
(5.34)
β
i.e., the amplitude of the pigments excitation energy ﬂuctuations depends on
the temperature and the reorganization energy. The response function is
Si (t) =

Ri (t) = 2λi γi e−γi t .

(5.35)

χi (ω),

The spectral distribution function,
is the Fourier transform of the
response function, Ri (t), which corresponds to the Drude-Lorentz spectral density function
2λi γi ω
.
(5.36)
(ω 2 + γi2 )
Here, γi determines the width of the spectral density, see Figure 5.7, and τi =
γi−1 , is the relaxation time of the phonons coupled to the ith pigment. It
represents the time scale of the ﬂuctuations and energy dissipation for the
ith pigment and is highly connected to the non-Markovian behaviour of the
dynamics.
χi (ω) =



ω0

ω

Figure 5.7: Illustration of a Lorentzian spectral density function centered at
frequency ω0 .
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The high temperature limit, as mentioned earlier, can now be deﬁned in
terms of γi as
1
.
(5.37)
β
This condition ensures that the temperature of the environment is high in
comparison to the magnitude of the quanta of energy exchanged between the
system and the environment.
The time scale of the phonon relaxation, τi , can be expressed in terms of
the relaxation function,
ˆ ∞
1
τi =
Γi (t)dt.
(5.38)
Γi (0) 0
γi <

Substitution of Equation 5.34 and 5.35 into Equation 5.27 yields
ˆt

Λ̃i (t)e−γi (t−s) Θ̃i (s)ds,

W̃i (t) =

(5.39)

0

where Λ̃i and Θ̃i are phonon-induced relaxation operators. In the Schrödinger
picture they become
Λ̂i = iVi× ,

(5.40)

and
2λi × λi
V + γi Vi◦ ).
(5.41)
β2 i

Due to the exponential function in Equation 5.39, a set of hierarchical equations
of motion for the system density operator can be derived as
Θ̂i = i

d
σ̂(n, t) = −
dt




i
Ĥ , σ̂ +
ni γi

i


σ̂(n, t) +



[Λ̂i σ̂(ni+ , t) + ni Θ̂i σ̂(ni− , t)],

i

(5.42)
where the operators σ̂(n, t) in the interaction picture are deﬁned by
⎡t
⎤ ni
⎡t
⎤
ˆ
" ˆ
σ̃(n, t) ≡ T← ⎣ e−γi (t−s) Θ̃i (s)ds⎦ exp ⎣ W̃i (s)ds⎦ ρ̃S (0).
i

0

(5.43)

0

Here, n is a set of nonnegative integers, n = (n1 , n2 , .., nn ). The notation
ni+ (ni− ) stands for adding (subtracting) 1 to the corresponding ni in n. The
reduced density operator, ρ̂S (t), for the system of pigments is identical to σ̂(0, t)
in the set of coupled diﬀerential equations,
⎡t
⎤
ˆ
"
(5.44)
ρ̂S (t) = T← exp ⎣ W̃i (s)ds⎦ ρ̂S (0),
i

0

63

while all σ̂(n, t), n = 0, are auxiliary operators corresponding to the inﬂuence
of the protein environment. They are set to zero initially. The Hamiltonian,
Ĥ, is deﬁned as

Ĥ = ĤS + λi
|i i| .
(5.45)
i

The hierarchy of coupled equations of motion can be truncated by setting
d
i
σ̂(n, t) = − Ĥ , σ̂(n, t) ,
dt

for hierarchy K satisfying

ωe
.
ni ≥
K≡
min(γ
,
γ
1
2, . . . , γN )
i

(5.46)

(5.47)

Here, ωe represents the scale of the frequencies of the diﬀerences in electronic
excitation energies in the system. This condition will truncate the inﬁnite set
of auxiliary operators by neglecting phonon modes much higher in energy than
the energy scale of the system. A schematic illustration of the hierarchies in
HEOM can be seen in Figure 5.8.

Figure 5.8: Schematic illustration of HEOM. The layers represent the hierarchy
level. For a high hierarchy, the dynamics of phonons of distant frequencies as
compared to the system frequencies are taken into account.
Finally, it is assumed that the phonon spectral distribution functions are
equal for all the pigments in the network, i.e., that λi = λ and γi = γ for all i.
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Chapter 6

Quantum eﬀects in the
excitation energy transfer in
pigment-protein molecular
aggregates
“Whenever a theory appears to you as the only possible one, take
this as a sign that you have neither understood the theory nor the
problem which it was intended to solve.”
Karl Popper

Photosynthetic excitation energy transfer (EET) processes often have eﬃciencies of almost 100 % [91] . Studying the mechanisms behind those processes
can hence be of relevance for new technologies such as artiﬁcial light-harvesting.
The discovery of long-lived coherences between excitons in such systems [1, 92,
93, 94] suggests that quantum eﬀects may be of importance for the EET eﬃciency. An initial idea was that quantum coherence, on its own, could explain
the high EET eﬃciency by allowing the system of pigments to “perform” a
quantum search, such as Grover’s search algorithm [95], to ﬁnd an optimal
path [1]. Another explanation why coherence could improve EET eﬃciency
that has been suggested is that it may help the excitation to overcome initial
barriers in the excitation energy landscape of the pigments in photosynthetic
complexes [86].
Today, it is believed that the high EET eﬃciency can be explained by an
interplay between coherent dynamics and environmental eﬀects. Since quantum
coherence could potentially enhance the probability for many diﬀerent paths in
the EET, the role of the environment may be to cause destructive interference
of those paths not leading to EET to the right end-site pigment. A related
aspect of the need of an environment is the reversibility of purely coherent
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dynamics; the EET is not just one-way to the reactions centre. The interaction
with an environment may induce an irreversible EET.
This chapter serves as a review of recent and relevant work on quantum effects in the EET in pigment-protein molecular aggregates in order to introduce
the current activities in the research ﬁeld and to justify the research questions
in the studies in Part II.

6.1

Quantum coherence and correlations

The experimental observations of quantum coherence in photosynthetic complexes have given rise to two main questions:
1. Is quantum coherence of importance for the EET eﬃciency, i.e., in the
language of quantum information theory; can coherence be regarded as a
resource for eﬃcient EET?
2. How is coherence preserved in such a macroscopic environment, i.e., what
are the underlying mechanisms for such long-lived quantum eﬀects?
Related to the existence of quantum coherence and its possible impact on efﬁcient EET in photosynthetic complexes, is the question whether quantum
correlations, such as entanglement, can be found in such systems and if so;
whether it has a role for the functionality of the organisms where the photosynthetic complexes are found.
Many studies [96, 97, 98, 99, 100] indicate that a discrete number of strongly
coupled vibrational modes can explain the preservation of (electronic) coherence in photosynthetic complexes. At the same time, there are a number of
studies [101, 102, 103, 104] showing how strongly coupled vibrational modes,
whose frequencies are in resonance with the energy gaps between diﬀerent excitons in the pigment-system, can promote eﬃcient EET. In such a case, the
long-lived coherence might be a side eﬀect rather than the cause of eﬃcient
EET.
Long-lived quantum coherence has also been observed in artiﬁcial systems
[105, 106]. In [106], it is suggested that the design principle for coherence
preservation lies in proximity, ﬁxed orientation and electronic couplings between pigments.

6.1.1

Quantum coherence in a pigment-protein molecular
aggregate

In order to quantify coherence, a particular basis for which we deﬁne the incoherent states and incoherent operations needs to be chosen (see Section 3.2.1).
In what way we choose our preferred basis depend on what kind of process we
are studying. In EET in pigment-protein molecular aggregates there are two
natural bases to consider; the pigment basis - also referred to as the site basis (in which the EET process occurs) and the exciton basis (which is the Hamiltonian eigenbasis). The coherences in those two reference bases are of diﬀerent
origin and hence diﬀer in their interpretation. The coherence in the site basis
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is due to delocalization of eigenstates and will have a sinusiodal time dependency in the unitary evolution of the system. The coherence in the exciton
basis, on the other hand, will be a constant in time in the unitary evolution.
Time dependency can however arise as a consequence of interaction with the
surrounding environment. Due to this interaction, an initial pure state will be
mixed and coherence may vary in time.
To see the relationship between population- and coherence dynamics in the
site basis and the exciton basis in the unitary evolution of a system, we can
consider a dimer system whose wave function can be described as a combination
of two exciton states, |Ψe (t) = ce1 (t) |e1  + ce2 (t) |e2 . The exciton states are
solutions to the time-independent Schrödinger equation (see Equation 1.4) and
will be delocalized over diﬀerent pigments such as |e1  = a1 |1 + a2 |2 and
|e2  = b1 |1 + b2 |2, where |i is the state localized at pigment i and we for
simplicity assume a1 , a2 , b1 , b2 ∈ R. These coeﬃcients are time independent
and a21 + a22 = b21 + b22 = 1. If the populations of exciton 1 and 2 in the dimer
are denoted pe1 (t) and pe2 (t), respectively, they can be written as (if  = 1)
pe1 = |ce1 | , ce1 (t) = |ce1 | e−iEe1 t ,

(6.1)

pe2 = |ce2 | , ce2 (t) = |ce2 | e−iEe2 t ,

(6.2)

2

and
2

where Ee,i denotes the energy eigenvalue of exciton i. Hence, only the overall
phase of the populations changes during time evolution. The time dependent
coeﬃcients of the states localized at pigments, ci (t), can be related to the time
independent coeﬃcients of exciton states by writing
c1 (t) = ce1 (t) · a1 + ce2 (t) · b1 ,

(6.3)

c2 (t) = ce1 (t) · a2 + ce2 (t) · b2 .

(6.4)

and

The population dynamics of pigment 1, p1 (t), is hence given by
p1 (t)

=
=

a21 |ce1 (t)| + b21 |ce2 (t)| + 2Re (a1 b1 · ce1 (t) · c∗e2 (t))
k1 cos (φt) + D1 ,
2

2

(6.5)

where φ = Ee2 − Ee1 , k1 = 2a1 b1 |ce1 | |ce2 | and D1 = a21 |pe1 | + b21 |pe2 | , which
are given by diagonalization of the Hamiltonian and the initial population of
excitons. If p1 (0) = 1, then k1 + D1 = 1. The population dynamics of pigment
2, p2 (t) is then directly given by
p2 (t) = 1 − p1 (t) = D2 − k1 cos (φt) ,

(6.6)

where D2 = 1 − D1 = k1 and coherence in the site basis as measured by the
l1 -norm of coherence by


1/2
1/2 

Cl1 (t) = 2 |c1 (t)c2 (t)| = 2 (k1 cos (φt) + D1 ) (D2 − k1 cos (φt))  .
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(6.7)

Coherence in a quantum state representing a system, as introduced in Section 3.2, should be distinguished from a coherent dynamics, which is when the
unitary evolution is dominating the dynamical features. This will be the case
when the couplings within the system are much stronger than the couplings to
the environment. In the opposite case; stronger coupling to the environment,
the dynamics is denoted incoherent. Quantum coherent EET in a disordered
network, like a pigment-protein molecular aggregate occurs in various ﬁelds in
physics.

6.1.2

Origin of long-lived quantum coherence

Many studies have tried to ﬁnd the origin of the observed long-lived coherence
in photosynthetic complexes [96, 97, 98, 99, 100, 107]. A common theme is
to investigate the eﬀect of a discrete number of strongly coupled vibrational
modes. Speculations of coherence preservation due to correlated environmental
ﬂuctuations have been ruled out [99].
A theory for the underlying mechanism for long-lived quantum coherence
is developed in [96]. Discrete vibrational modes, which are strongly coupled
to electronic degrees of freedom and exist on the same time scale as EET, are
taken into account. The motivation for the study is to understand the role
of vibrational coherence and its eﬀect on electronic coherence. It is suggested
that when discrete vibrational modes are strongly coupled to excitons, the
whole system forms polarons, which couple weakly to the phonon background.
This mechanism would decrease the eﬀective coupling between excitons and
the environment and could be the cause of long-lived electronic (and excitonic)
coherence.
In [97] it is shown that pigment-protein molecular aggregates can be seen
as open quantum systems out of equilibrium where the occurrence of discrete
vibrational modes (which might be of intra-molecular origin) far from equilibrium are generating and sustaining electronic coherence in the EET. The EET
dynamics is modeled by the method of Time Evolving Density with Othogonal Polynomial Algoritm [108, 109], which is a numerically exact method that
includes full temperature dependence. The presence of resonant structures in
the spectral density function is shown to cause the non-equilibrium quantum
dynamics and the discrete modes in the environment can generate electronic
coherence when they are resonant with the diﬀerence in excitation energies of
strongly coupled pigments.
The spectral signatures of the model developed in [97] is analyzed in [98].
A system of two pigments with excitation energies and coupling as pigment 3
and 4 in the FMO complex, is used as a test system and is presented to capture
some of the prominent features of an analysis with two-dimensional electronic
spectroscopy (2DES) of the full FMO complex. The Hamiltonian of the dimer
system is extended to include two normal modes; one coupled at each pigment.
The dynamics of the system of two pigments and two normal modes is modeled
by a Markovian master equation where electronic dephasing is included. It is
shown that the overall spectral signal of a dimer coupled to discrete vibrational
modes leads to crucial changes in the calculated 2DES spectra as compared
to a dimer where solely the electronic degrees of freedom are considered. In
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particular, the coupling to discrete vibrational modes may facilitate long-lasting
beats in the 2DES signal during the population time. This is provided if the
frequency of the vibrational modes matches the electronic energy level splitting
and the vibrational modes are strongly enough coupled to the pigments.
In [99] the origin of long-lived electronic coherence in pigment-protein molecular aggregates is investigated theoretically and experimentally in an artiﬁcial
molecular aggregate where the pigments are replaced by cyanin dyes (dyes are
diﬀerent from pigments by their ability to be dissolved in a medium). It is
veriﬁed that coherent couplings of vibrational modes to the electronic degrees
of freedom in the system is responsible for the long-lived beat signals in the
2DES spectra. The presence of correlated ﬂuctuations as an explanation for the
long-lived coherence is ruled out. The authors also conclude that the existence
of resonance between the vibrational modes and the energy splitting between
excitons, are not suﬃcient to explain the preservation of coherence; an equally
important factor is an adequately low decoherence rate.
The eﬀect of a strongly coupled single vibrational mode on the EET dynamics of a dimer system is studied in [100]. Both pigments are coupled to a single
vibrational mode and a bosonic Markovian environment. Diﬀerent widths of
the spectral density function is analyzed and initial excitation of one of the
pigments is assumed. It is shown that a strongly coupled vibrational mode
with a frequency far oﬀ-resonant of the systems natural oscillation frequency
can enhance the coherent features in the site basis.
In [102] the role of the environmental vibrational modes is investigated
experimentally. The system used in the study is Phycocyanin-645, which is a
photosynthetic complex from a cryptophyte algae. The authors show that only
a vibronic coupling model can reproduce the experimentally measured signal
and hence the hypothesis that strong vibronic coupling is essential to describe
the coherent dynamics in photosynthetic complexes is experimentally veriﬁed.
An alternative mechanism for the preservation of coherence is presented
in [107]. By modeling the EET dynamics in the FMO complex by the HEOM
method and investigating the eﬀect of the spectral density function, the authors
conclude that the continuum of the spectral density towards zero frequency is
of importance for long-lived quantum coherence and should hence be modeled
carefully.

6.1.3

Coherence and eﬃciency

Site-coherence
In [92] it is shown experimentally that quantum coherence in the FMO complex
persists long enough to inﬂuence the dynamics. It is also shown how coherence
is sustained. The Redﬁeld master equation [80] is used to model the EET
dynamics to discern the population oscillations signals from quantum coherence
signals. The authors show that there is a coupling between the excited state
population and quantum coherence in the EET dynamics, which demonstrates
a more active role of the environment than to only protect coherence. In
this way, quantum coherence can aﬀect the EET eﬃciency by changing the
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probability of ﬁnding excitations in a given state.
The role of quantum coherence for the EET eﬃciency in the FMO complex
is also studied in [110]. Due to the restriction to the single-excitation subspace,
coherence is quantiﬁed as entanglement. Non-Markovian models are used to
model the EET dynamics and the sensitivity of entanglement dynamics to environmental eﬀects, such as the strength of the system-environment interaction,
and the existence of spatial and temporal correlations in the environment are
studied. The EET eﬃciency is measured as the amount of population that
is transferred from the initially excited pigment 1 to a “sink-site”, coupled to
pigment 3. Two non-Markovian models is considered (both assume linear coupling of the pigments to damped harmonic oscillators). In the ﬁrst model, each
pigment is modeled to interact locally with an environment. The dephasing
rates are taken to be the optimal as found in [111] and to a certain level, nonMarkovianity seems to assist the EET to the sink. For strong non-Markovianity,
the result is a reduced EET eﬃciency, but an increased preservation of bipartite site coherence. In the second model, each pigment is coupled to a common
environment (with the same rates as in the ﬁrst model). Here, an increase of
non-Markovianity decreases the EET eﬃciency while prolonging the coherence
time. The authors conclude that maximal coherence is not correlated with optimal EET eﬃciency, but that an interplay of creation of coherence for short
distances and times followed by a destruction of coherence for long distances
and times seems to be necessary for an eﬃcient EET.
Delocalization eﬀects
Following the concepts introduced in Section 6.1.1, the total state of a pigmentsystem will be a coherent delocalization of localized pigment states, |Ψ =
ci |ψi . Coherent delocalization over several pigments can be compared with
illumination of multiple slits; the maximum in the interference pattern depends
of the number of slits. Interference gives rise to an increased arrival probability
at speciﬁc areas in space and time. Coherent delocalization hence has the power
to increase EET eﬃciency when it is constructive at the right time and position.
A delocalization can also be incoherent which obviously does not lead to any
coherence in the site basis, but on the other hand is an incoherent delocalization
more robust to environmental interactions. A ﬁne tuned interplay between
coherent and incoherent delocalizations could be the key to an eﬃcient EET.
A quantitative concept of coherent delocalization is introduced in [112]. The
motivation for the study is to improve the understanding of the distinction between coherent and incoherent quantum transport. The authors ﬁrst introduce
the notion of an incoherent channel; an incoherent channel is a channel which
cannot induce coherent superposition of the states in the system. A quantity
describing a coherent delocalization over a given number of states shall not
grow under incoherent channels. Further, the incoherent channels are identiﬁed to be composed of two elementary incoherent processes; the modiﬁcation
of phase coherence in the state and incoherent hopping between states. The
coherent delocalization is characterized by the relation between diagonal and
oﬀ-diagonal matrix-elements in the density operator describing the system.
In [113] it is studied how coherent delocalization of excitations relates to
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EET eﬃciency in a system of a fully connected network when diﬀerent initial conditions are considered. The pigments in the network all have the same
excitation energy and processes of electron-hole recombination, trapping and
dephasing are included to model EET dynamics. The EET eﬃciency is deﬁned
in terms of a time-weighted average probability of an excitation to reach the
end-site pigment. It is found that the EET mechanisms are equivalent regardless if the initial condition is taken to a be a coherent or incoherent state, which
means that EET induced coherently (as by a laser pulse) can be used to investigate the EET mechanisms in the same system when the initial excitation is
induced incoherently (as with sunlight). The authors also ﬁnd a strong correlation between a coherent delocalization of an excitation over the pigments in
the system and EET eﬃciency.
By changing the orientations of pigments, delocalization eﬀects on the EET
eﬃciency in purple bacteria is studied in [114]. The EET dynamics is modeled
by a Pauli master equation, i.e., an equation of the form dp
dt = Kp, where p
is the vector of all eigenstate populations and K is a rate matrix containing
absorption, relaxation and inter-complex transfer rates. The authors ﬁnd that
the natural geometry of pigments in purple bacteria coincide with an optimum
in coherent delocalization. The EET eﬃciency is signiﬁcantly reduced when the
orientation of the pigments are altered, which suggests that delocalization is
important for EET eﬃciency. Since delocalization is dependent on the structure
of the pigments in the network; their excitation energies and their coupling
strengths, the eﬀect of delocalization and the eﬀect of the excitation energy
landscape of the system need to be separated in order to verify the importance
of delocalization for eﬃcient EET. This is done in [115], which is an extension
of the study in [114]. It is shown that EET eﬃciency in purple bacteria is not
directly dependent on delocalization; rather delocalization is an eﬀect of the
dense packing of pigments. Instead, energy funneling beneﬁts from the excitons
being directed to the reaction centre energetically; the pigments receiving the
initial excitations are higher in excitation energy than the end-site pigments.
How much and what kind of coherence is created and destroyed in a quantum evolution where information or energy is transformed or transferred in an
eﬃcient manner? How does coherence determine or enhance the performance of
the given process? These two questions are being asked in [116]. By employing
a method called decoherent histories - a framework that can describe quantum
features versus classical features in terms of interference between histories (or
pathways) - the authors develop a global measure of the average coherence of a
quantum evolution. When the measure is implemented for a trimer and then for
the FMO complex, a connection between average coherence (on the relevant
time scales) and the delocalization process is found. The authors also show
that the beneﬁcial role of dephasing in transfer processes is due to selective
suppression of destructive interference.

6.1.4

Correlations and eﬃciency

Related to the existence of coherence in the site-basis in pigment-protein molecular aggregates, is the possible existence of quantum correlations between different pigments in the system. Even though there has been some studies con-
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sidering quantum discord [117] and Leggett-Garg-inequality [118], most studies
have investigated the occurrence of entanglement.
Often in quantum information theory, entanglement is considered in the
context of two particles, that has been interacting in the past, but is then
physically separated to a distance too far for interactions to occur. This is
clearly not the case in pigment-protein molecular aggregates where the diﬀerent
pigments are packed closely together (typically separated by a few Å) and
strongly interacts with each other during the time evolution. One could then
question the relevance of considering quantum correlations in such systems, or
whether possible quantum features should be restricted to quantum coherence
in diﬀerent bases. It turns out that there might exist correlations, similar to
those between separated subsystems, between diﬀerent degrees of freedom of
non-separated, interacting subsystems [119, 120, 121]. Such correlations can
be measured as long as it is possible to perform independent measurements
in the degrees of freedom involved. These results motivate to study quantum
correlations in pigment-systems despite their compact structure.
In [122] the occurrence, conditions and meaning of entanglement in photosynthetic complexes are investigated. It is shown that due to the restriction
to the single-excitation subspace, entanglement will exist provided that the
excitons are delocalized over more than one pigment in the complex. In fact,
entanglement and coherence in the site basis are mathematically equivalent in
this case.
Entanglement
One of the most prominent studies when considering correlations in pigmentprotein molecular aggregates, which has also acted as the foundation of a major
part of this thesis, is the work of Sarovar et al. [123]. Here the occurrence of
bipartite and global entanglement in the FMO complex is investigated. The
EET dynamics is modeled by the HEOM method, with pigment 1 or 6 initially
excited, and bipartite entanglement is quantiﬁed by concurrence. Global entanglement is quantiﬁed by the relative entropy of coherence as introduced in
Section 3.2.3. The authors consider two diﬀerent environmental temperatures
in the study; 77 K and 300 K. It is found that for both temperatures and initial conditions, ﬁnite global entanglement exists on a time scale of 5 ps. When
considering bipartite entanglement, ﬁnite entanglement exists for almost all
pigment pairs. However, the most pronounced cases are entanglement between
pigment 1 and 2 when pigment 1 is initially excited, and entanglement between
pigment 5 and 6 when pigment 6 is initially excited. The behaviors at diﬀerent
temperatures are similar, although the dynamics at 300 K decays faster than
at 77 K. The authors do not explicitly relate the occurrence of entanglement to
the EET eﬃciency, but it is speculated whether EET could beneﬁt from entanglement in some way considering that entanglement is a resource in quantum
computation.
The occurrence of entanglement among pigments in light-harvesting complex II (a natural photosynthetic complex larger than the FMO-complex) is
studied in [124]. The EET dynamics is modeled by the HEOM method, where
the initial condition is taken as excitation of one of the pigments in the complex.
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It is shown that entanglement - quantiﬁed by concurrence - can persist in such
a complex under physiological conditions. The authors also investigate the relation between entanglement and reorganization energy in a dimer system. It is
found that entanglement decreases with increasing reorganization energy. The
same is true when the relationship between entanglement and temperature is
investigated. The cause of a decrease of entanglement when the reorganization
energy is increased, is explained by the fact that a large reorganization energy
results in a high energetic barrier between the donor- and acceptor-pigment,
eﬀectively leading to localization of the excitation on one pigment.
In [125], the distribution and eﬀect of entanglement between diﬀerent pigments in the FMO complex is investigated. Diﬀerent initial conditions (pigment
1 or 6 initially excited) and environmental parameters are analyzed. The EET
dynamics is ﬁrst modeled by a Markovian master equation, taking relaxation
and dephasing processes into account. Fluctuations at diﬀerent pigments are
assumed to be local, but possibly correlated. Secondly, the EET dynamics is
modeled by a Markovian master equation where pure dephasing in the site basis
(equal dephasing rates of all pigments) is included. Entanglement is quantiﬁed
by entanglement yield, which is the average value of entanglement (quantiﬁed
by concurrence) at a time where trapping is likely to occur. The EET eﬃciency
is quantiﬁed by quantum yield, which measures the total probability of excitation trapping at the reaction centre. The result of the study indicates that
long-lived entanglement between pigments is distributed in such a way that it
induces an inverse relationship between EET eﬃciency and entanglement yield.
The pattern is the same for the two diﬀerent models and for a range of diﬀerent parameters. The authors speculate whether this could be a mechanism for
photo-protection at strong light intensities.

6.1.5

System structure

Related to the studies on the role of coherence in eﬃcient EET, is the eﬀect
of the system structure. The FMO complex serves as a model and reference
system in most studies.
The eﬀect on eﬃcient EET of the system Hamiltonian in the FMO complex
is studied in [126]. It is analyzed how the robustness and optimality of EET
from the chlorosome baseplate to the reaction centre is governed by the FMO
Hamiltonian when the eighth pigment in the FMO-complex is included and
when excitation on pigment 1, 6 or 8 is taken as initial condition. The system
Hamiltonian is taken from [127] and the eﬀect of the protein environment is
modeled by a Markovian master equation. The EET eﬃciency is evaluated by
taking the time integral of population of pigment 3 for a certain time. The
robustness of the FMO Hamiltonian is investigated by comparing the EET efﬁciency when pigments and/or couplings between pigments are removed. The
authors ﬁnd that when up to three pigments are removed - which are neither
the initially excited pigment nor the sink pigment - the EET eﬃciency only decreases by about 20 % compared to the full network of pigments and couplings.
However, the EET eﬃciency is more sensitive to random removal of couplings,
corresponding to removal of three pigments, in the network. The robustness to
pigment removal originates from the many diﬀerent pathways of EET in the
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FMO complex. As an example, the subsystem of pigment 1, 2 and 3 functions
as a separate entity when pigment 1 (or 8) is initially excited. The authors also
analyze optimality of the FMO complex by simulating the EET eﬃciency of
FMO-like networks with diﬀerent excitation energies and couplings. It is found
that although it is possible to construct networks with higher EET eﬃciency
for a certain initial condition, the FMO complex is the network with highest
EET eﬃciency for all types of initial conditions.
In [128] the eﬀect on eﬃcient EET of the system structure is investigated
by generating artiﬁcial networks of N pigments that is compared to a reference
structure, which is taken to be the FMO complex (where the eighth pigment is
included). The motivation is to investigate which structural features in physically plausible pigment-protein molecular aggregates are aﬀecting the EET
eﬃciency and whether natural pigment-protein systems are likely to be tuned
for a certain transport task. The initially excited pigments, pigment 1 and
pigment 3 (connected to the reaction centre) is held in ﬁxed positions to each
other while the other six pigments are displaced and rotated. Only physically
plausible structures are kept (i.e., there is a minimum distance between diﬀerent pigments). The EET dynamics is modeled by a Markovian master equation
where both dissipative, dephasing and trapping processes are included. The
EET eﬃciency is measured by the expectation value of ﬁnding the population
in the reaction centre. It is shown that more compact structures tend to exhibit a faster EET. The best performing structures have a pigment in between
the initially excited pigment and the end-site pigment. Further, in compact
structures, EET eﬃciency is improved when the pigments have their transition
dipole aligned with a vector pointing from the source of the initial excitation
to the sink. The most inﬂuential structure property is the orientation of the
pigment closest to this vector.
The eﬀect on entanglement and EET eﬃciency when the internal structure
or the local environment of pigments of the FMO complex is modulated, is
studied in [129]. The authors consider EET from an initial excitation of pigment
6 to pigment 3, which is irreversibly coupled to the reaction centre. The EET
dynamics is modeled by the HEOM method and the measure of EET eﬃciency
is based on the time dependent population of the reaction centre. The eﬀect on
concurrence when the coupling between pigment 6 and pigment i, i = 1, 5, 7 is
decoupled, is analyzed. It is shown that the concurrence between pigment 6 and
7 is increased signiﬁcantly when pigment 5 is decoupled or removed from the
complex. The authors further consider the eﬀect on EET eﬃciency of removal
of pigment 5 or 7 or both. It is found that removal of pigment 5 leads to an
enhancement of EET eﬃciency, while removal of pigment 7 or both pigment
5 and 7 decreases the EET eﬃciency. However, removal of both pigment 5
and 7 lead to a larger decrease in the EET eﬃciency than removal of pigment 7
alone, why the authors conclude that pigment 5 might serve as a backup in case
pigment 7 is damaged. When pigment 5 is more strongly coupled to its local
environment, there is a small increase of the EET eﬃciency. In conclusion; a
higher EET eﬃciency from pigment 6 to the reaction centre (via pigment 3) is
correlated to an increase of the entanglement between pigment 6 and 7 when
site 5 is removed from the complex.
In [130] the eﬀect of geometry and density on eﬃcient EET in multi-pigment
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complexes is investigated. Generic, random conﬁgurations for up to 20 pigments is studied. The EET dynamics is modeled as in [131] and the measure
of EET eﬃciency is also taken from this study. First, the optimal density of
pigments, i.e., the number of pigments of a given volume (spheres of diameters 30 Å and 50 Å) is studied. It can be shown that for the two sizes of
spheres, corresponding to the sizes of the FMO complex and the light harvesting complex II, the optimal number of pigments coincides with the number
of pigments of these two natural complexes. The authors also investigate the
matching of diﬀerences in exciton energies with phonon energies. It is shown
that for the most eﬃcient pigment conﬁgurations, the energy match is better
than for less eﬃcient conﬁgurations. This ﬁnding support the idea of how EET
eﬃciency can be enhanced by resonant vibrational modes. The connection between EET eﬃciency and pathways in the complexes is also studied. It is shown
that low-eﬃciency conﬁgurations are connected to a few paths that completely
dominates the EET whereas a large number of uniformly distributed pathways
contribute to the EET in eﬃcient conﬁgurations. This conclusion seems to be
in accordance with the conclusion of [113, 114] where coherent delocalization
is connected to eﬃcient EET.

6.2

Environmental eﬀects

Another potential resource for eﬃcient EET is the environment of the system. Such environment-assisted quantum transport (ENAQT) could possibly
enhance the EET eﬃciency from the antenna molecules to the reaction centre
in a photosynthetic complex. It is believed that most eﬃcient EET is achieved
for a combination of coherent EET and dephasing dynamics, but the exact
role of the environment diﬀers between diﬀerent models, initial conditions and
deﬁnition of EET eﬃciency. Two main themes in explaining the mechanism of
ENAQT are:
• The environment can suppress pathways that do not lead to an enhanced
probability of ﬁnding the excitation on the end-site pigment.
• The environment can induce ﬂuctuations in the excitation energies, enabling two non-resonant pigments to become resonant at certain times.
Ideally, these physical mechanisms should not be qualitatively altered by the
theoretical framework chosen to model the EET dynamics. However, the precise parameters of a dynamical evolution do depend on how the EET is modeled. Therefore, optimal environmental parameters of diﬀerent models cannot
in general be compared.

6.2.1

Environment-assisted quantum transport

In recent years, there have been a number of studies on ENAQT in pigmentprotein molecular aggregates. However, many of them have been using Markovian master equations such as the Haken-Strobl model [132], the Lindblad
equation [48] or the Redﬁeld equation [80] to model the EET dynamics. Since

75

the approximations made in these models break down in the case of pigmentprotein molecular aggregates due to the comparable time scales of the system
and the environment, it may be questioned to what extent the results of these
studies are relevant. After all, they lead to an incomplete description of the
EET dynamics.
A few studies, such as [111, 127, 133, 134, 135, 136] investigate possible
ENAQT in artiﬁcial networks of a few pigments, while the majority of the
studies use the FMO complex as their model system to study EET eﬃciency.
In [133] the eﬀect of the spatial structure of a complex network on EET
eﬃciency is investigated. The model consists of three pigments where the third
is a sink and the environmental eﬀects - both Markovian and non-Markovian
- are studied. It is found that the EET eﬃciency is robust to environmental
eﬀects and that quantum coherence does play a role in the EET. Coherence will
inﬂuence the dynamics by inducing a faster EET, i.e., the EET is happening
before environmental destruction of the coherent oscillations.
The eﬀect of the interaction between coherent dynamics and pure dephasing noise on the EET eﬃciency is also studied in [127]. The systems under
investigation is an artiﬁcial network of pigments and the FMO complex. The
EET dynamics is modeled by the Haken-Strobl model [132] where relaxation
processes or spatial/temporal correlations are not taken into account. Exciton
recombination and exciton trapping is introduced at a pigment in the network
and the EET eﬃciency is given as the time-integrated probability of trapping
at that pigment. In the FMO complex, the initial condition is taken to be a
statistical mixture of localized excitation on pigment 1 and 6, and the trapping site as pigment 3. It is shown that interaction with an environment can
increase EET eﬃciency; from 80 % in the purely quantum regime to 94 % at optimal dephasing rate. At even higher dephasing rates, the EET eﬃciency drops
again. Also in the artiﬁcial network - a binary tree structure - environmental
interaction is shown to improve EET eﬃciency.
In [135] the eﬀect of dephasing and dissipating noise on EET eﬃciency
is investigated. The authors consider a network of N pigments subjected to
two diﬀerent types of noise; a dissipative process that reduces the number of
excitations in the system at a certain rate, and a dephasing process that will
randomize the phase of a local excitation by a certain rate. A Markovian model,
incorporating the two noise processes, is used to model the EET dynamics.
The initial condition used is excitation of pigment 1 and an additional pigment,
which functions as a sink for the excitation, is also included. The amount of the
initial population transferred to the sink, at a given time, as a function of the
environmental noise is optimized numerically for diﬀerent noise rates. When the
network is in the conﬁguration of a linear chain with equal excitation energies,
the optimal condition for eﬃcient EET from pigment 1 to the sink is vanishing
environmental eﬀects. If, for a linear chain with N = 3, pigment 2 has a
diﬀerent excitation energy than pigment 1 and 3 and only pigment 2 is subjected
to dephasing noise, EET is assisted by dephasing in a region where pigment 2 is
suﬃciently detuned. A possible mechanism to explain this phenomenon is that
dephasing noise will lead to ﬂuctuations in the excitation energies, eventually
providing resonant eﬀective excitation energies. Dissipating noise does not
have the eﬀect of enhanced EET eﬃciency. The authors note that the optimal
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dephasing rate will destroy quantum coherence and hence, coherence has no
beneﬁcial eﬀect in this system.
The authors of [135] also investigate the eﬀect of dephasing and dissipating
noise in the FMO complex (which is a fully connected network). It is shown that
the EET to the sink (connected to pigment 3) is considerably enhanced when
the dephasing rates of each pigment is optimized. Also, the optimal dephasing
rates turn out to be comparable with the inter-pigment coupling rates, which
might question the signiﬁcance of using a Markovian equation to model the
process in this case. In conclusion, the results imply that the optimal conditions
for an eﬃcient EET in a network is when there is an interplay between coherent
dynamics and dephasing noise. This occurs even though quantum coherence is
decreased by the presence of noise.
The mechanism of ENAQT in a quantum network is investigated in [111].
A Markovian equation, with local dephasing and dissipation, is used to model
the EET dynamics. The EET eﬃciency is evaluated by analyzing the amount
of population that is transferred to a sink (connected to the end-site pigment
of the network). First, a fully connected quantum network with equal coupling strengths between the pigments, is studied. When only the mechanism of
trapping by the sink is considered (i.e. no dephasing and no dissipation) for a
network where all excitation energies are equal, the EET is very ineﬃcient due
to destructive interference. By adding static disorder, like changes of the excitation energies in the network, the destructive interference can be suppressed
and the EET eﬃciency can be increased. Local dephasing has a similar eﬀect
on the EET; it suppresses destructive interference and creates new pathways.
Pure dephasing leads to a faster EET than static disorder. The authors also
show that the line broadening eﬀect, i.e. the broadening of resonance lines of
individual pigments, due to dephasing, will increase the EET eﬃciency in a
classical network, thus separating this eﬀect from the suppression of destructive interference. When considering dissipation, the scenario is diﬀerent; even
though dissipation also suppresses destructive interference, it does not lead to
an enhancement of EET to the sink. Lastly, the authors study the impact of
noise of the EET from pigment 1 to pigment 3 in the FMO complex by optimizing over site-local dephasing rates. It is shown that the EET eﬃciency
can be enhanced signiﬁcantly by tuning the local dephasing rates. The authors
conclude that the line broadening eﬀect might strengthen desired pathways between pigment 1, 2 and 3 while strong dephasing on the remaining pigments
might eﬀectively decouple them from the EET process. Entanglement between
pigments is also studied and the authors conclude that it dies oﬀ long before
the excitation has been transferred to the end-site pigment.
The work in [111] is extended and revised in [136]. The setup is hence the
same as in [111]; a network of pigments coupled to dissipative and dephasing
noise, where the EET dynamics is modeled by a Markovian master equation
and the EET eﬃciency is measured by the population of a sink. First, a
fully connected network with equal coupling strengths between the pigments
is studied. Again, the eﬀects of removal of transport-suppressing-interference
eﬀects and line broadening by dephasing noise is pointed out. Maximal EET
eﬃciency is achieved in a regime where a combination of coherent tunneling
and dephasing drives the EET. Coherent EET between pigments is strongly
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suppressed when the diﬀerence in excitation energy between the pigments is
larger than the coupling between them. For the FMO complex, the eﬀects
of spatial and temporal correlations in the EET process is investigated. The
former is modeled by a Markovian master equation with spatially correlated
noise. It can be shown that spatial correlations seem to be of minor importance
for optimal EET eﬃciency. The latter is investigated by modeling the dynamics
by a non-Markovian master equation where only the discrete part of the spectral
density function describing the environment is modeled, i.e., each pigment in
the FMO complex is linearly coupled to a harmonic vibrational mode of a
certain frequency. It is found that the EET eﬃciency to the sink (connected to
pigment 3) can be enhanced even more by non-Markovian noise as compared to
Markovian noise. Moreover, the pigment populations are oscillating during the
entire duration of the EET, as opposed to the Markovian case. The authors
conclude that non-Markovian quantum noise might allow for better control
of the dynamics and can be of relevance for noise engineering. However, the
authors stress that there may not be a model-independent relation between
EET eﬃciency and non-Markovianity.
ENAQT in a dimer system, where the two pigments have diﬀerent excitation energies, is studied in [134]. The environment is modeled as a number of
spins, locally coupled to each pigment in a star conﬁguration and the initial
condition is excitation of pigment 1. It can be shown that when pigment 1 is
uncoupled to its environment, while pigment 2 is coupled to its environment,
optimal EET eﬃciency from pigment 1 to 2 is achieved for non-vanishing coupling strength between pigment 2 and its environment. The conﬁguration of
spins in the environment of pigment 2 is such that it decreases the eﬀective
diﬀerence in excitation energies between pigment 1 and 2. The authors also
investigate the eﬀect on correlations between the two environments. In this
case, both pigment 1 and 2 are coupled to their environment by equal coupling
strength. It is found that the introduction of correlations between the two environments have a positive eﬀect on EET, i.e., EET eﬃciency can be increased
compared to the case of uncorrelated environments. The study is extended
in [137] where the same model is used to study environmental eﬀects on EET
in quantum networks. Especially, ENAQT in the FMO complex is considered
by distributing ten spins (only even number of spins on each pigment) to the
pigments at a temperature of 300 K. The coupling strength between a pigment
and its environment is equal for all pigments but varied. It is shown that depending on the initial condition (excitation of pigment 1 or 6), there is a certain
distribution of the ten spins which promotes EET eﬃciency from the initially
excited pigment to pigment 3 substantially as compared to the closed system.
The authors further study general properties of a fully connected network and
conclude that highly eﬃcient EET only occurs when the excitation energies of
the initially excited pigment and end-site pigment are comparable.
In [138] optimization of EET eﬃciency in the FMO complex, with respect to
reorganization energy, temperature and spatial-temporal correlations is studied. The Haken-Strobl-model [132] is used to model the dynamics and it is
found that the EET eﬃciency can be optimized. Spatial correlations and thermal ﬂuctuations can either enhance or suppress the EET eﬃciency. An interesting observation made is that the optimal environmental parameters are of
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the same magnitude; approximately equal to the diﬀerence in excitation energy
between pigments as well as the strength of the couplings between them.
The eﬀect of quantum coherence and environmental eﬀects in the FMO
complex is studied in [139]. Various physical eﬀects on the EET eﬃciency
is considered with the EET dynamics modeled by the Redﬁeld equation [80].
Relaxation, dephasing and spatially correlated environmental ﬂuctuations are
taken into account, but not temporal correlations in the environmental ﬂuctuations due to the Markovian approximation. Two other processes are added to
the dynamics; recombination of an electron-hole-pair and trapping by the reaction centre, which is connected to pigment 3. The EET is observed to transform
from being in a purely quantum regime to a relaxation regime with increasing
reorganization energy. At normal environmental conditions, the contribution
to EET eﬃciency from quantum coherence induced by the system Hamiltonian
is about 10 % . The major contribution - around 80 % - is due to exciton relaxation induced by the phonon- environment coupling. About 8 % of the EET
eﬃciency is from dephasing processes. At highly spatially correlated environmental ﬂuctuations, quantum coherence dominates the contribution to EET
eﬃciency, but there is a crossover in the amount of spatial correlation when
the relaxation contribution takes over.
In [140] it is shown that a Grover-type quantum search cannot explain the
high EET eﬃciency in the FMO complex. Instead, eﬃcient EET in the FMO
complex as a function of temperature, reorganization energy, trapping rates
and quantum jumps is studied. A Markovian master equation is used to model
the EET dynamics. It is found that 99 % of the overall EET eﬃciency can be
explained by open system eﬀects, i.e., ENAQT is believed to be an important
mechanism in the FMO complex.
The role of the environmental time scale on the EET eﬃciency in the FMO
complex is studied in [141]. The EET dynamics is modeled by the HEOM
method [86] where decaying and trapping of the excitation is included. The
authors investigate environmental time scales spanning from a very fast environment (in the Markovian limit) to an environment evolving on the same time
scale as the system. The time scale of the environment is varied from 5 fs to
50 fs. The EET eﬃciency is given by the quantum yield (ratio between the
rate of excitation trapping at pigment 3 and the rate of all other processes).
When pigment 1 is initially excited, it is found that a longer time scale of the
environment strongly correlates with prolonged coherence times. It also aﬀects
the population of pigment 3 at longer times. Due to the very diﬀerent time
scales of the trapping and decaying processes (1 ps and 1 ns, respectively) the
EET eﬃciency as calculated by the quantum yield is almost the same for an
environmental time scale of 50 fs and an environmental time scale of 5 fs. With
a decay time of 10 fs, however, the result is diﬀerent; the EET of the dynamics with an environmental time scale of 50 fs is clearly more eﬃcient than the
dynamics with an environmental time scale of 5 fs - a ﬁnding that might be
of importance for the design of artiﬁcial pigment-protein molecular aggregates.
Hence, the time scale of the environment - and thus quantum coherence - is important in the case when trapping processes competes with decaying processes.
In [131] it is shown that the second order time convolution master equa-
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tion is an appropriate method for modeling EET in complex open quantum
systems such as pigment-protein molecular aggregates. The environment is
modeled as a set of harmonic oscillators modes where each pigment is linearly
coupled to a local environment and is applicable in the intermediate regime of
system-environment coupling strength. The method is used to calculate EET
eﬃciencies in the FMO complex where the EET eﬃciency is measured as the
total time the entire population spend on the trap-site (pigment 3). The initial
condition is taken to be excitation of pigment 1 or 6. The authors also analyze
how the EET eﬃciency depends on the reorganization energy and the time
scale of the environment. It is shown that for small reorganization energies,
the EET eﬃciency can be slightly increased by a longer environmental time
scale, but when the reorganization energy is large, the opposite is true; a long
environmental time scale will decease EET eﬃciency. It is also shown that the
method produces large errors in the strong non-Markovian regime.
The robustness of the EET eﬃciency in the FMO complex is investigated
in [142] by varying environmental parameters (reorganization energy, environment time scale, spatial correlations and temperature). The EET dynamics
is modeled by the method introduced in [131] and the same measure of EET
eﬃciency is used. The initial condition is taken to be excitation of pigment 1.
The FMO complex is shown to be optimal and robust with respect to the estimated system and environment parameters and an eﬃcient EET is obtained
when the environmental parameters are tuned to match the system parameters,
which leads to an interplay of a coherent and incoherent dynamics. Again, as in
[131], it is observed that while non-Markovianity (i.e., long environmental time
scales) can increase EET eﬃciency slightly for small values of the reorganization
energies, it will decrease EET eﬃciency for large values of the reorganization
energy. It appears that the ratio between reorganization energy and the cutoﬀ frequency of the spectral density function determines the EET eﬃciency;
diﬀerent regions of EET eﬃciency are separated by lines of a speciﬁc ratio.
The EET eﬃciency is low for small and large values of this ratio while it has a
maximum at intermediate levels. The temperature dependence of eﬃcient EET
in the FMO complex is also investigated. It is shown that the EET eﬃciency
is very robust to temperature variations between 280 K and 350 K. However,
if the reorganization energy is increased, the temperature dependence is more
pronounced. Optimal EET occurs for a certain relationship between the environmental parameters and the average energy diﬀerence between excitons.
Spatial correlations are shown to have a minor eﬀect on the EET eﬃciency.
The work in [143] is an extension of [131, 130, 142]. The same system and
method for modeling the EET dynamics is used, but in this study, the dependence of EET eﬃciency on system parameters (pigment excitation energies,
inter-pigment distances and dipole moment orientations) and initial condition
is investigated. The sensitivity to the initial condition is analyzed by modeling
the EET for randomly chosen initial states for various reorganization energies.
The average EET eﬃciency (shown with standard deviation) as a function of reorganization energy is analyzed and clearly, the EET eﬃciency is more sensitive
to the initial state when the reorganization energy is large. For the sensitivity
of internal system parameters, it can be shown that parameter variations close
to the estimated values of the FMO complex do not eﬀect the EET eﬃciency
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in a drastic manner.

6.2.2

Comparison with classical ENAQT

Enhanced EET eﬃciency due to environmental eﬀects might not only be a
phenomenon in the quantum regime, but can also be found in systems described
by classical equations of motion. In [144] it is found that the results of ENAQT
in a photosynthetic complex can be reproduced by a classical model. Such
results might question if we really need to model these systems by quantum
mechanical equations of motion. After all, a quantum mechanical treatment is
much more costly in terms of computational eﬀorts than a classical one.
In [145] the EET in the FMO complex is modeled by both quantum mechanical equations of motion (Haken-Strobl model [132]) versus a non-Markovian
model (HEOM) and classical equations of motion (FRET) to quantify the difference between them and hence, be able to study the role of non-trivial quantum eﬀects. Especially, the trapping time and the branching probability are
investigated. The latter is a directional population ﬂux in the network, i.e.,
how the excitation is spreading over the pigments after being initially localized
on pigment 1 or 6. The trapping time and the ﬂux scheme is computed for
both the quantum and classical case. In the comparison with the Haken-Strobl
model, the trapping times nearly coincides for the two models. Both the quantum and the classical ﬂux networks indicate two identical pathways; pigment
1 → pigment 2 → pigment 3 or pigment 6 → pigment 5, 7 → pigment 4 →
pigment 3. However, the two models do not predict the same amount of EET,
which can be explained by the inﬂuence of quantum coherence in the quantum
case (which can increase the EET between two weakly coupled pigments). In
the comparison with the non-Markovian model, the environmental eﬀect on the
system is modeled by using the Debye spectral density. The EET dynamics is
found by the HEOM method. It is shown that the trapping time for the two
models still nearly coincide, but that EET eﬃciency diﬀer. The authors attribute this diﬀerence to multi-site quantum coherence, allowing for tunneling
eﬀects, in the quantum model, i.e., there are cases when quantum eﬀects indeed
play a role in EET. For all models, the authors study the eﬀect of removing
one pigment in the FMO complex and conclude that this has a negligible eﬀect
on the EET eﬃciency. It is speculated whether this could be the cause of the
network structure in the FMO complex; a linear chain, for instance, would be
much more vulnerable to removal of an excitation donor pigment.

6.2.3

Vibronic resonance

A possible mechanism of ENAQT that has been suggested and studied is the occurrence of resonant vibrational modes. The idea of vibronic resonance is that
vibrational modes of the environment are resonant, or quasi-resonant, with the
energy diﬀerences between exciton states. These modes are also strongly coupled to these exciton states. The ﬂuctuations in the energy levels can bring
the two states into resonance momentarily. Since the excitation energy gaps
between diﬀerent pigments most often varies, so must the environmental ﬂuctuations at each pigment. A model for such vibration-assisted resonance which
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is within the regime where internal exciton couplings are larger than the interaction with the environment, is presented in [101]. Using this model, it can be
concluded that only the resonant vibrational levels signiﬁcantly aﬀect the dynamics in the FMO complex. The results suggest that open system dynamics
of pigment-protein molecular aggregates could be modeled by only including
the resonant vibrational modes.
The eﬀect of a discrete set of vibrational modes on the EET eﬃciency in a
pigment-protein molecular aggregate is analyzed in [103]. The EET dynamics
is modeled by a Markovian master equation and a small collection of strongly,
linearly coupled vibrational modes is included in the system Hamiltonian. It
is assumed that only the discrete, strongly coupled modes are the signiﬁcant
feature in the environment while all remaining modes are a part of a thermal
background which is modeled as a bosonic bath. The system is a network of
three pigments where the ﬁrst two are coupled to vibrational modes of identical
frequencies, which is equal to the energy diﬀerence between the two delocalized
excitons of the system. The addition of discrete, resonant modes is shown to
enhance EET eﬃciency in the system. If instead an energetic mismatch in
the resonant mode is introduced, it can be shown that the enhancement of
EET eﬃciency remains. This is true even when an extra source of decoherence
is introduced in the EET dynamics. The authors conclude that the design
principle of eﬃcient EET can be summarized as delocalizations of excitons and
(near) resonant modes.
In [104], the eﬀect of an underdamped vibration on EET dynamics in a
dimer is studied. Both a homodimer (same excitation energies) and a heterodimer (diﬀerent excitation energies) are considered. A strong increase in
the EET rate is observed when the vibrational modes are resonant with the
energy diﬀerence between the two excitons. If the system is overdamped, there
is almost no such eﬀect. The authors also ﬁnd that coherence in the site basis
is suppressed for resonant modes and is the most longed-lived for a slightly
oﬀ-resonant mode.

6.2.4

Non-Markovian eﬀects

The possible existence of non-Markovian eﬀects in EET in pigment-protein
molecular aggregates has been studied in a number of recent works. NonMarkovian eﬀects of a dimer is studied in [146], [147] and [148], while nonMarkovian eﬀects in the FMO complex is studied in [147] and [149].
In [146], the connection between long-lived coherence and non-Markovianity
in a dimer pigment-protein system is studied when a method modeling the environment as both locally continuous and discrete, common vibrational modes
is used. When quantifying the non-Markovianity eﬀects by the RHP-measure
(described in section 4.3.1), it is shown that a dynamics with a higher degree
of non-Markovianity is related to a prolonged duration of coherence. The dynamics is varied by altering the temperature and the coupling strength between
the system and the environment. To conﬁrm that the prolonged duration of
coherence is due to non-Markovian eﬀects, the authors use the initial condition ρ̂S (0) = |e1  e1 |, i.e., a pure exciton state, which does not contain any
coherence in the exciton basis initially. Hence, non-Markovian dynamics has
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the ability to build up coherence over time. Further, a higher amount of nonMarkovianity is attributed to a stronger coupling to the common mode.
The environmental - and possibly non-Markovian - eﬀect on quantum coherence and correlations between two pigments is studied in [148]. In this study,
the two pigments are considered to have vanishing diﬀerence in excitation energies and the EET dynamics is modeled by the quasiadiabatic path-integral
method [150, 151]. It is found that the existence of non-Markovian eﬀects can
help to prolong the duration of coherence as well as making entanglement more
stable. Interestingly, it is also found that robust entanglement is favored by
initially separated states.
In [147] the information ﬂow between the system and the environment in the
EET process of a dimer and the FMO complex is studied. The EET dynamics
is modeled by the HEOM method and the information ﬂow is quantiﬁed by
the BLP-measure (described in section 4.3.1). To calculate the amount of nonMarkovianity in the dimer, both optimized initial conditions and the pair of
initial states ρ̂1 (0) = |1 1| and ρ̂2 (0) = |2 2| are used. The time scale of the
environment is varied between 50 and 150fs and the temperature is set to 288 K.
It is found that the optimized state pair is close to the pair ρ̂1 (0) = |1 1| and
ρ̂2 (0) = |2 2| and that non-Markovianity is strongly dependent on the molecular coupling when the reorganization energy is ﬁxed at 35 cm−1 . When the
coupling is zero, non-Markovianity vanishes as the two states remain perfectly
distinguishable. Further, the dependency of non-Markovianity on the environmental time scale and reorganization energy is studied. It can be seen that a
longer environmental time scale leads to more non-Markovianity (reorganization energy ﬁxed at 35 cm−1 ) in a monotonical manner. When the eﬀect of the
reorganization energy is investigated (environmental time scale ﬁxed at 150 fs)
the non-Markovianity has a maximum at about 40 cm−1 . Weak coupling to the
environment leads to near unitary dynamics and show no non-Markovianity
and strong coupling leads to a dynamics in the incoherent regime where nonMarkovianity vanishes. Next, non-Markovianity in the FMO complex is investigated. Here, the initial state pair ρ̂1 (0) = |1 1| and ρ̂2 (0) = |2 2| is used
to quantify non-Markovianity. Firstly, the dependency of non-Markovianity on
the environmental time scale is investigated when the reorganization energy is
kept at 35 cm−1 . The result is very similar to the dimer case. Secondly, the
dependency on the reorganization energy is analyzed when the environmental
time scale is set to 150 fs. Non-Markovianity has a maximum at a reorganization energy of 55 cm−1 . The authors note that non-Markovianity is maximal in
the same environmental regime as EET eﬃciency according to reference [139].
The role of non-Markovianity could be to preserve coherence, which could be
of importance for the pathway of pigments 1 → 2 → 3 since pigment 2 has
higher excitation energy than pigment 1.
Non-Markovian eﬀects in the EET dynamics in the FMO complex is also
studied and quantiﬁed in [149]. The motivation is to investigate whether nonMarkovian master equations are necessary to capture important features of
the dynamics, or whether Markovian master equations just as well could be
employed. The authors use the BLP-measure to quantify non-Markovianity.
However, like in reference [147] an optimization over all possible initial states
is not performed as required. Instead the amount of non-Markovianity is cal-
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culated for the initial states excitation of pigment 1 or 6. The EET dynamics is
modeled by the quasiadiabatic path-integral method [150, 151] assuming that
each pigment is coupled to identical sets of vibrational modes. Especially, the
authors analyze the results when three diﬀerent spectral density functions are
used to characterize the environmental inﬂuence on the system. The results
indicate that the EET dynamics in the FMO complex is within the Markovian
regime and can hence be modeled by Markovian master equations. Compared
to [147], it is clear that the conclusion would have been diﬀerent if the initial
states of pigment 1 or 2 had been used. Since the BLP-measure requires an
optimization of all possible initial state-pairs, the signiﬁcance of the results of
[149] can be questioned.
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Part II

Developments
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Chapter 7

Quantum correlations in the
excitation energy transfer in
a natural pigment-protein
molecular aggregate
“Learning is experience. Everything else is just information.”
Albert Einstein

This chapter describes the studies in paper I and II.

7.1

Motivation for the studies

Previous studies on quantum correlations in the Fenna-Matthews-Olson (FMO)
complex - a pigment-protein molecular aggregate found in nature - have to a
large extent been focused on investigating the possible existence of bipartite entanglement in the pigment-system [110, 123, 125]. However, it has been shown
that the restriction to the single excitation subspace, which is well physiologically motivated in the FMO complex, makes entanglement mathematically
equivalent to coherence [122]. The question is hence; can we even talk about
entanglement as a separate phenomenon as compared to coherence in such a
case? Is it meaningful to draw conclusions about the possible existence of
quantum correlations in the FMO complex by quantifying entanglement?
A way to separate coherence in a reduced system of two pigments to the
possible existence of bipartite quantum correlations, is to instead investigate
the existence of bipartite nonlocal correlations, also referred to as nonlocality.
Even though entanglement and nonlocality coincide for pure states, they have
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been shown to be fundamentally diﬀerent quantities for mixed quantum states
[21, 20, 16].
The initial idea with our study was ﬁrst either to conﬁrm or dismiss the
existence of bipartite nonlocality during the excitation energy transfer (EET)
in the FMO complex. In case of an aﬃrmative result, nonlocality could be seen
as a potential resource for eﬃcient EET in the FMO complex and hence, the
relationship between EET eﬃciency and nonlocality could be worth studying
further.
Another idea with this study was that if the existence of nonlocality in
the FMO complex could be conﬁrmed, it would support the current paradigm
of viewing such a system as a quantum system, i.e., the mechanism of EET
cannot be treated as a classical or semi-classical process. The study of nonlocality in the FMO complex also oﬀers an opportunity to learn more about how
nonlocality is aﬀected by a macroscopic environment.

7.2

Research questions

In paper I our main focus is to investigate whether bipartite nonlocal correlations between pigments in the FMO complex (one monomer) can exist when
the EET dynamics is modeled by equations of motion including realistic open
system eﬀects. Especially we want to compare how diﬀerent conditions for the
initial excitation - all of them in accordance to what could be seen as realistic conditions in either the lab (referred to as artiﬁcial initial excitation) or in
the natural habitat of the FMO complex - inﬂuence the possible occurrence of
nonlocality. We are also interested in comparing the behavior of nonlocality to
that of entanglement.
In paper II, which is a continuation of paper I, the aim is to investigate
why nonlocality exists for some localized (“artiﬁcial”) initial conditions of the
excitation, as found in paper I, and not for others. From there, we try to ﬁnd
out how to preserve nonlocality in such an open quantum system by studying
the relation between nonlocality, coherence, population localization and system
mixing. We further investigate the time dependence of the distinguishability
of initial state pairs localized at the pigments for which nonlocality is found
to exist to study the information ﬂow between this pigment pair and the rest
of the pigments and the environment. Note that in this study, the focus from
investigating nonlocality as a potential resource for eﬃcient EET in the FMO
complex, has been shifted to the study of fundamental characteristics of nonlocality in the evolution of multipartite open quantum systems.
More speciﬁcally, in paper I we ask:
• Can bipartite nonlocality exist in the FMO complex, and if so, how does
the occurrence of bipartite nonlocality depend on the initial condition of
the EET when natural and artiﬁcial excitation is considered?
In paper II the following research questions are asked:
• For which localized initial conditions can nonlocality exist in the FMO
complex when any of the pigments can be initially excited and the system
is assumed to be isolated, i.e., is modeled as a closed system?
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• For which of the found initial conditions of the excitation will nonlocality
survive open system eﬀects when the system is modeled by equations of
motion including realistic open system eﬀects?
• Why does nonlocality exists for some localized initial conditions of the
excitation while not for others?
• How does the amount of bipartite nonlocality relate to the amount of
coherence and degree of mixedness in the reduced system of the two pigments considered, the amount of population localized on these pigments,
and to the distinguishability of the two pigment-localized initial states?
• What is a good strategy to preserve nonlocality in a multipartite open
quantum system such as the FMO complex?

7.3

System and method

The system investigated in this study is the FMO complex, which is described
in Section 5.3. We use the state of the art method for modeling EET dynamics
in pigment-protein molecular aggregates; the HEOM method (see Section 5.5).
Our code is tested to reproduce the numerical solutions of [86] prior to our
calculations. In paper I, we make an addition to the original HEOM method
by modeling excitation trapping (on the time scale 1ps) at pigment 3 and 4. We
numerically investigate the diﬀerence of solutions from diﬀerent hierarchies and
even though the calculations in this study is performed at hierarchy K = 12,
we conclude that K = 10 would have been suﬃcient. Hierarchy K = 10 is used
in paper II. Note that the excitation trapping is not included when modeling
the EET dynamics in paper II since we are not primarily interested in the
natural conditions for EET in the FMO complex in this case, but rather the
conditions for when nonlocality exists. In both studies we use parameter values
of the system Hamiltonian and values of the environmental parameters that are
in accordance with previous work on EET in the FMO complex.
In paper I we use the conditions of initial excitation presented in Equations
5.23 and 5.24 in Section 5.5.5, with i = 1, 6. The ﬁrst type of initial condition
(Equation 5.23) is assumed to represent artiﬁcial initial excitation such as excitation by a laser pulse in the lab. The second initial condition (Equation 5.24)
is instead representing the initial excitation process in the natural habitat of
the FMO complex. In paper II we study initial conditions of the ﬁrst kind
with i = 1, . . . , 7 as well as initial conditions in the form of maximally entangled
bipartite quantum states.
The solution of HEOM is given in terms of the density operator for the full
FMO complex (seven pigments). Since we only look at correlations in bipartite
systems of two pigments, the reduced density operators of pairs of pigments are
calculated by tracing over the other ﬁve pigments degrees of freedom according
to Equation 2.25 in Section 2.4.
The amount of (bipartite) nonlocality and entanglement is quantiﬁed by the
measures introduced in Sections 3.1.3 and 3.1.6, where Equation 3.10 yields the
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explicit expression of the entanglement measure, and Equation 3.18 shows the
measure of nonlocality used in these studies.
In paper II we also study distinguishability between two initial states and
the degree of mixedness in the reduced system of two pigments. These quantities are introduced in Section 2.6.3 (Equation 2.36) and Section 2.7 (Equation
2.41).

7.4

Results and discussion

The results of paper I, whose signiﬁcance of course is limited to the correctness
of the theoretical method used, show that existence of nonlocal correlations between pigments in the FMO-complex in its natural habitat is unlikely, while
nonlocality is existing, but is very short-lived, for two speciﬁc pairs of pigments
when artiﬁcial initial excitation is used. These two pairs of pigments are pigment 1 and 2, when pigment 1 is initially excited, and pigment 5 and 6 when
pigment 6 receives the initial excitation. In these two cases when nonlocality
is found to exist, it disappears in an abrupt manner after a short time. Entanglement, on the other hand, persists and decays in a monotonic manner. We
choose to call this phenomenon “nonlocality sudden death” to associate to the
analogous phenomenon of “entanglement sudden death” [152], where entanglement disappears in a ﬁnite time while local coherences decays monotonically.
We further ﬁnd that the absence of nonlocality in the case of natural initial
conditions and the nonlocality sudden death for artiﬁcial initial conditions, are
of completely diﬀerent origin. In the ﬁrst case, the initial population is not
initially located on only two pigments to the extent needed for nonlocality to
build up, while in the second case, it is the open system eﬀects that cause
destruction of nonlocality. The absence of nonlocality for natural initial conditions means that in this case it cannot be ruled out that the EET in the FMO
complex can be reproduced by a classical framework.
In paper II it is found that only nonlocality that already exists or starts
to build up at t = 0 can survive the open system eﬀects. When considering
localized initial conditions, only pairs where one of the pigments is initially
excited can start to build up nonlocality at t = 0. A further requirement is
that the initially excited pigment only interacts strongly with one other pigment
in the complex.
We ﬁnd that the decaying rate of nonlocality and coherence seems to be
connected to the number of strongly coupled pigments to the pigment-pair
considered as well as how the population is initially distributed. Pigmentspairs with many strongly coupled pigments have a much faster decay rate than
pigment-pairs that only couples strongly to each other. The interpretation
of this observation is that pigments whose mutual coupling is strong will indirectly interact with each others local environment in addition to their own
local environment. The more local environments that indirectly interacts with
the pigments in the pair, the faster the decoherence and nonlocality loss. The
eﬀect is even more pronounced for initial conditions in the form of maximally
entangled states than for localized initial conditions, probably due to that there
are more local environments to interact with already at t = 0 in this case since
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the population is initially equally distributed over two pigments. It means that
in the open quantum system, a maximally entangled initial state will obviously
have maximal amount of nonlocality at t = 0, but the duration of nonlocality is very short. If the initial state is localized on one of the pigments in a
pigment-pair where nonlocality is found to build up at t = 0, nonlocality will
never be maximal, but the duration is longer than for maximally entangled
initial states.
The results also show that in order for nonlocal correlations between two
pigments to exist in the closed system, there is a trade-oﬀ between having a
lower amount of population localized on this pigment-pair, which is equally
distributed over the two pigments, and having a more unequally distributed
population localized on the two pigments, which requires a higher amount of
population. In the closed system, coherence is directly dependent on how evenly
the population is distributed on the two pigments. In the open system, this is
not necessarily true since decoherence induced by the environment may destroy
the coherence even when the population is perfectly equally distributed over the
two pigments. Hence, it could be expected that a high amount of population
localized on a pigment-pair is important in order to preserve nonlocality in the
open system. This is indeed conﬁrmed by our numerical calculations. Hence,
a system structure and environmental interaction which allows for “population
trapping” seem to be beneﬁcial in order to preserve nonlocality in a multipartite
open quantum system such as the FMO complex. The importance of population
trapping for nonlocality preservation in open quantum systems is also pointed
out in [153].
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Chapter 8

Is quantum coherence a
resource for eﬃcient
excitation energy transfer in
artiﬁcial pigment molecular
aggregates?
“One is always a long way from solving a problem until one actually
has the answer."
Stephen Hawking

This chapter describes the study in paper III.

8.1

Motivation for the study

Since the experimental conﬁrmation of long-lasting coherence in photosynthetic
complexes [1, 93, 94, 92], there has been an interest in the quantum biology
community to try to relate coherence and excitation energy transfer (EET)
eﬃciency in these systems to each other to ﬁnd evidence that the existence of
coherence is improving the functionality of the photosynthetic complexes. This
inspired us to investigate the relation between coherence and EET eﬃciency in
pigment molecular aggregates, especially since the results of paper I did not
lead us in the direction of investigating nonlocality as a potential resource for
eﬃcient EET. Our decision was timely because at the time, a resource theory
for quantum coherence was starting to take form in the quantum information
community [33] and the interest in coherence quantiﬁcation as well as processes where coherence might function as a resource, had started to grow. In
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this study we decided to use the newly developed tools for coherence quantiﬁcation to investigate the relationship between coherence and EET eﬃciency in
a quantitative manner.
Since eﬃcient population transport also is of interest in other quantum
systems, such as electron transport in a network of quantum dots [154], photons
in optical networks [155] and spin chains [156, 157], we saw an opportunity
to design the study in such a way that the results might reach out further
than just to the quantum biology community, by referring to a more general
population transfer process. Nevertheless, we had pigment-systems in mind
when we designed the study. Especially, the newly developed technique of DNA
origami [158], where artiﬁcial pigment molecular aggregates can be created in
the lab by placing pigments one-by-one with great precision, motivated us to
also investigate the structure (in terms of excitation energies and inter-pigment
couplings) for systems with maximal EET eﬃciency and maximal amount of
coherence, respectively.

8.2

Research questions

In this study we aim to investigate the relation between EET eﬃciency and
coherence in systems of pigments. Since a dimer system (i.e., two pigments)
can capture the process of quantum tunneling alone, while a trimer system
(i.e., three pigments) is the smallest system where interference between different EET pathways can arise, we choose these two systems for our study.
The EET from the initially excited pigment 1 to the end-site pigment (i.e.,
pigment 2 in the dimer and pigment 3 in the trimer) is studied. The pigment
excitation energies and their mutual interactions, which depend on the position and alignment of each pigment, deﬁne the parameter space of the system
Hamiltonian.
Two measures of coherence that has been used particularly frequent in recent studies of coherence is the l1 -norm of coherence and the relative entropy
of coherence. We choose these two measures for our coherence quantiﬁcation
with an additional aim to compare these two measures to each other.
In terms of the systems, the system Hamiltonian parameter spaces and the
chosen measures of coherence, the research questions for this study are:
• What is the relationship between maximal EET eﬃciency and maximal
amount of coherence in a dimer and trimer pigment system?
• What is the Hamiltonian parameter space - in terms of excitation energies
and inter-pigment couplings - for structures optimizing coherence and
EET eﬃciency, respectively?
• Do the two coherence measures, l1 -norm of coherence and relative entropy
of coherence, diﬀer in the way that they order quantum states with respect
to the amount of coherence?
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8.3

Systems and method

The Hamiltonians of the dimer and trimer system investigated in this study
are modeled according to Equation 5.8 in Section 5.5.2. To relate maximal
EET eﬃciency to coherence as well as investigating the structure (in terms
of pigment excitation energies and inter-pigment couplings) of systems corresponding to maximal EET eﬃciency and maximal amount of coherence, we
perform optimization over the Hamiltonian parameter spaces numerically (in
the dimer case, we also perform parts of the optimization analytically). Due
to the numerical complexity of optimization over a large parameter space, we
exclude environmental interactions, i.e., the EET dynamics is modeled by the
Schrödinger equation. Our code is tested to reproduce the eﬃciency optimum
of the analytically solvable dimer system as well as a special case of the trimer
system (vanishing excitation energies and coupling strength between pigment
1 and 3) prior to the numerical optimization.
We consider an initial excitation in the systems according to Equation 5.23
in Section 5.5.5, with i = 1. The EET eﬃciency is quantiﬁed by ﬁdelity, as
introduced in Section 2.7.2, where the target state is excitation of pigment 2
in the dimer case, and pigment 3 in the trimer case.
The coherence, quantiﬁed by the l1 -norm of coherence and relative entropy
of coherence (Section 3.2.3), is studied in the site and exciton basis. In the
comparison of EET eﬃciency and coherence we primarily choose to study timeaveraged coherence, i.e., the average amount of coherence in the system during
a speciﬁc period of time.

8.4

Results and discussion

The main result of this study is that in both the dimer and trimer pigment
system, maximal time-averaged coherence in the site basis does not occur for
the same Hamiltonian parameters or time, as maximal EET eﬃciency. There
is hence no obvious relation between the amount of coherence in the site basis
and the EET eﬃciency and in that sense, coherence in the site basis cannot be
regarded as a resource for eﬃcient EET in these systems. However, in the exciton basis there exists a one-to-one correlation between time-averaged coherence
(both measures) and EET eﬃciency in the dimer case. Hence, coherence in the
exciton basis may be regarded as a resource for eﬃcient EET in a dimer system. There also exists a close to one-to-one correlation between time-averaged
coherence in the exciton basis and EET eﬃciency in the trimer system, but in
this case, coherence in the exciton basis cannot be regarded as a resource for
eﬃcient EET since there are system Hamiltonian parameter spaces for which
coherence is maximal but the EET eﬃciency is not. Also, there exists countless many Hamiltonian parameter spaces for which coherence in the exciton
basis is maximal, but it seems unlikely that all of them would yield the same
EET eﬃciency (i.e., there is no correlation at all between EET eﬃciency and
coherence in the exciton basis in such a case).
In both the dimer and the trimer system, maximal EET eﬃciency is achieved
when the initially excited pigment and the end-site pigment have equal excita-
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tion energies. This result coincides with the result of [137] where it is concluded
that highly eﬃcient EET in pigment networks only occurs when the excitation
energies of the initially excited pigment and the end-site pigment are comparable to each other. It is also in accordance with studies where EET eﬃciency
and coherent delocalization are related to each other [113, 114] since a vanishing diﬀerence in excitation energies corresponds to maximal delocalization of
the excitation. In the trimer system, another necessary condition for maximal
EET eﬃciency between pigment 1 and 3 is that the magnitude of the coupling
strength is equal for pigment 1 and 2 as for pigment 2 and 3.
Maximal time-averaged coherence is achieved in the dimer system when
the diﬀerence in the two pigments excitation energies is about 3/2 times larger
than the coupling strength between them. Here, only the absolute values of
the excitation energy diﬀerence and inter-pigment coupling matters. In the
trimer system on the other hand, the relative signs of the excitation energy
diﬀerences and inter-pigment couplings do matter and two by magnitude equal
sets of Hamiltonian space parameters will (in general) have diﬀerent values of
the EET eﬃciency maxima and time-averaged coherence maxima (with respect
to time) if the relative signs diﬀer. All sets of Hamiltonian parameters for
which maximal time-averaged coherence is achieved has a non-zero value of the
excitation energy diﬀerence between pigment 1 and 3, meaning that maximal
EET eﬃciency cannot occur for any of these parameter sets.
In the dimer case, we are further able to establish a general relation between
the l1 -norm of coherence and the relative entropy of coherence, showing that
the two measures order states with respect to the amount of coherence in the
same manner in dimer systems.
The results in terms of the Hamiltonian parameter spaces can - in principle
- be translated to inter-pigment distances and relative directions in terms of
Equation 5.5 for technological applications.
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Chapter 9

Optimal environments for
eﬃcient excitation energy
transfer in artiﬁcial
pigment-protein molecular
aggregates and the relation
between eﬃciency and
non-Markovianity
“Progress is made by trial and failure; the failures are generally
a hundred times more numerous than the successes, yet they are
usually left unchronicled.”
William Ramsay

This chapter describes the study in paper IV.

9.1

Motivation for the study

Even though there have been many studies where excitation energy transfer
(EET) eﬃciency in pigment-protein molecular aggregates and environmental
eﬀects are related to each other, and also studies where the non-Markovianity
in such systems is analyzed, there are some aspects that might need further
investigations:
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• Most of the studies are using Markovian master equations to model the
EET dynamics; equations that might not be able to capture all relevant
environmental eﬀects of the EET dynamics.
• Many studies are focused on trying to unveil the true mechanisms of
EET in real photosynthetic complexes and to ﬁnd what features of the
environment that promotes an enhanced EET eﬃciency, but rarely focus
on ﬁnding design principles for possible technological applications.
• The work where non-Markovianity is studied rarely quantiﬁes non-Markovianity
in an unambiguous manner. Also, the relation between EET eﬃciency
and non-Markovianity is not well investigated yet, probably due to the
great complexity of the problem.
Motivated by these observations regarding the current knowledge about environmentassisted EET, we decided to investigate the eﬀect of the environment on EET
eﬃciency in model pigment-protein molecular aggregates when the dynamics is
modeled by non-Markovian equations of motion. Since non-Markovianity has
caught interest as a potential resource for operational tasks in quantum information theory, it would further be of interest to quantify non-Markovianity in
the EET dynamics in pigment-protein molecular aggregates unambiguously in
order to study its possible connection to EET eﬃciency.
Lastly, since there seem to be so many diﬀerent interpretations on the underlying mechanism of eﬃcient EET and many of them are hard to translate
into how a pigment-protein molecular aggregate that optimizes EET eﬃciency
should be designed in terms of system- and environmental parameters, it was
decided to take this approach in this study.

9.2

Research questions

In this study we particularly wish to optimize EET eﬃciency with respect
to the parameters describing the environment and then quantify the nonMarkovianity for these optimal parameter values in order to ﬁnd a possible
connection between non-Markovianity and EET eﬃciency. EET from an initially excited pigment 1 to an end-site pigment is studied. Since the mechanism of environment-assisted EET often is described as an interplay between
coherent and incoherent dynamics, we are further interested in the coherence
dynamics at optimal environmental parameters.
To connect this study to paper III as well as to be able to explore the
possible diﬀerence in optimal environmental parameters for a variety of system
Hamiltonians, we choose to use the Hamiltonian structures for optimized EET
eﬃciency and optimized time-averaged coherence (in a closed system). We
hence look at dimer and trimer pigment-protein molecular aggregates in this
study. Since the FMO complex has served as a test-system in so many studies
on environment-assisted EET, we also choose to include a dimer and trimer
system where the characteristics of the ﬁrst two and ﬁrst three, respectively,
pigments in the FMO complex are captured.
The research questions for the study are:
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• Is there an optimal environment for EET between an initially excited
pigment and an end-site pigment in diﬀerent dimer and trimer pigmentprotein molecular aggregates and do the values of the optimal environmental parameters diﬀer between diﬀerent system Hamiltonians?
• How is non-Markovianity related to EET eﬃciency?
• Is there a connection between coherence in the site basis and EET eﬃciency?
• How is the coherence in the exciton basis aﬀected by a non-Markovian
time evolution and is there evidence to support that backﬂow from the
environment can (re)create coherence in the exciton basis in the system?

9.3

Systems and method

The systems investigated in this study are three dimer systems and three trimer
systems, where the values of the Hamiltonian parameters diﬀers between the
systems. The ﬁrst two systems are the “FMO-like”, which are systems where
the characteristics of the ﬁrst two and three, respectively, pigments in the
FMO complex are captured, We also investigate the dimer and trimer system
optimized with respect to EET eﬃciency in a closed system in paper III (the
simplest case for the trimer system is chosen), and the dimer and trimer systems
for which the time-averaged coherence is maximal in a closed system (also from
paper III). The system Hamiltonians are modeled according to Equation 5.8
in Section 5.5.2.
The EET dynamics is modeled by the HEOM method, where the details can
be found in Section 5.5. The environmental parameters are varied in such a way
that we are able to interpolate between coherent and incoherent EET dynamics,
and temperatures within natural conditions (and below temperatures where the
protein scaﬀold can be expected to denature). The environmental time scale is
determined by the temperature of the system in order to be able to use HEOM
in the form presented in Section 5.5. The numerical code is tested to reproduce
the EET optimum for the system Hamiltonians used in paper III for vanishing
environmental interaction. The convergence of the numerical solution is tested
for critical values of the environmental parameters and we ﬁnd that hierarchy
K = 15 is suﬃcient in this case.
As initial condition we use a localized excitation, according to Equation 5.23
in Section 5.5.5, with i = 1. The ﬁdelity, introduced in Section 2.7.2, is used to
quantify EET eﬃciency. Here, excitation of pigment 2 in the dimer case and
pigment 3 in the trimer case, is the target state which EET eﬃciency is optimized with respect to. We also investigate for what environmental parameters
minimal EET eﬃciency is achieved.
Non-Markovianity is quantiﬁed for those environmental parameters where
maximal and minimal EET eﬃciency is obtained. We use the BLP-measure, as
introduced in Section 4.3.2, where we perform the required optimization over
initial state pairs for 105 (dimers) and 104 (trimers) initial state pairs.
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Coherence is quantiﬁed by the l1 -norm of coherence (Section 3.2.3) where
we consider local coherence in the site basis and global coherence in the exciton
basis. Local coherence, i.e., coherence in subsystems two pigments, may give
information about possible quantum tunneling between pigments. Coherence
in the exciton basis, on the other hand, can give information about the environmental eﬀects on the system since the coherence in the exciton basis will be
stationary in a closed system (see Section 6.1.1).

9.4

Results and discussion

The system Hamiltonians used in this study all have diﬀerent relations between
the pigments excitation energies. Especially, the relation between the excitation
energy of the initially excited pigment and the end-site pigment ranges from the
end-site having a higher excitation energy than the initially excited pigment,
the two of them having equal excitation energies, and the end-site having a
lower excitation energy than the initially excited pigment. Our results from
the numerical optimization over environmental parameters, with respect to
EET eﬃciency, show a pattern where the optimal parameter values can be
connected to the system Hamiltonian structure and in particular, the relation
between the pigments excitation energies.
It can be seen that for dimer systems where the excitation energy of pigment
2 is higher than or equal to the excitation energy of pigment 1, the most important environmental parameter is the system-environment interaction, which
should be as weak as possible in order to preserve coherent EET dynamics. This
result is accompanied by a high amount of coherence in the site basis, which
leads us to the conclusion that the excitation moves coherently between the two
pigments in this case. A more coherent EET is further connected to prolonged
oscillations in the coherence in the exciton basis as well as in the trace distance,
according to our results.
For a dimer system where the excitation energy of pigment 2 is lower than
for the initially excited pigment 1, optimal environmental parameters yields an
incoherent EET (strong system-environment interaction), but here the important factor is the environmental time scale, which should be as fast as possible
(in our deﬁned regime) in order for the system to return to equilibrium (which
naturally favors population of site 2). The coherence in the site basis is obviously quenched very rapidly in the EET dynamics and the same is true for
the coherence in the exciton basis. The trace distance drops to zero almost
instantly, but has a small revival later on. Interestingly, the amount of nonMarkovianity is higher in this case than for one of the dimer systems in the
coherent regime.
The results for the trimer systems are more complex, but the same trends
- more or less - as in the dimer systems can be seen. A system where the
initially excited pigment 1 and the end-site pigment 3 have equal excitation
energies again favors a coherent EET. Coherence in the site basis, as well as
in the exciton basis, and the trace distance follows the same pattern as for the
corresponding dimer system.
In a trimer system where there is an energy barrier between the ﬁrst two
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pigments excitation energies, but pigment 3 has the lowest excitation energy,
there seems to be an interplay between coherent and incoherent dynamics at
optimal EET eﬃciency. In the long-time limit, the excitation will be captured
by pigment 3 to a large extent, but this process seems to be too slow in the
given time frame. As a result, the excitation is ﬁrst transferred coherently
from pigment 1 to pigment 2 (a large amount of local coherence in the site
basis is built up during this time) before the coherence is quenched in order to
break reversibility, a process that may be interpreted as that the environment
destroys pathways not leading to the end-site pigment. From there a downhill funneling to the end-site pigment takes place. The optimal environmental
time scale for this process is as fast as possible (in our deﬁned regime) and
the system-environment interaction is in an intermediate regime. The pattern
of coherence in the exciton basis and the trace distance is very similar to the
pattern of local coherence between pigment 1 and 2 in this case.
For a trimer system where the initially excited pigment 1 has a higher
excitation energy than the end-site pigment 3, but pigment 2 has the lowest
excitation energy in the system, optimal parameter values promotes a coherent
EET to prevent excitation trapping at pigment 2. Here, local coherence in the
site basis, coherence in the exciton basis and trace distance follows a similar
pattern initially, but at later times, the local coherences increase - maybe as
a consequence of a backﬂow of information from the environment - while the
other two quantities approaches zero in the long-time limit.
It should be noted that in a realistic scenario, a trapping mechanism at the
end-site pigment would be necessary for systems where optimal EET occurs
coherently in order to capture the excitation when it ﬁrst arrives and prevent
it from returning to the initially excited pigment. For systems where the optimal EET occurs in the incoherent regime and the environmental parameter
of importance is the environmental time scale, this is not necessary since the
excitation does not return to the initially excited pigment.
The numerical calculations of environmental parameter values for minimal
EET eﬃciency shows that for ﬁve out of six systems, a slow environmental time
scale is connected with low EET eﬃciency. Since a slow environmental time
scale on the other hand is shown to be connected with a high amount of nonMarkovianity, we may conclude that non-Markovianity does not improve EET
eﬃciency in our systems. Another observation regarding non-Markovianity is
that the coherence in the exciton basis follows a very similar pattern to the
trace distance (for optimized initial state pairs) when the system-environment
interaction is weak. This ﬁnding suggests that oscillations of the coherence
in the exciton basis may be interpreted as a backﬂow of information from the
environment to the system and hence, can be used to detect non-Markovian
dynamics. A connection between non-Markovianity and the coherence in the
exciton basis for a dimer system is also made in [146] where it is seen that
a non-Markovian dynamics has the ability to create coherence in the exciton
basis.
The hypothesis that coherence may improve EET eﬃciency by helping the
excitation to overcome initial barriers in the excitation energy landscape, suggested in [86] is conﬁrmed in our study in the sense that for pigment systems
where there is an initial energy barrier in the excitation energies of pigments, a
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coherent dynamics - at least initially - is advantageous. In our study we can also
conﬁrm that there are systems where the environment improves EET to the
end-site pigment by breaking the reversibility that otherwise is accompanied
with a closed system dynamics.
An increased EET eﬃciency due to environmental eﬀects, which in our
study can be seen especially in the trimer case that resembles the FMO complex, has also been reported in [111, 127, 131, 134, 135, 136, 137, 139, 140, 141,
142] for model pigment-protein molecular aggregates and for the FMO complex. Note that diﬀerent models for the EET dynamics has been used as well as
diﬀerent system Hamiltonians in the model pigment aggregates, which might
inﬂuence the results and their interpretation. The results of these studies are
discussed in connection with our study below.
• In [111, 135] optimal EET eﬃciencies are achieved when the local environments and the system-environment coupling for each pigment is allowed
to be diﬀerent. This is a drawback with using the HEOM method since it
assumes equal values of the environmental parameters of each pigment.
After all, the diﬀerent excitation energies of the otherwise identical pigments in pigment-protein molecular aggregates are a clear sign that the
pigments indeed are inﬂuenced by diﬀerent local environments. In [135]
it is further noted that for a linear network with equal excitation energies, the optimal conditions for eﬃcient EET is vanishing environmental
eﬀect. This result coincide with our ﬁndings regarding a network where
the excitation energies of the initially excited and end-site pigments are
equal.
• In [131, 142], it is shown that for a weak system-environment coupling,
EET eﬃciency is increased slightly by a longer environmental time scale,
while for a strong system-environment coupling, the opposite is true; a
long environmental time scale decreases EET eﬃciency. We cannot see
this pattern in our study.
• In [103] it is suggested that the design principle of eﬃcient EET in pigment systems can be summarized as delocalizations of excitons and (near)
resonant vibrational modes in the environment. The ﬁrst statement coincides with our ﬁndings since equal excitation energies of the initial- and
end-site pigments promote delocalization.
• In [110] it is shown that strong non-Markovianity results in a reduced
EET eﬃciency but an increased preservation of bipartite site-coherences
when considering the EET in the FMO complex (pigment 1 to 3). The
EET dynamics is not modeled by HEOM in [110], but as in HEOM,
the environment is modeled to interact locally with each pigment. The
authors conclude that maximal amount of site-coherence is not related to
optimal EET eﬃciency, but that an interplay of creation of site-coherence
for short distances and times followed by a destruction of site-coherence
for long distances and times seems to be necessary for an eﬃcient EET.
This conclusion seems to coincide with our observations for the trimer
with FMO characteristics. The ﬁnding that EET eﬃciency is decreased
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by strong non-Markovianity, is conﬁrmed by our study. The reported
coupling between non-Markovianity and preservation of site-coherence is
not possible to conﬁrm or dismiss in our study since we are also varying
the system-environment interaction, which has a direct connection to the
rate of decoherence in the system.
• In [141] a longer time scale of the environment correlates with a prolonged
duration of coherence in the EET in the FMO complex when the dynamics
is modeled by the HEOM method. Under some conditions, the EET
eﬃciency is also found to be higher for an environmental time scale of
50 fs than for 5 fs. It shall be noted that the lowest environmental time
scale in our study is 50 fs. Therefore it is hard to compare these diﬀerent
ﬁndings.
• In [147] non-Markovianity in both a dimer system and the FMO complex
is studied when the EET dynamics is modeled by the HEOM method.
For the dimer system, it is found that when the system-environment coupling is ﬁxed, non-Markovianity increases with the environmental time
scale in a monotonic manner. Here the BLP-measure is used in its original form. Our study also indicates that non-Markovianity increases with
an increasing environmental time scale even though we do not perform
an optimization of non-Markovianity over the environmental parameters.
In [147], the environmental parameters for which the maximum in nonMarkovianity is observed in the FMO complex, coincides with the environmental parameters where EET eﬃciency is optimal according to [139].
This result diﬀers from the result of our study, a diﬀerence that might be
attributed to the omission of initial state-pair optimization in [147].
A problem when our results are compared to previous studies is that there is
no consistency on how the eﬃciency of EET is deﬁned. It makes it hard to
compare results from diﬀerent studies, or to compare the outcome of diﬀerent
models. Assumptions on the trapping mechanism and what parameters plays
a role for an eﬃcient excitation trapping, makes the conclusion of those studies
less transparent.
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Chapter 10

Conclusions
"I’ve learned that people will forget what you said, people will forget
what you did, but people will never forget how you made them feel."
Maya Angelou

This thesis explores diﬀerent quantum eﬀects in the excitation energy transfer
(EET) in natural and artiﬁcial pigment-protein molecular aggregates and their
possible role for EET eﬃciency. The work has contributed to the investigation of two main questions in the ﬁeld studying quantum eﬀects in biological
systems:
• Is there a relationship between quantum eﬀects and EET eﬃciency?
• How can quantum eﬀects be preserved in such a macroscopic system?
Especially, the work in this thesis contributes to the research of quantum eﬀects
in pigment-protein molecular aggregates due to:
• State of the art equations of motion for modeling the EET dynamics
in pigment-protein molecular aggregates is used in all studies where environmental eﬀects are included. The results are hence as accurate as
possible and no assumptions of a vanishing time scale of the environment
or a weak system-environment interaction has been made prior to the
calculations.
• The relationship between EET eﬃciency and coherence is evaluated quantitatively by the use of newly developed coherence measures.
• Nonlocal correlations between pigments rather than entanglement is considered in the FMO complex and hence it is possible to separate quantum
correlations from quantum coherence in this context.
• The correct procedure of initial state-pair optimization to quantify nonMarkovianity is performed when studying the existence of non-Markovianity.
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The conclusions of the work in this thesis can be summarized as:
• Perfect EET between an initially excited pigment and an end-site pigment can probably only occur in isolated systems when the excitation
energies of these two pigments are equal. If possible, this is hence the
most important factors to consider when designing an artiﬁcial pigmentmolecular aggregate (where realistic initial excitation and trapping is not
included). When these two conditions (i.e., equal excitation energies and
an isolated system) are fulﬁlled, coherence in the exciton basis is maximal
in a dimer system. Hence, coherence in the exciton basis may be regarded
as a resource for eﬃcient EET in dimer systems.
• When the pigment-system cannot be isolated from its environment, but
the environmental parameters can be tuned, optimal environments for
eﬃcient EET depends on the system Hamiltonian parameter space and
in particular, the relationship between the pigments excitation energies.
In general, systems where the excitation energy of the initially excited
pigment is lower than or equal to the excitation energy of the end-site pigment, beneﬁts from a close to coherent EET (weak system-environment
coupling). However, a system where the end-site pigment has the lowest excitation energy in the system will have an increased EET eﬃciency
if the system is driven towards equilibrium as fast as possible (a fast
environmental time scale). In such a case, the time scale of reaching
equilibrium might come into play and a coherent EET to a pigment with
higher excitation energy than the initially excited pigment may speed up
the process of equilibrating. Here, coherence in the site basis seems to
be a resource for eﬃcient EET since it can provide quantum tunneling
through the energy barrier.
• Non-Markovianity does not seem to be a resource for eﬃcient EET in
pigment-protein molecular aggregates and may even decrease the EET
eﬃciency for some pigment structures.
• Nonlocality seems to be absent in the FMO complex for natural conditions of the initial excitation and is disappearing in an abrupt manner on
a short time scale for artiﬁcial initial conditions. It is hence unlikely that
nonlocality acts as a resource for eﬃcient EET in the FMO complex in
its natural habitat.
• A high degree of population localization on a strongly interacting pair
of sites, in combination with a localized initial condition on one of the
sites in the pair, seems to be of importance to preserve nonlocality in a
multipartite open quantum system such as the FMO complex. It further
seems like the couplings to the other sites in the network plays an important role for the duration time of nonlocality; the more strongly coupled
sites, the faster is the decay rate of nonlocality.
It should be noted that the conclusions only are valid to the accuracy and
credibility of the methods and approximations used. How diﬀerent methods

103

and assumptions of initial conditions, impact and nature of environmental processes, and the strength of the system-environment interaction, may produce
results and interpretations of the results that diﬀers to a great extent from each
other, can be seen in the review of relevant studies in Chapter 6.
The results and conclusions in this thesis can hopefully be useful in gaining
insights of how pigment-protein molecular aggregates for artiﬁcial light harvesting can be designed, both in the case when both the system structure and
the environment can be modiﬁed, and when only the environment can be adjusted. Lately, there has been an increasing interest in probing and designing
environments, so called “environmental engineering” [61, 62, 63, 64]. Especially in [63] it is shown that a tunable environment, allowing to engineer both
Markovian and non-Markovian environments, is possible. For applications in
artiﬁcial light-harvesting technology, the mechanism of excitation trapping has
to be included in the calculations, but it seems as a reasonable ﬁrst step to
investigate the EET eﬃciency to the pigment where the excitation trapping
occurs.
Furthermore, some new insights regarding nonlocality in multipartite open
quantum systems has been gained. In particular the results may be useful for
designing systems and environments that promotes nonlocality preservation.
To be able to truly understand the relationship between coherence, environmental eﬀects and EET eﬃciency, the theoretical work has to be accompanied
by experimental work where artiﬁcial systems are synthesized and measured
on in order to evaluate the theoretical models used.
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Svensk sammanfattning
Kvanteﬀekter såsom kvantkoherens och kvantkorrelationer är fenomen som
länge ansetts som exotiska, rent av mystiska, och endast möjliga att frambringa i en högst kontrollerad och isolerad miljö. Att sådana eﬀekter skulle
kunna uppkomma och bestå i makroskopiska system såsom biologiska system
kan verka orimligt. Inte desto mindre fanns tankar om kvanteﬀekter i biologiska
system redan strax efter kvantmekanikens födelse, men detta stannade just vid
teorier eftersom sådana kvanteﬀekter var omöjliga att detektera experimentellt
med dåtidens teknik. Sju årtionden senare hade den tekniska utvecklingen
kommit i kapp och 2007 kunde man mycket riktigt påvisa bestående kvanteﬀekter i ett fotosynteskomplex, det så kallade FMO-komplexet. Eftersom
korrelationer i form av kvantsammanﬂätningar har visat sig vara en resurs i
kvantinformationsteoretiska sammanhang - inte minst bygger möjligheten till
kvantberäkningar på att kvantsammanﬂätningar mellan olika kvantsystem kan
existera - uppstod nu frågan hur ett biologisk system kunde lyckas med det som
verkade omöjligt i forskarnas labb. Dessutom var det känt sedan tidigare att
många fotosynteskomplex, däribland FMO-komplexet, är mycket eﬀektiva på
att omvandla solljus till kemisk energi. Kan det rent av vara så att evolutionen
har sållat fram dessa kvanteﬀekter som ett sätt att optimera funktionaliteten
hos dessa system?
Nu började ett intensivt arbete från många olika håll att undersöka och
kartlägga var, när och hur dessa kvanteﬀekter kan uppstå och framför allt;
bestå. Experimentalister hittade ﬂer biologiska system där existensen av kvanteﬀekter kunde veriﬁeras, och teoretiker arbetade med att hitta ett nytt teoretiskt ramverk som kunde beskriva dessa biologiska system som kvantsystem
istället för klassiska eller semiklassiska system. Kvantinformationsteoretikerna
var mest intresserade av just resurs-perspektivet samt hur koherens och korrelationer kan bevaras i system som dessa och har bidragit med teorier och
metoder för hur kvanteﬀekter kan kvantiﬁeras.
Arbetet i den här avhandlingen kretsar kring frågeställningarna om huruvida kvanteﬀekter kan ha en roll för att öka eﬀektiviteten i modell-system
liknande fotosynteskomplex, samt om - och i så fall hur - kvantkorrelationer kan
uppstå i FMO-komplexet. Syftet, eller kanske snarare det yttersta målet, med
avhandlingen är att kunna bidra till förståelsen hur man bäst skapar eﬀektiva
artiﬁciella fotosyntessystem.
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Bakgrund
I den här sektionen introduceras de koncept och nyckelbegrepp som studierna
i avhandlingen bygger på.

Fotosynteskomplex som öppna kvantsystem
Fotosynteskomplex är molekylära aggregat bestående av pigment, det vill säga
ljusabsorberande molekyler, som hålls på plats av en proteinstruktur som kan
liknas vid en kristall. Proteinstrukturen kommer vid fysiologiska temperaturer
att ﬂuktuera kring sin jämviktskonﬁguration, olika mycket på olika ställen i
både rum och tid. Detta gör att de annars identiska pigmenten kommer att ha
olika excitationenergier.
I ett naturligt fotosynteskomplex kommer vissa pigment att fungera som antenner och absorbera solenergi, medan andra bara deltar i transporten av den
infångade excitationsenergin. När excitationsenergin når ett av de pigment
som ligger i anslutning till fotosynteskomplexets reaktionscentrum, försvinner
excitationen från pigment-protein systemet. Det är transporten av excitationsenergi från det första till det sista pigmentet i systemet som studeras i denna
avhandling.
Excitationsenergin kan ses som en kvantmekanisk kvasipartikel vars transport genom pigment-protein-systemet måste beskrivas med hjälp av kvantmekaniska rörelseekvationer. Det omgivande proteinet gör att teorier för så
kallade öppna kvantsystem, det vill säga kvantsystem som interagerar med en
omgivning, måste användas. Resultatet av modelleringen av excitationsöverföringen i systemet fås i form av en så kallad täthetsmatris, vilket anger en
klassisk statistisk fördelning av rena kvanttillstånd för excitationen. Medan
ett rent tillstånd kan beskrivas som en vektor i ett komplext vektorrum, där
varje element i vektorn ger sannolikheten för att kvantsystemet ska beﬁnna sig
i ett visst kvanttillstånd, kan man nu inte med säkerhet ange en enda vektor
som beskriver det aktuella kvantsystemet utan kan bara ange sannolikheten för
att en viss vektor beskriver systemet. De icke-diagonala elementen i täthetsmatrisen anger hur långt ett kvanttillstånd är ifrån att kunna beskrivas som
ett rent tillstånd. När alla dessa icke-diagonala termer är noll har systemet
förlorat sina kvantegenskaper och systemet kan lika gärna beskrivas med hjälp
av klassiska eller semiklassiska rörelseekvationer.

Kvantkorrelationer
Möjligheten till kvantkorrelationer - korrelationer som är starkare än vad en
underliggande klassisk teori medger - är vad som verkligen skiljer kvantmekanik
från klassiska teorier. Det har beskrivits som “spöklikt” av framstående fysiker
som Einstein, som ägnade en del av sitt liv åt att försöka motbevisa kvantmekanikens förutsägelser om kvantkorrelerade system. Det var inte förrän efter
Einsteins död som Bell år 1964 ställde upp en olikhet där han visade att klassiska korrelationer inte kan överskrida ett visst maxvärde. Han visade sedan att
vissa kvantkorrelationer överskred detta maxvärde och det kunde alltså påvisas
att de faktiskt inte är av samma natur som klassiska korrelationer.
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Kvantkorrelationer så som Bell deﬁnierade dem utgår inte från en kvantmekanisk beskrivning och har en operationell betydelse. I den matematiska
beskrivningen av sammansatta kvantsystem framkommer möjligheten att de
ingående kvantsystemen inte matematiskt kan beskrivas oberoende av varandra. Man talar då om kvantsammanﬂätningar mellan kvantsystem. Även
om kvantsammanﬂätningar och kvantkorrelationer enligt Bell sammanfaller för
rena kvanttillstånd, skiljer de sig åt när tillståndet övergår i en klassisk mixning
av olika kvanttillstånd, vilket oundvikligen sker när kvantsystemet interagerar
med en omgivning. Kvantsammanﬂätningar har vidare visat sig vara en resurs
i olika sammanhang inom kvantinformationsteori och kvantberäkningar och en
resursteori deﬁnierar vad som är en kvantsammanﬂätning och hur existensen
av kvantsammanﬂätningar kan kvantiﬁeras.
Efter de experimentella bekräftelserna att vissa fotosynteskomplex kan beskrivas som öppna kvantsystem, har just kvantsammanﬂätningar i dessa system
studerats.

Kvantkoherens
Kvantkoherens har sitt ursprung i klassisk vågmekanik; när två eller ﬂera vågor
möts i tid och rum uppstår interferensmönster där den superpositionerade vågen ömsom förstärks, ömsom släcks ut. Eftersom kvantmekanik postulerar att
alla partiklar kan beskrivas med hjälp av kvanttillstånd där partikelns position
i tid och rum endast ges som en sannolikhetstäthet, uppvisar en superpositionering av olika kvanttillstånd liknande interferensmönster som till exempel
ljus som får passera en dubbelspalt.
Då rena kvanttillstånd beskrivs av vektorer i ett vektorrum, kan de uttryckas i olika baser och “mängden” koherens i ett system beror på i vilken bas
vi väljer att uttrycka våra kvanttillstånd i.
Kvantkoherens är en av de potentiella kvantresurser som föreslagits spela en
roll i den eﬀektiva energiöverföringen i fotosynteskomplex. Kvantkoherens som
resurs har också studerats ﬂitigt i kvantinformationsteoretiska sammanhang
sedan en resursteori för kvantkoherens nyligen presenterats. Resursteorin för
kvantkoherens är snarlik den för kvantsammanﬂätningar och öppnar upp för
möjligheten att kvantiﬁera koherens på ett otvetydigt sätt.

Icke-Markovsk dynamik
För att kunna modellera dynamiken i öppna kvantsystem måste ofta antagande och approximationer göras. Exempel på sådana approximationer är att
systemet och omgivningen endast växelverkar svagt med varandra, eller att
tidsskalan för omgivningen att gå tillbaka till jämvikt efter en yttre störning
är väsentligt kortare än densamma för kvantsystemet. Just den sista approximationen går under namnet “den Markovska approximationen” och antar att
omgivningen är i jämvikt under hela den tid som systemet och omgivningen
växelverkar. Den senaste tiden har dock intresset för hur en omgivning som
inte kan approximeras som att den är i jämvikt påverkar de processer som sker
i kvantsystemet och där man då inte kan använda den Markovska approximationen. Man säger då att dynamiken är icke-Markovsk. En sådan dynamik kan
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skapa helt andra förutsättningar för omgivningens påverkan på kvantsystemet
och bland annat medger icke-Markovsk dynamik möjligheten till att information som kvantsystemet förlorat till omgivningen - information om fasförhållandena mellan kvanttillstånden - kan återskapas i kvantsystemet efter en viss
tid. Detta fenomen öppnar upp för möjligheten att återskapa - eller till och
med nyskapa - kvantresurser i ett kvantsystem med hjälp av en omgivning. På
så sätt har möjligheten att använda omgivningen som en resurs växt fram som
en ny inriktning i kvantinformationsteori och liksom andra potentiella resurser
har icke-Markovskhet blivit möjligt att kvantiﬁera.

Frågeställningar och resultat
I den här sektionen presenteras i korta drag frågeställningarna för de studier
som den här avhandlingen bygger på, samt resultatet av dessa studier.

Kvantkorrelationer i FMO-komplexet
Som redan nämnts har både kvantkoherens och kvantsammanﬂätningar i FMOkomplexet undersökts i tidigare studier. Man har kunnat visa att båda kvantiteterna existerar på en relevant tidsskala och är monotont avklingande. Man
har dock senare visat att just i ett system som FMO-komplexet, sammanfaller
kvantkoherens och kvantsammanﬂätningar. Därför går det inte att dra några egentliga slutsatser om förekomsten av äkta kvantkorrelationer genom att
studera kvantsammanﬂätningar i detta system.
I paper I undersöks kvantkorrelationers möjliga existens i FMO-komplexet,
både för initialvillkor motsvarande excitation av solljus, som i systemets naturliga
habitat, och initialvillkor motsvarande excitation av en ultrakort laserpuls.
Vi ﬁnner att kvantkorrelationer inte existerar när de naturliga villkoren används, och i fallet med artiﬁciella initialvillkor är dessa högst kortlivade och
har antagligen ingen betydande roll vad det gäller excitationsöverföringens effektivitet.
Att kvantkorrelationer ändå kunde påvisas i ett öppet system som FMOkomplexet, inspirerade till att undersöka hur dessa korrelationer kan bevaras
under en tid i ett sådant system. I paper II görs just det och det visas
att den primära nyckeln till bestående kvantkorrelationer i FMO-komplexet är
att excitationen under en tid fastnar över bara två pigment, det vill säga de
pigment där kvantkorrelationen byggs upp emellan. Vidare verkar det troligt
att styrkan på kopplingen till de andra pigmenten spelar en avgörande roll då
starkare koppling gör att kvantkorrelationen avtar i en snabbare takt.

Betydelsen av kvantkoherens för eﬀektiv excitationsöverföring
Det faktum att koherens som en trolig resurs för eﬀektiv excitationsöverföring
diskuterats så ﬂitigt i samband med de experimentella upptäckterna av bestående
kvanteﬀekter i fotosynteskomplex, men att just koherensen då inte kvantiﬁerats
entydigt, motiverade oss att använda oss av de i kvantinformationsteoretiska
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sammanhang nya verktygen för att kvantiﬁera koherens. Genom dessa kan man
då utvärdera kvantitativt om en maximal mängd kvantkoherens sammanfaller
med en maximalt eﬀektiv excitationsöverföring. Detta görs i paper III. Som
tidigare nämnts beror mängden koherens i ett kvanttillstånd på i vilken bas
man väljer att uttrycka kvanttillståndet i. De till synes naturliga valen i vårt
fall är den bas i vilken excitationsöverföringen sker - den så kallade sitebasen
- och den bas som utgör systemets egentillstånd. Vi studerar relationen mellan kvantkoherens och eﬀektiv excitationsöverföring i modellsystem bestående
av två respektive tre pigment och kan konstatera att någon generell koppling
mellan kvantkoherens och eﬀektiv excitationsöverföring inte tycks existera.

Optimala omgivningar för eﬀektiv excitationsöverföring och
relationen till icke-Markovskhet
Ganska snart efter det att man inledningsvis fokuserat på den möjliga kopplingen mellan kvantkoherens, respektive kvantsammanﬂätningar, och eﬀektivitet
i excitationsöverföring, stod det klart att dessa kvanteﬀekter ensamma inte
kan reproducera den höga transporteﬀektiviteten. Istället verkar det vara ett
samspel mellan dessa kvanteﬀekter och en konstruktiv samverkan mellan systemet och omgivningen som skapar en eﬀektiv excitationsöverföring. De första
studierna i ämnet modellerade omgivningseﬀekterna med Markovska rörelseekvationer och även om dessa studier kunde fånga upp och ringa in ﬂertalet troliga
processer och bakomliggande faktorer, var det redan känt att för att få med så
många realistiska eﬀekter som möjligt, måste icke-Markovska rörelseekvationer
användas. Detta har gjorts i några studier och i vissa av dem har dessutom
icke-Markovska eﬀekter kvantiﬁerats för att undersöka relationen mellan ickeMarkovskhet och kvantkoherens. Dock verkade här ﬁnnas två kunskapsluckor
att fylla igen: 1. I ingen eller få av de tidigare studierna har icke-Markovskhet
kvantiﬁerats helt rigoröst i den mening att ett mått där omgivningseﬀekterna
separeras från systemets eﬀekter har använts. 2. Ingen studie har direkt kopplat icke-Markovskhet till eﬀektiviteten i excitationsöverföringen.
I paper IV undersöks vilka typer av omgivningseﬀekter som optimerar
excitationsöverföringen i ett antal modellsystem och för dessa omgivningar
kvantiﬁeras sedan icke-Markovskheten. Motivationen är att undersöka om omgivningseﬀekter kan användas för att optimera eﬀektiviteten i excitationsöverföringen när icke-Markovska rörelseekvationer används samt se om det ﬁnns en
koppling mellan en starkt icke-Markovsk dynamik och eﬀektivitet. Vi ﬁnner att
optimala omgivningseﬀekter för ett visst pigment-system är starkt kopplat till
strukturen för systemet och i synnerhet, relationerna mellan pigmentens excitationsenergier. Dock kan vi inte se någon koppling mellan icke-Markovskhet och
eﬀektivitet och för vissa pigment-system är det snarare så att icke-Markvoskhet
sänker eﬀektiviteten i excitationsöverföringen.
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