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Abstract: This report examines the cross sections of silver microresonators subjected to
an incident light with different polarization. The microresonators had different geometries
with and without broken symmetries. Cross section profiles for different microresonator
configurations are interesting for the division of Material Physics, Uppsala University, when
designing metamaterials to tune the optical response of the material. The goal is to form an
insight of how the optical response can be tuned by choosing different geometries, varying
the size and polarization of the incident light. In this project computer simulations in
COMSOL were made to simulate the optical response of different microresonators. When
the incident light interact with the silver microresonators plasmonic excitations is generated
which in turn interacts with the light changing the phase and therefore the optical response.
By increasing the radius of the disk silver microresonantors the resonance was found to shift
to lower energies. For a geometry with a disk microresonator inside a ring microresonator
the Fano resonances were dependent of the radius of the disk microresonator.
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1 Introduction

Classical optics deals with the interaction of light with matter leading to change in optical
parameters of the light, such as focusing with lenses, interference and diffraction. How-
ever in classical optics the object interfering with the light is significantly larger than the
wavelength of the interacting light. In nanophotonics the classical law of refraction and
reflection are modified by a discrete phase shift given by something defined as a metamate-
rial. This gives rise to a gradient term in Snell’s law that enables negative refractive index
materials and other new and interesting effects. The purpose of this project is to study
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how materials can be modified to obtain sub wavelength optical effects. The modification
of the material is made by depositing metal structures of nanometer scale periodically over
a bulk material, these materials are referred in literature as metamaterials and the metal
structures as microresonators. Since the metal interacts with light in a different manner
than the bulk material these will work as optical microresonators changing the optical
properties of the wave. To know which microresonators that are especially powerful at
manipulating the light simulations of the near field behaviour of these resonators have been
made in COMSOL. Different geometries of the microresonator has been simulated to find
the greatest resonances in the scattering cross section, the absorption cross section and
the extinction cross section. Additionally by breaking the symmetry of the microresonator
Fano resonances are introduced. A theoretical description of plasmonic excitations in meta-
materials is important in the understanding of subwavelength optics. Such an analysis is
included in the theory section. For applications such as optical computing it is essential
to understand how light can be manipulated microscopically by plasmonic microresonators
therefore our study of scattering cross sections on silver microresonators can contribute to
this technical development. The purpose of this project is to examine the possibilities of
tuning the optical response from a microresonator. Further, this is examined by changing
different parameters of the microresonator geometry. Cross section profiles for different
microresonator configurations are interesting for the division of Material Physics, Uppsala
University, when designing metamaterials to tune the optical response.

2 Theory

To familiarize the reader the theory section starts by introducing some new aspects that
metamaterials and nanophotonics brings to the table. The generalized Snell’s law of refrac-
tion and reflection is introduced which applies to metamaterials. Then the fundamental
processes in metamaterials is introduced such as plasmons and Fano resonances. Lastly,
the way how the optical responses are simulated and evaluated are explained in the last
two sections. The bare minimum for understanding the results are the section on Fano
resonances, section 2.4 and the section on how the optical responses are simulated and
evaluated, section 2.6.

2.1 Light Propagation with Phase Discontinuities: Generalized Laws of Re-
flection and Refraction

By introducing microresonators on the surface of an dielectric bulk material abrupt phase
changes is imprinted on the reflected and transmitted wave. Snell’s law accurately describes
classical reflection and reflection phenomena, however it cannot describe reflection and
refraction from metasurfaces such as 2D arrays of microresonators. Instead an additional
term has to be added.
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Figure 1: A conceptual picture of two paths infinitesimally close to the actual path the
light takes when crossing an interface between two mediums a & b.

Consider an incident plane wave at angle θa in figure 1. To introduce an abrupt phase
shift to the model imagine two paths infinitesimally close to the light ray, these are the
green and red lines in figure 1. Since the paths are assumed to be infinitesimally close the
phase difference between the two paths of light should be zero. Assuming phase is zero and
starting from Fermat’s principle it can be shown that:

[k0na sin θadx+ (φ+ dφ)]− [k0nb sin θbdx+ φ] = 0 (2.1)

Where k0 is the absolute value of the wavenumber of the incident wave, na is the refractive
index of the first medium, φ and φ + dφ is the phase at the interface for each path, nb is
the refractive index of the metamaterial, θa is the angle of incidence and θb is the angle of
transmission. Rewriting this and generalizing for higher dimensions of the interface gives
the modified Snell’s law of refraction.

sin θbnb − sin θana =
λ0

2π
∂iφ(t, xi), i ∈ dof’s for the metamaterial (2.2)

For reflection na = nb hence.

sin θr − sin θa =
λ0

2πna
∂iφ(t, xi) (2.3)

Where θr is the angle of reflection. By designing a metasurface such that the gradient of
the discontinuous phase shift , ∂iφ, given to the wave as it is transmitted or reflected of the
surface the optical properties sought for can be achieved[1].
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2.2 The surface plasmon polariton and localized surface plasmons

To understand what happens when light is incident on metal microresonators situated on a
dielectric bulk material a basic understanding of plasmonics is necessary, however to inter-
pret the results of this project this section is not central. The first fundamental excitation
in plasmonics is the surface plasmon polariton, SPP. These arise when an external electro-
magnetic field interacts with the free electron gas surrounding a conductor. A polariton is
a quasiparticle that is the coupling between a bosonic quasiparticle and a photon. What
distinguishes quasiparticles with respect to elementary particles is that quasiparticles have
a finite lifetime. A SPP is the combination of a plasmon, which is a bosonic quasiparticle
representing quantized oscillations of the free electron gas much like the phonon represents
lattice vibrations, coupled to a photon at surface of a conductor. It is not possible to dis-
tinguish the matter part from the light part in the polariton. The polariton is an excitation
of the microscopic polarization of the material that propagates the surface. In the metama-
terials examined in this project the SPP’s propagate on the surface of the microresonator
and decay exponentially.

Figure 2: A conceptual picture of how a SPP can be imagined. Travelling the surface as
an evanescent electric field wave on a metal microresonator. λSPP is the wavelength of the
SPP.

Another important excitation is called localized surface plasmons, LSP’s. Compared to
SPP’s LSP’s are non-propagating excitations. LSP modes occurs when a metal microres-
onator is situated in an oscillating electromagnetic field, the dielectric is not necessarily
needed. Due to the curved surface of the microresonator a restoring force is giving rise
to a resonance, which occurs both in the near-field and far-field regime. The LSP is an
excitation of the electric field, which manifests as a wave on the microresonators. For mi-
croresonators consisting of silver or gold the LSP’s wavelengths are in the visible range of
the electromagnetic spectrum [2].
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Figure 3: A conceptual picture of how a LSP can be imagined. Existing as an excitation of
the electric field arising from the coupling between an electric field, E, and the free electron
gas (light blue) in the metal microresonators (dark blue).

2.3 Dispersion relation for plasmons on metallic surfaces

An evanescent wave is a wave that decays exponentially as a function of penetration depth
in the material. In figure 4 The evanescent wave travels a distance of δ1 in the metal before
its intensity decreases exponentially. To understand how the electric field behaves in a
material it is important to understand the dispersion relation for that material. Below is a
derivation of the dispersion relation of SPP’s on metallic surfaces.

Figure 4: Schematic over the basic principle of generation of surface plasmon polaritons
by excitation of an evanescent wave. Figure by: Anil Thilsted

The dispersion relation for surface plasmon polaritons on metallic surfaces can be found as
follows. Consider the Ampere law in differential form for z > 0.

H2y(x, z > 0) = Aeikxx+ikz2z, H1y(x, z < 0) = Beikxx−ikz1z (2.4)

Where the H-field is defined as.

H ≡ B

µ0
−M (2.5)
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Where M is the magnetization of the material. Where the electromagnetic waves are
assumed to be planar and monochromatic.

∇×H = Jf + ∂tD, Jf = 0 (2.6)

⇒ −iω
c
εE = ∇×H (2.7)

Inserting H2y(x, z > 0) gives.

⇒ −iω
c
εnE = (−∂zH2y, 0, ∂xH2y) (2.8)

∂xH2y = ikxH2y, ∂zH2y = ikz2H2y (2.9)

⇒ −iω
c
ε2E = (−ikz2H2y, 0, ikxH2y) (2.10)

Hence for z > 0.

E =
c

ε2ω
(kz2 , 0,−kx)H2y (2.11)

And for z < 0.

E =
c

ε1ω
(−kz1 , 0,−kx)H1y (2.12)

At the interface between the materials the continuity of the H-field can be used to find the
following relations.

H2y(x, z = 0) = H1y(x, z = 0) (2.13)

⇒ Aeikxx = Beikxx ⇒ A = B (2.14)

And for the E-field.

E2x(x, z = 0) = E1x(x, z = 0) (2.15)

⇒ c

ε2ω
kz2Ae

ikxx = − c

ε1ω
kz1Be

ikxx ⇒ kz2
ε2

= −kz1
ε1

(2.16)

The wave numbers are given by.

kz2 =

√
ε2
ω2

c2
− k2

x, kz1 =

√
ε1
ω2

c2
− k2

x (2.17)

⇒ k2
x + k2

zn = εn
ω2

c2
(2.18)

Using these equations the wavenumber in the x-direction, kx, can be found as follows.

kx =

√
ε2
ω2

c2
− ε22
ε21

(
ε1ω2

c2
− k2

x

)
(2.19)

⇒ k2
x

(
1− ε22

ε21

)
=
ω2

c2

(
ε2 −

ε21
ε21

)
(2.20)

⇒ kx =
ω

c

√
ε2ε1
ε2 + ε1

=
ω

c

√
εmεd
εm + εd

(2.21)
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Where εm is the dielectric constant of the metal and εd the dielectric constant for the
medium above the metal. By plotting the dispersion relation figure 5 was found. Where
the red curve correspond to surface plasmon dispersion.
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Figure 5: Dispersion relation for the surface plasmon polaritons where the metal permit-
tivity is assumed to be governed by the Drude model.

The momentum difference between free space and the surface plasmons is apparent. The
metamaterial must bridge this momentum difference for the surface plasmons to be gen-
erated. The dispersion relation for the surface plasmon describe how and if the surface
plasmons can be generated and is therefore important in the study of nano photonics.

2.4 Classical analogy of Fano resonances

Light is capable of exciting multiple modes in a plasmonic system at the same time. It turns
out that these plasmonic modes are coupled which in turn creates resonances, which are
called Fano resonances. To understand Fano resonances an analogy to classical mechanics
can be made. Consider a coupled harmonic oscillator system that is driven by an external
harmonic force: Aeiωt.

ẍ+ γyẋ+ ωxx
2 − Ω2y = Axe

iωt

ÿ + γxẏ + ωyy
2 − Ω2x = Aye

iωt (2.22)

Where in the Fano interpretation x and y is two coupled electromagnetic field modes, ωx
and ωy is the angular frequency of each mode, γx and γy are parameters describing the
energy dissipation in the material for each mode, Ax and Ay are the amplitude of the
external force applied to each mode, in this case the incoming light is responsible for the
external force. The steady-state solutions looks like:

x = Ae−iωt

y = Be−iωt
(2.23)
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Figure 6: Incident light angular frequency ω along the x-axis and normalized absolute
value of the amplitude A along the y-axis. Varying the parameter Ay which decides how
much the y-mode is affected by the incident force.

Where the amplitudes A and B are given by:

A =
AyΩ2+Ax(ω2

y−ω2−iγyω)

(ω2
x−ω−iγxω)(ω2

y−ω2−iγyω)−Ω4

B =
AxΩ2+Ay(ω2

x−ω2−iγxω)
(ω2

x−ω−iγxω)(ω2
y−ω2−iγyω)−Ω4

(2.24)

Fano resonances in the optical regime occurs when a microresonator’s geometrical symmetry
breaks. In figure 6 an example of how a Fano resonance may look is presented. In the figure
the Fano resonance is visible at around 1.1 s−1 [10].

2.5 Cross sections

To illuminate how prone each microresonator is to interact with the incoming light the
concept of cross sections needs to be introduced. The cross section is a measure of the
effective area of the collision between two particles, in this case the incident light which we
can describes as photons and the microresonator. The absorption cross section describes
how much of the incident light is absorbed by the microresonator and is defined as.

σabs =
1

I0

∫
V
d3x Q (2.25)

where the integral is carried out over the microresonators volume and Q is the power loss
density in the particle. The scattering cross section is a measure of how much of the incident
light is scattered away on the microresonator and is defined as.

σsc =
1

I0

∫
S
d2x n · Ssc (2.26)
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Where n is the normal vector pointing outwards normal to the microresonator, Ssc is the
Poyinting vector and I0 is the incident energy. The extinction cross section is a measure of
how much of the light is lost and is given by the sum of the absorption and scattering cross
section [11].

σext = σabs + σsc (2.27)

2.6 Simulating optics in COMSOL

As explained in section 3 the background field is first computed as an plane wave incident
on a dielectric substrate, then the background field is given as an initial condition for the
second part of the simulation when the microresonator is present. To simulate these kind
of optical systems the COMSOL module Wave Optics can be used. Simulations in the
program COMSOL uses finite element methods to approximate the physical systems.

2.6.1 The finite element method

The laws of physics which govern the way our surroundings behave can sometimes be de-
scribed by partial differential equations PDE’s. In physics PDE’s often depend on both
time and space which makes PDE’s hard to solve analytically and sometimes seemingly im-
possible, therefore approximation methods has been developed. The finite element method
FEM is one of these. The basic principle of FEM is to divide the computational domain
into smaller sub-domains and seek an approximate in each sub-domain [3].

2.6.2 Boundary conditions

For simulations to be possible a computational domain has to be defined. For example a
unit cell surrounding the microresonator. If a simulation of an incoming wave scattered on a
microresonator and continuing indefinitely is of interest the unit cell should be transparent.
Then the boundary of the finite modelling region should be non-perturbative, thus some-
thing like a boundary condition has to be set. This can be done in multiple ways, below
scattering boundary condition SBC, perfectly matched layer PML, port boundary condition
PBC and perfect magnetic/electric conductor, PMC/PEC, are described [4]. A PML is not
a boundary condition by definition but a domain encapsulating the computational domain,
see figure 7.
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Figure 7: The PML encapsulating the computational domain.

Inside the PML there is a strong attenuation of the electromagnetic field which makes the
boundary act non-perturbative to the solution. This is achieved by setting the refractive
index to be imaginary and large, generating exponential decay of electromagnetic waves in
the PML. In theory PML’s should be non-reflecting. However this is not the case since
the PML also has a discretised mesh giving rise to the possibility of perturbative effects
[4]. SBC’s are used to make a boundary transparent to a scattered wave. The scattered
wave is the part of the incident wave which is reflected on the interface of the boundary.
The boundaries where a SBC is defined is only transparent to incident waves at normal
incidence. For more general problems a PML is better to use [6]. PBC’s are used where
electromagnetic energy enters or exits the model. PBC’s can either create or annihilate
electromagnetic modes [7]. For example if a polarized wave going from air to a dielectric is
simulated then a creation PBC can be setup to generate the incoming polarized wave at the
boundary directly above the interface and another annihilation PBC is setup directly below
the interface. This simulates an incoming polarized wave from far-away which continues
indefinitely through the dielectric material. The PEC boundary condition is defined as:

~n× ~E = ~0 (2.28)

Where ~n is the normal vector to the boundary. This sets the tangential component of the
electric field to zero. If a lossless metallic surface is to be simulated this is used [8]. The
PMC boundary condition is defined as.

~n× ~H = ~0 (2.29)

Where ~n is the normal vector to the boundary. This sets the tangential component of the
magnetic field and the surface currents to zero. The PMC sets the tangential magnetic field
on the boundary to exactly zero [9].
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3 Method

To simulate the optical systems of interest during this project the computational software
COMSOL has been used. COMSOL provides ways to simulate optical systems through
the Wave optics module. To set up the initial simulations the tutorial Scatterer on a
substrate [11] taken from COMSOLs website was followed. The tutorial models a gold
microresonator situated on a dielectric exposed to a plane electric wave. In the tutorial
a computational domain is defined as a unit cell around the microresonator and periodic
boundary conditions is set up. This simulates the microresonator situated on a 2D array
composed of identical microresonators. However, in the project this has not been done.
Instead the optical response of a single microresonator has been simulated. Therefore other
boundary conditions were used. For details regarding the model setup see the tutorial for
this project in Appendix 2, see section 8. The first simulations has some faulty results due
to the use of scattering boundary conditions instead of ports. This is discussed further
in section 4.1 and the difference between the different boundary conditions is presented in
section 2.6.2. The simulations was setup in two steps. The first step depicted as (a) in
figure 8 was to simulate an incident electric field on a substrate. Some of the incident field
will transmitted and some will be reflected. The second step of the simulation depicted
as (b) in figure 8 was to give the evaluated field from the first step as initial values to the
second part.

(a) Without microresonator (b) With microresonator

Figure 8: Conceptual picture of the two step simulation. In (a) the big yellow arrows
is the incident field, the smaller orange arrow is the reflected part and the smaller yellow
is the transmitted part. In (b) the small orange and small yellow indicates that it is the
evaluated field from (a) that is passed on as initial conditions in the second part.

4 Results and Discussion

The results are presented in figures with the extinction cross-section along the y-axis and
the incident energy of the light on the x-axis. Peaks in the figures represents where the
plasmon resonances occurs for different geometries and the Fano resonances occurring when
the symmetry of the geometry is broken. The Fano resonances manifests as a multipole
expansion, therefore a logical labeling of the Fano peaks is indicated by letters corresponding
the each expansion term, Q for quadrupolar, O for octupolar, H for hexadecupolar and so
on. When the geometries consists of two parts, for example for the ring and disk geometries
there will be one peak for each independent geometry, one for the ring and one for the disk.
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The thickness of the microresonators is always 60 [nm] and the mesh size is proportional to
the wavelength, wl6 , if the proportionality constant is set to something else, this is specified
in the figure text. Different refractive index functions were available in COMSOL when
defining the material properties. These are referred in the text as different names, such as
Racik and Johnson. To be sure that the simulations were correct, the initial simulations
were done for geometries where the cross sections could be compared to [12]. The data
from [12] was digitized using a program called Plot Digitizer, this data is referred to as the
digitized data in the text. The order of the figures are chronological. The first simulations
had some errors and the simulations improved more and more as time progressed, thus the
choice of a chronological order.

4.1 Simulations of silver disk microresonator
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Figure 9: Cross section of the disk microresonator. Racik re-
fractive index was used for the microresonator. 1.5 constant
refractive index was used for the dielectric. SBC and Scatterd
field formulation was used

Figure 10: The
geometry of the silver
disk microresonator
seen from above.

Figure 9 shows the extinction cross section for a 40 and 60 [nm] silver disk. We used Racik
refractive index for the silver microresonator and a constant refractive index of 1.5 for the
dielectric and in the digitized data Johnson refractive index for both the microresonator
and the dielectric were used. As can be seen results deviate strongly as compared to the
digitized data. The double peak in figure 9 is because PBC’s and full field formulation of
the background field was not used. Instead we used a scattered field formulation called
linearly polarized wave as the background field and SBC’s on the boundaries below and
above the microresonator. What this does is that it defines a linearly polarized wave as a
field in the whole computational domain. What seems to happen is that the SBC can not
attenuate the electric field inside the computation domain causing an interference peak and
shifting the positions of the actual peak. When using PBC and full field formulation in the
first part of the computation this problem does not arise.
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Figure 11: Scattering cross section of
the disk microresonator. Incident energy
of the light on the x-axis and extinction
cross section along the y-axis. Racik re-
fractive index was used on the microres-
onator. Refractive index on the dielectric
was set to 1. SBC and scattered field for-
mulation was used.
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Figure 12: Cross section of disk mi-
croresonator. Incident energy of the light
on x-axis and the extinction cross section
along the y-axis. Johnson refractive in-
dex was used for the microresonator. Re-
fractive index GAO was used. SBC was
used.

Figure 11 shows the extinction cross section for 40, 60 and 80 [nm] radius of the silver
disks. As can be seen the 40 [nm] simulation agrees well with the digitizer data however
for larger radii the resonance is shifted to higher energies compared to the digitizer data.
The reason for this could be that in this simulation we suspended the silver microresonator
in air by setting the refractive index of the dielectric to 1. For the 80 [nm] simulation we
can see a small ridge between 2 and 2.2 [eV ]. There is still a double peak behaviour but
not visible in the data range. This is most likely due to the fact that we did not use PBC’s
in this simulation. Further, it is evident that a larger radius of the disk leads to the reso-
nance being moved to lower energies. Compared to figure 9, figure 11 has less double-peak
behaviour. The difference between the simulations from these figures is that the dielectric
refractive index is set to 1 in 11. This leads to the conclusion that the SBC and scattered
field formulation can not handle the transmitted and reflected waves which arise from the
refractive index difference at the interface between the two mediums. Figure 12 shows the
Extinction cross section for 40, 60 and 80 [nm] silver disks. For 40 [nm] we see a shift and
possibly a double peak but out of the data range. For 60 [nm] we see a correspondence
between the digitizer data and the simulation data until 2.3 [eV ] then they start to differ.
There could be a double peak outside the data range. For 80 [nm] we see that the peaks are
shifted and the double peak is apparent at around 1.6 [eV ]. It is also evident that except
moving the resonance to lower energies, the peaks gets broader for a bigger radius of the
disk.
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Figure 13: Scattering cross section of disk microresonator. Johnson refractive index on
microresonator. 1.5 refractive index on dielectric. The boundary conditions was set to
PBC.

Figure 13 shows the extinction cross section for 40, 60 and 80 [nm] silver disks. This is our
best result of the disk simulations. The double peak interference behaviour is completely
removed. By the method of exclusion we figured it is most likely due to the use of PBC
instead of SBC. The PBC excites the electromagnetic mode at the top and absorbs the mode
in the bottom of the Physical domain. This intensity would otherwise reflect and interfere
with the incident light. The correspondence between [12] and our COMSOL simulation is
best for the 60 and 80 [nm] disk. Another difference could be the resolution of the mesh
in the two simulations. A limitation was computer power and the digitized data might
have been created using a mesh which requires immense computing power improving the
accuracy of the results.

4.2 Simulation of silver ring microresonator
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Figure 14: Cross section of ring microresonator. The dielectric
refractive index is set to 1 and the microresonator refractive
index is Johnson. SBC was used.

Figure 15: The
geometry of the silver
ring microresonator
seen from above.
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In Figure 14 we can see the extinction cross section for a silver ring with an inner radius
of ri = 130 [nm] and an outer radius of ro = 150 [nm]. The black curve is the digitized
results from [12] and the red curve is from the COMSOL simulation. As can be seen there
is a shift in the resonance energy and at around 0.85 [eV ] there is a ridge. This shift is
caused by the microresonator was suspended in air by setting the dielectric refractive index
to 1 while for the digitized data they have Johnson refractive index for the dielectric. The
ridge however cannot be explained by the suspension in air. This is most likely caused by
the scattering boundary conditions.

4.3 Scattering on sphere
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Figure 16: Cross section resonance for spherical microres-
onator. For the model an unphysical material with zero
impedance for all wavelengths was chosen. For the simulations
silver was chosen. The boundary conditions were PBC with a
PML. The mesh size was wl

4 .

Figure 17: The ge-
ometry of the sil-
ver sphere microres-
onator.

In Figure 16 we can see the normalized scattering cross section for a 60 [nm] silver sphere
suspended in air and the predicted scattering cross section of a zero impedance 60 [nm]

sphere. The low energy cross section model is proportional to k4 and the high energy cross
section model is proportional to k−2. The model is only in first order perturbation theory.
The low energy perturbation expansion converges while the high energy perturbation ex-
pansion diverges which means that we have assumed a first order cutoff to and truncate
the series in first order. The difference between the model is caused by the fact that the
sphere is assumed to be a perfect conductor for all wavelengths. This does not agree with
reality. For photon energies around 3.5 [eV ] the refractive index of the silver sphere in-
creases from almost zero to around unity. Hence the sphere becomes transparent for high
energy photons. In the theoretical model the sphere is a perfect conductor for all photon
energies hence the discrepancy. In the low energy limit the model is accurate. As well the
truncation of the perturbation series to first order is a reason for the difference between the
model and the COMSOL simulation.
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4.4 Scattering on ring with disk
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Figure 18: Cross section of the ring with disk geometry. In-
cident energy of the light along the x-axis and extinction cross
section along the y-axis. Refractive index of the microresonator
was Johnson, Refractive index of dielectric was set to 1.5. PBC
was used.

Figure 19: The
geometry of the
silver disk and ring
microresonator seen
from above.

In Figure 18 we can see the extinction cross section for a 60, 80 and 100 [nm] silver disk
inside a silver ring with an inner radius of 130 [nm] and an outer radius of 150 [nm]. In this
figure there is a very good correspondence with the digitized data. The refractive index for
the micro resonator was Johnson, the refractive index of the dielectric was set to 1.5. The
mesh size was chosen to be d = λin

6 . The first peak around 0.7 [eV ] is the resonance of
the ring. The broad resonance in the right side of the plots is the resonance of the disks.
Here the disk is placed concentrically inside the ring which means Fano resonances is not
expected, this expectation agrees with the figure. The cross section for the disk resonance is
slightly larger for the digitized data, this can be caused by the fact that we used a constant
refractive index of 1.5 for the dielectric while the digitizer data simulations used Johnson
refractive index for the dielectric.
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4.5 Scattering on a ring with disk with offset

Figure 20: The geometry of the silver ring and disk with offset microresonator seen from
above. The disk is moved such that it is situated non-concentrically in the ring. The
shortest distance between the ring and the disk is constant in all simulations and set to
10 [nm].
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Figure 21: Cross section of the ring and disk geometry set
non-concentrically. The polarization was set to be perpendicular
with the small gap. The digitizer data is for parallel polarization.
It can be seen that the Q resonance for a 60 nm disk radii is
smaller for perpendicular polarization than for parallel.

Figure 22: The ge-
ometry of the silver
ring and disk with
offset microresonator
seen from above. The
red arrow indicates
the polarization of the
incident light.

Figure 21 shows the extinction cross section for a 40, 60, 80 and 100 [nm] silver disk in i
a silver ring with inner radius 130 [nm] and outer radius 150 [nm]. The refractive index
for the dielectric was chosen to constant 1.5, the refractive index of the microresonator was
chosen to Johnson. PBC have been used instead of SBC. The mesh spacing was chosen to
d = λin

6 . Here the polarization of the incident light was perpendicular with the gap between
the ring and the disk. The resonance at the very left in the figures is the resonance of the
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ring. The broad resonance in the right of the figure is the resonance of the disk. On top of
the disk resonance there are four peaks. These four peaks are labeled Q, O, H and T which
stands for quadrupolar, octupolar, hexadecupolar and triakontadipolar. These are the first
four Fano resonances of the ring disk system. For perpendicular polarization the Q-Fano
resonance is attenuated with respect to higher order resonances. It should be mentioned
that the digitized data that is plotted in this figure is for normal incidence with parallel
polarization which means that comparison between the digitizer data and the COMSOL
simulation is moderately interesting.
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Figure 23: Cross section of the ring and disk geometry set
non-concentrically. Refractive index for the microresonator was
set to Johnson, Refractive index of the dielectric was set to 1.5

PBC was used. The polarization was set to be parallel with the
small gap.

Figure 24: The ge-
ometry of the silver
ring and disk with
offset microresonator
seen from above. The
red arrow indicates
the polarization of the
incident light.

Figure 23 shows the extinction cross section for a 40, 60, 80 and 100 [nm] silver disk in a
silver ring with inner radius 130 [nm] and outer radius 150 [nm]. The refractive index for
the dielectric was chosen to constant 1.5, the refractive index for the microresonator was
chosen to Johnson. PBC have been used instead of SBC. The mesh spacing was chosen
to d = λin

6 . Here the polarization of the incident light was parallel with the gap between
the ring and the disk. This means that the digitizer data and the COMSOL simulation are
simulated under the same conditions and the comparison between the two becomes more
interesting compared to figure 21. Here the Q-Fano resonance is not attenuated as much
as in figure 21 and is closer to the digitizer data.
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Figure 25: Cross section of the ring and disk geometry set
nonconentrically. Refractive index of the microresonator was
set to Johnson, Refractive index dielectric of the dielectric was
set to 1.5. PBC was used. Parallel (Longitudinal) polarization is
plotted in pink circles. Perpendicular (Transverse) polarization
to the gap is plotted in blue circles.

Figure 26: The elec-
tric field norm plot-
ted in the plane slic-
ing the middle of the
cylinder. At the
Fano quadrupolar res-
onance at 1.28 [eV ].
Taken from data of
figure 23.

Figure 25 shows the comparison between figure 21 and 23. On average the cross section
resonances is greater for the longitudinally polarized light, especially for the Q-resonance.
Figure 26 shows the electric field norm of a quadrupolar resonance. It is clear that this is
a quadrupolar resonance since there are four lobes of high E-field norm around the silver
microresonator. As for an octupolar resonance there would be eight lobes and so on.
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4.6 Scattering on a square microresonator inside a square frame
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Figure 27: Square frame around concentric square microres-
onator, the square is quadratic with sides of 40 [nm], the inner
side of the frame 130 [nm], outer side frame 150 [nm]. height 60
nm. Refractive index for the microresonator is set to Johnson,
Refractive index for the dielectric is 1.5. PBC was used. Mesh
size is wl

5 .

Figure 28: Combi-
nation of square and
frame geometry to
square and frame mi-
croresonator.

The first resonance around 0.7 [eV ] in figure 27 is the resonance of the square frame around
the square microresonator. The smaller resonance around 1.75 [eV ] is the resonance of the
square microresonator inside the frame. When the polarization is rotated 45◦ with respect
to an axis parallel with a side of the square the intensity of the frame resonance decrease
slightly. However the frame resonance is basically unaffected of the rotation of the polar-
ization. For energies higher than the square resonance there is some wiggling behaviour of
the cross section. This is not understood by the authors.
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4.7 Scattering on a square microresonator inside a square frame with broken
symmetry
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Figure 29: Square frame around square microresonator with
broken symmetry, the square is quadratic with sides of 40 [nm],
the inner side frame is 130 [nm] and the outer side frame is
150 [nm]. Refractive index of the microresonator is set to John-
son, Refractive index of the dielectric set to 1.5. PBC was used.
Mesh size was wl

5 . When the angle is 0 degrees the polarization
is perpendicular with the gap.

Figure 30: Square
microresonator with
broken symmetry.
The shortest distance
between the square
and the frame is
10 [nm].

In this simulation the symmetry is broken, therefore there are Fano resonances. Here the
sample has been rotated 0◦, 45◦ and 90◦ relative to the polarization of the incident light.
This is done to examine if the optical response can be tuned by rotating the microres-
onators. The Fano resonance has as in previous sections been labeled as Q, O, H and T. It
is clear that the H-resonance is largest for the 0◦ rotation of the polarization vector with
respect to a side of the square microresonator. The magnitude of the Q and O resonances
is greatest for the 90◦ rotation of the polarization vector. The T resonance is greatest for
the 45◦ rotation of the polarization vector.
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4.8 Rotation of polarization angle of disk microresonator around cross section
resonance.
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Figure 31: Rotation of disk microresonator around cross section resonance.

Figure 31 shows the rotation of the polarization vector around a cross section resonance for
a silver disk microresonator in a silver ring with an off set. It is clear that the extinction
cross section is the sum of the scattering and the absorption cross section. The periodicity
is due to the fact that the geometry is symmetric with respect to 180◦ rotations.

4.9 Rotation of polarization angle of square microresonator
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Figure 32: Rotation of square microresonator around cross section resonance.

Figure 32 shows the rotation of the polarization vector around a cross section resonance for
a square silver microresonator in a square frame with broken symmetry. These results are
unphysical because for 0 degree rotation and 180 degree rotation the cross section values
should have the same value, however this is not the case. This indicates that something
went wrong in the simulation. The angular resolution or the meshing could be the issue.
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4.10 The electric field visualized

In figure 33,34 and 35 the electric field is visualized for three different Fano resonances
of the ring and disk geometry. There are plots of the x-component of the electric, the
y-component of the electric field, the electric field norm and an arrow plot of the electric
field.

Figure 33: The electric field visualized in four different ways for the quadrupolar fano
resonance of the disk and ring geometry. From the top left: the x-component of the E-field,
the y-component of the E-field, the norm of the E-field and lastly the E-vector field.

In figure 33 the electric field is visualized for the quadrupolar Fano resonance at 1.28 [eV ].
This value was chosen from figure 21 for radius 80 [nm]. The quadrupolar behaviour is
most apparent in the third picture of the electric field norm, where it is evident that there
are four distinct poles.

Figure 34: The electric field visualized in four different ways for the octupolar Fano
resonance of the disk and ring geometry. From the top left: the x-component of the E-field,
the y-component of the E-field, the norm of the E-field and lastly the E-vector field.

In figure 34 the electric field is visualized for the octupolar Fano resonance at 1.72 [eV ].
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This value was chosen from figure 21 for radius 80 [nm]. The octupolar behaviour is not
as clear as the quadrupolar behaviour, but it is most apparent in the third picture of the
electric field norm, where multiple poles are evident.

Figure 35: The electric field visualized in four different ways for the hexadecupolar Fano
resonance of the disk and ring geometry. From the top left: the x-component of the E-field,
the y-component of the E-field, the norm of the E-field and lastly the E-vector field.

In figure 35 the electric field is visualized for the hexadecupolar Fano resonance at 1.82 [eV ].
This value was chosen from figure 21 for radius 80 [nm]. The hexadecupolar behaviour not
evident in these pictures. It could be that the resolution of the electric field is not chosen
to be small enough.

Figure 36: The electric field visualized in two different ways for the quadrupolar and the
octupolar Fano resonance of the square. From the top left: the norm of the E-field of
the quadrupolar Fano resonance, the norm of the E-field of the octupolar Fano resonance,
the E-vector field of the quadrupolar Fano resonance and lastly the E-vector field of the
octupolar Fano resonance.
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In figure 36 the electric field for the quadrupolar and octupolar Fano resonances of the
square and frame is visualized. The two pictures to the left are for the quadrupolar Fano
resonance at 1.34 [eV ]. This value is chosen from figure 29 for polarization rotated 90
degrees. The two pictures to the right are for the octupolar Fano resonance at 1.7 [eV ]

which is chosen from 29 for polarization rotated 90 degrees. There seems to be four distinct
poles for the quadrupolar Fano resonance in the picture on the top left, where the poles
looks to be situated at the middle of each side of the frame and the strongest coupling is
situated on the top side closest to the square. For the octupolar there seems to be more
poles than four but it is not apparent that it actually is eight poles.

5 Conclusion

Simulations of a metamaterials optical response have been made for different microresonator
geometries and polarizations of the incident light. The purpose of the simulations were
to gain insight in to how the geometry of microresonators in the metamaterial can be
tuned to obtain different optical responses. The results from the simulations are presented
as plots of the cross-sections as function of the energy of the incident wave. The initial
simulations were compared to the results from [12] to make sure the obtained results from
the simulations were reasonable. The different geometries were a disk, a ring, a frame and a
square. To obtain more intriguing optical responses these were also combined. When they
were combined the optical responses contained both resonance peaks from each structure
super positioned. Breaking the symmetry of the combined microresonators created Fano
resonances. When the size of the microresonator increases the resonance peak of that
geometry shifts to lower energies. When the square in a frame geometry is chosen as
the microresonator the polarization of the incoming light changes the magnitude of the
resonance. The reason that the disk and ring geometry does not manifest this behaviour is
that it has a lower symmetry breaking dependence with respect to the polarization of the
incoming light than the square and frame geometry has. The magnitude of a Fano resonance
seems to depend on which direction the symmetry is broken with respect to the polarization
of the incoming light. The position of the Fano resonance seems to be dependent on the
size of the symmetry breaking geometry. The best simulation results was obtained when
the boundary conditions was set to PBC, compared with [12].

6 Outlook

If more time was given to the project further simulations for different geometries, materials
and symmetry breaking could have been done. For example simulations of microresonators
with lossy metals such as tin (Sn). All the simulations made in this project has been of
the optical response of a single microresonator situated on an infinite dielectric surface, in
reality the metamaterials would be a lattice consisting of microresonators on the dielectric.
Thus, further simulations of the electric field far away from some microresonators situated
on a lattice is needed if a physical prototype would be devised. Additionally it would be
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interesting to simulate the optical response of a quasi periodic structure of microresonators
such as a Penrose tiling.
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7 Appendix 1: Scattering on sphere

Consider light in form of planar monochromatic waves incident on a metallic sphere. In the
far field we assume a super position of planar waves and spherical waves from the scattering
on the sphere. Some part of the incident waves gets absorbed in the sphere meaning that
the Poynting flux from the sphere is on average smaller than the incident Poynting flux.
To understand scattering of planar monochromatic light on a metallic sphere we must
first understand the spherical wave expansion. In the far field of the scattered wave the
spherical wave expansion is a good approximation. The following follows from [5]. The
Green’s function is the function that satisfies the following operator equation.

OG(x− x′) = −δ3(x− x′) (7.1)

In this case the operator is the massless Klein-Gordon operator in momentum representa-
tion.

O = ∇2 + k2 (7.2)

The Green’s function is the functional equivalence of the inverse operator. The Green’s
function can be found to be.

G(x− x′) =
eik|x−x

′|

4π|x− x′|
(7.3)

The Green’s function can be expanded as spherical harmonics by a change of coordinates
from Cartesian to polar coordinates.

G(x, x′) =
∑
l,m

gl(r, r
′)Y †lm(θ′, φ′)Ylm(θ, φ) (7.4)

The massless Klein-Gordon operator transforms to.

O = ∇2
r +∇2

⊥ + k2 (7.5)

By acting with this operator on the spherical expansion of the Green’s function gives the
radial distribution as.

gl(r, r
′) = Ajl(kr<)h

(1)
l (kr>) (7.6)

In total we can write the Green’s function as.

eik|x−x
′|

4π|x− x′|
= ik

∞∑
l=0

jl(kr<)h
(1)
l (kr>)

l∑
m=−l

Y †lm(θ′, φ′)Ylm(θ, φ) (7.7)
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Now by evaluating the two sides of this equality in the far-field |x′| → ∞, then it is possible
to approximate |x− x′| ∼ r′ − n · x, r> = r′, r< = r. Additionally it is possible to use the
asymptote for the Hankel function of the first kind. In total this becomes.

eikr
′

4πr′
e−ikn·x = ik

eikr
′

kr′

∑
l,m

(−i)l+1jl(kr)Y
†
lm(θ′, φ′)Ylm(θ, φ) (7.8)

With the addition theorem for the spherical harmonics this can be contracted to.

⇒ eikx =
∞∑
l=0

il(2l + 1)jl(kr)Pl(cosγ), k · x = kx cos γ (7.9)

Where Pl is the Legendre polynomials. Rewriting this in terms of Yl0 gives.

eikx =
∞∑
l=0

il
√

4π(2l + 1)jl(kr)Yl,0(γ) (7.10)

Now we will deal with the incident light on the sphere. We want to expand the incident
circularly polarized light propagating along an z-axis with ± as the helicity of the light.
This can be summarized as.

Einc(x) = (ε1 ± iε2)eikz (7.11)

cBinc(x) = ε3 × E = ∓iE (7.12)

As is well known electromagnetic radiation can be expanded in a perturbative multipole
expansion. Since the incident plane wave is a C∞-function the expansion can be done with
Bessel functions instead of Neumann functions which would be the case if the electromag-
netic field would have singularities. The multipole expansion becomes.

Einc(x) =
∑
l,m

a±(l,m)jl(kr)χl,m +
i

k
b±(l,m)∇× jl(kr)χl,m (7.13)

cBinc(x) =
∑
l,m

−i
k
a±(l,m)∇× jl(kr)χl,m + b±(l,m)jl(kr)χl,m (7.14)

Where χl,m is the vector spherical harmonics defined as.

χlm(θ, φ) =
1√

l(l + 1)
LYlm(θ, φ), L = −i(r ×∇) (7.15)

a and b are coefficients that can be found by using the orthogonality of the spherical
harmonics. The orthogonality is as follows.∫

dΩ f †l′(r)χ
†
l′m′ · gl(r)χlm = f †l′(r)gl(r)δll′δmm′ (7.16)∫

dΩ (f †l′(r)χ
†
l′m′) · (∇× gl(r)χlm) = 0 (7.17)

1

k2

∫
dΩ (∇× f †l′(r)χ

†
l′m′)(∇× gl(r)χlm) (7.18)

= δll′δmm′

(
f †l′(r)gl(r) +

1

k2r2
∂r

(
rf †l′(r)∂r(rgl(r))

))
(7.19)
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By taking the inner product of χ† with equation (1.13) and (1.14) the coefficients can be
found.

a±(l,m)jl(kr) =

∫
dΩ χ†lm · E(x) (7.20)

b±(l,m)jl(kr) = c

∫
dΩ χ†lm ·B(x) (7.21)

Inserting the E-field in the integral gives.

a±(l,m)jl(kr) =
1√

l(l + 1)

∫
dΩ (L±Ylm)†eikz (7.22)

=

√
(l ±m)(l ∓m+ 1)√

l(l + 1)

∫
dΩ Y †l,m∓1e

ikz (7.23)

Inserting the expansion of the exponential function derived earlier gives.

=

√
(l ±m)(l ∓m+ 1)√

l(l + 1)

∫
dΩ Y †l,m∓1

∞∑
l′=0

il
′√

4π(2l′ + 1)j′l(kr)Yl′,0(γ) (7.24)

The integration of the spherical harmonics give δll′δm0.

=

√
(l ±m)(l ∓m+ 1)√

l(l + 1)

∞∑
l′=0

il
′√

4π(2l′ + 1)j′l(kr)δll′δm±1,0 (7.25)

=

√
(l ±m)(l ∓m+ 1)√

l(l + 1)
il
√

4π(2l + 1)jl(kr)δm,±1 (7.26)

= il
√

4π(2l + 1)jl(kr)δm,±1 (7.27)

Using the same approach with the B-field the coefficient is found to.

b±(l,m) = ∓ia±(l,m) (7.28)

Finally the multipole expansion of the incident light can be written as.

Einc(x) =

∞∑
l=1

il
√

4π(2l + 1)

(
jl(kr)χl,±1 ±

1

k
∇× jl(kr)χl,±1

)
(7.29)

cBinc(x) =
∑
l,m

il
√

4π(2l + 1)

(
−i
k
∇× jl(kr)χl,±1 ∓ ijl(kr)χl,±1

)
(7.30)

Now we shall consider the scattered field. The scattered field is similar to the incident
field however with the difference that since the fields are outgoing, diverging in range, the
Bessel functions must be replaced with the Hankel functions of the first kind to be able to
fulfill the wave equation. Remember that the Hankel functions is the superpositions of the
Bessel and Neumann functions. This is simply an analysis of the boundary condition of the
problem. Hence the scattered field becomes.

Esc(x) =
1

2

∞∑
l=1

il
√

4π(2l + 1)

(
α±(l)h1

l (kr)χl,±1 ±
β±(l)

k
∇× h1

l (kr)χl,±1

)
(7.31)

cBsc(x) =
1

2

∑
l=1

il
√

4π(2l + 1)

(
−iα±(l)

k
∇× h1

l (kr)χl,±1 ∓ iβ±(l)h1
l (kr)χl,±1

)
(7.32)
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The coefficients α±(l) and β±(l) will be determined by the boundary conditions on the
sphere. Since the multipole expansion converges the higher order l-terms have and decreas-
ing amplitude. If we let the sphere have radius a the Poynting vector for the scattered and
absorbed intensity can be written as.

Psc = − a2

2µ0
Re

∫
dΩ Esc · (n×B

†
sc) (7.33)

Pabs =
a2

2µ0
Re

∫
dΩ E · (n×B†) (7.34)

n in a normal vector to the sphere and the total Electromagnetic field is the sum of the
scattered and the incident.

E = Einc + Esc (7.35)

Since we have a cross product with a surface normal only the transverse parts of the incident
light survives. The vector spherical harmonics, χlm, are transverse. The other type of term
can be expanded as follows.

∇× fl(r)χlm =
in
√
l(l + 1)

r
fl(r)Ylm +

1

r
∂r(rfl(r))n× χlm (7.36)

Inserting the multipole expansion and the expansion of the curl of the vector spherical
harmonics in the definition of the Poynting vector gives an integral with three types of
terms.

Psc =
−a2

4µ0
Re
∑
lm

∑
l′m′

il
′+l
√

16π(2l + 1)(2l′ + 1)

∫
dΩ

(
αlmflχlm +

βlm
k

(
n

r
flYlm +

1

r
∂r(rfl)n× χlm

))

·n×

(
α†l′m′

k

(
n

r
f †l′Y

†
l′m′ +

1

r
∂r(rf

†
l′(r))n× χ

†
l′m′

)
+ β†l′m′f

†
l′χ
†
l′m′

)

=
−a2

4µ0
Re
∑
lm

∑
l′m′

il
′+l
√

16π(2l + 1)(2l′ + 1)

∫
dΩ

(
αlmflχlm +

βlm
k

(
n

r
flYlm +

1

r
∂r(rfl)n× χlm

))

·

(
α†l′m′

k

1

r
∂r(rf

†
l′(r))χ

†
l′m′ + n× β†l′m′f

†
l′χ
†
l′m′

)

=
−a2

4µ0
Re
∑
lm

∑
l′m′

il
′+l
√

16π(2l + 1)(2l′ + 1)

∫
dΩ

(
αlmflχlm +

βlm
k

1

r
∂r(rfl)n× χlm

)

·

(
α†l′m′

k

1

r
∂r(rf

†
l′(r))χ

†
l′m′ + n× β†l′m′f

†
l′χ
†
l′m′

)

=
−a2

4µ0
Re
∑
lm

∑
l′m′

il
′+l
√

16π(2l + 1)(2l′ + 1)

∫
dΩ

(
αlmflχlm

α†l′m′

k

1

r
∂r(rf

†
l′(r))χ

†
l′m′ + αlmflχlmn× β

†
l′m′f

†
l′χ
†
l′m′

βlm
k

1

r
∂r(rfl)n× χlm

α†l′m′

k

1

r
∂r(rf

†
l′(r))χ

†
l′m′ +

βlm
k

1

r
∂r(rfl)n× χlmn× β

†
l′m′f

†
l′χ
†
l′m′

)
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Using the orthogonality relations of the vector spherical harmonics gives.

=
πa2

µ0
Re
∑
lm

(2l + 1)

(
αlmα

†
lmfl(r)

1

kr
∂r(rf

†
l (r))

+kβlmβ
†
lm

(
f †l (r)fl(r) +

1

k2r2
∂r

(
rf †l (r)∂r(rfl(r))

)))
By using the Wronskian for the spherical Bessel functions all Bessel functions eliminates
all Bessel functions and derivatives of Bessel functions in the expression for the Poynting
vector. The scattering cross section is given by the scattered flux divided by the incident
power. In total this gives the scattering cross section to.

σsc =
π

2k2

∑
l

(2l + 1)
(
|α(l)|2 + |β(l)|2

)
(7.37)

If the multipole expansion is inserted in the absorption Poynting flux the absorption cross
section can be found to be.

σabs =
π

2k2

∑
l

(2l + 1)
(
1− |α(l) + 1|2 − |β(l) + 1|2

)
(7.38)

The extinction cross section is then given as the sum of the scattering and absorption cross
section.

σext = σsc + σabs = − π

k2

∑
l

(2l + 1)Re(α(l) + β(l)) (7.39)

The coefficients α(l) and β(l) are now to be determined through the boundary conditions at
the surface of the metallic sphere. Traditionally this is done by solving a Dirichlet problem
inside and outside the sphere and matching the fields at the surface of the sphere since
the field lines must be continuous and smooth. As in this case when the microresonator
can be described by a surface impedance Zs the E-field at the surface must match the
surface currents since a conductor have zero E-field inside the sphere which means that the
boundary conditions become.

lim
r→a+

E(r) = lim
r→a+

Zs
µ0
n×B(r) (7.40)

From the multipole expansion of the E-field and using 7.36 we find that the left hand side
is.

lim
r→a+

E(r) =
∑
l

il
√

4π(2l + 1)

((
jl +

α±(l)

2
h1
l

)
χl,± ±

1

x
∂x

(
x

(
jl +

β±(l)

2
h1
l

))
n× χl,±

)
(7.41)

Similarly the surface currents become.

lim
r→a+

cn×B(r) =
∑
l

il
√

4π(2l + 1)

(
i

x
∂x

(
x

(
jl +

α±(l)

2
h1
l

))
χl,± ∓ i

(
jl +

β±(l)

2
h1
l

)
n× χl,±

)
(7.42)
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Here x ≡ ka and fl ≡ fl(x). By comparison of the orthogonal terms gives the following
equations.

jl +
α±(l)

2
h1
l =

(
Zs
Z0

)
i

x
∂x

(
x

(
jl +

α±(l)

2
h1
l

))
(7.43)

jl +
β±(l)

2
h1
l =

(
Z0

Zs

)
i

x
∂x

(
x

(
jl +

β±(l)

2
h1
l

))
(7.44)

From the definition of the Hankel functions we can write, 2jl = h1
l +h2

l . This gives α± and
β± as.

α±(l) = −1−

(
h

(2)
l − i

Zs
Z0

i
x∂x(xh

(2)
l )

h
(1)
l − i

Zs
Z0

i
x∂x(xh

(1)
l )

)
(7.45)

β±(l) = −1−

(
h

(2)
l − i

Z0
Zs

i
x∂x(xh

(2)
l )

h
(1)
l − i

Z0
Zs

i
x∂x(xh

(1)
l )

)
(7.46)

For the radius a = 60[nm] and λ = 450[nm] the long-wavelength limit is a crude approxi-
mation. The long wavelength limit holds for, ka� l⇒ 0.83� l. Hence only the first order
of the orbital angular momentum quantum number is important. For a small argument of
the spherical Bessel functions the following asymptotes is accurate.

jl(x)→ xl

(2l + 1)!!

(
1− x2

2(2l + 3)
+O(x4)

)
(7.47)

nl(x)→ −(2l − 1)!!

xl+1

(
1− x2

2(1− 2l)
+O(x4)

)
(7.48)

Inserting this asymptote gives.

α±(l) ∼ −2i(ka)2l+1

(2l + 1)[(2l − 1)!!]2

(
x− i(l + 1)Zs/Z0

x+ ilZs/Z0

)
(7.49)

β±(l) ∼ −2i(ka)2l+1

(2l + 1)[(2l − 1)!!]2

(
x− i(l + 1)Z0/Zs
x+ ilZ0/Zs

)
(7.50)

For the long wavelength limit the first order term in l is the most important. I therefore
approximate all higher order terms to be zero. The impedance for a perfectly conducting
sphere is zero, hence, Zs = 0.

α±(1) ∼ −2i(ka)3

3
(7.51)

β±(1) ∼ 4i(ka)3

3
(7.52)

Inserting this in the formula for the scattering cross section gives.

σsc =
10πk4a6

3
(7.53)
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For the short wavelength limit the coefficients become.

α±(l) ∼ Zs/Z0 − 1

Zs/Z0 + 1
(−1)l+1e−2ika − 1 (7.54)

β±(l) ∼ Z0/Zs − 1

Z0/Zs + 1
(−1)l+2e−2ika + 1 (7.55)

Again setting the resistivity, Zs = 0, to zero gives. For the short wavelength limit the
coefficients become, ka� l.

α±(l) ∼ (−1)l+2e−2ika − 1 (7.56)

β±(l) ∼ (−1)l+2e−2ika + 1 (7.57)

The scattering cross section becomes for the short wavelength limit.

σsc =
π

2k2

∑
l

(2l + 1)
(
|(−1)l+2e−2ika + 1|2 + |(−1)l+2e−2ika − 1|2

)
(7.58)

=
π

2k2

∑
l

(2l + 1)

(
((−1)l+2e2ika + 1)((−1)l+2e−2ika + 1) (7.59)

+((−1)l+2e2ika − 1)((−1)l+2e−2ika − 1)

)
(7.60)

=
π

2k2

∑
l

(2l + 1)(2(−1)2(l+2) + 2) (7.61)

=
2π

k2

∑
l

(2l + 1) (7.62)

This is clearly a divergent series and one approach to evaluate this kind of expression
is to assume that the multipole expansion have some cutoff lc. Then the sum becomes
proportional to a constant.

= Clc
1

k2
(7.63)

If the cut off is assumed to be lc = 1. the total scattering cross section can be written as.

σsc(k) = h1(k, kl)
10πk4a6

3
+ h2(k, kl)

6π

k2
(7.64)

Where the resonance is found as.

kla = l (7.65)

h1 and h2 are weight functions to ensure that the cross section for low momentum is
applied for low momentum and vice versa. The weight functions can be chosen as Heaviside
functions however this will give a discontinuity of the derivative at the resonance. For the
cross section to be a smooth function the weight functions should also be chosen to be
smooth functions. In this case Hyperbolic tangent functions is a good choice.

h1(k, kl) =
1

2
+

1

2
tanh(ω(k − kl)) (7.66)

h2(k, kl) =
1

2
− 1

2
tanh(ω(k − kl)) (7.67)

– 33 –



In the following figures the scattering cross section is plotted in first order for both high
and low momentum limits.

(7.68)
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Figure 37: Scattering cross section of spherical microresonator.
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Figure 38: Scattering cross section of spherical microresonator.
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Figure 39: Scattering cross section of spherical microresonator.

The resonance wavelength in first order is then given by.

λres = 2πa (7.69)

For the disks the theoretical resonance wavelengths in first order become.

Radius of sphere nanoparticle a [nm] Resonance wavelength λres [nm]

40 251.3
60 377.0
80 502.7

Figure 40

When the nanoparticles are as in our case small cylinders there exist very little formal
theory on the subject. The section 10.2 in [5] on pertubation theory may be used to replace
the spheres with the cylinders.

8 Appendix 2: Simulation instructions

The simulations is setup in two calculation steps in COMSOL. The first step is to first
calculate the field incident on the substrate without the nanoparticle. The second step is
to pass the field calculated in step one as the background field in step two with the metal
nanoparticle present.

8.1 Modelling instructions for the disk

The inspiration for the following thorough modeling instructions comes from scattering on
substrate [11].
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8.1.1 New

1. In the New window, click Model Wizard.

8.1.2 Model Wizard

1. In the Model Wizard window, click 3D.

2. In the Select Physics tree, selectOptics>Wave Optics>Electromagnetic Waves,
Frequency Domain (ewfd).

3. Click Add.

4. In the Select Physics tree, selectOptics>Wave Optics>Electromagnetic Waves,
Frequency Domain (ewfd).

5. Click Add. After clicking Add twice, you should now see two Electromagnetic
Waves, Frequency Domain entries in the Added physics interfaces field.

6. Click Study.

7. In the Select Study tree, select Empty Study. You will add steps to the study
before solving the model.

8. Click Done.

8.1.3 Global Definitions: Parameters

1. On the Home toolbar, click Parameters. Define the model parameters. The De-
scription field is optional.

2. In the Settings window for Parameters, locate the Parameters section.

3. In the table, enter the following settings:
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Name Expression Value Description

w 750[nm] 7.5E-7 m Width of physical domain
t_pml 150[nm] 1.5E-7 m PML thickness
h_air 400[nm] 4E-7 m Air domain height
h_subs 250[nm] 2.5E-7 m Substrate domain height

na 1 1 Refractive index, air
nb 1.5 1.5 Refractive index, substrate
phi 0 0 Azimuthal angle of incidence in both media
theta 0 0 Polar angle of incidence in air
I0 1[MW/m2] 1E6 W/m2 Intensity of incident field
P I0w2cos(theta) 5.625E-7 W Port power
wl 450[nm] 4.5E-7 m Wavelength of incident light
r 60[nm] 6E-8 m Radius of disk
h 60[nm] 6E-8 m Height of disk

Figure 41: The first four parameters will be used in defining the geometry. The azimuthal
angle in the substrate remains the same as the angle of incidence. As the polar angle of
incidence gets other values in the study, the polar angle in the substrate will automatically
be recomputed.

8.1.4 Definitions: Ports boundary conditions

Define expressions for the wave vector in both media.

1. On the Home toolbar, click Variables and choose Local Variables.

2. In the Settings window for Variables, locate the Variables section.

3. In the table, enter the following settings:

Name Expression Unit Description

ka ewfd.k0*na rad/m Wave number in air
kx ka*cos(phi)*sin(theta) rad/m
ky ka*cos(phi)*sin(theta) rad/m
kaz -ka*cos(theta) rad/m
kb ewfd.k0*nb rad/m Wave number in substrate
kbz -kb*cos(thetab) rad/m

Figure 42: These are used when defining the port boundary conditions. The incoming
wave defined like this will be a wave polarized in the y-direction

8.1.5 Geometry 1: Nanoparticle

1. On the Geometry toolbar, click Cylinder.

2. In the Settings window for Cylinder, locate the Size and shape section.

3. In the Radius text field, type r.

4. In the Height text field, type h.
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8.1.6 Geometry 1: Air block

1. On the Geometry toolbar, click Block.

2. In the Settings window for Block, locate the Size and Shape section.

3. In the Width text field, type w+2*t_pml.

4. In the Depth text field, type w+2*t_pml.

5. In the Height text field, type h_air+t_pml.

6. Locate the Position section. From the Base list, choose Center.

7. In the z text field, type (h_air+t_pml)/2.

8. Click to expand the Layers section. In the table, enter the following settings:

Layer name Thickness (m)

Layer 1 t_pml

Figure 43

9. Select the Left, Right, Front, Back, and Top check boxes.

10. Clear the Bottom check box.

8.1.7 Geometry 1: Dielectric block

1. Right-click Block 1 and choose Duplicate.

2. In the Settings window for Block, locate the Size and Shape section.

3. In the Height text field, type h_subs+t_pml.

4. Locate the Position section. In the z text field, type -(h_subs+t_pml)/2.

5. Make sure the Left, Right, Front, Back, and Bottom check boxes are selected. Leave
the Top check box cleared.

6. Click Build All Objects.

7. Click the Zoom Extents button on the Graphics toolbar.

8. Click the Wireframe Rendering button on the Graphics toolbar.

8.1.8 Definitions: Physical domains

1. On the Definitions toolbar, click Explicit.

2. In the Settings window for Explicit, type Physical Domains in the Label text field.

3. Select all domains except the layer domain.
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8.1.9 Definitions: PML Domain

1. On the Definitions toolbar, click Complement.

2. In the Settings window for Complement, type PML Domains in the Label text
field.

3. Locate the Input Entities section. Under Selections to invert, click Add.

4. In the Add dialog box, select Physical Domains in the Selections to invert list.

5. Click OK.

8.1.10 Definitions: Nanoparticle

1. On the Definitions toolbar, click Explicit.

2. In the Settings window for Explicit, type Nanoparticle in the Label text field.

3. Select the nanoparticle domain only.

8.1.11 Definitions: Nanoparticle surface

1. On the Definitions toolbar, click Explicit.

2. In the Settings window for Explicit, type Nanoparticle Surface in the Label text
field.

3. Select the nanoparticle domain only.

4. Locate the Output Entities section. From the Output entities list, choose Adja-
cent boundaries.

8.1.12 Definitions: Internal PML boundary

1. On the Definitions toolbar, click Explicit.

2. In the Settings window for Explicit, type Internal PML surface in the Label text
field. Locate the Geometric entity level drop-down menu and choose Boundary.

3. Select the interior boundaries of the Physical Domain, make sure nothing on the
nanoparticle is selected.

8.1.13 Definitions: Perfectly Matched Layer 1

1. On the Definitions toolbar, click Perfectly Matched Layer.

2. In the Settings window for Perfectly Matched Layer, locate the Domain Selec-
tion section.

3. From the Selection list, choose PML Domains.

4. Locate the Scaling section. From thePhysics list, chooseElectromagnetic Waves,
Frequency Domain 2 (ewfd2).
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8.1.14 Definitions: Initial conditions

Only the second interface (ewfd2) will be active in the PML domains. As this interface will
use the electric field components from the first interface (ewfd), define them to be 0 in the
PML domains.

1. On the Definitions toolbar, click Local Variables.

2. In the Settings window for Variables, locate the Geometric Entity Selection
section.

3. From the Geometric entity level list, choose Domain.

4. From the Selection list, choose PML Domains.

5. Locate the Variables section. In the table, enter the following settings:

Name Expression Unit Description

ewfd.Ex 0
ewfd.Ey 0
ewfd.Ez 0

Figure 44

8.1.15 Materials: Air

1. In the Model Builder window, under Component 1 (comp1) right-click Mate-
rials and choose Blank Material.

2. In the Settings window for Material, type Air in the Label text field.

3. Locate the Material Contents section. In the table, enter the following settings:

Property Name Value Unit Property group

Refractive index n na 1 Refractive index

Figure 45

8.1.16 Materials: Dielectric

1. In the Model Builder window, under Component 1 (comp1) right-click Mate-
rials and choose Blank Material.

2. In the Settings window for Material, type Dielectric in the Label text field.

3. Locate the Material Contents section. In the table, enter the following settings:
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Property Name Value Unit Property group

Refractive index n nb 1 Refractive index

Figure 46

8.1.17 Add Material: Nanoparticle (Ag)

1. On the Home toolbar, click Add Material to open the Add Material window.
Add the material properties of gold from the Optical Materials Database.

2. Go to the Add Material window.

3. In the tree, select Optical>Inorganic Materials>Ag (Johnson).

4. Click Add to Component in the window toolbar.

8.1.18 Material: Ag (Johnson)

1. In the Model Builder window, under Component 1 (comp1)>Materials click
Ag (Johnson).

2. In the Settings window for Material, locate the Geometric Entity Selection
section.

3. From the Selection list, choose Nanoparticle.

8.1.19 Electromagnetic wave, Frequency domain (EWFD)

You are now ready to specify the physics. Start by setting up the first interface so that it
computes the full wave solution to the plane wave falling in on the semi-infinite substrate.

1. In the Model Builder window, under Component 1 (comp1) click Electromag-
netic Waves, Frequency Domain (ewfd).

2. In the Settings window for Electromagnetic Waves, Frequency Domain. Make
sure the Formulation in the Settings section is set to full field. locate the Domain
Selection section.

3. From the Selection list, choose Physical Domains.

4. On the Physics toolbar, click Domains and choose Wave Equation, Electric.

5. In the Settings window for Wave Equation, Electric 2, locate the Domain Se-
lection section.

6. From the Selection list, choose Nanoparticle.

7. Locate the Electric Displacement Field section. From the n list, choose User
defined. In the associated text field, type na.

8. From the k list, choose User defined. This redefines the nanoparticle as air.
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8.1.20 Electromagnetic wave, Frequency domain 2 (EWFD2)

Set up the second interface to compute how the plane wave solution from the first interface
is affected by the nanoparticle.

1. In the Model Builder window, under Component 1 (comp1) click Electromag-
netic Waves, Frequency Domain 2 (ewfd2).

2. In the Settings window for Electromagnetic Waves, Frequency Domain, locate
the Settings section.

3. From the Formulation list, choose Scattered field.

4. Specify the Eb vector as

ewfd.Ex x
ewfd.Ey y
ewfd.Ez z

Figure 47

8.1.21 Port boundary conditions (EWFD)

Here we define the boundary conditions of the geometry such that we simulate the nanopar-
ticle situated on a infinite homogeneous substrate.

1. In the Model Builder window, under Component 1 (comp 1) right-click Elec-
tromagnetic Waves, Frequency Domain 1 (ewfd).

2. From the drop-down menu choose Port.

3. Locate Electromagnetic Waves, Frequency Domain (ewfd)>Port 1 .

4. In the Settings window locate Boundary selection and choose the boundary di-
rectly above the nanoparticle in the physical air domain.

5. In the Settings window locate the Port properties section.

6. In the Electric mode field text field type E0x for the x-component, E0y in the
y-component and 0 in the z-component.

7. In the Propagation constant text field type abs(kaz).

8. In the Model Builder window, under Component 1 (comp 1) right-click Elec-
tromagnetic Waves, Frequency Domain 1 (ewfd).

9. From the drop-down menu choose Port.

10. Locate Electromagnetic Waves, Frequency Domain (ewfd)>Port 2 .
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11. In the Settings window locate Boundary selection and choose the boundary di-
rectly below the nanoparticle in the physical dielectric domain.

12. In the Settings window locate the Port properties section.

13. In the Electric mode field text field type E0x for the x-component, E0y in the
y-component and 0 in the z-component.

14. In the Propagation constant text field type abs(kbz).

8.1.22 Mesh 1: Size

Define a mesh with a maximum mesh element size of one fourth of the material wavelength.
PMLs should preferably use a swept mesh with at least five elements across. Start by
adding a Free Tetrahedral node.

1. In the Model Builder window, under Component 1 (comp1) right-click Mesh1
and choose Free Tetrahedral.

2. In the Settings window for Size, locate the Element Size section.

3. Click the Custom button.

4. Locate the Element Size Parameters section.In theMaximum element size text
field , type wl/4, which will be the maximum mesh element size for the Air domain.

8.1.23 Mesh 1: Swept (PML)

1. In the Model Builder window, right-click Mesh 1 and choose Swept.

2. Right-click Swept and choose Move Up.

3. In the Settings section of Swept 1, in theGeometric entity level chooseDomain.
In the Selection drop-down menu choose PML Domains.

4. Right-click Swept 1 and choose Distribution.

8.1.24 Mesh 1: Internal PML

1. In the Model Builder window, right-click Mesh 1 and choose More Opera-
tion>Free Triangular.

2. In the Model Builder window, right-click Free Triangular 1 and choose Size.

3. In the Settings window locate the Geometric Entity Selection section and choose
Boundary from the Geometric entity level drop-down menu.

4. In the Selection drop-down menu choose Internal PML boundary.

5. Locate Element Size section choose Custom.
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Name Expression Unit Description

nrelPoav nx*ewfd2.relPoavx+ ny*ewfd2.relPoavy+nz*ewfd2.relPoavz W/m2 Relative normal Poynting flux
sigma_sc intop_surf(nrelPoav)/I0 m2 Scattering cross section
sigma_abs intop_vol(ewfd2.Qh)/I0 m2 Absorption cross section
sigma_ext sigma_sc+sigma_abs m2 Extinction cross section

Figure 48: Definitions of cross sections and Poynting flux. Needed to evaluate the cross
sections later on.

6. Locate Element Size Parameters section change Maximum element size to
wl/4.

7. In theModel Builder window, right-click Free Triangular 1 and chooseMove-up.
Repeat this one more time such Free Triangular 1 is above Swept 1

8.1.25 Definitions: Absorption cross section

1. On theDefinitions toolbar, click Component Couplings and choose Integration.

2. In the Settings window for Integration, type intop_vol in the Operator name
text field.

3. Locate the Source Selection section. From the Selection list, choose Nanoparti-
cle.

8.1.26 Definitions: Scattering cross section

1. On theDefinitions toolbar, click Component Couplings and choose Integration.

2. In the Settings window for Integration, type intop_surf in the Operator name
text field.

3. Locate the Source Selection section. From theGeometric entity level list, choose
Boundary.

4. From the Selection list, choose Nanoparticle Surface.

8.1.27 Definitions: Cross sections

1. On the Definitions toolbar, click Local Variables.

2. In the Settings window for Variables, locate the Variables section.

3. In the table, enter the following settings:

8.1.28 Study 1

1. In the Model Builder window, click Study 1.

2. In the Settings window for Study, locate the Study Settings section.

3. Clear the Generate default plots check box.
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Parameter name Parameter value list Parameter unit

wl range(start,step,stop) nm

Figure 49: Input your values for the ’start’ wavelength and how big ’step’ you take and
your ’stop’ wavelength.

Parameter name Parameter value list Parameter unit

r range(start,step,stop) nm

Figure 50: Input your values for the ’start’ radius and how big ’step’ you take and your
’stop’ radius.

8.1.29 Study 1: Parametric sweep (wavelength)

1. On the Study toolbar, click Parametric Sweep.

2. In the Settings window for Parametric Sweep, locate the Study Settings section.

3. Click Add.

4. In the table, enter the following settings:

8.1.30 Study 1: Parametric sweep (radius)

1. On the Study toolbar, click Parametric Sweep.

2. In the Settings window for Parametric Sweep, locate the Study Settings section.

3. Click Add.

4. In the table, enter the following settings:

8.1.31 Study 1: Step 1: Wavelength Domain

1. On the Study toolbar, click Study Steps and choose Frequency Domain>Wave-
length Domain.

2. In the Settings window for Wavelength Domain, locate the Study Settings
section.

3. In the Wavelengths text field, type wl.

4. Locate the Physics and Variables Selection section. In the table, clear the Solve
for check box for the Electromagnetic Waves, Frequency Domain 2 (ewfd2)
interface.
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Expression Unit Description

sigma_ext m2 Extinction cross section
sigma_abs m2 Absorption cross section
sigma_sc m2 Scattering cross section

Figure 51

8.1.32 Study 1: Step 2: Wavelength Domain 2

1. On the Study toolbar, click Study Steps and choose Frequency Domain>Wave-
length Domain.

2. In the Settings window for Wavelength Domain, locate the Study Settings
section.

3. In the Wavelengths text field, type wl.

4. Locate the Physics and Variables Selection section. In the table, clear the Solve
for check box for the Electromagnetic Waves, Frequency Domain (ewfd) in-
terface.

8.1.33 Study 1: Solution 1 (sol1)

1. On the Study toolbar, click Show Default Solver.

2. In the Model Builder window, expand the Solution 1 (sol1) node.

3. In the Model Builder window, expand the Study 1>Solver Configurations>
Solution 1 (sol1)>Stationary Solver 1 node.

4. Right-click Direct and choose Enable.

5. Choose PARDISO as the direct solver if the computer have a lot of RAM. Otherwise
an iterative solver is better.

6. On the Study toolbar, click Compute.

8.1.34 Results: Cross sections plots

The following proceduere generate the extinction, scattering and absorption plots.

1. Right click Derived values and choose Global evaluation.

2. Expand the Data set meny and chose Study 2: Parametric.

3. In the expression table type in the following settings:

4. Under the table menu press Table graph to generate the cross section plots.
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