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Abstract

We describe the design and construction of coils to compensate the Earth
magnetic field in the vertical cryostat in FREIA.

1 Introduction

We investigate the suitability of installing large Helmholtz-like coils in the verti-
cal cryostat in FREIA in order to compensate the Earth’s magnetic field. The
cryostat was originally intended for magnet test and lacks magnetic shielding. In
order to use it for testing superconducting radio-frequency cavities a magnetic
shield or compensation of external fields is required. Here we investigate the
suitability of retro-fitting the cryostat with coils, mounted such that they can
adjust a magnetic field on the order to a few Gauss, or 100s of µT in all three
dimensions.

The vertical hole in FREIA has a diameter of 2m and is about 5m deep. The
RF-cavity will likely be placed near the bottom, say the lower 2 or 3m of the
hole. For a first estimate of the required currents for the coils we assume a perfect
Helmholtz coil geometry with a radius of R = 1m. In that case the magnetic
field in the center of the coils, separated by a distance R is given by

B =
(
4

5

)−3/2 µ0nI

R
(1)

such that nI = 100A-turns will provide a field of about B = 100µT. Thus a coil
with n = 10 turns and a power supply for 10A or more would be suitable. Of
course, if a higher field is required, more A-turns are needed.

To estimate the voltage and power to drive 10A through 10 turns of radius
R = 1m we assume to use a copper wire with a diameter of 1.5mm. The
resistivity of copper is ρ = 16.78 × 10−9Ωm and the resistance Rw of the wire
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with 10 turns is Rw ≈ 0.6Ω, which results in a voltage of U = IRw ≈ 6V and a
power dissipation of P = UI ≈ 60W.

After these first estimates we turn to calculating the field in the vertical hole
due to a more realistic geometry of the coils.

2 Fields from Wire Segments

The easiest way to calculate the magnetic field from a number of wires in a
three-dimensional geometry without soft magnetic materials, such as iron, is to
describe the wires as a sequence of polygons and calculate the contribution of
each straight line segment to the field at a given point of interest.

We therefore start by calculating the field from a single segment and assume
that it extends from positions r⃗a to r⃗b and carries a current I. The points on
the wire segment r⃗1 we describe by r⃗1 = tr⃗a + (1 − t)r⃗b with 0 < t < 1 and the
observation point, at which we want to determine the magnetic field, we denote
by r⃗2. With these definitions we can use the Biot-Savard law to calculate the
fields

B⃗ =
µ0I

4π

∫ dr⃗1 × (r⃗2 − r⃗1)

|r⃗2 − r⃗1|3
=

µ0I

4π

∫ 1

0

[r⃗b − r⃗a]× [r⃗2 − tr⃗b − (1− t)r⃗a]

|r⃗2 − tr⃗b − (1− t)r⃗a)|3
dt . (2)

For the numerator in the last equality we find

(r⃗b − r⃗a)× (r⃗2 − tr⃗b − (1− t)r⃗a) = (r⃗b − r⃗a)× (r⃗2 − r⃗a) (3)

and for part of the denominator we obtain

|r⃗2 − tr⃗b − (1− t)r⃗a)|2 = (r⃗2 − tr⃗b − (1− t)r⃗a) · (r⃗2 − tr⃗b − (1− t)r⃗a)

= (r⃗2 − r⃗a)
2 + 2t(r⃗2 − r⃗a) · (r⃗a − r⃗b) + t2(r⃗a − r⃗b)

2

= A+ 2Bt+ Ct2 (4)

with

A = (r⃗2 − r⃗a)
2, B = (r⃗2 − r⃗a) · (r⃗a − r⃗b), and C = (r⃗a − r⃗b)

2 . (5)

Inserting these expressions into the equation for the magnetic field B⃗ we arrive
at

B⃗ =
µ0I

4π
(r⃗b − r⃗a)× (r⃗2 − r⃗a)

∫ 1

0

dt

(A+ 2Bt+ Ct2)3/2
. (6)

This integral is elementary and is given by∫
dt

(A+ 2Bt+ Ct2)3/2
=

B + Ct

(AC −B2)
√
A+ 2Bt+ Ct2

(7)
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Figure 1: The longitudinal field Bz on axis for a coil of 1m radius carrying a cur-
rent of I = 100A. The solid line shows the result where the circle is approximated
by 40 segments and the asterisks show the analytic result.

and for the field we get

B⃗ =
µ0I

4π

(r⃗b − r⃗a)× (r⃗2 − r⃗a)

AC −B2

[
B + C√

A+ 2B + C
− B√

A

]
(8)

with A,B, and C are given in Equation 5. This equation is very easy to implement
in Matlab as follows:

function Bout=Bline(I,ra,rb,r2)

A=dot(r2-ra,r2-ra);

B=dot(r2-ra,ra-rb);

C=dot(ra-rb,ra-rb);

Bout=(pi*4e-7*I/(4*pi))*(cross(rb-ra,r2-ra)./(A.*C-B.^2)) ....

*((B+C)./sqrt(A+2*B+C) - B./sqrt(A));

This function accepts the current I at the start and end position of the segment
ra, rb and the observation point r2 as input parameters, and returns the field
at the observation point Bout.

In order to calculate the fields for a more complex assembly of wires we have
to split it into a sequence of polygons and add all the contributions. We use
the convention that the geometry is given by an array coil that has 3 rows,
one for each spatial dimension, and nseg+1 columns, where nseg is the number
of segments. We need to add one at the end to define the end-point for the
final segment. Basically there are nseg+1 points to define nseg segments. The
following function loops over the segments of a coil with current I and returns
the three field components Bout at the point r2.
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function Bout=field_from(coil,I,r2)

nseg=size(coil,2);

Bout=zeros(3,1);

for k=1:nseg-1

Bout=Bout+Bline(I,coil(:,k),coil(:,k+1),r2);

end

Then we simply call this function repeatedly in order to return the field at the
desired position.

As a first test we checked the field from a circular coil with radius 1m and
I = 100A. The circle is approximated by 40 segments and we compare the
resulting field on axis with that from the well-known expression

Bz =
µ0IR

2

2(R2 + z2)3/2
(9)

and show both results superimpose in Figure 1. The agreement is rather good
and we are confident to use this approximation henceforth.

3 Helmholtz Coils for Bz

In order to see the magnetic field in an optimum configuration, we place two coils
with radius R = 1m with a distance R apart and investigate the resulting field
quality. We therefore make coils with 180 segments and pass 100A through them
and display the longitudinal field on axis on the top left in Figure 2. We see that
the field is reasonably constant between the coils, but rapidly drops off outside
with a (R/z)3/2 dependence. On the right in Figure 2 the longitudinal field Bz

as a function of the transverse position in the x− y–plane half-way between the
coils. We see it is constant to a few percent in a space with radius 0.5m. Figure 3
shows the longitudinal field Bz in the z − x–plane. We find the good-field region
in the horizontal direction to be only ±0.2m and rising somewhat towards the
coils. On the left the data is displayed as a contour plot and on the right as
surface plot.

We conclude from this section that Helmholtz-coils provide a homogenous
field, but only in the region between the coils and the transverse size of the good-
field region is limited to about ±0.2m, though we may want to quantify this
more precisely later.

One way to improve the situation is to add a third coil and space the three
coils with R = 1m apart longitudinally. The longitudinal field component is not
as flat as for the pure Helmholtz setup, but still fairly flat, provided the three
coils are excited in a 1, 2/3, 1 pattern. We found this configuration by optimizing
the field flatness in the region −0.8 < z < 0.8m and picked an integer wiring
ratio with small numbers, here 8 and 12 windings for the center and end-coils,
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Figure 2: The longitudinal field Bz on the axis of the Helmholtz coils (left) and
the transverse dependence at z = 0 (right).

Figure 3: The longitudinal field of a pair of Helmholtz coils in the z−x–plane as
a contour plot (left) and as a 3D-surface (right).

respectively. The top left of Figure 4 shows the longitudinal field component Bz

on axis. The peak-to-peak field variation in the range −0.8 < z < 0.8m is 1.2%,
which is probably acceptable. The top right plot shows Bz at z = 0m and we
find that for r < 0.5m the field varies by a few percent. This is confirmed by
the plots in Figure 5, which shows Bz in the z − x–plane and we find that the
good field region now extends much further longitudinally and transversely than
in the two-coil configuration shown in Figures 2 and 3. It seems advisable to
quantify the field variation somewhat more accurately later on. The three-coil
combination with a winding ratio of 12-8-12 looks promising and we will use it.

With the configuration for the z–coils determined we move on to the vertical
coils that provide field components in the x− y–plane.
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Figure 4: The longitudinal field Bz on the axis for three coils (left) and the
transverse dependence at z = 0 (right).

Figure 5: The longitudinal field of the three-coil configuration in the z−x–plane
as a contour plot (left) and as a 3D-surface (right). The coils are at z = −1, 0,
and 1m and excited in a 1-2/3-1 pattern.

4 Bxy-coils

The dominant effect of these coils comes from the vertically running current
leads and for a first investigation we ignore the connection from the horizontally
connecting current leads. This allows us to treat the problem two-dimensionally
and we simply locate filament currents running in the z–direction at places on the
periphery of the circle. Each filament creates a field in the x− y–plane according
to

Bx − iBy =
µ0I

2πi(z − ẑ)
with z = x+ iy (10)

where ẑ denotes the location of the wire. The top left plot in Figure 6 shows
the circle with the locations of the wires, blue asterisks label the wires carrying a
positive current, and red asterisks those carrying a negative current. The black
square denotes the region in which we calculate the field that is shown in the
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Figure 6: The configuration with four wires.

Figure 7: The configuration with six wires.
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Figure 8: The configuration with eight wires.

Figure 9: The configuration with eight wires. Here the four wires carrying cur-
rents of equal polarity are spread over 120 degrees instead of 90 degrees, the con-
figuration used for the previous plots.
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other three plots. On the top right in Figure 6 the field-components are shown
as an arrow-plot. Here we see that the field is predominantly pointing along the
negative vertical directions. The homogeneity is easier to see in the two plots
in the lower row of Figure 6. The left shows a surface plot of the vertical field
component By, and the right of the horizontal Bx. The scale of the latter is
±30µT, or about 50% of the center value of By, which is approximately 60µT.

In order to see whether we can improve the situation we add a third wire
half-way between the previously installed ones and show this configuration in
Figure 7. Again, the top right plot shows the field components as arrows and the
lower row surface plots of the vertical and horizontal field components. Compare
to the four-wire configuration the ratio of maximum of Bx to By at the center
(≈ 100µT) has dropped to about 20% and we conclude that this configuration
is significantly better.

Going one step further and using eight wires results in Figure 8. Here the
ratio of horizontal scale to vertical field at the center has dropped further to
6%. In Figure 9 we spread the four wires carrying same-polarity currents over
120 degrees instead of 90 degrees we used in the previous configurations. The
situation is actually worse, compared t othe 90 degree configuration shown in
Figure 8.

The conclusion from this section is to use six or eight wires spread over two
regions with a 90 degree spread shown in Figure 7 and 8. Of course we need to
investigate the final extent of the coils in the z–direction, by using the simulation
with the current-carrying line segments. Moreover, we note that we need two
pairs of coils, one for Bx and a second pair for By.

5 Three-Phase Configuration

Inspired by the way of how 3-phase AC-motors operate we investigate a configu-
ration with three coils placed with 120 degrees in between to control the magnetic
field vector in the xy–plane. The wiring of the coils is shown on the top left in
Figure 10 as the dashed lines. The three coils are excited by three power supplies,
excited with 120 degree phase separation between adjacent coils, in the following
pattern

I1 = Î cosϕ, I2 = Î cos(ϕ+ 2π/3), and I3 = Î cos(ϕ+ 4π/3) (11)

where Î is the maximum current that determines the magnitude of the excitation
and ϕ the direction. The top right plot in Figure 10 shows the field direction
inside the rectangular area with a width of 1m for a configuration in which the
coils are excited with Î = 100A and ϕ = 30 degrees. The two plots in the lower
row show the field amplitude Br =

√
B2

x +B2
y inside the rectangle; on the left as

a contour plot and on the right as a surface plot. The field quality within a circle
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Figure 10: Three coils, separated by 120 degrees.

of radius 0.4m stays below 2µT at an amplitude of 60µ,T which corresponds to
about 3%. We find this quite acceptable, considering the simplicity of the setup.

The only disadvantage is that we need three power supplies excited in a si-
nusoidal fashion, instead of two, one to control Bx and one to control By inde-
pendently. Despite this small disadvantage, we pursue this configuration further
and go beyond the two-dimensional analysis in the section and build a three-
dimensional model to understand the influence of the return wires.

6 Three-Dimensional Three-Phase

The geometry of the three coils, now with the semicircular arcs that pass along
the wall of the hole, is shown on the left-hand side in Figure 11. The vertical
wires are diametrally placed along the walls of the hole and the horizontal arcs
are therefore semicircular. The three coils each have a separate color: coil1 is
red, coil2 is green, and coil3 is blue. The semicircular arcs will perturb the 2D-
solution and we want to keep them as far away as possible from the good field
region; the coils are therefore 5m high.
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Figure 11: Three coils, separated by 120 degrees (left) and the longitudinal field
Bz along a vertical line for y = 0 and x = 0, 0.1, . . . , 0.5m (right).

The right plot in Figure 11 shows the longitudinal field component Bz on
a vertical line, displaced by x = 0, 0.1, . . . , 0.5m from the center line. In this
configuration the coils are excited by currents given by Equation 11 with Î =
100A and ϕ = 90 degrees. We observe that the coils at z = 0 and 5m have a
pronounced influence on the longitudinal field component for about ∆z = ±1m
on either side, but there is almost no field in the central region between 1m and
4m. Varying the angle ϕ changes the amplitude of the perturbation slightly, but
the central region always shows Bz ≈ 0µT. These observations corroborate our
expectation that the semicircular arcs predominantly disturb the field close to
the coils and the middle region will.

In Figure 12 we show the radial field component Br =
√
B2

x +B2
y along the

central axis of the hole. We observe that is is rather homogenous between z = 1
and 4m but then rolls off towards the end of the coils near z = 0 and 5m. The
plot was generated with ϕ = 45 degrees, but varying the angle shows no obvious
variation of the plot and we conclude that the homogeneity will not depend on
the chose angle.

Finally, we show the radial field components in Figures 13 to 15 for different
z–positions along the central axis. The first plot at the top of Figure 13 shows
the fields at z = 2.5 which is the center of the entire assembly. We observe that
the good-field region has a radius of about 0.4m as one can see from the contour
plot of Br as a function of x and y at the top left of the plot. Visually, the arrow
plot also shows good homogeneity of the field direction. The two lower plots show
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Figure 12: The radial field Br along the central axis.

the field components By and Bx.
The bottom plot in Figure 13 displays the same information at z = 3m with

little difference to the previous plot. Even the two configurations in Figure 14
show little difference, only the good-field region at z = 3.5m appears a little
smaller compared to z = 3 and 4m for unknown reasons. The configuration at
z = 4.5 and 5m, shown in Figure 15 exhibit also a large good-field region, albeit
at lower field strength, which is consistent with the observation derived from the
longitudinal dependence of the radial field component shown in Figure 12.

Even considering the three-dimensional layout of the three-phase configura-
tion, the field quality of the radial field components in the central region is rather
good. Only a few percent variation appears, which is visible from the contour
plots in Figures 13 to 15.

7 Power Requirements

The axial coils to provide Bz have 12+8+12 turns with a length of 2π ≈ 6.3m
each. The total resistance therefore becomes R=1.9Ω and for I = 10A we need
about 20V and this results in close to 200W power dissipation. The three radial
coils each have a length of about 10× 16.2m each. Using 10 windings results in
a resistance of 1.6Ω and a voltage of 16V for about 160W power dissipation.

These calculations are based on a current of I = 10A, which will produce
a field on the order of 100µT in the good-field region. For the radial coils
the achievable field is actually only about 60µT. This is sufficient to cancel the
Earth’s magnetic field, but leaves little headroom for the compensation of addi-
tional stray fields. Maybe somewhat bigger supplies are advisable. We conclude
that the configuration with three coils wound azimuthally around the walls of the
hole with 12, 8, and again 12 windings and all powered in series will provide an
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Figure 13: The radial field for z = 2.5m in the center of the coils (top) and at
z = 3m (below).
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Figure 14: The radial field for z = 3.5m in the center of the coils (top) and at
z = 4m (below).
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Figure 15: The radial field for z = 4.5m in the center of the coils (top) and at
z = 5m (below).
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adequately homogenous axial field Bz along a length of about 2m. Using three
coils as shown on the left in Figure 11 will provide flexible control of the radial
field components with good homogeneity in in a 3m long axial section that has
a radius of about 0.4m.

We therefore need four power supplies: one for the axial coils, and one for
each of the phases of the radial coils. The achievable field with 10A power
supplies is sufficient to compensate the Earth’s magnetic field, but leaves very
little headroom.

After having found a flexible configuration to compensate the Earth magnetic
field in vertical hole, we need to fine-tune the parameters to represent the actual
geometry.

8 The real Geometry

After carefully determining the real geometry of the vertical cryostat and the
position of the accelerating structure we updated the calculations for the field
due to the coils. The geometry is shown in Figure 16. The three-phase radial
Br–coils extend from z = 0.1 to z = 3.8m and the three axial Bz–coils are placed
at z = 0.9, 1.9 and 2.9m. In the present configuration the acceptable-field region
extends from about z = 0.8m to approximately z = 3m.

Figure 17 shows the axial Bz (top) and radial Br (bottom) field component
along the vertical axis of the hole. We see that Bz shows the three humps due to
the three-coil configuration. The field is within 10% of the center value between
z = 0.8 and 3.1m. The radial Br component, shown on the bottom rolls off
below 1 and above 3m. Also here the 10% margin is reached approximately at
z = 0.8 and 3.1m. The roll-off of the radial field is accompanied by an increase
of the axial field , which is shown in Figure 18. We observe a clear increase of the
“unwanted” Bz field component due to the three-phase radial coils below 1 and
above 3m. We cannot do anything about this roll-off, except making the radius
of the coils bigger or adding additional coils. Deciding of how much to lower the
cavity into the “bad field” region is a matter of the gradient and the dependence
of the quench limits on the magnetic field.

In Figure 19 we explore the field quality of the axial Bz coils further and show
the longitudinal field component as a function of z and x. The yellow region
describes approximately a 15% deviation from the center field and confirms the
above estimate that the field is acceptable between z=0.8 and 3.1m, but here we
also find that it is acceptable in the transverse x–direction up to a little under
0.5m radius. The peak values near z = 1 and z = 3m come from the upper and
lower coil.

The sequence of plots from Figure 20 to 22 shows the transverse homogeneity
of field from the radial Br–coils at different z–positions. The first image starts
at z = 0.6m and the field is reduced, as already shown on the bottom plot of
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Figure 16: The geometry of the coils. The center of the axial coil is at z = 1.9m.
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Figure 17: The axial (top) and radial (bottom) component magnetic field on the
axis. The current is assumed to be 10A.
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Figure 18: The axial field Bz due to the radial three-phase coils along lines
displaced by 0.1,. . . ,0.5m from the center.

Figure 17. At the bottom of Figure 20 we see the radial field at z = 0.8m and
the good-field region transversely extends up to a radius of about 0.4m and the
field strength is close to that in the center of the coils. The positions at z = 1.0
and 1.8m are shown in Figure 21 and they are transversely homogenous, almost
up to a radius of 0.5m. Closer to the top of the range at z=2.8 and 3.2m, shown
in Figure 22 the region with good field is again reduced.

Summarizing, the field quality is acceptable (10-15% level) above z = 0.8m
and becomes better (5% level) above z = 1m. The radial extent in the good-field
region is about ±0.4 to ±0.5m and varies somewhat with the angle chosen for
the radial coils.

Figure 23 shows the coils after they were mounted in the vertical hole for the
cryostat with the cables enclosed in piping, normally used for sanitary instal-
lations. The three circular pipes at height 0.9, 1.9, ad 2.9m from the bottom
contain the windings for the coils that create the vertical field component. The
circular pipes at the bottom and the top are the return path for the coils that
create the horizontal field components for which the wires are color-coded in red,
blue and brown. The coil with the brown cables starts at the left-hand side of
the image and extends along the top to the right-hand side.

With the hardware in place we measured the effect of coils on the magnetic
field and use this information to compensate the Earth magnetic field.
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Figure 19: The axial field component Bz as a function of z and x as a surface
plot (top) and a contour plot (bottom).
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Figure 20: The radial field component Br as a function of x and y at z = 0.6m
(top) and z = 0.8m (bottom).
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Figure 21: The radial field component Br as a function of x and y at z = 1.0m
(top) and z = 1.8m (bottom). The latter is close to the center of the range.
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Figure 22: The radial field component Br as a function of x and y at z = 2.8m
(top) and z = 3.2m (bottom).
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Figure 23: The coils installed in the vertical hole which corresponds to the con-
figuration shown in Figure 16.

9 Compensating the Earth Magnetic Field

After installing the coils we used the PhyPhox software [1] on a Smart phone to
measure the magnetic field at the expected position for the cavities that will be
tested in the cryostat. We then excited each of the coils, one at a time, with 10A
and recorded the fields. The results collected in the following table:

Coil All Off Coil1 Coil2 Coil3 Solenoid Units
Current - 10 10 10 10 A

Bx -2 -3 -42 40 0 µT
By 27 -19 45 42 22 µT
Bz -78 -78 -79 -78 -190 µT

The first column, labeled “All Off” shows the Earth magnetic field without com-
pensation and the subsequent columns the measured field with the 10A excitation
of the coils.

It is obvious that the solenoidal coils predominantly affect the vertical field
component Bz, and we see that the response of Bz on the Solenoid current Isol is
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given by
dIsol
dBz

=
−10A

(−190 + 78)µT
= 0.0893A/µT (12)

Furthermore, we have three coils to minimize the two horizontal field components
Bx and By. This under-determined system can, however, be solved with the help
of Singular Value Decomposition (SVD), which is the method of choice to treat
such problems [2]. To do so, we first build the response matrix A of the horizontal
magnetic field components on the coil excitations and then use SVD to write

A = UVW ′ (13)

where U and W are orthogonal matrices and V is diagonal. The degeneracy
causes one of its eigen-values to be zero. We invert the system by projection
out the inverse on the degenerate subspace by setting the inverse of the zero
eigenvalue also to zero [2], and re-assembling the inverse of A. Applying to the
measured Earth field components then yields the required excitation currents for
the coils to compensate the field. The following Matlab code implements this
method.

% calibration.m

L0=[-2;27]; L1=[-3;-19]; L2=[-42;45]; L3=[40;42];

A=[L1-L0,L2-L0,L3-L0]/10;

[U,V,W]=svd(A)

iV=diag([1/V(1,1),1/V(2,2),0])

Corr=-W*iV(:,1:2)*U’

Bmeas=[-2;27];

currents=Corr*Bmeas

result=Bmeas+A*currents

dIsol_over_dBz = -10/(-190+78)

At the top of the script, the measurements for Bx and By are entered and used
to build the matrix A that is subsequently decomposed into the three matrices
U, V, and W . The inverted matrix with the smallest zero-eigenvalue replaced by
zero is the correction matrix. The corresponding equations are then

I(L1) = 0.0052Bx + 0.1727By

I(L2) = 0.1180Bx − 0.0656By

I(L3) = −0.1256Bx − 0.0584By

I(sol) = 0.0893Bz (14)

such that entering the measured fields at zero current (the first column in the
table) yields the currents with which to excite the coils. They are given by

I(sol) = −6.97A, I(L1) = 4.65A, I(L2) = −2.01A, I(L3) = −1.32A.
(15)
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Dialing in these currents to the power supplies resulted in fields at the level of
µT such that no further corrections were needed. The fields at locations away
from the point where we measured the fields is determined by the geometry of
the coils and is already shown in Figures 18 to 22.

We conclude that our correction coils work as planned and we will use them
once accelerating cavities will be tested in our vertical cryostat.

We acknowledge fruitful discussions with L. Hermansson, R. Santiago-Kern
and R. Ruber.
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