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Abstract

Investigating the properties of Planck's radiation law
through theoretical and numerical studies 

Alice Graf Brolund, Rebecca Persson

A black body is an ideal object that absorbs all incident 
electromagnetic radiation and simultaneously emits radiation that 
only depends on the temperature. The radiation is described by 
Planck's radiation law and its maximum by Wien's displacement law. 
The aim of this project is to study Planck's and Wien's laws in the 
frequency and wavelength domains, by theoretical studies and 
numerical studies in the programming language Python. Planck's law 
can be derived by regarding a cavity where the internal radiation 
either can be regarded as waves or as a gas of photons. In this 
study, the main focus lies in the derivation assuming radiation can 
be treated as waves, which uses the Maxwell-Boltzmann distribution. 
This derivation is also used when the radiation is simulated 
numerically in Python. The numerical studies use the stochastic 
method "hit and miss" to generate the different properties of the 
emitted radiation. Planck's law occurs in many different forms, the 
differences between some of them is explained in this project. 

When transforming between the domains one must use a Jacobian. If 
this is forgotten Wien's law, which is derived from Planck’s law, 
efficiently shows how the peaks of the correct and the transformed 
curves are at different positions. The results show that Planck's law 
accurately can be derived numerically. Even though the chosen method 
successfully reproduces the Planck distribution the program can be 
improved by using the inverse transform method for sampling. To study 
this subject further one could consider deriving and simulating the 
Maxwell-Boltzmann distribution.
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Populärvetenskaplig sammanfattning

En svart kropp är intressant att undersöka på grund av dess unika förmåga att ab-
sorbera och emittera elektromagnetisk strålning. Dessvärre kan den svarta kroppen
vara svår att föreställa sig. Det vedertagna knepet för att illustrera detta fenomen
är att tänka sig en låda inuti vilken det finns fotoner, och därmed energi. Fotoner
kan som bekant betraktas som vågor likväl som partiklar och turligt nog spelar
det ingen roll vilket sätt man väljer, svartkroppsstrålningen kan studeras ur båda
dessa infallsvinklar. Tänker man sig också att det finns ett mycket litet hål i lådans
vägg är det lätt att inse att fotonerna kommer att lämna lådan ur detsamma. Det är
denna strålning som är svartkroppsstrålning. Svartkroppsstrålningen är fördelad en-
ligt Plancks strålningslag som vanligtvis härleds med hjälp av teorin kring statistisk
fysik som appliceras på den tänkta lådan. Detta görs även i denna studie, såväl som
en numerisk simulering i programmeringsspråket Python. Ett program för studier
av svartkroppsstrålning, vars främsta syfte är att simulera denna med utgångspunkt
i samma låda, har skapats och förväntas kunna hjälpa den intresserade att skaffa
sig förståelse för egenskaperna hos Plancks lag. För detta program används med
framgång den stokastiska metoden "hit and miss" som tillåter användaren att sam-
pla slumptal från en given fördelning. Utöver Plancks lag studeras också Wiens lag.
Wiens lag beskriver vid vilken frekvens strålningen kommer att ha sitt maximum och
härleds ur Plancks lag. Plancks lag förekommer i många olika former vilka beskriver
olika fysikaliska storheter. I denna studie utreds dessa. Att transformera mellan de
olika formerna av lagen är inte så simpelt som man kan luras att tro, utan kräver
viss matematisk eftertanke. Det visar sig vara avgörande att använda en mycket
viktig transformationsfaktor kallad Jacobian. Detta ger såklart också konsekvenser
för Wiens lag som kommer att se olika ut beroende på vilken form av Plancks lag
den härleds ur.
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1 Introduction

1.1 Background

A black body is an ideal object which absorbs all incident electromagnetic radiation,
independent of the wavelength of the radiation. Simultaneously, the black body is emitting
thermal radiation which spectrum is only dependent on the temperature of the object.
Black body radiation can be approximated experimentally by irradiating a cavity of which
the walls are in thermal equilibrium with the radiation inside the cavity. The radiation
that is emitted from a small opening in the cavity is described by Planck’s law, which gives
the spectral radiance as a function of the temperature T and frequency ν, or wavelength
λ:

Iν(ν, T ) =
2hν3

c2

1

ehν/kT − 1

[
W

m2srHz

]
, (1)

Iλ(λ, T ) =
2hc2

λ5

1

ehc/λkT − 1

[
W

m3sr

]
, (2)

where h is Planck’s constant, k is Boltzmann’s constant and c is the speed of light in
vacuum [1, 2]. Note that while studying the theory of black body radiation one will
possibly come across many different forms of Planck’s radiation law besides equation 1
and 2. If equation 1 is derived with respect to the frequency ν and the maximum of the
curve is derived numerically, it yields the relation

νmax = α · kT
h
, (3)

which is named Wien’s displacement law and where α ≈ 2.8214391 is a constant. Wien’s
law gives the frequency for which the spectral radiance of the emitted radiation is at its
maximum. If the same procedure but with derivation with respect to the wavelength λ is
applied to equation 2, Wien’s law derived with respect to wavelength is then found to be
given by

λmax =
b

T
, (4)

where b ≈ 2.8977729 · 10−3 mK is Wien’s displacement constant.
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1.2 Object

In this project, Planck’s radiation law and Wien’s displacement law will be studied. The
studies include the different appearances of the laws and how those are related to each
other. This will be done by theoretical studies and by implementing the theory in the
programming language Python [3]. The numerical programming studies will take a signif-
icant part and will be used to illustrate the theory concerning Planck’s and Wien’s laws.
The scripts written will, as a main task, sample the Planck distribution and illustrate
its temperature dependency, illustrate the differences in how Wien’s law is derived and
simulate the radiation emitted from a black body. The aim of this project is to provide
an easy way of examining Planck’s and Wien’s laws for the physics student or other in-
terested. The theory studies will summarize the different forms of Planck’s law and their
meaning while the Python-scripts are meant to be used to introduce the interested to the
theory and acquaint her or him with it. Framing the scripts as user-friendly is therefore
assigned a major effort.

2 Theory

2.1 Derivation of Planck’s radiation law

The derivation of Planck’s radiation law originates from the studies of a cavity of which
the walls are in thermal equilibrium at a temperature T . Planck’s law can be derived in
two separate ways, depending on how the photons that reside in the cavity are treated,
as illustrated below in figure 1.

Figure 1: Scheme of the two possible ways to derive Planck’s radiation law, from which
Wien’s displacement law can be derived.
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If the photons are regarded as classical electromagnetic waves, the waves are distinguish-
able and their energy density described by the Maxwell-Boltzmann distribution. If the
photons instead are regarded as indistinguishable, they are treated as gas of bosons (pho-
ton gas). In this case, the energy density is described by the Bose-Einstein distribution
applied to photons. The two distribution functions mentioned are used to obtain the
energy density function which is vital for the derivation and gives, together with other
properties, Planck’s law and thereby Wien’s law [4]. We shall consider both derivations
for the purpose of better understanding the content of Planck’s law and blackbody radi-
ation, but the main focus lies in the derivation of the case when photons are treated as
distinguishable waves.

2.1.1 Photons treated as distinguishable waves

Consider a rectangular box with sides Lx, Ly and Lz and with volume V = LxLyLz.
The walls of the box are in thermal equilibrium at temperature T . According to classical
physics, a wave restricted to a bounded volume always has a discrete number of nodes.
This implies that only certain wave numbers occur in the cavity. The magnitude of the
wave vector is given by

|~k| =
√
k2
x + k2

y + k2
z =

2πν

c
, (5)

where kx, ky and kz are the components of the wave vector. These are dependent on
the sides Lx, Ly and Lz of the box and of multiples of π according to k = n π

L
, where n

represents the number of nodes in the oscillation mode and is a positive integer. According
to this the vector ~k can be written as

~k = (kx, ky, kz) = π2

(
nx
Lx
,
ny
Ly
,
nz
Lz

)
,

which expresses how the wave only can take certain formations, suggesting that the vector
~k lies in a space determined by integers nx, ny and nz. Each point in this n-space represents
a combination of nx, ny and nz and thereby a specific state. Thus, a volume in this space
represents all possible combinations of nx, ny, and nz and thereby all possible states, i.e.
all possible modes of oscillation.
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Figure 2: Illustration of the n-space with a position vector nf . Each point in the octant
shown represents an oscillation mode [5].

The magnitude of the vector ~k is

|~k| = π

√√√√(nx
Lx

)2

+

(
ny
Ly

)2

+
(
nz
Lz

)2

.

This implies that the expression under the square root gives the radius of a sphere in
the n-space in which the states are described. Since nx, ny and nz are given by positive
integers, the region where the states are found is in the first octant of the sphere, with
volume

Ṽ =
1

8

4πR3

3
=

1

8

4π
(
|k̄|
π

)3

3
=

1

8

4π
(

2πν
cπ

)3

3
=

4πν3

3c3
.

The density of states, i.e. the number of modes in a volume element, depends on the region
given by Ṽ and the frequency as the frequency expressed in terms of nx, ny and nz gives
the possible modes of oscillation. A change in frequency generates a change in the volume
that represents the possible modes in the n-space. This small change can be regarded
as a spherical shell volume element which contains a certain number of modes, thus the
density of states is given by the derivative of the volume with respect to frequency,

g(ν) =
dṼ

dν
=

d

dν

4πν3

3c3
=

4πν2

c3
.

Since photons have two states of polarization, the density of states must be multiplied by
a factor two:

gph(ν) = 2 · g(ν) =
8πν2

c3
. (6)
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Equation 6 describes the density of states for photons in a cavity and is needed for the
further derivation of Planck’s law [6]. The other aspect needed is the energy. Applying
the reasoning above, the frequency of the wave in a given mode can be written as

ν =
c

2

√√√√(nx
Lx

)2

+

(
ny
Ly

)2

+
(
nz
Lz

)2

,

dependent on the dimensions of the box and the integers n. An important part of the
derivation is the realization that the energy of the wave E is quantized according to

E = mhν, (7)

where m is a quantum number that represents the number of photons in an oscillation
mode and is given by positive integers or zero. The energy state of a certain mode in the
cavity can more distinctly be expressed as

E =
mhc

2

√√√√(nx
Lx

)2

+

(
ny
Ly

)2

+
(
nz
Lz

)2

.

Since the photons are treated as distinguishable, the Maxwell-Boltzmann distribution is
used to expresses the probability that a certain energy state is occupied by a photon. For
a mode with frequency ν and m number of photons, the probability that it has an energy
E is proportional to the Maxwell-Boltzmann distribution fMB [4]:

fMB(E) = A e−mhν/kT (8)

with a normalization constant A. Since fMB(E) is a probability density function, the
following must hold:

∞∑
m=0

fMB(E) = 1,

which can be written as

∞∑
m=0

A e−mhν/kT = A
∞∑
m=0

(
e−hν/kT

)m
= 1.

5



By realizing this is a geometric sum, the constant A can be expressed as

A = 1− e−hν/kT .

The average energy Ē for a mode with m photons are given by Ēm = Em ·fMB, suggesting
that the average energy for the system is given by

Ē =
∞∑
m=0

Em · fMB(Em) = A
∞∑
m=0

mhν
(
emhν

)−1/kT
.

To proceed one can suppose that a derivation with respect to −1/(k·T ) has been executed,
in order to once more arrive at the geometric sum and its properties:

Ē = A
∞∑
m=0

mhν
(
emhν

)−1/kT
= A

d

d( 1
−kT )

∞∑
m=0

(
e−hν/kT

)m
= A

d

d( 1
−kT )

(
1

1− ehν/kT
)
.

Evaluating the derivative gives an expression for the average energy for a wave with
frequency ν:

Ē =
hν

ehν/kT − 1
.

The energy density is given by the product of the average energy and the density of states
gph(ν) given in equation 6:

uν(ν, T ) = gph(ν) · Ē.

This gives the energy density [4] as

uν(ν, T ) =
8πhν3

c3

1

ehν/kT − 1

[
J

m3Hz

]
. (9)
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In the wavelength domain, the energy density is given by

uλ(λ, T ) =
8πhc

λ5

1

ehc/λkT − 1

[
J

m4

]
. (10)

The energy density describes the amount of energy in a volume element inside the cavity,
for a certain frequency range. If there is a small hole in the box where radiation is allowed
to exit the cavity, radiation with speed c is emitted from the hole and is distributed
according to Planck’s law given in equation 1. An energy element of the emitted radiation
can be considered in two ways, either by observing an element of the energy density
uΩ,ν(ν, T ) per unit volume V and unit solid angle Ω,

dĒ = uΩ,ν(ν, T )dν dV dΩ,

or by regarding the spectral radiance Iν(ν, T ) during the time dt for an area element dA:

dĒ = Iν(ν, T )dνdAdtdΩ.

Realizing that the volume can be written as dV = dA c·dt and setting the two expressions
equal to each other yields

uΩ,ν(ν, T ) · c = Iν(ν, T ).

Since the energy density uΩ,ν(ν, T ) is given per solid angle an integration over all angles is
required in order to obtain the total energy density. Integration over a unit sphere gives

uν(ν, T ) =
∫
uΩ,ν(ν, T ) dΩ = uΩ,ν(ν, T )

∫
dΩ = 4π · uΩ,ν(ν, T ),

from which an expression for the emitted radiation, known as Planck’s law, can be ob-
tained:

Iν(ν, T ) =
c

4π
· uν(ν, T ) =

c

4π

8πhν3

c3

1

ehν/kT − 1
=

2hν3

c2

1

ehν/kT − 1

[
W

m2srHz

]
,

in agreement with equation 1 [2].
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2.1.2 Photons treated as indistinguishable particles

Consider the same rectangular box as in the previous section. In this derivation though,
no standing waves will be considered but a perfect gas of photons. Photons that are
treated as particles are indistinguishable and do not obey the Pauli exclusion principle.
Hence, they are bosons and obey Bose-Einstein statistics [4]. The photons in the cavity
are continuously being absorbed and emitted from the cavity walls and the number of
photons in the cavity is thus not constant. The Bose-Einstein distribution [6] gives the
mean number of photons in a state:

fBE(ν) =
1

ehν/kT − 1
.

Since the energy of a photon with frequency ν is given by

E = hν,

the product of the Bose-Einstein distribution and the energy of a photon yields the total
energy of a state

Eν =
hν

ehν/kT − 1
.

Note that this is the same expression as the one for the average energy of an oscillation
mode in section 2.1.1. The density of states is derived in the same manner as in section
2.1.1 and is hence given by equation 6. The product of the density of states and the
energy of each state gives

uν(ν, T ) = Eν · gph =
8πhν3

c3

1

ehν/kT − 1

which is exactly the energy density function as presented in equation 9.
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2.2 Wien’s displacement law

If Planck’s radiation law, given by equations 1 and 2, is derived with respect to frequency
and wavelength, respectively, the peak of the distribution is given by equation 3 in the
frequency domain and by equation 4 in the wavelength domain. An important result of
the two different derivations that gives Wien’s law is that νmax and λmax are not related
by the well known relation ν = c/λ. The implication of this is that the peak of the
Planck distribution for the frequency domain cannot be obtained by using the result from
equation 4 through the invalid transformation νmax = c/λmax, as the peaks do not coincide
[7]. Proving that the relation ν = c/λ is invalid for transforming results between the two
distributions is simply done by applying it for a transformation for a given temperature
T . For example, if T = 4500 K, we have

νmax = α
kT

h
≈ 5.88 · 1010 · T = 5.88 · 1010· = 4500 ≈ 265 [THz]

λmax =
b

T
≈ 2.8978 · 10−3

4500
≈ 644 [nm]

c

λmax
≈ 465 [THz] 6= 265 [THz] = νmax.

Consequently, if one would want to transform data between the wavelength and frequency
distributions, another change of variables is needed. The spectral radiance is defined as
the derivative of power P with respect to frequency or wavelength [4],

Iν(ν, T ) =
dP

dν
,

Iλ(λ, T ) =
dP

dλ
.

Consider a small change in the power dP in the frequency domain:

dP = Iν(ν, T ) dν.

According to ν = c/λ, a change in frequency can be written as

dν = − c

λ2
dλ,
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which allows us to write

Iν(ν, T )dν = Iν(ν(λ), T )

∣∣∣∣∣dνdλ

∣∣∣∣∣ = Iν(λ, T ) · c
λ2

dλ = Iλ(λ, T )dλ,

where the absolute value
∣∣∣dν
dλ

∣∣∣ is used since, physically, the spectral radiance must be
positive. The correct change of variables is therefore given by the Jacobian c

λ2
, which also

needs to be used when transforming between the distributions given by equation 1 and
equation 2 [7].

3 Numerical studies

For the numerical studies, Python 3 has been launched in the environment Spyder 3
where the code has been written. To generate a given distribution numerically, a stochastic
algorithm called the "hit and miss"-method can be used. The method uses random points
from a uniform two-dimensional distribution chosen in a way that includes the distribution
concerned. This point is then compared to the analytical distribution function. If the
random point is below the analytical curve, the point is saved, otherwise it is discarded.
This procedure is repeated until a specified number of points that obey the distribution
is received. A histogram can then be made of the points generated by the "hit and miss"-
method where the height of each bin corresponds to the number of random points that lie
in the width of the bin. The "hit and miss"-method was applied to the Planck distribution
in an attempt to evaluate how this method could be used. In order to prove that it indeed
gave the Planck distribution, both the histogram and the analytical Planck distribution
was normalized and plotted in the same figure. Since those resembled each other, the
"hit and miss"-method was proved to generate the Planck distribution. The "hit and
miss"-method could then be applied to the Maxwell-Boltzmann distribution which then
was used in the numerical derivation of Planck’s law.

The next step was to simulate black body radiation from a cavity. This was done in the
frequency domain and under the assumption that photons are distinguishable and can be
treated as waves, according to the theory described in section 2.1.1. The possible modes of
oscillation are obtained by sampling the number of nodes in a specific mode nx,y,z from a
uniform distribution with appropriate limits. These give the wave numbers kx,y,z = π

L
nx,y,z

that in turn give the magnitude of the wave vector when used in equation 5. Equation 5
also gives the frequency for each oscillation mode and a vector of sampled frequencies is
obtained. When sampling nx,y,z from uniform distributions, combinations that give high
frequencies will be sampled more often than combinations that give low frequencies. This
can be illustrated by the n-space discussed in section 2.1.1 where a spherical shell volume
element will contain more modes if the frequency is higher. This is the same information
found in the density of states, equation 6. Thus, the density of states does not explicitly
have to be formulated in the numerical analysis, as it is implicitly included in the sampling
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procedure. The energy of each mode is given by equation 7 where m is the number of
photons in the mode. m is sampled from the Maxwell-Boltzmann distribution with the
"hit and miss"-method described above. The energies are computed with equation 7
and a histogram with these energies as weight is created. The histogram gives, with the
correct normalization, the energy density function. The correct normalization ensures the
distribution to be independent of the volume, the number of samples and the number
of bins used. The normalization must also include the number of possible oscillation
modes in order to give the energy density for the entire cavity. Lastly, the energy density
function is multiplied with the factor c/4π to yield Planck’s law for frequency, as discussed
in section 2.1.1. To obtain the distribution for wavelength, the sampled frequency vector
is transformed point by point into a wavelength vector which can be used to create a
histogram in the same manner as described for the frequency domain.

The importance of using the right transformation between variables in both Planck’s and
Wien’s law is illustrated by plotting the Planck distribution for for example frequency,
then transforming each point in the vector from frequency to wavelength. The wavelength
vector is then applied to the Planck function for wavelength and the two (normalized)
graphs are plotted for the frequency vector in the same figure.

4 Results and discussion

The numerical studies in Python resulted in a main script that calls a minor script con-
taining necessary functions, equations 1-4 and 8-10 and functions that samples given
distributions. The main script samples and plots the Planck distribution and simulates
the black body radiation. Together, the two scripts generate a tool to be used for studies
of black body radiation and the area of use is to be determined by the user. In order to
help and introduce the user to the scripts and their functions, a graphical user interface,
GUI, is available. The GUI allows the user to choose for which domain and temperature
she will sample the Planck distribution or see the analytical curve. Another option is an
illustration of the temperature dependence, where the user decides at which temperatures
the distribution should be drawn. A complete description of the programs and how they
are supposed to be used is found in appendix A.

4.1 Appearance of Planck’s radiation law

When studying Planck’s radiation law, it is important to understand the different forms
it can take and be careful of which one to use for which purpose. There are several
mathematical expressions that by different sources are presented as Planck’s radiation
law. The use of the law’s name as well as that of the quantity it results in can seem
arbitrary and cause confusion for the reader. In order to understand the different forms
of the law and how they arise there are a few distinctions that has to be made. Firstly,

11



different sources express the law in different variables. In this study, the law is expressed
as a function of frequency ν (equation 1) or wavelength λ (equation 2) alternatively,
although the law can in some literature be found as a function of angular frequency ω.
Important to keep in mind is that the two forms of the law presented here have different
units and consequently the transformation between the two is not as simple as one might
think; the effects of this is explained in section 2.2.

The second distinction is between what physical quantities the different forms of the
law are actually describing. The most common version of the law, which is used in this
study, describes spectral radiance. Even so, it is not unusual to see the energy density
functions, equations 9 and 10, being presented as Planck’s law. However, as the derivation
of Planck’s law shows, the energy density is not the same as spectral radiance. The energy
density describes the amount of energy per unit volume while the spectral radiance gives
the emitted radiation from a unit area, which falls within a unit solid angle. Another
reason the law’s appearance might differ is that the spectral radiance is often integrated
over an entire or a half solid angle. In equations 1 and 2, the spectral radiance is presented
per steradian. It can also be mentioned that all literature does not use the term spectral
radiance. Often Planck’s law is said to describe the intensity that radiates from a black
body, which is why Planck’s law is often denoted Iν(ν, T ) or Iλ(λ, T ). Intensity is a
problematic term since it is used in physics to describe many different quantities, while
the term spectral radiance provides a more precise description of what is obtained from
the law.

4.2 Numerical simulation of Planck’s radiation law

The "hit and miss"-method applied on the Planck distributions, given by equation 1
for frequency and equation 2 for wavelength, are presented in figures 3(a) and 3(b),
respectively. The number of samples used is 100 000 and the temperature is 800 K. The
histograms generated by the "hit and miss"-method reproduce the Planck distribution in
both cases, proving that the method is valid for sampling. The number of samples must
be chosen with care. If the number of samples is too low there will not be enough statistics
for the histogram to reproduce the Planck distribution in a representative way. If instead
the number of samples is too high, the calculations will take a considerable amount of
time and computational effort. How many samples one is able to use depends on the
capacity of the computer used. Furthermore, the number of samples is related to the
limits of the uniform distribution from which the samples are drawn. Since the spectral
radiance approaches zero as the frequency or wavelength approaches infinity, the tail of
the Planck distribution will be infinitely long and relevant samples could theoretically
be drawn between zero and infinity. Of course there must be some limitation in the
numerical analysis, preferably one that will ensure efficiency. Further out the tail of the
distribution, the majority of the samples will be discarded. Therefore, if the upper limit
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of the frequency or wavelength distribution is too high, a high number of samples must
be drawn in order to get enough statistics for the part of the distribution interesting in
the study.

0 25 50 75 100 125 150 175 200
Frequency [THz]

0.0

0.2

0.4

0.6

0.8

1.0
Analytical distribution
Sampled histogram

(a) Frequency domain

0 2000 4000 6000 8000 10000 12000 14000 16000
Wavelength [nm]

0.0

0.2

0.4

0.6

0.8

1.0
Analytical distribution
Sampled histogram

(b) Wavelength domain

Figure 3: Histograms sampled from the Planck distribution for 800 K in the frequency
and wavelength domain using the stochastic "hit and miss"-method.

In figure 3 the upper limit is five times the frequency or wavelength for which the peak
occurs, given by Wien’s law. This proved to be a good choice, since a large enough
part of the distribution is visible without the need for an unreasonable high number of
samples. Wien’s law also gives the upper limit for the spectral radiance distribution,
by substitution of νmax or λmax into Planck’s law. This gives the highest value of the
spectral radiance relevant to sample for the temperature. One could possibly improve the
efficiency of the numerical calculations by considering using inverse transform sampling,
where the samples are not taken from the Planck distribution itself but from its cumulative
distribution function. This method is suitable for studying a distribution with a prominent
peak, which certainly is the case for the Planck distribution.

13



The result of the numerical derivation of the spectral radiance is shown in figures 4 and 5.
They both show the distribution for temperature 800 K, figure 4 with 100 000 samples and
figure 5 with 10 000 000 samples. It is clear that a simulation using more samples gives
a better representation of the distribution. In figure 4, the histogram appear irregular
though the shape of the function can be distinguished. This is due to the fact that the
histogram is built on random numbers which occur a specific number of times according
to the weight of the histogram. The weight is given by the energy a mode has, where some
are more probable to occur than others. The more samples used, the more certain energies
will appear and the more the distribution will follow this probability. Consequently, figure
4 is more irregular than figure 5.
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Figure 4: The red graph shows the analytical Planck’s distribution and the histogram
generated from the cavity radiation have been plotted by 100 000 samples at a temperature
of 800 K.
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Figure 5: The red graph shows the analytical Planck’s distribution and the histogram gen-
erated from the cavity radiation have been plotted by 10 000 000 samples at a temperature
of 800 K.
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When Planck’s law is obtained numerically both the number of nodes n and the number
of photons in a mode m are sampled from uniform distributions. Therefore, appropriate
limits must be found for both samplings. For n, the maximum value is determined by
the maximum value of the magnitude of the wave vector, |~k|, which in turn is determined
by the maximum value of the frequency. This value is chosen in the same manner as
described above, and is hence in figures 4 and 5 set to be five times the frequency or
wavelength for the peak. For the number of photons in a mode the Maxwell-Boltzmann
distribution (equation 8) is used to determine the maximum value. Since the Maxwell-
Boltzmann distribution depicts the probability that a mode has a certain energy, a very
low value is not interesting for the purposes of this study. m is sampled from a uniform
distribution such that the exponent in the Maxwell-Boltzmann distribution will never be
larger than ten.

The numerical derivation of Planck’s law is done under consideration of standing waves in
a rectangular box, as in section 2.1.1. In the theoretical derivation, the dimensions of the
box are mentioned but never specified. In the numerical derivation though, these need to
be defined in order to execute the program. Which values the dimensions of the box take
are shown to have no effect on the emitted radiation. This is easily done in the script by
setting the length of the sides to different values and compare the curves of the spectral
radiance. The dimensions of the box determine the number of nodes in the cavity which
eventually leads to the energy density. The spectral radiance is derived from the energy
density, thus the normalization of the histogram contains division with volume, why the
length of the sides can be set arbitrary.

4.3 Numerical investigation of Wien’s displacement law

In the introduction the temperature dependence of the emitted radiation was discussed.
For a certain frequency or wavelength, it is easily realized that equations 1 and 2, respec-
tively, do only depend on the temperature. In the program written, this dependence is
easy to illustrate by plotting the Planck distribution for different temperatures. This is
done in figure 6 for the frequency domain for the temperatures 400 K, 600 K, 800 K and
1000 K. The spectral radiance is seen to increase when the temperature increases and the
appearances of the different temperature curves are similar to each other.
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Figure 6: Graphical illustration of the temperature dependence of the emitted radiation.

Figure 6 illustrates how the position of the peaks change with temperature and thereby
how Wien’s law is dependent on the temperature only. This is seen in equations 3 and 4,
for frequency and wavelength, respectively. The complications concerning the transfor-
mations between the frequency domain and the wavelength domain discussed in section
2.2 are simply illustrated according to the analysis in section 3. The result of this is
presented in figure 7, where Planck’s law for frequency is plotted for a certain frequency
range, which is then transformed to a range in wavelength using λ = c/ν. Planck’s law
for wavelength is plotted using this wavelength range, and for comparison both plots are
normalized. If the transformation is valid, the peaks of the two curves should coincide. As
seen in the figure, they do not, which graphically illustrates the theory proved in section
2.2.
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Figure 7: Illustration of invalid transformation. The red graph shows the correct, ana-
lytical Planck distribution for the frequency domain and the dashed blue graph shows the
distribution for the incorrect transformation from wavelength to frequency domain.
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Even though the Jacobian is an important consequence from the derivation of Wien’s law,
one must know when it is necessary to apply it. The relation ν = c/λ relates a frequency
to the corresponding wavelength and is valid when converting for one specific frequency or
wavelength. Problems occur when a distribution is transformed between the domains, as
the example in section 2.2 shows. In this case, the Jacobian must be used. In the numerical
studies, the frequency is generated by the possible modes of oscillation and saved in a
vector. This is then used to generate the histogram representing the distribution. If
one wants to see the distribution in the wavelength domain, the frequency vector can
simply be converted to a wavelength vector through λ = c/ν, and then used to plot the
histogram for the wavelength domain. This is valid since the frequencies are converted to
wavelengths one by one, which does not cause the type of dislocation of the distribution
shown in figure 7. However, if one takes the histogram for the frequency domain and want
to transform it to wavelength domain, the Jacobian must be remembered.

4.4 Improvements

If one would wish to continue this study, there are a few elements of the simulation that
can be altered or added. In both the theoretical discussion and the numerical simulation of
Planck’s law the Maxwell-Boltzmann distribution, given by equation 8, is assumed to give
the correct energy distribution for photons. A more thorough derivation of Planck’s law
would include the derivation of the Maxwell-Boltzmann distribution. This derivation is
quite complex but can be performed using statistical theory. The "hit and miss"-method
is easy to implement and generates accurate results but could be applied to the cumulative
distribution function (CDF) rather than the probability density function (PDF) for better
efficiency. One could also consider performing the simulation for wavelength as well as
for frequency to see that the two will give the same result.

5 Conclusions

The results show that black body radiation and Planck’s radiation law can be derived
numerically with the use of the "hit and miss" stochastic method. The programs developed
for this provide an opportunity for the interested to learn the theory concerning Planck’s
law. The GUI programming introduces the user to the scripts and helps the understanding
of how they can be used to explore the properties of black body radiation. The study also
shows the many different appearances of Planck’s law, which can be presented as different
physical quantities and expressed in different variables. When transforming between the
different domains, it is important to use the correct Jacobian in order to receive the
correct result. It is also important to know when the Jacobian should be used. The
derivation of the law will also differ depending on how the photons are regarded. If they
are treated as waves the Maxwell-Boltzmann distribution is used while the Bose-Einstein
distribution is used when the photons are treated as indistinguishable particles. The study
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can be improved by deriving the Maxwell-Boltzmann distribution and implementing the
derivation in Python, applying the "hit and miss"-method to the CDF instead of the
PDF, and developing the program for derivation in the wavelength domain.
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Appendix

A Description of the program and its use

The following document is a guide to the scripts written for the project. The scripts are
available on request1.

User guide

Introduction

The three programs Planck_functions.py, Planck_project.py and Planck_project_GUI.py
can be used to simulate black body radiation according to Planck’s radiation law. Black
body radiation is often approximated to be the radiation that is emitted from a rect-
angular cavity in thermal equilibrium. The two calling scripts Planck_project.py and
Planck_project_GUI.py simulates black body radiation according to this premise, with
the help from the functions specified in the module Planck_functions.py. All three
are available for the frequency and wavelength domain. Under which assumptions these
are written, how they work and how they are supposed to be used are specified in this
document.

Background

The photons in this cavity are treated as waves whose wave numbers are sampled to
obtain a vector of stochastically chosen frequencies. The energy of each oscillation mode,
i.e. the amplitude of the wave, is quantized and given by the number of photons in
each oscillation mode. This integer is sampled from the Maxwell-Boltzmann distribution
which is specified in Planck_functions.py. Since photons have two polarization states,
two integers are sampled for each oscillation mode. With the number of photons and the
frequency for each mode the energies of the modes can be calculated and used to build a
histogram.

Planck_functions.py

Planck_functions.py is a module containing necessary functions and distributions needed
to study the theory of black body radiation. The following functions are included:

• planck_freq Planck’s radiation for the frequency domain. Takes the frequency in
hertz and the temperature in Kelvin as input and returns the spectral radiance.

• planck_wave Planck’s radiation for the wavelength domain. Takes the wavelength
in meter and the temperature in Kelvin as input and returns the spectral radiance.

• wien_freq Wien’s displacement law for the frequency domain. Takes the tempera-
ture in Kelvin as input and returns the frequency for which the maximum spectral
radiance occurs.

1Please send an email to reebecca.persson@gmail.com or alicegrafbrolund@gmail.com
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• wien_wave Wien’s displacement law for the wavelength domain. Takes the tempera-
ture in Kelvin as input and returns the wavelength for which the maximum spectral
radiance occurs.

• sampling Function built to sample Planck’s law according to the "hit and miss"
method. The function takes planck_freq or planck_wave as input together with
the temperature in Kelvin and the number of samples chosen to build the histogram.
The boundaries of the uniform distribution from where the random numbers are
drawn depend on the input function. The upper limit of the spectral radiance is
determined by the value planck_freq or planck_wave returns when the input is
the position of the peak determined by wien_freq or wien_wave, respectively. The
maximum frequency or wavelength is set to five times the value of the peak of
the distribution. When the boundaries are set, the random numbers drawn within
these are compared to the analytical Planck curve. If under the curve, the number is
saved, otherwise not. This procedure continues until the number of samples specified
by the input is saved. The function then returns the vector with these values of
frequencies or wavelengths.

• max_boltz The Maxwell-Boltzmann distribution. Takes the number of photons in
the oscillation mode, the frequency of the oscillation mode and the temperature in
Kelvin as input and returns the probability that the given oscillation mode contains
the given number of photons.

• sampling_mb Samples the number of photons m in an oscillation mode from the
Maxwell-Boltzmann distribution. The inputs are a vector of frequencies and the
temperature in Kelvin. For each oscillation mode with a certain frequency, an m-
value is created. Since the photons have two states of polarization, the sampling is
done twice for each mode. For each polarization state, m is drawn from a uniform
distribution limited by an appropriate choice of the maximum number of photons
possible. The value of the limit has been tested and set to one that ensures the
probability of finding a certain number of photons is not too low. A random proba-
bility of finding a given number of photons in an oscillation mode is also drawn. The
real probability of finding the sampled number of photons for the certain frequency
in the frequency vector is then computed by max_boltz. The random probability is
compared to the real, and if this is equal or less, the number of photons is added to
the pair for the given frequency. This is then done for the other polarization mode
and the numbers of photons are added together. The procedure is done for all fre-
quencies in the frequency vector and the function then returns a vector containing
the number of photons for a mode of certain frequency.

• u_freq The energy density function for the frequency domain. Takes the frequency
in hertz and the temperature in Kelvin and returns the energy density.

• u_wave The energy density function for the wavelength domain. Takes the wave-
length in meters and the temperature in Kelvin and returns the energy density.

(The last two functions are not called in Planck_project.py or Planck_project_GUI.py,
but are included since they may be used for other applications.)
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Planck_project.py

Planck_project.py calls the functions in Planck_functions.py in order to produce
three plots that serve different purposes in the study of black body radiation. The script
calls the sampling function and plots a histogram that reproduces the Planck distribution.
This procedure demonstrates the use of the stochastic method "hit and miss" used in the
simulation of the black body radiation. The user can choose temperature, number of
samples and domain (frequency or wavelength). The sampled frequencies or wavelengths
that are the output of the sampling function are used to build the histogram which is
plotted in the same figure as the analytically calculated Planck distribution. Both the
histogram and the analytical curve is normalized with maximum value one. The default
number of bins is 60, while the default maximum frequency is five times the frequency or
wavelength for the peak of the Planck curve.

The black body radiation as the radiation from a cavity is also simulated. The dimensions
of the cavity is specified but can be chosen arbitrarily since they will not affect the outcome
of the simulation. The user can choose temperature, number of samples and domain
(frequency or wavelength). In order to sample the oscillation modes, the number of nodes
(in three dimensions) in each mode is sampled from a uniform distribution. They are
used to calculate the magnitude of the wave vector which in turn gives the frequency of
each mode. A vector of wavelengths is also obtained by transforming all frequencies in
the frequency vector. The number of photons in each mode is sampled with the function
sampling_mb. With the number of photons and the frequency or wavelength for each
mode the energies of the modes can be calculated and used to build a histogram. This
histogram will, when normalized to compensate for the volume of the cavity, the number
of samples and the number of bins in the histogram, give the energy density in the cavity.
The Planck distribution is easily obtained from the energy density by the multiplication
of a factor.

The script also demonstrates what happens when an incorrect transformation is exe-
cuted on the Planck distribution. A frequency vector is created and used as input in
planck_freq. The frequency vector is then transformed point by point into a wavelength
vector which is used as an input in planck_wave. Both results are plotted in the same
figure as a function of the frequency vector. Since the peaks of the two curves does not
coincide, the figure shows that the transformation is invalid.

Planck_project_GUI.py

The optional GUI guides the user in the possible applications of the Planck_project.py
and Planck_functions.py scripts. When running Planck_project_GUI.py, a window
opens where the user can choose between plotting the analytical curve or sampling the
Planck distribution. When the "Analytical" tab is chosen, the user specifies the tem-
perature(s) and for which domain to work with. When the "Ok"-button is pressed, the
analytical curve(s) for the chosen temperature(s) is plotted. No more than five different
temperature curves can be plotted at the same time. If the "Sampled" button is chosen,
the program samples the Planck distribution from the Maxwell-Boltzmann distribution
as in Planck_project.py. The user chooses in which domain, for which temperature and
for how many samples the sampling will be executed.
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Advice

The number of samples is recommended to lie in the interval of 100 000 to 10 000 000.
The lower limit is set to ensure a representative reproduction of the Planck distribution
and the higher limit is set to avoid high computational cost.
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