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Abstract

Finite Element Approximations of 2D Incompressible
Navier-Stokes Equations Using Residual Viscosity

William Sjösten, Victor Vadling

Chorin’s method, Incremental Pressure Correction Scheme (IPCS) and Crank-
Nicolson’s method (CN) are three numerical methods that were investigated in this 
study. These methods were here used for solving the incompressible Navier-Stokes 
equations, which describe the motion of an incompressible fluid, in three 
different benchmark problems. The methods were stabilized using residual based 
artificial viscosity, which was introduced to avoid instability. The methods were 
compared in terms of accuracy and computational time. Furthermore, a theoretical 
study of adaptivity was made, based on an a posteriori error estimate and an 
adjoint problem. The implementation of the adaptivity is left for future studies. 
In this study we consider the following three well-known benchmark problems: 
laminar 2D flow around a cylinder, Taylor-Green vortex and lid-driven cavity 
problem. The difference of the computational time for the three methods were in 
general relatively small and differed depending on which problem that was 
investigated. Furthermore the accuracy of the methods also differed in the 
benchmark problems, but in general Crank-Nicolson’s method gave less accurate 
results. Moreover the stabilization technique worked well when the kinematic 
viscosity of the fluid was relatively low, since it managed to stabilize the 
numerical methods. In general the solution was affected in a negative way when the 
problem could be solved without stabilization for higher viscosities.
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Populärvetenskaplig sammanfattning av projektet 

Många fenomen i naturen kan beskrivas med differentialekvationer. Ett exempel är Navier-Stokes ekvationer, vilka 

beskriver rörelsen av en fluid. För problem på komplicerade geometrier har Navier-Stokes ekvationer ingen känd 

lösning. Ett sätt att hantera detta på är att använda numeriska metoder, vilka ger en diskret approximativ lösning. En 

välkänd numerisk metod som har visat sig vara effektiv, även för komplexa geometrier, är finita elementmetoden.  

I denna studie undersöks tre olika numeriska lösare till Navier-Stokes ekvationer, baserade på finita elementmetoden. 

De tre metoderna är Chorins projektionsmetod, Incremental Pressure Correction Scheme samt Crank-Nicolsons 

metod. Metoderna implementeras och jämförs på tre olika testproblem där omfattande studier har genomförts. I varje 

problem ges noggrant bestämda eller exakta värden på ett antal parametrar. Dessa används som referensvärden då de 

olika metoderna jämförs på testproblemet. 

När en fluids viskositet går mot noll kommer flödet av fluiden att få ett kaotiskt beteende, vilket leder till att den 

vanliga finita elementmetoden inte fungerar. I denna studie hanteras detta genom att introducera så kallad 

residualbaserad artificiell viskositet, vilket används för att undvika instabilitet. 

Numeriska beräkningar med finita elementmetoden kan bli beräkningstunga och ta lång tid, särskilt då den 

diskretiserade beräkningsdomänen är uppdelad i många celler. Ett sätt att maximera noggrannheten i lösningen 

samtidigt som beräkningstiden minimeras är att introducera adaptivitet till den numeriska lösaren. En teoretisk 

undersökning av adaptivitet baserat på a posteriori feluppskattning samt ett dualproblem presenteras i denna studie. 

Uttrycket a posteriori innebär i den här kontexten att ett approximativt fel beräknas utifrån endast den kända 

approximativa lösningen. Vidare innebär dualproblemet att ett mindre problem löses tillsammans med den 

ursprungliga simuleringen. En implementering av den adaptiva metoden lämnas dock till framtida studier. 

 

 

 

 

 



Contents 
1. Introduction ............................................................................................................................................................ 1 

1.1. Background ...................................................................................................................................................... 1 

1.2. Purpose ............................................................................................................................................................. 1 

2. Theory ..................................................................................................................................................................... 1 

2.1. Navier-Stokes Equations .................................................................................................................................. 1 

2.2. Finite Element Method ..................................................................................................................................... 2 

2.2.1. Discretization of the Computational Domain ....................................................................................... 2 

2.2.2. Weak Formulation of Navier-Stokes Equations ................................................................................... 3 

2.3. Residual Based Artificial Viscosity ................................................................................................................. 4 

2.4. Derivation of a Dual-based Adaptive Method ................................................................................................. 5 

2.4.1. Derivation of a Dual Problem ............................................................................................................... 5 

2.4.2. Derivation of an A Posteriori Error Estimate ........................................................................................ 9 

2.4.3. A Dual-based Adaptive Method ......................................................................................................... 11 

3. Method ................................................................................................................................................................... 11 

3.1. Numerical Solvers .......................................................................................................................................... 11 

3.1.1. Chorin’s Projection Method ................................................................................................................ 12 

3.1.2. Incremental Pressure Correction Scheme (IPCS) ............................................................................... 13 

3.1.3. Crank-Nicolson’s Method................................................................................................................... 14 

3.2. Benchmark Problems ..................................................................................................................................... 15 

3.2.1. Laminar 2D Flow Problem Around a Cylinder .................................................................................. 15 

3.2.2. Taylor-Green Vortex Problem ............................................................................................................ 17 

3.2.3. Lid-driven Cavity Problem ................................................................................................................. 18 

4. Results ................................................................................................................................................................... 19 

4.1. Laminar 2D Flow Problem Around a Cylinder .............................................................................................. 19 

4.1.1. Results of 𝜈=0.001 without Stabilization ............................................................................................ 20 

4.1.2. Results of 𝜈=0.001 with Stabilization ................................................................................................. 22 

4.1.3. Results of Low Viscosity Simulation ................................................................................................. 25 

4.2. Taylor-Green Vortex Problem ....................................................................................................................... 27 

4.3. Lid-driven Cavity Problem ............................................................................................................................ 32 

5. Discussion .............................................................................................................................................................. 36 

6. Conclusions ........................................................................................................................................................... 38 



1 

 

1. Introduction 

1.1. Background 
Many physical phenomena can be described by differential equations. In a mathematical sense the solutions can be 

difficult to calculate for many problems that occur in nature. An example is the Navier-Stokes equations, which 

describe the motion of a fluid flow. Since the exact solution is unknown, numerical methods are important tools 

when solving the Navier-Stokes equations and other differential equations. 

A problem which arise when solving the Navier-Stokes equations for problems with low kinematic viscosities is 

instability in the flow field. When instability occur, the numerical solutions grow unphysically large and the 

behaviour of the solution is no longer captured by the method. One way of stabilizing the numerical method is to 

implement a stabilization technique to the numerical method. The residual based artificial viscosity method is one 

such technique, where an artificial viscosity is computed locally in each cell using the residuals of the investigated 

equations [1]. 

When using numerical approximations to solve differential equations, the computational cost can be very high and 

the computations may take long time, especially when using a fine mesh. Adaptivity can then be introduced to the 

numerical solver. One way of introducing adaptivity is to calculate an approximation of the error by using an a 

posteriori error estimate. Since the exact solution is unknown the idea is to compute an approximate value of the 

error by only using the computed solution. The mesh is then refined in areas where the computed error is large. This 

is done in order to maximize the accuracy of the computed solution with minimal computational cost. 

1.2. Purpose 
The goal of this study is to investigate and compare three different numerical methods, called Chorin’s projection 

method (Chorin), Crank-Nicolson’s method (CN) and Incremental Pressure Correction Scheme (IPCS), for solving 

the incompressible Navier-Stokes equations in two spatial dimensions. This is done by implementing the solvers for 

three different benchmark problems. 

The fluid flow, described by the Navier-stokes equations, behaves chaotically when the viscosity tends to zero, 

which is a usual scenario for water and gases. The standard finite element method does not work for this case. In this 

study the kinematic viscosity is altered using something called residual based artificial viscosity as proposed by 

Nazarov and Hoffman in [1, 2], which is introduced to the numerical approximations to avoid instability.  

Another part of this project is a theoretical study of an a posteriori error estimate and how this can be used to 

introduce adaptivity to the numerical solvers. The implementation of the adaptive method is left for future studies. 

The structure of the report is first a theory part, where the underlying theory used is introduced. The Navier-Stokes 

equations for incompressible fluids is presented, the weak formulation and finite element method for these equations 

are derived and the residual based artificial viscosity method is explained. In this part, a derivation of an adjoint 

problem and an a posteriori error estimate is also presented and the resulting adaptive algorithm for a dual-based 

adaptive method for the solvers is included. The method is presented in the following section. The numerical 

methods used for solving the Navier-Stokes equations in this project is introduced, which are called Chorin, IPCS 

and CN. These methods are implemented on three different benchmark problems, which are also described in this 

part of the paper. The next section of the paper is the results from the benchmarks. The two final parts of the report 

are then the discussion and conclusion parts. 

2. Theory 

2.1. Navier-Stokes Equations 
In this project the Navier-Stokes equations for incompressible fluids are investigated. These equations describe the 

motion of an incompressible fluid. A fluid is incompressible if and only if the mass density within an infinitesimal 

volume that follow the fluid is constant [3]. Water can often be approximated as an incompressible fluid because 
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even relatively high differences in pressure lead to smaller changes in volume. The error from modelling the fluid as 

incompressible instead of compressible would then be small and the approximation can often be seen as good. Air 

can also be assumed to be incompressible if the flow speed is far below the speed of sound [4]. 

The Navier-Stokes equations for an incompressible fluid consist of two equations together with boundary and initial 

conditions. Consider a fluid enclosed in a fixed open domain Ω, for example a channel, with boundary Γ = ΓD ∪ Γ𝑁, 

where Γ𝐷 and Γ𝑁 denote the parts of the boundary where Dirichlet and Neumann boundary conditions are imposed 

respectively. For simplicity the domain Ω is assumed to lie in a two-dimensional space ℝ2. Further let 𝐼 = [0, 𝑇] 

denote a time interval where the initial time is zero and the final time is 𝑇 and let 𝑄 = Ω × 𝐼. The Navier-Stokes 

equations for an incompressible fluid and its boundary and initial conditions then read: 

 

{
 
 

 
 
𝜕𝒖

𝜕𝑡
+ (𝒖 ∙ ∇)𝒖 − 𝜈∇2𝒖 + ∇𝑝 = 𝒇,  𝑖𝑛 𝑄,

∇ ∙ 𝒖 = 0,                                            𝑖𝑛 𝑄,
𝒖 = 𝒈,                                                           𝑜𝑛 ΓD × 𝐼,

𝜈 �̂� ∙ ∇𝒖 − �̂�𝑝 = 𝟎,                                    𝑜𝑛 Γ𝑁 × 𝐼,

𝒖(∙, 0) = 𝒖0,                                      𝑖𝑛 Ω.

 (1) 

where 𝒖 = (𝑢𝑥, 𝑢𝑦)
𝑇
denotes the velocity of the fluid, 𝑝 denotes the pressure divided by the density of the fluid, 𝜈 >

0 is the kinematic viscosity of the fluid, �̂� is the outer normal of the boundary Γ, 𝒇 is a volume force that acts on the 

fluid (for example gravity), 𝒈 is boundary data for Γ𝐷 and 𝒖0 is an initial velocity [4-6]. The first equation in (1) can 

be derived using conservation of linear momentum and is therefore called the momentum equation and the second 

equation in (1) is called the continuity equation, since it describes the conservation of mass. The term −𝜈∇2𝒖 + ∇𝑝 

in equation (1) can also, for incompressible fluids, be written as −∇ ∙ 𝜎(𝒖, 𝑝), where 𝜎(𝒖, 𝑝) denotes a Cauchy stress 

tensor and is defined as: 

 𝜎(𝒖, 𝑝) = 2𝜈𝜖(𝒖) − 𝑝𝐼, (2) 

where 𝐼 denotes the identity matrix and 𝜖(𝒖) is the strain-rate tensor given by: 

 𝜖(𝒖) =
1

2
(∇𝒖 + (∇𝒖)𝑇)  (3) 

An alternative way of writing the first equation in (1) is then in terms of the Cauchy stress tensor: 

 
𝜕𝒖

𝜕𝑡
+ (𝒖 ∙ ∇)𝒖 − ∇ ∙ 𝜎(𝒖, 𝑝) = 𝒇, (4) 

in the domain 𝑄 [7, 8]. 

2.2. Finite Element Method 
An approximation of the solutions of the Navier-Stokes equations (see equation (1)) will in this project be produced 

using the finite element method. This is a numerical method that has been proven effective in solving problems in 

complex geometries where an analytical solution is not always available. The idea is to multiply the differential 

equation with a test function, integrate and use integration by parts to transfer higher order derivatives from the 

function representing an approximate solution, called trial functions, to the test function. Since computers only 

handle a finite amount of information, the domain where the calculations are made is discretized and the 

approximated solutions are found. This way of formulating the problem is called weak form and the discretized 

elements of the domain are simple. 

2.2.1. Discretization of the Computational Domain 
As mentioned above the computational domain needs to be discretized when using the finite element method. When 

working in two dimensions a common way of discretizing is to divide the domain Ω into smaller triangles 𝒦𝑖 . The 

triangulation, also called the mesh, of the domain Ω is then defined by 𝒯ℎ = {𝒦𝑖}𝑖=1
𝑁 . The mesh contains 𝑁 triangles, 
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or cells, and the corners of the triangles are called vertices. The mesh is for some geometries only an approximation 

of the domain, since triangles can not build up all possible geometries in a correct way, for example circles. In the 

mesh the nodes are not allowed to be hanging, which means that they must not lie on the edge of another triangle. In 

three dimensions the domain is usually divided into tetrahedrons instead in a similar way [6]. 

2.2.2. Weak Formulation of Navier-Stokes Equations 
The weak formulation of the Navier-Stokes equations in two spatial dimensions is now to be investigated. The 

unknown functions 𝒖 and 𝑝 to approximate the solutions of the velocity and pressure respectively in equation (1) are 

called trial functions. The momentum equation of (1) is multiplied by a test function 𝒗 and the second by a test 

function 𝑞. The following vector function spaces are now defined, which will be used for the trial function 𝒖 and the 

test function 𝒗 [5]: 

 𝑽 = {𝑣 ∈ [𝐻1(Ω)]2|𝑣 = 𝑔 𝑜𝑛 Γ𝐷}, �̂� = {𝑣 ∈ [𝐻1(Ω)]𝟐|𝑣 = 0 𝑜𝑛 Γ𝐷}, (5) 

where 𝐻1(Ω) is the Sobolev space defined by: 

 𝐻1(Ω) = {𝑣: Ω → ℝ|∫ (𝑣2 + |∇𝑣|2) 𝑑Ω
Ω

< ∞}. (6) 

The trial function 𝒖 and the test function 𝒗 belong to these spaces: 𝒖 ∈ 𝑽 and 𝒗 ∈ �̂�. Similarly, the trial function 𝑝 

belongs to the scalar-valued function space 𝑃 = 𝐻1(Ω). The Lebesgue space is now introduced, which will be used 

for the test function 𝑞. It is defined by: 

 𝐿2(Ω) = {𝑣: Ω → ℝ| ∫𝑣2 𝑑Ω
Ω

< ∞}, (7) 

such that 𝑞 ∈ 𝐿2(Ω). The weak formulation of the Navier-Stokes equations is obtained by first multiplying the 

momentum equation by the test function 𝒗 ∈ �̂� and the continuity equation by the test function 𝑞 ∈ 𝐿2(Ω), where the 

exact solutions for the velocity and pressure are replaced by their respective trial functions. By then integrating over 

the computational domain Ω the following expressions are obtained: 

 ∫
𝜕𝒖

𝜕𝑡Ω

∙ 𝒗 𝑑Ω + ∫((𝒖 ∙ ∇)𝐮) ∙ 𝒗𝑑Ω
Ω

− 𝜈∫∇2𝒖 ∙ 𝒗 𝑑Ω
Ω

+∫∇𝑝 ∙ 𝒗 𝑑Ω
Ω

= ∫𝒇 ∙ 𝒗𝑑Ω
Ω

, (8) 

and  

 ∫(∇ ∙ 𝒖) 𝑞 𝑑Ω
Ω

= 0. (9) 

In order to write equations (8) and (9) in a more compact way the following 𝐿2 inner product is introduced [5, 7, 9]: 

 〈𝒖, 𝒗〉 = ∫𝒖 ∙ 𝒗 𝑑Ω
Ω

, 〈𝒖, 𝒗〉Γ = ∫𝒖 ∙ 𝒗 𝑑𝑠
Γ

. (10) 

The third integral in equation (8) consists of a term with the Laplacian of 𝒖, which involves second order derivatives. 

Integration by parts is then used to move the second order derivative to the test function. This means that it is not 

necessary to have two bounded derivatives in order to obtain a solution. By using integration by parts, the following 

is obtained: 

 𝜈〈∇2𝒖, 𝒗〉 =  −𝜈〈∇𝒖, ∇𝒗〉 + 𝜈 〈
𝜕𝒖

𝜕�̂�
, 𝒗〉ΓN , (11) 

where ∇𝒖: ∇𝒗 is the componentwise scalar product coming from the term 〈∇𝒖, ∇𝒗〉, defined in two dimensions by 

∇𝑢1 ∙ ∇𝑣1 + ∇𝑢2 ∙ ∇𝑣2 [5]. Note that only the boundary term Γ𝑁 appears in equation (11), since 𝒗 ∈ �̂�. The weak 

formulation of the Navier-Stokes equations then reads: find 𝒖 ∈ 𝑽 and 𝑝 ∈ 𝑃 such that: 
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 {
〈
𝜕𝒖

𝜕𝑡
, 𝒗〉 + 〈𝒖 ∙ ∇𝒖, 𝒗〉 + 𝜈〈∇𝒖, ∇𝒗〉 − 𝜈 〈

𝜕𝒖

𝜕�̂�
, 𝒗〉Γ𝑁 + 〈∇𝑝, 𝒗〉 = 〈𝒇, 𝒗〉,

〈∇ ∙ 𝒖, 𝑞〉 = 0,                                                                                                  
 (12) 

for all 𝒗 ∈ �̂� and 𝑞 ∈ 𝐿2(Ω). Note that equation (12) only handles space. Time can be treated by for example using a 

finite difference scheme. 

The weak problems defined in (12) are continuous problems where the solutions 𝒖 and 𝑝 lie in infinite-dimensional 

spaces. The finite element method for the Navier-Stokes equations is linked to the weak formulation. The difference 

is that the infinite-dimensional function spaces 𝑽, �̂� and 𝐿2(Ω) are replaced by finite dimensional spaces 𝑽𝒉 ⊂ 𝑽, 

�̂�𝒉 ⊂ �̂�, 𝑃ℎ ⊂ 𝑃 and �̂�ℎ ⊂ 𝐿
2(Ω) usually consisting of continuous piecewise linear functions [6, 7]. The approximate 

solutions 𝒖ℎ ∈ 𝑽𝒉 and 𝑝ℎ ∈ 𝑃ℎ can then be expressed as a linear combination of basis functions spanning the spaces 

𝑽𝒉 and 𝑃ℎ respectively. It is sufficient that the finite element solution belongs to a space of linear functions since 

from the weak formulation (see equation (12)) it is only necessary that the first order derivatives of 𝒖ℎ and 𝑝ℎ exist. 

The finite element method of the Navier-Stokes equations now reads: find 𝒖ℎ ∈ 𝑽𝒉 and 𝑝ℎ ∈ 𝑃ℎ such that:  

 {
〈
𝜕𝒖ℎ
𝜕𝑡

, 𝒗ℎ〉  + 〈𝒖ℎ ∙ ∇𝒖ℎ, 𝒗ℎ〉 + 𝜈〈∇𝒖ℎ, ∇𝒗ℎ〉 − 𝜈 〈
𝜕𝒖ℎ
𝜕�̂�

, 𝒗ℎ〉Γ𝑁 + 〈∇𝑝ℎ , 𝒗ℎ〉 =  〈𝒇, 𝒗ℎ〉,

〈∇ ∙ 𝒖ℎ, 𝑞ℎ〉 = 0,                                                                                                                          
 (13) 

for all 𝒗ℎ ∈ �̂�𝒉 and 𝑞ℎ ∈ �̂�ℎ. 

2.3. Residual Based Artificial Viscosity 
As described in Section 2.1 the incompressible Navier-Stokes equations describe a fluid flow, where the kinematic 

viscosity 𝜈 is a fluid property. The flow behaves chaotically when the viscosity tends to zero, which is a usual 

scenario for water and gases. The standard finite element method does not work for this case, but some technique 

needs to be introduced in order to avoid instability. In this project a stabilization technique called residual based 

artificial viscosity is used for that purpose in a similar way as in [1]. 

When considering the finite element solution 𝒖ℎ ∈ 𝑽𝒉, as discussed in Section 2.2.2, the Navier-Stokes equations 

can be written as: 

 {
𝑎(𝒖ℎ) + 𝑏(𝑝ℎ) ≈ 𝒇,
∇ ∙ 𝒖ℎ ≈ 0,                 

 (14) 

where the terms 𝑎(𝒖ℎ) and 𝑏(𝑝ℎ) are defined as: 

 {
𝑎(𝒖ℎ) =

𝜕𝒖ℎ
𝜕𝑡

+ (𝒖ℎ ∙ ∇)𝒖ℎ −  𝜈∇
2𝒖ℎ,

𝑏(𝑝ℎ) = ∇𝑝ℎ .                                           
   (15) 

Residuals for the first expression of equation (14) are then defined as: 

 𝓡𝒖ℎ
= 𝑎(𝒖ℎ) + 𝑏(𝑝ℎ) − 𝒇, (16) 

and for the second expression: 

 ℛ𝑝ℎ = ∇ ∙ 𝒖ℎ. (17) 

These residual terms correspond to the error received by substituting the approximate solutions into the Navier-

Stokes equations. As can be seen in equation (16) the momentum residual 𝓡𝒖ℎ
 is a vector with two components in 

the two-dimensional case. With approximate solution 𝒖ℎ = (𝑢𝑥
ℎ, 𝑢𝑦

ℎ)
𝑇

 and 𝒇 = (𝑓𝑥, 𝑓𝑦)
𝑇

, it can be shown that its 

components are given by: 
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 ℛ𝑢ℎ𝑥 =
𝜕𝑢𝑥

ℎ

𝜕𝑡
+ 𝑢𝑥

ℎ
𝜕𝑢𝑥

ℎ

𝜕𝑥
+ 𝑢𝑦

ℎ
𝜕𝑢𝑥

ℎ

𝜕𝑦
− 𝜈

𝜕2𝑢𝑥
ℎ

𝜕𝑥2
− 𝜈

𝜕2𝑢𝑥
ℎ

𝜕𝑦2
+
𝜕𝑝ℎ
𝜕𝑥

− 𝑓𝑥, (18) 

and 

 ℛ𝑢ℎ𝑦 =
𝜕𝑢𝑦

ℎ

𝜕𝑡
+ 𝑢𝑥

ℎ
𝜕𝑢𝑦

ℎ

𝜕𝑥
+ 𝑢𝑦

ℎ
𝜕𝑢𝑦

ℎ

𝜕𝑦
− 𝜈

𝜕2𝑢𝑦
ℎ

𝜕𝑥2
− 𝜈

𝜕2𝑢𝑦
ℎ

𝜕𝑦2
+
𝜕𝑝ℎ
𝜕𝑦

− 𝑓𝑦 . (19) 

The residual based artificial viscosity uses these residuals and is computed for each cell in the mesh in a similar way 

as in [1]: 

 𝜈1|𝒦 = 𝐶1ℎ𝒦
2 max(

|𝑅𝑢ℎ𝑥|𝒦
+ |𝑅𝑢ℎ𝑦|𝒦

‖𝒖ℎ − �̅�ℎ‖𝐿∞,Ω
,

|𝑅𝑝ℎ|𝒦
‖𝑝ℎ − �̅�ℎ‖𝐿∞,Ω

), (20) 

where 𝐶1 is a constant chosen to 𝐶1 = 1 as in [1], ℎ𝒦  is the size of the cell here meaning the square root of the area 

of the cell, |∙|𝒦  denotes the absolute value taken on cell 𝒦, �̅�ℎ and �̅�ℎ are space averaged values of 𝒖ℎ and 𝑝ℎ 

respectively over Ω and ‖∙‖𝐿∞ denotes the maximum norm. Further is an upper bound for the artificial viscosity 

computed as in [1]: 

 𝜈𝑚𝑎𝑥|𝒦 = 𝐶2ℎ𝒦‖𝑢ℎ‖𝐿∞,𝒦 , (21) 

where 𝐶2 is a constant chosen as in [1] to 𝐶2 = 0.5. When computing an approximate solution to the Navier-Stokes 

equations with the finite element method the kinematic viscosity 𝜈 is replaced by the residual based artificial 

viscosity. This artificial viscosity is computed in each cell of the mesh and is obtained as in [1] in the following way: 

 𝜈𝑛|𝒦 = max(min(𝜈1|𝒦 , 𝜈𝑚𝑎𝑥|𝒦), 𝜈). (22) 

2.4. Derivation of a Dual-based Adaptive Method 
The computational power of computers makes it possible for large problems to be solved. Yet, the size of the 

problem is still limited and at some point, a refined mesh might increase the calculation time so much in ratio to the 

error reduction that it is no longer worth it. The exact solution of a problem may vary over the domain which the 

problem is defined on. In some parts of the domain, the solution can change rapidly for slight changes in position or 

time. When a numerical method is implemented on a problem, these rapid changes may result in a computational 

error which naturally increase relative to the solution values in parts of the domain where it is close to constant. By 

this way of thinking, one may realize that the problem should be possible to solve on a mesh, using the finite element 

method, where the size of the mesh triangulation varies. The triangulation may differ such that it is refined in parts of 

the domain where the error is large and coarser in parts where the error is small.  

This idea builds on adaptivity and the error is estimated, and the mesh refined, using a dual problem specific to the 

problem and functional at hand. The a posteriori error estimate corresponds to an estimate which approximates the 

real error between approximate and real solution �̂� ≔ �̂� − �̂�ℎ using only the approximate solution �̂�ℎ = (𝒖ℎ, 𝑝ℎ)
𝑇 

and the approximate dual solution �̂�ℎ = (𝝓𝑢
ℎ , 𝜙𝑝

ℎ)
𝑇
. The approximate dual solution �̂�ℎ solves a derived linearized 

dual problem with its corresponding boundary and initial conditions [10]. 

The following Sections 2.4.1-3 are based on the theory presented by Nazarov in chapter 3 of his dissertation [10]. 

2.4.1. Derivation of a Dual Problem 
In order to derive the a posteriori error estimate, a linear operator should first be defined which corresponds to the 

equations which are examined. A perturbation term, which is assumed to be small, is therefore added to the 

approximate solution such that the following statements are true: 
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 {
𝒖 = 𝒖ℎ + �̃�,
𝑝 = 𝑝ℎ + 𝑝.

 (23) 

Substitution of these expressions into the momentum and continuity equations of Navier-Stokes equations then 

yields: 

 

{
 

 
𝜕(𝒖ℎ + �̃�)

𝜕𝑡
+ ((𝒖ℎ + �̃�) ∙ ∇)𝒖ℎ + ((𝒖ℎ + �̃�) ∙ ∇)�̃� − 𝜈∇

2(𝒖ℎ + �̃�)    

+∇(𝑝ℎ + 𝑝) − 𝒇 = 𝟎,                                            

∇ ∙ (𝒖ℎ + �̃�) = 0,                                                                                             

 (24) 

which can be simplified by first expanding the advection terms and dropping the resulting (�̃� ∙ ∇)�̃� term since it is 

proportional to the square of the perturbation term. This is done because the perturbation term is assumed to be 

small. Its square will thus have small impact on the solutions and therefore it can be approximated as higher order 

terms or zero in the expression. Using this simplification, the two advection terms can be written on the form: 

 ((𝒖ℎ + �̃�) ∙ ∇)(𝒖ℎ + �̃�) = (𝒖ℎ ∙ ∇)𝒖ℎ + (�̃� ∙ ∇)𝒖ℎ + (𝒖ℎ ∙ ∇)�̃� + ℎ. 𝑜. 𝑡., (25) 

where ℎ. 𝑜. 𝑡. stands for higher order terms and holds the term (�̃� ∙ ∇)�̃�. Inserting this expression in equation (24) 

then results in the linearized Navier-Stokes equations: 

 

{
 
 

 
 [
𝜕𝒖ℎ
𝜕𝑡

+ (𝒖ℎ ∙ ∇)𝒖ℎ − 𝜈∇
2𝒖ℎ + ∇𝑝ℎ]                                                      

          + [
𝜕�̃�

𝜕𝑡
+ (�̃� ∙ ∇)𝒖ℎ + (𝒖ℎ ∙ ∇)�̃� − 𝜈∇

2�̃� + ∇𝑝] − 𝒇 = ℎ. 𝑜. 𝑡. ,

∇ ∙ 𝒖ℎ + ∇ ∙ �̃� = 0.                                                                                       

 (26) 

From the expression defined in (26), the residuals should be defined as: 

 𝓡(�̂�ℎ) ≡ [
𝓡1

ℛ2
] = [

𝜕𝒖ℎ
𝜕𝑡

+ (𝒖ℎ ∙ ∇)𝒖ℎ − 𝜈∇
2𝒖ℎ + ∇𝑝ℎ − 𝒇

∇ ∙ 𝒖ℎ

], (27) 

where �̂�ℎ ≔ (𝒖ℎ, 𝑝ℎ)
𝑇 denotes the approximate solution vector. The error can be introduced as: 

 �̂� ≔ (𝒆𝑢 , 𝑒𝑝)
𝑇
, (28) 

using the notation 𝒆𝑢 = 𝒖 − 𝒖ℎ and 𝑒𝑝 = 𝑝 − 𝑝ℎ. From equation (23) the perturbation terms correspond to the 

approximation error between the exact and approximate solution �̂� and �̂�ℎ. Using this together with equation (27) 

and (28), the two expressions of (26) can be written on the following form: 

 {

𝜕𝒆𝑢
𝜕𝑡

+ (𝒆𝑢 ∙ ∇)𝒖ℎ + (𝒖ℎ ∙ ∇)𝒆𝑢 − 𝜈∇
2𝒆𝑢 + ∇𝑒𝑝 = −𝓡1(�̂�ℎ) + ℎ. 𝑜. 𝑡. ,

∇ ∙ 𝒆𝑢 = −ℛ2(�̂�ℎ).                                                                                            
 (29) 

From the expression of equation (29), a linear operator 𝒜(�̂�) may now be defined as 

 𝒜(�̂�) = [

𝜕𝒆𝑢
𝜕𝑡

+ (𝒆𝑢 ∙ ∇)𝒖ℎ + (𝒖ℎ ∙ ∇)𝒆𝑢 − 𝜈∇
2𝒆𝑢 + ∇𝑒𝑝

∇ ∙ 𝒆𝑢

]. (30) 
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Taking the dot product of this linear operator with some function �̂� = (𝝓𝑢 , 𝜙𝑝)
𝑇
, where 𝝓𝑢 ∈ 𝐿

2(𝐼; [𝐿2(Ω)]2) and 

𝜙𝑝 ∈ 𝐿
2(𝐼; 𝐿2(𝛺)), and integrating the result over the whole computational domain 𝑄 = Ω × 𝐼 (with the boundary 

defined as Γ𝑄 = Γ × 𝐼) results in: 

 〈𝒜(�̂�), �̂�〉𝑄 =∬𝒜(�̂�) ∙ �̂�𝑑𝑄
𝑄

. (31) 

From the expression in equation (31), it is possible to derive the dual problem defined from the adjoint linear 

operator 𝒜∗(�̂�) which satisfies the statement: 

 〈𝒜(�̂�), �̂�〉𝑄 = 〈�̂�,𝒜
∗(�̂�)〉𝑄 , (32) 

as in [10]. The linear adjoint operator is found by integrating each term of equation (30) by parts, as follows and we 

denote each integral term of (31) by the corresponding roman numerals [I − VI]. The first term is rewritten as: 

 [I] = ∬
𝜕𝒆𝑢
𝜕𝑡

∙ 𝝓𝑢𝑑𝑄 = −∬ 𝒆𝑢 ∙
𝜕𝝓𝑢
𝜕𝑡

𝑑𝑄
𝑄

+∫[𝒆𝑢 ∙ 𝝓𝑢]𝑡=0
𝑡=𝑇𝑑Ω

Ω

.
𝑄

 (33) 

The second term (𝒆𝑢 ∙ ∇)𝒖ℎ of the linear operator 𝒜(�̂�) in equation (30) is trivially rewritten using that 

(𝒆𝑢 ∙ ∇)𝒖ℎ = 𝒆𝑢 ∙ ∇𝒖ℎ. Thus, 

 [II] = ∬(𝒆𝑢 ∙ ∇)𝒖ℎ ∙ 𝝓𝑢𝑑𝑄
𝑄

=∬𝒆𝑢 ∙ [∇𝒖ℎ ∙ 𝝓𝑢]𝑑𝑄
𝑄

. (34) 

The following term [III] is trickier and is handled by first rewriting it on a different form. This is done by introducing 

the following outer product between two column vectors 𝒂 and 𝒃: 

 (𝒂𝒃𝑇)𝑖𝑗 = 𝑎𝑖𝑏𝑗 , (35) 

in accordance with the definition by Gilbert Strang in the glossary of his work [11]. Following this, the following 

statement is true: 

 (𝒖ℎ ∙ ∇)𝒆𝑢 = ∇ ∙ (𝒆𝑢𝒖ℎ
𝑇) − 𝒆𝑢(∇ ∙ 𝒖ℎ). (36) 

This is shown by expanding both the left-hand-side (𝐿𝐻𝑆) and right-hand-side (𝑅𝐻𝑆) of the equation. The 

divergence of a matrix 𝜎 is defined in accordance with Kundu and Cohen [12] as the column vector with components 

(∇ ∙ σ)i = ∑
∂σij

𝜕𝑥𝑗

𝑛
𝑗=1 . Furthermore, if the k:th component of column vectors 𝒖ℎ, 𝒆𝑢 is denoted 𝑢𝑘, 𝑒𝑘 the left-hand-side 

can be expressed as follows: 

 𝐿𝐻𝑆 =∑𝑢𝑗
𝜕𝑒𝑖
𝜕𝑥𝑗

2

𝑗=1

, 𝑖 = 1, 2, (37) 

and the right-hand-side: 

 𝑅𝐻𝑆 =∑(
𝜕(𝑒𝑖𝑢𝑗)

𝜕𝑥𝑗
− 𝑒𝑖

𝜕𝑢𝑗

𝜕𝑥𝑗
)

2

𝑗=1

=∑(𝑒𝑖
𝜕𝑢𝑗

𝜕𝑥𝑗
+ 𝑢𝑗

𝜕𝑒𝑖
𝜕𝑥𝑗

− 𝑒𝑖
𝜕𝑢𝑗

𝜕𝑥𝑗
)

2

𝑗=1

=∑(𝑢𝑗
𝜕𝑒𝑖
𝜕𝑥𝑗

)

2

𝑗=1

, 𝑖 = 1, 2. (38) 

Since the expressions in equation (37) and (38) are equal, the identity in (36) can be used safely and this leads on to 

the following integral expression for term [III]: 

 [III] = ∬(𝒖ℎ ∙ ∇)𝒆𝑢 ∙ 𝝓𝑢𝑑𝑄 = ∬[∇ ∙ (𝒆𝑢𝒖ℎ
𝑇)] ∙ 𝝓𝑢𝑑𝑄

𝑄

−∬𝒆𝑢(∇ ∙ 𝒖ℎ) ∙ 𝝓𝑢𝑑𝑄
𝑄𝑄

. (39) 

Using the integration by parts formula: 
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 ∬(∇ ∙ 𝑇) ∙ 𝒗𝑑𝑄
𝑄

=∬ (𝑇 ∙ �̂�) ∙ 𝒗𝑑Γ𝑄
ΓQ

−∬𝑇:𝛻𝒗𝑑𝑄
𝑄

, (40) 

as presented in [7] for a second-order tensor 𝑇 ≔ 𝒆𝑢𝒖ℎ
𝑇 and a vector-valued function 𝒗 ≔ 𝝓𝑢. Then it is possible to 

rewrite equation (39) on the form: 

 

[III] = ∬(𝒖ℎ ∙ ∇)𝒆𝑢 ∙ 𝝓𝑢𝑑𝑄
𝑄

= −∬(𝒆𝑢𝒖ℎ
𝑇): ∇𝝓𝑢𝑑𝑄

𝑄

+∬ [(𝒆𝑢𝒖ℎ
𝑇)�̂�] ∙ 𝝓𝑢𝑑Γ𝑄

ΓQ

−∬𝒆𝑢 ∙ (∇ ∙ 𝒖ℎ)𝝓𝑢𝑑𝑄
𝑄

, 

(41) 

where : denotes the matrix inner product as defined in Section 2.2.2. Let now each integrand term of [III] be denoted 

[III, 1 − 3]. Then, by rewriting terms [III, 1 − 2] with indices, the first and second integrand terms of (41) may be 

simplified as: 

 [III, 1] = (𝒆𝑢𝒖ℎ
𝑇): ∇𝝓𝑢 =∑∑𝑒𝑖𝑢𝑗

𝜕𝜙𝑖
𝜕𝑥𝑗

=∑𝑒𝑖(𝒖ℎ ∙ ∇)𝜙𝑖

2

𝑖=1

= 𝒆𝑢 ∙ (𝒖ℎ ∙ ∇)𝝓𝑢

2

𝑗=1

2

𝑖=1

, (42) 

 

[III, 2] = [(𝒆𝑢𝒖ℎ
𝑇)�̂�] ∙ 𝝓𝑢 =∑∑𝑒𝑖𝑢𝑗𝜙𝑖

2

𝑗=1

2

𝑖=1

𝑛𝑗

=∑∑𝑒𝑖(𝑢𝑗𝑛𝑗)𝜙𝑖

2

𝑗=1

=∑𝑒𝑖(𝒖ℎ ∙ �̂�)𝜙𝑖 = 𝒆𝑢 ∙ (𝒖ℎ ∙ �̂�)𝝓𝑢

2

𝑖=1

.

2

𝑖=1

 

(43) 

Resubstituting these terms into equation (41) then finally yield: 

 

[III] = ∬(𝒖ℎ ∙ ∇)𝒆𝑢 ∙ 𝝓𝑢𝑑𝑄
𝑄

= −∬𝒆𝑢 ∙ (𝒖ℎ ∙ ∇)𝝓𝑢𝑑𝑄
𝑄

+∬ 𝒆𝑢 ∙ (𝒖ℎ ∙ �̂�)𝝓𝑢𝑑Γ𝑄
ΓQ

−∬𝒆𝑢 ∙ (∇ ∙ 𝒖ℎ)𝝓𝑢𝑑𝑄
𝑄

. 

(44) 

 [IV] = ∬ ∇𝑒𝑝 ∙ 𝝓𝑢𝑑𝑄 = −∬ 𝑒𝑝(∇ ∙ 𝝓𝑢)𝑑𝑄 +∬ 𝑒𝑝(𝝓𝑢 ∙ �̂�)𝑑ΓQ
ΓQ

,
𝑄𝑄

 (45) 

 [V] = −∬ 𝜈∇2𝒆𝑢 ∙ 𝝓𝑢𝑑𝑄 = −∬𝜈𝒆𝑢 ∙ ∇
2𝝓𝑢𝑑𝑄 +

𝑄

∬ 𝜈[𝒆𝑢 ∙ ∇𝝓𝑢 − ∇𝒆𝑢𝝓𝑢] ∙ �̂�𝑑ΓQ.
ΓQ𝑄

 (46) 

 [VI] = ∬(∇ ∙ 𝒆𝑢)𝜙𝑝𝑑𝑄 = −∬ 𝒆𝑢 ∙ ∇𝜙𝑝𝑑𝑄 +∬ (𝒆𝑢𝜙𝑝 ∙ �̂�)𝑑ΓQ.
ΓQ𝑄𝑄

 (47) 

By collecting all terms, the resulting expressions are: 

 

〈𝒆𝑢, 𝒜
∗(�̂�)〉𝑄 = 〈𝒆𝑢, −

𝜕𝝓𝑢
𝜕𝑡

+ [∇𝒖ℎ ∙ 𝝓𝑢] − (𝒖ℎ ∙ ∇)𝝓𝑢 − (∇ ∙ 𝒖ℎ)𝝓𝑢 − 𝜈∇
2𝝓𝑢 − ∇𝜙𝑝〉𝑄

+∫[𝒆𝑢 ∙ 𝝓𝑢]𝑡=0
𝑡=𝑇𝑑Ω

Ω

+∬ 𝒆𝑢 ∙ (𝒖ℎ ∙ �̂�)𝝓𝑢𝑑Γ𝑄
ΓQ

+∬ 𝜈[𝒆𝑢 ∙ ∇𝝓𝑢 − ∇𝒆𝑢𝝓𝑢] ∙ �̂�𝑑ΓQ
ΓQ

+∬ 𝒆𝑢 ∙ 𝜙𝑝�̂�𝑑Γ𝑄
Γ𝑄

, 

(48) 
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 〈𝑒𝑝, 𝒜
∗(�̂�)〉𝑄 = 〈𝑒𝑝, −(∇ ∙ 𝝓𝑢)〉𝑄 +∬ 𝑒𝑝(𝝓𝑢 ∙ �̂�)𝑑ΓQ

ΓQ

. (49) 

Using that the exact and approximate solutions are equal at time 𝑡 = 0, the error in the velocity vector field is zero at 

this point. Furthermore, an initial condition for the dual solution may be defined such that the term at time 𝑡 = 𝑇 

vanish. This way of stating the initial condition requires the problem to be solved backwards, as in solving from time 

𝑡 = 𝑇 to 𝑡 = 0. The dual solution 𝝓𝑢 is set to 𝝓𝑢 = 𝟎 on Γ𝑄 to eliminate the term 𝜈∇𝒆𝑢𝝓𝑢 ∙ �̂� from the expression 

corresponding to source term ΨΓ𝑢. The expressions formulated in equation (48) and (49) then define the following 

dual problem: Find the dual solutions �̂� = (𝝓𝑢 , 𝜙𝑝)
𝑇
 with 𝝓𝑢 ∈ 𝐿

2(𝐼, [𝐻1(Ω)]2) and 𝜙𝑝 ∈ 𝐿
2(𝐼, 𝐻1(Ω)) which 

solve the problem: 

 

{
 
 
 

 
 
 −

𝜕𝝓𝑢
𝜕𝑡

+ [∇𝒖ℎ ∙ 𝝓𝑢] − (𝒖ℎ ∙ ∇)𝝓𝑢 − (∇ ∙ 𝒖ℎ)𝝓𝑢 − 𝜈∇
2𝝓𝑢 − ∇𝜙𝑝 = 𝚿𝑄𝑢 , 𝑜𝑛 𝑄,

−(∇ ∙ 𝝓𝑢) = Ψ𝑄𝑝 ,                                                                                                       𝑜𝑛 𝑄,

𝜈∇𝝓𝑢�̂� + 𝜙𝑝�̂� = 𝚿Γ𝑢 ,                                                                                               𝑜𝑛 Γ𝑄,

0 = ΨΓ𝑝 ,                                                                                                                        𝑜𝑛 Γ𝑄,

𝝓𝑢 = 𝟎,                                                                                                                         𝑜𝑛 Γ𝑄

�̂�(∙, 𝑇) = 𝟎,                                                                                                                  𝑜𝑛 Ω,

 (50) 

where 𝚿𝑄 and 𝚿Γ are source terms defined with source components 𝚿𝑄 = (𝚿𝑄𝑢 , Ψ𝑄𝑝)
𝑇
∈ 𝐿2(𝐼; [𝐿2(Ω)]2, 𝐿2(Ω)) 

and 𝚿Γ = (𝚿Γ𝑢 , ΨΓ𝑝)
𝑇
∈ 𝐿2 (𝐼; [𝐿2(Γ𝑄)]

2
, 𝐿2(Γ𝑄)).These source terms correspond to the dual equations on the 

domain 𝑄 and its boundary Γ𝑄. To produce an error estimate, a functional of interest is needed [4].  

2.4.2. Derivation of an A Posteriori Error Estimate 
In order for the error to be estimated a posteriori, a functional has to be used. This functional is called a target 

functional of interest and should be a functional which corresponds to the output error. In this section, an a posteriori 

error estimate is derived using the expression 𝑀(�̂�) for drag force over the domain 𝑄 and boundary ΓQ which is [1]: 

 𝑀(�̂�) = ∬ �̂� ∙ 𝚿𝑄𝑑𝑄 +∬ �̂� ∙ 𝚿Γ𝑑ΓQ
ΓQ

.
Q

 (51) 

With the homogenous boundary condition for 𝝓𝑢, the boundary source term 𝚿Γ𝑢 simplifies to the term 𝚿Γ𝑢 =

𝜙𝑝�̂� + 𝜈∇𝝓𝑢�̂� and the source term ΨΓ𝑝 = 0. Because of this simplification the functional may be subtracted, in 

terms of the approximate solution �̂�ℎ, from the expression in equation (51) to get an expression for the error �̂�. Then 

(51) can be rewritten on the form: 

 𝑀(�̂�) = ∬�̂� ∙ 𝚿𝑄𝑑𝑄
Q

+∬ 𝒆𝑢 ∙ 𝚿Γu𝑑ΓQ
ΓQ

. (52) 

where 𝚿𝑄 = (𝚿𝑄𝑢 , Ψ𝑄𝑝)
𝑇
 is a vector valued function, thus is a scalar calculated by this inner product [1]. This scalar 

is linear in the error term and expanding the terms 𝚿𝑄 and 𝚿Γu yield: 

 

𝑀(�̂�) = ∬ {𝒆𝑢 ∙ [−
𝜕𝝓𝑢
𝜕𝑡

+ [∇𝒖ℎ ∙ 𝝓𝑢] − (𝒖ℎ ∙ ∇)𝝓𝑢 − (∇ ∙ 𝒖ℎ)𝝓𝑢 − 𝜈∇
2𝝓𝑢 − ∇𝜙𝑝]

Q

+ 𝑒𝑝[−∇ ∙ 𝝓𝑢]} 𝑑Q +∬ 𝒆𝑢 ∙ [𝜙𝑝�̂� + 𝜈∇𝝓𝑢�̂�]𝑑Γ𝑄
ΓQ

, 
(53) 

and by following the same procedure by integrating each term by parts (as was done in equations (33) to (47)) and 

using the homogenous boundary condition of the dual solution 𝝓𝑢, the expression simplifies to: 
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𝑀(�̂�) = ∬ [
𝜕𝒖

𝜕𝑡
−
𝜕𝒖ℎ
𝜕𝑡

+ (𝒖 ∙ ∇)𝒖ℎ − (𝒖ℎ ∙ ∇)𝒖ℎ + (𝒖ℎ ∙ ∇)𝒖 − (𝒖ℎ ∙ ∇)𝒖ℎ − 𝜈∇
2𝒖

Q

+ 𝜈∇2𝒖ℎ] ∙ 𝝓𝑢𝑑Q +∬∇𝑒𝑝 ∙ 𝝓𝑢𝑑𝑄
𝑄

+∬[∇ ∙ 𝒖 − ∇ ∙ 𝒖ℎ]
Q

𝜙𝑝𝑑Q. 
(54) 

The integrands of (54) may be rewritten in terms of the residuals 𝓡1 and ℛ2, as defined in equation (27). Doing this 

results in the following expression: 

 𝑀(�̂�) = ∬[−𝓡1(�̂�ℎ) + ℎ. 𝑜. 𝑡. ] ∙ 𝝓𝑢𝑑𝑄
𝑄

+∬[−ℛ2(�̂�ℎ)]𝜙𝑝𝑑𝑄
𝑄

, (55) 

where ℎ. 𝑜. 𝑡. stands for higher order terms and is the result from dropping the advection term (�̃� ∙ ∇)�̃� in equation 

(25). Galerkin orthogonality states that ℛ𝑖(�̂�ℎ) is orthogonal to the finite dimensional subspace 𝑉ℎ ⊂ 𝑉 as defined in 

Section 2.2.2. By defining a function 𝑣𝑖𝑛𝑡 = 𝜋ℎ𝜙 to be a linear interpolant of 𝜙, it is true that ℛ𝑖(�̂�ℎ) ⊥ 𝑣𝑖𝑛𝑡  and 

thus is the inner product zero [6]. Using this result, the following expression with linear interpolation terms: 

 ∬ 𝓡1(�̂�ℎ) ∙ 𝜋ℎ
𝐼𝝓𝑢𝑑𝑄 +∬ℛ2(�̂�ℎ)𝜋ℎ

𝐼𝐼𝜙𝑝𝑑𝑄
Q

= 0
𝑄

, (56) 

may be added to equation (54) [13]. Taking the absolute value of both sides of the resulting expression then results in 

the term: 

 

|𝑀(�̂�)| = |𝑀(�̂�) − 𝑀(�̂�ℎ)| = |∬[−𝓡1(�̂�ℎ) ∙ Πℎ
𝐼 − ℛ2(�̂�ℎ)Πℎ

𝐼𝐼 + ℎ. 𝑜. 𝑡.∙ 𝝓𝑢]𝑑𝑄
𝑄

|

= |∬−𝓡(�̂�ℎ) ∙ Πℎ𝑑𝑄
𝑄

+∬ℎ. 𝑜. 𝑡.∙ 𝝓𝑢𝑑𝑄
𝑄

|, 

(57) 

where the local interpolation of �̂� as Πℎ = �̂� − 𝜋ℎ�̂� has been included. Using the inequality |𝑎 + 𝑏| ≤ |𝑎| + |𝑏|, it 

is possible to rewrite the error estimate in (57) on the following form: 

 |𝑀(�̂�)| ≤ |∬𝓡(�̂�ℎ) ∙ Πℎ𝑑𝑄
𝑄

| + |∬ℎ. 𝑜. 𝑡.∙ 𝝓𝑢𝑑𝑄
𝑄

|. (58) 

Denoting the second integral term of equation (58), containing the ℎ. 𝑜. 𝑡. integrand, as: 

 𝐻.𝑂. 𝑇. = |∬ ℎ. 𝑜. 𝑡.∙ 𝜙𝑢𝑑𝑄𝑄
|, (59) 

and by moving the absolute value of the integral to the integrand, the expression may be expressed as an inequality. 

This is because the absolute value of the integrand has strictly positive codomain values. Furthermore, the Cauchy-

Schwarz inequality may be applied to yield the finalized expression for the a posteriori error estimate. The steps are 

then, if the spatial integral is expressed as a sum over the cells 𝒦 in the triangulation 𝒯ℎ of the mesh: 

 

|𝑀(�̂�) − 𝑀(�̂�ℎ)| = |∬𝓡(�̂�ℎ) ∙ Πh𝑑𝑄
𝑄

| + 𝐻. 𝑂. 𝑇. ≤ ∬|𝓡(�̂�ℎ)| ∙ |Πh|𝑑𝑄
𝑄

+ 𝐻.𝑂. 𝑇.

≤ ∑ ∫√∫ |𝓡(�̂�ℎ)|
2𝑑𝒦

𝒦𝐼

√∫ |Πh|
2𝑑𝒦

𝒦𝒦∈𝒯ℎ

𝑑𝑡 + 𝐻. 𝑂. 𝑇.

= ∑ ∫‖𝓡(�̂�ℎ)‖𝐿2,𝒦‖Πh‖𝐿2,𝒦𝑑𝑡
𝐼𝐾∈𝒯ℎ

+ 𝐻.𝑂. 𝑇.. 

(60) 

Using the local interpolation estimate: 

 ‖Πh‖𝐿2 ≤ 𝐶ℎ̃𝒦‖∇�̂�‖,   (61) 

in accordance with [6] where 𝐶 is an interpolation constant and ℎ̃𝒦 is the largest cell diameter, the interpolant term 

‖Πh‖ may be estimated as ‖𝛻�̂�‖ such that the final a posteriori error estimate is written on the form: 
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 |𝑀(�̂�) − 𝑀(�̂�ℎ)| ≤ ∑ 𝐶ℎ̃𝒦∫‖𝓡(�̂�)‖𝐿2,𝒦‖∇�̂�‖𝐿2,𝒦𝑑𝑡
𝐼𝒦∈𝒯ℎ

+𝐻.𝑂. 𝑇., (62) 

and then an a posteriori error estimate has been derived [6]. 

2.4.3. A Dual-based Adaptive Method 
From the derivation carried out in Section 2.4.1 and 2.4.2 a dual problem was created. This dual problem is specific 

to our problem if the imposed boundary conditions and defined source terms are taken into consideration. Using this, 

the following approximate dual problem is valid. 

Find the approximate dual solutions �̂�ℎ = (𝝓𝑢
ℎ , 𝜙𝑝

ℎ)
𝑇
 in a finite dimensional subspace of function spaces 𝑽 and 𝑃 

with piecewise continuous functions on the discretized domain 𝑄 with boundary Γ𝑄, which solve the approximate 

dual problem: 

 

{
 
 
 
 

 
 
 
 −

𝜕𝝓𝑢
ℎ

𝜕𝑡
+ [∇𝒖ℎ ∙ 𝝓𝑢

ℎ] − (𝒖ℎ ∙ ∇)𝝓𝑢
ℎ − (∇ ∙ 𝒖ℎ)𝝓𝑢

ℎ − 𝜈∇2𝝓𝑢
ℎ − ∇𝜙𝑝

ℎ = 𝚿𝑄𝑢
h , 𝑖𝑛 𝑄,

𝜙𝑝
ℎ�̂� + 𝜈∇𝝓𝑢

ℎ ∙ �̂� = 𝚿Γ𝑢
h ,                                                                                            on ΓQ,

−(∇ ∙ 𝝓𝑢
ℎ) = Ψ𝑄𝑝

h ,                                                                                                        𝑖𝑛 𝑄,

0 = ΨΓp
h ,                                                                                                                        𝑜𝑛 Γ𝑄 ,

𝝓𝑢
ℎ = 𝟎,                                                                                                                          on ΓQ,

�̂�ℎ(∙, 𝑇) = 𝟎,                                                                                                                𝑖𝑛 Ω.

   
   
   
   
   
   

 (63) 

With the approximate dual problem stated in equation (63), the following algorithm is then the resulting adaptive 

algorithm for this problem and it is setup in accordance with [1, 14]: 

DUAL-BASED ADAPTIVE ALGORITHM. Starting with a given tolerance TOL and a 

coarse computational mesh with triangulation 𝒯ℎ
0 and refinement number 𝑘 = 0: 

1. Compute an approximate solution to the primal problem defined in equation (13) with 

some numerical method on the coarse mesh with triangulation 𝒯ℎ
0. 

2. Compute an approximate solution to the dual problem stated in equation (63) using 

defined source terms on the coarse mesh with triangulation 𝒯ℎ
0. 

3. Compute an indicating value using the error estimate in equation (62). 

If (|𝑀(�̂�) − 𝑀(�̂�ℎ)| < 𝑇𝑂𝐿):  

 STOP 

Else: 

4. Refine a fraction of the cell elements in the mesh with triangulation 𝒯ℎ
0, with largest 

value for the error estimate. 

5. Set the refinement number 𝑘 = 𝑘 + 1, then go to step (1). 

 

3. Method 
Three different numerical methods for solving the Navier-Stokes equations were investigated and compared in this 

project for three different benchmark problems. The methods used were Chorin, IPCS and CN respectively.  

3.1. Numerical Solvers 
A numerical method needs to be selected to simulate the Navier-Stokes equations with the residual based artificial 

viscosity stabilization term. In this study, three numerical methods were implemented. The first being Chorin, second 

being IPCS and third being the implicit CN. 
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A common way of introducing the function spaces on the discretized computational domain Ω is by defining one 

vector-valued function space 𝑉ℎ and �̂�ℎ for the velocity 𝒖ℎ and test function 𝒗ℎ respectively and a scalar-valued 

function space 𝑃ℎ and �̂�ℎ for the pressure 𝑝ℎ and test function 𝑞ℎ respectively. These function spaces are defined for 

each component of the velocity and the pressure respectively. The velocity trial and test function components are 

defined in a function space of continuous piecewise quadratic functions on the cells 𝒦 and the pressure trial and test 

function are similarly defined on continuous piecewise linear functions, such that: 

 {
𝑉ℎ = {𝑣𝑖 ∶ 𝑣𝑖 ∈ 𝐶

0(Ω),   𝑣𝑖|𝒦 ∈ 𝒫2(𝒦), ∀𝒦 ∈ 𝒯ℎ }

𝑃ℎ = {𝑞 ∶ 𝑞 ∈ 𝐶0(Ω),   𝑞|𝒦 ∈ 𝒫1(𝒦), ∀𝒦 ∈ 𝒯ℎ}.   
, (64) 

for all components 𝑖. 𝐶0(Ω) denotes the space of continuous functions defined on the domain Ω and 𝒫2(𝒦) and 

𝒫1(𝒦) denotes the polynomial space of second and first order respectively, defined on each cell 𝒦 [6, 7].  

Before defining the numerical methods, the time is discretized into 𝑁 time-steps, where 0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑁−1 <

𝑡𝑁 = 𝑇 and each time-step has an associated time interval 𝐼𝑛+1 = (𝑡𝑛, 𝑡𝑛+1] of length ∆𝑡 = 𝑡𝑛+1 − 𝑡𝑛. Using this 

discretization for time and space, the numerical methods for Chorin, IPCS and CN may now be stated.  

3.1.1. Chorin’s Projection Method 
Chorin is one of the oldest numerical methods for solving the incompressible Navier-Stokes equations (1). The time 

derivative in the momentum equation is approximated by 
𝜕𝒖ℎ

𝜕𝑡
≈

𝒖ℎ
𝑛+1−𝒖ℎ

𝑛

∆𝑡
, where 𝒖ℎ

𝑛+1 is the finite element solution of 

the velocity at time 𝑡𝑛+1. Secondly, the pressure in the momentum equation is neglected initially and the equation is 

solved in three steps [15].  

In the first step of Chorin, the so-called tentative velocity 𝒖ℎ
⋆ ∈ 𝑉ℎ is solved from the expression: 

 〈
𝒖ℎ
⋆ − 𝒖ℎ

𝑛

∆𝑡
+ (𝒖ℎ

𝑛 ∙ ∇)𝒖ℎ
𝑛, 𝒗ℎ〉 + 𝜈〈∇𝒖ℎ

⋆ , ∇𝒗ℎ〉 − 𝜈 〈
𝜕𝒖ℎ

⋆

𝜕�̂�
, 𝒗ℎ〉Γ = 〈𝒇, 𝒗ℎ〉, (65) 

for all 𝒗ℎ ∈ �̂�ℎ. The second step is a so-called projection step. The idea is to correct the tentative velocity to get the 

final solution for the velocity at time 𝑡𝑛+1, which can be obtained by: 

 𝒖𝑛+1 ≈ 𝒖⋆ − Δ𝑡𝑛+1 ∇𝑝
𝑛+1. (66) 

To be able to solve equation (66), an expression for the pressure 𝑝𝑛+1 is needed. The second step in Chorin is 

obtained by taking the divergence of (66) and by using the continuity equation, which states that ∇ ∙ 𝒖𝑛+1 = 0. The 

result is then multiplied by a test function 𝑞ℎ ∈ �̂�ℎ, integrated and integrated by parts. In the second step, the pressure 

𝑝𝑛+1 is then updated by solving: 

 〈∇𝑝ℎ
𝑛+1, ∇𝑞ℎ〉 = −

1

Δ𝑡
〈∇ ∙ 𝑢ℎ

⋆ , 𝑞ℎ〉, 
  

(67) 

for all 𝑞ℎ ∈ �̂�ℎ. In this step, the boundary term ∇𝑝ℎ ∙ �̂� is weakly imposed as a boundary condition by neglecting the 

boundary terms acquired by integrating the expression 〈∇2𝑝ℎ
𝑛+1, 𝑞ℎ〉 by parts. The third step is a correction step for 

the velocity 𝒖ℎ
𝑛+1 which corresponds to solving: 

 〈𝒖ℎ
𝑛+1, 𝒗ℎ〉 = 〈𝒖ℎ

⋆ , 𝒗ℎ〉 − Δ𝑡𝑛〈∇𝑝ℎ
𝑛+1, 𝒗ℎ〉, (68) 

for the velocity term for all 𝒗ℎ ∈ �̂�ℎ [15]. This step comes from equation (66). 
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3.1.2. Incremental Pressure Correction Scheme (IPCS) 
Another splitting method which builds on Chorin is IPCS. This method uses the pressure result 𝑝ℎ

𝑛 from the previous 

calculation. IPCS is often referred to as the modified Chorin’s method and it also calculates the pressure and velocity 

in three steps [15].  

In this section, the advection term is linearized around 𝒖ℎ
𝑛 as (𝒖ℎ

𝑛 ∙ ∇)𝒖ℎ
𝑛. The following notation is also introduced: 

 𝑼ℎ =
1

2
(𝒖ℎ

𝑛 + 𝒖ℎ
𝑛+1), (69) 

where (∙)𝑛+1 denotes the time-step which is solved for in the present iteration 𝑛 + 1 and (∙)𝑛 denotes the calculated 

value at the previous iteration 𝑛. The term 𝑼ℎ then specifies the midpoint between these two values. The first step is 

called the tentative step and here a tentative velocity is estimated using the previously calculated pressure 𝑝ℎ
𝑛 as in 

[7] and as follows: 

 
1

𝛥𝑡
(𝒖ℎ

⋆ − 𝒖ℎ
𝑛) + (𝒖ℎ

𝑛 ∙ 𝛻)𝒖ℎ
𝑛 − 𝛻 ∙ 𝜎(𝑼ℎ , 𝑝ℎ

𝑛) = 𝒇. (70) 

Taking the inner product of the expression in equation (70) with the test function 𝒗ℎ ∈ �̂�ℎ then yields: 

 〈
1

𝛥𝑡
(𝒖ℎ

⋆ − 𝒖ℎ
𝑛) + (𝒖ℎ

𝑛 ∙ 𝛻)𝒖ℎ
𝑛 − 𝛻 ∙ 𝜎(𝑼ℎ , 𝑝ℎ

𝑛), 𝒗ℎ〉 = 〈𝒇, 𝒗ℎ〉. (71) 

An inner product (defined as component wise multiplication) of the two-tensor (velocity gradient) ∇𝒗 with a 

symmetric two-tensor Β may be written as Β: ∇𝒗. The velocity gradient can, in accordance with [16], be rewritten in 

terms of a symmetric strain-rate tensor as defined in equation (3) of Section 2.1 and an antisymmetric vorticity tensor 

𝑊(𝒗) =
1

2
((∇𝒗)T − ∇𝒗) as: 

 Β: ∇𝒗 = Β: [𝜖(𝒗) −𝑊(𝒗)]. (72) 

Using the result of an inner product between a symmetric and antisymmetric tensor always being zero, the 

antisymmetric tensor term 𝑊(𝒗) will be terminated [16]. Thus, can the expression in (72) be simplified as: 

 Β: ∇𝒗 = Β: 𝜖(𝒗). (73) 

By integrating the resulting expression of equation (71) by parts and using the identity derived in (72) and (73) then 

yields the tentative step: 

 〈
1

𝛥𝑡
(𝒖ℎ

⋆ − 𝒖ℎ
𝑛) + (𝒖ℎ

𝑛 ∙ 𝛻)𝒖ℎ
𝑛〉 + 〈𝜎(𝑼ℎ , 𝑝ℎ

𝑛), 𝜖(𝒗ℎ)〉 − 〈𝜎(𝑼ℎ , 𝑝ℎ
𝑛)�̂�, 𝒗ℎ〉𝛤 − 〈𝒇, 𝒗ℎ〉 = 0, (74) 

on weak form [7]. The second step is a correction step to update the pressure from the resulting tentative velocity. 

This step may be realized by subtracting the expression in (74) from the momentum equation expressed in terms of 

𝒖ℎ
𝑛+1 and 𝑝ℎ

𝑛+1: 

 
1

Δ𝑡
(𝒖ℎ

𝑛+1 − 𝒖ℎ
⋆ ) + ∇(𝑝ℎ

𝑛+1 − 𝑝ℎ
𝑛) = 𝟎, (75) 

and then using the continuity equation for 𝒖ℎ
𝑛+1: 

 ∇ ∙ 𝒖ℎ
𝑛+1 = 0, (76) 

as mentioned in [7]. Taking the divergence of equation (75) and using (76) then yields the expression for the 

correction step: 
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 ∇2𝑝ℎ
𝑛+1 =

1

Δ𝑡
∇ ∙ 𝒖ℎ

⋆ + ∇2𝑝ℎ
𝑛 . (77) 

Multiplying (77) with the scalar-valued test function 𝑞ℎ and integrating the result by parts then yields the correction 

step on weak form: 

 〈∇𝑝h
n+1, ∇𝑞ℎ〉 − 〈∇𝑝ℎ

𝑛 , ∇𝑞ℎ〉 + 〈
1

Δ𝑡
∇ ∙ 𝒖ℎ

⋆ , 𝑞ℎ〉 = 0, (78) 

where the boundary terms have been eliminated [7]. Eliminating the boundary terms corresponds to the boundary 

condition ∇𝑝ℎ ∙ �̂� = 0 which states that the directional derivative along the boundary normal is zero on Γ. 

The velocity is then updated by using the calculated value for pressure 𝑝ℎ
𝑛+1 acquired from equation (78). This is 

done by substitution back into (75). Taking the inner product of (75) with the vector-valued test function 𝒗ℎ then 

yields the third step of IPCS on weak form [7]: 

 〈
1

Δ𝑡
(𝒖ℎ

𝑛+1 − 𝒖ℎ
⋆ ) + ∇(𝑝ℎ

𝑛+1 − 𝑝ℎ
𝑛) , 𝒗ℎ〉 = 0. (79) 

3.1.3. Crank-Nicolson’s Method 
In the version used for this study, CN has been implemented in such a way that the velocity 𝒖ℎ is solved for 

implicitly in the momentum equation. If CN is implemented using the midpoint term as defined in equation (69), it 

corresponds to a midpoint finite difference scheme in time and this setup will be implemented in this section. For 

simplicity, the advection term is linearized around the previously calculated velocity solution as (𝒖ℎ
𝑛 ∙ ∇)𝑼ℎ. 

Furthermore, the divergence of the stress tensor 𝜎(𝒖ℎ, 𝑝ℎ) is expanded to give: 

 ∇ ∙ 𝜎(𝒖ℎ, 𝑝ℎ) = 2𝜈∇ ∙ 𝜖(𝒖ℎ) − ∇𝑝ℎ , (80) 

where 𝜖(𝒖ℎ) is the strain-rate tensor defined as in equation (3) in theory Section 2.1. The resulting implicit CN may 

then, in accordance with [17], be written on the form given by the following two equations: 

 
1

Δ𝑡
(𝒖ℎ

𝑛+1 − 𝒖ℎ
𝑛) + (𝒖ℎ

𝑛 ∙ ∇)𝑼ℎ + ∇𝑝ℎ
𝑛 − ∇ ∙ 2𝜈𝜖(𝑼ℎ) − 𝒇 = 𝟎. (81) 

The pressure is then updated using the following implicit scheme in the continuity equation: 

  Δ𝑡∇2𝑝ℎ
𝑛+1 = ∇ ∙ 𝒖ℎ

𝑛+1. (82) 

Taking the inner product of the expression in equation (81) with the test function 𝒗ℎ and integrating the resulting 

expression by parts then yields the numerical method on variational form: 

 
〈
1

Δ𝑡
(𝒖ℎ

𝑛+1 − 𝒖ℎ
𝑛) + (𝒖ℎ

𝑛 ∙ ∇)𝑼ℎ + ∇𝑝ℎ
𝑛, 𝒗ℎ〉 + 〈2𝜈𝜖(𝑼ℎ), ∇𝒗ℎ〉 − 〈2𝜈𝜖(𝑼ℎ)�̂�, 𝒗ℎ〉Γ − 〈𝒇, 𝒗ℎ〉

= 0. 
(83) 

Using the result of an inner product between a symmetric and antisymmetric tensor being zero, as was derived in 

(72) and (73) of Section 3.1.2, CN on weak form may be rewritten as: 

 
〈
1

Δ𝑡
(𝒖ℎ

𝑛+1 − 𝒖ℎ
𝑛) + (𝒖ℎ

𝑛 ∙ ∇)𝑼ℎ + ∇𝑝ℎ
𝑛, 𝒗ℎ〉 + 〈2𝜈𝜖(𝑼ℎ), ϵ(𝒗ℎ)〉 − 〈2𝜈𝜖(𝑼ℎ)�̂�, 𝒗ℎ〉Γ

− 〈𝒇, 𝒗ℎ〉 = 0. 
(84) 

Multiplying the continuity expression for the pressure 𝑝ℎ
𝑛+1 with the scalar-valued test function 𝑞ℎ and integrating 

the result by parts then yields: 
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 〈Δ𝑡∇𝑝ℎ
𝑛+1, ∇𝑞ℎ〉 − 〈Δ𝑡𝜕𝑛(𝑝ℎ

𝑛+1), 𝑞ℎ〉Γ + 〈∇ ∙ 𝒖ℎ
𝑛+1, 𝑞ℎ〉 = 0, (85) 

where 𝜕𝑛 denotes the directional derivative in the normal direction. Equations (84) and (85), which is solved for 

𝒖ℎ
𝑛+1 and 𝑝ℎ

𝑛+1 respectively, then define the two steps of the implicit CN which is implemented in this study on weak 

form. 

3.2. Benchmark Problems 
Since the 2D incompressible Navier-Stokes equations do not in general have analytical solutions, some popular 

benchmarks have been created. These benchmarks have been studied in detail and yield accurate results which 

approximated solutions of different methods may be compared to. 

All calculations in these three benchmark problems were made using Python version 2.7 and compiled using GNU 

Emacs version 25.2. FEniCS version 2017.2.0 was used for all the finite element computations. The figures 

visualizing the solutions were made using ParaView version 5.4 and graphs were produced using MATLAB R2016b 

and R2017b.  

The computations for laminar 2D flow problem around a cylinder were made on a Lenovo Thinkpad T420 laptop 

with an Intel Core i5-2540M processor at 4×2.60 GHz and with 4 Gb DDR3 memory. For the Taylor-Green vortex 

problem and lid-driven cavity problem, the computations were made on a HP Pavilion laptop with an AMD A8-7410 

APU processor at 4×2.20 GHz and with 8 Gb DDR3 memory. 

3.2.1. Laminar 2D Flow Problem Around a Cylinder 
One popular benchmark test is the laminar 2D flow problem around a cylinder, as was done in the more 

comprehensive study of Schäfer and Turek in [18]. In this benchmark test, the domain is rectangular with a bluff 

body disturbing the incoming constant flow at the inlet. The outlet boundary condition is chosen by the user and for 

this study a zero-pressure boundary condition was applied. This can be thought of as a flow leading into a lake. As 

can be seen in the implementation of the three numerical solvers in Section 3.1 the boundary condition ∇𝑝 ∙ �̂� is also 

imposed weakly on the whole boundary Γ, by dropping the boundary terms acquired from integrating the Laplacian 

term by parts. 

 

Figure 1. A sketch of the domain of the channel problem. The sketch is not to scale and the length 𝐿 = 2.2 m and height 𝐻 = 0.41 m. The inlet 

boundary is colored red (-), the outlet green (-) and the circular object blue (-). The flow enters at the inlet and exits at the outlet. 

In Figure 1, the computational domain has been sketched with poor scaling. The measurements are correct, and the 

length and height are 𝐿 = 2.2 m and 𝐻 = 0.41 m respectively. The flow enters at 𝑥 = 0 m and the inlet boundary 

condition were set to: 
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 𝑢𝑥 =
4𝑈𝑚𝑦(𝐻 − 𝑦)

𝐻2
, 𝑢𝑦 = 0, (86) 

where the parameter 𝑈𝑚 has been set to 1.5 m/s. To get comparable results, the drag and lift coefficients were 

computed from the lift and drag force as: 

 𝐶𝐿 =
2𝐹𝐿

𝜌𝑢2𝐷
, 𝐶𝐷 =

2𝐹𝐷

𝜌𝑢2𝐷
, (87) 

where the density 𝜌 was set to one. The mean velocity at the inlet is �̅� = (2/3) ∙ 4.0 ∙ 𝑈𝑚(𝐻/2)(𝐻 − 𝐻/2 )/𝐻
2 and 

the bluff body diameter 𝐷 is 0.1 m [18].  

The lift and drag forces 𝐹𝐿 and 𝐹𝐷 are calculated on the circular bluff body which is shown coloured blue in Figure 1. 

If the circular boundary is denoted Γ𝑏𝑜𝑑𝑦, then the lift and drag force expressions may be defined as: 

 𝐹𝐿 = −∫ (𝜌𝜈
𝜕𝑢𝑡
𝜕�̂�

𝑛𝑥 + 𝑝𝑛𝑦) 𝑑𝑠
Γ𝑏𝑜𝑑𝑦

, 𝐹𝐷 = ∫ (𝜌𝜈
𝜕𝑢𝑡
𝜕�̂�

𝑛𝑦 − 𝑝𝑛𝑥) 𝑑𝑠
Γ𝑏𝑜𝑑𝑦

, (88) 

where 𝜕( )/𝜕�̂� denotes a partial derivative in the normal direction �̂� on Γ𝑏𝑜𝑑𝑦 which has components (𝑛𝑥, 𝑛𝑦). The 

𝑢𝑡-term denotes a tangential velocity vector and is defined as the projection of the velocity on the tangential vector 

�̂� = (𝑛𝑦 , −𝑛𝑥) along the bluff body. The pressure difference over the cylinder was also calculated and compared. 

This pressure difference was calculated between the points 𝑥𝑎 , 𝑦𝑎 = 0.15, 0.20 m and 𝑥𝑏 , 𝑦𝑏 = 0.25, 0.20 m [17, 18]. 

The benchmark setup then corresponds to an unsteady test case of Reynolds number 𝑅𝑒 = 100 by using the 

definition in accordance with the study [18]: 

 𝑅𝑒 =
�̅�𝐷

𝜈
, (89) 

together with a kinematic viscosity 𝜈 = 10−3. 

This benchmark problem was investigated using each of the three numerical methods described in Section 3.1. This 

was done in three cases. The first case corresponding to simulations without an implemented residual based artificial 

viscosity. This was done to get reference values and plots for the respective methods. The second case then 

corresponded to simulations with an implemented residual based artificial viscosity on the same setup as was used in 

the first case. For the third case, the artificial viscosity method was implemented for all three methods on a setup of 

lower viscosity 𝜈 = 10−5. This corresponds to a Reynolds number of 104 and for this case, a stabilization method is 

required for the problem to be solved.  

In all three test cases shown in Table 1, two differently refined meshes were investigated. The first coarser mesh was 

divided into 2 323 vertices and the finer mesh was divided into 9 113 vertices. The maximum value of the lift and 

drag coefficients were then calculated and presented. The pressure difference functional was calculated at times half 

a period after the maximum value of the lift coefficient in the first and second case, as specified by Turek and 

Schäfer [18]. In the third case, the average value of the pressure difference was calculated over the time interval 

[2, 8] s instead. These functionals of interest were also calculated and saved at each time-step.  

For the simulations, the vector-valued trial and test functions 𝒖𝒉 and 𝒗ℎ are defined as continuous piecewise 

quadratic functions for each vector component. The scalar-valued trial and test functions 𝑝ℎ and 𝑞ℎ are defined as 

continuous piecewise linear functions. The time-step is set as constant for each simulation and is denoted Δ𝑡. For the 

first case, without stabilization, constant time-steps of Δ𝑡 = 0.001 for the coarser mesh and Δ𝑡 = 0.0005 s for the 

finer mesh are used. In the second and third case, a CFL condition was applied as in [1]: 

 Δ𝑡 ≤ 𝐶𝐹𝐿 ∙ min
𝒦∈𝒯ℎ

(ℎ𝒦/|𝑢𝑛|𝒦), (90) 



17 

 

where CFL is a constant and |𝑢𝑛|𝒦 is the maximum velocity magnitude in cell 𝒦 at time-step 𝑛. To skip calculating 

the maximum velocity at all, the CFL-constant was set to 𝐶𝐹𝐿 = 0.1. In our simulations we then considered a 

constant velocity magnitude of approximately one to fix the time-step as constant for the given mesh. 

Table 1. An overview of the three test cases which were investigated on the laminar 2D flow problem around a cylinder. In the first column are the 

three numbers, corresponding to each test case, shown in the same order as they appear in the results section. The second column shows the 
kinematic viscosity used in the different test cases and the third column shows if the residual based artificial viscosity method was implemented in 

the corresponding test case as a stabilization method. The parameters are the functionals of interest which are calculated for each of the three 

methods and in each test case. Number of vertices and CFL are parameters specific to the simulations. 

Test Case Kinematic Viscosity Stabilization Parameters CFL Number of vertices 

 

1 

 

1𝑒-3 

 

No 
𝐶𝐿𝑚𝑎𝑥, 

𝐶𝐷𝑚𝑎𝑥 , 

Δ𝑃 

 

- 

 

2 323 and 9 113 

 

2 

 

1𝑒-3 

 

Yes 
𝐶𝐿𝑚𝑎𝑥, 

𝐶𝐷𝑚𝑎𝑥 , 

Δ𝑃 

 

0.1 

 

2 323 and 9 113 

 

3 

 

1𝑒-5 

 

Yes 

𝐶𝐿𝑎𝑣𝑔, 

𝐶𝐷𝑎𝑣𝑔, 

Δ𝑃𝑎𝑣𝑔 

 

0.1 

 

2 323 and 9 113 

 

3.2.2. Taylor-Green Vortex Problem 
The second benchmark problem investigated is called Taylor-Green vortex and is described in [15, 19]. The problem 

consists of a fluid flow of a decaying vortex. The flow is unsteady and periodic and in this case the domain used is 

given by 𝛺 = [−1,1] × [−1,1]. The flow can be described by the incompressible Navier-Stokes equations (see 

equation (1)). The exact solution for this flow is known and is given by: 

 𝒖(𝑥, 𝑦, 𝑡) = (𝑐𝑜𝑠(𝜋𝑥)𝑠𝑖𝑛(𝜋𝑦)𝑒−2𝑡𝜈𝜋
2
, 𝑐𝑜𝑠(𝜋𝑦)𝑠𝑖𝑛(𝜋𝑥)𝑒−2𝑡𝜈𝜋

2
), (91) 

 𝑝(𝑥, 𝑦, 𝑡) =
−1

4
(𝑐𝑜𝑠(2𝜋𝑥) + 𝑐𝑜𝑠(2𝜋𝑦))𝑒−4𝑡𝜈𝜋

2
. (92) 

Two different values of the kinematic viscosity were investigated; 𝜈 = 10−2 and 𝜈 = 10−5. The exact solution for 

this problem at 𝑡 = 0 s was set as an initial condition and periodic boundary conditions in both the 𝑥- and y-direction 

were imposed, both for the velocity and the pressure. The final time was set to 𝑇 = 0.5 s. The problem was solved 

with the three different methods described in Section 3.1, all implemented in one case with and one without residual 

based artificial viscosity (see Section 2.3). The kinetic energy was then computed at the final time 𝑇 as a functional 

of interest, given by: 𝐸𝑘 =
1

2
‖𝒖‖𝐿2

2 , where ‖𝒖‖𝐿2 is the 𝐿2-norm defined by: √∫ 𝒖 ∙ 𝒖𝑑Ω
Ω

 [6]. The problem was 

solved with nine different mesh sizes. The CPU-time and the error of the kinetic energy at the final time 𝑇 was then 

computed for all three methods for all the nine different mesh sizes. The methods were then compared in two ways; 

the CPU-time and the error in the kinematic energy at the final time 𝑇. The CPU-time as a function of number of 

degrees of freedom for the three methods was plotted in one figure. Furthermore, a figure of the error of the kinetic 

energy at the final time 𝑇 as a function of degrees of freedom was also produced. 

For this test problem the time-step used was constant in each simulation, based on the minimal cell diameter in the 

mesh. The time-step was set as in (90) of Section 3.2.1 to ∆𝑡 ≈ 𝐶𝐹𝐿 ∙ min
𝒦∈𝒯ℎ

(ℎ𝒦/|𝑢𝑛|𝒦), where 𝐶𝐹𝐿 was chosen to 

𝐶𝐹𝐿 ≈ 0.2, but in a way such that the final time was exactly 𝑇 = 0.5 s. For simplicity |𝑢𝑛|𝒦  was approximated as 1, 

which is a good approximation for this case.  Moreover, the function spaces used for the test and trial functions were 

a space consisting of continuous piecewise linear polynomials (𝒫1) for the pressure and a vector function space 

where all the vector components in the space consisted of continuous piecewise quadratic polynomials (𝒫2) was 

chosen for the velocity, as specified in Section 3.1. 
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Table 2 shows some of the parameters used for the Taylor-Green vortex problem for the four different cases 

investigated. 

Table 2. Values of some parameters used when solving the Taylor-Green vortex problem with Chorin, IPCS and CN, both when the viscosity is 

𝜈 = 10−3 and 𝜈 = 10−5 and when the solvers are implemented with and without stabilization from residual based artificial viscosity. The 

parameters 𝐶1, 𝐶2 used in the stabilization method are shown and the CFL number used in the CFL-condition. 

Test Case Kinematic Viscosity Stabilization (𝐶1, 𝐶2) CFL Number of degrees of freedom 

 

1 

 

1𝑒-2 

 

No 

 

- 

 

0.2 

576, 1 089, 2 304, 4 761, 

9 216, 18 225, 36 864, 

74 529 and 147 456 

 

2 

 

1𝑒-2 

 

Yes 

 
(1, 0.5) 

 

0.2 

576, 1 089, 2 304, 4 761, 

9 216, 18 225, 36 864, 

74 529 and 147 456 

 

3 

 

1𝑒-5 

 

No 

 

- 

 

0.2 

576, 1 089, 2 304, 4 761, 

9 216, 18 225, 36 864, 

74 529 and 147 456 

 

4 

 

1𝑒-5 

 

Yes 

 
(1, 0.5) 

 

0.2 

576, 1 089, 2 304, 4 761, 

9 216, 18 225, 36 864, 

74 529 and 147 456 

 

3.2.3. Lid-driven Cavity Problem 
The third benchmark problem is a so-called lid-driven cavity problem. The problem is a two-dimensional fluid flow 

inside a squared cavity of unit length, i.e. 𝛺 = [0,1] × [0,1]. The initial conditions were set to zero for both the 

velocity and the pressure over 𝛺 and no-slip boundary conditions (i.e. 𝑢𝑥, 𝑢𝑦 = 0) were imposed on the boundaries, 

except for the upper wall where the velocity was set to 𝒖 = (1,0)𝑇 . The final time was set to 𝑇 = 2.5 s. Initially the 

velocity will be zero in the whole computational domain, except for the upper wall, but after some time a vortex will 

appear in the upper right corner. The vortex will move towards the centre of the domain as time goes by. The flow 

can be described by the incompressible Navier-Stokes equations (see equation (1)). 

As a functional of interest, the minimum value of the stream function at the final time was investigated [15]. The 

stream function 𝜓𝑧 can be defined by: 

 𝒖 = 𝛻 × 𝝍 = (
𝜕𝜓𝑧
𝜕𝑦

,−
𝜕𝜓𝑧
𝜕𝑥

, 0), (93) 

where 𝝍 = (0,0, 𝜓𝑧) is a vector potential. Further the stream function can be computed by solving the following 

Poisson problem: 

 −𝛻2𝜓𝑧 = 𝜔𝑧 , (94) 

where 𝜔𝑧 is the z-component of the vorticity vector [15, 20], given by: 

 𝜔𝑧 =
𝜕𝑢𝑦

𝜕𝑥
−
𝜕𝑢𝑥
𝜕𝑦

. (95) 

According to [15] the minimum value of the stream function after 𝑇 = 2.5 s is min(𝜓) = −0.061076605. 

The lid-driven cavity problem was solved to the final time 𝑇 with the three different methods described in Section 

3.1, all implemented in one case with and one without the residual based artificial viscosity introduced in Section 

2.3. When the final time 𝑇 was reached, the stream function was computed and the minimal value compared with the 

true value. Further, the problem was solved with each method for eight different mesh sizes. The methods were then 

compared in a similar way as for the Taylor-Green vortex problem; the CPU-time and the error of the obtained 
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stream function at the final time 𝑇. The CPU-time was plotted as a function of number of degrees of freedom (as a 

mesh size value) for the three methods and moreover a figure of the error in the minimum value of the stream 

function as a function of number of vertices was also produced. 

The same way of calculating the time-step was used in this problem as for the Taylor-Green vortex problem, but the 

final time was here 𝑇 = 2.5 s. To make the approximation that |𝑢𝑛|𝒦 ≈ 1 is also good for this test problem. 

Furthermore, the same spaces for the test and trial functions were used as in the Taylor-Green vortex problem. 

Table 3 shows some of the parameters used for the lid-driven cavity problem for the four different cases investigated. 

Table 3. Values of some parameters used when solving the lid-driven cavity problem with Chorin, IPCS and CN, both when the viscosity is 𝜈 =
10−3 and 𝜈 = 10−5 and when the solvers are implemented with and without stabilization from residual based artificial viscosity. The parameters 

𝐶1, 𝐶2 used in the stabilization method are shown and the CFL number used in the CFL-condition. 

Test Case Kinematic Viscosity Stabilization (𝐶1, 𝐶2) CFL Number of degrees of freedom 

 

1 

 

1𝑒-3 

 

No 

 

- 

 

0.2 

659, 1 202, 2 467, 4 994, 

9 539, 18 678, 37 507 and 

75 442 

 

2 

 

1𝑒-3 

 

Yes 

 
(1, 0.5) 

 

0.2 

659, 1 202, 2 467, 4 994, 

9 539, 18 678, 37 507 and 

75 442 

 

3 

 

1𝑒-5 

 

No 

 

- 

 

0.2 

 

2 476, 18 678 and 91 003 

 

 

4 

 

1𝑒-5 

 

Yes 

 
(1, 0.5) 

 

0.2 

 

2 476, 18 678 and 91 003 

 

4. Results 

4.1. Laminar 2D Flow Problem Around a Cylinder 
In this section the results acquired with Chorin, IPCS and CN are presented as described in Section 3.1. For the 

laminar 2D flow problem around a cylinder, the benchmark test has been solved for three cases which are 

summarized in Table 4.  

Table 4. A summary of the parameters corresponding to each of the three test cases presented for the laminar 2D flow problem around a cylinder 

benchmark. The first column shows each test cases number in the same order as they are presented. Furthermore, the kinematic viscosity for each 

test case is presented as well as if a stabilization method was used. The parameters 𝐶1, 𝐶2 used in the stabilization method are shown as well as the 

number of vertices and the CFL number used in the CFL-condition. 

Test Case Kinematic Viscosity Stabilization (𝐶1, 𝐶2) CFL Number of vertices 

1 1e-3 No - - 2 323 and 9 113 

2 1e-3 Yes (4, 0.25) 0.1 2 323 and 9 113 

3 1e-5 Yes (4, 0.25) 0.1 2 323 and 9 113 

The first case is an implementation of the three methods on the higher viscosity setup with Reynolds number 100. 

For this case, a stabilization method is not required, and the results are shown in Section 4.1.1. The second case 

corresponds to an implementation of the methods with a stabilization method for Reynolds number 100 using 

residual based artificial viscosity (as presented in Section 2.3) and is shown in Section 4.1.2. The values for the first 

case is therefore a reference result, together with the results of [17, 18], for comparisons with the results of the 

second case. 

All three test cases were investigated for two different mesh sizes. The coarse mesh contains 2 323 vertices and the 

fine mesh contains 9 113 vertices. Since no stabilization method is active in the first case, the time-step used is Δ𝑡 =
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0.001 s for the coarse mesh and Δ𝑡 = 0.0005 s for the finer mesh. For the results in Sections 4.1.2 and 4.1.3, the 

CFL condition is used with the constant 𝐶𝐹𝐿 = 0.1 as is described in Section 3.2.1.  

The residual based artificial viscosity stabilization method used in the second and third case of the test runs on the 

laminar 2D flow problem around a cylinder was modified from the presentation given in theory Section 2.3. The 

modification was a slight tweak of coefficients 𝐶1 and 𝐶2 and the values that has been used for these coefficients are 

𝐶1 = 4 and 𝐶2 = 0.25. This is a correctional step, since the cell diameter ℎ𝒦  was calculated as the square-root of the 

cell area instead of the minimum circle diameter circumscribed by the cell. This is not an uncommon step and was 

necessary for the residual based artificial viscosity to be able to stabilize the numerical methods. 

4.1.1. Results of 𝜈=0.001 without Stabilization 
In this section, the results are presented as described by Turek and Schäfer in their study made on this benchmark 

[18]. The maximum value of the lift- and drag coefficients (𝑐𝐿 , 𝑐𝐷) and the pressure difference between the front- and 

back point of the cylinder are calculated for each method on a coarse and fine mesh respectively. Values for the 

pressure difference is taken at a time 𝑡 half a period later than where 𝑐𝐿 has its maximum value. These values are 

then presented in Table 5 together with the number of vertices in the mesh, the calculation time and the 

corresponding numerical method.  

In Table 5, the results are presented for simulations done on the laminar 2D flow problem around a cylinder for three 

different methods. These results were collected using a kinematic viscosity 𝜈 = 10−3 and the time-step Δ𝑡 = 0.001 

s. In the first, second and third row of the table are the results acquired with Chorin, IPCS and CN presented 

respectively. The number of vertices is a number corresponding to how refined the mesh is and the time is how long 

it took for the calculations to be completed. 

Table 5. Benchmark results for the laminar 2D flow problem around a cylinder for an incompressible fluid with kinematic viscosity 𝜈 = 10−3 

(corresponding to a setup with Reynolds number 100). 

Number of vertices Time [s] 𝑐𝐿𝑚𝑎𝑥  𝑐𝐷𝑚𝑎𝑥  Δ𝑃 Method 

2 323 2 576.194 0.8900 2.9152 2.4637 Chorin 

9 113 17 050.842 1.0032 3.1321 2.5132 Chorin 

2 323 2 614.965 0.9547 2.8676 2.4885 IPCS 

9 113 17 387.989 0.9795 3.0848 2.5127 IPCS 

2 323 1 922.327 0.9691 3.1160 2.5088 CN 

9 113 14 591.567 0.9345 3.1732 2.5096 CN 

 

The following Figures 2, 3 and 4 show snapshots of the velocity magnitude (a, b) and pressure (c, d) solutions at time 

𝑡 = 8.0 s. The mesh refinement is shown such that the upper pictures in (a) and (c) are coarser, and the lower 

pictures in (b) and (d) are finer. 

 

Figure 2. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for Chorin. A kinematic viscosity 𝜈 = 10−3 was used and these results 

were acquired using a coarse mesh in (a) and (c) and a fine mesh in (b) and (d). 
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Figure 3. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for IPCS. A kinematic viscosity 𝜈 = 10−3 was used and these results were 

acquired using a coarse mesh in (a) and (c) and a fine mesh in (b) and (d). 

 

Figure 4. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for CN. A kinematic viscosity 𝜈 = 10−3 was used and these results were 

acquired using a coarse mesh in (a) and (c) and a fine mesh in (b) and (d). 

In the following graphs, the functionals has been plotted from two seconds to eight seconds. This is because of the 

shock which results in the solution at the beginning of the problem, when the fluid enters the channel and hits the 

cylinder. 

 

Figure 5. Drag coefficient results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with 

kinematic viscosity 𝜈 = 10−3. The graphs in (a), (b) and (c) show the results of simulations made with Chorin, IPCS and CN respectively. The red 

(-) plots show the results from functionals on the coarse mesh and black (-) show the results on the fine mesh. 

 

Figure 6. Lift coefficient results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with kinematic 

viscosity 𝜈 = 10−3. The graphs in (a), (b) and (c) show the results of simulations made with Chorin, IPCS and CN respectively. The blue (-) plots 

show the results from functionals on the coarse mesh and black (-) show the results on the fine mesh. 
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Figure 7. Pressure difference results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with 

kinematic viscosity 𝜈 = 10−3. The graphs in (a), (b) and (c) show the results of simulations made with Chorin, IPCS and CN respectively. The 

purple (-) plots show the results from functionals on the coarse mesh and black (-) show the results on the fine mesh. 

4.1.2. Results of 𝜈=0.001 with Stabilization 
In this section, the results of maximum drag and lift coefficients and the pressure difference over the cylinder are 

presented as done in the first case (Section 4.1.1) and as described in the study of Turek and Schäfer [18]. The results 

are collected and presented together in Table 6. A snapshot of the velocity magnitude, and pressure is shown in 

Figures 8, 10 and 12 and artificial viscosity in Figures 9, 11 and 13 for Chorin, IPCS and CN at final time 8.0 s. The 

lift, drag and pressure functionals are also presented in Figure 14, 15 and 16 as functions of time and for its 

corresponding coarse and fine mesh. 

Table 6. Benchmark results for the laminar 2D flow problem around a cylinder for an incompressible fluid with kinematic viscosity 𝜈 = 10−3 

(corresponding to a setup with Reynolds number 100) and implemented stabilization method. 

Number of vertices Time [s] 𝑐𝐿𝑚𝑎𝑥  𝑐𝐷𝑚𝑎𝑥  Δ𝑃 Method 

2 323 4 681.346 0.7336 3.4955 2.6975 Chorin 

9 113 32 742.794 1.4442 3.4604 2.7043 Chorin 

2 323 4 728.773 0.3969 3.2299 2.6603 IPCS 

9 113 33 026.916 1.1907 3.1704 2.6065 IPCS 

2 323 4 349.091 0.2168 3.4974 2.6043 CN 

9 113 34 235.502 0.9983 3.2448 2.5746 CN 

 

The following Figures 8, 10 and 12 show snapshots of the velocity magnitude (a, b) and pressure (c, d) solutions at 

time 𝑡 = 8.0 s for Chorin, IPCS and CN respectively. Results from the coarse mesh are shown in the graphs (a) and 

(c) and from a fine mesh in the graphs (b) and (d). In Figures 9, 11 and 13 are also the profile of the residual based 

artificial viscosity presented at time 𝑡 = 8.0 s. There, the graphs (a) and (b) show the resulting profile with a coarse 

and fine mesh respectively. 

 

Figure 8. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for Chorin. A kinematic viscosity 𝜈 = 10−3 was used and these results 

were acquired using a coarse mesh (shown in graphs (a) and (c)) and a fine mesh (shown in graphs (b) and (d)). 
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Figure 9. The residual based artificial viscosity profile at time 𝑡 = 8.0 s for Chorin. A kinematic viscosity 𝜈 = 10−3 was used and these results 

were acquired using a coarse and fine mesh shown in graphs (a) and (b) respectively. 

 

Figure 10. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for IPCS. A kinematic viscosity 𝜈 = 10−3 was used and these results 

were acquired using a coarse mesh (shown in graphs (a) and (c)) and a fine mesh (shown in graphs (b) and (d)).

 

Figure 11. The residual based artificial viscosity profile at time 𝑡 = 8.0 s for IPCS. A kinematic viscosity 𝜈 = 10−3 was used and these results 

were acquired using a coarse and fine mesh shown in graphs (a) and (b) respectively. 

 

Figure 12. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for CN. A kinematic viscosity 𝜈 = 10−3 was used and these results were 

acquired using a coarse mesh (shown in graphs (a) and (c)) and a fine mesh (shown in graphs (b) and (d)).

 

Figure 13. The residual based artificial viscosity profile at time 𝑡 = 8.0 s for CN. A kinematic viscosity 𝜈 = 10−3 was used and these results were 

acquired using a coarse and fine mesh shown in graphs (a) and (b) respectively. 

In the following graphs, the functionals has been plotted from two seconds to eight seconds. This is because of the 

shock which results in the solution at the beginning of the problem, when the fluid enters the channel and hits the 

cylinder. 
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Figure 14. Drag coefficient results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with 

kinematic viscosity 𝜈 = 10−3 and implemented residual based artificial viscosity. The graphs in (a), (b) and (c) show the results of simulations 

made with Chorin, IPCS and CN respectively. The red (-) plots show the results from functionals on the coarse mesh and black (-) show the 

results on the fine mesh. 

 

Figure 15. Lift coefficient results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with 

kinematic viscosity 𝜈 = 10−3 and implemented residual based artificial viscosity. The graphs in (a), (b) and (c) show the results of simulations 

made with Chorin, IPCS and CN respectively. The blue (-) plots show the results from functionals on the coarse mesh and black (-) show the 

results on the fine mesh. 

 

Figure 16. Pressure difference results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with 

kinematic viscosity 𝜈 = 10−3 and implemented residual based artificial viscosity. The graphs in (a), (b) and (c) show the results of simulations 

made with Chorin, IPCS and CN respectively. The purple (-) plots show the results from functionals on the coarse mesh and black (-) show the 

results on the fine mesh. 

Remark 1. Oscillating behaviour was captured in the parameter solutions of drag, lift and pressure difference 

between time-steps for runs with active artificial viscosity stabilization. Its origin could not be determined in time for 

the reports deadline. An iteration of a weighted average was done on the results. This reduced the oscillations 

slightly and did not alter the magnitudes. This was done, to get a more representative result and it also made the 

graphical presentation of the data less confusing to the reader.  
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4.1.3. Results of Low Viscosity Simulation 
In this section, the results are presented in accordance with the study made by Segerkvist in [17]. The average values 

are calculated for drag, lift and pressure difference and the results are then presented in Table 7 together with the 

number of vertices in the mesh, the calculation time and the corresponding numerical method. 

Table 7. Benchmark results for the laminar 2D flow problem around a cylinder for an incompressible fluid with kinematic viscosity 𝜈 = 10−5 

(corresponding to a setup with Reynolds number 104) and implemented stabilization method. 

Number of vertices Time [s] 𝑐𝐿𝑎𝑣𝑔 𝑐𝐷𝑎𝑣𝑔 Δ𝑃𝑎𝑣𝑔 Method 

2 323 4 780.486 -0.0321 3.2096 2.7026 Chorin 

9 113 33 873.389 0.1060 3.1947 2.9439 Chorin 

2 323 4 838.226 0.0488 2.8937 2.6355 IPCS 

9 113 34 483.740 0.1181 2.7743 2.7394 IPCS 

2 323 2 752.294 0.0379 3.1656 2.6004 CN 

9 113 31 303.118 0.0959 2.8034 2.6222 CN 

 

The following Figures 17, 19 and 21 show snapshots of the velocity magnitude (a, b) and pressure (c, d) solutions at 

time 𝑡 = 8.0 s for Chorin, IPCS and CN respectively. Results from the coarse mesh are shown in graphs (a) and (c) 

and from the fine mesh in graphs (b) and (d). In Figures 18, 20 and 22 are also the profiles of the residual based 

artificial viscosity presented at time 𝑡 = 8.0 s. There, the graphs (a) and (b) show the resulting profile with a coarse 

mesh and fine mesh respectively. 

 

Figure 17. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for Chorin. A kinematic viscosity 𝜈 = 10−5 was used and these results 

were acquired using a coarse mesh (shown in graphs (a) and (c)) and a fine mesh (shown in graphs (b) and (d)). 

Figure 18. The residual based artificial viscosity profile at time 𝑡 = 8.0 s for Chorin. A kinematic viscosity 𝜈 = 10−5 was used and these results 

were acquired using a coarse and fine mesh shown in graphs (a) and (b) respectively. 

 

Figure 19. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for IPCS. A kinematic viscosity 𝜈 = 10−5 was used and these results 

were acquired using a coarse mesh (shown in graphs (a) and (c)) and a fine mesh (shown in graphs (b) and (d)). 
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Figure 20. The residual based artificial viscosity profile at time 𝑡 = 8.0 s for IPCS. A kinematic viscosity 𝜈 = 10−5 was used and these results 

were acquired using a coarse and fine mesh shown in graphs (a) and (b) respectively. 

 

Figure 21. The velocity magnitude and pressure profile at time 𝑡 = 8.0 s for CN. A kinematic viscosity 𝜈 = 10−5 was used and these results were 

acquired using a coarse mesh (shown in graphs (a) and (c)) and a fine mesh (shown in graphs (b) and (d)). 

 

Figure 22. The residual based artificial viscosity profile at time 𝑡 = 8.0 s for CN. A kinematic viscosity 𝜈 = 10−5 was used and these results were 

acquired using a coarse and fine mesh shown in graphs (a) and (b) respectively. 

In the following graphs, the functionals has been plotted from two seconds to eight seconds. This is because of the 

shock which results in the solution at the beginning of the problem, when the fluid enters the channel and hits the 

cylinder. 

 

Figure 23. Drag coefficient results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with 

kinematic viscosity 𝜈 = 10−5 and implemented residual based artificial viscosity. The graphs in (a), (b) and (c) show the results of simulations 

made with Chorin, IPCS and CN respectively. The red (-) plots show the results from functionals on the coarse mesh and black (-) show the 

results on the fine mesh. 
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Figure 24. Lift coefficient results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible fluid with 

kinematic viscosity 𝜈 = 10−5 and implemented residual based artificial viscosity. The graphs in (a), (b) and (c) show the results of simulations 

made with Chorin, IPCS and CN respectively. The blue (-) plots show the results from functionals on the coarse mesh and black (-) show the 

results on the fine mesh. 

 

Figure 25. Pressure difference coefficient results as functions of time for the laminar 2D flow problem around a cylinder for an incompressible 

fluid with kinematic viscosity 𝜈 = 10−5 and implemented residual based artificial viscosity. The graphs in (a), (b) and (c) show the results of 

simulations made with Chorin, IPCS and CN respectively. The purple (-) plots show the results from functionals on the coarse mesh and black (-) 

show the results on the fine mesh. 

Remark 2. Oscillating behaviour was captured in the parameter solutions of drag, lift and pressure difference 

between time-steps for runs with active artificial viscosity stabilization. Its origin could not be determined in time for 

the reports deadline. An iteration of a weighted average was done on the results. This reduced the oscillations 

slightly and did not alter the magnitudes. This was done, to get a more representative result and it also made the 

graphical presentation of the data less confusing for the reader.  

4.2. Taylor-Green Vortex Problem 
The second test problem for solving the incompressible Navier-Stokes equations is the Taylor-Green vortex problem, 

described in Section 3.2.2. In this test problem two different values of the kinematic viscosity for the fluid was 

investigated; 𝜈 = 10−2 and 𝜈 = 10−5. The problem was solved with Chorin, IPCS and CN, all implemented with 

and without the residual based artificial viscosity. 

Figure 26 shows the error of the kinetic energy (see Section 3.2.2. for definition) as a function of number of degrees 

of freedom at time 𝑡 = 0.5 𝑠 and when the kinematic viscosity is set to 𝜈 = 10−2. The number of degrees of freedom 

includes both the velocity and pressure in this case. The figure is obtained when solving Taylor-Green vortex 

problem with Chorin, IPCS and CN, respectively. The figure shows one case when the solvers were implemented 

with stabilization from the residual based artificial viscosity and one without. The artificial viscosity was almost not 

active for the stabilized case, since the viscosity is relatively high. 

The true value of the kinetic energy, which the error is based on, was obtained by interpolating the exact solution of 

the velocity in equation (91) on a mesh with 2 ∙ 106 cells in FEniCS. The kinetic energy was then computed from the 

definition in Section 3.2.2. 
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The Taylor-Green vortex problem was also solved in [15] with the kinematic viscosity 𝜈 = 10−2. Chorin and IPCS 

were solvers, among others, that were investigated in that book, both implemented without stabilization. A similar 

result of the error for these methods as in graph (a) of Figure 26 is presented there, which indicates that the solvers 

here are implemented correctly. 

 

Figure 26. Error of the kinetic energy as a function of number of degrees of freedom where (a) and (b) are the result with and without stabilization, 

respectively. The results are for Taylor-Green vortex problem and it is solved with Chorin, IPCS and CN. The kinematic viscosity is set to 

𝜈 = 10−2 and the time is 𝑡 = 0.5 𝑠. 

Figure 27 shows the CPU-time for the Taylor-Green vortex problem with kinematic viscosity 𝜈 = 10−2. The results 

are both for when the solvers are implemented with and without stabilization from the residual based artificial 

viscosity. 

 

Figure 27. CPU-time as a function of number of degrees of freedom, where (a) and (b) are the result with and without stabilization, respectively. 

The results are for Taylor-Green vortex problem and it is solved with Chorin, IPCS and CN. The kinematic viscosity is set to 𝜈 = 10−2 and the 

time is 𝑡 = 0.5 𝑠. 

In the second case for this benchmark the kinematic viscosity of the fluid is set to 𝜈 = 10−5. 
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Figure 28 shows the same result as in Figure 26, but in this case the kinematic viscosity of the fluid is 𝜈 = 10−5. The 

problem was solved with all three solvers, both implemented with and without stabilization. Only CN was stable 

when implemented without stabilization, both Chorin and IPCS got unstable. 

 

Figure 28. Error of kinetic energy (a) and CPU-time (b) as a function of number of degrees of freedom at time 𝑡 = 0.5 𝑠 when solving Taylor-

Green vortex problem. The kinematic viscosity is set to 𝜈 = 10−5. The problem is solved with Chorin, IPCS and CN. 

Figure 29 shows the exact solution of the velocity for the Taylor-Green vortex problem time 𝑡 = 0.5 𝑠 and where the 

kinematic viscosity is set to 𝜈 = 10−5. The solution was obtained by interpolating equation (91) in FEniCS in a mesh 

consisting of 2 ∙ 106 cells. 

 

Figure 29. The exact solution of the velocity for the Taylor-Green vortex problem at time 𝑡 = 0.5 s and with kinematic viscosity 𝜈 = 10−5. 
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Figure 30, 32 and 34 show the solutions of the Navier-Stokes equations for the Taylor-Green vortex problem at the 

final time 𝑡 = 0.5 s and where the kinematic viscosity is set to 𝜈 = 10−5. The solutions are obtained with Chorin, 

IPCS and CN respectively, all implemented with the residual based artificial viscosity, described in Section 2.3. The 

artificial viscosities from all methods and the three mesh sizes are shown in Figure 31, 33 and 35. The artificial 

viscosity is defined in each cell and lies in a space of discrete constant polynomials of order zero. The solutions in 

the figures are obtained with different number of degrees of freedom. The number of degrees of freedom presented in 

the figures are 2 304, 9 216 and 147 456. These are referred to as low, middle high and high number of degrees of 

freedom, respectively, in the figure texts. The number of degrees of freedom includes both the velocity and pressure. 

The solutions of the velocity in Figure 30, 32 and 34 can be compared with Figure 29, showing the exact solution. 

 

Figure 30. Velocity when solving Taylor-Green vortex problem with Chorin. The time is 𝑡 = 0.5 and the kinematic viscosity is set to 𝜈 = 10−5. 

The result from three different mesh sizes is shown. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

 

Figure 31. Artificial viscosity obtained when solving Taylor-Green vortex problem with Chorin. The time is 𝑡 = 0.5 𝑠 and the kinematic viscosity 

is set to 𝜈 = 10−5. The result obtained using three different mesh sizes are shown. (a), (b) and (c) show the result for low, middle high and high 

number of degrees of freedom respectively. 
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Figure 32. Velocity when solving Taylor-Green vortex problem with IPCS. The time is 𝑡 = 0.5 and the kinematic viscosity is set to 𝜈 = 10−5. 

The result from three different mesh sizes is shown. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

 

Figure 33. Artificial viscosity obtained when solving Taylor-Green vortex problem with IPCS. The time is 𝑡 = 0.5 𝑠 and the kinematic viscosity is 

set to 𝜈 = 10−5. The result obtained using three different mesh sizes are shown. (a), (b) and (c) show the result for low, middle high and high 

number of degrees of freedom respectively. 

 

Figure 34. Velocity when solving Taylor-Green vortex problem with CN. The time is 𝑡 = 0.5 and the kinematic viscosity is set to 𝜈 = 10−5. The 

result from three different mesh sizes is shown. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 
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Figure 35. Artificial viscosity obtained when solving Taylor-Green vortex problem with CN. The time is 𝑡 = 0.5 𝑠 and the kinematic viscosity is 

set to 𝜈 = 10−5. The result obtained using three different mesh sizes are shown. (a), (b) and (c) show the result for low, middle high and high 

number of degrees of freedom respectively. 

4.3. Lid-driven Cavity Problem 
The second benchmark problem is the lid-driven cavity problem, described in Section 3.2.3. Even for this benchmark 

two different values of the kinematic viscosity were investigated, namely 𝜈 = 10−3 and 𝜈 = 10−5. 

Figure 36 shows the error of the minimum of the stream function at time 𝑡 = 2.5 𝑠, both when the solvers are 

implemented with and without stabilization from the residual based artificial viscosity. The reference value of the 

true minimum value of the stream function is given in Section 3.2.3. The number of degrees of freedom includes 

both velocity and pressure.  

The lid-driven cavity problem with viscosity 10−3 was also solved in [15] with Chorin and IPCS without 

stabilization. A similar result of the error for these solvers was presented in that book as in graph (a) in Figure 36, 

which indicates that these solvers are implemented correctly. 

 

Figure 36. Error of the minimum value of the stream function as a function of number of degrees of freedom, where (a) and (b) is the result with 

and without stabilization respectively. The kinematic viscosity is set to 𝜈 = 10−3 and the time is 𝑡 = 2.5 𝑠. 

Figure 37 shows the CPU-time for the lid-driven cavity problem when the viscosity of the fluid is 𝜈 = 10−3. The 

time includes one case when the solvers are implemented with stabilization and one without. 



33 

 

 

Figure 37. CPU-time as a function of number of degrees of freedom, where (a) and (b) is the result with and without stabilization respectively. 

The kinematic viscosity of the fluid is 𝜈 = 10−3 and the time is 𝑡 = 2.5 𝑠. 

Figures 38-40 show the results of the velocity magnitude for the lid-driven cavity problem at time 𝑡 = 2.5 𝑠 and 

when the kinematic viscosity of the fluid is 𝜈 = 10−3. All solvers are here implemented without stabilization. An 

almost identical result was obtained when the solvers were implemented with stabilization. Three different number 

of degrees of freedom are presented; 2 467, 9 539 and 75 442. These are referred to as low, middle high and high 

number of degrees of freedom respectively, in the figure texts. 

 

Figure 38. The magnitude of the velocity and the stream lines for the lid-driven cavity problem, solved with Chorin for three different mesh sizes. 

The kinematic viscosity is 10−3 and the time is 𝑡 = 2.5 𝑠. (a), (b) and (c) show the result for low, middle high and high number of degrees of 

freedom respectively. 
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Figure 39. The magnitude of the velocity and the stream lines for the lid-driven cavity problem, solved with IPCS for three different mesh sizes. 

The kinematic viscosity is 10−3 and the time is 𝑡 = 2.5 𝑠. (a), (b) and (c) show the result for low, middle high and high number of degrees of 

freedom respectively. 

 

Figure 40. The magnitude of the velocity and the stream lines for the lid-driven cavity problem, solved with CN for three different mesh sizes. The 

kinematic viscosity is 10−3 and the time is 𝑡 = 2.5 𝑠. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

The lid-driven cavity problem was also investigated when the kinematic viscosity was set to 𝜈 = 10−5. An exact 

value of the solution in any functional is not known for us in this case, though. This means that no investigation of 

any error can be made. Instead the solutions for the magnitude of the velocity and the artificial viscosity is presented 

and any difference between the solvers can be made visually. 

Figure 41, 43 and 45 show the velocity magnitude and Figure 42, 44 and 46 show the artificial viscosity for the lid-

driven cavity problem for three different mesh sizes. The number of degrees of freedom used are 2 476, 18 678 and 

91 003. These are referred to as low, middle high and high number of degrees of freedom respectively, in the figure 

texts. No exact reference solution is known for us in this case, which means that it can not be compared which solver 

gives the result closest to the true solution. A difference in the solutions can be seen though. Figure 42, 44 and 46 

also visualizes how the residual based artificial viscosity works. 
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Figure 41. Magnitude of the velocity for the lid-driven cavity problem solved with Chorin for three different mesh sizes. The time is 𝑡 = 2.5 𝑠 and 

the kinematic viscosity of the fluid is 𝜈 = 10−5. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

 

Figure 42. Artificial viscosity when solving the lid-driven cavity problem solved with Chorin for three different mesh sizes. The time is 𝑡 = 2.5 𝑠 
and the kinematic viscosity of the fluid is 𝜈 = 10−5. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

 

Figure 43. Magnitude of the velocity for the lid-driven cavity problem solved with IPCS for three different mesh sizes. The time is 𝑡 = 2.5 𝑠 and 

the kinematic viscosity of the fluid is 𝜈 = 10−5. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 
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Figure 44. Artificial viscosity when solving the lid-driven cavity problem solved with IPCS for three different mesh sizes. The time is 𝑡 = 2.5 𝑠 
and the kinematic viscosity of the fluid is 𝜈 = 10−5. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

 

Figure 45. Magnitude of the velocity for the lid-driven cavity problem solved with CN for three different mesh sizes. The time is 𝑡 = 2.5 𝑠 and the 

kinematic viscosity of the fluid is 𝜈 = 10−5. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

 

Figure 46. Artificial viscosity when solving the lid-driven cavity problem solved with CN for three different mesh sizes. The time is 𝑡 = 2.5 𝑠 and 

the kinematic viscosity of the fluid is 𝜈 = 10−5. (a), (b) and (c) show the result for low, middle high and high number of degrees of freedom 

respectively. 

5. Discussion 
From simulations made on the laminar 2D flow problem around a cylinder some noticeable results were gathered. 

One of these is that CN is solving the laminar 2D flow problem around a cylinder somewhat faster than Chorin and 

IPCS. There is only one simulation where this is contradicted. Seeing as only a few number of simulations has been 

made and on a personal laptop, it is hard to make a statement of this even though it is indicated by the results. 
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Furthermore, it could be seen that for a fine mesh with 9 113 vertices the error in the calculated functionals was of 

order 𝒪(10−2) when compared with the mean value of the narrow intervals given by Turek and Schäfer [18]. When 

the stabilization method was added to the simulation in Section 4.1.2, the error was increased by about a factor of 10. 

This means that a finer mesh is needed to compensate for the increased error. It was also seen that the computational 

time was increased when the stabilization method was implemented. This is mostly due to an inefficient 

implementation of the stabilization method; however some extra computational steps are needed in order for the 

method to be implemented and those add computational time.  

A third observation from the results of Section 4.1 was that the corrections made on coefficients 𝐶1 and 𝐶2 could 

have been more carefully chosen. An increase in coefficient 𝐶1 also increases the artificial viscosity as seen in 

Section 2.3. From the velocity magnitude and pressure solutions in the cases of kinematic viscosities 𝜈 = 0.001 and 

𝜈 = 10−5 it can be seen that IPCS and CN are over-stabilized when using a coarse mesh of 2 323 vertices. However, 

the solutions gathered with Chorin is also affected. By lowering the 𝐶1 coefficient, this can be reduced. But to solve 

the case with high Reynolds number, it should not be lowered by too much. 

Some oscillating behaviour in the functionals could also be noticed for the simulations when the residual based 

artificial viscosity was active. This corresponds to some bug in the implementation of this stabilization method, 

however the source of this could not be found. Since the values are reasonable and the oscillations occur between 

time-steps and follow a similar graph as the unstabilized results, a three-point average was added to the results to 

give a more representative result and to make it easier for the reader to see the effects on the error corresponding to 

an added stabilization method.   

For the case corresponding to a high Reynolds number of 104, the numerical methods were all unstable without an 

implemented stabilization technique. For this case, there were no accurately calculated results to compare the graphs 

with. In comparison with Segerkvist’s results it could however be seen that the results were similar, but the results 

from our study was in general somewhat lower. The stabilization was successful in the sense that the method was 

able to stabilize all three of the numerical methods and with more refined triangulation, the solutions should 

converge to the true solution. 

From the results of this study, Chorin, IPCS and CN all worked well as solvers for the incompressible Navier-Stokes 

equations. From the result of Taylor-Green vortex problem and lid-driven cavity problem, CN had the slowest 

convergence rate of the three methods, both when implemented with and without stabilization. The difference was 

most distinct when the methods were implemented without stabilization. This can be seen when looking at the errors 

in Figure 26, 28 and 36. From these figures it can also be seen that the convergence rate between Chorin and IPCS 

are different depending on the problem. For the Taylor-Green vortex problem when the kinematic viscosity is 𝜈 =

10−2 IPCS has a higher convergence rate than Chorin, as can be seen in Figure 26. When the viscosity is 𝜈 = 10−5 

the difference between the errors from the two methods is relatively small, as can be seen on the slope of the curves 

of the error in Figure 28. Moreover, in the lid-driven cavity problem with kinematic viscosity 10−3 Chorin has a 

higher convergence rate when implemented without stabilization, as can be seen in Figure 36. 

In this study all solvers in the benchmark problems were implemented in one case with and one without stabilization 

from the residual based artificial viscosity. The artificial viscosity had an influence on the solution compared when 

solved without stabilization, mostly in a negative way when the kinematic viscosity was relatively high. From the 

laminar 2D flow problem around a cylinder the drag and lift coefficients and pressure difference got a more 

oscillating behaviour when implemented with the artificial viscosity, as can be seen when comparing the results in 

Section 4.1.1 with the results in Section 4.1.2. Furthermore, the solutions got in some cases over-stabilized, because 

the solutions show a less turbulent behaviour of the fluid, as can be seen in Figure 8, 10 and 12. Moreover the error 

got unchanged in the Taylor-Green vortex problem when the solvers were implemented with stabilization (see Figure 

26). That is because the kinematic viscosity was relatively high in that case (𝜈 = 10−2) so the artificial viscosity was 

barely active. Furthermore, the error increased in the lid-driven cavity problem for Chorin and IPCS when they were 

implemented with stabilization, as can be seen in Figure 36. The CPU-time also increased dramatically when 

stabilization was used in all test problems, since more computations are needed when computing the artificial 



38 

 

viscosity. Though all these negative aspects of the residual based artificial viscosity the stabilization method worked 

well when the kinematic viscosity was relatively low (𝜈 = 10−5). In all benchmark problems all methods got 

unstable then, except for CN in Taylor-Green vortex problem. The stabilization method used managed to stabilize 

the methods in all test problems. As can be seen in Figure 28 the error generally decreases when the number of 

degrees of freedom is increased. Furthermore, from the Taylor-Green vortex problem the solutions converge to the 

exact solution for all methods, as can be seen when comparing Figure 30, 32 and 34 with Figure 29. From the 

laminar 2D flow problem around a cylinder and the lid-driven cavity problem the solutions for both the velocity 

magnitude and the artificial viscosity varies between the methods, though, for the low viscosity case.  

An adaptive method for the incompressible Navier-Stokes equations is derived in Section 2.4, which is based on a 

posteriori error estimate and an adjoint problem. The aim of adaptivity is to increase the accuracy of the solution 

with minimal computational cost. The investigation of the adaptivity is here theoretical. An interesting project for 

future studies would be to implement the adaptivity to the same solvers as this study is based on and on the same 

benchmarks. The results could then be compared with the results from this study, to see if the aim of the adaptive 

method is fulfilled. 

6. Conclusions 
The difference between the CPU-time of the three solvers investigated in this study was small in the Taylor-Green 

vortex problem and the lid-driven cavity problem. In the laminar 2D flow problem around a cylinder the CPU-time 

differed between the solvers in the different test cases. CN had the lowest computational time though in all cases for 

the laminar flow problem except for one. However, a conclusion of what method is the fastest can not be drawn 

based on this study alone. To be able to do that the methods has to be investigated further, with more and finer mesh 

sizes. Furthermore, the accuracy of the methods is different depending on the test problem. In general, CN shows a 

slower convergence rate though, based on the results. 

Chorin, IPCS and CN worked well as solvers for the incompressible Navier-Stokes equations in all benchmark 

problems. Furthermore, the residual based artificial viscosity also worked well as a stabilization method when the 

kinematic viscosity of the fluid was relatively low (𝜈 = 10−5). In general, the solvers got unstable for those cases 

when implemented without any stabilization. The artificial viscosity then managed to stabilize the solver and a 

solution was received that converged. When the problem can be solved without stabilization, as for problems with 

higher viscosity (𝜈 = 10−3 or 𝜈 = 10−2 as investigated here), the problem should preferably be solved without the 

residual based artificial viscosity, based on the results from this study. The artificial viscosity increases the CPU-

time, since more computations are needed when computing the artificial viscosity. Furthermore, the results acquired 

without stabilization by the artificial viscosity had, in general, better results for the higher viscosity cases than the 

results without stabilization. Another thing that was observed was that an adjustment of the coefficients 𝐶1 and 𝐶2 

may be necessary for the numerical method to be stabilized on a specific problem. 

An adaptive method was successfully derived in this study based on a posteriori error estimate and an adjoint 

problem. The aim of the adaptivity is to increase the accuracy of the solvers at the same time as the computational 

time decreases. To make conclusions of how the adaptive method achieves this aim, it first needs to be implemented 

and compared to the results acquired for the three benchmarks in this study. This is the next step and is left for future 

studies made on this subject.  
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