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1 Introduction

It is well known that gauge theories play an important role in describing real-world
particle interactions on a fundamental level. An ongoing issue with these theories is
the accessibility of their dynamics in the strong coupling limit, to name QCD as the
most prominent example. However, one can consider the supersymmetric version of
such theories which often exhibit similar phenomena (confinement, chiral symmetry
breaking etc.) but have the advantage that some objects might be calculated exactly
(e.g. effective superpotentials, using holomorphy) and hence can give more access to
strong coupling phenomena.

Another interesting feature is the existence of IR-dualities between some theories
which are different at high energies but have the same low-energy limit. Explicitly,
the low-energy effective theory of one theory, which might be strongly coupled, can
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be described in terms of the dual theory, which might be IR-free in the low-energy
limit. This way one gets full access to the low-energy regime of the theory, which
is why these dualities are particularly interesting. More recently, it has been shown
that such dualities in certain dimensions can be obtained as descendants from higher-
dimensional dualities, such as Aharony duality in 3d from Seiberg duality in 4d [1]
or a 0d quadrality from Gadde-Gukov-Putrov triality in 2d [2]. However, a deep
understanding of the origin of such dualities has not been reached yet.

Motivated by the above, we consider a duality between two three-dimensional
N = 2 supersymmetric gauge theories and we would like to find a one-dimensional
version of this duality. As SUSY QM theories should be more easily understood
in terms of their dynamics than higher-dimensional relatives, such dualities could
provide a more comprehensible toy-model for better understanding of the origin of
higher-dimensional dualities. In order to arrive at SUSY QM we lift the correspond-
ing flat-space 3d gauge theories onto R × S2. This can be done by performing a
half-topological twist, preserving two of the four supercharges. The resulting theory
is then dimensionally reduced over S2 by shrinking the sphere, rS2 → 0. This way
we obtain one-dimensional expressions for both theories and can conjecture a SUSY
QM duality between them, following from the 3d duality. This 1d duality seems
particularly interesting since it suggests that the low-energy effective dynamics of
a gauge theory with non-abelian matter can be described by another gauge theory
whose matter is entirely abelian.

This work is organised as follows. In section 2 we give a brief introduction to
supersymmetry, SUSY algebra, multiplet structures and Lagrangians. The formu-
lation of SUSY on curved manifolds is discussed in section 3, first for general 3d

manifolds and subsequently for R× S2. We give the modified SUSY multiplets and
their transformations and modified Lagrangians. In section 4 the 3d duality we use
is reviewed and how it can be obtained from Seiberg duality. Finally, we present
the 1d theories, multiplets and SUSY transformations, and the conjectured duality
between them in section 5.

2 Supersymmetry

As supersymmetry will be the main feature of the theories under consideration in this
work, below we give a brief introduction to the general concept of supersymmetry
(SUSY) in four dimensions. We use this machinery to build the N = 2 theories in
three dimensions which is just the reduction of N = 1 SUSY in four dimensions. In
this section we limit ourselves to flat space and extend our results to curved space
in section 3. We mainly follow [3] and adapt the notation and conventions therein.

– 2 –



2.1 Algebra and Representations

The basic idea of the concept of supersymmetry is to have bosonic and fermionic
content of a given theory matched such that there is a fermionic partner for every
boson and vice versa. In other words, a symmetry between bosonic and fermionic
content is present.

Before we get to the algebra generating this type of symmetry let us first consider
purely bosonic symmetries of a given theory. Let us assume this theory to contain
only a finite number of different particles associated to one-particle states of a finite
mass, as well as an energy gap between the vacuum and the one-particle states (i.e. a
common QFT situation). Then, the theorem of Coleman and Mandula [4] states that
the most general Lie algebra of symmetries of the theory with non-trivial interactions
contains the usual energy-momentum operator Pµ, the Lorentz transformations Mµν

and a finite number of Lorentz scalar operators Bl belonging to a compact Lie algebra
A. Thus, the most general Lie algebra containing the bosonic symmetries of such a
theory is given by A⊕ iso(1, 3), with iso(1, 3) = so(1, 3)oR1,3 the Poincaré algebra.
In case of only massless fields the above algebra can be extended to also include
dilatations and special conformal transformations (known as the conformal algebra).
The states of the respective theory are given as representations of the symmetry
algebra and form Hilbert spaces as usual. Note, that each representation contains
either bosonic states (e.g. labelled by integer spin) or fermionic states (half-integer
spin).

Note, that the Coleman-Mandula theorem only applies to bosonic symmetries
and we can circumvent the restrictions it imposes by allowing for a more general type
of symmetries which also include anticommuting generators. The respective algebras
are called super-Lie algebras1 (or graded Lie algebras) and take the form [3]

{Q,Q′} = X, [X,X ′] = X ′′, [Q,X] = Q′′, (2.1)

where Q,Q′, Q′′ denote the anticommuting (odd) and X,X ′, X ′′ the commuting
(even) part of the algebra. The even part is subject to the Coleman-Mandula theo-
rem and hence consists of elements of the Poincaré algebra or the Lorentz-invariant
compact Lie algebra A. The odd part can be decomposed into a sum of irreducible
spin-1

2
(n+m) representations of the Lorentz group,

Q =
∑

Qα1...αn,α̇1...α̇m (2.2)

with Qα1...αn,α̇1...α̇m symmetrised in the underlined indices. As we require Q to be
an odd element we must demand n + m to be odd2. It will turn out below that
n + m = 1 and thus Q transforms as a doublet. While ordinary Lie algebras fulfil

1For convenience we sloppily call them just superalgebras in the remainder.
2Otherwise we would violate the relation between spin and statistics.
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the Jacobi identity, it can easily be extended to superalgebras as

{Ta, {Tb, Tc]]± {Tb, {Tc, Ta]]± {Tc, {Ta, Tb]] = 0 (2.3)

with {Ta, Tb] denoting an anticommutator for both generators odd and a commu-
tator else. If the odd elements are in a cyclic permutation of the first term the
sign is positive; else, it is negative. In fact, there is an analogue of the Coleman-
Mandula theorem also for supersymmetries of a given theory, established in [5] by
Haag, Łopuszański and Sohnius. It states that in the massive case from above the
most general superalgebra containing the supersymmetries of a theory is given by
the super-Poincaré algebra together with central charges ZLM = −ZML,

{QL
α, Q̄β̇M} = 2(σµ)αβ̇ Pµ δ

L
M ,

{QL
α, Q

M
β } = εαβZ

LM = εαβ(al)LMBl,[
QL
α, Pµ

]
= [Bl, Pµ] = [Bl,Mµν ] = 0,[

QL
α,Mµν

]
= i(σµν)αβQL

β ,[
QL
α, Bl

]
= Sl

L
MQ

M
α ,

[Bl, Bm] = iclmkBk,

(2.4)

together with the usual Poincaré algebra and the central charges commuting with
all the fermionic and bosonic generators. Indices α, β, . . . , α̇, β̇, . . . denote two-
component Weyl spinors, µ, ν, . . . Minkowski spacetime indices and L,M, . . . are
internal indices assuming values from 1 to N . The N = 1 case is called simple
supersymmetry while N > 1 is referred to as extended supersymmetry. The clmk in
(2.4) denote the structure coefficients of the compact Lie algebra A, Sl its hermitian
representation matrices in a N -dimensional representation and al are chosen such
that

Sl
M
Ka

k,KL = −ak,MKS∗l,K
L, (2.5)

i.e. the al intertwine the representation Sl and its complex conjugate. Central charges
in the above algebra only exit if A permits such intertwiners [3] (e.g. for A = su(2)).
In case the respective theory only contains massless fields (2.4) can be extended, as in
the non-supersymmetric case, to a superconformal algebra. As this work exclusively
uses (2.4) we do not show the superconformal algebra here. Note, that for N = 1

theories there are no central charges due to the antisymmetry.
Before we start building representations with (2.4) note that, while the Coleman-

Mandula theorem demands that all global symmetries of a given theory commute
with the Poincaré algebra, there can be such symmetries which do not commute with
the fermionic generators in (2.4); these are precisely the Bl in A. For N = 1 there
is only one single U(1) generator BR and we call the associated symmetry the R-
symmetry of the theory. It plays an important role in extending the above formalism
to curved manifolds as we will see in the next section.
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Finally, we want to mention a salient feature of supersymmetric theories. Con-
sider the first line in (2.4) and sum over the fermionic indices,∑

α

{Qα, (Qα)†} = 4P 0. (2.6)

Applying the vacuum state |0〉 on both sides gives the vacuum energy of the theory
as

Evac =
1

4

∑
α

〈0|{Qα, (Qα)†}|0〉 ≥ 0. (2.7)

Then, iff supersymmetry is unbroken the vacuum state gets annihilated by both,
Qα, (Qα)†3 and hence Evac = 0. Thus, vanishing Evac is necessary and sufficient to
prove supersymmetry.

Representations. Before we get to construct the representations let us note about
two features we can identify already. First, we note that P 2 (i.e. the mass operator)
is a quadratic Casimir of (2.4), thus we can label the irreducible representations by
the eigenvalues of P 2 which in turn means that all states within a given irreducible
representation are of equal mass. Second, let us introduce a fermion number operator
NF in a way that (−)NF has eigenvalue +1 acting on bosonic states and −1 acting on
fermionic states. Then, using (2.4) and (−)NFQα = −Qα(−)NF (as Q is fermionic),
for any finite-dimensional representation R we get

TrR
[
(−)NFPµ

]
= 0 (2.8)

and for non-vanishing momentum this implies TrR(−)NF = 0. Hence, R contains the
same number of bosonic and fermionic states4.

We now construct these irreducible representations following the approach of [3].
First, let us consider the massless case where we can boost to a frame such that
(Pµ) = (−E, 0, 0, E). Then the supersymmetry algebra becomes

{QA
α , Q̄β̇B} =

(
4E 0

0 0

)
δAB,

{QA
α , Q

B
β } = 0 = {Q̄α̇A, Q̄β̇B}

(2.9)

and by rescaling aA ..= QA
1 /2
√
E, a†A

..= Q̄1̇A/2
√
E we obtain an algebra ofN creation

and annihilation operators,

{aA, a†B} = δAB,

{aA, aB} = 0 = {a†A, a
†
B}.

(2.10)

3Unlike ‘usual’ creation and annihilation operators that one applies to states, the supercharges
act in a way that Q |F 〉 ∼ |B〉 and Q̄ |B〉 ∼ |F 〉 with F,B bosons/fermions. Since |0〉 by definition
contains no particles at all, both operators vanish when applied to it.

4In analogy to the non-supersymmetric case a unitary representation is given by a Z2-graded
Hilbert space H = H0 ⊕H1, where H0 contains the bosonic and H1 the fermionic states.
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Note that, since QA
2 and Q̄2̇A have vanishing anticommutator they must vanish iden-

tically on all physical states, i.e. they are represented by zero5. Let us then consider
a state |Ω〉 with aA |Ω〉 = 0 for all A = 1, . . . ,N , which we call the Clifford vacuum.
Then we can create all other possible states within a representation by acting with
the creation operators on this state. Note that, as usual, acting with annihilation
operators gives another state with one less creation operator acting on |Ω〉 such that
the set of states obtained in this way are closed under (2.10). Moreover, if |Ω〉 is an
irreducible representation of the Poincaré subalgebra then the representation con-
structed in the above way is an irreducible one of the supersymmetry algebra6. In
this case, we can label the Clifford vacuum by the helicity h and by applying aA (a†A)
it gets lowered (raised) by 1

2
. The states of the representation can thus be labelled

|h+
1

2
n,A1 . . . An〉 =

1√
n!
a†An . . . a

†
A1
|Ωh〉 (2.11)

with n = 1, . . . ,N . The state with helicity h+ 1
2
n is

(N
n

)
-fold degenerate, hence this

representation is 2N -dimensional. Note that the representations built in the above
way are not, in general, CPT-invariant (especially, CPT inverts the sign of helicity).
Thus, to build a CPT-invariant theory we have to include the states with opposite
sign of their helicity as well.

Now, let us consider the massive case. We boost to the rest frame (Pµ) =

(−m, 0, 0, 0) and get the supersymmetry algebra

{QA
α , Q̄β̇B} = 2Mδαβ̇ δ

A
B,

{QA
α , Q

B
β } = 0 = {Q̄α̇A, Q̄β̇B},

(2.12)

which we can express in terms of annihilation and creation operators7, aAα ..= QA
α/
√

2M

and (aAα )† ..= Q̄α̇A/
√

2M as

{aAα , (aBβ )†} = δαβδ
A
B,

{aAα , aBβ } = 0 = {(aAα )†, (aBβ )†}.
(2.13)

Acting with the above creation operators on a Clifford vacuum we get the states of
a representation of (2.13) as

|n, α1A1 . . . αnAn〉 =
1√
n!

(aAnαn )† . . . (aAnαn )† |Ω〉 , (2.14)

where now n = 1, . . . , 2N and for a state with given n we find a
(

2N
n

)
-fold degeneracy.

Thus, the dimension of this representation is 22N . We can choose |Ω〉 as an irreducible

5This can easily be seen by computing 0 = 〈ψ|{QA2 , Q̂2̇A}|ψ〉 =
∑
n ‖ 〈n|Q̂2̇A|ψ〉‖

2
+

‖ 〈n|QA2 |ψ〉‖
2 and thus they vanish on any physical state, as advertised.

6Of course, the Clifford vacuum can carry additional representations of internal symmetry
algebras as well.

7Note that the index on the creation operators is not dotted.
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representation of the Poincaré algebra, analogous to the massless case and label |Ω〉
by its spin j. For example, in the case N = 1 the representation consists of the
states

|Ω〉 , (aα)† |Ω〉 , (a1)†(a2)† |Ω〉 (2.15)

with spin content (j, j + 1
2
, j − 1

2
, j) for j 6= 0 (in case of j = 0 we only have (0, 0, 1

2
),

which however has equal number of bosonic and fermionic propagating d.o.f.). For
an overview of multiplets for N = 1, 2, 3, 4 see [3]. For the remainder of this section
we will limit our consideration to simple N = 1 supersymmetry.

2.2 Superspace and Superfields

Ultimately, we want to construct field theories that exhibit supersymmetry. In order
to succeed we need (off-shell) field representations of the supersymmetry algebra. The
most convenient way to obtain this kind of representations is through the introduction
of an extension to spacetime, which we call superspace. For this purpose, let us
first note that we can rewrite the supersymmetry algebra into a Lie algebra with
Grassmann parameters ζα, ζ̄α̇ such that[

ζQ, ζ̄Q̄
]

= 2ζσµζ̄Pµ,

[ζQ, ζQ] = 0 =
[
ζ̄Q̄, ζ̄Q̄

]
,

[Pµ, ζQ] = 0 =
[
Pµ, ζ̄Q̄

] (2.16)

with summation conventions as in [3]. In analogy to ordinary spacetime we can
define superspace as the coset space of the super-Poincaré group modulo the Lorentz
group. Motivated by (2.16) we write a corresponding group element as

g(x, θ, θ̄) = ei(−x
µPµ+θQ+θ̄Q̄), (2.17)

parametrised by the coordinates (x, θ, θ̄) with x the spacetime coordinate and θ, θ̄

some new Grassmann coordinates. We can introduce a left-translation acting on the
group elements,

Lhg = h(y, ζ, ζ̄)g(x, θ, θ̄) (2.18)

and, using the Baker-Campbell-Hausdorff formula (note that Grassmann variables
square to zero), we find that the action of a group element on the parameter space8

{x, θ, θ̄} is realised as coordinate transformations. While the Lorentz generators and
the energy-momentum generator act reducibly, under the fermionic generators we
find a transformation

h(0, ζ, ζ̄)(xµ, θ, θ̄) = (xµ + iθσµζ̄ − iζσµθ̄, θ + ζ, θ̄ + ζ̄). (2.19)

8The action of a Lie group G on a manifoldM can be defined properly in terms of a differentiable
map f : G ×M → M which satisfies f(e, p) = p for all p ∈ M and f(g2, f(g1, p)) = f(g1g2, p).
Below, we sloppily write gp instead.
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The above group action on superspace (analogous to the ordinary Poincaré case) can
be represented in terms of differential operators

Qα =
∂

∂θα
− i(σµ)αα̇θ̄

α̇∂µ, Q̄α̇ = − ∂

∂θ̄α̇
+ iθα(σµ)αα̇∂µ. (2.20)

It can easily be checked that the above operators satisfy the supersymmetry algebra.
Next, we want to introduce derivatives on superspace. In analogy to ordinary flat
spacetime we want these derivatives to be supertranslation-invariant. Note, however,
that the above generators of supertranslations have non-trivial anticommutators and
are thus not invariant; neither are ∂/∂θα , ∂

/
∂θ̄α̇ . In order to obtain the desired

operators we can just repeat the above procedure studying the right-translation in-
stead. We find that the action on the superspace coordinates can be represented
by

Dα =
∂

∂θα
+ i(σµ)αα̇θ̄

α̇∂µ, D̄α̇ = − ∂

∂θ̄α̇
− iθα(σµ)αα̇∂µ, (2.21)

which indeed anticommute with P,Q, Q̄ as advertised and are called supercovariant
derivatives. They satisfy the anticommutation relations

{Dα, D̄α̇} = −2i(σµ)αα̇∂µ,

{Dα, Dβ} = 0 = {D̄α̇, D̄β̇}.
(2.22)

As discussed above, we would like to have representations of the supersymmetry
algebra in terms of (physical) fields to be able to formulate supersymmetric field
theories. For this purpose, let us consider superfields Xαβ...(x, θ, θ̄) which we introduce
as multi-spinor functions over superspace. In this work only scalar superfields are
used (with very few exceptions), so we focus on these in the remainder of this section.
Infinitesimal SUSY transformations of superfields are given by

δX =
[
ζQ+ ζ̄Q̄,X

]
. (2.23)

Ordinary spacetime dependent fields can be recovered as components from superfields
by an expansion in their Grassmann coordinates9. For simple N = 1 supersymmetry
there are 24N = 16 Grassmann coordinates, so for a complex scalar superfield we get
in general 16 + 16 real components,

X = φ+ θαψα + θ̄α̇χ̄
α̇ + θ2F + θ̄2G+ θσµAµ + θ2θ̄α̇λ̄

α̇ + θ̄2θαρα + θ2θ̄2D. (2.24)

It is easy to show that linear combinations and products of superfields are again
superfields. The same holds for spacetime and supercovariant derivatives of super-
fields (as D, D̄ anticommute with Q, Q̄). Recalling the representations of the SUSY

9Since any Grassmann variable squares to zero, a series expansion in these parameters is always
finite (so long the number of parameters is, of course).
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algebra from section 2.1, note that the above superfield constitutes a reducible rep-
resentation. This is easy to see, since, if all fields are assumed to be propagating we
get spin content j, j ± 1/2, j ± 1 (for massive fields) which exceeds the size of the
multiplets (see table ??). In order to obtain irreducible representations we need to
impose some (supercovariant) constraints on X . Below, we discuss two constraints
yielding the most useful type of superfields to formulate theories up to spin-1 fields.

Chiral Superfields. One possibility to reduce the number of components of a
superfield Φ is to impose the condition

D̄α̇Φ = 0. (2.25)

The most general component expansion of (2.24) then reduces to

Φ = φ+ iθσµθ̄∂µφ+
1

4
θθθ̄θ̄�φ+

√
2θψ − i√

2
θθ∂µψσ

µθ̄ + θ2F (2.26)

and we see that only fields with spin j, j ± 1/2 remain and (as it turns out that F
is not propagating) the field content matches an irreducible multiplet. This type of
superfield is called a chiral superfield (χsf ). In the same way, DαΦ = 0 defines an
anti-chiral superfield (χ̄sf ). Especially, if Φ is a χsf then its conjugate, Φ̄, is an χ̄sf
. Linear combinations and products of chiral superfields are again chiral superfields
(likewise for χ̄sf ’s). However, products of χsf ’s and χ̄sf ’s are neither chiral nor
anti-chiral superfields in general. The SUSY transformations of the component fields
are given by

δφ =
√

2ζψ

δψ =
√

2iσµζ̄∂µφ+
√

2ζF

δF =
√

2iζ̄ σ̄µ∂µψ

(2.27)

In order to construct SUSY invariant Lagrangians with field content (φ, ψ, F ) we
need to form objects out of Φ, Φ̄ that transform at most into a spacetime derivative
under SUSY transformations. This transformation behaviour is observed precisely
for the highest component F, F ∗. For mixed χsf and χ̄sf objects, the θθθ̄θ̄-component
transforms into a spacetime derivative (this can be checked by applying (2.20)). Thus,
we can write a Lagrangian of the above field content with kinetic and mass term as

LΦ̄Φ = Φ̄iΦi

∣∣∣∣
θθθ̄θ̄

+

[
1

2
mijΦiΦj

∣∣∣∣
θθ

+ h.c.
]

= φ∗i�φi + i∂µψ̄iσ̄µψi + F ∗i Fi +

[
mij

(
AiFj −

1

2
ψiψj

)
+ h.c.

]
,

(2.28)

where mij is symmetric and we have dropped all total derivatives in the second line.
Note that, as advertised above, F, F ∗ are non-dynamical auxiliary fields and thus do
not contribute to the propagating field content. Note that, as θ, θ̄ are Grassmann
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variables, the restrictions to only consider a certain component of the resulting su-
perfields can equivalently be formulated as a Grassmann integration over parts or
whole of anticommuting superspace (see e.g. appendix A).

Vector Superfields. Vector superfields (vsf) can be obtained from (2.24) by im-
posing a reality condition V = V̄ and have the general expansion

V =C + iθχ− iθ̄χ̄+
i
2
θ2M − i

2
θ̄2M∗ − θσµθ̄Aµ

+ iθ2θ̄

(
λ̄+

i
2
σ̄µ∂µχ

)
− iθ̄2θ

(
λ+

i
2
σµ∂µχ̄

)
+

1

2
θ2θ̄2

(
D +

1

2
�C

) (2.29)

with C,Aµ, D real and M complex. We see that vsf’s contain vector fields Aµ as a
component10. This motivated us to define a supersymmetric generalisation of gauge
transformations

V → V + Λ + Λ̄ (2.30)

with Λ some χsf . Expanding in components, by choosing a specific gauge (often
called Wess-Zumino gauge) C, χ,M can be set to zero [3]. The remaining fields have
residual gauge transformations

Aµ → Aµ − i∂µ(φ− φ∗), λ→ λ, D → D. (2.31)

In WZ gauge V3 = 0, so an expansion of a respective object in powers of the vsf (e.g.
an exponential of V) is easy to compute. We note, however, that WZ gauge breaks
supersymmetry (e.g. δχα does not vanish in WZ gauge) and in order to reconcile
both transformations the usual SUSY transformations have to be augmented by a
‘gauge’ term

δV =
[
ζQ+ ζ̄Q̄,V

]
+ (Λ + Λ̄)WZ . (2.32)

In components, the modified SUSY transformations ae given by

δAµ = −i
(
ζ̄ σ̄µλ+ ζσµλ̄

)
,

δλ = iζD + σµνζFµν ,

δλ̄ = −iζ̄D + ζ̄ σ̄µνFµν ,

δD = ζ̄ σ̄µ∂µλ− ζσµ∂µλ̄

(2.33)

with Fµν = ∂µAν − ∂νAµ the field strength of Aµ. In fact, we can accommodate the
field strength in its own χsf and χ̄sf ,

Wα = −1

4
D̄2DαV, W̄α̇ = −1

4
D2D̄α̇V. (2.34)

10In fact, this is the reason why V is called a ‘vector’ superfield and not because V behaves
vector-like in any way.
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As the above fields are gauge invariant (easy to show using (2.22) and (2.25)), we can
construct a supersymmetric version of the (abelian) Yang-Mills Lagrangian (without
θ-angle) by

LSYM =
1

4

(
WαWα|θθ + W̄α̇W̄

α̇|θ̄θ̄
)

=
1

2
D2 − 1

4
F µνFµν − iλσµ∂µλ̄.

(2.35)

In the above, D can be identified as non-dynamical analogous to F for χsf ’s. Thus, in
addition to the gauge vector field Aµ, in the supersymmetric case there also appears
a fermionic superpartner, the gaugino λα.

Superpotentials, F - and D-Terms. In addition to the above kinetic terms we
can as well have some non-derivative interactions consistent with supersymmetry.
Amongst these we find combinations of only chiral/anti-chiral fields integrated over
half of superspace, i.e.

LW =

∫
d2θW(Φi) + h.c. (2.36)

= ∂iWF i +
1

2
∂i∂jWψiψj + h.c. , (2.37)

where ∂iW = ∂
∂Φi
W(φ). If we consider the theory described by LW and the kinetic

part of LΦ̄Φ we can solve the classical equation of motion for F (which is algebraic)
and plug it back into the theory. This way we obtain a positive definite scalar
potential V (φ, φ̄) = |W ′|2. It vanishes iffW ′ = 0. According to (2.7) this is necessary
for supersymmetry to be unbroken. When the theory involves vector multiplets, in
the same way we can integrate out D yielding another contribution to the scalar
potential. The terms in the scalar potential originating from integrating out the
auxiliary fields are often called F -terms and D-terms, respectively. The presence of
a scalar potential in the theory, for instance, enables us to introduce the super-Higgs
mechanism.

2.3 Gauge-Invariant Interactions

In order to describe interactions between gauge and matter content, we can couple
the vsf’s and χsf ’s from above. For this purpose, consider a unitary non-abelian
gauge group G with hermitian generators Ta. The χsf ‘gauge parameter’ and gauge
field in the non-abelian case are now taken to be Λ = T aΛa and V = T aVa. Gauge
transformations of a χsf Φ and χ̄sf Φ̄ in a representation R of G are given by

Φ→ e−iΛRΦ, Φ̄→ Φ̄eiΛ̄R . (2.38)

In order to enforce gauge invariance of the kinetic term in (2.28) under the above
gauge transformations we require the new, non-abelian transformation law

eV → e−iΛ̄eVeiΛ (2.39)
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for the vsf and couple the superfields, in analogy to the minimal coupling in non-
supersymmetric gauge theories, as Φ̄eVRΦ for the kinetic term of the matter content.
However, the new transformation law for V is more complicated and might be eval-
uated for infinitesimal gauge transformations using the Baker-Campbell-Hausdorff
formula. Expanding to leading order gives (2.30), so we can still choose WZ gauge
with V3 = 0 [3]. We can generalize the field strength χsf (2.34) to the non-abelian
case as well by

Wα = −1

4
D̄2e−VDαeV , (2.40)

which now transforms in the adjoint of G, like in the familiar non-supersymmetric
case. We are now ready to write down the basic supersymmetric Lagrangian for
gauge-matter interaction with coupling strength g,

L =
1

4g2
Tr [WαWα|θθ + h.c. ] + Φ̄eVRΦ|θθθ̄θ̄. (2.41)

More general theories can also include θ-terms and, for abelian gauge groups, Fayet-
Iliopoulos terms.

3 Curved Space N = 2 Supersymmetry on Three-Manifolds

In the remainder of this work we mainly consider Euclidean three-dimensional N = 2

theories on R× S2 with a U(1) R-symmetry, using the conventions displayed in
appendix A. The extension of flat-space supersymmetric theories to curved manifolds
is, in general, highly non-trivial if we want to keep one or more supercharges intact
and is only possible for manifolds meeting certain conditions. Below, we discuss an
approach to systematically construct supersymmetric field theories on curved three-
manifolds; in particular on R× S2. The first and last subsection closely follow [6].

3.1 Generic Three-Manifolds

A naive approach to put supersymmetric theories on a curved manifold would be to
couple a theory L to a background metric gµν via its energy-momentum tensor Tµν .
This can be achieved to linear order by adding a coupling term

∆L = ∆gµνTµν + . . . (3.1)

with ∆gµν = ∇µκν + ∇νκµ (for κµ corresponding to some infinitesimal diffeomor-
phism) and ‘gauging’ L . However, this procedure generically leads to a complete
breakdown of supersymmetry11. However, the resulting theory can still be kept in-
variant under SUSY transformations, provided that the spinor parameters ζ for the

11This can be understood in terms of the non-vanishing SUSY transformation of the energy-
momentum tensor as part of the supercurrent multiplet, i.e. δTµν 6= 0 for all supercharges.
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respective supercharges are chosen to be covariantly constant, i.e.

∇µζ = 0. (3.2)

Unfortunately, this condition restricts the geometry of M to very few interesting
examples. Instead, we take a different approach allowing to preserve at least some
supersymmetry on more general backgrounds M. This is accomplished by cou-
pling the flat-space theory to an off-shell formulation12 of dynamical supergravity
(SUGRA) and then ‘freeze’ the SUGRA field content in arbitrary background con-
figurations by appropriately sending the Planck mass to infinity, as explained in [7].
This is what we call the rigid limit of SUGRA.

R-Multiplet and New Minimal SUGRA. Recall that the energy-momentum
tensor Tµν of a theory resides in a supercurrent multiplet S together with the super-
symmetry currents Sµα, S̃µα and various fields of lower spin content. Here, we ex-
clusively consider theories possessing a U(1)R symmetry with a conserved R-current
j

(R)
µ . In this case one can construct the Rµ-supercurrent multiplet13 with j(R)

µ as its
bottom component,

Rµ =j(R)
µ − iθSµ − iθ̃S̃µ − (θγν θ̃)

(
2Tµν + iεµνρ∂ρJZ

)
− iθθ̃

(
2j(Z)
µ + iεµνρ∂νj(R)ρ

)
+ . . . ,

(3.3)

where the ellipses denote terms of lower spin components and iεµνρ∂ρJ (Z) a conserved
string current. We can now couple the Rµ-multiplet above to new minimal super-
gravity14 at the linearised level, represented by a metric superfield Hµ, in a linearised
and flat-space SUSY invariant way (cf. (3.1)),

δL = 2

∫
d4θRµHµ. (3.4)

We find in [6] that Hµ transforms under linearised SUGRA gauge transformations
(chosen such that (3.4) is gauge invariant) such that we can fix a Wess-Zumino gauge
in which Hµ has component expansion

Hµ =
1

2
(θγν θ̃)(hµν +Bµν)−

i
2
θθ̃Cµ −

i
2
θ2θ̃ψ̃µ +

i
2
θ̃2θψµ +

1

2
θ2θ̃2(Aµ − Vµ), (3.5)

with vanishing R-charge for hµν , Bµν , Cµ, Aµ and ψµ (ψ̃µ) having R-charge +1 (−1).
By looking at the behaviour of the above fields under residual gauge transformations

12I.e. the auxiliary fields contained in the multiplet are taken to assume arbitrary values and
are not integrated out using their classical equations of motion.

13For other possible and more general types of supercurrent multiplets see [8]. An R-multiplet
exists whenever the theory possesses a continuous R-symmetry.

14New and old minimal supergravity mainly differ in the way they couple to supercurrent multi-
plets and thus in their (auxiliary) field content. While new minimal SUGRA couples toR-multiplets,
old minimal SUGRA couples to (more general) FZ-multiplets [9, 10]. For
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we find hµν to be identified with the linearised metric, ψµα, ψ̃µα with the gravitini,
Bµν with a two-form gauge field and Cµ, Aµ with abelian gauge fields. Inserting the
component expansion into (3.4) we find

δL = −Tµνhµν −
1

2
Sµψ

µ +
1

2
S̃µψ̃

µ + j(R)
µ (Aµ − 3

2
V µ) + j(Z)

µ Cµ + J (Z)H, (3.6)

with the gauge-invariant dual field strengths V µ = −iεµνρ∂νCρ and ∂µV
µ = 0 as

well as H = i
2
εµνρ∂µBνρ. We see that hµν couples to the energy-momentum tensor

and the gravitini to the supercurrents, as expected. Moreover, Aµ couples to the
R-current, i.e. our new theory is gauged in U(1)R. As we saw already in section
2.2, by fixing WZ gauge Hµ is not invariant under flat-space SUSY transformations
anymore, so we have to augment them with gauge-restoring terms.

In passing to non-linear SUGRA the SUSY transformation parametersζ, ζ̃ have
to be promoted to spacetime-dependent spinors. Usually, when parameters of a
symmetry transformation are promoted to depend on spacetime we get additional
terms in the variation of the L of the form15

δ

∫
dΩ L0 =

∫
dΩ

(
Sµ∂µζ − S̃µ∂µζ̃

)
, (3.7)

where, in this case, L0 denotes the original flat-space matter Lagrangian; note that
for constant ζ, ζ̃ the variation vanishes. However, these additional terms can be ab-
sorbed into residual gauge transformations of the gravitini in (3.6). To ensure SUSY
invariance also for spacetime-dependent ζ, ζ̃ we thus have to include the residual
gauge transformations of ψµα, ψ̃µα into their SUSY transformations. Ultimately, by
including terms of higher than leading order around flat space as is done in [6], we
arrive at the gravitini variation

δψµ = 2(∇µ − iAµ)ζ +Hγµζ + 2iVµζ + εµνρV
νγρζ + . . . ,

δψ̃µ = 2(∇µ + iAµ)ζ̃ +Hγµζ̃ − 2iVµζ̃ − εµνρV νγρζ̃ + . . . .
(3.8)

for the full non-linear theory. The ellipses in the above variations denote terms
proportional to the gravitini themselves.

Killing Spinor Equations and Solutions. In the rigid limit we ‘freeze’ the
SUGRA component fields in arbitrary but fixed background configurations. In or-
der to preserve rigid supersymmetry on the respective manifold we hence need to
demand vanishing gravitini and metric variations. As the variation of the metric
is proportional to the gravitini we find that they themselves have to vanish in the
rigid limit. Thus, equation (3.8) without the ellipses becomes exact in the rigid limit

15This is a common way to derive conserved currents. By imposing that the EoM are satisfied
(i.e. δS = 0 also for ζ(x), not just constant), Sµ, S̃µ can be identified as conserved currents.
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and we can find rigid SUSY preserving backgrounds by solving the Killing spinor
equations

(∇µ − iAµ)ζ = −1

2
Hγµζ − iVµζ −

1

2
εµνρV

νγρζ, (3.9a)

(∇µ − iAµ)ζ̃ = −1

2
Hγµζ̃ + iVµζ̃ +

1

2
εµνρV

νγρζ̃ (3.9b)

for non-trivial ζ, ζ̃, where Aµ, Vµ, H are taken to be complex in general (as they are
non-dynamical anyway). Comparing with (3.2) we immediately see the advantage of
this more general approach leading to (3.9) which allows us to choose the auxiliary
fields appropriately such that we can find solutions ζ, ζ̃ for more general backgrounds.

In order to solve (3.9) we assume smooth, oriented and connected three-dimensional
Riemannian manifolds (M, g) as well as a U(1)R symmetry with charge +1 (−1) for
ζ (ζ̃). They can be considered as (local) sections of a product16 L ⊗ ∆ (L−1 ⊗ ∆)
consisting of a line bundle L with structure group U(1)R (with the connection being
the real part of Aµ) and a spin bundle ∆ with structure group SU(2) overM. There
are at most two independent solutions of R-charge +1 and two independent solu-
tions of R-charge −1 to (3.9) which have the structure of a complex vector space. By
imposing certain conditions on the structure ofM, which we briefly discuss below,
one can obtain one or more of these solutions.

First, we introduce an almost contact metric structure17 (ACMS) onM, denoted
(η,Φ) with a real non-vanishing spinor bilinear

ηµ =
1

|ζ|2
ζ†γµζ, ηµηµ = 1, (3.10)

where ζ ∈ L⊗∆, from which we can form a (1, 1)-tensor

Φµ
ν = εµνρη

ρ, Φµ
ρΦ

ρ
ν = −δµν + ηµηµ (3.11)

with the metric compatibility arising from gρλΦ
ρ
µΦλ

ν = gµν − ηµην . Note that the
existence of an ACMS implies a reduction of the structure group of the tangent
bundle to U(1) 18 (see [11] for a more elaborate discussion of ACMS). Demanding
that ζ in the above bilinears solves (3.9) imposes an integrability condition on the
ACMS,

Φµ
ν(LηΦν

ρ) = 0, (3.12)

16Such product bundles require the existence of a spinc structure, analogous to the requirement of
a spin structure for ∆ to exist on its own. Such spinc structures always exist on smooth, orientable
three-manifolds, thus a product bundle of the above form always exists.

17Analogously, in even dimensions, we can define a (1, 1)-tensor Jµν as an endomorphism of the
tangent space such that JµρJρν = −δµν , which forms an almost complex structure. Such a tensor
can always be defined locally; for complex manifolds it can also be defined globally and used to
split the complexified tangent space into two disjoint vector spaces.

18Note that this is the structure group of L as well. Thus, by properly identifying the spin
connection of ∆ with Aµ we can drastically simplify the way of solving (3.9).
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which allows to constrain the auxiliary fields in (3.9) accordingly. This condition is
equivalent to considering a covering ofM in adapted coordinate charts {τ, z, z̄} with
τ real and z complex, where the metric takes the form

ds2 = (dτ + h(τ, z, z̄)dz + h̄(τ, z, z̄)dz̄)2 + c(τ, z, z̄)2dzdz̄ (3.13)

with c real and h complex, respectively. Moreover, in the above adapted local coor-
dinates we have ηµ∂µ = ∂τ .

SinceM inherits an ACMS, it seems sensible to choose a metric connection ∇̂µ

compatible with the ACMS19, i.e.

∇̂µgνρ = 0, ∇̂µην = 0. (3.14)

This is, in general, not the case for the Levi-Civita connection, i.e. ∇̂ will have non-
vanishing torsion (however, for ). ∇̂µ can be constructed by augmenting the spin
connection with additional terms depending on η and Φ. Note that, as ∇̂µ preserves
the ACMS, its holonomy is contained in U(1). By a simple redefinition of Aµ in
terms of all the auxiliary fields, denoted by Âµ, equation (3.9a) simplifies to

(∇̂µ − iÂµ)ζ = 0. (3.15)

As already mentioned earlier, now (that the holonomy is in U(1)) the connection ∇̂µ

can be twisted away by choosing Âµ appropriately. This way, equation (3.9a) can
be solved on every three-manifold admitting an ACMS satisfying (3.12). In adapted
coordinates (τ, z, z̄) and metric (3.13) we define the frame

e1 = η, e2 − ie3 = c(τ, z, z̄)dz, e2 + ie3 = c(τ, z, z̄)dz̄, (3.16)

in which the solution of (3.9a) is of the form

(ζα) =
√
s(τ, z, z̄)

(
1

0

)
. (3.17)

The nowhere vanishing function s of the adapted coordinates transforms as a scalar
under simultaneous coordinate and R-transformations, and so does ζ. We proceed
in complete analogy for (3.9b) (i.e. introducing η̃µ, Φ̃µ

ν , . . . ).
We want to emphasize that in no means the explicit form of the background

fields and ACMS’s need to agree for both, solutions to (3.9a) and (3.9b) and hence
they might not exist simultaneously. Under certain circumstances, however, this
coexistence is indeed possible and we focus on solutions with two supercharges of

19In even dimensions, where we have a complex structure we can choose the Chern connection
to preserve the former one. This is discussed for example in [12].
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opposite R-charge only. Assuming that ζ and ζ̃ solve (3.9a) and (3.9b), respectively,
we can define a Killing vector given by

Kµ = ζγµζ̃ , (3.18)

which, we assume, generates a single isometry. By introducing a positive scalar
function Ω with Ω2 = KµKµ (invariant under the Killing vector) we can always
normalise the spinors as ζ̃ = Ω

|ζ|2 ζ
† (so that Kµ is real) and this way relate the two

corresponding ACMS’s by

ηµ = −η̃µ = Ω−1Kµ. (3.19)

We find that in order to have the background fields Aµ, Vµ, H consistent, we just need
to restrict the possible shifts one can perform that leave (3.9) invariant. Thus, for
both solutions to coexist, ζ and ζ̄ must be solutions of (3.9a) and (3.9b), respectively,
and M has to admit a real, nowhere vanishing Killing vector. In the frame (3.16)
we have solutions

(ζα) =
√
s(τ, z, z̄)

(
1

0

)
, (ζ̃α) =

Ω(z, z̄)√
s(κ, z, z̄)

(
0

1

)
, (3.20)

with the newly introduced coordinates (κ, z, z̄), where K = ∂κ, related to (τ, z, z̄)

by dτ = Ωdκ. For a discussion of solutions to (3.9) admitting four supercharges we
reference to [6].

Finally, note that a flat-space supersymmetric theory might admit different su-
percurrent multiplets which in turn couple to different off-shell SUGRA formulations.
Thus, we arrive at different rigid limits (i.e. different supersymmetric backgrounds)
which, interestingly, do not necessarily give rise to the same supersymmetric mani-
fold, even for equal on-shell formulations (as the background bosonic fields could be
chosen inequivalent).

3.2 Supersymmetry on R× S2

Let us now turn to the specific case of R× S2 considered for dimensional reduction
below. In order to find appropriate supercharges we need to solve (3.9) as described
above. However, as this manifold has a particularly simple structure of a product
space with one flat dimension the above procedure will simplify considerably.

We choose to preserve two supercharges of opposite R-charge similar to the
discussion above and introduce the metric

ds2 = dτ 2 +
4

(1 + zz̄)2
dzdz̄ (3.21)

with real Killing vector K = ∂τ . Note that, as we have one flat direction only
the sphere part contributes to a non-trivial holonomy of the respective connection
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which therefore lies in U(1) already (see appendix A for our conventions on R×S2 ,
connections and frames). Hence we can set all of the auxiliary fields but Aµ to zero
and (3.9) simplifies to

(∇µ − iAµ)ζ = 0, (∇µ + iAµ)ζ̃ = 0, (3.22)

so we can perform a half-topological twist,

Aµ = −1

2
ωµ. (3.23)

Now, (3.22) can easily be solved by demanding

∂µζ1 = 0, ζ2 = 0, ∂µζ̃2 = 0, ζ̃1 = 0 (3.24)

from which we obtain the solutions

(ζα) =

(
1

0

)
, (ζ̃α) =

(
0

1

)
. (3.25)

We again want to emphasize that these particularly simple solutions (i.e. we set
s = Ω = 1 in (3.20)) are due to the vanishing auxiliary fields Vµ, H.

Recall that this twisting procedure changes the way tensor and spinor objects
transform (e.g. an scalar field under coordinate transformations can transform like
a spinor under the combined transformations, see appendix B) under combined,
coordinate and R-transformations. By the twisting (3.23) we can determine the first
Chern class of the line bundle L,∫

M
c1 =

1

2π

∫
S2

dA = 1 (3.26)

which implies20 that the R-charge is integer-quantised (thus, any field f charged
under U(1)R, described as a section of L(r), transforms as fS =

(
z
z̄

)r/2
fN with r ∈ Z,

cf. appendix B). This fact will be important when we perform the sphere reduction
in section 5.

3.3 Rigid Supersymmetry Algebra and Multiplets

Following the above procedure to put a flat-space supersymmetric theory on a curved
background, we obtain the rigid supersymmetry algebra from [6] (which was postu-
lated due to the lack of a component formulation of 3d new minimal SUGRA, see the
paper for consistency checks of the below algebra), where ζ, ξ and ζ̃ , ξ̃ are solutions
to (3.9a) and (3.9b), respectively,

{δζ , δζ̃} = −2i(L̂K + ζζ̃(z − rH)),

{δζ , δξ} = 0 = {δζ̃ , δξ̃}
(3.27)

20This is due to the usual argument of Dirac quantisation where we demand 1 = exp
{
ir
∫
S2 dA

}
and thus, in our case, 2πn = 2πr.
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with Killing vectorKµ = ζγµζ̃, applied to fields of central charge z and R-charge r. L̂
denotes the Lie derivative21 covariant with respect to local Z- and R-transformations,

L̂K = LK − irKµ

(
Aµ −

1

2
Vµ

)
− izKµCµ. (3.28)

However, when adding local gauge transformations to the theory the above algebra
will have to be modified according to the gauge we are working in (which will again
be WZ gauge, cf. section 2.2). Note as well that we use commuting Killing spinors in
(3.27), hence the appearance of anticommutators instead of commutators. We will
stick to this choice for the remainder of this work.

The algebra (3.27) above can be realised by a general multiplet of components

X ≡ (C, χα, χ̃α,M, M̃, aµ, σ, λα, λ̃α, D), (3.29)

where C,M, M̃, aµ, σ,D are generally complex and the component fields are of R-
charge (r, r − 1, r + 1, r − 2, r + 2, r, r, r + 1, r − 1, r). The flat-space superfield
corresponding to (3.29) for N = 2 in three dimensions is given by (cf. (2.24) for
N = 1 in four dimensions)

X =C + iθχ+ iθ̃χ̃+
i
2
θ2M +

i
2
θ̃2M̃ + (θγµθ̃)aµ − iθθ̃σ

+ iθ̃2θ

(
λ− i

2
γµ∂µχ̃

)
− iθ2θ̃

(
λ̃+

i
2
γµ∂µχ

)
− 1

2
θ2θ̃2

(
D +

1

2
�C

)
.

(3.30)

However, the supersymmetry transformations are different to the flat-space analogue
and need to satisfy (3.27). For the explicit form of the component transformations
of X we reference to [6]. Similar to the four-dimensional case discussed in section 2,
we are entitled to impose constraints on X in order to obtain irreducible multiplets.
The two multiplets we find most useful in this work are chiral/anti-chiral and vector
multiplets. Subsequently we introduce these two multiplets in the special situation
ofM = R × S2 (i.e. essentially Vµ, H = 0 and no central charges compared to the
general case; for a generic treatment and larger variety of multiplets see [6]).

Vector Multiplet. A vector multiplet V is obtained as a general multiplet (3.30)
of vanishing R-charge . Similar to the four-dimensional case we can define gauge
transformations under a gauge group G acting upon V by

δV = Ω + Ω̃ + . . . , (3.31)

where Ω and Ω̃ are χsf and χ̄sf and the ellipses denote non-abelian contributions
of higher orders in the superfields (cf. (2.39)). The three superfields V ,Ω, Ω̃ are

21See appendix A on how the Lie derivative acts on various fields.
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g-valued (g = Lie(G)) in the non-abelian case. In WZ gauge, which we use in the
remainder of this work, the vector multiplet takes on the form

V ≡ (0, 0, 0, 0, 0, aµ, σ, λα, λ̃α, D) (3.32)

with residual gauge transformations of aµ of the usual (non-abelian) form22 and all
other fields transforming in the adjoint of G. The field strength is given by

fµν = ∂µaν − ∂νaµ + [aµ, aν ]. (3.33)

The component field supersymmetry transformations in WZ gauge, supplemented
with appropriate gauge restoring terms reads23

δaµ = −i(ζγµλ̃+ ζ̃γµλ),

δσ = ζ̃λ− ζλ̃,

δλ = iζD − i
2
εµνργρζfµν − iγµDµ(ζσ),

δλ̃ = −iζ̃D − i
2
εµνργρζ̃fµν + iγµDµ(ζ̃σ),

δD = Dµ(ζγµλ̃− ζ̃γµλ) + [ζ̃λ, σ] + [ζλ̃, σ],

(3.34)

where we introduced Dµ as the gauge, local Lorentz and R-covariant derivative,

Dµ = ∇µ − irA(R)
µ − iaµ, (3.35)

acting upon a field of R-charge r and appropriate representation of G. The algebra
corresponding to the modified transformations (3.34) differs from (3.27) by a gauge
term,

{δζ , δζ̃}aµ = −2i(L̂Kaµ − iDµΛ)

{δζ , δζ̃}σ = −2i(L̂Kσ + [Λ, σ])

{δζ , δζ̃}λ = −2i(L̂Kλ+ [Λ, λ])

{δζ , δζ̃}λ̃ = −2i(L̂K λ̃+ [Λ, λ])

{δζ , δζ̃}D = −2i(L̂KD + [Λ, D])

(3.36)

and {δζ , δη} = 0 = {δζ̃ , δη̃}. We have, again, introduced the modified R-covariant
Lie derivative L̂K and a gauge term Λ,

L̂KΦ = LKΦ− irKµA(R)
µ , (3.37)

Λ = −iaµKµ + σζ̃ζ. (3.38)

22Let us choose ω, ω̃ as the bottom components of Ω, Ω̃, where ω = −ω̃ = i
2α. Then, by (3.31)

we obtain an (infinitesimal) residual gauge transformation δaµ = ∂µα+ [α, aµ].
23The subsequent transformation rules are adapted from [13] for our conventions of commuting

Killing spinors, not charged under any other local symmetry than U(1)R, i.e. Dµζ = 0 = Dµζ̃.
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From (3.36) we learn that the anticommutator {δζ , δζ̃} is given as a translation by
Kµ and a gauge transformation by Λ. We remind that the transformations (3.34)
realises the supersymmetry algebra (3.36) iff the parameters ζ, ζ̃ are solutions to
(3.22).

Chiral Multiplet. The curved-space chiral multiplet Φ = (φ, ψα, F ) of R-charge
r is obtained by the choice

Φ ≡ (φ,−
√

2iψ, 0,−2iF, 0,−iDµφ, 0, 0, 0,
r

4
Rφ), (3.39)

where Dµ = ∇µ − irAµ and R denotes the Ricci scalar. Its curved-space supersym-
metry transformations are given by

δφ =
√

2ζψ,

δψ =
√

2ζF −
√

2iγµζ̃Dµφ,

δF =
√

2iDµ(ζ̃γµψ),

(3.40)

where we remind that ζ, ζ̃ must be solutions to (3.22).
Anti-chiral multiplets are obtained as the ‘conjugate’ of Φ, denoted Φ̃ = (φ̃, ψ̃, F̃ )

and of R-charge −r. It can be obtained from (3.29) as

Φ̃ ≡ (φ̃, 0,
√

2iψ̃, 0, 2iF̃ , iDµφ̃, 0, 0, 0,
r

4
Rφ̃) (3.41)

and the supersymmetry transformations of the components read

δφ̃ = −
√

2ζ̃ψ̃,

δψ̃ =
√

2ζ̃F̃ +
√

2iγµζDµφ̃,

δF̃ = −
√

2iDµ(ζγµψ̃).

(3.42)

In order to formulate gauge-matter interactions we also have to consider matter fields
charged under the gauge groupG. As we already noted above for the vector multiplet,
for charged matter fields as well we need to supplement the above transformations
with gauge restoring terms. Assume that Φ transforms in the fundamental (�) of
G. Then (3.40) is modified23 to

δφ =
√

2ζψ,

δψ =
√

2ζF −
√

2iγµζ̃Dµφ+
√

2iζ̃σφ,

δF = −
√

2iDµ(ζ̃γµψ)−
√

2iσζ̃ψ + 2iζ̃ λ̃φ.

(3.43)

and similarly for χ̄sf Φ̃. Again, the algebra corresponding to (3.43) is augmented
with a gauge term compared to (3.27),

{δζ , δζ̃}φ = −2i(L̂Kφ+ Λφ),

{δζ , δζ̃}ψ = −2i(L̂Kψ + Λψ),

{δζ , δζ̃}F = −2i(L̂KF + ΛF )

(3.44)
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and {δζ , δη} = 0 = {δζ̃ , δη̃} for all component fields. Similar expressions are obtained
for chiral/anti-chiral multiplets in the anti-fundamental �̄ of G (just the sign and
order of the gauge term changes).

Supersymmetric Lagrangians. From the curved-space multiplets above we can
construct several supersymmetric Lagrangians, much in the same way than we did
in four-dimensional flat space in section 2. However, due to coupling (3.6) there
appear some additional curved-space terms in the Lagrangian. Interestingly, when
starting from a flat-space Lagrangian the resulting curved-space Lagrangian is always
ambiguous since there can appear terms which are coupled to powers of the curvature
ofM, for example.

First, we consider supersymmetric Yang-Mills kinetic terms which can be built
from vector multiplets V (cf. (2.40)) or alternatively one can construct gauge-
invariant real linear multiplets Σ accommodating the field strength itself as a com-
ponent field and compute − 1

g2
Σ2 with g the gauge coupling (see [6] for details). One

obtains

LSYM =
1

g2
Tr

(
1

4
fµνfµν +

1

2
DµσDµσ −

1

2
D2 − iλ̃γµDµλ− iλ̃[σ, λ]

)
. (3.45)

Using the above formalism, we can also obtain matter kinetic Lagrangians for
chiral multiplets Φ of R-charge r which transform as � and anti-chiral multiplets
which transform as �̄ under the gauge group by forming the gauge-invariant product
multiplet Φ̃Φ (see [6] for gauge-modified multiplication rules),

LΦ̃Φ =Dµφ̃Dµφ+ g2φ̃σ2φ+ gφ̃Dφ− F̃F − iψ̃γDµψ

+
r

4
Rφ̃φ− igψ̃σψ +

√
2ig(ψ̃λ̃φ+ φ̃λψ).

(3.46)

Combining the above two Lagrangians we obtain an explicit expression for the SQCD
theory we consider in the next section. Of course, a variety of other Lagrangians can
be obtained (e.g. FI terms, Chern-Simons terms, superpotentials) from the above
formalism. The interested reader is referenced to [6].

4 Duality for Three-Dimensional SQCD

In this section we turn towards dualities of three-dimensional N = 2 theories, de-
scending from Seiberg dualities [14] between N = 1 theories in four dimensions.
In particular, we will be interested in the 3d duality between SU(N) SQCD and a
U(F −N) gauge theory with a non-vanishing effective superpotential [1]. In section
5.2 we compute the dimensional reduction of this duality over S2 and, this way,
conjecture a new duality between one-dimensional theories.

First off, we review the process of descending from the 4d Seiberg duality to
three dimensions leading to a duality for a deformed three-dimensional SQCD. By
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introducing real masses in the deformed theories and taking the limit m̂ → ∞ we
can obtain from this procedure a duality for genuine three-dimensional SQCD. It is
this duality that we reduce to one dimension in section 5.

Let us first very briefly review the original duality proposal by Seiberg [14] for two
N = 1 supersymmetric QCD (SQCD) theories in four dimensions and introduce some
nomenclature for dealing with SQCD. A comprehensive introduction to this topic can
be found in [15–17]. Recall that an SQCD is a supersymmetric (renormalisable) gauge
theory with gauge group SU(N) and F chiral superfieldsQ, Q̌ (which we call flavours)
constituting the matter content24. We call N the colour and F the flavour number
of the theory and follow the usual assumption of the flavours transforming in the
fundamental/anti-fundamental of the gauge group. Moreover, the theory is invariant
under the global symmetry transformations SU(F )L ⊗ SU(F )R ⊗U(1)B ⊗U(1)R at
the quantum level; classically there is an additional axial symmetry U(1)A which is,
however, anomalous in the quantum theory25. The matter content is charged under
these symmetries as follows,

SU(N) SU(F )L SU(F )R U(1)B U(1)R
Q N F 1 1 F−N

F

Q̌ N̄ 1 F̄ −1 F−N
F

(4.1)

Note the particular choice for the R-charge which is due to an anomaly that otherwise
would occur for U(1)R; without any matter content, i.e. for pure SYM the R-
symmetry is indeed anomalous and only a Z2N subgroup persists in the quantum
theory26. The scalar potential exclusively gets contributions from D-terms (only in
case of massless flavours which we here assume) and needs to vanish in the vacuum
case. In turn, we obtain a moduli space of supersymmetric vacua described by the
D-term equations. These are solved whenever the matter fields Q, Q̌, up to flavour

24In some instances below we will denote the fermions in the chiral multiplets by Q, Q̌ as well.
It should, however, be clear from the context to which of the two we refer.

25One can, however, promote U(1)A to a spurious symmetry of a larger theory by demanding
that under a spurious symmetry transformation, Q→ eiαQ, Q̌→ eiαQ̌ the theta angle of the SYM
part (as part of the SYM coupling, promoted to a χsf ) transforms as θYM → θYM + 2Fα. The
original theory where U(1)A is anomalous is then obtained by assigning a VEV to the SYM coupling
(i.e. spontaneously breaking the U(1)A symmetry).

26In fact, by allowing for a gaugino condensate in SYM (assuming a mass gap), the Z2N -symmetry
is spontaneously broken to Z2, leading to N distinct degenerate vacua in SYM.
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transformations, take the form

QT =

v1

. . .
vF

0 · · · 0
...

...
0 · · · 0

 = Q̌, for F < N (4.2a)

Q =

v1

. . .
vN

0 · · · 0
...

...
0 · · · 0

, Q̌T =

v̌1

. . .
v̌N

0 · · · 0
...

...
0 · · · 0

, for F ≥ N (4.2b)

with |vi|2−|v̌i|2 = a for some numbers vi, v̌i, a parametrising the moduli space. Note
that we differentiate between the two cases F < N and F ≥ N . In the former case,
for a generic VEV (4.2a) the gauge group is broken to SU(N − F ) (see [16] for an
explanation of the super-Higgs mechanism) and the low-energy degrees of freedom
can be described in terms of an F × F matrix field gauge singlet chiral multiplet

M i
j = Qi

aQ̌
a
j , (4.3)

where i, j = 1, . . . , F and a = 1, . . . , N . In case of F ≥ N , at a generic point in
moduli space, the gauge group is completely broken and the low-energy degrees of
freedom are described by the above meson matrix (which is not of maximum rank
now) and gauge singlet baryon fields,

Bi1...iN = εa1...aNQ
a1
i1
. . . QaN

iN
, (4.4)

B̌i1...iN = εa1...aN Q̌i1
a1
. . . Q̌iN

aN
. (4.5)

As M,B, B̌ can accommodate more degrees of freedom than are left in low-energy
limit one usually imposes some classical constraints on them.

We will use the same nomenclature introduced above also for the three-dimensional
case, however, with minor changes at some points.

Seiberg Duality. Consider again F < N in the quantum case. In the low-energy
limit we find that an effective superpotential (Affleck-Dine-Seiberg superpotential)
is present which can be understood in terms of gaugino condensation. Due to this
potential, we get F -term contributions to the scalar potential leading to a runaway-
vacuum , i.e. the classical moduli space is completely lifted at the quantum level and
we do not obtain any supersymmetric vacua.

In the case of F ≥ N a superpotential like the one above cannot be constructed
(respecting holomorphy and all symmetries) and consequently there is still a non-
vanishing moduli space present. For F = N and F = N + 1 one can still construct
a superpotential out of the constraints imposed on M and B, B̌ (in the latter case
one finds, inter alia, s-confinement where the full chiral symmetry is still intact).
However, beyond F = N + 1 there is no way to consistently construct any effective

– 24 –



superpotential for the theory and thus to describe its IR behaviour. This is, where
the duality comes into play.

For 3
2
N < F < 3N the SQCD theory flows to an interacting IR fixed point

(known as the conformal window), i.e. it is described by an SCFT in the IR. It turns
out that another theory flows to the very same fixed point. This other theory is an
SU(F −N) gauge theory with F flavours q, q̌, an additional chiral superfield Φ and
a superpotential

W = qiΦ
i
j q̌
j, (4.6)

which we call mSQCD in the following. In the regime N + 1 < F < 3
2
N the original

SQCD theory is asymtotically free while mSQCD becomes IR-free. For F ≥ 3N ,
however, the original theory becomes IR-free while mSQCD is asymtotically free27.
A more thorough investigation of the various phases of the two gauge theories leads to
the conjecture of Seiberg that the effective description of SQCD for N+1 < F < 3

2
N

is given in terms of the mSQCD variables (which are IR-free in this regime) and
similarly, an effective description of mSQCD for F > 3N is given by the SQCD
variables (which are IR-free in this regime). This means that we know the full
effective Lagrangian of the respective theory in the respective UV-free regimes!

The two theories are said to be dual to each other in the IR. We can establish a
map between the field content of both theories:

M ↔ Φ : Φi
j =

1

µ
M i

j, (4.7)

B ↔ b : bi1...iF−N = εi1...iF−N j1...jNBj1...jN (4.8)

with µ a scale introduced to match the dimension of both fields in the UV. We easily
see that mSQCD possesses the same global symmetries as SQCD and, using the
above map, we can identify the charges as

SU(F −N) SU(F )L SU(F )R U(1)B U(1)R
q (F−N) F̄ 1 N

F−N
N
F

q̌ (F−N) 1 F − N
F−N

N
F

Φ 1 F F̄ 0 2F−N
N

. (4.9)

Matching the dynamical scales of both theories appropriately, one finds that the
gauge coupling constants of the two theories are related as their inverse, g2

el = 1/g2
m,

which is the reason we call the original SQCD the electric and mSQCD the magnetic
theory.

27This is easily seen by comparing the one-loop β-function coefficients b1 = 3N − F and b̌1 =

2F − 3N for the original SQCD and mSQCD, respectively. While for the former, b1 changes sign
at F = 3N and gets negative for F > 3N , the same happens for b̌1 at F = 3

2N and F < 3
2N ,

respectively.
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One can conduct various non-trivial checks of the duality conjecture as, for in-
stance, t’Hooft anomaly matching between SQCD and mSQCD, introducing mass
deformations and VEVs and see if the duality persists as well as applying the duality
map twice and check that we end up with the original theory again.

4.1 From 4d Duality to 3d Duality

Since the original proposal of Seiberg for the 4d duality discussed above, there have
emerged a large amount of other dualities in different dimensions. Especially, there
exist three-dimensional dualities and one might wonder if these can be related in
some way to the 4d duality above.

A naive approach to find such relations would be to compactify one of the four
dimensions to a circle, take r → 0 and assume that the 3d theories obtained in that
way are dual as well. It turns out, however, that the two three-dimensional theories
one obtains, in general, are not dual to each other in the IR. The main reason for
this is that the low-energy limit in which the four-dimensional theories become dual
does not commute with the reduction to three dimensions [1]. Instead, we consider
the limit of four-dimensional theories of fixed r, but for energies E � 1/r (i.e. below
the Kaluza-Klein scale where modes in this direction cannot be excited anymore).
This way the four-dimensional theories are dual to each other and effectively three-
dimensional (see figure 1). However, these effective three-dimensional theories differ
from the ones obtain by naive dimensional reduction by a deforming superpotential
term and by the fact that extra scalars arising from the holonomy of the gauge field
on S1 are periodic for finite r (while for genuine three-dimensional theories the scalars
are not periodic).

Coulomb Branch. Let us start by considering the moduli space of three-dimensional
theories like the ones discussed in section 3. The ‘additional’ fields present in
3dN = 2 are scalar fields σ transforming in the adjoint of the gauge group and
belonging to the vector multiplet. Moreover, as we are in three dimensions, we can
dualise the gauge field Aµ into a scalar a (called the dual photon),

da =
2π

g2
? F (4.10)

with F the field strength corresponding to A and the factor of π/g2 chosen such that
the gauge kinetic term has a factor of 1/4g2 (with g the 3d gauge coupling). Moreover,
we assume the flux of the gauge fields as quantised, implying that a is periodic,
a ∼ a + 2π. When charged matter fields are present,however, the above dualisation
cannot be applied (in the low-energy regime these matter fields are negligible due to
coupling to σ which leads to real-mass terms, see below).

Matter field multiplets are of the same form than in four dimensions; conse-
quently the moduli space parametrised by VEVs of the matter fields (which we call
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A(η) UV3

B(η)
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SCFT3IR3
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Figure 1. Theories A and B in 3d, obtained by simple dimensional reduction, are not dual
anymore in the generic case. Instead, for the 4d duality to descend to 3d we compactify on S1

and consider the low-energy limit (following the middle path) below the Kaluza-Klein scale.
The continuation of these low-energy 3d dual theories (in terms of monopole operators) is,
in general, different to the simple dimensional reduction.

Higgs branch), as discussed in the beginning of this section, is left unchanged. How-
ever, by assigning VEVs to σ and a we get another branch of the moduli space (which
we call Coulomb branch) such that the complete moduli space is composed of the
two branches28. Note, that σ and a are real scalars, thus we can accommodate them
into a chiral multiplet with bottom component

X = exp

(
2πσ

g2
+ ia

)
(4.11)

and an anti-chiral multiplet with bottom component X∗. Note, that in case of a
non-abelian gauge group the scalars take VEVs in the Cartan subgroup and thus,
for generic VEVs the gauge group is broken to G → U(1)q (where q = rankG)
and all matter and off-diagonal vector fields obtain a real mass (cf. W -bosons).
Consequently, a dualisation of the photon as discussed above and the definition of
the dual chiral multipletsX,X∗ is always possible and the low-energy theory contains
these q massless chiral multiplets in its description.

28The Lagrangian of charged matter fields contains a coupling term
∑
i |σQi|2 (which looks like

a mass term with real-mass 〈σ〉). Thus, in general, 〈Qi〉 6= 0 implies 〈σ〉 = 0 and vice versa.
Consequently the two branches are distinct. There are, however, instances where the presence of
matter fields leads to continuous transitions between both (see [1, 18])
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Two simple examples of dual chiral multiplets are obtained for gauge groups
U(N) and SU(N). For the former, σ can be diagonalised29 and the N massless
photons dualised and accommodated as

Xi ∼ exp

(
2πσi
g2

+ iai
)
, i = 1, . . . , N (4.12)

and the Coulomb branch can be parametrised by the VEVs of the Xi. For SU(N)

we can use the same parameters than above, supplemented by the condition
∑

i σi =

0 =
∑

i ai and choose

Yi = exp

(
2π

g2
(σi − σi+1) + i(ai − ai+1)

)
, i = 1, . . . , N − 1. (4.13)

Note that the above Xi, Yi are local coordinates in a patch (respective Weyl chamber
we chose) on the Coulomb branch manifold. In three-dimensional gauge theories
we can define a current by j = ?F which is conserved by geometric arguments
(0 = d2a = d ? F ) and generates a global U(1)J symmetry, also called a topological
global symmetry as no equations of motions need to be enforced for conservation30.
The symmetry transformation acts on the dual photon by a shift, thus the Xi are
charged under U(1)J .

Deformation Terms. The above discussion of the Coulomb branch was done on
an entirely classical level. In the quantum theory, due to non-perturbative effects
we get additional effective superpotentials on the Coulomb branch lifting most of its
classical version. These superpotential terms, in case of G = SU(N), are generated
by N − 1 fundamental instanton-monopoles, characterised by the homotopy class

π2

(
SU(N)/U(1)N−1

)
= ZN−1 (4.14)

and associated to the breaking SU(N)→ U(1)N−1 caused by generic VEVs of the Yi
[1, 18].

It was shown in [19] that these instanton-monopoles generate effective superpo-
tential terms on the Coulomb branch of the form

Weff =
N−1∑
i=1

1

Yi
, (4.15)

where each summand arises from the respective fundamental instanton-monopole.
The above superpotential is called Affleck-Harvey-Witten superpotential (AHW). We

29The diagonalised σ = diag(σ1, . . . , σN ) is subject to permutations of the indices (Weyl trans-
formations). We remove this ambiguity by choosing a specific Weyl chamber where σ1 ≥ · · · ≥ σN .

30In fact, we can promote this global symmetry to a local U(1) symmetry by adding a Chern-
Simons term to the gauge multiplet Lagrangian.
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immediately see that this potential lifts the classical Coulomb branch. In the pres-
ence of matter fields, the above monopole-instantons can have additional fermionic
zero modes (apart from the two zero modes of the gauginos, generating the AHW
superpotential), which precisely happens for massless matter fields on the Coulomb
branch. For massless matter fields this happens precisely when σi = 0 and thus, for
SU(N) the remainder of the Coulomb branch at the quantum level is parametrised
by

Y ≡
N−1∏
i=1

Yi = exp

(
2π

g2
(σ1 − σN) + i(a1 − aN)

)
(4.16)

with σ1 = −σN and for U(N), where σ1, σN are independent, by

X+ = exp

(
2πσ1

g2
+ ia1

)
, X− = exp

(
2πσN
g2

+ iaN
)
. (4.17)

Note that these are global Coulomb branch coordinates in contrast to the local ones
(4.12) and (4.13).

Let us now return to the 4d N = 1 gauge theory compactified on S1. As
mentioned before, different to the genuine 3d theories, σ is periodic with a period
1/r. This leads to the appearance of an additional instanton-monopole, also called
Kaluza-Klein monopole, and hence to an additional superpotential

W = 1/ exp

(
2π

g2
(σN + 1/r − σ1) + i(aN − a1)

)
= ηY (4.18)

with η related to the strong coupling scale of the 4d gauge theory and η → 0 in the
3d limit. A salient feature of the Kaluza-Klein monopole is that it gets no additional
zero modes even in the presence of massless matter, thus the above superpotential
always exists.

So far, we only considered the Yi in the low-energy theory. However, we can con-
struct high-energy operators in the genuine 3d theories that flow to the Yi describing
the part of the Coulomb branch not lifted by the AHW potential in the low-energy
limit. These are given by so-called monopole operators which can be related to the
Yi as described in [1]. The precise form of these operators is unimportant, we are
only interested in their bare existence, so we know that a high-energy formulation of
the IR-dual 3d theories, presented below, exists.

3d Reduction of Seiberg Duality. As described earlier, we start off with the 4d

N = 1 SU(N) gauge theory compactified on S1. Analogous to the Seiberg duality
discussion above we can distinguish different regimes depending onN and F . For F <

N , both the Higgs and Coulomb branch are lifted and there are no supersymmetric
vacua. Moreover, due to the extra superpotential coming from instanton-monopoles
(the Coulomb branch is compact), W = ηY , the Coulomb branch is lifted for any
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F . In case of F = N one can, again, construct a superpotential from constraints
between the low-energy effective fields which lifts the Coulomb branch but admits a
deformed Higgs branch. One can verify, that this behaviour is identical for genuine
3d theories deformed by WA = ηYhigh at low energies [1].

Following this general argument, for F > N + 1 the low-energy theory A can
be described in terms of its dual, a deformed SU(F − N) gauge theory B with
superpotential (barred and lower-case operators are defined in the dual theory)

WB = qMq̌ + η̄Ȳ , (4.19)

where η̄ = (−1)F−N/η from the matching of coupling constants in 4d and Ȳ the
monopole operator for high energies, flowing to the Coulomb branch coordinate in
the low-energy limit. This is the 3d duality directly obtained from Seiberg duality.

4.2 3d Duality for Genuine SQCD

In the above, we found a 3d duality for two deformed SQCD theories. It turns out
that from this duality we can obtain another one for two genuine SQCD’s. To see
this, consider theory A from the last subsection with F+1 flavours. In order to obtain
a genuine SQCD from this theory we need to get rid of the deforming superpotential
term ηY (however, we cannot set η → 0 as this would imply η̌ → ∞). This can be
achieved by introducing a real mass m̂ for one of the flavours, say the (F + 1)st one.
One can generally introduce real masses as a VEV of (the scalar component of) a
background vector multiplet by coupling it to an existing global symmetry current.
The corresponding symmetry current singling out the last flavour is the diagonal
SU(F + 1)×U(1)B. This symmetry exists in the dual theory as well, however, with
the dual charges given in (4.9). Thus, in theory B the first F flavours get a mass m̂1

and the last one m̂2, with

m̂1 =
m̂

F + 1−N
, m̂2 =

(N − F )m̂

F + 1−N
. (4.20)

Now, if we consider the low-energy limit of theory A as m̂→∞, the last flavour only
has massive components and thus contributes no degrees of freedom, effectively. By
integrating out a flavour, we get a relation mYlow = Yhigh for the monopole operator
(note thatm is the complex mass, introduced as a superpotential). But as none of the
flavours has a complex mass term, m = 0 and in the low-energy limit WA = ηmYlow
vanishes. We hence eliminated the deformation as advertised above and obtain for
theory A a genuine SU(N) SQCD with F flavours and charge assignments as given
below.

SU(N) SU(F )L SU(F )R U(1)B U(1)A U(1)R
Q N F 1 1 1 0

Q̌ N̄ 1 F̄ −1 1 0

M 1 F F̄ 0 2 0

Y 1 1 1 0 −2F 2(F −N + 1)

(4.21)
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The charges of Y under the global U(1)-symmetries follow from induced Chern-
Simons terms (by integrating out matter fermions), connecting the global currents
to the gauge fields such that σ and a, and thus Y are charged under these global
symmetries as well [18].

Theory B, with gauge group SU(F + 1 − N), no longer has a vacuum at the
origin of the Coulomb branch due to (4.20). Instead, we expand around a vacuum
where the VEV of σ̌ has F −N eigenvalues −m̂1 and one of −m̂2. This breaks the
gauge group

SU(F + 1−N) −→ SU(F −N)× U(1) ≡ U(F −N). (4.22)

Consequently, the (F + 1) × (F + 1) gauge singlet matrix (cf. Φ in Seiberg dual
theory) contains an F × F matrix of massless fields corresponding to the mesons M
of theory A and another massless field corresponding to the meson MF+1

F+1 , which is
identified with Y in theory A [1]. The off-diagonal fields acquire real masses and
are integrated out in the low-energy limit. We denote the massless components of
the first F flavours by q, q̌ and the ones of the last flavour by b, b̌. The deforming
superpotential W = η̄Ȳ for U(F − N) translates to W = X̄− (cf. (4.17)), with η̄

absorbed into X̄−. We get another deformation term from the instanton-monopole
related to the breaking (4.22) of the form W = X̄+. The superpotential of theory B
is thus given by

WB = Mqq̌ + Y bb̌+ X̄− + X̄+. (4.23)

Baryons of theory A, given by B = QN are mapped in theory B to quarks built
from F − N of the first F flavours and the last flavour, i.e. qF−Nb. The charges
of the global symmetries of theory B, expanded around this particular vacuum, are
obtained as listed below.

U(F −N) SU(F )L SU(F )R U(1)B U(1)A U(1)R
q (F−N)1 F̄ 1 0 −1 1

q̌ (F−N)−1 1 F 0 −1 1

b 1N−F 1 1 N F N − F
b̌ 1F−N 1 1 −N F N − F
M 1 F F̄ 0 2 0

Y 1 1 1 0 −2F 2(F −N + 1)

X̄± 1 1 1 0 0 2

(4.24)

The subscript ±1 and (±N ∓ F ) denote the charge under the Cartan subgroup of
U(F −N). As mentioned before, various test of the above duality can be conducted
for which we refer to [1].
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5 Duality in SUSY QM

In this section we perform a sphere reduction to obtain respective one-dimensional
supersymmetry on R, i.e. some SUSY quantum mechanics. We subsequently apply
these results to the three-dimensional duality discussed in the previous section to
obtain the corresponding dimensional reduction, providing a conjecture of a duality
in one dimension.

5.1 Sphere Reduction and Multiplets on R

Consider R × S2 with metric (3.21) as discussed above. Let us first focus on a free
chiral multiplet of R-charge r where the supersymmetric Lagrangian can be written
as follows31,

L = ∂τ φ̃∂τφ+ φ̃
(
−∆r

S2 +
r

2

)
φ− F̃F − iψ̃γ1∂τψ − iψ̃ 6∇r

S2ψ, (5.1)

divided into a flat and sphere part, where µ̂ = 2, 3 (cf. (3.46) with R = −2). In the
above, we denoted ∆r

S2 as the scalar Laplacian and 6∇r
S2 as the Dirac operator on S2

with a monopole with one unit of flux on S2, see appendix B. Thus, the scalar fields
and spinors on the sphere couple with R-charge r and r− 1 to the monopole of unit
flux.

The decomposition in (5.1) suggests an expansion of the fields into modes on the
sphere with monopole background,

φ(τ, z, z̄) =
∑
j,m

ajm(τ)Yrjm(z, z̄), (5.2)

F (τ, z, z̄) =
∑
j,m

fjm(τ)Yr−2 jm(z, z̄), (5.3)

where Yrjm denote the scalar monopole harmonics of electric charge r and we sum
over j = |r|

2
, |r|

2
+1, . . . in (5.2) and j = |r−2|

2
, |r−2|

2
+1, . . . in (5.3) and m = −j, . . . , j,

respectively (see appendix B for explicit calculations of scalar, spinor and vec-
tor modes). The expansion coefficients ajm, fjm denote scalar fields along the flat
direction. Similarly, the anti-chiral scalar component fields can be rewritten as
φ̃ =

∑
ãjmY

†
rjm and F̃ =

∑
f̃jmY

†
r−2 jm. We proceed analogously with the fermionic

31Note that there is no contribution of connection along the flat direction, which is why the
covariant derivative coincides with the partial derivative in this direction. At some points we used
the fact that the interesting quantity will be the action, i.e. the space-integral of L and performed
integration by parts (assuming that total derivatives vanish under the integral). We will stick to a
sloppy notation of omitting the integral in front of L in the following.
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fields, expanding them into a superposition of spinor monopole harmonics,

(ψα(τ, z, z̄)) =
∑
j,m

(
χjm(τ)Yr−2 jm(z, z̄)

−ξjm(τ)Yrjm(z, z̄)

)
, (5.4)

(ψ̃α(τ, z, z̄)) =
∑
j,m

(
χ̃jm(τ)Y †r−2 jm(z, z̄)

ξ̃jm(τ)Y †rjm(z, z̄)

)
, (5.5)

where the sum is over j = |r−1|
2
− 1

2
, |r−1|

2
+ 1

2
, . . . and m = −j, . . . , j. Mind the

placement of the fermionic indices on ψ and ψ̃.
By plugging the above mode expansions for the various fields back into (5.1) we

obtain the above Lagrangian depending exclusively on the flat direction-expansion
coefficients and εr (itself dependent on r and j),

L = ∂τ ã∂τa+ ε2rãa− f̃f − iχ̃∂τχ− iξ̃∂τξ + εr(ξ̃χ− χ̃ξ), (5.6)

where we dropped the j,m subscripts and the sum over them for ease of notation
(the theory anyway decouples for each j,m, cf. (B.6),(B.18); this does, however,
not remain true for interacting theories where we need to sum over all modes). We
obtain the supersymmetry transformations of the coefficients as well by expanding
the fields in (3.40) and (3.42), using (3.25),

δa =
√

2ξ, δ̃a = 0, δã = 0, δ̃ã =
√

2ξ̃,

δχ =
√

2f, δ̃χ =
√

2εra, δχ̃ = −
√

2εrã, δ̃χ̃ =
√

2f̃ ,

δξ = 0, δ̃ξ = −
√

2i∂τa, δξ̃ = −
√

2i∂τ ã, δ̃ξ̃ = 0,

δf = 0, δ̃f = −
√

2(i∂τχ+ εrξ), δf̃ = −
√

2(i∂τ χ̃− εrξ̃), δ̃f̃ = 0,
(5.7)

where we introduced the notation δ ≡ δζ , δ̃ ≡ δζ̃ (as we used the explicit (constant)
form of ζ, ζ̃ to arrive at the above, writing just δζ , δζ̃ is not sensible anymore). The
above transformations realise a SUSY QM-like algebra

{δ, δ̃} = −2i∂τ , δ2 = 0 = δ̃2. (5.8)

For vector multiplets of abelian gauge groups and vanishing R-charge the kinetic
Lagrangian, decomposed appropriately, is given by

L =− 1

2g2
aµ(gµνδ

2 − ∂µ∂ν)aν +
1

2g2
∂µσ∂µσ −

i
g2
λ̃γµDµλ

(∗)
= − 1

2g2
(−∂τaµ∂τaµ + aµ∆S2aµ) +

1

2g2
(∂τσ∂τσ − σ∆S2σ)

− i
g2

(λ̃γ1∂τλ+ λ̃γµ̂Dµ̂λ), (5.9)
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where (∗) denotes the fact that in the second line we introduced Lorentz gauge,
∂µa

µ = 0 as it is convenient to derive a mode decomposition on ∆S2 . We will
find that in the below mode decomposition, after sphere reduction the above gauge
condition translates into having a constant one-dimensional gauge field aτ . However,
if we assume gauge transformations of the one-dimensional gauge field of the form
aτ → aτ + ∂τα we can always choose α such that aτ is constant32. Demanding the
one-dimensional theory L1d to be invariant, the choice of Lorentz gauge has no effect
on the form of L1d. Also, we could have non-vanishing gauge flux m on S2, valued
in the magnetic flux lattice of the gauge group G. This breaks G to a subgroup and
leads to an additional dependence of the mode decompositions on the weights ρ of the
respective representation of G. Explicitly, we then should substitute the R-charge in
the decompositions with the generalised expression r = r − ρ(m). However, we only
consider the zero-flux sector, m = 0 below.

For the scalar and spinor fields we can use the same mode decomposition as for
the chiral multiplet (note that r = 0),

σ(τ, z, z̄) =
∑
j,m

sjm(τ)Yjm(z, z̄), (5.10)

(λα(τ, z, z̄)) =
∑
j,m

(
αjm(τ)Y †−2jm(z, z̄)

−βjm(τ)Y †0jm(z, z̄)

)
, (5.11)

(λ̃α(τ, z, z̄)) =
∑
j,m

(
α̃jm(τ)Y−2jm(z, z̄)

β̃jm(τ)Y0jm(z, z̄)

)
(5.12)

with sjm real scalar field expansion coefficients. For the gauge field we have to solve
the vector Laplace equation giving the following mode decomposition for the gauge
fields (cf. appendix B),

a(τ, z, z̄) =
∑
jm

(
p

(1)
jm(τ)Ajm(z, z̄) + p

(2)
jm(τ)Bjm(z, z̄) + p

(τ)
jm(τ)Yjm(z, z̄)eτ

)
, (5.13)

where p(1), p(2), p(τ) denote real scalar field expansion coefficients and eτ ≡ ∂τ . At this
point one could argue that the decompositions for σ and a are not quite correct as
these are supposed to be real fields while the spherical harmonics are complex-valued.
We can easily replace them with their real-valued analogues, sometimes referred to
as tesseral spherical harmonics, which are orthonormal and of same eigenvalue than
their complex counterpart. However, in the Lagrangian the fields are combined such
that they yield real expressions and the zero modes are real anyway (and the only ones
we are interested in, ultimately), so we can safely leave them complex at this point.

32The above transformation even implies that aτ is gauge-equivalent to zero, so we could as well
eliminate it. However, the property of gauge symmetry in one dimension has still some effect on
the 1d theory since observables need to be gauge invariant (in turn, not all d.o.f. of the fields are
physical; cf. taking trace, etc.).
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Note as well that Ajm, Bjm have vanishing τ -component. In the above decomposition
the Lorentz gauge condition translates to

d

dτ
p

(τ)
jm − j(j + 1)p

(1)
jm = 0. (5.14)

In order to obtain the gauge kinetic Lagrangian above in terms of the coefficient fields
the mode decompositions are inserted into (5.9) (respecting the choice of normali-
sation in appendix B); similarly the corresponding supersymmetry transformations
can be obtained. However, for our purpose, it is enough to consider specific terms of
the decompositions, so we refrain from giving explicit expressions of the above.

In order to pass to non-abelian gauge groups G we assume all expansion coeffi-
cients in the above vector multiplet to be g-valued while the ones in chiral multiplets
are valued in appropriate representations; in this work we consider � and �̄ only.
We can still use the above decompositions of the fields but need to remind that these
are no longer satisfying the equations of motion for the free theories.

Sphere Reduction

In passing from the three-dimensional theory on R × S2 to a new theory along the
flat dimension we send the radius of S2 to zero, rS2 → 0. Having the above mode
decompositions over S2 on hand, we expect only the zero modes of the various fields to
survive after rS2 → 0. This is because all non-vanishing energy levels scale with some
inverse power of rS2 and thus grow to very high energies such that the corresponding
states cannot be excited anymore after sending rS2 to zero. Hence, we are exclusively
interested in the zero modes of the above mode decompositions.

In fact, we have not been very thorough with respect to the zero modes when
writing down the mode decompositions, so let us discuss this aspect in some more
detail. It should be apparent already that the form and number of zero modes for all
fields charged under U(1)R will depend on r (recall that r ∈ Z which we make use of
below; see section 3.2). Consider the scalar fields first, proportional to the monopole
spherical harmonics. For ordinary spherical harmonics we expect exactly one zero
mode to occur for j = 0, the constant mode Y00. However, due to the monopole
background the zero modes appear at j0 = |r|/2 for fields φ of R-charge r and at
j0 = |r− 2|/2 for fields F of charge r− 2. Note that for r > 1 all levels j ≥ r/2 exist
for both, φ and F while there is one additional representation of level j0 = (r− 2)/2

for F . In case of r < 1 we observe the opposite situation where we have one more
representation of level j0 = −r/2 (remind r ∈ Z) for φ. The above spinors involve
the same monopole harmonics than φ and F do, thus the above results apply and
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we rewrite the decompositions more carefully as

(ψα) =
∑
j 6=j0,m

(
χjmYr−2 jm

−ξjmYrjm

)
+



(
χj0mYr−2 j0m

0

)
, r > 1, j0 = r−2

2(
0

−ξj0mYrj0m

)
, r < 1, j0 = − r

2

(5.15)

and similarly for ψ̃ and the gauginos of the vector multiplet. The gauge field (5.13)
involves Ajm, Bjm and Yjmeτ from which only the last one possesses non-vanishing
zero modes, and exactly one such; remind that all three of them belong to eigenvalues
j(j+1) of ∆S2 , but Ajm, Bjm only involve derivatives of the spherical harmonics, i.e.
for the lowest level, j0 = 0, derivatives of the constant mode Y00, which vanish. We
thus obtain a refined version of (5.13) by

a =
∑
j 6=0,m

(
p

(1)
jmAjm + p

(2)
jmBjm + p

(τ)
jmYjmeτ

)
+ p

(τ)
00 Y00eτ (5.16)

with p(τ)
00 Y00eτ the single zero mode of a, whose only non-vanishing component is in

the flat direction (i.e. az, az̄ → 0 for rS2 → 0). Particularly, this last property implies
a vanishing field strength in the limit rS2 → 0 (for abelian and non-abelian case),
thus, it won’t appear in the one-dimensional theory anymore. The zero modes of the
various component fields organise themselves as follows:

r = 1. There are no zero modes present for all the above fields. Thus, for a
chiral multiplet with r = 1 in the three-dimensional theory we find no contribu-
tion to the reduced one-dimensional theory. This observation will be crucial for the
dimensional reduction of the dual theories below.

r > 1. For this case we only consider the field content of chiral multiplets, as
we assume vanishing R-charge for the vector multiplets. According to the above
discussion, for r > 1 we obtain a number of r − 1 bosonic zero modes from F and
an equal number of fermionic ones from ψ; no zero modes for φ appear. The one-
dimensional field content of a chiral multiplet is thus given33 by (χ, f) (and similar
for χ̄sf ’s).

r < 1. First, consider the chiral multiplet. From the above discussion we con-
clude, that a number of |r| + 1 bosonic zero modes appear from φ and an equal
number of fermionic ones from ψ; no zero modes for F appear. The one-dimensional
field content is given by (a, ξ) (and similar for χ̄sf ’s).

Vector multiplets possess only a single zero mode for each component field,
aµ, σ, λα, λ̃α, D. The one-dimensional field content is hence given by (aτ , s, β, β̃, d),
where we named aτ = p

(τ)
j0m

in the one-dimensional case.
33As we always mean the expansion coefficients of the zero modes on S2 when we consider the

spherically reduced theory, we drop the subscript j0m in the remainder.
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1d Multiplets. Ultimately, we want to obtain a one-dimensional supersymmet-
ric theory from sphere reduction. It is thus worth spending a thought on how
we can accommodate the field content obtained above for the different cases into
one-dimensional multiplets. A general SUSY QM multiplet of field content X ≡
(C,ψ, ψ̃, F ), realising the one-dimensional flat-space algebra, is given by

X = C + θψ − θ̃ψ̃ + θθ̃F. (5.17)

As usual, we can impose various constraints on X ; among them are chiral/anti-chiral
and Fermi multiplets (see e.g. [15]).

r > 1. For the chiral multiplet we already inserted the mode decompositions
into the three-dimensional supersymmetry transformations and obtained (5.7). In
the limit rS2 → 0 and r > 1 we obtain

δχ =
√

2f, δ̃χ = 0,

δf = 0, δ̃f = −
√

2i∂τχ,
(5.18)

which realises a Fermi multiplet (fm) (0, χ, 0,
√

2if). Similarly, χ̃, f̃ realise an anti-
Fermi multiplet.

For three-dimensional chiral/anti-chiral multiplets (3.43) with R-charge r > 1

and charged under a non-abelian gauge group G, we obtain the gauge-modified re-
sulting one-dimensional supersymmetry transformations (recalling the previously in-
troduced gauge multiplet)

δχ =
√

2f, δ̃χ = 0,

δf = 0, δ̃f = −
√

2i(Dτχ+ sχ),

δχ̃ = 0, δ̃χ̃ =
√

2f̃ ,

δf̃ = −
√

2i(Dτ χ̃− χ̃s), δ̃f̃ = 0,

(5.19)

where the chiral (anti-chiral) field content transforms in the fundamental (anti-
fundamental) of G and we denote Dτ = ∂τ − iaτ the gauge-covariant derivative.
The corresponding superalgebra is given by

{δ, δ̃}χ = −2i(Dτχ+ sχ), {δ, δ̃}χ̃ = −2i(Dτ χ̃− χ̃s),
{δ, δ̃}f = −2i(Dτf + sf), {δ, δ̃}f̃ = −2i(Dτ f̃ − f̃ s).

(5.20)

Moreover, we can plug the mode decomposition into (3.46) and perform rS2 → 0 to
obtain a one-dimensional gauged kinetic Lagrangian for chiral matter,

L (1d)

Φ̃Φ, r>1
= −iχ̃Dτχ− f̃f − igχ̃sχ. (5.21)
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r < 1. Similar to the r > 1 case, from (5.7) in the limit rS2 → 0 we obtain

δa =
√

2ξ, δ̃a = 0,

δξ = 0, δ̃ξ = −
√

2i∂τa,
(5.22)

realising a chiral multiplet (χm) (a,
√

2iξ, 0, 0); and similarly for ã, ξ̃.
For three-dimensional chiral/anti-chiral multiplets (3.43) with R-charge r < 1

and charged under a non-abelian gauge group G, we obtain the gauge-modified re-
sulting one-dimensional supersymmetry transformations

δa =
√

2ξ, δ̃a = 0,

δξ = 0, δ̃ξ = −
√

2i(Dτa+ σa),

δã = 0, δ̃ã =
√

2ξ̃,

δξ̃ = −
√

2i(Dτ ã− ãσ), δ̃ξ̃ = 0.

(5.23)

The above transformations realise the superalgebra

{δ, δ̃}a = −2i(Dτa+ σa), {δ, δ̃}ã = −2i(Dτ ã− ãσ),

{δ, δ̃}ξ = −2i(Dτξ + σξ), {δ, δ̃}ξ̃ = −2i(Dτ ξ̃ − ξ̃σ)
(5.24)

and we obtain a gauged kinetic Lagrangian for the chiral fields similar to the r > 1

case as

L (1d)

Φ̃Φ, r<1
= Dτ ãDτa− iξ̃Dτξ + gãda+ g2ãs2a− igξ̃sξ +

√
2ig(ãβξ − aβ̃ξ̃). (5.25)

The vector multiplet itself is of vanishing R-charge and g-valued. From (3.34)
we obtain the one-dimensional supersymmetry transformations for this setting,

δaτ = −iβ̃, δ̃aτ = −iβ,
δs = β̃, δ̃s = β,

δβ = id− iDτs, δ̃β = 0,

δβ̃ = 0, δ̃β̃ = −id− iDτs,

δd = Dτ β̃ − [β̃, s], δ̃d = −Dτβ + [β, s].

(5.26)

Accommodating the above field content into one-dimensional multiplets is a bit more
subtle than for the chiral multiplets (apparent already from the number of fields).
In order to have a one-dimensional analogue of a vector multiplet, we consider two
general multiplets of the following field content,

V ≡ (−is, β̃, β,−d), V ′ ≡ (0, 0, 0, s− iaτ ). (5.27)
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Then, corresponding gauge transformations (which we already utilised to fix the
above form) can be formulated as

δΩV =
i
2

[Ω + Ω̃,V ], δΩV ′ =
1

2
(Ω− Ω̃) +

i
2

[Ω + Ω̃,V ′], (5.28)

where Ω denotes a chiral field34. Hence, we can accommodate the dimensionally
reduced vector multiplet in two g-valued general multiplets with the above trans-
formation properties. The supersymmetry algebra corresponding to (5.26) is given
by

{δ, δ̃}aτ = −2Dτs,

{δ, δ̃}s = −2iDτs,

{δ, δ̃}β = −2iDτβ − 2i[s, β],

{δ, δ̃}β̃ = −2iDτ β̃ − 2i[s, β̃],

{δ, δ̃}d = −2iDτd− 2i[s, d].

(5.29)

Analogous to the three-dimensional algebras35 we get two contributions to the an-
ticommutator {δ, δ̃}, a translation and gauge transformation term. The Yang-Mills
Lagrangian corresponding to (3.45) is given by

L (1d)
SYM = Tr

(
1

2g2
DτsDτs−

1

2g2
d2 − i

g2
β̃Dτβ −

i
g2
β̃[s, β]

)
. (5.30)

Mind the absence of a kinetic term for aτ as advertised earlier in this subsection.
This is a manifestation of the fact that a one-dimensional gauge field contains no
physical degrees of freedom (it can be taken as gauge-equivalent to zero; however,
we keep it in the Lagrangian for completeness).

5.2 From 3d Duality to 1d Duality

Finally, we apply the above reduction procedure to the three-dimensional duality dis-
cussed in section 4.2. We want to emphasise that the procedure below is different to
the approach of [1] sketched in the last section. Instead of a simple compactification
of the respective dimensions, we put the 3d theories, corresponding to the duality, on
R× S2 by applying a half-topological twist (only preserving half the supercharges).
This way, we avoid the non-commutativity issue discussed in section 4 and there will
appear no additional scalars and deformation terms in form of extra superpotentials
in the 3d theories; consequently they will be absent in 1d as well. Moreover, we
refrain from analysing moduli spaces as was done in section 4.1, as this seems much
more complicated when theories with d ≤ 2 are involved [20] (cf. Coleman theorem).

34For ω(1 + i) with ω ∈ R as the bottom component of Ω the fields s, β, β̃, d transform in the
adjoint while δaτ = ∂τω + i[ω, aτ ].

35At first glance, the first line of (5.29) seems to be inconsistent as we only find s and no aτ
on the RHS. This is, however, expected and is due to the gauge term Λ in (3.36). If we perform
rS2 → 0 on this algebra for aµ we get precisely what is stated in (5.29).
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In order to formulate the resulting one-dimensional theory we need to describe
what happens to the three ingredients of the 3d dual theories: the N = 2 vector
multiplet, chiral multiplets and the superpotential. First, for the N = 2 vector
multiplet we obtain a reduction to two 1d general multiplets subject to (5.28),

3d N = 2 vector
rS2→0

−−−−−−−→
{
1d (V ,V ′) (5.31)

while for 3d chiral multiplets Φi of R-charge ri we obtain a number of 1d chiral
and/or Fermi multiplets,

Φi

rS2→0
−−−−−−−→

{
r − 1 1d Fermi multiplets, r > 1

|r|+ 1 1d chiral multiplets, r < 1
(5.32)

and similarly for 3d anti-chiral multiplets.
We can now simply apply (5.31) and (5.32) to theories A and B in section 4.2.

Clearly, the vector multiplet describing the gauge content agrees for both, A and B.
The one-dimensional Lagrangian is given by (5.30). For the matter field content of
theory A we need to consider R-charge assignments of the various fields as given in
(4.21); the one-dimensional field content will depend on the difference in colour and
flavour numbers. We find

Q −−−→ 1 χm in N,

Q̌ −−−→ 1 χm in N̄,

M −−−→ 1 χm in 1,

Y −−−→

{
2|F −N + 1|+ 1 χm , N ≥ F + 1

2(F −N + 1)− 1 fm, F ≥ N
in 1,

(5.33)

thus the reduced theory A is a kind of SUSY QM gauge theory given by the sum of
(5.30) and (5.25) for the above field content. Note that from the 3d theory F ≥ N

is imposed and accordingly Y reduces to 2(F −N) + 1 Fermi multiplets.
The situation in 1d is more interesting in theory B. With 3d R-charge assignments

according to (4.24) we find the following field content (complying with F ≥ N),

b −−−→ |N − F |+ 1 χm in 1N−F ,

b̌ −−−→ |N − F |+ 1 χm in 1F−N ,

M −−−→ 1 χm in 1,

Y −−−→ 2(F −N) + 1 fm in 1,

X̄± −−−→ 1 fm in 1,

(5.34)

and the quarks q, q̌ disappear in the 1d theory (no zero modes for r = 1). Con-
sequently we get neither a contribution to the U(F − N) SQCD nor to the super-
potential. The reduced theory B is hence given by (5.30), (5.25) with all matter
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transforming as 1N−F ,1F−N and a superpotential

W(1d)
B = Y (1d)b(1d)b̌(1d) + X̄

(1d)
− + X̄

(1d)
+ . (5.35)

Note that, in case of N = F theory B has no gauge group anymore. Going back to
the 3d theory this implies that both, X̄± vanish and consequently we do not have
any contribution to the 1d superpotential either. In this case, only the first term in
(5.35) survives and no supersymmetric vacua are present for non-trivial matter fields.
To explore this further, it would be interesting to compute observances protected by
supersymmetry such as the partition function of A and B on S1, i.e. a supersymmetric
index, possibly using localisation techniques (for 3d N = 2 twisted theories this was
done in [21, 22]).

The fact that 1d theory B only contains abelian matter is a somewhat surprising
result. Starting from a one-dimensional SQCD theory with non-abelian matter con-
tent and finding a dual theory whose matter content is exclusively abelian (b, b̌ still
present, transforming as 1N−F ,1F−N) implies a description of the low-energy degrees
of freedom of the non-abelian gauge theory in terms of an exclusively abelian one,
which seems to be highly non-trivial.

However, as was stressed above already, this result has to be treated as a conjec-
ture only. In order to explore it further, one could calculate the partition functions
of theories A and B (where supersymmetric localisation might be utilised) and in-
vestigate more thoroughly how the transition from non-abelian to abelian behaviour
in the dual theory can be understood. Moreover, multiple tests of the conjectured
duality could be conducted, e.g. by adding mass terms into the theories or dualising
twice (so one should end up with theory A again). Lastly, it would also be interesting
to include 3d anomalies into the above considerations, such as parity anomaly (which
might arise e.g. from induced Chern-Simons terms in 3d) and see if this, in some
way, has a one-dimensional analogue which could possibly lead to deformations of A
and B in 1d.

A Conventions

The conventions used in this work mainly follow the ones in [6].

A.1 Flat Space

As we work in Euclidean space the metric tensor is given by g = δµνdx
µ⊗dxν , where

µ, ν = 1, 2, 3 and {xµ} a set of coordinates. We define the totally antisymmetric
Levi-Civita symbol as ε123 = 1.

In three dimensions the spin group is given by Spin(3) = SU(2) and we choose
spinors ψα as spin-1/2 representations thereof which transform under Spin(3) as

ψ′α = Mα
βψβ, ψ′α = (M−1)β

αψβ, (A.1)
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where M ∈ SU(2) are two-by-two matrices. We use α, β, γ, . . . to denote spinor
indices and µ, ν, ρ, . . . for coordinate indices. Raising (lowering) a spinor index can
be performed by acting with the antisymmetric symbol εαβ (εαβ), with εαβεβγ = δαγ
and ε12 = 1. Spinor products are most often written without indices and are given
by

ψχ = ψαχα = εαβψβχα. (A.2)

The Hermitian conjugate of a spinor ψα is given as ψ†α = (ψα)∗ with the star denoting
ordinary complex conjugation. Note that in three-dimensional space with Lorentzian
signature we can relate spinors and their conjugate by imposing a Majorana condi-
tion. However, this is not possible in Euclidean signature and the two have to be
treated as independent spinors. For convenience, we denote spinors that would be
related in this way for Lorentzian signature as ψ and ψ̃. The gamma matrices trans-
lating between spinor and spacial indices (i.e. between Spin(3) and SO(3)) are taken
to be

(γµ)α
β = (σ3,−σ1,−σ2) (A.3)

with σi the Pauli matrices and constitute a two-dimensional representation of the
Clifford algebra

{γµ, γν} = 2δµν . (A.4)

Using (A.2) and (A.4) we find for anti-commuting and commuting spinors

ψ̃χ = χψ̃, ψ̃γµχ = −χγµψ̃, (A.5)

ψ̃χ = −χψ̃, ψ̃γµχ = χγµψ̃, (A.6)

respectively. Some identities we find useful are the relation

γµγν = δµν + iεµνκγκ (A.7)

between gamma matrices and the Schouten identity for commuting spinors in three
dimensions,

ζ1(ζ2 · ζ3) + ζ2(ζ3 · ζ1) + ζ3(ζ1 · ζ2) = 0. (A.8)

The above identity is easily proved by multiplying the respective spinor from the left
and using (A.6).
N = 2 supersymmetry in three dimensions can be obtained by dimensionally

reducing N = 1 supersymmetry in four dimensions. The supersymmetry algebra
becomes

{Qα, Q̃β} = 2(γµ)αβPµ,

{Qα, Qβ} = 0 = {Q̃α, Q̃β}.
(A.9)
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Qα and Q̃α have R-charge−1 and +1, respectively. TheN = 2 superspace is spanned
by {xµ, θα, θ̃α}, where θα, θ̃α denote anti-commuting coordinates (i.e. Grassmann
variables) with R[θ] = 1 = −R[θ̃]. In superspace, supercharges and supercovariant
derivatives are given by

Qα =
∂

∂θα
+ i(γµθ̃)α∂µ, Q̃α = − ∂

∂θ̃α
− i(γµθ)α∂µ, (A.10)

Dα =
∂

∂θα
− i(γµθ̃)α∂µ, D̃α = − ∂

∂θ̃α
+ i(γµθ)α∂µ. (A.11)

Integration over anti-commuting coordinates is defined by∫
d2θ θ2 = 1 =

∫
d2θ̃ θ̃2,

∫
d4θ θ2θ̃2 = 1, (A.12)

where we write d4θ = d2θ d2θ̃ for convenience.

A.2 Curved Space

Generic Manifolds

In this work we consider Riemannian manifolds (M, g) with g a Riemannian metric
on M . We denote g ..= |det(gµν)| and in curved space ε123 =

√
g. The tangent

space, TM and its dual, T ∗M are spanned by coordinate bases {eµ} and {dxµ}.
In addition, we introduce corresponding frame bases {êa} and {θ̂a} for vectors and
forms, respectively, with

êa = ea
µeµ, θ̂a = eaµdxµ, (ea

µ) ∈ GL(R), (A.13)

where we use µ, ν, ρ, . . . for curved space and a, b, c, . . . for frame indices. Demanding
the above bases be orthonormal with respect to g gives

ea
µeb

νgµν = δab, gµν = eaµe
b
νδab, (A.14)

with eaµ the inverse of eaµ, i.e. eaµea
ν = δµ

ν and eaµeb
µ = δab. The frame basis

analogue of the connection coefficients Γλµν of a metric connection ∇ is given by the
spin connection

ωµ
a
b = eaν∇µeb

ν . (A.15)

It satisfies Cartan’s structure equation

dθ̂a + ωab ∧ θ̂b = T a. (A.16)

We choose to work with the Levi-Civita connection which is torsion-free and thus
T a ≡ 0 (this is always possible on Riemannian manifolds). The curvature two-form,
expressed in terms of the spin connection is of the form

Ra
b = dωab + ωac ∧ ωcb. (A.17)
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Ricci tensor and scalar are obtained by appropriate index contractions, Rµν = Rµρν
ρ

and R = Rµ
µ such that R = −2 on the 2-sphere. Utilizing the spin connection we

can formulate the covariant derivative for spinors as [23]

∇µψ =

(
∂µ −

i
4
ωµabε

abcγc

)
ψ, (A.18)

where we used (A.7). In the curved space superalgebras in section 3 we use Lie
derivatives of spinors which are given by [24]

LXψ = Xµ∇µψ +
i
4

(∇µXν) ε
µνκγκψ. (A.19)

The covariant and Lie derivatives of tensors are defined as usual (see e.g. [23]).

R× S2

Throughout this work, when we perform calculations on R× S2 we use local coordi-
nates defined on the two patches

AN = {(τ, θ, ϕ)|τ ∈ R, θ ∈ [0, π/2 + δ), ϕ ∈ [0, 2π)}, (A.20a)

AS = {(τ, θ, ϕ)|τ ∈ R, θ ∈ (π/2− δ, π], ϕ ∈ [0, 2π)}, (A.20b)

where we take 0 < δ ≤ π/2. For convenience, on the sphere part, we introduce
complex local coordinates

zN = tan
θ

2
eiϕ, zS = cot

θ

2
eiϕ (A.21)

on the respective patch, obtained by stereographic projection of the sphere through
the north pole (south pole). In the overlap AN ∩ AS the two patches are related
by the transition function ψNS(τ, zS, z̄S) = (τ, 1

zN
, 1
z̄N

). For the remainder of this
appendix and also in the main part above we choose to work in the north patch. The
metric is given by

ds2 = dτ 2 + 2gzz̄(z, z̄)dzdz̄ (A.22)

with gzz̄(z, z̄) = 2/(1 + zz̄)2 and we choose an orthonormal frame {θ0, θ1, θ2} defined
by

θ0 = dτ, θ1 + iθ2 =
√

2gzz̄ dz, θ1 − iθ2 =
√

2gzz̄ dz̄. (A.23)

The spin connection in this frame is given by

ω1
2 = −ω2

1 =
i

1 + zz̄
(z̄ dz − z dz̄) (A.24)
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and all other components vanish36. Correspondingly, the connection of the gauged
R-symmetry is chosen as

A = − i
2(1 + zz̄)

(z̄ dz − z dz̄), (A.25)

in accord with the discussion in section 3. The above connections are given in
the northern patch. Denote by S = ( z

z̄
)1/2 the transition function defined on the

intersection AN ∩ AS, then the local connections in the intersection are related by

AS = S−1ANS + iS−1dS. (A.26)

In (A.23) we introduced complex frame indices θ1 ..= θ1 + iθ2 and θ1̄ ..= θ1 − iθ2

which are now lowered by

(δab) =

1 0 0

0 0 1
2

0 1
2

0

. (A.27)

Employing the above conventions and (A.3) the gamma matrices in the complex
frame {θ0, θ1, θ1̄} are given by

(γµ)α
β = (γ0, γ1, γ 1̄) =

((
1 0

0 −1

)
,

(
0 −2

0 0

)
,

(
0 0

−2 0

))
. (A.28)

B Monopole Harmonics on S2

In order to be able to perform the sphere reduction to one dimension we decompose
the field content into the respective modes on S2. These modes can be expressed by
a generalization of spherical harmonics on a monopole background. Below we briefly
review the calculations necessary to obtain the mode decomposition for scalar, spinor
and vector fields.

B.1 Scalar Monopole Harmonics

The Laplacian acting on the scalar field content is given by

∆r
S2 = (∇µ̂ − irAµ̂)(∇µ̂ − irAµ̂), µ̂ = z, z̄ (B.1)

and on the monopole background (A.25) we find

∆r
S2 = (1 + zz̄)2∂z∂z̄ +

r

2
(1 + zz̄)

(
z∂z − z̄∂z̄ −

r

2

)
+
r2

4
(B.2)

36In three dimensions the structure group is SO(3). However, only the sphere part contributes
to a non-trivial holonomy of R×S2 which therefore lies in U(1). Consequently, the spin connection
contains only one independent coefficient.
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with r the respective R-charge of the scalar fields. The spectrum is hence determined
by the eigenvalue problem

∆r
S2 φ = lr φ. (B.3)

The above equation can be solved by performing suitable coordinate redefinitions in
such a way that the hypergeometric equation emerges, which can in turn be solved by
a modified version of spherical harmonics which we denote Yrjm [25] and is dependent
on the charge of the scalar field under U(1)R. In terms of these monopole spherical
harmonics we can write (B.3) as

∆r
S2Yrjm =

(
−j(j + 1) +

r2

4

)
Yrjm (B.4)

with

j =
|r|
2
,
|r|
2

+ 1, . . . , m = −j, . . . , j. (B.5)

The above result tells us that on the sphere with monopole background a scalar field
can also assume half-integer spin and thus behave like a fermion. For our purpose
the explicit form of Yrjm is not important and we do not show it here (see e.g. [25]).
However, we make use of the fact that they can be normalised as∫

S2

dΩY †rjmYr′j′m′ = δrr′δjj′δmm′ . (B.6)

Note that Yrjm is actually a local section of a U(1) line bundle over S2 in the northern
patch and is related to the local section on the southern patch in the intersection
AN ∩ AS by

Y
(S)
rjm = Sr Y

(N)
rjm (B.7)

with S as a gauge transformation phase factor for changing from AN to AS.
In order to find zero modes for the above scalar field mode decomposition note

that have another contribution of r
2
to the eigenvalue lr from the Lagrangian (5.1)

such that we ultimately determine the zero modes through

l′r = j(j + 1)− r(r − 2)

4
. (B.8)

B.2 Spinor Monopole Harmonics

In order to obtain a mode decomposition for spinor fields on S2 with background
(A.25) and electric charge r − 1 we need to compute the spectrum of the Dirac
operator in that background,

−i 6∇r
S2ψ = εrψ (B.9)
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with (ψα) = (χ, ξ)T a two component Dirac spinor and the Dirac operator given as

−i 6∇r
S2 = −iγµ̂(∇µ̂ − i(r − 1)Aµ̂). (B.10)

Using the gamma matrices (A.28) and (A.23) we get for the sphere part

γz = − 2

1 + zz̄

(
0 0

1 0

)
, γz̄ = − 2

1 + zz̄

(
0 1

0 0

)
(B.11)

and thus for the Dirac operator

−i 6∇r
S2 = i

(
0 (1 + zz̄)∂z − 1

2
rz̄

(1 + zz̄)∂z̄ + 1
2
(r − 2)z 0

)
. (B.12)

The eigenfunctions of (B.12) can be expressed in terms of the scalar monopole har-
monics we already found above. This can be seen by expanding (B.9) in its compo-
nent equations

i
[
(1 + zz̄)∂z −

1

2
rz̄

]
ξ = εrχ, (B.13a)

i
[
(1 + zz̄)∂z̄ +

1

2
(r − 2)z

]
χ = εrξ. (B.13b)

Thus, (B.13) describes a system of two coupled differential equations which we can
easily decouple as

−
[
(1 + zz̄)2∂z∂z̄ +

r

2
(1 + zz̄)

(
z∂z − z̄∂z̄ −

r

2

)
+
r(r − 2)

4

]
ξ = ε2rξ,

(B.14a)

−
[
(1 + zz̄)2∂z∂z̄ +

r − 2

2
(1 + zz̄)

(
z∂z − z̄∂z̄ −

r − 2

2

)
+
r(r − 2)

4

]
χ = ε2rχ

(B.14b)

and we immediately recover (B.2). The spectrum can hence be cast in the following
form,

−i 6∇r
S2ψ±r−1 jm = ±εrψ±r−1 jm (B.15)

with eigenfunctions and eigenvalues given by

(ψ±r−1 jm, α) =
1√
2

(
Yr−2 jm

±Yrjm

)
, εr =

√(
j +

1

2

)2

− (r − 1)2

4
(B.16)

and the representations and states are labelled by

j =
|r − 1|

2
− 1

2
,
|r − 1|

2
+

1

2
, . . . , m = −j, . . . , j, (B.17)
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with the lowest eigenvalue only appearing for r 6= 1 (as to satisfy j ≥ 0). The
prefactor of the eigenspinors (B.16) is chosen such that, using (B.6), we have them
properly normalised to∫

S2

dΩ (ψsr−1 jm)†ψs
′

r′−1 j′m′ = δss
′
δrr′δjj′δmm′ , (B.18)

where s, s′ = ±. Note that the above eigenspinors are actually local sections of a
spin bundle over S2.

B.3 Vector Spherical Harmonics

As all vector fields appearing in the three-dimensional theories we consider belong to
gauge fields with vanishing R-charge we don’t consider monopole vector harmonics
here but just the uncharged case r = 0. We work in coordinates {τ, z, z̄} below. The
spectrum on S2 is determined by the eigenvalue problem

∆S2X = ljX (B.19)

Note that every vector field X can be consider as a direct sum of a ‘vector field’
on R and a vector field tangential to S2. Obviously, on S2 the flat component Xτ

transforms as a scalar field under SO(3). Hence, the flat component decouples from
the tangential part and we can utilize the result of section B.1, so the solution to
(B.19) is simply given by

X(τ) = Yjmeτ , lj = −j(j + 1). (B.20)

The solution of the tangential part on S2 requires some more work. We first write
down (B.19) more explicitly as,

∆S2X = ∇S2(∇S2 ·X)−∇S2 × (∇S2 ×X), (B.21)

where, for consistency, we restrict X to the sphere subspace for now. In order to
solve for (B.21) we make an ansatz

Ajm = ∇S2Yjm. (B.22)

Inserting (B.22) into (B.21) we note that the second term vanishes by definition and
we get

∆S2 [∇S2Yjm] = ∇S2(∆S2Yjm)
(B.4)
= −j(j + 1) [∇S2Yjm] , (B.23)

which indeed solves (B.21) as advertised. The second, linearly independent solution
is given by

Bjm = [eτ ×∇] |S2Yjm. (B.24)
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We thus end up with two independent solutions for the tangential part of X on S2

satisfying (B.19) with

lj = −j(j + 1), j = 0, 1, 2, . . . , m = −j, . . . , j. (B.25)

On R × S2 the general solution to (B.19) is hence given by the sum of (B.20),
(B.22) and (B.24) with corresponding coefficients. The respective solutions can be
normalised as [26] ∫

S2

dΩ (X
(τ)
jm)†X

(τ)
j′m′ = δjj′δmm′ ,∫

S2

dΩA†jmAj′m′ = j(j + 1)δjj′δmm′ ,∫
S2

dΩB†jmBj′m′ = j(j + 1)δjj′δmm′ ,

(B.26)

while, again, the precise form of the solutions is not of interest for our purpose (see
e.g. [26]). Note that A00 and B00 vanish (as Y00 is the constant mode) and thus do
not contribute to the space of solutions. Note, again, that the above solutions are
actually sections of a vector bundle over S2.
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