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Wall-bounded turbulent flows occur in many engineering applications. The quantities of interest
(QoIs) of these flows can be accurately obtained through experimental measurements and scaleresolving numerical approaches, such as large eddy simulation (LES). However, due to the
prohibitive computational costs imposed by the turbulent boundary layers (TBL) involved in
these flows, the use of a standard wall-resolving (WR)LES is limited to low Reynolds (Re-)
numbers. As an alternative, wall-modeled (WM)LES can be employed, in which the near-wall
region of the TBL is modeled.
This thesis evaluates the uncertainties involved in the measured QoIs of a set of experiments
on TBLs, and also, investigates the predictive accuracy and sensitivity of LES, both wallresolving and wall-modeled. For these purposes, different uncertainty quantification (UQ)
techniques are employed.
In particular, such techniques are applied to the forward (uncertainty propagation) and inverse
(parameter estimation) problems involved in the measurement of mean velocity and wall shear
stress using hot-wire anemometry and oil-film interferometry, respectively. The possibility of
reducing epistemic uncertainties by a more detailed analysis is demonstrated. The metamodels
constructed by combining non-intrusive generalized polynomial chaos expansion with the
stochastic-collocation method are employed to investigate the sensitivity of WRLES of turbulent
channel flow to grid resolution. This research further provides a set of recommendations for
grid resolution. Through the use of a systematic simulation campaign, the predictive accuracy
and sensitivity of WMLES of the same flow is investigated with respect to several influential
factors. The metamodel technique is also used to explore the sensitivity to the grid anisotropy
and wall model parameters. Based on this study, a set of best practice guidelines is obtained for
WMLES of turbulent channel flow, the validity of which is confirmed in a wide range of Renumbers. For all the UQ-based studies, variance-based sensitivity analysis is also performed.
For WMLES, this thesis also introduces several developments in wall-stress modeling.
The performance of algebraic wall-stress models is investigated in an a-priori framework,
using accurate WRLES data. Two novel approaches based on integrating the wall model and
dynamically adjusting its parameters are proposed and tested. This thesis also contributes to the
development of an open-source library for WMLES based on OpenFOAM, which is used in the
afore-mentioned systematic study for channel flow.
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1. Introduction

Scientists discover the world that exists;
engineers create the world that never was. . . .
I came to realize that exaggerated concern about
what others are doing can be foolish. It can paralyze eﬀort, and stiﬂe a good idea. One ﬁnds that
in the history of science, almost every problem has
been worked out by someone else. This should not
discourage anyone from pursuing his own path.
Theodore von Kármán

Many examples of turbulent ﬂows can be found in nature, industrial
applications, and everyday life. For instance, atmospheric and oceanic
mixing layers, ﬂows around moving objects such as cars, airplanes and
ships, ﬂows in rivers, and etc, can be mentioned.
Despite more than a century of research, many aspects of turbulence
are not yet fully understood, [58, 81, 115, 141]. A major complication
is that turbulence is a multiscale physical phenomenon comprised of
vortical structures or eddies of a wide range of spatial and temporal scales. Moreover, these eddies interact through diﬀerent modes of
energy and momentum transfer, see [57, 115, 125, 126]. Clearly, a full
understanding of the physics of turbulence must accurately account for
such non-linear and complex characteristics.
Studying turbulent ﬂows bounded by at least one solid boundary
(referred to as a wall ), can be even more challenging. Such ﬂows are
called wall-bounded turbulent ﬂows [57, 58, 141, 142], examples of which
are considered in this thesis. In any type of wall-bounded ﬂow, the ﬂuid
adheres to the wall due to viscosity (the no-slip boundary condition).
Consequently, there is the friction force at the wall that resists the ﬂuid
motion. This force per unit contact area of the wall is called wall shear
stress. In a short distance normal to the wall, the ﬂuid velocity increases
from zero to the free-stream velocity. The resulting thin layer, is called
boundary layer which can be laminar, transitional, or turbulent. However, the focus of the present thesis is on the latter, i.e. the turbulent
boundary layer (TBL). In a TBL, both viscous and turbulent eﬀects exist. However, their relative dominance depends on the distance from the
wall (see Chapter 2).
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From an industrial perspective, TBLs are of tremendous importance.
Indeed, TBLs develop on the ships’ hull, the bodies of cars and airplanes,
and also on the blades of wind turbines. The state of a TBL, and the
eddies within it, inﬂuence the vortex formation and possible shedding
around any such streamlined moving object, thus also aﬀecting the wake
behind the object, see e.g. [162]. It is also important to note that,
approximately half of the energy of the ﬂow in pipelines can be dissipated
in the TBL, [57]. In addition to this, nominally, 50% of the total friction
force on the body of a commercial airplane comes from the TBL, see [81].
As for laminar ﬂows, the dynamics of turbulent ﬂows is described
mathematically by the Navier-Stokes equations. However, these partial
diﬀerential equations (PDEs) have no known closed analytical solution
for unsteady wall-bounded turbulent ﬂows. This is not surprising, especially when considering the complexity of the ﬂow and the fact that
increasing the Reynolds (Re)-number1 makes the non-linearity of these
PDEs dominant. Two alternative methodologies to gain knowledge regarding ﬂows involving TBLs can be considered: laboratory experiments
and numerical solution of the Navier-Stokes equations. In either case,
there are diﬀerent challenges involved.
Similar to any other experiment, the measured quantity of interest
(QoI) of wall-bounded turbulent ﬂow can be uncertain, see e.g. [5, 33,
103]. Such uncertainties can potentially impact our understanding of
the physics of the ﬂows, and hence, should be accounted for in the
engineering designs. In addition to this, the uncertain experimentally
observed data may be considered as reference values for validating the
computational results, see [101]. Applying appropriate techniques to
evaluate the uncertainties involved in two widely-used measurement
techniques of wall-bounded ﬂows is one of the objectives of the present
thesis (Track-1 )2 .
To capture the dynamics of some, or all, of the physical structures in
wall-bounded turbulent ﬂows, scale-resolving approaches can be used to
numerically solve the Navier-Stokes equations. In the highest level of ﬁdelity, direct numerical simulation (DNS) is considered. A DNS aims at
resolving all of the active scales in a turbulent ﬂow using highly-accurate
numerical methods. With slightly less ﬁdelity, large eddy simulation
(LES) attempts to directly resolve turbulent structures larger than a
characteristic length scale imposed by the domain discretization, and
model the unresolved scales, [131]. The issue with these scale-resolving
approaches is their prohibitive computational cost which makes their
applications limited to Re-numbers lower than those in most of indus1

Re = U L/ν, where U and L are reference velocity and length scale, respectively,
and ν denotes kinematic viscosity; see also Section 2.3.
2
The term “track” is used here in the sense of a line of research. This was found to
be expedient to reference to these tracks in order to organize this chapter.
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trial applications, see [113, 138, 146]. The computational demand arises
from the necessity of resolving the small-scale energetic structures in the
near-wall region of the TBLs, and the fact that the ratio of these scales
to the large characteristic length scales of the TBL decreases as the
Re-number increases, see e.g. [58]. To increase the aﬀordable range
of Re-numbers compared to what is reachable by the standard wallresolving (WR)LES, the near-wall region of the TBL can be modeled
instead of being directly solved. The resulting approach is referred to
as wall-modeled (WM)LES, which has received considerable attention in
the past two decades, see e.g. [13, 16, 72, 112].
Regardless of which variation of LES for wall-bounded turbulent ﬂows
is employed, the accuracy of the resulting ﬂow QoIs depends on several
factors. To determine the inﬂuence of most of these factors, it is necessary to conduct simulations. However, considering the computational
costs, the importance of using a technique capable of reducing the number of required systematic simulations to evaluate the contribution of
diﬀerent factors is crucial. The use of such techniques (Track-2 ) and
the contributions to WMLES (Track-3 ) are the other lines of research
pursued in the present thesis.
To attain the objectives of Tracks-1 and 2, a number of novel techniques developed in the uncertainty quantiﬁcation (UQ) framework are
employed in the present thesis. Uncertainty quantiﬁcation is a fastgrowing multidisciplinary ﬁeld in which combinations of mathematical,
statistical, and computational tools are developed to characterize and
evaluate uncertainties, see [45, 140]. Two main types of problems are
dealt with in the UQ framework. In the forward problem, the uncertainties associated with inputs and parameters are propagated into a model
that mathematically describes some phenomenon. To complement this
problem, the sensitivity of the model response to the uncertainties of the
inputs and parameters is analyzed. In the second type of UQ problem,
referred to as inverse problems, uncertain parameters in a model are
estimated, given observed data.
The tracks introduced above are reﬂected in the papers included in
this thesis, as shortly reviewed below. A summary of each paper and
the contributions of the author of this thesis can be found in Chapter 9.
(Track-1): In Paper I, two widely-used experimental techniques for
wall-bounded ﬂows are considered: hot-wire anemometry (HWA) [104],
to measure air ﬂow mean velocity at a single wall-normal location above
a ﬂat plate in a wind tunnel, and oil-ﬁlm interferometry (OFI) [158],
to measure wall shear stress. The aim is to evaluate the uncertainties
propagated to the measured QoIs from the given observed data. The
data consists of the readings of hot-wire and Pitot-tube voltages in HWA,
as well as fringe wavelength, oil viscosity, and temperature in OFI. Other
13

uncertain quantities are also included, such as atmospheric pressure and
optical quantities.
To evaluate the uncertainties in the QoIs, several UQ forward and
inverse problems must be addressed. For the forward problems, both
sample-based and perturbation methods are considered. For calibrating
a voltage-velocity curve, which is an inverse problem, diﬀerent techniques are employed to account for the uncertainties in the observed
data. By considering the correlations between the uncertain quantities
(something that is usually neglected) and also accurately constructing
the measurement uncertainties in the inverse problems, the ﬁnal QoIs
are found to be less uncertain than when estimated by classical approaches [5, 157]. This is clearly an indication of reducing the uncertainties that arise from the use of improper methods. Another novelty
of this study is to compute the Sobol indices [145], which indicate the
sensitivity of the QoIs to each of the uncertain factors involved in the
measurements when they are all allowed to vary simultaneously.
(Track-2): The general aim of Papers II and VI is to study the predictive accuracy and sensitivity of, respectively, WRLES and WMLES
of turbulent channel ﬂow to diﬀerent inﬂuential factors. In this thesis, to numerically solve the LES governing equations, the ﬁnite volume
method (FVM) [35,156] is adopted. All simulations are performed using
the open-source CFD (computational ﬂuid dynamics) software package
OpenFOAM, [79, 165].
In the mentioned papers, UQ techniques are used in a non-intrusive
way (i.e. with no change to the ﬂow solver), to reduce the number of
required LES. This is achieved by constructing metamodels to correlate the variation in the simulation responses to the variation in the
inﬂuential factors. To this end, generalized polynomial chaos expansion
(gPCE) [169] combined with the stochastic-collocation method [168] is
employed. In this regard, the mean wall shear stress and the proﬁles
of the ﬁrst- and second-order statistical moments of velocity are taken
to be the QoIs. Correspondingly, the simulation responses are deﬁned
as the deviation of the QoIs from the reference DNS data, [53, 74]. In
particular in Paper II, the inﬂuential parameters are taken to be the
grid cell spacings in the wall-parallel direction and the distance from
the wall of the ﬁrst oﬀ-wall cell center. In Paper VI, the considered
factors are grid anisotropy and wall model parameters (see below). As a
complement to the described UQ forward problems, Sobol indices [145]
are computed, as well.
(Track-3): As pointed out above, this thesis makes several contributions to the study of WMLES. In particular, wall-stress type of wall
modeling is considered to accurately predict wall shear stress, which otherwise cannot be directly computed due to the coarseness of the near-wall
grid cells. To this end, samples of the LES ﬁelds at some distance from
14

the wall are fed into a wall model. Subsequently, the wall shear stress
predicted by the wall model is imposed as the wall boundary condition
for the LES equations.
In Paper III, the WMLES of a zero-pressure-gradient (ZPG)-TBL
over a ﬂat plate is conducted, and the results are compared to DNS.
Moreover, the existing estimates of the grid resolution requirements for
the WMLES of this canonical ﬂow, see [23, 26], are further reﬁned. In
Paper IV, the sensitivity of a speciﬁc type of wall model constructed
based on the laws of the wall, see Section 2.4, to several factors is studied
in an a-priori way. By the latter it is meant that the velocity samples
used by the wall model are generated by averaging the velocities of an
accurate WRLES over a large cell size. The investigated factors include
the sampling height (the distance from the wall of the sampling point),
parameters of the law of the wall, and the grid cell size. To remove the
dependency of the predicted wall shear stress on the sampling height, two
proposals are tested. In one proposal, a law of the wall is integrated in
the wall-normal direction. In the second, a novel algorithm is proposed
by which the parameters of the law of the wall are dynamically adjusted.
The author of this thesis has participated in developing an opensource library for wall-stress type of wall modeling to enhance the capabilities of OpenFOAM for WMLES. A thorough description of the
library is provided in Paper V, along with the application for WMLES
of turbulent channel ﬂow and ﬂow over a backward-facing step (BFS).
Using the developed library, Paper VI investigates the sensitivity of WMLES of turbulent channel ﬂow to diﬀerent inﬂuential factors. As a result
of a thorough analysis of numerous simulations, a set of best practice
guidelines for WMLES of turbulent channel ﬂow is derived.
The remainder of this thesis is organized as follows. Chapter 2
reviews the ﬂuid mechanics background of wall-bounded turbulence and
TBLs, in addition to the associated terminologies. A brief review of the
approaches to numerical simulation of turbulent ﬂows, the LES formulation, and ﬁnite volume method is presented in Chapter 3. Chapter 4
provides an overview of the UQ techniques used in this study. Subsequently, Chapter 5 describes some of the main aspects of Paper I, which
is on the application of UQ techniques to assess the uncertainties of
HWA-OFI measurements. This is then followed by Chapter 6 in which
diﬀerent sources of error in LES are discussed and quality assessment
techniques for LES are brieﬂy reviewed. This Chapter also outlines the
focus of Paper II, which is on the eﬀect of grid resolution on WRLES
of turbulent channel ﬂow. In Chapter 7, diﬀerent relevant aspects of
WMLES are brieﬂy discussed. Also, some of the contents of Papers III,
IV, V, and VI are reviewed. Chapter 8 provides concluding remarks and
outlines future plans. Finally, the summary of the included papers and
the author’s contribution to them are provided in Chapter 9.
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2. Foundations of Wall-Bounded Turbulent Flows

The goal of this chapter is to provide a ﬂuid mechanics background required for the rest of the thesis. In the ﬁrst section, deﬁnitions are given
for wall-bounded turbulent ﬂow and the TBL. Also, basic terminologies
are introduced. Then, the Navier-Stokes equations describing the ﬂow
motion are shortly reviewed. Two of the basic wall-bounded turbulent
ﬂows are described next, which are zero-pressure-gradient TBL over a
ﬂat plate and turbulent channel ﬂow. In Section 2.4, diﬀerent regions
across the TBL are discussed. The last two sections aim at reviewing
the essential and basic information regarding the physics of the vortical
structures in a TBL, and the interaction between two regions.

2.1 Wall-Bounded Flows and Turbulent Boundary Layer
The examples of wall-bounded ﬂows are ﬂow developing along ﬂat or
curved surfaces (external ﬂows), and also the ﬂows conﬁned between
two or more walls, such as those in channels, pipes, or ducts (internal
ﬂows), see Figure 2.1. Far from the wall, the ﬂow is approximately
irrotational, inviscid, and driven by the pressure gradient. This region
is attributed to the free-stream, in case of external ﬂows, or the core, in
the conﬁned ﬂows. Hereafter, the associated mean velocity magnitude
in this region is denoted by Uc .
Due to the viscosity, the ﬂuid adheres to the wall. Within a layer of
thickness δ, the velocity changes rapidly from Uc to zero at the wall.
This layer within which the ﬂow is essentially rotational and viscous is
called boundary layer, as ﬁrst introduced by Prandtl in 1905, see [3, 151].
Although a boundary layer can be laminar, transitional, or fully turbulent, see e.g. [133], throughout this thesis, the focus is only on the fully
turbulent ones.
In the TBLs, turbulent and viscous shears coexist. Relative dominance of each of these two eﬀects depends on the distance from the wall.
Nevertheless, the maximum magnitude of the shear stress occurs at the
wall, where the mean velocity gradient has its maximum value across
the TBL. The magnitude of the wall shear stress per unit ﬂuid density
is hereafter denoted by τw , based on which the skin friction coeﬃcient
is deﬁned,
cf = τw /(Uc2 /2) .
(2.1)
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Figure 2.1. Contour plots of the instantaneous velocity of the turbulent
wall-bounded ﬂows: ﬂow over a backward-facing step (top), fully-developed
turbulent channel ﬂow (middle), and ﬂow in a converging-diverging channel (bottom).

Associated with τw , characteristic velocity and length scales, respectively
called, the wall friction velocity, uτ , and the viscous length scale (or wall
unit), δν , are deﬁned,
uτ =

√
τw ,

δν = ν/uτ ,

(2.2)

where, ρ and ν respectively denotes the ﬂuid density and kinematic
viscosity. Using these, inner-scaled velocity u+ and distance from the
wall y + are deﬁned as,
u+ = u/uτ ,

y + = y/δν .

Similar to these, outer-scaled quantities are speciﬁed using velocity and
length scales Uc and δ, respectively. Hereafter, the outer-scaled oﬀ-wall
distance is denoted by
η = y/δ .

2.2 Equations Governing Fluid Dynamics
Independent of the ﬂow regime (i.e. laminar or turbulent), the dynamics
of a ﬂuid ﬂow is described by the Navier-Stokes equations. For incompressible ﬂows, the equations consist of the conservation laws for the
momentum and mass.
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Considering a Cartesian grid and adopting the index notation, the
conservation of momentum in the i-th direction reads as,
∂σij
∂ui ∂ui uj
1 ∂p
+
=−
+
,
∂t
∂xj
ρ ∂xi
∂xj

(i = 1, 2, 3)

(2.3)

where, summation over the dummy indices is applied. Here, t denotes
time, xi is the Cartesian coordinate in the i-th direction with associated
velocity component ui , p denotes the pressure and σ is the viscous stress
tensor. The latter for a Newtonian ﬂuid is deﬁned as, σij = 2νSij with S
specifying the rate of strain tensor,


∂uj
1 ∂ui
+
.
Sij =
2 ∂xj
∂xi
The conservation of mass, also known as the continuity equation, constrains the velocity ﬁeld to be divergence-free and reads as,
∂uj
= 0.
∂xj

(2.4)

For a set of initial and boundary conditions, the system of four coupled
equations (2.4) and (2.3) should be solved for four unknown quantities
including three velocity components and pressure. However, due to the
lack of an independent equation for pressure, special treatments are
required, as it will be shortly pointed out later in Section 3.3.
Introducing the statistical (ensemble) averaging operator ·, a ﬂow
quantity is decomposed as,
ϕ(x, t) = ϕ(x, t) + ϕ (x, t)

(2.5)

with (·) denoting the ﬂuctuating part. The averaging · can be applied
in both time and spatially homogeneous directions. As further detailed
in Section 3.1, applying the averaging operator to the non-linear convective term in (2.3) results in a new tensor with components ui uj , for
i, j = 1, 2, 3, which is called the Reynolds stress tensor. The half of the
trace of this tensor, i.e. 12 uk uk  is called turbulent kinetic energy (TKE)
and hereafter denoted by K.
For the sake of simplicity, in the rest of this chapter, a Cartesian
coordinate (x, y, z) is adopted to denote the streamwise (along the wall),
wall-normal, and spanwise directions, respectively. Moreover, the associated velocity components are represented by u, v, and w.
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2.3 Canonical Wall-Bounded Flows
Here two canonical ﬂows are introduced which despite having simple
geometries, contain many of the features of the wall-bounded turbulence. These speciﬁcations, beside the availability of accurate numerical
and experimental reference data, have made these ﬂows appropriate for
developing, testing, and validating models and software.

2.3.1 Zero-Pressure-Gradient TBL over a Flat Plate
Consider a ﬂow with velocity Uc approaching a ﬂat plate. At the wall,
the velocity is zero which increases in the wall-normal direction and
eventually reaches Uc at distance δ from the wall. Along the plate, the
boundary layer grows, therefore, δ = δ(x). Accordingly, the Re-number,
that can be deﬁned as Rex = Uc x/ν, also increases. Eventually, the
instabilities in the boundary layer grows and the ﬂow becomes fully
turbulent, for some Rex > Rex0 , see e.g. [133].
In general, the free-stream velocity Uc is aﬀected by the streamwise
pressure gradient outside the TBL, dPc /dx. However, in the particular case of zero-pressure-gradient (ZPG)-TBL, Uc is ﬁxed and does not
change with x. This provides a great simplicity in analysis and fundamental study of boundary layers.
For the ﬂows that are not conﬁned between walls, direct measurement or evaluation of δ is not possible. Consequently, alternative types
of thickness deﬁned based on diﬀerent boundary layer quantities are
considered. A particular choice can be δ99 , that is the TBL thickness
where u = 0.99Uc . Other possible choices are the displacement and
momentum thicknesses, δ ∗ and θ, respectively, deﬁned as



 δ
 δ
u
u
u
∗
δ =
1−
dy ,
θ=
1−
dy .
Uc
Uc
0
0 Uc
Combining diﬀerent velocities and thicknesses, several deﬁnitions for the
Reynolds number can be achieved.
For the ZPG-TBL over a ﬂat plate, diﬀerent types of correlations have
been suggested to estimate the variation of the TBL quantities with
Re-numbers, for instance, see [98,133] and the references therein. In the
power-law type of correlations, a TBL quantity is assumed to vary as
∼ Rer with r being a constant. In Paper III, a thorough review of this
type of correlations is given. Moreover, starting from two ansatz
δ99 ≈ αxRe−β
x ,

cf = cRe−m
δ99 ,

(2.6)

where, α, β, c, m > 0 and Reδ99 = Uc δ99 /ν, and using available experimental datasets which cover a wide range of Re-numbers, a set of
calibrated power-laws are obtained.
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2.3.2 Turbulent Channel Flow
Consider two parallel ﬂat plates with inﬁnite lengths that are located at
a constant distance 2δ from each other. The mean ﬂow in the streamwise
direction is driven by a constant mean pressure gradient. Independent
of the inﬂow regime, if the Re-number is high enough, the ﬂow eventually becomes fully turbulent at some distance from the inlet. At a large
distance from the inlet, the statistics of the turbulent ﬂow become invariant with respect to the streamwise and spanwise directions. Hence,
the ﬂow is called (statistically) fully-developed turbulent channel ﬂow.
To avoid the large length required for the development of the ﬂow in
numerical simulations, the walls are considered to have ﬁnite lengths lx
and lz , in streamwise and spanwise directions, respectively. To attain the
fully-developed state, a periodic boundary condition is applied in both
streamwise and spanwise directions. Consistent with this, a pressure
gradient as a body force term is added to the right-hand-side of the
momentum equation (2.3) in the streamwise direction.
To set up a channel ﬂow, in addition to δ and ν, a characteristic
velocity is required. This can be taken to be the bulk velocity Ub (the
averaged value of u between the walls), that is also used for outerscaling of the velocity. Therefore, for a target Reynolds number,
Reb = Ub δ/ν ,
only two of the δ, Ub , and ν are of arbitrary choice. As a result of
a simulation, the averaged magnitude of the wall shear stress τw  is
computed, that is used to compute the friction-based Reynolds number,
Reτ = uτ δ/ν .

2.4 Structure of the Mean Velocity Proﬁle of a TBL
The aim of this section is to provide an overview of the diﬀerent parts
of the mean velocity proﬁle of a TBL. In particular, the focus is on the
TBL of the canonical wall-bounded ﬂows, for which the eﬀect of the
mean pressure gradient is negligible and the ﬂow is not separated or
recirculating.
Since ﬁrst identiﬁed by experiments in 1930-1940’s, the mean
velocity proﬁle of a TBL has been considered to be consisting of two main
overlapping layers, see [115, 133] and Figure 2.2. The wall-adjacent part
of the TBL is called the inner layer within which the viscous (molecular) shear dominates. In contrast, in the outer layer, the turbulent
(eddy) shear is dominant. These two layers smoothly merge together in
+
the overlap region whose limits are speciﬁed by yout
and ηin . The discussion on the values of these limits is postponed to Section 2.4.1, and
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Figure 2.2. Diﬀerent layers in the TBL mean velocity proﬁle plotted in outerscaling (top) and inner-scaling (bottom). The vertical blue dashed line speci+
and the vertical red solid line denotes ηin . The DNS data of Sillero et
ﬁes yout
al. [137] for a ZPG-TBL at Reθ = Uc θ/ν = 6500 is used.

in what follows, a detailed description of each of the three mentioned
layers is given.
In 1925, Prandtl [117] proposed that the mean velocity proﬁle in the
inner layer correlates with the wall shear stress and the ﬂuid properties.
Consequently, based on dimensional analysis and using the velocity and
length scales (2.2), the so-called laws of the wall are obtained,
u+ = Fin (y + ) .

(2.7)

Over diﬀerent sublayers of the inner layer, Fin (y + ) adopts diﬀerent
functional forms. For y +  5, known as the linear sublayer, u+ = y + .
In the case of a strong pressure gradient, there are higher-order terms
of y + added to this expression, see [99]. Within the buﬀer layer, where
both viscous and inertial eﬀects are important, no general mathematical
expression for Fin has been proposed, although several attempts have
been made, see e.g. [120, 160].
In order to derive an expression for Fin in the overlap region, the mean
velocity proﬁle in the outer layer should be ﬁrst identiﬁed. To this end,
the so-called velocity defect law due to von Kármán is considered which
reads as, see e.g. [115],
Uc − u
= Fout (η),
uτ

(2.8)
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When there is a pressure gradient, the mean velocity in the
wake region of the outer layer can be aﬀected. Therefore, Fout (η) can
be ﬂow-dependent and may not have a universal form.
In 1938, Millikan [91] reasoned that at suﬃciently high-Reynolds
numbers, there should be a ﬁnite size overlap region over which, the
values of the u from (2.7) and (2.8) should match. Presuming the
functional forms of Fin and Fout to be logarithmic, the well-known
log(arithmic) law of the wall is obtained,
u+ =

1
ln y + + B,
κ

(2.9)

where, κ and B are the von Kármán and additive coeﬃcients, respectively. The classical values of these two parameters are κ ≈ 0.4 − 0.41
and B ≈ 5 − 5.5, see e.g. [115, 133]. For more recent studies on the values of these parameters, see Section 2.4.1. It is also worth mentioning
that another way of expressing the relation between u+ and y + in the
overlap region can be a power law, see e.g. [8] and the references therein.
There are laws of the wall that by only one single functional form
describe the dependency between u+ and y + over several regions of a
TBL. Two of such laws covering the distance from the wall up to the
beginning of the wake region (i.e. the end of overlap region) of the TBL
have been used in Papers IV, V, and VI and are introduced here. The
ﬁrst law is proposed by Spalding, [149],


3

(κu+ )m
+
+
−κB
κu+
y = u + e
e
−
,
(2.10)
m!
m=0

with default parameters κ = 0.4 and B = 5.5. The second law is the
Reichardt law [121],
u+ =

+
1 
y + − yB+
−y
ln 1 + κy + + C 1 − e B1 −
e 2
κ
B1

,

(2.11)

with default parameters κ = 0.4, C = 7.8, B1 = 11, and B2 = 3.

2.4.1 Limits of the Log Layer and the Parameters of the Log Law
In the past two decades, there have been several studies regarding, ﬁrst,
the range over which the log law holds, and second, whether or not the
associated parameters κ and B possess universal values, see e.g. [40].
As it can be found in literature, for instance see [103], p. 377, diﬀerent
+
values of ηin and yout
have been considered for the limits of the log
layer. As a consequence of this disparity, diﬀerent values for the log law
parameters, κ and B, have been obtained.
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By analyzing the ZPG-TBL data over 2500  Reθ  27000, Österlund
et al. [105] demonstrated that for Reθ  6000 the buﬀer layer can extend
+
up to yout
≈ 200, that is more than the classical values ≈ 30-50. Also, the
log layer can extend up to ηin ≈ 0.11 (based on δ99 ). Considering Reθ ≈
6000 to be the minimum Re-number at which signiﬁcant log layer exists,
they estimated κ = 0.384 and B = 4.1 and claimed these values to be
Reynolds-number-independent. By removing the uncertainty imposed
by the log layer limits trough ﬁtting data to a composite proﬁle across
the whole TBL, Nagib and Chauhan [97] reported κ to be 0.384, 0.37,
and ≈ 0.41, respectively for ZPG-TBL, channel, and pipe ﬂows. The
corresponding B values were found to be 4.17, 3.7, and 5.0. This suggests
the non-universality of the log law parameters with respect to the wallbounded ﬂow.
Exactly opposite to this view, Marusic et al. [83], analyzed high Renumber data of boundary layers, pipe ﬂow, and atmospheric surface
layers and concluded that the log layer is universal with limits
1/2
+
yout
= 3Reτ and ηin = 0.15, and the parameter values κ = 0.39 and
B = 4.3. In case of turbulent channel ﬂow, Zanoun et al. [173] showed
that the outer layer starts from y + ≈ 150 almost independent of the
Re-number. Whereas, ηin increases with Re-number and can reach up
to ≈ 0.75 for Reτ ≈ 5200, making the wake region small.
Summarizing these, the uncertainties in the assessed data, limits of
the overlap region, and the method employed to estimate the parameters, makes drawing any general conclusions diﬃcult, see e.g. [135, 159].
But what is certain is that the parameters in the classical laws were
estimated based on low Re-number data available at the time, and now,
they have to be adjusted by the high-Reynolds ﬂow data.

2.5 Physical Structures and Cascades in the TBL
Associated with diﬀerent layers of a TBL, speciﬁc types of turbulent
coherent structures can be speciﬁed, see [2, 125, 126] and the references
therein. These diverse structures that have complex characteristics,
interact with each other as well as with the mean ﬂow. Here, only a
short review is provided to support the other materials of the thesis.

2.5.1 Structures
In the viscous sublayer, i.e. up to y +  10 − 30, low-speed streaks exist.
These structures which were ﬁrst reported by Kline et al. [70] are wellorganized, see Figure 2.3(a). For y +  10, these structures are, in the
mean sense, approximately 100δν apart, independent of the ﬂow Renumber, [139]. The mean length of them ranges from 400δν to more
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than 1000δν , [59, 125, 139]. The streaks can elongate, move away from
the wall and interact with the outer ﬂow. In the viscous sublayer, via
both sweep and ejection mechanisms, turbulent shear stress −u v   is
produced, see [115, 126]. This clearly explains why the peak of the TKE
production resides in the buﬀer layer, see e.g. [115].
The change in the pattern of the streamwise ﬂuctuations with
increasing the distance from the wall can be observed in Figure 2.3.
The outer layer is home to the ﬂow large-scale structures. For instance
in channel ﬂow, the largest structures have a length of the order of 6δ
in the streamwise direction, [57]. This value can be doubled or even
tripled based on the experimental evidences [56, 66]. In particular, the
large structures can be up to 12 − 14 times the pipe radius in turbulent
pipe ﬂow [66]. In the spanwise direction, the width of the structures is
approximately 1 − 2δ [30, 31].

2.5.2 Cascades of TKE and Momentum
The vortical structures of diﬀerent scales contain and carry energy and
momentum, [57, 115]. Based on the classical energy cascade hypothesis [115], developed for isotropic turbulence, the TKE generated at the
largest scale is successively transferred to smaller eddies (direct cascade),
and it can be partially transferred back from the smaller eddies toward
the larger ones (backscatter). These two cascades take place via eddy
breakup process and merging, respectively. Also, the energy transfer
occurs with no signiﬁcant loss, and hence, it is called inertial transfer,
see e.g. [115, 141]. Eventually, energy at the ﬂow’s smallest scale eddies (their size depends on the ﬂow Re-number) is dissipated due to the
molecular viscosity, ν. Associated with the dissipative eddies, the so
called Kolmogorov length and time scales, ηE and TE , are deﬁned as, see
e.g. [115],
TE = (ν/E)1/2 ,
(2.12)
ηE = (ν 3 /E)1/4 ,
where, E denotes the dissipation rate of energy. To summarize, three
types of eddies can be considered: energy containing eddies, eddies in
the inertial range, and the viscous eddies.
Now the question is if the described mechanism is also valid in case of
wall-bounded turbulent ﬂows which are inhomogeneous and anisotropic.
According to Jiménez [57], the classical energy cascade is valid at any
ﬁxed distance from the wall. However, two main points should be considered. First, the size of eddies vary with the distance from the wall
(ﬂow inhomogeneity). As a consequence of this, the role of an eddy of a
given size to be energy-containing, inertial, and viscous depends on its
distance from the wall. Therefore, a basic assumption in the classical
theory based on which most energetic eddies are larger than the less
24

Figure 2.3. Inner-scaled instantaneous streamwise velocity ﬂuctuations in turbulent channel ﬂow at Reτ = 1000 plotted based on the data taken from
Paper II at y + = 10 (a), 30 (b), 100 (c), and 500 (d).
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energetic ones, is not valid any more. To understand this, it is enough
to note that the peak of the TKE production occurs in the buﬀer layer.
The second point is that, most part of the energy produced at any speciﬁc distance is dissipated at the same wall distance, [51]. The remaining
energy is transferred toward the wall that is eventually dissipated due
to the viscosity at the wall.
Similar to TKE, there are momentum cascades in the TBL. The
transport of momentum can be expressed in terms of Reynolds stresses,
i.e. the second-order moments of velocity, see [57, 141]. Over the ﬂow
cross-sections, i.e. over y-z planes, momentum is fed into the TBL by the
pressure gradient. The momentum is then transferred by the Reynolds
stress and ﬁnally is killed by viscosity at the wall, [57]. Near the wall,
the Reynolds stresses tend to zero and hence, the viscous shear takes the
leading role in momentum transport. In the outer layer, it is expected
that the Reynolds stresses are dominant, despite the fact that viscous
forces are still important for dissipating energy at small scales.
According to [57], the logarithmic region can be interpreted as a multiscale momentum cascade. This is in line with the classical view of
Townsend [155], who discovered that the inner-scaled Reynolds stress
u2 + = u2 /u2τ , exhibits logarithmic dependency on y/δ in the overlap
region. In his model, self-similar wall-attached eddies with sizes proportional to y/δ were considered in the overlap region. It is interesting to
note that the logarithmic variation with y/δ has been recently conﬁrmed
for all even-order moments of streamwise velocity ﬂuctuations, see [87].

2.6 Interaction Between the Near-Wall Turbulence and
Outer Layer Flow
The near-wall turbulence and its interaction with the outer layer ﬂow
has been the subject of several researches, for instance, see [36,58–60,82,
84,92]. Through numerical experiments, Jiménez and Pinelli [60] showed
that below y + ≈ 60, i.e. in the near-wall region (below the end of buﬀer
layer), there is a cycle independent of the outer ﬂow. This local cycle is
autonomous meaning that it survives without any input from the outer
ﬂow. It was also shown that, the role of the wall is to only maintain the
mean shear. In line with these ﬁndings, Jiménez et al. [59] demonstrated
that the long and narrow structures in the near-wall region that carry
the most part of Reynolds stress are slightly modiﬁed when the outer
ﬂow is numerically removed.
In other studies, [82,84], it has been demonstrated that the large scale
structures of the log layer can modulate the small-scale structures in the
near-wall region. For instance, near-wall ﬂuctuations increase beneath
the regions of high velocity in the log layer. These seem to be against
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considering the near-wall cycle to be autonomous. However, according
to Jiménez [57,58], the modulation eﬀects are local, and hence, they can
be absorbed in the variable local wall shear stress.
On the other hand, through numerical experiments [27, 36, 92], it has
been shown that the dynamics and ﬂow statistics in the outer layer are
largely independent of the near-wall turbulence. In all these experiments, the near-wall region was either bypassed or signiﬁcantly altered,
however, the statistics in the outer layer remained essentially unaﬀected.
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3. Computational Fluid Dynamics

In this chapter, ﬁrst a short review of the numerical approaches for
turbulence modeling is given. More details on the LES approach, that
is employed in the present study, are discussed in the second section.
The details of ﬁnite volume discretization of the LES equations and
employed FVM-based solver are provided afterwards. In the end, the
issue of wall boundary conditions for LES is discussed.

3.1 Approaches to Simulating Turbulence
Capturing the true physics of turbulent ﬂows requires considering all the
active scales and accounting for various transfer phenomena. Recall that
the Navier-Stokes equations have no analytical solution for turbulent
ﬂows and hence must be numerically solved. Depending on how much
of the turbulence scales and events are directly resolved and how much
are modeled, diﬀerent numerical modeling approaches can be developed.
At the highest level of ﬁdelity, DNS aims at directly resolving all
the active scales. To this end, a highly-accurate numerical method is
used to discretize the set of PDEs (2.3) and (2.4). Also, the grid resolution and time step size have to be adjusted in accordance with the
smallest active scales in the ﬂow, that can be considered to be the Kolmogorov scales (2.12). Therefore, in DNS, the grid cell size has to be
of O(ηE ) (not exactly equal to ηE , see [95]) and the time step size must
be of O(TE ), [127].
For TBLs, the rate of dissipation of turbulent kinetic energy (TKE), E,
increases as approaching the wall, so that the maximum value of E occurs at the wall, see e.g. [115]. Therefore, according to (2.12), the ﬁnest
scales to resolve are in the vicinity of the wall. Considering the maximum E at the wall, Choi and Moin [26] estimated the number of cells
37/14
required for DNS of a ZPG-TBL to scale with Relx . This is in fair
agreement with the estimation of Reynolds [122] for turbulent channel
ﬂow, based on which NDNS ∼ Re2.7
b . These estimates are more rigorous
than NDNS ≈ (6Reb )9/4 , see [127], derived based on the averaged rate
of dissipation of channel ﬂow (≈ u2τ Ub /δ, see [93]). When considering
the requirement of resolving the scales in time, the estimated number of
degrees of freedom becomes even more.
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Taking into account the availability of the computational resources,
the DNS approach cannot be applied to most of industrial applications
involving TBLs, [138,146]. For instance, note that for a ship of length l,
Rel ∼ O(109 ). To get a better picture of the present computational
power, it is noted that the most recent DNS of channel ﬂow [170] is at
Reτ = 8000, equivalent to Reb ≈ 2 × 105 .
Opposite to DNS, in RANS (Reynolds-averaged Navier-Stokes) no
ﬂuctuation of any active scale in the turbulent ﬂow is directly resolved.
The RANS governing equations are derived by applying the averaging
operator · to (2.3) and (2.4) considering the decomposition (2.5):
∂ui  ∂ui uj 
+
∂t
∂xj
∂uj 
∂xj

= −

1 ∂p
∂
+
(2νSij  + Rij ) ,
ρ ∂xi
∂xj

= 0,

(3.1)
(3.2)

where, Sij  is the rate of strain tensor based on the averaged velocities, and,
Rij = ui uj  − ui uj  = −ui uj  ,
is called Reynolds stress tensor reﬂecting the contribution of the unresolved ﬂuctuations. This tensor cannot be directly evaluated and has to
be modeled. In one type of modeling, a system of PDEs can be solved
corresponding to each component of Rij , see [167]. The other type of
modeling is obtained via,
2
Rij = 2νt Sij  − δij K ,
3

(3.3)

where, νt (x, t) is the eddy viscosity and K = −Rkk /2 is the TKE. For
evaluating νt , diﬀerent approaches have been proposed which can be
found, for instance, in [167].
In terms of the computational cost, RANS is much cheaper than DNS,
because there is no need for resolving ﬂuctuations and hence the grids do
not have to be adjusted to the ﬂow structures (see Figure 2.3). Despite
this, in the wall normal direction the number of grid cells must be enough
so that accurate prediction of the mean wall shear stress and mean
velocity proﬁle is achieved.
With regard to the directly-resolved scales and associated computational cost, LES falls in between DNS and RANS, however, closer
to DNS. In LES, the scales larger than a characteristic length scale
deﬁned by the numerical discretization are directly resolved, [131]. The
smallest portion of the scales which remain unresolved are then modeled. The underlying scale-separation, and the governing equations of
LES are discussed in detail in the next section. In standard LES, that is
wall-resolving, the grid cell size near the wall has to be chosen to directly
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resolve the associated most energetic structures. These structures are
highly anisotropic (see Figure 2.3(a)) with sizes of the order of the local
viscous length scale, δν , deﬁned in (2.2). Since δν /δ decreases with Renumber, the computational cost increases. In particular, as detailed in
Section 6.1, the resulting number of grid cells scale with Re1.86
[26], for
lx
a ZPG-TBL, and with Re2τ ln Reτ for turbulent channel ﬂow. To rectify
this prohibitive computational cost, one strategy is to aim for resolving
the structures in the outer layer of the TBL, and model the uncaptured
eﬀects of the near-wall region. For the resulting WMLES, as detailed in
Section 7.1 and also shown in [23, 26], number of required cells will vary
linearly with Relx for ZPG-TBL.
Summarizing the above discussion, for a TBL at a speciﬁed Reynolds
number, both the ﬁdelity and computational cost of the simulations increase in a hierarchical manner from RANS to WMLES, WRLES, and
DNS. Based on the trend in the progress and development of
computational resources, diﬀerent estimations on the availability of scaleresolving turbulence modeling approaches have been made, see e.g. [113,
138,146]. According to Spalart [146], WRLES or DNS of a full aircraft at
ﬂight Re-number won’t be reachable until 2070-2080. Based on NASA
vision [138], WMLES is expected to be available for complex ﬂows and
high Re-numbers by 2030.

3.2 Large Eddy Simulation
The governing equations for LES in the continuous settings are derived
by formally ﬁltering the incompressible Navier-Stokes, see [131]. For a
ﬁxed ﬁlter kernel G, the ﬁltering operation as applied to ϕ(x, t) can be
expressed by the following spatial convolution integral,

ϕ̄(x, t) = G(x − ξ)ϕ(ξ, t)dVξ .
(3.4)
Applying this to equations (2.3) and (2.4) and assuming ﬁltering and differentiations commute, the ﬁltered momentum and continuity equations
are derived,
∂ ūi ∂ ūi ūj
+
∂t
∂xj
∂ ūj
∂xj

= −

∂ σ̄ij
∂Bij
1 ∂ p̄
+
+
,
ρ ∂xi
∂xj
∂xj

= 0,

(i = 1, 2, 3)

(3.5)
(3.6)

where σ̄ij = 2ν S̄ij and S̄ij is the ﬁltered rate of strain tensor. In equations (3.5), B is the unresolved stress tensor,
Bij = −(ui uj − ūi ūj ) ,
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(3.7)

which requires to be modeled in order to close the system of equations
(3.5) and (3.6). For this purpose, various models have been proposed
which can be reviewed in [131]. Here, only the models used in this thesis
are shortly introduced.
All the considered models are based on the Boussinesq approximation
based on which the anisotropic part of B is assumed to have a structure
similar to the ﬁltered viscous stress tensor, σ̄, i.e.
1
Bij = 2νsgs S̄ij + Bkk δij ,
(3.8)
3
where, νsgs is called the subgrid scale (SGS) eddy viscosity. The isotropic
part Bkk can be absorbed in the ﬁltered pressure in (3.5). By dimensional analysis, νsgs can be written as,
νsgs = C Δ̄usgs ,

(3.9)

where, Δ̄ is the ﬁlter width and usgs denotes a characteristic velocity scale
associated with the unresolved ﬁeld. Corresponding to diﬀerent choices
for usgs , diﬀerent models are derived. One of the most frequently used
models is the Smagorinsky model,
νsgs = Cs2 Δ̄2 (2S̄ij S̄ij )1/2 ,

(3.10)

which is used in this thesis with the particular choice Cs = 0.17. A major
drawback of this model in wall-bounded ﬂows is the wrong behavior
of the associated νsgs near the wall. Recall that it is required that
3
νsgs ∼ O(y + ) for y +  1, see e.g. [115]. As remedies to this issue, using
a damping function for νsgs and a dynamic adjustment of Cs , see [41],
have been proposed which are, however, not employed in this thesis.
1/2
Another option for usgs is to consider it to be proportional to ksgs ,
where ksgs = −Bkk /2 represents the kinetic energy of the unresolved
ﬂuctuations. The model proposed by Kim and Menon [67], which solves
a PDE to model the transport of ksgs , is used in Paper VI. In this
model, the associated coeﬃcient in (3.9) and other coeﬃcients in the
PDE for ksgs are dynamically evaluated during the course of the simulation.
The WALE (wall-adapting local eddy viscosity) model [100], considers
the resolved vorticity tensor, Ωij = (∂ ūi /∂xj − ∂ ūj /∂xi )/2, in addition
to S̄ij to deﬁne the characteristic scales in (3.9). The resulting model
for νsgs is,
d S d )3/2
(Sij
ij
,
(3.11)
νsgs = (Cw Δ̄)2
d S d )5/4
5/2
(S̄ij S̄ij ) + (Sij
ij
d is the traceless symmetric part of the square of g = ∂ ū /∂x .
where, Sij
ij
i
j
This νsgs model has a correct asymptotic behavior near the wall. In this
thesis, the speciﬁc value of Cw = 0.325 has been considered.
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Thus far, explicit models for the unresolved stress tensor B have been
introduced. However, there can be other approaches as well, see below. The main contribution of many models used to close B is to add
dissipative eﬀects. On the other hand, most of the numerical schemes
employed to numerically solve equations (3.5) and (3.6) introduce artiﬁcial stabilizing dissipation. Therefore, the numerical dissipation can be
considered to approximately act as the eﬀects of explicit models for B.
The resulting approach is referred to as implicit LES (ILES), see [38,47].
In Papers II and VI, some comparisons have been made between the results of ILES and LES with explicit models.

3.3 Numerical Modeling
In this thesis, the ﬁnite volume method is used for LES. All simulations
have been carried out using the open-source FVM-based software package OpenFOAM1 , [79, 165]. In this section, a general overview on FVM
is given. Then, more details of the particular settings in the ﬂow solver
are provided.
In FVM, the integral form of the conservation laws is spatially discretized by ﬁnite volume cells. Consider the k-th cell with volume Vk .
The value of an unknown ϕ (can be the pressure or a velocity component) associated with this cell is deﬁned as the average of the quantity
over the cell’s volume,

1
ϕk (t) =
ϕ(ξ, t)dVξ .
(3.12)
V
Vk k
Comparing this with the ﬁltering operation deﬁned by (3.4), it turns
out that by discretization in the FVM, an implicit ﬁltering is applied for
which the ﬁlter kernel is,
G=

Vk−1
0

, x ∈ Vk
.
, otherwise
1/3

Corresponding to this, the ﬁlter width Δ̄ can be deﬁned as Vk . An
interpretation of this choice is that the ﬁnest turbulent structure that
can be resolved is driven by the local cell volume. Accordingly, B is the
subgrid scale stress tensor accounting for the unresolved scales smaller
than the grid cell size.
In the speciﬁc type of collocated FVM that is used in this thesis,
the cell-averaged values are presented at the cell center (volumetric centroid). Note that, to second-order accuracy, this deﬁnition is equivalent
1

https://www.openfoam.com
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to using the value of the ﬁeld at xk , the cell center position of the k-th
cell, i.e.
ϕk (t) = ϕ(xk , t) + O(Δ2 ) ,
(3.13)
where, Δ is a suitable length scale of the ﬁnite volume cell, see e.g. [35].
After this introduction, the basics of the FVM for solving a generic
convection-diﬀusion transport equation are described below. Consider a
spatial domain Ω over which the transport equation
∂ϕ
+ ∇ · F = b,
∂t

(3.14)

is to be solved for a scalar quantity ϕ(x, t). In this equation, F is a
ﬂux of ϕ, and b represents a source term. The ﬂux F is the sum of
the convective and diﬀusive ﬂuxes, F C and F D , respectively, that are
deﬁned as,
F C = (ϕu),
F D = −(Γ∇ϕ).
Here, u is the velocity vector which is assumed to be known in this
derivation, and Γ denotes diﬀusivity. After discretizing Ω to n ﬁnite
volume cells, equation (3.14) is integrated over each volume Vk , therefore,

d
(ϕk Vk ) +
(∇ · F )dV = bk Vk . k = 1, 2, . . . , n
(3.15)
dt
Vk
By applying the Gauss theorem, the integrals over volume Vk are turned
to integrals over, sk , the surface boundary of Vk ,


∇ · F dV =
F · ds ≈
F f · sf .
(3.16)
Vk

sk

faces
of Vk

Here, sf = sf n̂f with sf denoting the area of the f -th face bounding Vk
and n̂f being a unit vector normal to sf and pointing outward of Vk .
Also, F f is the ﬂux value at the middle of the face. Eventually using (3.16) in (3.15) and substituting the convective and diﬀusive ﬂuxes
result in,


d
(ϕk Vk ) +
(uf · sf )ϕf −
Γf (∇ϕ)f · sf = bk Vk .
(3.17)
dt
faces
of Vk

faces
of Vk

The ﬂux at the faces must be computed from the cell-centered values. If
ϕR and ϕL represent the values of ϕ at two cell centers R and L which
share face f , then the diﬀusive ﬂux at this face is approximated by,
(∇ϕ)f · sf = sf (ϕL − ϕR )/ d

2,
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where d = (xL − xR ), · 2 denotes the L2 -norm, and x speciﬁes the
spatial coordinates of the cells’ center. If the cells are not orthogonal,
i.e. sf and d are not aligned, then some corrections can be introduced,
see e.g. [55]. For the convective term in (3.17), diﬀerent options are
available for interpolating the cell center values to compute ϕf , among
which two schemes are employed in the present study. If cell L is upwind to R, then ϕf at the shared face can be constructed via linear
interpolation,
ϕLin
f = αϕL + (1 − α)ϕR ,

(3.18)

where, α := xR − xf 2 / xR − xL 2 , and xf denotes the spatial coordinates of the face’s center. This second-order approximation is hereafter
referred to as the Linear scheme.
The blend of the linear and second-order upwind interpolations results
in the LUST (Linear Upwind Stabilized Transport) scheme [164], which
reads as,
Up
ϕLUST
= βϕLin
f
f + (1 − β)ϕf ,

(3.19)

where, for the upwind scheme,
ϕUp
f = ϕL + (xf − xL ) · ∇ϕ|L .
Parameter 0 ≤ β ≤ 1 is the blending coeﬃcient and is taken to be 0.75.
The i-th component of the gradient ∇ϕ|L is computed at the center of
the upwind cell, here at L, using the Gauss theorem,
∂ϕ 
1 
= ∇ϕ|L · î ≈
sf · î ϕLin
f ,
L
∂xi
VL

(i = 1, 2, 3)

(3.20)

SL

where î is the unit vector in the i-th direction. Since the upwind
component of the LUST scheme introduces numerical dissipation [35],
it is expected to rectify the oscillations introduced into the solution
by the unbounded linear scheme. It is noted that the LUST scheme
is second-order accurate as a linear combination of two second-order
accurate schemes.
Integrating the spatially-discretized equations (3.17) in time and applying appropriate initial and boundary conditions, result in a set of
linear algebraic equations that are solved at each time step. For discretization in time, a second-order accurate implicit backward diﬀerence
scheme, see [55], p. 91 is used. Therefore, all the spatial and temporal
discretizations are second-order accurate.
Thus far, the principles of the FVM have been reviewed for the generic
transport equation (3.14). Application of the FVM to solve the ﬁltered
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Navier-Stokes equations (3.6) and (3.5) is more involved, in spite of similarities with the above procedure. Here, a summary of the treatments
used in the present thesis when solving the Navier-Stokes equations is
provided. For more details, see [35, 50, 55, 156].
For the momentum equation (3.5), the generic variable ϕ can be
any of the ﬁltered velocity components, therefore the convective term
in (3.14) becomes non-linear. To handle the issue, the convective ﬂuxes
are linearized.
The pressure gradient in (3.5) can be considered as a surface force,
and hence, treated in a conservative way similar to (3.20). However,
the complexity is that for the incompressible Navier-Stokes equations,
no explicit equation for the pressure is given and any mechanism for
updating it is closely connected to the continuity equation (3.6). This
results in a pressure-velocity coupling which is in particular handled by
the PISO (Pressure Implicit with Splitting Operator) algorithm proposed by Issa, [52]. The algorithm comprises of three steps. In the ﬁrst
one, velocity components are updated from the momentum equation,
given the pressure ﬁeld from the previous time step. Then in the second
step, the updated velocities are used to update pressure via a Poissontype of equation derived by combining the continuity and momentum
equations. Finally, in the third step, the corrected pressure ﬁeld is used
to update the velocity ﬁeld. The second and third steps are usually repeated a few times to ensure the velocities are divergence free. In the
present study, three repetitions are considered.

3.4 Wall Boundary Condition for LES
As required by physics, at the solid walls a no-slip boundary condition
is used for the velocity of a viscous ﬂow in continuous equations (2.3)
and (2.4). The question is if the same boundary condition can be also
used for the discrete ﬁltered velocity of LES at the wall.
The relation between unﬁltered and ﬁltered velocities u and ū must
be considered either from the diﬀerential interpretation of the ﬁltering,
see [131], or equivalently from (3.13) in the context of implicitly-ﬁltered
LES imposed by the FVM. Clearly, only if the grid resolution near the
wall is ﬁne enough, the same boundary condition can be applied to u
and ū. This can be further motivated as follows.
When the ﬁltering operator (3.4) is applied to a bounded domain,
extra terms appear in the ﬁltered momentum and continuity equations
(3.5) and (3.6), see [131], p. 323. This can be also understood in the
framework of FVM, where the ﬁltered momentum equation in a wall35

adjacent cell reads as,

d
1
ūi dV = −
ūi ūj ĵ · ds −
dt Vnw
ρ
snw

p̄ î · ds +
snw

snw

τijtot ĵ · ds .(3.21)

In this equation, î and ĵ respectively denotes the unit vector in the i-th
and j-th directions. Here, the wall-parallel directions are denoted by
i = 1, 3, also, ds = n̂2 ds with n̂2 representing the wall-normal direction, and snw speciﬁes the cell’s surfaces. The components of the total
stress τijtot are the sum of σ̄ij and Bij . Clearly, the ﬁltered velocity at the
wall-adjacent cell center depends on the integrand values at the wall face.
In particular, the contribution from the wall shear stress components is,


tot
tot
τij ĵ · ds = −
τi2
ds ≈ τ̄w,i2 sw ,
(i = 1, 3)
(3.22)
sw

sw

2
2
+ τ̄w,32
)1/2 is the magnitude of the ﬁltered wall
where, τ̄w = |τ̄w | = (τ̄w,12
shear stress. Therefore, only if the grid resolution is ﬁne enough near
the wall, can an accurate value of τ̄w be directly predicted through the
application of the no-slip condition (WRLES, see Chapter 6). Otherwise,
this boundary condition is not suﬃcient and should be completed by
additional modeling to attain an accurate τ̄w . This is thoroughly covered
in Chapter 7 in the context of WMLES.
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4. Uncertainty Quantiﬁcation

What we call scientiﬁc knowledge today is a
body of statements of varying degrees of certainty.
Some of them are most unsure; some of them are
nearly sure; but none is absolutely certain.
Richard Feynman

The scope of this chapter is to provide an overview to the uncertainty
quantiﬁcation (UQ) techniques used in this thesis. In the ﬁrst section,
a general overview is given to motivate why UQ is required and how
the relevant UQ tools can be helpful. This is followed by successively
discussing uncertainty propagation methods, construction of metamodels and sensitivity analysis, which are among the most common UQ
techniques. Then, the UQ inverse problem is explained. Finally, the
libraries used in the present study for numerical implementation of the
UQ approaches are shortly referenced to.

4.1 Overview
Consider a physical process which is supposedly described by some mathematical model. This model is deﬁned over a domain with given initial
and boundary data, however, it cannot be solved analytically. Hence, a
discrete version of the mathematical model is solved numerically through
developing a computer code. A basic question is: How accurately does
the numerical solution describe the physical phenomenon?
Deﬁnitely, diﬀerent sources of errors and uncertainties are involved in
the whole process which aﬀect the accuracy of the quantity of interests
computed by the computational model. The errors and uncertainty
may arise from inadequacy of the mathematical model in describing the
phenomenon, discretization errors, uncertainty in the model parameters,
uncertainty in the initial and boundary data, defects in the computer
code, and etc. To evaluate accuracy of the computed QoIs, two very
fundamental tasks, veriﬁcation and validation, must be performed, see
[101] and the references therein. In general, veriﬁcation aims to assess
the accuracy by which the computational model is the representative of
the mathematical model. This can be done, for instance, by investigating
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the consistency between the discrete and continuous models. On the
other hand, the purpose of validation is to determine how accurate the
computed QoIs are, within some speciﬁc tolerance, compared to some
reference data for the true physical process.
In this regard, a basic question is raised: How much uncertainty is
involved in the measured physical data that might be used as reference.
In case of unavailability of benchmark physical data, the question is
modiﬁed to how reliable are the predictions made by the computational
model to reﬂect the true but unobserved physics? Any attempt to answer
this type of questions aims at understanding and possibly reducing the
lack of certainty or uncertainty.
In a broad sense, two types of uncertainties can be considered,
epistemic and aleatoric, see e.g. [101, 140]. The epistemic or systematic
uncertainties originate from the lack of knowledge, for instance using a
wrong model incapable of describing the correct physics, or, using an inaccurate computational model. The numerical errors also fall in this category. The systematic uncertainties may result in bias in the results, but
can be reduced upon, for instance, improving the mathematical model
or numerical method. In contrast, the aleatoric uncertainties have a
random nature and cannot be completely removed. The uncertainties
in the solution of diﬀerential equations due to the uncertain parameters
or uncertain initial and boundary data are classiﬁed in this group.
In the ﬁeld of uncertainty quantiﬁcation diﬀerent mathematical,
statistical, and computational tools and techniques are gathered in a
uniﬁed framework for the purpose of quantifying uncertainties involved
in various types of models and processes. In the following sections, some
of these techniques are reviewed.

4.2 Forward Problems
Consider a model f expressed as,
R = f (χ, q) ,

(4.1)

where, R represents the model response, χ includes certain or ﬁxed
parameters and variables, and q = (q1 , q2 , . . . , qp ) denotes the model
uncertain parameters. In a broad sense, q includes those coeﬃcients,
variables, inputs, and initial and boundary data that are uncertain. The
model f (χ, q) can, for instance, be continuous, discrete, algebraic or any
type of diﬀerential equations. The UQ forward problem concerns the
propagation of the uncertainties of q to the model response R.
In this regard, the assumption is that ρQ (q), the joint probability
density function (PDF) of the q, and also the parameter space Q, where
q ∈ Q ⊂ Rp , are known. This information is either assumed or obtained,
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Model Response
R = f (χ, q)
Uncertain Parameters

Model Response

Figure 4.1. Schematic representation of a UQ forward problem.
for instance, from prior observations or as a result of a Bayesian inference
(see Section 4.5). The goal is then constructing the distribution of R or
equivalently its statistical moments, see Figure 4.1.
Diﬀerent approaches can be considered for the uncertainty propagation problem, see [45, 140]. The ones that have been used in this thesis
are shortly described below. For better illustrating the essence of the
techniques, the schematic plots in Figure 4.2 are provided which represent the joint PDF of two arbitrary parameters qi and qj .
In the perturbation method, see Figure 4.2(a), the expected value of
the response, E[R] is evaluated at some nominal q̃ which can be taken
to be the expected (mean) values of the parameters,

E[f (χ, q)] = f (χ, q̃) .
To evaluate the variance of the response, the model has to be linearized
with respect to q. Perturbing the parameters by δq about the nominal
state q̃, see e.g. [140], results in,
var[f (χ, q)] = S T VS .

(4.2)

For a single-variate response, S is a column vector with local sensitivities Sj = (∂f /∂qj )|q̃ as elements, and V denotes the known covariance
matrix of q. For the multivariate response with R ∈ RNR , S is a
p × NR matrix with elements Sij = ∂fi /∂qj , where fi = f (χi , q) and
i = 1, 2, . . . , NR . In this case, the covariance matrix of the uncertain
response is estimated via (4.2).
Two main drawbacks are involved in the perturbation method. First,
estimating the variance or covariance matrix of R via (4.2) can be
inaccurate for models which are non-linearly parameterized in terms
of q. The second drawback is that the exact distribution of the uncertain q may not be taken into account.
To avoid the linearization, sample-based methods can be used, by
which, the PDF of R is constructed based on a suﬃcient number of
realizations of model (4.1) corresponding to the samples taken from
the parameters’ joint PDF ρQ (q), see Figure 4.2(b). For this purpose,
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(a)
(b)
(c)
Figure 4.2. Schematic representation of sampling from the parameter space of
qi − qj , using the perturbation method (a), Monte Carlo-based methods (b),
and stochastic-collocation methods (c).

Monte Carlo-based techniques can be used to estimate,
1
f (χ, q(k) ) ,
n
n

E[f (χ, q)] =

k=1

2
1 
f (χ, q(k) ) − E(f (χ, q)) ,
n−1
n

var[f (χ, q)] =

k=1

where, q(k) denotes the k-th sample and n speciﬁes the total number
of samples. The eﬃciency of this method is independent of the number
of parameters, but, for the simple Monte Carlo method the convergence
rate is as low as O(n−1/2 ). Other variants such as the Latin Hypercube
sampling method [85], with a convergence rate of O(n−1 ), can alternatively be used. For other alternatives, see e.g. [106].
One possible way to avoid the computational cost of the Monte Carlo
methods is to choose the sampling points in a “smart” way. To explain
this, providing some additional background materials is necessary.
The main idea is to use spectral expansion for representing the stochastic nature of the model response. To this end, the polynomial chaos
expansion (PCE) [46] can be adopted based on which the model (4.1) is
expanded as,

f (χ, q) =
(4.3)
fˆk (χ)Ψk (q) ,
k

where k is a multi-index. In this expansion, the deterministic and
stochastic properties are divided and lumped into the coeﬃcients fˆk (χ)
and polynomial bases Ψk (q), respectively.
Without loss of generality, the parameters are assumed to be
mutually independent. Further, in a tensor-product construction,

k = (k1 , k2 , . . . , kp ) with ki ∈ N. Therefore, ρQ (q) = pi=1 ρQi (qi )
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N
and Q = pi=1 Qi . Associated with the multi-index k, the multivariate
polynomial basis is defined as, see e.g. [45], p. 1293,
Ψk (q) =

p
Y

ψki (qi ) ,

(4.4)

i=1

where, {ψki (qi )}pi=1 are the univariate polynomials. In the framework of
generalized PCE (gPCE) [169], for a parameter with a standard PDF,
a set of polynomial bases can be adopted that are orthogonal in the
following sense,
Z
E[ψki (qi )ψmi (qi )] :=
ψki (qi )ψmi (qi )ρQi (qi )dqi = γki δki mi , (4.5)
Γi

where, i = 1, 2, . . . , p, γki = E[ψki (qi )ψki (qi )], and δki mi is the Kronecker
delta. Moreover, Γi is the space over which the standard polynomials ψki
are defined. Therefore, Qi may be required to be mapped to Γi .
By construction, based on (4.4) and (4.5), the multivariate bases are
also orthogonal, i.e.,
Z
E[Ψk (q)Ψm (q)] =
Ψk (q)Ψm (q)ρQ (q)dq = γk δkm ,
(4.6)
Γ

Np
where, k, m ∈ Np and Γ =
i=1 Γi . As a result, given the model
function f (χ, q), the deterministic coefficients in (4.3) are obtained from,
fˆk (χ) = E[f (χ, q)Ψk (q)]/E[Ψk (q)Ψk (q)] .

(4.7)

In practice, expansion (4.3) is truncated at some K, therefore, using
gPCE to evaluate R becomes a surrogate for the actual model (4.1). The
standard truncation, see [45,140], keeps all combinations
of polynomials
P
with |k| ≤ N where, N ∈ N is given and |k| = pi=1 ki . As a result,
K = (N +p)!/N !p! is obtained which clearly grows rapidly with N and p.
To compute fˆk (χ), different approaches such as direct projection,
discrete projection (for instance, by quadrature rules and collocation
methods), and a least squares fit have been proposed which can be
found in [45, 78, 140]. In Papers I, II, and VI, the stochastic-collocation
method [168] is used. In this method, the collocation points chosen
in the parameter space Q serve as the samples at which the response
of model (4.1) is evaluated in a non-intrusive way, similar to a Monte
Carlo method, see Figure 4.2(c). The collocation-based methods assume smoothness of R in Q, hence, have faster convergence compared
to Monte Carlo methods, [168]. The collocation points can be chosen
in different ways, see [45, 140, 168]. Mainly used in this thesis, are the
quadrature points, that are further explained in the next section.
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Using PCE (4.3), as the third method for the UQ forward problems,
the following estimates for the expectation and variance of model function f (χ, q) are obtained,

E[f (χ, q)] = fˆ0 (χ) ,

var[f (χ, q)] =
fˆk2 (χ) .
k
|k|=0

There are two points to note with regard to the above derivation.
First, for high-dimensional parameter spaces, the curse of dimensionality
can occur for the tensor-product construction. To avoid this, sparse
grids, ﬁrst proposed by Smolyak [143], can be adopted. Second, in
all the above derivations, parameters q were assumed to be mutually
independent. If this is not the case, Rosenblatt transformation [128] can
be employed to map q to standard independent parameters.

4.3 Constructing Metamodels
Surrogate models or metamodels can be used instead of actual models to
facilitate uncertainty quantiﬁcation. This is because of the higher computational eﬃciency and less complexity of metamodels. For a review on
the possible choices for surrogates, see chapters 13 and 20, respectively
in, [140] and [45]. In Papers II and VI, a speciﬁc type of metamodels
based on gPCE [169] and collocation method [168] is constructed, that
is shortly explained below.
Consider a ﬂow solver (CFD code) is available to compute QoIs for a
certain type of ﬂow. Associated with the QoIs, responses R are deﬁned
for which a single realization is acquired every time the CFD code runs.
Diﬀerent factors may aﬀect R, however, identifying their associated inﬂuence requires an enormous number of ﬂow simulations which might
not be feasible taking into account the limitations in the computational
resources.
As a strategy, the parameters whose eﬀect on R is aimed to be quantiﬁed are considered to be uncertain. From this point of view, uncertainty
implies variability. Consequently, the rest of the factors are taken to be
ﬁxed and denoted by χ. Dividing the parameters to uncertain and ﬁxed,
a PCE-based method becomes an appropriate choice for constructing
surrogates for the model function f (χ, q) that cannot be obtained in an
exact form.
By construction, parameters q are considered to be mutually independent. Also each admissible space Qi is mapped one-to-one to Γi (see
e.g. [140], p. 212), so that, there is a one-to-one correspondence between
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Fixed Conditions, χ

Flow Solver

Metamodel

Realizations R(j)

R ≈ f˜(χ, q)

Samples q̂(j)

Figure 4.3. Non-intrusive construction of metamodel for f (χ, q).


a sample q∗ ∈ Q and q̂ ∈ Γ = pi=1 Γi . Here, Γi is the space associated
with the standard polynomials in gPCE [169].
For every sample q̂(j) , a realization R(j) is obtained, see Figure 4.3.
In order to pin R(j) to q̂(j) in the framework of PCE (4.3), it is required
that the bases are Lagrange polynomials, i.e.,
Ψk (q̂(j) ) = δkj .

(4.8)

By this, the deterministic samples are forced to be taken as the zeros of
the polynomial bases in gPCE. In particular, if qi is uniformly distributed
over Γi = [−1, 1], the Legendre polynomials are used as the bases in (4.3)
along with Gauss quadrature points as the deterministic samples.
If ni samples
are considered in the i-th direction, then by using tensor
product, n = pi=1 ni realizations of R are required to construct the
metamodel
n−1

˜
(4.9)
fˆk (χ)Ψk (q) ,
f (χ, q) =

p

k=0

where, Ψk (q) = i=1 ψki (qi ) with k denoting a unique re-index associated with any combination of {ki }pi=1 . The coeﬃcients fˆk (χ) are computed from an n × n linear system. The resulting metamodel (4.9) can
be exploited as an interpolant to predict R at any q ∈ Q. Since the actual model f (χ, q) is not known, the error in predictions by (4.9) can be
only evaluated at arbitrary samples from Q. However, it is important to
make sure that the considered number of samples for constructing (4.9)
ˆ
ˆ
has been enough. To verify
p this, the ratio of fk Ψk (q) /|f0 | is expected
to decrease with |k| = i=1 ki .

4.4 Sensitivity Analysis
As a complement to the uncertainty propagation problem, sensitivity
analysis is carried out to determine how sensitive a model response is
with respect to the variations of the uncertain parameters q. Two main
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types of sensitivity analysis can be considered. In the local sensitivity
analysis (LSA), the sensitivity of R to the small variation (perturbation)
of each parameter is obtained, keeping all other parameters ﬁxed at
their nominal values. Hence, LSA can be seen as a complement to
the perturbation method with the results reported by local sensitivities
Sj = (∂f /∂qj )|q̃ appearing in (4.2).
To avoid the restrictions imposed by LSA, global sensitivity analysis
(GSA) can be carried out. In GSA, the sensitivity of R with respect to
each parameter is determined, while all parameters are allowed to simultaneously vary over their admissible spaces. Clearly, the distribution of
the uncertain parameters is directly taken into account and in general
no linearization of the model is required. In the so-called variance-based
methods, see e.g. [45, 140], the results of GSA can be reported in terms
of the Sobol indices [145].
To compute these indices, f (χ, q) can be decomposed into a sum
of a ﬁnite number of terms expressing diﬀerent orders of interactions
between the parameters, [144]. Using this, the Sobol main index of
the sensitivity of R with respect to the i-th parameter is obtained by
evaluating, see [145],
E(R|qi )
Si =
.
(4.10)
var(R)
Further, by inclusion of the interaction of qi with other parameters, the
total Sobol index
var(E(R|q∼i ))
,
(4.11)
STi = 1 −
var(R)
is obtained, in which, q∼i = {q1 , . . . , qi−1 , qi+1 , . . . , qp }. It is worth
mentioning that, by comparing the Sobol decomposition [144, 145] with
the PCE terms, closed analytical expressions for the Sobol indices can
be obtained, see [150].

4.5 Inverse Problems
Consider a mathematical model,
y = g(x, θ) .

(4.12)

Associated to x and y, a set of data (X, Y ) = {(xi , yi ), i = 1, . . . , N }
are observed. The aim of the UQ inverse problem is to estimate parameters θ, which are, in general, uncertain.
Two diﬀerent points of view on inverse problems can be considered,
see [39, 140]. In the frequentist view, the parameters θ are ﬁxed but
unknown. After estimating the parameter mean value, one needs to
construct a conﬁdence interval to reﬂect the uncertain nature of the
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Statistical Model
y = g(x, θ) + 
Measured Data

Model Parameter

Figure 4.4. Schematic representation of a UQ inverse problem.
parameter. In contrast, in the Bayesian inference, the parameters are
considered to be random and unknown. Consequently, as a result of the
inverse problem, a probability density of the parameters is estimated.
In the Bayesian framework, a statistical model corresponding to the
mathematical problem (4.12) is considered,
Y = g(X, θ) +  ,

(4.13)

where,  is the error term. Here, an additive error model is adopted,
for other possibilities see e.g. [62]. The Bayes formula for an inverse
problem reads as, see e.g. [62, 65, 140],
p(θ|D) ∝ p(D|θ)p0 (θ) ,

(4.14)

where, D = {X, Y } is the observed data. The information known
about θ prior to taking into account the observations, is expressed by
p0 (θ), the prior density. p(θ|D) is the posterior density of the parameters based on observing data D. This density is unknown and is to be
estimated. The likelihood of observing data D, given the parameters θ is
expressed by p(D|θ). The likelihood is constructed based on the structure of the error term  in (4.13), see e.g. [62] and the discussion in the
next subsection.
In general, the parameter values are sought which maximize the posterior density, see e.g. [62, 140], i.e.
θ̂MAP = argmaxθ p(θ|D) ,
where, θ̂MAP are maximum a-posteriori (MAP) estimates. This formulates a global optimization problem, which can become analytically
intractable due to the high dimensionality of the parameters space. As
remedy to this, stochastic simulation methods can be used to sample
from the posterior density. The core of diﬀerent algorithms is based
on Markov Chain Monte Carlo (MCMC) techniques which construct
Markov chains with the stationary distribution being the posterior density. Details of these approaches are beyond the scope of this thesis,
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however, more information in this regard can be found for instance
in [45, 62, 140] and the references therein. The particular method used
in Paper I is referenced to in Section 4.6.
The rest of this section is focused on discussing the structure of the
error term in (4.13), which is directly related to the construction of the
likelihood in (4.14).

4.5.1 Structure of the Error Term
In general, the observed data can be contaminated by diﬀerent sources
of error and uncertainty. To motivate the discussion, without loss of
generality, we assume X are certain. The uncertain observations Y can
be expressed in terms of the corresponding true (but unobserved) values, Yt , using some error model. In particular, by choosing the additive
error model, the following statistical model is obtained,
Y = Yt (X) +  ,
which can be written in the following form based on the framework
developed by Kennedy and O’Hagan [65] for Bayesian calibration,
Y = g(X, θ) + ζ(X) + ε .

(4.15)

The error consists of two parts, the random error ε which includes both
observation errors and residual variations, and ζ(X), which is called
model inadequacy or discrepancy and is responsible for the systematic
errors (bias). If the model function g(·, ·) is not perfect, then even by
using true values for parameters θ, the realizations of g(X, θ) are not
necessarily equal to Yt , [65]. In such case, it is required to consider ζ(X)
in order to remove the discrepancies.
The choice of a proper form for ζ(X) is problem-dependent, [65, 140].
Nevertheless, based on the principles in the mentioned references, the
following guidelines can be drawn:
(A) If the model function g(x, θ) is perfect, i.e. has no bias (for instance
it is physics-based),
i. and, if the observed data are also unbiased, then there is no
need to consider ζ(X) in the statistical inverse problem (4.15).
ii. but, if the observations are biased, then considering ζ(X, β),
with β being a set of hyperparameters (to be estimated) in
(4.15) will potentially capture the bias in observations Y . The
requirement for formulating appropriate ζ(X, β) is to have a
good understanding of the nature of the bias in Y (expert’s
knowledge).
(B) If the observed Y have no bias and are only contaminated by random errors (this can be identiﬁed, for instance, by comparing the
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mean of Y to a reference data), then considering ζ(X, β) will account for unaccommodated model discrepancies or bias in g(X, θ).
In the resulting inverse problem for (A)-i and (B), the augmented
set of parameters comprising of θ and β must be estimated simultaneously.
(C) In the case of having biased observations and a biased model function, the problem becomes too involved, for which no general solution strategy is available.
To summarize, accounting for the bias in the parameter estimation
problem is not impossible, but not straightforward either. Handling the
bias term strongly relies on the nature of the problem at hand, and in
any case, including it signiﬁcantly enhances the level of the complexity
of the inverse problem. The success of an approach accounting for bias,
largely relies on the expert’s knowledge.

4.6 Libraries Used for Uncertainty Quantiﬁcation
In this thesis, the UQ forward problems and global sensitivity analysis
are performed using the open-source package, Dakota1 [1]. The main
ﬂexibility provided by Dakota is that it can be used in a non-intrusive
way. For this purpose, the model function associated with (4.1) is programmed in a set of in-house codes. The resulting model simulators
have both ﬁxed and uncertain parameters. The samples of the latter
are handled by Dakota. To connect the model simulator and Dakota a
bash driver must be developed. In case of using OpenFOAM as the ﬂow
solver in the context of Section 4.3, another set of bash scripts along
with pre- and post-processor codes are required.
For numerical implementation of the UQ inverse problem, the opensource library, Queso2 is utilized. This library has an object-oriented
design and consists of diﬀerent C++ classes required for UQ. Relevant
objects are employed to program the model function, prior density, and
likelihood in (4.14). A source code is also developed to connect these in
order to form a UQ inverse problem. Among diﬀerent options available
in the library for sampling from the posteriori density in (4.14), the
AMLS (Adaptive Multilevel Sampling) algorithm [25, 118] is employed
in Paper I.

1
2

https://dakota.sandia.gov/
http://libqueso.com/
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5. Application of UQ Techniques to the
Measurements of Wall-Bounded Flows

The UQ techniques introduced in the previous chapter can be used to
assess the uncertainties in the measurements of wall-bounded turbulent ﬂows. This has been done in Paper I, considering two widely used
experimental techniques: hot-write anemometry (HWA) for velocity
measurement, and oil-ﬁlm interferometry (OFI) to measure wall shear
stress. Some of the main features of this study are reviewed in the second
section, after providing a set of required deﬁnitions and terminologies.

5.1 Error vs. Uncertainty
All experimentally measured data suﬀer from some degrees of uncertainty. The uncertainties may have diﬀerent origins, such as incomplete
observations, limited accuracy of the devices, device malfunction, inaccuracies of the mathematical models and methods used for computing
diﬀerent quantities, and human-related factors. These can lead to epistemic or bias errors. There are also unavoidable noises from uncontrollable sources which result in aleatoric uncertainties.
Therefore, there is no true measured data. According to Rabinovich
[119], p. 261, the true value is deﬁned as “the value of a quantity that,
were it known, would ideally reﬂect the property of an object with respect
to the purpose of the measurement”. However, there can be a reference
true data, which is, for instance, obtained by averaging over the results
obtained by repeating the same experiment by diﬀerent experimentalists
keeping the nominal conditions the same and minimizing the epistemic
uncertainties.
There are diﬀerent deﬁnitions and interpretations of error and uncertainty regarding the laboratory experiments. Some of them might
be vague or even contradictory, for instance, see the discussions in
[119, 152]. In particular, a clear deﬁnition is given by Rabinovich [119]
who deﬁnes the measurement error to be “a deviation of the result
of measurement from the true value of the measurand”. Accordingly,
smaller error means higher accuracy. Among diﬀerent deﬁnitions for
measurement uncertainty, an expressive one is given by VIM:19841 as:
1

VIM is the abbreviation for International vocabulary of basic and general terms in
metrology.
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“an estimate characterizing the range of values within which the true
value of a measurand lies”, see [61].
As pointed out, the true value is essentially unknown. Instead, the
uncertainty in measured data can be quantiﬁed as accurately as possible,
using diﬀerent approaches in the UQ framework. This is what is aimed
for in Paper I.

5.2 Uncertainties in HWA-OFI Measurements
Here, a short review of some aspects of Paper I is given with emphasis on
the details of a UQ inverse problem. As, for instance, detailed in [104],
the HWA techniques indirectly measure the ﬂow velocity, U , by evaluating changes in the forced convection heat transfer from a heated wire
(due to its electrical resistance) to the colder ﬂow. In OFI, see [157,158],
a droplet of oil is placed on the solid wall which will gradually turn to
a thin ﬁlm due to the wall shear imposed by the ﬂow. By a speciﬁc
source of light, the interferometric fringes in the ﬁlm become detectable.
As reviewed in section 3 in Paper I, based on the time rate of change
of the fringes’ wavelength, the depth of the oil ﬁlm, the oil viscosity,
and optical quantities, estimations for the measured wall shear stress
are made.
Oil Viscosity-Temperature Data
Pitot Tube
Dynamic Pressure

Calibration
Velocity, Up

Air Temperature
Atmospheric
Pressure

Pitot Tube
Voltage
Calibration
Hot-wire
Voltage, Ew

Voltage-Velocity
Calibration Curve
Hot-wire Voltage Measured at a
Speciﬁc Distance from the Wall

Flow Velocity

Friction
Velocity

Viscosity–
Temperature Curve

Oil Viscosity

Wall Shear Stress
Fringes Wavelength,
Camera Angle, Oil
Refraction Index.

Figure 5.1. Sketch of uncertainty propagation from diﬀerent sources (blue
boxes) to intermediate quantities (black boxes) and ﬁnally to QoIs (red boxes).

Figure 5.1 illustrates how the uncertainties from various sources propagate to the QoIs that are taken to be U and the wall friction velocity uτ .
The diagram consists of several forward problems as well as two inverse
problems. The latter are shown by grey boxes.
The author of the thesis was provided with the experimentally measured data. These include time-series of fringes’ wavelength and viscositytemperature data required for calibration curve in OFI. More detailed
datasets were available for HWA, including the samples of the Pitot-tube
and calibration Hot-wire voltages. In total, 104 simultaneous samples of
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these voltages were given for 11 diﬀerent freestream velocities in a wind
tunnel. In all measurements, the wall-normal location of the hot-wire
anemometer is ﬁxed. For the rest of the quantities in the blue-boxes
in Figure 5.1, including the air temperature, atmospheric pressure and
optical inputs for OFI, the uncertainties are assumed to be Gaussian
with standard deviation deﬁned based on the expert’s knowledge and
the precision of the measurement device.
The three techniques reviewed in Section 4.2 for the UQ forward problems are employed. However, the comparison between the results shows
insigniﬁcant inﬂuence of the linearization involved in the perturbation
method. The strong point of using the sample-based techniques is the
possibility of computing the Sobol sensitivity indices (see Section 4.4),
by which a comprehensive understanding of the most inﬂuential quantities in the uncertainty of the QoIs is obtained. In comparison, the
perturbation-based LSA that is usually used by experimentalists, does
not provide any meaningful insight into the sensitivities.
A main goal of the paper is to show how using more accurate and
detailed methods, one can reduce the epistemic uncertainty. In particular, for the analyzed set of data, smaller uncertainties in U and uτ are
obtained as a result of considering the correlations between diﬀerent uncertain quantities. Another improvement is achieved by considering the
structure of the uncertainties in the inverse problem (4.12), as accurately
as possible. This is further detailed below.
During the calibration stage in HWA measurements, see the dashed
box and arrows in Figure 5.1, the parameters in the voltage-velocity
curve are estimated, given data for hot-wire voltages, Ew , and Pitot-tube
calibration velocities, Up . Accurately accounting for the uncertainties in
these quantities is crucial, noting that the calibrated curve is used in
the next stage of measurements to predict the ﬂow velocity for hot-wire
voltage readings.
The particular curve considered is the King’s law [68], which in accordance with (4.12) is written as,
√
y = g(x, θ) = a + bxc ,
(5.1)
in which, x and y respectively represents Up and Ew . Parameters
θ = {a, b, c} are to be estimated, given uncertain data for Up and Ew at
N = 11 conditions, see Figure 5.2.
Contrary to the assumptions made in Section 4.5, the observations for
the covariate x in (5.1) are uncertain. To express the corresponding statistical model for the inverse problem, the classical error-in-variable (EiV)
model [32] can be adopted by which,

Y = g(Xt , θ) + y
,
(5.2)
X = Xt + x
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Figure 5.2. Schematic representation of the uncertainties in the measured
Pitot-tube calibration velocity, Y , and associated hot-wire voltages, X.

where, Xt are the true but unobserved realizations of x. The model
function (5.1) is assumed to be unbiased. Furthermore, any probable bias in the observed data is not considered. Therefore, based on
the discussion in Section 4.5.1, x and y only account for the random
errors. These assumptions do not harm the outline of the study which
aims to demonstrate the reduction in derived uncertainty as a result of
employing more detailed UQ tools. However, a future extension of the
study can consider the possibility of including bias errors originating
from diﬀerent sources listed in Paper I, p. 62.
Consider the errors x and y in (5.2) to rely on the generally-unknown
parameters θx and θy , respectively. Therefore, the Bayes formula for the
EiV is written as,
p(θ, θx , θy , Xt |Y, X) ∝ p(Y |θ, θy , X, θx , Xt ) p0 (θ, θx , θy , Xt |X) .

(5.3)

The term on the left-hand-side is the posterior density of unknown parameters that, in its most general form, includes the model parameters θ,
the error parameters θx and θy , and Xt . The likelihood is constructed
so that the structure of the uncertainties in X and Y is reﬂected as
accurately as possible, see Figure 5.2. Despite a few exceptions, at any
ﬂow condition i = 1, 2, . . . , N , the observed data {(xi , yi ), i = 1, . . . , N }
approximately have bivariate-Gaussian distributions with covariance
matrix,
σx2i
cov(xi , yi )
Wi =
,
(5.4)
σy2i
cov(xi , yi )
where, σ 2 and cov(·) represent variance and covariance of the random
variables, respectively.
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Assuming this type of distribution for all i = 1, 2, . . . , N , the following
likelihood is derived,



−1/2
1
2N
−1 T
exp − ZV Z
,
L(θ, θy , X, θx , Xt |Y ) = (2π) det(V)
2
in which,
Z = [(x1 − xt1 ), (y1 − g(xt1 , θ)), . . . , (xN − xtN ), (yN − g(xtN , θ))] ,
and V is a 2N ×2N block-diagonal matrix with blocks W1 , W2 , . . ., WN .
As a result of this detailed construction, the total number of parameters to estimate in (5.3) is (4N + 3). This number is reduced if the
elements of Wi in (5.4) are considered to be ﬁxed and known. This is
justiﬁed by the large number of samples (104 ) taken at each condition
i = 1, 2, . . . , N . However, it can be shown that the estimated θ by the
two variations of the inverse problem are not signiﬁcantly diﬀerent, as
long as the correlations in Wi are taken into account.
Instead of the described method, what is widely used in practice to
estimate parameters of (5.1), is the least squares method. However,
it does not reﬂect the correct structure of uncertainties illustrated in
Figure 5.2. In an ordinary least squares method, it is assumed X = Xt
and  in (4.13) are identical and independently distributed as N (0, σ 2 ).
In the framework of Bayesian, the likelihood function for such method
reads as, see e.g. [140],


N
1 
2
2 −N/2
2
L(θ, σ |Y ) = (2πσ )
exp − 2
(g(xi , θ) − yi )
.
2σ
i=1

In Paper I, the parameters estimated by EiV are found to be less uncertain than those given by the ordinary least squares method.
The framework developed in Paper I allows for adopting diﬀerent
forms of distribution for uncertain quantities and consequently evaluating the corresponding eﬀects on the QoIs. From this perspective, the
developed framework can be seen as a virtual laboratory facilitating
our understanding of the propagation of uncertainties in the HWA-OFI
experiments.
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6. Grid Resolution Eﬀects
on Wall-Resolving LES

As pointed out in Section 3.1, in WRLES, the grid is ﬁne enough to resolve most energetic structures in the near-wall region that are of O(δν ).
Therefore for WRLES, the wall shear stress can be computed accurately
and hence using a no-slip boundary condition for the ﬁltered velocity at
the wall is justiﬁed, see Section 3.4.
In this chapter, the eﬀect of grid resolution on the accuracy of
WRLES is discussed. In the ﬁrst section, the a-priori estimates of the
grid resolution requirements for WRLES of the ZPG-TBL and channel
ﬂow are reviewed. Then, diﬀerent sources of error in LES are summarized and some of the techniques and UQ studies in the literature
concerning assessment of the accuracy of LES are shortly reviewed. In
the last section, some of the main points of Paper II, in which systematic
studies are performed to evaluate the accuracy of WRLES of turbulent
channel ﬂow with respect to variation of the grid resolution, are summarized.

6.1 Estimates of Grid Resolution Requirements
In his pioneering work, Chapman [23] derived estimates for the grid resolution requirements for WRLES of a canonical TBL. By construction,
+ ≈ 1-2 oﬀ the wall. In the
the ﬁrst grid cell center is located at Δyw
streamwise and spanwise directions, respectively denoted by x and z,
Chapman employed the block-nested grid construction strategy. Based
on this strategy, mainly the viscous sublayer is covered by several blocks
each containing nys equi-spaced cells in the wall-normal direction. Furthermore, the ratio of Δx and Δz within each block to those of the
previous one (located closer to the wall) is rx > 1 and rz > 1, respectively. By this construction, the following number of grid cells above a
wall element with area dA = dxdz is obtained, see e.g. [123],
dNWR

  1 n dxdz
r x rz
dxdz 1
= nys
≈ nys
+
+ 2 .
r
r
Δx
Δz
(r
r
−
1)
Δx
x z
w
w
x z
w Δzw δν
n

(6.1)

+
In this expression, Δx+
w and Δzw are the inner-scaled spacings of a
grid cell located at the wall, in the streamwise and spanwise directions,
respectively.
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Although in the original work [23], an estimation for NWR was
obtained by using streamwise-averaged values for δν in (6.1), Choi and
Moin [26] derived an analytical expression by integrating the above relation over volume (lx −x0 )×ly ×lz . Here, ly+ ≈ 100, which is the thickness
of the viscous sublayer and a part of the overlap region (hereafter called
near-wall region), see Section 2.4. Moreover, x0 denotes the initial length
of the plate with non-turbulent boundary layer, and lx and lz are the
domain lengths in the streamwise and spanwise directions, respectively.
For integrating (6.1), an expression for δν (x) is required which can
be obtained noting that cf = 2x2 /(δν Rex )2 , by deﬁnition, and cf =
−β
αf Rex f with αf , βf > 0, from (2.6). Eventually, it is derived that,


(1−βf ) 
Rex0
NWR
αf
rx rz
ny s
(2−βf )
≈
Relx
1−
, (6.2)
+
(lz /lx )
(rx rz − 1) Δx+
Relx
w Δzw 2(1 − βf )

where, Rex0 speciﬁes the critical Re-number above which the boundary
layer is considered to be fully turbulent, see e.g. [133]. It is clear that for
(2−β )
Relx  Rex0 , NWR ∼ Relx f . For the particular choice made for βf ,
9/5

13/7

the asymptotic value of NWR is estimated to be ∼ Relx and ∼ Relx
in [23] and [26], respectively.
Following the same procedure, NWR required for a fully-developed
channel ﬂow is estimated to be, see [123],
  
nys
lx
lz
rx rz
NWR ≈
Re2 .
(6.3)
+
+
δ (rx rz − 1) τ
Δxw Δzw δ
However, the use of nested-block grids is not common, although there are
examples, see e.g. [71]. Therefore, in view of practical CFD simulations,
structured grids can be considered for which Δx and Δz are kept ﬁxed
across the TBL. The associated NWR of these grids is estimated from,
 δ
dy
l x lz
NWR =
.
(6.4)
ΔxΔz 0 Δy
The sensitivity of NWR with respect to the choice of the function for
distributing Δy in the wall-normal direction is detailed in [123]. Here, a
particular function is considered that has been employed for WRLES of
+ in accordance with the requirechannel ﬂow in Paper II. Choosing Δyw
ment of WRLES, the height of the other cells can be generated from the
following function, see [115, 123],
 +

Δyw
1
Δy = min max
, ηin η ,
δ.
(6.5)
Reτ
M
Here, ηin denotes the beginning of the outer part of the TBL and M
speciﬁes the number of equi-spaced cells considered in the outer layer of
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the TBL. The resulting Δy are ﬁxed for y +  10 − 15, and also, in the
wake region of the outer layer. Within the region between the two, Δy
increases linearly with y, mimicking the variation of spatial scales in the
log region, see Section 2.5. For more details, see [123]. Plugging (6.5) in
(6.4) results in,
  
1
lx
lz
NWR =
Re2τ [ln Reτ + T ] ,
(6.6)
+
+
Δx Δz ηin δ
δ


2 /Δy + ) + η M(1 − η ) . Comparing (6.3) and
where, T = 1 + ln(ηin
in
in
w
(6.6), it is observed that for equal resolutions Δx+ and Δz + , at high
Reτ the structured grid requires ln Reτ times more cells than the blocknested grid.
What also drives NWR in the above estimates is the value of Δx+
and Δz + . As a general guideline, Chapman [23] suggests adopting
+
Δx+
w ≈ 100 and Δzw ≈ 20 in order to resolve the near-wall streaks
+
at y  15 (such as those shown in Figure 2.3(a)) by approximately 4-5
cells. In practice, due to diﬀerent types of error involved in simulations,
these a-priori guidelines may not be valid. This is further motivated in
Section 6.3.

6.2 Errors and Uncertainties in LES
Recall the terminology of Section 5.1. For a given turbulent ﬂow, the
corresponding analytical solution of the Navier-Stokes equations for turbulent ﬂow can be seen as true, but unachievable. Hence, DNS results
can be considered as reference true data. However, a ﬂow QoI predicted
by DNS, YDNS , may be potentially uncertain. In fact, it will diﬀer from
an exact continuous solution (unobserved true), because of the ﬁnite
number of degrees of freedom (projection error), discretization error,
errors associated with the non-linear term in the Navier-Stokes equations, and sampling error due to the ﬁnite simulation time for computing
statistics. Nevertheless, the errors and uncertainties can be minimized,
see [95, 102].
Compared to DNS, coarser grid resolutions are adopted for LES,
therefore, projection and discretization errors potentially increase. The
latter also grows due to employing numerical methods with a lower-order
of accuracy such as the one described in Section 3.3. Implementing
boundary conditions to the discrete ﬁltered ﬁeld is an additional source
of error, for a review, see [131], chapter 10. At the inﬂow boundary,
the inaccuracy of the turbulence state and resolved ﬂuctuations is potentially a source of error. In case of wall-bounded ﬂows, as pointed
out in Section 3.4, special treatment at the wall may be required, other55

wise a systematic error is introduced to the simulation. Similar to DNS,
uncertainties due to the lack of enough sampling are also present.
Besides these, new sources of error in YLES appear due to spatial
ﬁltering by which the resolution scale is deﬁned. As a result, a part
of turbulence dynamics associated with the non-linear interactions of
unresolved-unresolved and unresolved-resolved scales is missed. An extra source of error or uncertainty is introduced by modeling the unclosed
term B in (3.5), which ought to account for the unresolved eﬀects. The
interaction of the modeling eﬀects with numerical errors is complex. Because B can be modeled based on the resolved ﬁeld, see for instance (3.8)
and (3.9), and at the same time it appears in (3.5), the governing equation of the resolved ﬁelds. On the other hand, as pointed out in Section 3.2, in ILES, see [38, 47], the use of an explicit model for B is
avoided. This makes the numerical errors the most dominant factor in
driving the error in the QoIs.
The linking between the numerical and modeling errors can be further
explained in the context of two paradigms, explicitly- and implicitlyﬁltered LES. In explicitly-ﬁltered LES, characteristic grid cell spacing, Δ, and ﬁlter width, Δ̄, can be chosen independently. This feature
can provide a big advantage when numerical analysis, quality control,
and assessment studies are targeted. In fact, it has been shown that,
see e.g. [44, 161], optimal values of Δ̄/Δ for diﬀerent numerical schemes
exist and even grid-independent turbulence statistics can be achieved,
see e.g. [12]. However, the derived LES equations based on the explicit
ﬁltering strategy and consequently the associated simulations can be
involved, see e.g. [18]. In contrast, as described in Section 3.3, for an
implicitly-ﬁltered LES, Δ̄ is not an arbitrary choice and is linked to Δ.
As a consequence, the numerical and SGS modeling errors are intertwined, however, they can be controlled by grid resolution. As a result
of this, no grid-independence or grid-convergence can be achieved. For
more details and discussions regarding the possibility of separating the
modeling and numerical errors, refer to [20, 43, 49, 69, 116].
Independent of how the ﬁltering is implemented, diﬀerent techniques
have been proposed to assess the quality of LES. The underlying idea
of some of them is shared with the techniques for general CFD, see
e.g. [124]. But a few techniques are developed specially associated with
the nature of LES, for instance, see the proceedings [89, 132] and the
reviews [21, 22, 42]. As a general guideline, LES is supposed to resolve
at least 80 % of the total TKE in the whole simulation domain, [116].
To assess this, indices of quality are proposed by Celik et al. [20] to
measure the fraction of TKE that is directly resolved by LES. However,
an issue regarding this type of measures is that in wall-bounded ﬂows,
the resolved TKE may exceed the total value, see e.g. [4, 20, 69, 90].
The detailed analysis of the TKE budget and spectra by Davidson [29]
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addresses the shortcoming associated with the assessment techniques
relying on TKE. In the same study, the two-point correlation of velocity
is suggested to be the most reliable assessment technique.
Another set of quality assessment and error estimation techniques
in the context of implicitly-ﬁltered LES, are developed based on the
Richardson extrapolation technique, [20–22, 69]. The basic assumption
is that the errors ∼ O(Δr ), with r being a positive constant. In particular, Klein [69] derived estimates for both numerical and modeling errors
through systematic variations of the grid resolution and SGS model parameters. However, the basic assumption can be questionable, noting
the possibility of non-monotonous variation of the error with the grid
cell size, that is demonstrated by the systematic simulations of Meyers
and Sagaut [90] and is also discussed in Paper II.
In addition to the above classical techniques, there are fewer number of studies concerning the application of diﬀerent UQ techniques to
assess the uncertainties and errors in LES. Some of them are shortly
noted here. Most of the studies exploit gPCE [169], see Section 4.3, to
address the sensitivity of LES to various factors, including the inﬂow
uncertainties, uncertainties regarding the SGS model, and uncertainties
due to the numerical schemes. For instance, the sensitivity of the LES of
turbulent pipe ﬂow to the uncertainties in the inﬂow conditions is investigated by Congedo et al. [28]. Lucor et al. [77] studied the sensitivity of
LES of decaying homogeneous isotropic turbulence to the Smagorinsky
coeﬃcient Cs in (3.10). Meldi et al. [86] employed gPCE for quantifying
the error in LES of a spatially-evolving mixing layer. The inﬂuential
parameters were considered to be the grid stretching in the streamwise
direction and the Smagorinsky coeﬃcient Cs . It was shown that the
error is mostly driven by Cs . Safta et al. [130], ﬁrst within a Bayesian
framework, estimated the joint PDF of two coeﬃcients in an SGS model
using DNS data of canonical forced isotropic turbulence. In the second
step, the estimated PDF was propagated to the LES of turbulent channel ﬂow. Mariotti et al. [80] studied sensitivity of the LES of a turbulent
ﬂow over a rectangular cylinder, to grid resolution in the spanwise direction and a weight controlling the dissipative eﬀect of an explicit ﬁlter.
As more computational resources become available, studying the
sensitivity of LES of engineering ﬂows to various factors becomes more
attainable. In this regard, the inclusion of the UQ techniques in CFD
practices in the near future has been pointed out, for instance, in [138].
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6.3 Constructing Error Portraits
Summarizing the main points of the previous section, the numerical
and modeling errors in LES are epistemic and can lead to uncertainties
in QoIs. In implicitly-ﬁltered LES, these errors are controlled by grid
resolution. Employing this type of LES, Paper II aims at studying the
uncertainties (or equivalently assess the accuracy) of the QoIs of turbulent channel ﬂow due to diﬀerent grid resolutions.
To this end, the uncertainties arising from wall boundary condition,
and sampling errors are minimized. The approach is to perform systematic LES in order to construct a-posteriori error surfaces or portraits.
This paper can be seen as an extension of the study by Meyers and
Sagaut [90] and in nature is in line with the error-landscape technique,
see [88] and the references therein. In fact, the main contribution of Paper II is to take advantage of the surrogate models and global sensitivity
analysis, respectively reviewed in Sections 4.3 and 4.4.
The LES of turbulent channel ﬂow is primarily carried out at two Reτ ,
300 and 550. Aligned with Section 4.3, uncertain parameters are q =
+ , Δz + } which can be chosen independently with equal chance.
{Δx+ , Δyw
Hence, they are assumed to be uniformly distributed, Δx+ ∼ U [QΔx+ ],
+ ∼ U [Q + ], and Δz + ∼ U [Q + ]. The admissible spaces are conΔyw
Δz
Δyw
sidered to be QΔx+ = [10, 150], QΔyw+ = [0.25, 1.96], and QΔz + = [7, 70].
By the chosen QΔyw+ the basic requirement of WRLES is ensured. The
rest of the grid cells in the wall-normal direction are distributed by (6.5).
In the wall-parallel directions, the grid cells are uniformly-spaced. The
QoIs, are taken to be the mean wall frictions velocity, and the proﬁles of
the mean streamwise velocity, the Reynolds shear stress and the TKE,
i.e. YLES = {ūτ , ū, ū v̄  , K̄}. The responses R are deﬁned to be the
error between YLES and associated DNS values of Refs. [53, 74]. The
space Q = QΔx+ × QΔyw+ × QΔz + is sampled by 5 × 3 × 5 quadrature
points. Consequently, metamodel (4.9) is constructed and is used to
predict R over Q. By this, the surface of the error response R in the
parameters space Q is constructed, or, equivalently, the error portraits
are obtained.
The majority of simulations are performed using the Linear scheme
(3.18) with no explicit SGS modeling. For these simulations, at any
+ ∈ Q + , a set of resolutions Δx+ and Δz + is found for which
Δyw
Δyw
[ūτ ] = 0, see the black solid line in Figure 6.1(top). Such resolutions
are observed at Reτ = 300, 400, and 550. They persist when the grid
distribution in the wall-normal direction is changed and also when the
WALE model (3.11) is used. However, the combinations of Δx+ and
+ , and
Δz + resulting in zero [ūτ ], slightly depend on Re-number, Δyw
SGS model.
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Figure 6.1. The portrait (isolines) of [ūτ ] % in QΔx+ ×QΔz+ plane of WRLES
+
= 0.445. Simulations are performed
of channel ﬂow at Reτ = 300 and Δyw
using the Linear scheme (3.18) (top) and the LUST scheme (3.19) (bottom).
No explicit SGS model is employed.

The clear diﬀerence between the error portrait of [ūτ ] in QΔx+ ×
+ = 0.445 and those in the study of Meyers
QΔz + , at Reτ = 300 and Δyw
and Sagaut [90], reveals the dominant role of the numerical methods in
driving the error in QoIs. This is further conﬁrmed by noting the significantly diﬀerent portrait of [ūτ ] obtained by the LUST scheme (3.19),
see Figure 6.1(bottom).
Comparing the errors in diﬀerent QoIs obtained by the Linear scheme
reveals that at the resolutions with accurate ūτ , the error in the
velocity statistical moments is not necessarily low. Further analysis of
the simulations with Δx+ and Δz + residing on the loci of zero [ūτ ] in
the QΔx+ × QΔz + plane shows that, the associated error in the Reynolds
shear stress −ū v̄   is also low. Furthermore, the spanwise and wallnormal root mean square (rms) velocity ﬂuctuations are found to be
lower than the reference DNS, while the streamwise velocity ﬂuctuations
are over-predicted except for suﬃciently ﬁne Δx+ -Δz + resolutions. This
trend for velocity ﬂuctuations is not uniquely observed for the resolutions
associated with [ūτ ] = 0 and may be the case for other resolutions
as well. In contrast, in [90], all the velocity ﬂuctuation components associated to [ūτ ] = 0 are found to be over-predicted, with the lowest
over-prediction obtained at the ﬁnest resolution.
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Figure 6.2. Total Sobol indices (4.11) for the error in diﬀerent QoIs of channel
+
= 0.445. Simulations are performed using the
ﬂow at Reτ = 300 and Δyw
Linear scheme (3.18) (top) and the LUST scheme (3.19) (bottom), with no
explicit SGS model included.

To seek for the most reliable Δx+ -Δz + resolutions with [ūτ ] = 0,
two-point correlations of velocity ﬂuctuations are computed. It turns
out for the ﬁnest considered resolutions Δx+ = 16.56 and Δz + = 9.96,
the integral length scales Lū ū and Lv̄ v̄ , computed from the two-point
correlations, are resolved by respectively about 13 and 4 cells in the
streamwise directions.
+ = 0.445, and Δz + =
By adopting resolutions Δx+ = 16.56, Δyw
9.96, highly accurate results for WRLES of channel ﬂow with the Linear
scheme at Reτ = 400 , 550 and 1000 are obtained. These grid resolution
guidelines can be of interest for the community of OpenFOAM users.
It is worth noticing that the adopted values of Δx+ and Δz + are
much smaller than the general guideline Δx+ ≈ 100 and Δx+ ≈ 20 by
Chapman [23], and hence lead to an increase in the total number of cells
estimated by (6.3) and (6.6).
Another important observation in Paper II is that the error reduction
due to grid reﬁnement is non-monotonous. This may cast doubt about
the basic assumption of the quality assessment methods and error estimations developed based on the Richardson extrapolation techniques,
see [20, 21, 69].
The use of the total Sobol index (4.11) provides a quantitative way
to interpret the sensitivity of the errors in diﬀerent QoIs with respect
to the grid resolution. For instance, according to Figure 6.2 when using
the LUST scheme (3.19), the errors in the considered QoIs YLES , are
all mainly sensitive to Δz + . Whereas, for the Linear scheme (3.19),
in contrast to [ūτ ], ∞ [ū] and ∞ [ū v̄  ], the error in the resolved
TKE, ∞ [K̄], is more sensitive to the variation of Δx+ .
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7. Wall-Modeled LES

As discussed in the previous chapter, WRLES is computationally demanding, and hence, it cannot be applied to high Re-number TBLs.
Also, it is recalled that the turbulent structures in the outer layer of
a TBL have larger characteristic scales of O(δ), where δ  δν , see
Section 2.5. Thus, as an strategy to circumvent the prohibitive cost,
wall-modeled (WM)LES can be used, in which the resolution is adopted
so that only the outer layer of the TBL is resolved. The penalty is the
necessity to introduce some appropriate type of modeling to treat the
unresolved near-wall region. As a convention, the near-wall region in
this chapter is referred to at least the whole viscous sublayer and it can
contain a part of the overlap region, see Figure 2.2.
Two main classes of WMLES can be considered, see [13,72]. In hybrid
LES/RANS models, the LES computational domain does not extend to
the wall. Instead, RANS equations (3.1)-(3.2) are solved across a region
extending from the wall up to some interface point from which on, LES is
considered. This methodology is not used in the thesis, however, more
details about it can be found for instance in [37, 148], along with the
application to simulation of channel ﬂow, in [29].
What is considered in this thesis is wall-stress modeling in which,
contrary to the above-mentioned method, standard LES is performed in
the whole domain. In this framework, the primary task of the wall model
is to predict accurate values of the local ﬁltered wall shear stress, τ̄w ,
using the solution ﬁeld of LES in the outer layer of TBL. Recall the
discussion in Section 3.4 on the requirement of having accurate τ̄w at
the wall for LES of wall-bounded turbulent ﬂows. To implement wallstress modeling, diﬀerent methods have been proposed and some of them
are reviewed in this chapter.
The ﬁrst section aims at reviewing the estimation of grid requirements
for WMLES. Diﬀerent aspects of wall-stress modeling are thoroughly
discussed in Section 7.2. These include the general methodologies for
wall-stress modeling, diﬀerent techniques for predicting wall shear stress,
and the details of the particular methodology used in this thesis. After
this, a short introduction to the library developed and used in the study
for wall-stress modeling in OpenFOAM, is given. Then, as a summary
of Papers IV, V, and VI, the sensitivity of WMLES results to inﬂuential
modeling factors is discussed. In the end, three modiﬁcations for improving the performance of the speciﬁc type of wall models used in the
thesis, are described.
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7.1 Estimates of Grid Resolution Requirements
In WMLES, the grid is constructed to resolve ﬂuctuations of the size
of fractions of δ. In this section, a short review of the estimates for
NWM , the number of grid cells required for WMLES, is provided. The
considered canonical case is the ZPG-TBL over a ﬂat plate. It is assumed
for Rex > Rex0 , the boundary layer is fully turbulent.
The pioneering work for estimating NWM was performed by
Chapman [23]. In his estimations, nx ny nz number of cells are considered to be suﬃcient to resolve a cubic element of side δ̄, where δ̄
denotes average of the boundary layer thickness along the plane. Conl
sidering, δ̄ = (lx − x0 )−1 xx0 δ(x)dx, and using the power-law correlation
(2.6) for δ(x), the following estimate is derived,

NWM

lz
(2 − β)2 2β
= (nx ny nz )
Relx 1 −
lx
α2



Rex0
Relx



2




1−

Rex0
Relx

(2−β) −2
.

Clearly, for Relx  Rex0 , it is deduced that NWM ∼ Re2β
lx , where
β ≈ 0.137 according to Paper III. However, as was pointed out by Choi
and Moin [26], this estimate is too optimistic and underestimates NWM .
A more correct approach, as suggested by Spalart et al. [148], is to
use the local value of δ in the integrals involved in the estimations.
Employing this, Choi and Moin [26] derived,

NWM

lz (nx ny nz )
Re2β
=
lx α2 (1 − 2β) lx



Relx
Rex0

(1−2β)


−1 .

(7.1)

For suﬃciently high Relx , it is concluded that NWM ∼ Relx . Therefore,
the choice for α and β in correlation (2.6) only aﬀects the proportionality
constants.
As a further generalization, in Paper III, estimate (7.1) is reproduced
introducing the local cell density ρN (x) = nx ny nz /δ 3 (x). In addition,
it is discussed that if the simulation of the boundary layer includes the
initial part of the ﬂat plate over x < x0 , then the unstructured grid is
clustered around x0 . Moreover, the initial region x < x0 which is not
fully turbulent, requires at least the same order of number of grid cells
as the fully turbulent part does. Finally, it is illustrated that in the limit
of high Relx and for ﬁxed Rex0 , the estimate for NWM is driven by the
Re-number based on the domain width, lz .
To review the extension of the same type of estimations to diﬀerent
types of ﬂows involving TBL, see [75]. It is also noteworthy that, consistent with the mentioned strategy of grid construction, a recent WMLES
of ZPG-TBL has been conducted, see [96].
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7.2 Wall-Stress Modeling
The essence of wall-stress modeling for WMLES is to feed the solution of
LES into a wall model for predicting the local wall shear stress τ̄w . This
is schematically shown in Figure 7.1. The interaction between the LES
solver and wall model is therefore at, (i) the sampling height h, at which
information are fed into a wall model, and at (ii) the wall, where the
predicted wall shear stress is imposed as a boundary condition for LES.
In the following sections, ﬁrst diﬀerent methodologies for implementing this procedure are reviewed along with specifying the choice in
this thesis. Then, diﬀerent options for the wall model are introduced.
Finally, it is shown how the predicted wall shear stress is imposed as the
wall boundary condition in the framework of FVM.
In all discussions this convention on notation is considered: x2 is
the wall-normal coordinate, and xi with i = 1, 3, denote the wallparallel directions. The corresponding velocity components are represented by (u1 , u2 , u3 ).

Figure 7.1. Schematic representation of wall-stress modeling in WMLES.

7.2.1 Methodology
The earliest use of wall-stress models goes back to the landmark work by
Schumann [134]. In that work, the instantaneous local wall shear stress
component τ̄w,12 of a fully-developed channel ﬂow was computed from
τ̄w,12 (x1 , x3 , t) =

ū1,h
τ̄w  .
ū1 h

(7.2)

Here, h speciﬁes the distance from the wall of the wall-adjacent cell center, ū1,h is the LES instantaneous velocity at h, i.e., ū1,h = ū1 (x1 , h, x3 , t),
and ū1 h = ū1 (x1 , h, x3 , t). In (7.2), the magnitude of the mean
wall shear stress, τ̄w , is exact and a-priori known for channel ﬂow.
63

As a result, the mean velocity ū1 h can be obtained from a law of
the wall, such as the log law (2.9). Therefore, by construction, the
predicted τ̄w,12 (x1 , x3 , t) has the same ﬂuctuations as ū1 (x1 , h, x3 , t).
Furthermore, τ̄w,13 was taken to be zero, since ū3  = 0 for the
channel ﬂow.
The Schumann model was further developed by Grötzbach [48] to
relax the requirement of having τ̄w  a-priori known. Instead, by approximating the averaged velocity ū1 h , the value of τ̄w  was predicted
using the log law (2.9). In essence, this approach is the predecessor of
the wall-stress models.
As it is explained in the rest of this chapter, the wall models for
incompressible ﬂows can be generally considered as mathematical models
describing the dependency between the mean velocity proﬁle over some
deﬁnite range of wall-distance and the mean wall shear stress. Assuming
the validity of such models for LES, the generic form of a wall model
can be written as,
F (x2 , τ̄w , ū, qm ) = 0 ,

(7.3)

where, qm are the model parameters. The model inputs are velocity
samples at height h from the wall, and the output is the predicted wall
shear stress. A particular class of wall models, hereafter referred to as algebraic models make use of the laws of the wall, such as the log law (2.9),
the Spalding law (2.10), and the Reichardt law (2.11). Corresponding
to these, qm = {κ, B} for (2.9) and (2.10), and qm = {κ, C, B1 , B2 }
for (2.11).
In WMLES practices, diﬀerent ways of using (7.3) can be considered. One possibility is to decompose τ̄w into the mean and ﬂuctuating
components, τ̄w  and τ̄w , respectively. As a simple option, τ̄w can be
ignored and only τ̄w  be iteratively computed from (7.3), given ū at
some h. The computed τ̄w  is applied as the wall boundary condition
at each time step of WMLES. Employing this approach, Lee et al. [73]
has recently obtained accurate results for channel ﬂow and ZPG-TBL.
In their study, the required averaging for ūh is performed over the
homogeneous direction(s).
A more sophisticated option is to aim for predicting τ̄w separately
from τ̄w . In this regard, Sidebottom et al. [136] and Cabrit et al. [17]
used the predictive model [82, 84] for τ̄w , while τ̄w  was determined
from the Reichardt law (2.11) using the velocity samples averaged over
neighbouring cells. For the considered attached TBL in [136], no major
diﬀerence in the mean wall shear stress and velocity proﬁle was observed compared to the case of ignoring τ̄w . Despite this, the promising
accuracy of the predicted τ̄w can be of interest in the ﬂows for which
obtaining accurate ﬂuctuation of wall shear stress is crucial.
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In the ﬁnal alternative, that is simpler to implement compared to the
above options, the instantaneous local wall shear stress τ̄w is predicted
from instantaneous ﬁltered velocity samples ū taken at distance h from
the wall. The underlying implicit assumption is that, (7.3) is also valid
for instantaneous quantities, i.e.,
F (x2 , τ̄w , ū, qm ) = 0 .

(7.4)

This method is widely used for WMLES, see [13,72], and is also adopted
in this thesis, see [76] for the details. This method is referred to as
the standard method of wall modeling in the subsequent sections. The
instantaneous velocity samples that are sent to the model (7.4) are taken
to be the magnitude of wall-parallel LES velocities, i.e. ū = (ū21 + ū23 )1/2 .
In addition to the laws of the wall that lead to algebraic wall models,
other options are available for the general wall model shown in (7.4), see
the reviews [13,72,94,112] and the references therein. Some of them are
reviewed in the next section.

7.2.2 Wall Models for Predicting τ̄w
The large size of the WMLES grid with respect to viscous length scale δν ,
justiﬁes assuming wall models to be RANS-based. Within the general
framework of the two-layer models, [114], RANS-type of equations can
be explicitly solved in the near-wall region using a separate “embedded”
grid constructed between the wall and height h located in the outer
layer of the TBL. At h, instantaneous LES values are used as boundary
conditions for these equations.
In the most elaborate setting for the PDE-based wall models, full
RANS equations (3.1)-(3.2) have been considered, for instance, in [64,
109, 110]. A slightly more simpliﬁed version of RANS equations, called
turbulent (thin) boundary layer equations (TBLE) has been extensively
used for both attached and separating turbulent ﬂows, see e.g. [6, 15,
16, 114, 163]. The TBLE model relies on the basic assumption that in
a thin layer near the wall, the length scales in streamwise and spanwise
directions are much larger than the wall-normal one. Consequently,
by ignoring some terms of lower order of importance in (3.1), TBLE
momentum equations are obtained,
∂
∂ui 
(ν + νt )
= Fi ,
∂x2
∂x2

(i = 1, 3)

(7.5)

∂ui  ∂ui uj  1 ∂p
+
+
.
∂t
∂xj
ρ ∂xi

(7.6)

where,
Fi :=

65

By integrating the continuity equation (3.2), the wall-normal component
of velocity is computed from,

 h
∂u1  ∂u3 
+
dx2 .
(7.7)
u2  = −
∂x1
∂x3
0
For the eddy viscosity νt appearing in (7.5), any type of RANS model
can be used. In particular, Cabot [14] suggested the following mixinglength based eddy viscosity with an ad-hoc near-wall damping function,


2
+
(−x+
2 /A )
νt = κνx+
1
−
e
,
2

(7.8)

with κ = 0.4-0.41 and A+ = 17-19, see [14,16]. Another algebraic model
of this type is proposed by Balaras and Benocci [7]. There are also
examples of using more advanced models, such as Spalart-Allmaras [147],
in order to improve the performance in separated ﬂows, see [34].
In (7.5), no extra equation for pressure is required since across the
thin layer, variation of mean pressure is assumed to be negligible. As a
consequence, the value of ∂p/∂xi is taken from LES at height h and
is used as a source term in (7.6). Similarly, the LES velocities at h are
used as boundary conditions for (7.5).
In general, due to the dependency of Fi in (7.6) on the spatial
derivatives, an auxiliary grid is required to solve PDEs (7.5) and (7.7).
Similar to the full RANS case, such a grid is required to be connected
in all directions to the LES grid. This can be hard to achieve for complex geometries and when an unstructured grid is used for LES. Another
concern is that the number of RANS grid points increases with the Renumber (due to the need to keep the ﬁrst oﬀ-wall point in order of wall
unit) and becomes comparable to the number of LES grid points, [109].
Other possible challenges in implementation of PDE-based models may
arise from the coupling of two PDE solvers which results in computational overheads, see the discussion in [109, 110].
By either removing or modeling (see e.g. [129]) the temporal and convective terms in (7.6), equations (7.5) are reduced to a set of decoupled
ODEs with source terms. As a result of this, the wall shear stress components can be computed by integrating (7.5) in the wall-normal direction:
∂ui  
τw,i  = ν
=

∂x2 x2 =0



h
0

dx2
ν + νt



−1

ui |h − Fi

h
0

x2 dx2
ν + νt

. (7.9)

Depending on the terms included in Fi , diﬀerent approximations of
TBLE can be found in the literature. In many applications, the convective term has been dropped while keeping the pressure gradient with
or without the temporal term, see e.g. [19, 24, 111, 154, 163]. However,
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according to the argument by Hickel et al. [129], for physical consistency,
all the terms in Fi , see (7.6), must be either retained or removed. For
more discussion on this, see [72]. This is in line with the results of the
pioneering work of Wang and Moin [163] who showed that retaining only
the pressure gradient term for a separating ﬂow makes the predicted friction coeﬃcient worse than the case with Fi = 0. The same conclusion is
also made in Paper V for the ﬂow over a backward-facing step (BFS).
For the particular case Fi = 0, equation (7.5) describes an equilibrium TBL for which the sum of the turbulent and viscous stresses remains constant. In this case, to compute the local wall shear stress,
the ODE (7.9) can be numerically integrated, given instantaneous velocity ūi at distance h from the wall. This is the approach considered
in [9–11, 63, 163]. Instead of dealing with the diﬀerential form of (7.5),
the equivalent algebraic laws of the wall can be used. To better understand this equivalency, it is noted that using νt /ν = κx+
2 − 1 in (7.5)
with Fi = 0 results in the log law (2.9).
Using equilibrium wall models, promising results for attached TBLs
have been obtained, see e.g. [9, 63, 107]. The equilibrium type of wall
models has been also employed for non-equilibrium ﬂows, see e.g. [10,
11, 54, 153, 163]. The main reason that allows for using an equilibrium
wall model for ﬂows involving a large pressure gradient and separations, returns to the fact that in WMLES, the most of the TBL is still
resolved. Therefore, the non-equilibrium eﬀects of the outer layer can be
accurately captured, see [72], and the references therein. Despite this,
prediction of the mean wall shear stress in the separated zones and also
prediction of the separation point can be inaccurate, see [11, 54, 153].
The recent comparison by Park [108] shows that non-equilibrium models, in particular models based on full RANS equations, can lead to
more accurate results in the separated and recovery zones compared to
the equilibrium wall models. However, in some other regions of the ﬂow,
the results of both models are deviated from the reference data by almost
the same amount. Other comparative studies showing the performance
of diﬀerent types of wall models can be found in the reviews [13, 72]. In
the author’s opinion, it is hard to assess how much of the uncertainty
or error in the simulations of separating ﬂows comes directly from the
particular choice of wall model. As it is known, see e.g. [72], and also
extensively discussed in Papers V and VI, the role of numerical schemes
and SGS modeling can be very important, particularly for controlling
the error in the LES solution that is imported to a wall model. It is
particularly shown in Paper V that, for the separating ﬂow over a BFS,
the use of an algebraic law of the wall can yield accurate predictions for
mean wall shear stress conditioned on adopting an appropriate numerical
scheme, SGS model, grid resolution and sampling height.
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Researches aiming for improving the WMLES quantities of interest
(QoIs), have resulted in several proposed modiﬁcations. Many of them,
have targeted at reducing the eﬀects of unavoidable numerical and SGS
modeling errors. As ﬁrst proposed by Kawai and Larsson [63], the sampling height h should be chosen to allow for a certain spatial (grid)
resolution below it. This has led to improved predictions of wall shear
stress in succeeding studies, for instance, in [73]. As another modiﬁcation, the parameters in the turbulent eddy viscosity, νt , appearing in
the ODE- and PDE-based wall models, see (7.5), have been suggested
to be dynamically adjusted, see [16,64,109,163]. A short review of these
methods is given in Section 7.5.2. A less complicated yet eﬀective modiﬁcation has been proposed by Yang et al. [172]. According to them, the
use of temporally-ﬁltered velocity samples in the wall model (instead
of instantaneous ones) results in more accurate predictions of the mean
wall shear stress even for sampling from the wall adjacent cell. More
recently, the improving eﬀect of averaging the sampled velocity over the
wall-parallel planes has been demonstrated by Yang et al. [171].

7.2.3 Imposing the Wall Boundary Condition in FVM Framework
Recall the discussion in Section 3.4. To impose the predicted τ̄w at the
wall, the no-slip boundary condition is considered for the wall-parallel
components of the ﬁltered velocity at the wall. Then, the total stress
(3.22) is computed from,
τ̄w,i2 = (ν + νsgs )|fw

ūi,P
Δx2

(i = 1, 3) ,

where, P denotes the center of a wall-adjacent cell, fw refers to the
center of the cell’s face on the wall, and Δx2 is the distance between P
and fw projected on the wall-normal direction. To impose τ̄w , the value
of νsgs at the wall face is updated via,


−1/2
−ν
νsgs |fw = τ̄w Δx2 ū21,P + ū23,P

(7.10)

In this procedure, the implicit assumption is that the local shear stress
is aligned with the wall-parallel velocity components at P .

7.3 A Library for Wall-Stress Modeling
The author of this thesis has participated in developing an open-source
library for wall-stress modeling which enhances the capabilities of
OpenFOAM for WMLES. A thorough description of the library is provided in Paper V along with the application to attached and separating
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wall-bounded ﬂows. The library is employed in Paper VI for systematic
study of the predictive accuracy of WMLES of turbulent channel ﬂow.
To use the wall-stress boundary condition at a wall boundary patch,
a set of speciﬁc keywords are chosen in the read ﬁle associated with
the boundary condition of νsgs . The library is designed to have access
to the instantaneous solution ﬁeld of LES at any prescribed distance h
normal to the boundary patch. By adopting one of the implemented wall
models, see below, the predicted τ̄w is imposed at the patch via (7.10).
Besides other features, the current version of the library includes both
algebraic and ODE-based wall models. For the algebraic models, diﬀerent laws of the wall including the Spalding and Reichardt laws, (2.10)
and (2.11), respectively, can be selected. It is easily possible to modify
the parameters qm of the laws of the wall. For the ODE models, two
models for νt in (7.5) are available, and the associated source term can
be chosen as either Fi = 0 or Fi = (∂ p̄/∂xi )|h .
The great ﬂexibility provided for choosing the controlling parameters of WMLES makes the library appropriate for systematic sensitivity
study of WMLES. Furthermore, being segregated from the ﬂow solver,
allows for employing the non-intrusive gPCE-based surrogates (4.9) to
facilitate the sensitivity studies. These will be further discussed in the
next section.

7.4 Factors Inﬂuencing the Accuracy of WMLES
Generally speaking, assessing the accuracy of WMLES is more intricate
and involved compared to WRLES. This is mainly because of the wall
modeling that adds additional sources of error or uncertainty. At the
ﬁrst place, the type of wall model can have a signiﬁcant inﬂuence on
the accuracy of the WMLES results. However, even for a given wall
model, there are several parameters which aﬀect the results, including
the parameters qm in the laws of the wall, and sampling height h.
A better understanding of the intricacy of assessing the accuracy of
WMLES is obtained by reviewing the associated underlying mechanism.
Outside of the near-wall region, LES is performed, therefore, the errors induced by the numerics and modeling are intertwined. For the
implicitly-ﬁltered LES that is considered in this thesis, these errors are
controlled by the grid resolution. As discussed in Chapter 6, the eﬀect
of this controller can be unexpected. Due to these unavoidable errors,
the LES solution ﬁeld in the interior of the computational domain is
contaminated, to a large extent independent of the accuracy of the wall
boundary condition, see Section 2.6.
Although the interaction of the errors involved in WMLES with numerics and SGS modeling is quite complex, the following simpliﬁed pic69

ture can be considered. In the process of wall modeling, the errors in the
LES ﬁeld can propagate to the wall model predictions. Subsequently,
by imposing the wall boundary condition, errors in the predicted wall
shear stress may scatter back to the interior of LES domain. This cycle
is repeated at each time step of simulation, resulting in accumulation
of error in the ﬂow QoIs. Unfortunately, tracing the error by means
of closed mathematical expressions and numerical analysis techniques is
not feasible.
In this thesis, two approaches are adopted to assess the inﬂuence of
diﬀerent factors on the accuracy of WMLES. The ﬁrst one is based
on a-priori analysis of the algebraic wall models through removing the
connection between the LES solver and the wall model. In the second
approach, systematic WMLES are carried out. The following two sections are devoted to summarizing these methods and their main results.

7.4.1 a-Priori Sensitivity Analysis of Algebraic Wall Models
In this type of analysis, data for the velocity imported to the algebraic
wall models are a-priori known. Therefore in an idealized framework,
the sensitivity of wall model predictions is investigated with respect to
the imported velocity samples and model parameters qm . To this end,
relevant UQ techniques can be employed.
In Paper IV, velocity signals (time-series) are obtained from a high
quality WRLES of channel ﬂow at Reτ = 1000 that is set up in accordance with the grid resolution recommendations in Paper II. The
WRLES velocity signals are ﬁltered in time and also averaged over the
volume of cubic boxes to mimic the velocity signals in a WMLES. In the
analyses in Paper VI, the required mean and root mean square (rms)
ﬂuctuations of the streamwise velocity are taken from the DNS data of
Lee and Moser [74].
Consider the general form of a law of the wall given by (7.3). The
parameters qm , input velocity ū (the mean velocity at height y = h
from the wall), and the resulting ūτ  are perturbed about associated
nominal states, i.e.,
d
F (h, ūτ0  + εΔūτ , ū0  + εΔū, qm0 + εΔqm ) |ε=0 = 0 . (7.11)
dε
This local sensitivity analysis, see Section 4.4, results in,
Δū 
Δqmi
Δūτ 
= Xū
+
Xqmi
.
ūτ0 
ū0 
qm0i

(7.12)

i=1

Here X specify the local sensitivity indices and Δ represent the variation
in each of the inﬂuential factors. Moreover, the subscript 0 stands for
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Figure 7.2. Local (a) and global (total Sobol) (b) sensitivity indices of the
Reichardt law (2.11) plotted versus h+ . DNS data of [74] for velocity samples
are used at Reτ = 550 (black), 1000 (green), 2000 (red), and 5200 (blue)
along with the nominal parameter values κ0 = 0.395, C0 = 7.2, B10 = 8.0,
and B20 = 4.0. In plot (b), the Sobol indices with respect to ū, κ, and C are
represented by solid, dashed, and dotted lines, respectively.

the nominal states. The values of ū0  at diﬀerent h are taken from the
mean of the down-samples WRLES velocities in Paper IV, and from the
DNS mean velocity data in Paper VI.
For the Spalding law (2.10), analytical expressions for X are provided
in Paper VI. The followings are derived for the Reichardt law (2.11),
Xu = −u+
0 /(C0 T ) ,
ln(1 + κ0 y0+ )
y0+
+
/(C0 T ) ,
κ0
(1 + κ0 y0+ )

+
+
y
y
+
y
− B0
− B0
0
=
1 − e 10 −
e 20 /T ,
B 10

+
y+  +
= − 0 e−y0 /B10 − e−y0 /B20 /T ,
B1
 0 2

y0+
−y0+ /B20
= −
e
/T ,
B 10 B 20

Xκ =
XC
X B1
X B2

−


where,
T =−

 y +2 e−y0+ /B20
ū+
y0+
y0+  −y0+ /B1
−y0+ /B20
0
0 − e
e
− 0
−
.
+
C0
B 1 0 B 20
C0 (1 + κ0 y0+ ) B10

These local sensitivity indices are plotted in Figure 7.2(a). Combined
with the plots in Papers IV and VI for the Spalding law, it is concluded
that, independent of h, the mean of wall shear stress predicted by an
algebraic wall model is locally most sensitive to the mean velocity at the
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sampling height and in the second place to the von Kármán coeﬃcient κ.
For the Reichardt law (2.11), the parameters B1 and B2 are found to be
almost uninﬂuential.
The analysis can be repeated in a more realistic way, noting that in
WMLES practices instantaneous velocities (not the mean values) are
used for wall modeling. Accounting for the ﬂuctuations of the velocity
samples, can be well ﬁt to the framework of global sensitivity analysis,
see Section 4.4. To this end, let ū at each oﬀ-wall distance be Normally
distributed with the mean and standard deviations, respectively, equal
to the mean and rms ﬂuctuations of the DNS velocity at the same height,
i.e. ūh ∼ N (u0 h , urms,0,h ). This assumption is accurate enough for the
purpose of the analysis, despite the fact that the velocity ﬂuctuations
exhibit sub-Gaussian behavior, see [56, 87].
To study their inﬂuence, qm are assumed to be independent random parameters with uniform distributions. In particular, consider
κ ∼ U [0.35, 0.45] and C ∼ U[6.5, 8.5] and neglect variations in B1
and B2 . These admissible spaces are adopted based on diﬀerent parameter values required to ﬁt the Reichardt law (2.11) to available DNS
data for channel ﬂow [74,170], and also the values for κ in the literature,
see Section 2.4.1. The resulting total Sobol sensitivity indices ST are
shown in Figure 7.2(b). Contrary to the LSA indices, the Sobol indices
at diﬀerent Reτ do not match.
Similar to the results for the Spalding law in Paper VI, for all Reτ
up to some h, the highest sensitivity of τ̄w is observed with respect to
the sampled velocity. However, this sensitivity gradually decreases as h
increases. This can be due to the reduction of the rms-to-mean ratio of
the velocity with increasing h. What is also understood from the sensitivity analyses is that, if the variation of the wall model parameters is to
be used as a controller of the error in the predicted τ̄w , changing the von
Kármán coeﬀcient κ can be more eﬀective than the other parameters.

7.4.2 Systematic Study of Predictive Accuracy of WMLES
The a-priori analysis, can reveal valuable information regarding the performance of the wall models. However, understanding the inﬂuence of
diﬀerent factors on the accuracy of WMLES can be only achieved by
systematic simulations. The inﬂuential factors on WMLES include the
numerical schemes employed to solve (3.6) and (3.5), grid resolution and
grid anisotropy, distance from the wall of the velocity sampling point,
SGS model, and wall model parameters qm .
In a large simulation campaign in Paper VI, the sensitivity of the
WMLES responses of channel ﬂow at Reτ = 5200 with respect to the
mentioned factors has been investigated. In all simulations, an algebraic
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wall model based on the Spalding law (2.10) was used. In addition to
this, the ﬁrst three inﬂuential factors have been studied in Paper V for
channel ﬂow and ﬂow over a BFS. For the BFS, the inﬂuence of the
choice of the wall model was also explored. Here, only some of the main
observations and conclusions of Paper VI is provided.
To explore the sensitivity with respect to the numerical scheme, the
Linear and LUST schemes, (3.18) and (3.19), for constructing the convective ﬂux in (3.5) are considered along with the Smagorinsky, WALE,
and dynamic ksgs -equation SGS models (see Section 3.2). In all simulations, the grid is considered to be isotropic with n number of cells per
unit channel half-height δ (i.e. resolution n/δ) in all directions. Then,
in a separate set of simulations, the inﬂuence of the grid anisotropy is
investigated.
The responses of the WMLES are deﬁned to be the relative error in
the channel ﬂow QoIs as compared to the reference DNS data [74]. The
QoIs of WMLES are taken to be ūτ , and the proﬁles of the mean velocity ū, resolved Reynolds shear stress −ū v̄  , and resolved turbulent
kinetic energy K̄. The error in any of these proﬁles is measured over
0.2 ≤ y/δ ≤ 1, to avoid the large spurious overshoots in the ﬁrst few
cells oﬀ the wall, using
∞ [g] = max |g(y) − g ◦ (y)|/ g ◦
y∈[0.2δ,δ]

∞,

(7.13)

where g ◦ ∞ = maxy∈[0,δ] |g ◦ (y)|, and g ◦ (y) denotes the DNS proﬁle.
At the ﬁrst step, the footprints of the numerics and SGS models in the
responses are identiﬁed by coarse-grid LES without a wall model. The
grid resolution is taken to be n/δ = 28 that is typical for WMLES. It is
shown that even without a wall model, the simulations with the LUST
scheme can lead to low values of ∞ [ū], independent of the SGS model
used. The same level of accuracy in ∞ [ū] is retained when the wall
model is added to these simulations which results in accurate prediction
of ūτ . This is clearly an indication of the relative independence of the
ﬂow in the outer layer from the near-wall ﬂow, see Section 2.6. It is also
shown that to improve ∞ [ū] for the Linear scheme, a dissipative SGS
model, such as the Smagorinsky model must be employed. Motivated by
these ﬁndings and based on further tests and observations, the following
conclusion is made.
On coarse meshes typical for WMLES, the accuracy of the mean velocity proﬁle outside the near-wall region heavily relies on extra turbulent
mixing introduced either through numerical dissipation, explicit SGS
modeling, or a combination of the two. This is clearly opposite to the
WRLES, in which, as discussed in Paper II, numerical dissipation by
the LUST scheme lowers the accuracy of the QoIs.
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It is recalled that the grid resolution is the controller of the numerical
and modeling errors in any implicitly-ﬁltered LES. The study in Paper VI shows that ∞ [ū] for the LUST scheme reduces by reﬁning the
grid, independent of the SGS model. The grid resolution n/δ ≈ 25-30
in all directions is recommended for this scheme which leads to [ūτ ]
and ∞ [ū] less than ≈ 1%. In contrast, unless enough SGS dissipation
is added, ∞ [ū] of the Linear scheme increases by reﬁning the grid.
It is also concluded that the particular pattern of the error in ū in the
ﬁrst few cells near the wall is the footprint of the numerical scheme and
SGS model and is not aﬀected by the grid resolution and wall modeling.
In fact the particular pattern is pinned to the cell number not to the
distance from the wall.
After understanding how to obtain accurate ū in the outer layer, the
eﬀect of h and wall model parameters qm , as the inﬂuential factors on
the wall shear stress predicted by the wall model, are considered. The
idea is that an accurate mean velocity proﬁle can lead to accurate ūτ 
conditioned on using appropriate values for parameters qm (hereafter,
optimal qm ) in the law of the wall.
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ū+

.5
22

15

24

.0

30

0.50

27.

5

.5

20.

0

10.0

17.5

(a)

0.45

-5.0

2.5
7.5

κ

20
18
DNS
κ = 0.4, B = 5.5
κ = 0.395, B = 4.8

16
14

0.60

-22.5
-15.0

-12.5

0.40

0.20

2.0

0
0.35 .0

2.5

0.30 -7.5

3.0

-30.0

3.5

0.25 -20.0

4.0

-32.5

B

5.0
4.5

26

35. 32.
0 5
0.55 40
.0 37

-35.0

5.5

-17.5

-27.5

6.0

12

102

103

104

y+

(b)

Figure 7.3. (a) Isolines of [ūτ ] due to the variation of κ and B; the black
solid line represents [ūτ ] = 0. (b) Improvement of ū+ as a result of using
optimal values (blue circles) for κ and B speciﬁed by the red triangle in (a).

If sampling from the ﬁrst few oﬀ-wall cells is avoided, then optimal
parameters qm can be known a-priori based on reference data, see section
V.D.2 in Paper VI. Given the numerical scheme, SGS model and grid
resolution, there are inﬁnite number of optimal parameters associated
to any sampling height. These are represented by the dashed line in
Figure 7.3(a). The isolines of [ūτ ] constructed by the metamodel (4.9)
are also plotted in this ﬁgure to show the inﬂuence of the variation of
qm = {κ, B} in the Spalding law (2.10) and also prove that the optimal
parameters lead to [ūτ ] = 0 (check the black solid line).
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It is important to note that choosing any of the inﬁnite number of
optimal parameter values, will essentially give the same results for ūτ .
The plots in Figure 7.3(b) show the improvement in ūτ  and hence in
the inner-scaled velocity proﬁle as a result of adopting the optimal qm
speciﬁed by red triangle in Figure 7.3(a). The pattern of the error isolines in Figure 7.3(a) clearly demonstrates the high sensitivity of [ūτ ]
to κ, that is in agreement with the a-priori analysis in Papers IV and VI.
The inﬂuence of the wall shear stress imposed at the wall on the
proﬁles of mean velocity and the components of the Reynolds stress
tensor, is also discussed in Paper VI. Based on the observations, unless
there is insuﬃcient dissipation as, for instance, in the combination of the
Linear scheme with no SGS model or when the WALE model is used,
the wall shear stress imposed at the wall has negligible impact on the
proﬁles of ū and the velocity rms ﬂuctuations over y/δ  0.1-0.2.
The sensitivity of the accuracy of −ū v̄   and K̄ are also studied in
Paper VI. It is shown that the accuracy of −ū v̄   in the outer layer
is directly connected to the accuracy of the predicted ūτ . Recall that
such a connection is also observed in Paper II for WRLES of channel
ﬂow. For K̄, accurate match with DNS data is not obtained for any
combination of the inﬂuential factors. However, ∞ [K̄] remains ≈ 7%
for the best practice guidelines, see below.
What is also considered in Paper VI is the inﬂuence of grid anisotropy
on the responses of WMLES. To this end, the metamodel (4.9) is employed to construct the error surfaces in the admissible ranges of nxi /δ,
that is, the number of cells in the i-th direction per channel half-height.
In general, for anisotropic grids the contribution of the numerical scheme
and SGS model becomes more diﬃcult to analyze and understand.
Nevertheless, a possible conclusion can be that adopting anisotropic
grids may only increase the level of complexity of the WMLES without
necessarily helping obtain more accurate results. Therefore, considering
anisotropic grid resolutions is not generally recommended.
Based on the analyses, a set of best practice guidelines is drawn in
Paper VI to obtain accurate QoIs for WMLES of channel ﬂow. In summary, the guidelines include adopting the LUST scheme (3.19), using the
WALE or Smagorinsky SGS model, using grid resolution n/δ ≈ 25 − 30,
avoiding sampling from the ﬁrst oﬀ-wall cell center, and using optimal
values of qm . The validity of these guidelines is conﬁrmed for WMLES
of channel ﬂow for diﬀerent Reτ in the range 2 × 103 ≤ Reτ ≤ 105 .
Furthermore, similar guidelines have led to accurate results for WMLES
of ﬂow over a BFS in Paper V and a ZPG-TBL in Mukha et al. [96].
The applicability of the guidelines to a wider range of ﬂow conﬁguration
remains as a future plan.
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7.5 Proposed Modiﬁcations for Algebraic Wall Models
As discussed in the previous section, the sampling height h, from which
instantaneous LES data are imported to the wall model, is noted to be
an inﬂuential factor on the overall accuracy of WMLES. Here, two types
of modiﬁcations are discussed which can alleviate the sensitivity of the
WMLES results to h.

7.5.1 Integrated Wall Models
Consider a law of the wall that can be written as u+ = F (uτ , x2 , qm ).
Integrating the law in wall-normal direction between h1 and h2 ,
results in,
 h2
 h2
1
uτ 
udx2 =
F (uτ , x2 , qm ) dx2 .
h 2 − h1 h 1
h 2 − h1 h 1
The left-hand-side represents ũh , the spatial average of the velocity
across the wall-normal distance [h1 , h2 ]. If for instance, the log law (2.9)
or the Reichardt law (2.11) is used, then the right-hand-side of the above
equation can be analytically integrated.
As a result of this, a new algebraic wall model is obtained, which
predicts τ̄w for instantaneous velocity samples taken at h. In the context
of collocated FVM, h refers to the center of the cell whose lower and
upper face centers are respectively located at distance h1 and h2 from
the wall. Therefore, ũh is ūh , the ﬁltered velocity at h.
The idea of integrating a law of the wall over a grid cell is ﬁrst proposed by Werner and Wengle [166], and used for instance in [153]. In
Papers IV and V, the idea is further extended by employing Reichardt
law and generalizing the formulation to allow for sampling from any h.
As compared to the standard use of the Reichardt law (2.11), the
integrated version results in smaller error in the mean of the predicted
wall shear stress, for sampling from the ﬁrst oﬀ-wall cell center. This has
been shown in Papers IV and V. The improvement may return to the
regularization (spatial averaging) of the imported velocity signals. In
this regard, the essence of the approach is similar to using temporallyﬁltered and spatially-averaged velocity samples in the wall model, which
are respectively investigated in [172] and [171].

7.5.2 Dynamic Adjustment of the Wall Model Parameters
Here, two possible algorithms are discussed to dynamically adjust parameters qm of the laws of the wall used as wall models. By construction,
the dependency on h is removed.
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The ﬁrst method is proposed in Paper IV, where down-sampled accurate velocity signals of WRLES are used to mimic the WMLES velocity.
The underlying motivation is to simultaneously increase the accuracy
of both mean and ﬂuctuating components of the wall shear stress predicted by the algebraic wall models. The core of the idea is that the
model parameters qm , for instance κ and B in the Spalding law (2.10),
are allowed to be adjusted at each time step of the simulation, given
velocity samples taken from a set of diﬀerent distances from the wall.
The procedure of predicting τ̄w comprises the following steps:
1. Consider nl points along a line perpendicular to the wall with the
l
associated set of oﬀ-wall distances {hi }ni=1
.
∗
2. From an initial guess ūτ , that can be the value of ūτ at the previous
time step, ﬁnd inner-scaled velocity and wall-normal distance ū∗i =
ūi /u∗τ and yi∗ = hi u∗τ /ν for i = 1, 2, . . . , nl .
3. Estimate parameters q∗m by minimizing the error between the wall
l
model F (u+ , y + , qm ) and inner-scaled data pairs {(yi∗ , ū∗i )}ni=1
.
This requires, for instance, the non-linear least squares method,
noting the non-linear dependency of laws of the wall such as (2.10)
and (2.11) on associated qm . In case of using the log law (2.9), the
linear least squares method can be adopted.
4. Given q∗m , use the wall model in the standard form, i.e. (7.4), and
predict ūτ .
In general, this procedure can be iterative with convergence on the predicted wall shear stress.
The above algorithm is tested in a-priori settings in Paper IV, where
the correlation between the predicted wall shear stress and the reference
signal is signiﬁcantly improved compared to the standard use of algebraic
wall models. The strong point of the procedure is that, the predicted
wall shear stress in Step 4 is almost independent of the sampling height.
Implementation of the proposed procedure for WMLES remains as a
future plan. Another possible future study regarding this algorithm,
is to consider the inverse problem involved in Step 3 in the Bayesian
framework (5.3).
The second proposal for dynamic adjustment of parameters qm is
made in Paper VI for fully-developed channel ﬂow. For this ﬂow, the
streamwise component of momentum equation (3.5) can be averaged in
both time and homogeneous directions to obtain,
−ū v̄   + B12  + ν

dū
= ūτ 2 (1 − η) ,
dy

(7.14)

where, y denotes the wall-normal coordinate and η = y/δ. It is assumed
that the mean velocity gradient du/dy in the RANS sense (wall model)
and dū/dy obtained by LES are equal. Then, du+ /dy + associated
with any law of the wall can be used in (7.14) in order to introduce
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the dependency on qm . For instance, for the Spalding law (2.10), the
following is derived,
− ū v̄   + B12  =
⎡
⎡

⎛

uτ 2 ⎣(1 − η) − ⎣1 + κe−κB ⎝e

κ

u
uτ 

−

2 (κ u )m

uτ 
m=0

m!

⎞⎤−1 ⎤
⎠⎦

⎦ . (7.15)

The dynamic algorithm is based on sampling velocity from any distance h from the wall, at which the law of the wall holds. To avoid
under-determinacy in parameter estimation, all the parameters qm except one are kept ﬁxed. Here, in the Spalding law (2.10), B can be, for
instance, kept ﬁxed and κ is let to be adjusted.
Starting from an initial guess for parameter κ∗ , the steps below are
iterated, at each time step, until convergence for both κ and the wall
friction velocity:
1. Use the wall model in the standard way, i.e. (7.4), and estimate ū∗τ .
2. Assume (7.15) is valid for instantaneous ū∗τ and ū sampled at oﬀwall distance h, then estimate κ∗ . For this, the left-hand-side
of (7.15) has to be evaluated ﬁrst. To this end, the average values
can be computed in time or/and homogeneous directions.
This algorithm has not been tested yet and is subject to further investigation in future.
Although the suggested algorithms for algebraic wall models can be
considered novel, using dynamic procedure to adjust κ in eddy viscosity
model (7.8) involved in PDE- or ODE-based wall models has been examined in several studies, see [16,64,109,163]. Cabot and Moin [16] and
then Wang and Moin [163] reported smaller mean value of the adjusted κ
than the standard value 0.41, when the TBLE were used for wall modeling. In those studies, the non-linear convective terms in the TBLE were
considered to be responsible for carrying extra resolved stress, which
could not be adjusted by typical RANS calculations (i.e. with standard value of κ) in the inner layer. Later on, Kawai and Larsson [64]
suggested to blend the dynamically-adjusted κ with an a-priori known
function varying linearly in the wall-normal direction, in order to avoid
under-prediction of wall shear stress at high Re-numbers resulted from
the original approach [16, 163]. More recently, Park and Moin [109] proposed a more general approach that does not rely on explicit matching of
the LES and RANS shear stresses previously considered in [16,64,163].
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8. Concluding Remarks and Future Plans

This thesis is concerned with the evaluation of the uncertainties involved in the measured QoIs of a set of experiments, and also with
the investigation of the predictive accuracy and sensitivity of LES for
a set of canonical wall-bounded turbulent ﬂows. For these purposes,
diﬀerent UQ techniques are employed. Several of the studies in this
thesis concern WMLES, which is computationally less demanding than
standard WRLES, and hence, can be employed for ﬂows at higher Renumbers, or at lower cost for lower Re-numbers. The conclusions of the
thesis, along with recommendations for possible future extensions, are
summarized below.
In regards to experimental measurements, UQ techniques are employed for the forward (uncertainty propagation) and inverse (parameter
estimation) problems involved in measuring the mean velocity and wall
shear stress, using HWA and OFI techniques, respectively. The results
of Paper I indicate that, by using a more accurate technique for inverse
problems and accounting for correlations between the uncertain parameters, the epistemic uncertainties in the QoIs are reduced. Furthermore,
the variance-based sensitivity analysis is shown to be useful to rank the
factors that inﬂuence the uncertainties involved in measuring the QoIs.
In this study, the HWA and OFI data do not originate from the
same experimental setup. Furthermore, all velocity measurements have
been conducted at the same distance from the wall. Thus the same
analysis techniques can be applied to detailed data for velocity measurements at diﬀerent distances from the wall, along with the associated
measurements of wall shear stress. This would allow one to evaluate
the uncertainties in inner-scaled mean velocity and distance from the
wall, i.e. ū+ and y + , respectively. Subsequently, using the Bayesian
inference for the inverse problem, in which the likelihood is constructed
based on the shape of uncertainties in (ū+ , y + ), it is possible to
obtain accurate estimations for the parameters of the laws of the wall.
Such a study would be of fundamental importance, see the discussion
in Section 2.4.1.
Evaluating the predictive accuracy of LES and assessing the sensitivity of LES to diﬀerent inﬂuential factors can be attained through
the use of systematic simulation campaigns. To reduce the number
of simulations, constructing metamodels, as another type of UQ techniques, can be advantageous. Section 4.3 details how to construct a speciﬁc type of metamodel based on gPCE [169] and stochastic-collocation
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samples [168]. Another beneﬁt of constructing metamodels is that the
variance-based global sensitivity analysis, see Section 4.4, can be easily
conducted as a complement to the UQ forward problem.
These techniques are used in Paper II to study the eﬀect of grid
resolution on the error in QoIs of turbulent channel ﬂow predicted by
WRLES. The signiﬁcant eﬀect of the numerical scheme employed to construct convective ﬂuxes in the ﬁnite volume approximation of (3.5)-(3.6)
is illustrated. Furthermore, it is shown that diﬀerent QoIs have their
own speciﬁc error portraits within the admissible range of grid resolutions, see Section 6.3. When using the Linear scheme (3.18), a set of grid
resolutions is found for which an accurate mean value of the wall shear
stress is obtained while the error in other QoIs is non-negligible. These
observations clarify the uncertainties that could be involved in grid reﬁnement. As a result of this study, a set of recommendations is provided for the grid resolutions for WRLES. It should be noted that these
particular recommendations are aﬀected by the numerics, and hence
software that is employed. However, the techniques are recommended
to be applied to other CFD software to derive similar recommendations.
The remaining parts of the thesis, represent the contributions to wallstress type of WMLES, see Section 7.2. Paper III investigates the grid
resolution requirements for WMLES. Paper IV examines the sensitivity of τ̄w , predicted by algebraic wall models, with respect to diﬀerent factors in an a-priori framework. Using the same framework, the
performance of other type of wall models, see Section 7.2.2, can also
be studied using joint ﬁltered velocity and the ﬁltered wall shear stress
signals of accurate WRLES. Similarly, the relative importance of diﬀerent terms in the PDE-type of wall models, see e.g. (7.5) and (7.6), can be
evaluated. Another possible future study could focus on estimating the
uncertain parameters in the algebraic wall models within the Bayesian
framework (5.3). To this end, the likelihood should be constructed to
reﬂect the joint distribution of the wall shear stress and the velocity
signals at diﬀerent distances from the wall. It would be of great value
to extend these studies to consider accurate WRLES of both attached
and separating TBLs.
In order to enhance the capabilities of OpenFOAM for WMLES, a
library is developed that is described in Paper V. The library is opensource, extensible and contains several features, such as diﬀerent options
for algebraic and ODE-based wall models. Using this library, the predictive accuracy and sensitivity of WMLES of turbulent channel ﬂow
with respect to several inﬂuential factors are examined in Paper VI.
This set of factors includes the numerical scheme for constructing the
convective ﬂux in FVM, SGS modeling, grid resolution and anisotropy,
the distance from the wall of the velocity sampling point, and Spalding law’s parameters. As a result of this study, a set of best practice
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guidelines for WMLES of turbulent channel ﬂow is obtained, the validity of which is conﬁrmed in a wide range of Re-numbers. Assessing
the predictive accuracy of WMLES for more complex ﬂows involving
TBLs with varying thickness δ, would be a natural next step. In this
regard, the next study should examine the TBL over a ﬂat plate, ﬁrst
with no pressure-gradient, and then with both favorable and adverse
pressure gradients. Subsequently, simulations involving ﬂow separation
over curved boundaries, which are extremely important for applications,
should be considered.
Lastly, two novel techniques for dynamically adjusting the parameters
of the algebraic wall models during the course of the simulations are
proposed in Papers IV and VI. Implementation of these techniques in the
WMLES library and assessing their performance for simulating diﬀerent
types of wall-bounded turbulent ﬂows are planned for a future work.
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9. Summary of Papers and Contributions

Paper I: Diﬀerent UQ techniques are employed to assess the uncertainties in the mean velocity, measured in a spatial point in a wind
tunnel by hot-wire anemometry, and the wall shear stress measured by oil-ﬁlm interferometry. For the forward problems, Monte
Carlo, gPCE [169] with stochastic-collocation [168], and linear perturbation methods are employed, see Section 4.2. For calibrating
the voltage-velocity curve, a Bayesian inference is employed for
which the likelihood is constructed to accurately account for the
uncertainties in the measured data. The Sobol indices [145] are
computed to quantify the sensitivity of the QoIs, i.e. ﬂow velocity
and wall shear stress, to diﬀerent uncertain factors involved in the
measurement. It is shown that by considering the correlation between uncertain quantities and parameters, the overall estimated
uncertainty of the QoIs is reduced.
Contributions: The author of this thesis performed the UQ study
on the data provided by the second author. The author of this
thesis was the main contributor in writing the manuscript, except
for sections 1 and 3. The manuscript was ﬁnalized in collaboration
between the authors.
Paper II: The eﬀect of grid resolution on WRLES of turbulent channel
ﬂow is investigated. The main cases considered have Reτ = 300
and 550. To reduce the required number of simulations, the metamodel of Section 4.3 is used considering the grid resolutions Δx+
+ as random parameters. The response of the
and Δz + , and Δyw
metamodels is deﬁned to be the normalized error between the LES
QoIs and reference DNS data. To quantify the sensitivity of the
responses with respect to grid resolutions, Sobol indices are computed. When using the Linear scheme (3.18), a set of (Δx+ , Δz + )
is found for which accurate ūτ  is obtained without the error in
other QoIs being low. Furthermore, the pattern of the error surfaces of diﬀerent QoIs diﬀers from each other. Recommendations
for grid resolution requirements are given, together with the quantiﬁcation of the resulting predictive accuracy.
Contributions: The author of this thesis had the initial idea of
using the UQ techniques for grid resolution study. He performed
and post-processed the simulations, and also prepared the ﬁrst
82

draft of the manuscript which was then ﬁnalized in collaboration
with the second author.
Paper III: In this paper, estimates of grid resolution requirements for
WMLES of wall-bounded ﬂows are derived, considering local cell
density and the inﬂuence of the initial non-turbulent part of the
boundary layer. The method is based on the derivations of Refs. [23,
26]. The power-law correlations expressing the dependency of the
ZPG-TBL quantities on Re-number are calibrated using publicly
available experimental datasets. One such correlation is for the
TBL thickness which directly enters the grid estimates. Besides
these, WMLES of a ZPG-TBL over a ﬂat plate is performed and
the results are compared to DNS.
Contributions: The author of the thesis performed the calibration of the correlations and also contributed in deriving the grid
estimates. The manuscript was written in collaboration with the
second author.
Paper IV: The paper is concerned with evaluating the predictive accuracy of the algebraic wall models in an a-priori framework. The
velocity and wall shear stress signals of a high quality WRLES
of channel ﬂow at Reτ = 1000, are spatially averaged over cubic
boxes corresponding to WMLES cells and wall faces, respectively.
The resulting velocity signals are ﬁltered in time and employed to
study the accuracy of algebraic wall models in predicting mean and
ﬂuctuations of wall shear stress, τ̄w . The sensitivity of τ̄w to grid
resolution, sampling height, and the parameters of the law of the
wall is investigated. Two novel techniques including the integrated
wall model, see Section 7.5.1, and dynamically adjusting the wall
model parameters, see Section 7.5.2, are proposed and tested, with
good results.
Contributions: The simulation required for producing the velocity and wall shear stress signals was set up in collaboration between
the author of this thesis and the second author. The author of this
thesis post-processed and analyzed the results, proposed the idea
of dynamic adjustment of parameters and prepared the ﬁrst draft
of the manuscript, except for section 4.2. The manuscript was
ﬁnalized in collaboration between the authors.
Paper V: This paper provides a detailed description of a WMLES library
based on OpenFOAM. The library is open-source, extensible, and
contains several model options for wall-stress type of wall modeling. Several variants of algebraic and ODE-based wall models, see
Section 7.2, are included. To demonstrate the capabilities of the
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library, it is employed for WMLES of turbulent channel ﬂow and
also ﬂow over a backward-facing step (BFS). In both cases, the
inﬂuence of several factors on the accuracy of the results is studied, and a set of recommendations for the modeling parameters for
WMLES is made.
Contributions: The author of the thesis participated in development of the library, which was led by the ﬁrst author. The author
of the thesis also contributed to writing the paper and setting up
the BFS simulations.
Paper VI: This paper aims at investigating the predictive accuracy and
sensitivity of WMLES of turbulent channel ﬂow with respect to several inﬂuential method parameters. For wall modeling, the Spalding law (2.10) is employed. The local and global sensitivity analyses
of Section 4.4, are conducted to a-priori study the sensitivity of the
wall model with respect to its parameters and distance from the
wall of the velocity sampling point, h. In a large simulation campaign, the sensitivity of WMLES QoIs with respect to the numerical scheme for computing the convective ﬂux of (3.5)-(3.6), SGS
modeling, grid resolution, grid anisotropy, sampling height h, and
the wall model parameters, is investigated. To study the inﬂuence
of the wall model parameters and the grid anisotropy, the metamodel technique of Section 4.3 is used. Furthermore, an algorithm
for dynamic adjustment of wall model parameters is proposed. As
a result of this study, a set of best practice guidelines is derived
and then validated by applying to a set of channel ﬂows in a wide
range of Reτ .
Contributions: The author of the thesis performed the simulations and analyses, and also prepared the ﬁrst draft of the
manuscript. The manuscript was improved and ﬁnalized in collaboration between the authors.
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10. Sammanfattning på svenska

Turbulent strömning är betydelsefull i en lång rad teknologiska tillämpningsområden, [162]. För strömning kring strömlinjeformade objekt, eller
internströmning i rör och liknande, är det speciellt viktigt med turbulensens interaktion med ytan (eller väggen). Vid strömning vid en yta
uppstår det ett mycket tunt gränsskikt där ﬂödeshastigheten övergår
från väggens hastighet till friströmshastigheten. Detta gränsskikt är
ofta turbulent [58, 115].
Ett turbulent gränsskikt (TGS) innehåller virvlar av olika storlek.
Precis vid väggen, i det inre skiktet av gränsskiktet, bestäms virvlarnas storlek av den lokala viskösa längdskalan, δν . De mest energirika
virvlarna i det yttre skiktet bestäms däremot av den lokala tjockleken, δ,
på gränsskiktet (δ  δν ). Ett dimensionslöst mått på tröghetskrafter
relativt viskösa krafter är Reynolds tal (Re), och kvoten δ/δν motsvarar
ett Re-tal. I många industriella tillämpningar är Re mycket högt, t.ex.
för ett stort transportfartyg har vi Re ∼ 109 .
Strömningen i ett TGS beskrivs av Navier-Stokes ekvationer, [115].
För att lösa dessa ekvationer måste numeriska metoder användas för att
reducera problemet till en diskret formulering som approximerar de ursprungliga ekvationerna, och som kan lösas med datorberäkningar. Den
alternativa metoden att undersöka TGS är experiment och mätningar.
Målsättningen för båda metoderna är att kvantitativt bestämma egenskaper hos gränsskiktet med hög noggrannhet. Grundproblemet vid datorsimulering av turbulent strömning är att det kräver för stora resurser
att direkt simulera alla virvlar. Istället tillämpas olika metoder av turbulensmodellering för att reducera beräkningskostnaden. I denna avhandling används LES1 , [131], där de mest energirika virvlarna simuleras
och eﬀekten av de mindre virvlarna modelleras. Standardformuleringen av LES leder till problem i gränsskiktet eftersom de mest energirika
strömningsstrukturerna är mycket små (∼ δν ) i det inre skiktet, vilket
leder till mycket höga krav på spatiell upplösning, och därmed mycket
höga beräkningskostnader. För att åtgärda det kan speciell modellering
tillämpas för den väggnära strömningen. Simuleringsmetodiken kallas
då WMLES2 . För mätningar så är det inte bara viktigt att ha precisionsinstrument, utan det är också viktigt att kunna uppskatta osäkerheten
1

LES är förkortning av “Large Eddy Simulation”. Generellt används engelsk terminologi när den är väletablerad och det inte ﬁnns en motsvarande accepterad term på
svenska.
2
WMLES = Wall-Modeled LES.
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i mätresultaten. Forskningsområdet för att utveckla sådana metoder
kallas för UQ3 , och det består av en kombination av matematiska och
statistiska metoder för att uppskatta osäkerheter, [45, 140]. Samtliga
undersökningar i föreliggande avhandling behandlar olika aspekter av
ovanstående frågeställningar.
Två strömningsmekaniska mättekniker undersöks i artikel I (Paper I)
i avhandlingen, med avseende på hur osäkerheter i indata propagerar till
osäkerheter i den mätta kvantiteten. Den första mättekniken är HWA4
vars mätelement är en prob som förs in i strömningen för att mäta
strömningshastigheten i en punkt. Den andra är OFI5 som används
för att mäta väggskjuvspänningen. Genom att använda korrelationen
mellan osäkerheter i indata, påvisas i artikeln att den faktiska osäkerheten i den mätta kvantiteten är lägre än vad som uppskattas med klassiska tekniker, [5, 157], där hänsyn inte tas till denna korrelation. I artikeln tillämpas också variansbaserade Sobol index, [145], som ger mer
information om den relativa betydelsen av olika osäkerheter än klassiska metoder.
I artikel II och VI undersöks hur den prediktiva noggrannheten hos
LES beror på modellparametrar samt på den spatiella upplösningen
hos beräkningsnätet. Flera viktiga mått på denna noggrannhet undersöks och relevanta UQ-tekniker används för att undersöka deras parameterkänslighet. Speciellt används gPCE6 , [169], med en stokastisk
kollokationsmetod, [168], för att konstruera meta-modeller för måttens
beroende av parametrarna. Dessutom beräknas även här Sobol index
för de olika parametrarna. I artikel II tillämpas denna metodik för WRLES7 av turbulent kanalströmning, och de undersökta parametrarna
är nätupplösning i de två väggparallella riktningarna, samt avstånd
från väggen för det första cellagret. I artikel VI tillämpas metodiken
på WMLES av turbulent kanalströmning, och de undersökta parametrarna är nätupplösning och anisotropi, samt parametrar till väggmodellen, se nedan.
Arbetet som presenteras i avhandlingen bidrar även till utveckling av
väggmodeller för WMLES, speciﬁkt modeller som beräknar väggskjuvspänningen från samplade värden av den lokala LES-hastigheten.
Väggmodellen implementeras genom ett randvillkor till LES-ekvationerna,
som ger den korrekta väggskjuvspänningen.
Bidraget i artikel III är något förbättrad analys, jämfört med tidigare studier [23, 26], av vilka krav WMLES ställer på upplösningen hos
beräkningsnätet, samt uppskattning av vad detta leder till för totalt
3

UQ = Uncertainty Quantiﬁcation.
HWA = Hot-Wire Anemometry.
5
OFI = Oil-Film Interferometry.
6
gPCE = generalized Polynomial Chaos Expansion.
7
WRLES = Wall-Resolving LES.
4
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antal celler i beräkningsnätet. Så kallad a-priori analys tillämpas på
en klass väggmodeller i artikel IV för att undersöka modellkänsligheten
för väggavstånd för hastighetssampling, samt för modellparametrar och
nätupplösning. En komponent i väggmodellen är en parametriserad
vägglag, se sektion 2.4) i avhandlingen. Med a-priori analys menas i
detta sammanhang att en WRLES, med mycket hög nätupplösning i
den inre delen av gränsskiktet, används för att generera data som sedan
integreras till att motsvara nätupplösningen för en typisk WMLES.
Sedan jämförs faktiska kvantiteter, hastighet och väggskjuvspänning,
med dem som predikteras av väggmodellen. Två förslag presenteras för
att åtgärda väggskjuvspänningens beroende av val av samplingspunkt.
Ett är baserat på en väggmodell som använder en vägglag som integreras normalt från väggen. Det andra förslaget består av en ny algoritm
för att dynamiskt anpassa vägglagsparametrarna.
Författaren till den här avhandlingen har också bidragit till utvecklingen av ett bibliotek för väggmodeller, som gjorts tillgängligt med öppen
källkod, och som utökar funktionaliteten i OpenFOAM för WMLES.
En detaljerad beskrivning av biblioteket ges i artikel V tillsammans
med tillämpning av WMLES på kanalströmning samt strömning över
ett “trappsteg” (BFS8 ). Med användning av biblioteket, en omfattande
simuleringskampanj samt relevanta UQ-tekniker görs en mycket detaljerad undersökning av hur den prediktiva noggrannheten hos WMLES
beror på modellparametrar och nätupplösning. Analysen av resultaten
leder till formuleringen av riktlinjer för val av modellparametrar och konstruktion av beräkningsnät för att uppnå god noggrannhet utan onödigt
hög beräkningskostnad.

8

BFS = Backward-Facing Step.
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[60] J. Jiménez and A. Pinelli. The autonomous cycle of near-wall
turbulence. Journal of Fluid Mechanics, 389:335–359, 1999.
[61] Joint Committee for Guides in Metrology. JCGM 100: Evaluation of
Measurement Data - Guide to the Expression of Uncertainty in
Measurement. Technical report, JCGM, 2008.
[62] J. Kaipio and E. Somersalo. Statistical and Computational Inverse
Problems. Applied Mathematical Sciences. Springer New York, 2010.
[63] S. Kawai and J. Larsson. Wall-modeling in large eddy simulation:
Length scales, grid resolution, and accuracy. Physics of Fluids,
24(1):015105, 2012.
[64] S. Kawai and J. Larsson. Dynamic non-equilibrium wall-modeling for
large eddy simulation at high Reynolds numbers. Physics of Fluids,

93

25(1):015105, 2013.
[65] M. C. Kennedy and A. O’Hagan. Bayesian calibration of computer
models. J. R. Statist. Soc. B, 63(3):425–464, 2001.
[66] K. C. Kim and R. J. Adrian. Very large-scale motion in the outer layer.
Physics of Fluids, 11(2):417–422, 1999.
[67] W.-W. Kim and S. Menon. A new dynamic one-equation subgrid-scale
model for large eddy simulations. In 33rd Aerospace Sciences Meeting
and Exhibit. American Institute of Aeronautics and Astronautics, 1995.
[68] L. V. King. On the convection of heat from small cylinders in a stream
of ﬂuid: Determination of the convection constants of small platinum
wires with applications to hot-wire anemometry. Proceedings of the
Royal Society of London A: Mathematical, Physical and Engineering
Sciences, 214:373–432, 1914.
[69] M. Klein. An attempt to assess the quality of large eddy simulations in
the context of implicit ﬁltering. Flow, Turbulence and Combustion,
75(1):131–147, 2005.
[70] S. J. Kline, W. C. Reynolds, F. A. Schraub, and P. W. Runstadler. The
structure of turbulent boundary layers. Journal of Fluid Mechanics,
30(4):741–773, 1967.
[71] A. Kravchenko, P. Moin, and R. Moser. Zonal embedded grids for
numerical simulations of wall-bounded turbulent ﬂows. Journal of
Computational Physics, 127(2):412–423, 1996.
[72] J. Larsson, S. Kawai, J. Bodart, and I. Bermejo-Moreno. Large eddy
simulation with modeled wall-stress: recent progress and future
directions. Bulletin of the JSME, 3(1), 2016.
[73] J. Lee, M. Cho, and H. Choi. Large eddy simulations of turbulent
channel and boundary layer ﬂows at high Reynolds number with mean
wall shear stress boundary condition. Physics of Fluids, 25(11):110808,
2013.
[74] M. Lee and R. D. Moser. Direct numerical simulation of turbulent
channel ﬂow up to Re τ ≈ 5200. Journal of Fluid Mechanics,
774:395–415, 2015.
[75] M. Liefvendahl and C. Fureby. Grid requirements for LES of ship
hydrodynamics in model and full scale. Ocean Engineering,
143:259–268, 2017.
[76] M. Liefvendahl, T. Mukha, and S. Rezaeiravesh. Formulation of a Wall
Model for LES in a Collocated Finite-Volume Framework. Technical
Report 2017-001, Uppsala University, Department of Information
Technology, 2017.
[77] D. Lucor, J. Meyers, and P. Sagaut. Sensitivity analysis of large-eddy
simulations to subgrid-scale-model parametric uncertainty using
polynomial chaos. Journal of Fluid Mechanics, 585:255–279, 2007.
[78] O. P. L. Maı̂tre and O. M. Knio. Spectral Methods for Uncertainty
Quantiﬁcation. Springer Netherlands, 2010.
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in canonical ﬂows. Physics of Fluids, 20(10):101518, 2008.

95

[98] H. M. Nagib, K. A. Chauhan, and P. A. Monkewitz. Approach to an
asymptotic state for zero pressure gradient turbulent boundary layers.
Philosophical Transactions of the Royal Society of London A:
Mathematical, Physical and Engineering Sciences, 365(1852):755–770,
2007.
[99] T. B. Nickels. Inner scaling for wall-bounded ﬂows subject to large
pressure gradients. Journal of Fluid Mechanics, 521:217–239, 2004.
[100] F. Nicoud and F. Ducros. Subgrid-scale stress modelling based on the
square of the velocity gradient tensor. Flow, Turbulence and
Combustion, 62(3):183–200, 1999.
[101] W. L. Oberkampf and T. G. Trucano. Veriﬁcation and validation in
computational ﬂuid dynamics. Progress in Aerospace Sciences,
38(3):209–272, 2002.
[102] T. A. Oliver, N. Malaya, R. Ulerich, and R. D. Moser. Estimating
uncertainties in statistics computed from direct numerical simulation.
Physics of Fluids, 26(3):035101, 2014.
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