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Abstract

The aim of the thesis is to study the AdS/CFT correspondence and the
AdS2/SYK connection as a very special example of the duality. While the
first part of the thesis contains a review of AdS/CFT correspondence in
arbitrary dimensions, the later parts focus on an interesting and speculative
connection between the gravitational physics in two dimensional nearly AdS2
spacetime and one dimensional SYK model. More specifically, the connection
is realized in terms of certain features of the SYK model in strong coupling
limit, which resembles those of nearly AdS2 Jackiw-Teitelboim theory.
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Populärvetenskaplig
Sammanfattning

Ett hologram är ett platt (tvådimensionellt) objekt men när man beskå-
dar den så ser det ut som om den har ett djup, en tredje dimension. Ett
hologram skapas genom att man belyser ett objekt med ljus från en laser.
Sedan beskjuter man reflektionen från objektet med ytterligare en laser och
sparar det resulterande mönstret på en fotografisk film. Om man därefter
illuminerar filmen igen med en laser dyker direkt ett tredimensionellt objekt
upp.

Genom denna metodik avkodar ett hologram informationen av en tredje di-
mension från en tvådimensionellt fotografisk film. Det här är ett specifikt fall
av den så kallade holografiska principen. Den säger att informationen som
finns inom det högredimensionella området kan tydas från informationen av
ytan som innesluter den.

Föreställ er att hela universum omges av en yta. För att beskriva vad som
händer inom vårt universum behöver man bara beskriva vad som händer på
ytan. Betyder detta att vårt universum är ett hologram? Ett matematiskt
trick, användbart som det är, behöver inte nödvändigtvis styra hur vi upp-
fattar verklighetens grundläggande natur. Även om vi levde i ett hologram
betyder det inte att vi skulle kunna märka skillnaden.

I den här masteravhandling börjar vi med en genomgång av denna prin-
cip för att förstå vad ett hologram är i en högre dimension och hur den kan
användas för att lösa realistiska problem i fysik när man går från (d + 1) till
d dimensioner. För att förstå principen bakom denna metodik så studerar
vi den i den enklaste tänkbara miljö i en dimension. Dock så är den högre
dimensionella versionen problematisk. Så vi behöver förstå varför det finns
ett problem med den och hur man går tillväga för att lösa det.
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Chapter 1

Introduction and summary of
result

In [1] Maldacena proposed a duality between five dimensional string theory
in Anti de Sitter (AdS) space and certain supersymmetric conformal field
theory (CFT) living on a codimension one surface, having the same topology
of that of the AdS boundary. A concrete manifestation of holography. After-
wards the complete dictionary connecting the quantities in each respective
theory was developed by Gubser, Klebanov and Polyakov [2], and by Witten
[3][4].

AdS/CFT turned out to be an excellent tool for understanding strongly
coupled phenomena observed experimentally. Ranging from spectroscopy
experiments in condensed matter physics to ultra high energy heavy ion in-
terferometry on RHIC and ALICE. However, despite the grand success of the
correspondence, it is unclear why the principle works at all and what should
be the exact regime of validity of this conjecture.

This motivated a study on the application of AdS/CFT correspondence for
real and simple systems. Even for cases when the symmetries on both sides
of the conjecture are not exact, but only realizable in certain limits. One
class of such simple systems is one dimension spin models, a classic example
of which is the Sachdev-Ye-Kitaev (SYK) model.

The SYK model is a quantum mechanical model describing N fermions with
an all-to-all random quartic interaction. Some of its key features are: ana-
lytically solvable in the large N limit, that it exhibits conformal symmetry
at low energies and that it is maximally chaotic. These properties are re-
markably similar to those of a (1 + 1) dimensional black hole.
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The holographic dual of one-dimensional models are expected to be two di-
mensional AdS space. However, studying AdS space in two dimensions is a
bit problematic. One of the reasons is that the finite energy perturbation
causes a runaway backreaction. Another difficulty is in the interpretation
of one dimensional CFT or conformal QM. Almheiri and Polchinski intro-
duced a model, [5] that in the IR region reduces to a pure AdS2, but more
interestingly has an adjustment in the UV regime with a non-constant dila-
ton profile. Consequently, the infinite backreaction is regulated. This version
of dilaton-gravity model was first considered by Jackiw [6] and Teitelboim [7].

The resemblance of the SYK model at strong coupling limit to the Jackiw-
Teitelboim model with IR AdS2 prompted a further investigation of this
speculative duality.

In section 2 we first introduce the conformal group in d-dimensions, we
present its algebra and derive the structure for conformal correlators based
on its symmetries. We then review the structure of AdS spacetime in ar-
bitrary dimensions. We end this section with comments on the lower mass
bound for a scalar field in AdS.

In section 3, we present the AdS/CFT conjecture. We first discuss the de-
coupling limit of near horizon D3 branes in type IIB SUGRA. We further
continue with the computation of correlation functions for both massless and
massive scalar fields and gauge fields.

In section 4, we start by illustrating the connection between AdS2 and black
holes by showing that the near horizon geometry of a Reissner-Nordström
black hole is an AdS2 space. The peculiarities of AdS2 leads to only ground-
states with the excitations lifted from the spectrum. If we introduce a dilaton-
gravity model in this context a nonzero stress tensor shatters the symmetry
of an AdS2 space. As a remedy to the situation, we instead study a cutoff
AdS2 space, spontaneously breaking the underlining symmetry down to a
SL(2,R) symmetry. On this space we then study a nearly AdS2 spacetime
by keeping the leading order term that explicitly breaks the symmetry. This
deformation leads to the Jackiw-Teitelboim two dimensional gravity theory.

On the boundary, the Jackiw-Teitelboim theory reduces down to a Schwarzian
action. If take the boundary action and study it around a linearized theory
we can derive a propagator. Which we then use to see how the boundary
theory couples to matter. We end the section with deriving the boundary
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partition function of a free massive scalar field in the bulk.

In the last section 5, we introduce a quantum mechanical model called the
Sachdev-Ye-Kitaev. It is a many-body model in (0 + 1) dimensions, with a
Majorana fermion at each point in a N lattice. Which has a chaotic interac-
tion as the coupling is pulled from a probabilistic distribution. By deriving
the two-point function we can determine that the model is classical in the
large N limit and it is also a solvable model. By studying it in the strong
coupling limit we can also determine that it has a conformal symmetry that
is both explicitly and spontaneously broken. It spontaneously breaks the
reparametrization when G(τ1, τ2) becomes Gc in the low energy region, and
by leaving the IR region we explicitly break the symmetry. In the general-
ization of the model we have q-bodies instead of quartic interaction, we can
exploit q as an additional analytic handle and expand in 1/q. Doing so we
conclude to that for any finite N , the entropy remains low for zero temper-
ature.

In the remaining parts of this section we derive the four-point function. This
can be viewed as a two-point function of bilocal fields, i.e. the two-point
function derived earlier. We argue that the Feynman diagrams for them are
the ladder diagrams, in which they can be summed by a kernel K̃. To invert
the kernel we proceed to the conformal limit, where fortunately the deriva-
tions are easier. In this region we can utilize the innate SL(2,R) symmetry
and find an inverse of the kernel. With it we can write an explicit expression
for the four-point function, where we have excluded the Goldstone bosons
which has to be treated as a separate case.
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Chapter 2

Conformal field theory and
Anti de Sitter space

2.1 Conformal Group
The conformal group preserves angles and keeps light cone coordinates in-
variant under its transformation, the notion of length is then inconsequential.
Under such a transformation we can represent the coordinate transformation
as such x′ = f(x′), the metric changes correspondingly

gµν(x)↦ g′µν(x′) =
∂xα

∂x′µ
∂xβ

∂x′ν
gαβ. (2.1)

A conformal transformation is then the transformation where the metric
transforms as

gµν(x)↦ g′µν(x′) = Ω(x)gµν(x). (2.2)
To determine the generators of such a transformation we first need the in-
finitesimal version, by taking xµ ↦ x′µ = xµ + εµ we have that the change of
the metric is

gµν(xµ + εµ) = gµν(x) + ∂µεν + ∂νεµ. (2.3)
From (2.2) we know that the transformation has to equate to the factor Ω(x)
times the metric, so we have

Ω(x)gµν = gµν(x) + ∂µεν + ∂νεµ (2.4)

taking the trace of the equation yields

(Ω(x) − 1) = 2
d
∂µε

µ (2.5)
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where d is the dimension of the spacetime. After inserting this back into the
previous equation, we have

2
d
gµν∂ ⋅ ε = ∂µεν + ∂νεµ. (2.6)

Contracting the equation with ∂ρ∂ν results in the conformal Killing equation,

(2
d
− 1)∂ρ∂µ∂ ⋅ ε − ◻∂ρεµ = 0. (2.7)

From (2.7) we can see that when d = 2 the case is simple. But for the case
when d is greater than two we have these following solutions

εµ = aµ

εµ = ωµνxν

εµ = λxµ

εµ = bµx2 − 2xµb ⋅ x,

(2.8)

note that the first two generators corresponds to the Poincaré transforma-
tions. The global generators are straightforward to write, the last one how-
ever, is difficult to see what the global transformation is. It becomes the
special conformal symmetry,

xµ → x′µ =
xµ + aµx2

1 + 2x ⋅ a + a2x2 , (2.9)

and a way to get this transformation is to combine different conformal trans-
formations. Firstly, we need to introduce the spacetime inversion transfor-
mation

xµ → x′µ =
xµ
x2 , (2.10)

which is a conformal transformation, but it has not infinitesimal form and
hence there exists no εµ parameter for it. Then we can take the three trans-
formations in a row to get the special conformal transformation, (2.9): space-
time inversion, translation and then lastly spacetime inversion [8].

The conformal group is then the minimal combination of the Poincaré group
with both the inverse and special conformal symmetry. From its finite gen-
erators we can define the operators [9]:

Translation: Pµ = −i∂µ
Lorentz transformation: Mµν = i(xµ∂ν − xν∂µ)
Special conformal transformation: Kµ = −i(x2∂µ − 2xµxν∂ν)
Scaling: D = −ixµ∂µ

7



where the i has been included so that they are Hermitian [8]. With the
generators the algebra of the group is easily determined, together they form:

[Mµν , Pρ] = i(gνρPµ − gµνPν)
[Mµν ,Mρτ ] = i(gµτMνρ + gνρMµτ − gµρMντ − gντMµρ)
[Mµν ,Kρ] = i(gνρKµ − gµρKν)

[D,Pµ] = iPµ
[D,Kµ] = −iKµ

[Pµ,Kν] = 2i(gµνD +Mµν)

(2.12)

these are the only nonzero commutators. The generators of the Lorentz
transformation, Mµν form the algebra of SO(1, d − 1). In fact the whole
conformal group are isomorphic to the SO(2, d) group with the signature
(−,+, . . . ,+,−). If the indices are µ, ν = 0, . . . , d − 1 then we can define new
generators Jab, where the new indices are extended to
a, b = 0, . . . , d+ 1. The generators of the new group are then formulated from
the previous generators of the conformal group to be [10]

Jµν =Mµν

Jµd =
1
2(Kµ − Pµ)

Jµ(d+1) =
1
2(Kµ + Pµ)

J(d+1)d =D,

(2.13)

see appendix B. Two useful representation of the group are: a representation
classified by its primary operator and the Lorentz group; the other one is its
maximally compact subgroup SO(2) × SO(d).

2.2 Aspects of Conformal Field Theories
A conformal field theory (CFT) is a field theory that is invariant under the
transformation, (2.2) but also satisfy the following conditions [11]:

• There exists a set of fields, {Φ} in which all derivatives of the fields are
also contained

• A subset of the fields {φ} ⊂ {Φ} called quasi-primary fields that trans-
forms under a conformal transformation as

φ↦ ∣∂x
′

∂x
∣
∆/d

φ(x′). (2.14)
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In which ∆ is called the both the conformal weight or the dimension
of the field, d is the dimension of the spacetime. For example, the
jacobian for dilatations and special conformal transformations is given
respectively by

∣∂x
′

∂x
∣ = λd,

∣∂x
′

∂x
∣ = 1

(1 + 2b ⋅ x + b2x2)d
.

(2.15)

• The remaining fields in the set can be expressed as linear combination
of the quasi-primary fields.

• There exists a vacuum state.
These constraints of the field theory restricts us in many more ways than a
normal field theory. To determine what a correlation function might depend
on we can construct some conformal invariants of the conformal group. From
the transformation properties of CFT quasi-primary fields we can see how
n-point correlator functions transforms,

⟨φ1(x1) . . . φn(xn)⟩↦ ∣∂x
′

∂x
∣
∆1/p

x=x1

. . . ∣∂x
′

∂x
∣
∆n/p

x=xn
⟨φ1(x′1) . . . φn(x′n)⟩ , (2.16)

Using the translation invariance of the theory we know that these fields can
only depend on the difference between the coordinates, rather than simply
the coordinates themselves. From the rotation invariance we have that the
fields can only depend on the distance,

rij = ∣xi − xj ∣. (2.17)

and imposing scale invariance allows only that the correlation function de-
pends on ratios rij/rkl. Finally, from the special conformal transformations
we have

∣x′1 − x′2∣
2 = ∣x1 − x2∣

(1 + 2b ⋅ x1 + b2x2
1)(1 + 2b ⋅ x2 + b2x2

2)
. (2.18)

So what is invariant under the global conformal group is in the end a cross
ratio of the form

rijrkl
rikrjl

. (2.19)

To determine the two-point we can argue from its transformation properties
again. From 2.16 we have that the form of a two-point function of quasi-
primary fields satisfies

⟨φ1(x1)φ2(x2)⟩ = ∣∂x
′

∂x
∣
∆1/d

x=x1

∣∂x
′

∂x
∣
∆2/d

x=x2

⟨φ1(x′1)φ2(x′2)⟩ . (2.20)
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The jacobian for both translations and rotations is unity, but invariance
under these transformation forces the left hand side to depend on only the
difference ∣x1 − x2∣. The dilatation invariance implies that

⟨φ1(x1)φ2(x2)⟩ =
c12

r∆1+∆2
12

, (2.21)

where ∆1 is the conformal dimension of φ1 and ∆2 is of φ2, c12 is a constant
determined by the normalization of the fields. The invariance of the special
conformal transformation (2.18) implies that ∆1 = ∆2 for c12 ≠ 0. Hence, the
two-point function is

⟨φ1(x1)φ2(x2)⟩ =
⎧⎪⎪⎨⎪⎪⎩

c12
∣x1−x2∣2∆ if ∆1 = ∆2 = ∆,
0 if ∆1 ≠ ∆2.

(2.22)

In a similar manner we can derive the form of the three-point correlation
function

⟨φ1(x1)φ2(x2)φ3(x3)⟩ =
c123

∣x1 − x2∣∆1+∆2−∆3 ∣x2 − x3∣∆2+∆3−∆1 ∣x1 − x3∣∆1+∆3−∆2
,

(2.23)

the higher order correlation function becomes more difficult to construct
because they will depend on functions of the cross ratio which is not fixed by
conformal transformation [8]. For example, the four-point function will have
the more general form

G(4)(x1, x2, x3, x4) = F(r12r34

r13r24
,
r12r34

r23r41
)Πi<jr

−(∆i+∆j)+∆/3
ij , (2.24)

where ∆ = ∑i ∆i and F is an arbitrary function.

Another important aspect of CFT and with interesting implications; is radial
quantization. In this quantization the field theory lives in R × Sd−1 and the
time coordinate is chosen to be in the radial direction in Rd, where the origin
is the past infinity. Instead of time ordered products of operators we rather
then consider radially ordered.

Due to the radial quantization we can construct something unusual: a map
between states and operators. When we can map R × Sd−1 into the plane
Rd then there is an one-to-one correspondence between states and the local
operators.
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The local operators can then be mapped to ∣O⟩ = limx→0O(x) ∣0⟩. Or phrased
in the opposite direction, the state may be viewed as a functional of field val-
ues on some ball around the origin, where the state dual to the operator is
defined by a functional integral on a ball around the origin with the operator
as a insertion on the origin [10].

2.3 Brief excursion into superconformal field
theory

We want to see what would be the largest simple algebra that results from
combining the conformal group with supersymmetry. This extension places
further constrictions on the spectrum of the theory; it only exists for certain
supercharges and only in dimensions, p ≤ 6. If a superconformal theory exists
for p = 1 is an ongoing field of research.

Additionally to the conformal generators, Pµ, Kµ, D and Mµν . Dropping
the index notation and just considering them schematically, we now had to
add the generators of the Poincaré supercharges Q, fermionic supercharges
S and a generator corresponding to the R-symmetry.

The algebra expands then to [10]:

[D,Q] = − i2Q,

[D,S] = i

2S,

[K,Q] ≃ S,
[P,S] ≃ Q,

{Q,Q} ≃ P,
{S,S} ≃K,
{Q,S} ≃M +D +R.

Once again we are only considering them in a schematically way, because the
algebra depends on both the number of supercharges and in which dimension
we are in. Without including spin two fields or fields with a higher spin, the
maximal number of supercharges are 16. So in superconformal field theory
we have 32 supercharges: 16 from Q and additionally 16 from the generator
S.
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2.4 Geometry of Anti de Sitter space
(Anti) de Sitter spaces are solutions to the vacuum Einstein field equations
with a cosmological constant. The solutions to the equations are maximally
symmetric spaces with constant curvature. With a Minkowski signature we
can have two different spaces depending on the cosmological constant: de
Sitter (dS) space Λ > 0 or Anti de Sitter (AdS) Λ < 0.

Adding the cosmological term to the Einstein-Hilbert action

S = 1
16πGd

∫ dDx
√

∣g∣(R +Λ) (2.25)

gives the following empty space Einstein equations

Rµν −
1
2gµνR = 1

2Λgµν (2.26)

which gives us the expression for the tensor

Rµν =
Λ

2 −Dgµν . (2.27)

From these short derivation we can see that both the AdS space and dS space
has the property that the Ricci tensor is proportional towards the metric ten-
sor, such a space is called a Einstein space.

The (p + 2) dimensional Anti de Sitter (AdSp+2) space can be considered
as an embedding in (p + 3) dimensional flat space

ds2 = −dX2
0 − dXp+2 +

p+1

∑
i=1
dX2

i , (2.28)

with the hyperbolic equation

X2
0 +X2

p+2 −
p+1

∑
i=1
X2
i = R2. (2.29)

We can solve the hyperbolic equation by setting [10]

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

X0 = R coshρ cos τ,
Xp+2 = R coshρ sin τ,
Xi = R sinhρΩi, ∑i Ω2

i = 1,
(2.30)
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and we get the AdSp+2 space. By substituting these into the metric for the
hyperbolic case we receive the metric for AdSp+2

ds2 = R2(− cosh2 ρdτ 2 + dρ2 + sinh2 ρdΩ2
p). (2.31)

By studying the metric when ρ = 0 we can determine the topological proper-
ties of the geometry,

ds2 = R2(−dτ 2 + dρ2 + r2dΩ2
p), (2.32)

from the above metric we see that we have S1 × Rp+1 and consequently the
isometries of the space are then SO(2, p + 1). The timelike coordinate are
defined over the circular closed curve 0 < τ < 2π and the radial coordinate
for ρ > 0, these coordinates covers the whole hyperboloid once. They are
therefore called global coordinates. To remove the closed timelike curves
we break the circle and extend its range to −∞ < τ < ∞. They then form
an universal cover of the entire AdS space without the closed timelike curves.

To further determine the geometry of the space, we can take the substi-
tution tan θ = sinhρ. Where we have that the new coordinate θ is defined
over the range [0, π/2), we then get that the metric becomes

ds2 = R2

cos2 θ
(−dτ 2 + dθ2 + θ2dΩ2

p). (2.33)

Defining a new metric to be ds̃ = R
cos θds, we get

ds̃2 = −dτ 2 + dθ2 + θ2dΩ2
p, (2.34)

which is Einstein’s static universe. But the coordinate θ is only defined up
to π/2 instead of π, so we actually only get half of Einstein’s static universe.

From the metric (2.31) we have that the timelike killing vector is every-
where well defined, so the time coordinate is global. Furthermore the metric
is static with respect to τ , so we can use Wick rotation. This sends the
embedding coordinate Xp+2 → −iXp+2, the same results can be achieved by
doing a rotation in the, to defined, Poincaré coordinates. Even though the
Poincaré coordinates only cover half of the hyperboloid.

From the global metric, (2.31) we can substitute r = R sinhρ and t = Rτ ,
yielding us the new metric

ds2 = −f(r)dt2 + 1
f(r)

dr2 + r2dΩ2
p, f(r) = 1 + r2

R2 , (2.35)
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which is an useful variation of aforementioned global metric.

A different solution to the hyperbolic equation, (2.29) is attained by tak-
ing

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

X0 = 1
2u(1 + u2(R2 − t2 + x̄2)),

Xp+2 = Rut,
Xi = Rux̄,
Xp+1 = 1

2u(1 − u2(R2 + t2 − x̄2)),

(2.36)

resulting in the new metric

ds2 = R2(du
2

u2 + u2(−dt2 + dx̄2)). (2.37)

This is the Poincaré coordinates, another way of writing the metric which
shall be useful later, is by substituting u = 1/z. This change correspondence
to the new metric

ds2 = R
2

z2 (dz2 − dt2 + dx̄2). (2.38)

By considering the case of light travelling in the space with constant xi, we
can determine that these coordinates are not sufficient to cover the entire
space. However, first we change the coordinates to x0/r = e−y leading to

ds2 = ey(−dt2 +
d−2
∑
i=1
dx2

i) +R2dy2. (2.39)

Since we are considering a light ray, ds2 = 0 and if take it at constant xi, we
have

t = ∫ dt = R∫
∞
e−ydy <∞, (2.40)

so it only takes a finite time for light to reach the boundary, but t is not
finite. Therefore, we have to have that light can travel further, which means
that the Poincaré coordinates cannot cover the whole AdS space.

Furthermore, from the (2.38) we can see that another thing that separates
these coordinates from the global ones is that we have in addition to the
boundary: a null horizon. The killing vector ∂

∂t has a zero norm when u = 0.

Adopting the coordinates u = X0 + iXp+2, v = X0 − iXp+2 and x̄ = Xi gives us
the quadratic coordinates,

uv − x̄ = R2. (2.41)

14



Changing the coordinates to R′ũ = u, R′ṽ = v and R′ ¯̃x = x̄ and taking R′ →∞
yields,

ũṽ − ¯̃x = R2

R′2 → 0. (2.42)

So the boundary of the manifold is then,
ũṽ − ¯̃x = 0

(ũ, ṽ, ˜̄x) ∼ t(ũ, ṽ, ˜̄x),
(2.43)

the equivalence relation is because we could as well have taken R′t instead
of R′. The boundary dimension has then been reduced by one, to a (p) di-
mensional manifold; as expected.

For the case when ũ ≠ 0 we can use the scale invariance to set the coordinate
to be ũ = 1. Then we write the coordinate ṽ in terms of the Minkowski
coordinates ¯̃x, and we can use them as the boundary coordinates. The one
point u = 0 is then considered to be the singular point at infinity in the ¯̃x
coordinate. This means that the boundary is the conformally compactified
Minkowski space.

This is an essential feature of the AdS/CFT duality; that the isometry group
SO(2, p + 1) acts on the boundary as the conformal group [9].

If we consider a massive free particle in AdS space moving radially, then
we can determine its radial position and explicitly verify that it cannot reach
the boundary. Taking the radius R = 1 for simplicity and inserting into the
global metric (2.35) and then taking the variation of it, with respect to the
time coordinate and we obtain

d

dτ
((1 + r2) dt

dτ
) = 0⇒ (1 + r2) dt

dτ
= E. (2.44)

Where the constant can be identified with the energy. Inserting this into the
metric (2.35) and taking a massive particle restricted to only move radially,

ṙ2 + 1 + r2 = E2. (2.45)

The maximum radius can be calculated by taking ṙ = 0,

rmax =
√
E2 − 1, (2.46)

which shows that the maximal radial distance a massive particle can travel,
is a finite distance. The radial function can be determinate by taking

dr

dt
=

dr
dτ
dt
dτ

=
√
E2 − 1 − r2

E
(1 + r2), (2.47)
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inverting it and integrating

t = ∫ dr
E√

E2 − 1 − r2(1 + r2)
= arctan ( Er√

E2 − 1 − r2
), (2.48)

then the radius as a function of time is

r2 = rmax tan2 t

E2 + tan2 t
. (2.49)

2.5 Lower mass bound
An interesting consequence of the AdS geometry is that particles with nega-
tive mass are allowed without becoming tachyons. From [12] we can consider
the free massive scalar field described by the Euclidean bulk action in AdSp+1

S = 1
2 ∫ dp+1x

√
g(gµν∂µφ∂νφ +m2φ2). (2.50)

Taking the scalar field to be φ = z∆eik⋅x with the metric (2.38) where the bulk
radius is set to R = 1. The expression for ∆ is

∆± =
p

2 ±
√

p2

4 +m2, (2.51)

which will be derived in the subsequent chapter, see section 3. By arguing
that the action should be finite in the bulk we can then determine the range
of the mass. The action is then

S = 1
2 ∫ dxp+1 1

zp+1 (z
2(∂zφ)2 + (∂x̄φ)2 + (m2 − z2k2)φ2) (2.52)

which becomes

S = 1
2 ∫ dxp+1(∆2 +m2 − z2k2)z2∆−(p+1). (2.53)

After taking the integral over the z-coordinate, the leading order term of the
divergence after taken the limit z → 0 is

S ∼ lim
z→0

∆2 +m2

2(2∆ − p)
z2∆−p. (2.54)

For this to be finite, we have to have that

∆ > p2 . (2.55)

16



From (2.51) we can see that only the positive solution correspondence to a
normalizable solution. This restriction formulated in terms of the mass is

m2 > −p
2

4 , (2.56)

this relation is called the Breitenlohner-Freedman bound. Thus, the restric-
tion do allow us to have mass less than zero without getting tachyons. This
is a strict restriction of the conformal dimension, as there exists on the field
theory side, operators of a dimension less than p/2.

Therefore for the AdS/CFT correspondence to be correct there needs to
be away to circumvent this restriction. We can redefine the action to be

S = 1
2 ∫ dxp+1√g(− ◻ +m2)φ, (2.57)

by adding a boundary term to the previous one and then partial integrate it.
This action will still have the same equation of motion. Proceeding in the
same manner as before, we have

S = 1
2 ∫ dxp+1 1

zp+1 (−z
p+1∂z(z2−(p+1)∂z) + k2z2 +m2)φ (2.58)

To the leading order of the divergence we have then

S ∼ lim
z→0

k2

2(2∆ − p + 2)z
2∆−(p−2), (2.59)

for this to be finite, we have to have that

∆ > p − 2
2 , (2.60)

which is less restricted than the previous one. In comparison to the other
bound, in this one, both ∆± will satisfy the bound if the mass is restricted
to be in the interval

− p
2

4 <m2 < −p
2

4 + 1. (2.61)

Therefore both of them are normalizable solutions and can correspond to the
conformal dimension. In this interval we will have two different quantizations,
one for each ∆. From the AdS/CFT correspondence we get that a theory
in the AdS space is dual to a CFT in the boundary. Thus, the different
quantizations in the AdS space will give us two different CFT theories. Which
quantization to choose will depend on the symmetry of the problem, for
example one of the quantization could correspond to a supersymmetric theory
while the other do not.
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Chapter 3

AdS/CFT Correspondence

3.1 Effective low energy supergravity
In this section we will be discussing the correspondence that relates type IIB
string theory on AdS5 spacetime to a four dimensional conformal field theory
living on the boundary of the AdS space [1].

Supergraity was formulated as a theory that tried to explain some of the
problems with quantum gravity, e.g. the ultraviolet problem, by introducing
supersymmetry into the framework of gravity. This can also be realized as
the low energy effective limit of string theory [13].

An important aspect of the correspondence is that on both side of the duality
they share the same isometries. For the remaining part of this section we
will closely follow the lecture notes [9] to determine the isometries.

We start by constructing of solitonic p-branes in low energy effective su-
pergravity and deriving the equation of motion. In type IIB supergravity,
the action is given by

S = 1
16πG10

∫ d10x
√

∣g∣(e−2φ(R + 4gµν∂µφ∂νφ) −
1
2∑n

1
n!F

2
n + . . .), (3.1)

the dots includes the fermionic terms and the NS-NS (Neveu-Schwarz) r-form
field strength term. We also have that φ represent the dilaton and the n-form
is the field strength belonging to the RR (Ramond-Ramond) sector. For IIB
string theory n can only have odd values and for the special case when n = 51
the field strength is self-dual.

1With a Minkowski signature.
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The action can instead be represented in the Einstein frame by utilizing
a Weyl rescaling

gµν → g̃µν = e2σφgµν , (3.2)
in this frame we have a clean Einstein-Hilbert term free from the exponential
prefactor. This rescaling leads to

√
∣g∣e−2φR →

√
∣g∣e−φ(σ(D−2)+2) ⎛

⎝
R + 2σ(D − 1) 1√

∣g∣
∂µ(

√
∣g∣∂µφ)

−σ2(D − 1)(D − 2)(∂φ)2).
(3.3)

Taking, for the D = 10 dimensional case σ = −1/2, the action becomes

SEF =
1

16πG10
∫ d10x

√
∣g∣(R − 1

2g
µν∂µφ∂νφ −

1
2∑n

1
n!e

anφF 2
n + . . .). (3.4)

The theory can be expanded to include general dimensions instead. This
is achieved by describing the classical solutions of static Dp-branes, more
specific the solutions belonging to flat translationally invariant p-branes that
are isotropic in the transverse direction. The theory can then be described
by the generic action

SEF =
1

16πGD
∫ dDx

√
∣g∣(R − 1

2g
µν∂µφ∂νφ −

1
2∑n

1
n!e

anφF 2
n + . . .), (3.5)

with

an = −
1
2(n − 5),

σ = − 2
D − 2 .

The equation of motions can then be computed by taking the variation of
the action with the respect to the potential, the metric and the dilaton.
Where the potential, A a (n − 1)-form is the potential for the field strength.
Calculating the equation of motion with respect to the metric first and using
that the variation of √g is

δ(√g) = −1
2
√
ggαβδ(gαβ), (3.6)

it results in

Rµ
ν =

1
2∂

µφ∂νφ +
1

2n!e
anφ(nF µξ2...ξnFνξ2...ξn −

n − 1
D − 2δ

µ
νF

2
n). (3.7)
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The remaining two equations are

∇2φ = an
2n!F

2
n , (3.8a)

0 = ∂µ(
√
geanφF µν2...νn). (3.8b)

Where only one of the terms Fn ≠ 0 for simplicity. The Bianchi identity for
the field strength is

∂[ν1Fµ2...µn] = 0. (3.9)
We can make an ansatz for the metric of a p-brane which has to respects the
previous symmetries of Poincaré ×SO(d − 1),

ds2 = gµνdzµdzν = −B2dt2 +C2
p

∑
i=1

(dxi)2 + F 2dr2 +G2r2dΩ2
d−1. (3.10)

Where the aforementioned coordinates in the new metric are

zµ = (t, xi, ya), µ = 0, . . . ,D − 1; i = 1,2 . . . , p; a = 1,2, . . . , d; D = p + 1 + d,
(3.11)

where d describes the dimensions that are transverse to the p-brane. By
construction the metric is diagonal and the functions, B, C, F and G only
depend on the radial coordinate

r2 =
d

∑
a=1

(ya)2
. (3.12)

Therefore we have a translation invariance and a SO(d−1) symmetry in the
transverse direction where dΩ2

d−1 is the metric.

Due to the antisymmetry of the gauge field there is a duality of the ansatz
related by the Hodge star. The (p+ 1) gauge potential naturally express the
first solution. From the parallel with the Maxwell 1-form coupling to the
worldline of a charge particle we name the (p + 2) field strength, electric.
Because it couples to the worldvolume of a (p + 2) dimensional charged ex-
tended object [13].

Using the Hodge duality it is possible to verify that the equation of motion
is invariant under these transformations:

aφ→ −aφ,
n→D − n,
Fn → eaφ ⋆ Fn = F̃D−n.

(3.13)
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Introducing the electric ansatz for the field strength:

Fti1...ipr(r) = εi1...ipk(r), (3.14)

in view of its dependency on only the radial coordinate we have a SO(d− 1)
isotropicity and Poincaré symmetry. The dual way is to consider the filed
strength, ⋆Fn, a (d − 1)-form given by the magnetic ansatz

Fα1,...,αd−1 =
√
γd−1εα1,...,αd−1Q(r), (3.15)

where εα1,...,αd−1 is the induced metric on the sphere Sd−1. Inserting the electric
ansatz into the previous derived equation of motion for the field strength
(3.8b) yields

k(r) = e−aφBCpF
Q

(Gr)d−1 ,

the magnetic ansatz trivially satisfies it. Using the Bianchi identity, (3.9) we
also get that Q has to be a constant.

To work out the new equations of motion of our ansatz we need to calculate
the Riemann curvature tensor. Expressing the spin connection in terms of
the vielbein we have

ωµab =
1
2e

c
µ(Ωcab +Ωbac +Ωbca),

Ωabc = eµaeνb(∂µeνc − ∂νeµc),
Ωbac = −Ωabc,

ωµba = −ωµab,
Rµνab = Sµνab +Kµνab,

Sµνab = ∂µωνab − ∂νωµab,
Kµνab = ωcµaωνcb − ωcνaωµcb.

As the metric is diagonal we can reformulate the vielbein in a diagonal form
and proceed from there to determine what the Riemann tensor is. One of the
equation of motion for the electric ansatz yield an interesting consequence2,

Rr̄
r̄ = −(d − 2)K

2

F 2 +
1

2F 2 (φ
′)2
,

K ≡ 1
2(D − 2)e

−aφF 2 Q2

(Gr)2(d−1) ,
(3.16)

2No summation over the indices.
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combining with what we have already learned from the previous section 2.4;
that a criteria for a space to classify as a AdS space is that the Ricci ten-
sor has to be proportional to the metric tensor. Therefore, to satisfy the
condition for an AdS space the dilaton has to be equal to a constant. This
restricts us to either: n = 5 (AdS5 × S5 in IIB string theory); n=4 (AdS4 × S7

in M theory); n=7 (AdS7 × S4 in M theory).

In the Einstein frame the metric finally becomes

ds2 =H−2 d−2
∆ (−fdt2 +

p

∑
i=1

(dxi)2) +H2 p+1
∆ (f−1dr2 + r2(dΩd−1)2) (3.17)

with

H = 1 + (h
r
)
d−2
,

f = 1 − (r0

r
)
d−2
,

∆ = (p + 1)(d − 2) + 1
2a

2(D − 2),

h2(d−2) + rd−2
0 hd−2 = ∆Q2

2(d − 2)(D − 2) .

Notice that when r0 = 0 we have that f = 1 and we obtain the extremal
version of the solutions, which only have a dependence on the constant pa-
rameter Q. This parameter is related to the common mass and charge density
of the BPS D-brane. The extremal version represents the ground state of
the brane, so the non-extremal cases will then represent excitations which
corresponds towards a definite temperature. If instead we have r0 ≠ 0 then
we have a horizon at r = r0.

We have already narrowed down the different cases for which the theory
works: (D,n) = (10,5), (11,4), (11,7). Using this information we have

∆ = (p + 1)(d − 2) = 2(D − 2),

hd−2 = Q

d − 2 ,
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which we can use to further simplify the equations to

f(r) ≡ 1,

H = 1 + Q

(d − 2)rd−2 ,

ds2 =H− 2
p+1(−dt2 +

p

∑
i=1

(dxi)2 +H 2
d−2

d

∑
a=1

(dya)2),

d

∑
a=1

(dya)2 ≡ dr2 + r2(dΩd−1)2.

From the electric ansatz we end up with that the field strength is

Fti1...ipr = εi1...ipH−2 Q

rd−1 (3.18)

and by taking the duality transformations, (3.13) we get the metric for the
magnetic case. To get the 5-form in IIB string theory we have to make the
substitution of F5 → (1 + ⋆)F5.

The Maldacena conjecture comes from considering the near horizon limit,
i.e. the region very near to r = 0, of N coincident branes. After the limit is
taken we increase the scale again by blowing up some parameter. In the near
horizon limit we have that

H ≃
hd−2
d

rd−2 . (3.19)

For the case of IIB string theory, i.e. AdS5 × S5 with D = 10, p+ 1 = 4, d = 6
we have that

H = 1 + 4πgsNl4s
r4 , (3.20)

and by defining a new coordinate

U = r

l2s
, (3.21)
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and taking the limit l2s → 0 and r → 0 we get

H ≃ 4πgsN
U4l4s

, (3.22a)

ds2 = l2s[
U2

√
4πgsN

dx2
4 +

√
4πgsN(dU

2

U2 + dΩ2
5)] (3.22b)

= U
2

R2dx̃
2
4 +R2dU

2

U2 +R2dΩ2
5, (3.22c)

R4 = 4πgsNl4s , (3.22d)

dx2
4 ≡ −dt2 +

3
∑
i=1

(dxi)2
. (3.22e)

The blowing up of the scale, which was alluded to before, is completed by
taking ls → 0, after we rescale the metric by removing the l2s to keep the
metric finite. Comparing this metric with (2.37) we can see that what we
have here is the metric for a AdS5 space. Therefore we can see that we have
the correct isometries and we have verified the initial claim in this section.
Similarly, we can take the limit in the case of M5-branes and M2-branes,
this leads to AdS7 × S4 and AdS4 × S7 respectively.

3.2 The correspondence
There are many different example of how the AdS/CFT correspondence re-
lates gravitational theories on AdS spacetime to CFT’s. In the following
section we will restrict to motivate the correspondence between the most
prominent example: type IIB string theory compactified on AdS5 × S5 and
N = 4 super-Yang-Mills theory.

On the field side we have N = 4 super-Yang-Mills theory, a conformal in-
variant theory, with the parameters N , the rank of the gauge group SU(N)
and the coupling g2

YM . On the string side we have two free parameters: the
string coupling gs and the ratio R2/α′, where α′ = l2s with ls as the string
length. According to the correspondence they are identified as follows

g2
YM = 2πgs

2g2
YMN = R

4

α′2
.

(3.23)

This is called the strongest form, see 3.1, where we have used the definition
λ ≡ g2

YMN , called the t’Hooft coupling.
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N = 4 SYM theory IIB theory on AdS5 × S5

Strongest form any N and λ Quantum string theory, gs ≠ 0, α′/R2 ≠ 0
Strong form N →∞, fixed arbitrary λ Classical string theory, gs → 0, α′/R2 ≠ 0
Weak form N →∞, λ large Classical SUGRA, gs → 0, α′/R2 → 0

Table 3.1: Table over the different forms of the AdS/CFT correspondence.

Even though the strongest form of the correspondence is interesting, it is
difficult to do actual calculation in it. Therefore, we introduce alternative
forms with a gradual decrease in strength. We achieve these, more malleable
forms of the AdS5/CFT4 duality, by taking certain limits on both sides of
the correspondence.

The first alternative version is called the strong form of the correspondence.
In it we utilize that string theory is best understood in the perturbative
regime, which in terms of the couplings means that we take gs << 1 while
keeping R/

√
α′ fixed. In this limit the string side reduces to classical string

theory, i.e we only have to consider tree level diagrams.

While taking the string theory to weak coupling we have as a direct con-
sequence that gYM << 1 and λ has to be kept finite, as can be see from
(3.23). Hence, we have to take the large N limit while at the same time
keeping λ fixed.

Afterwards, we still have one parameter free on both sides: on the strng
sides we have R/

√
α′ free and on the field side we can tune λ. These two

parameters are related by 2λ = R4/α′ and as we are generally interested in
strongly coupled field theories we take λ → ∞. On the AdS side this limit
correspondence to

√
α′/R → 0, which means that the string length is very

small compared to the radius of curvature. This further imples that we can
forgo classical IIB string theory and instead consider IIB supergravity on
AdS5 ×S5, this simplificaiton is possible as we are in the point particle limit
of type IIB string theory [14].

This form is called the weak form of the conjecture, because we deal with IIB
supergravity on weakly curved AdS5 ×S5. On the field side we are regarding
a strongly coupled N = 4 SYM theory, so in a sense we are then dealing with
a strong/weak duality.
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In the following discussions we restrict our arguments to the weak form of
the conjecture. We know from the previous section, 3.1, that in addition to
strings we also have D3-branes in AdS5 ×S5. Branes may be viewed from
two different perspectives: the open string and the closed string perspective.
Which perspective we have depends on the value of the string coupling con-
stant, gs. It is also the coupling responsible for controlling the interaction
strength between the perspectives.

We start by addressing the open string perspective. In this perspective
we use a perturbative formulation of the IIB string theory, therefore this
approach is only appropriate when the string coupling constant is small,
gs << 1. We then take IIB string theory in (9+ 1) Minkowski spacetime with
N D3-branes very close together. From treating the theory in a perturbative
manner, it will yield us again, the same two different perspectives of strings:
the open and closed string. We may view the open string as excitations
of (3 + 1)-dimensional hyperplanes and the closed strings as excitations of
(9 + 1)-dimensional flat spacetime.

If we only consider low energy it gives us massless strings where we can ar-
range the string modes into supermultiplets, as supersymmetry is preserved.
The massless closed string give rise to a ten-dimensional N = 1 supergravity
multiplet. From the massless open strings we have a four-dimensional N = 4
supermultiplet. We can then write a complete effective action is terms of the
strings and their interactions

S = Sclosed + Sopen + Sint. (3.24)

Where the Sclosed is the action for a ten-dimensional supergravity plus some
higher derivative corrections

Sclosed =
1

2κ2 ∫ d10x
√
−ge−2φ(R + 4∂µφ∂µφ) + . . . . (3.25)

By expanding the metric to g = η+κh around some metric fluctuations, h we
can write the action to lowest order

Sclosed ∼ ∫ (∂h)2 + κ(∂h)2 + . . . , (3.26)

with 2κ2 = (2π)7α′4g2
s . The open string action Sopen is defined on the (3+1)-

dimensional brane worldvolume and it describes N = 4 super-Yang-Mills
Lagrangian plus, again, some higher derivative corrections. The open string
action and the interaction action can then be schematically written around
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the same metric fluctuation, g = η + κh, as

Sopen = −
1

2πgs ∫
d4x(1

4FµνF
µν + 1

2η
µν∂µφî∂νφî +O(α′)) (3.27)

Sint = −
1

8πgs ∫
d4xφFµνF

µν + . . . , (3.28)

for a single D3-brane. For N branes we have to modify both actions as
the scalars and the fields become U(N) valued. Moreover, we would have
to replace the partial derivatives with covariant ones and introduce a scalar
potential to Sopen. We want to study the low energy part and to see what
happens and to do so we can take the limit α′ → 0. When taking this limit
we have to keep the energy fixed and all other dimensionless parameters,
including gs and N . Therefore we have that κ ∼ gsα′2 → 0 and all the inter-
action terms vanish, i.e the the open and closed string perspectives decouple.
Which means that we have a free supergravity theory in (9 + 1)-dimensions
as well as a N = 4 U(N) theory in (3 + 1)-dimensions.

To consider the closed string perspective we need to interchange the order
we take the strong coupling and low energy limits. In this perspective we
view the N D3-branes as solitonic solutions of supergravity and therefore the
branes are seen as the sources of the gravitational field. The length scale R,
should be large so we can ensure that we have weak curvature and preserve
the supergravity approximation. For N coincident branes R4/α′2 is propor-
tional to gsN and hence we have that the valid region for this perspective is
when gsN >> 1, hence we take the strong coupling limit gsN →∞ [14].

We then have that the D3-brane solution of supergravity is [15]:

ds2 = f− 1
2 (−dt2 + dx2

1 + dx2
2 + dx2

3) +
√
f(dr2 + r2dΩ2

5), (3.29a)
F5 = (1 + ⋆)dtdx1dx2dx3df

−1, (3.29b)

f = 1 + R
4

r4 , (3.29c)

R4 ≡ 4πgsα′2N. (3.29d)

Now if we want to take the low energy limit in this background we first have
to take in consideration that the gtt component is not constant, so there
will be a redshift factor. Secondly we have two different kinds of low energy
excitations3. The first kind is massless particles propagating in the bulk of

3From the point of view of a stationery observer sitting at infinity.
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AdS space where the wavelength become very large. The second kind of ex-
citation is when we get closer and closer towards r = 0. This is because the
bulk massless particles cross section is proportional to σ ∼ ω3R8 and they
therefore decouple from the second alternative when we approach the near
horizon4 in the low energy limit.

Therefore we have, in the low energy theory, two completely decoupled quan-
tities, one is free supergravity in the bulk and the other one a free super-
gravity, but in the near horizon region. In the latter case we can make a
simplification, r << R, f ∼ R4/r4 so that the geometry is instead

ds2 = r2

R2 (−dt
2 + dx2

1 + dx2
2 + dx2

3) +R2dr
2

r2 +R2dΩ2
5, (3.30)

hence we end up with the metric of AdS5 × S5.

In conclusion we have from both the open and close string case two decoupled
theories in the low energy limit.

• Closed string: type IIB superstring theory on AdS5 × S5 and type IIB
supergravity on R1,9.

• Open string: N = 4 super-Yang-Mills on flat four dimensional spacetime
and type IIB supergravity on R1,9.

As type IIB supergravity on R1,9 is present in both of the cases, this suggest
we can identify the other two theories. This leads us to the conjecture that
N = 4 U(N) super-Yang-Mills theory in (3 + 1) dimensions is dual to type
IIB superstring theory on AdS5 × S5.

The perturbative analysis of the open string perspective is, as we mentioned
above, valid when

g2
YMN ∼ gsN ∼ R

4

l4s
<< 1, (3.31)

and the closed string perspective is valid when

R4

l4s
∼ gsN ∼ g2

YMN >> 1. (3.32)

This perfect incompatibility of the regions of validity is the reason why this
conjecture works. When one side is strongly coupled the other is weakly cou-
pled and vice versa. Therefore we can solve strongly coupled gauge theory

4The region close to r = 0.
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with the help of classic supergravity.

An important check of the conjecture is to see whether the symmetries
agree on both sides. From section 2.4 we know that IIB string theory has a
SO(2,4) × SO(6) symmetry, where SO(6) is from the 5-sphere. But actually
the relevant groups are the covering groups of SU(4) of SO(6) and SU(2,2)
of SO(2,4) as we are dealing with spinors [9].

This is also the relevant symmetries for the super-Yang-Mills case. The
SO(2,4) comes from the CFT invariance and the remaining spherical sym-
metry comes from the R-symmetry.

The dimensionless N parameter appears on the string theory side as the
flux of the 5-form field strength. On the opposite side we know that the
string coupling is related to the Yang-Mills coupling with the equation

τ ≡ 4πi
g2
YM

+ θ

2π = i

gs
+ χ

2π , (3.33)

with χ the RR-scalar of IIB and θ is the angle of the expectation value of
χ [10]. The IIB string theory has a conjectured non-perturbative SL(2,Z)
symmetry in flat space. Which is also a shared symmetry of the gauge theory
side.

3.3 Correlation functions
In this section we will make the conjecture between the two theories more
precise. In a CFT the natural objects to consider are operators and what we
want to compute is the correlation functions ⟨O(x1)O(x2) . . .O(xn)⟩ on the
boundary of AdS. Therefore, correspondingly we would like to know how to
compute this in the bulk.

By utilizing path integrals in the AdSp+1 space with fields attaning spe-
cific boundary properties we can identify it with the correlation function
[4]. Hence we introduce a new term to the Lagrangian by an ansatz

∫
Sp
φ0(x)O(x̄). (3.34)

Formulated with the metric (2.38), what we have then is

⟨e∫Sp φ0(x)O(x)⟩
CFT

= Zstring[φ(x̄, z)∣
z=0

= φ0(x̄)] (3.35)
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where the left hand side is the generating function of correlation function in
the gauge theory. On the other side we have the partition function of string
theory with the boundary condition that the field φ has the value φ0 at the
boundary of AdS. To calculate correlation function of the operators O(x) we
take functional derivatives with respect to the arbitrary function φ0 and then
setting it to zero.

Then each differentiation will bring down an operator and send a particle,
φ into the bulk. Where we can use Feynman diagrams to compute the bulk
interactions, if we furthermore consider the ’t Hooft limit, taking both large
N and g2

YMN , the relation becomes

e−ISUGRA ≃ Zstring = ZCFT . (3.36)

Where ISUGRA is the supergravity action evaluated on the AdS side. The
main idea about this bulk-boundary correspondence is that the boundary
values of the string theory fields will acts as the sources for the field theory
operators.

3.3.1 Free massless scalar on AdSp+1

Employing this procedure for the massless scalar field, we then demand that
the scalar tends to the definite value on the boundary,

φ(x)→ φ0(x′), (3.37)

with x ∈ AdSp+1 and x′ ∈ ∂(AdSp+1) ∼ Ep. Taking the action to be the
classical action for free scalar fields

I(φ) = 1
2 ∫AdSp+1

dp+1x
√
g∂µφ∂

µφ. (3.38)

So we want a field satisfying the following equation of motion

1
√
g
∂µ(

√
g∂µφ(x)) = 0, (3.39)

in the whole interior of the AdSp+1 space, but be such that φ(x) → φ0(x′)
when ever we reach the boundary of the space. Introducing the Green’s
function, the generalized propagator K(x,x′), we instead seek a solution to

1
√
g
∂µ(

√
g∂µK(x,x′)) = 0. (3.40)
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Therefore the solution to the problem can be constructed to be

φ(x) = ∫
Sp
dpx′K(x,x′)φ0(x′), x ∈ AdSp+1. (3.41)

Following the reasoning presented in [4]: we start by using the Euclidean
signature in the continuation of the calculations, so the metric becomes

ds2 = 1
(x0)2

p

∑
µ=0

(dxµ)2
. (3.42)

As we have a compactified boundary, Sp, we know that there has to be an
extra point at infinity, the point P , to be at the point x0 =∞. Then we have

K(x0, x̄;P ), (3.43)

due to the translation invariance the propagator cannot depend on x̄, so K
only depends on x0. Hence the equation simplifies to

d

dx0((x
0)−p+1 d

dx0K(x0)) = 0, (3.44)

inserting that the propagator is K(x0) = c(x0)p gives

n(−p + n) = 0. (3.45)

To have the desired boundary behaviour, i.e. that x→ x′ we need a solution
with a delta function support when x0 =∞. For this reason the n = 0 solution
can be excluded, since it would not vanish at x0 = 0 for any x̄. Therefore

K(x0, x̄;P ) = c(x0)p, (3.46)

with c as a constant. Next we can apply a SO(1, p + 1) transformation for
the purpose of mapping P → x̄′ = 0

xµ → xµ

(x0)2 + x̄2
, µ = 0, . . . , p. (3.47)

The propagator then becomes

K(x0, x̄;P )→K(x0, x̄; 0) = c (x0)p

((x0)2 + (x̄)2)p
, (3.48)

in combination with the translation invariance of the boundary

K(x0, x̄; x̄′) = c (x0)p

((x0)2 + (x̄ − x̄′)2)p
. (3.49)

31



When x0 → 0+ this becomes proportional to δ(x̄ − x̄′) with unit coefficient if
c is used correctly. We have as well that

∫ dpx
(x0)p

((x0)2 + (x̄)2)p
(3.50)

is independent of the coordinate x0 and is convergent. Furthermore, we have
then obtained the sought after classical solution

φ(x0, x̄) = c∫ dpx′
(x0)p

((x0)2 + (x̄ − x̄′)2)p
φ0(x̄′). (3.51)

We want now to evaluate the action, to do so we can start by rewrite the
equation of motion, (3.39)

p

∑
µ=0

∂µ((x0)−p+1∂µφ) = 0. (3.52)

Then taking the action, (3.38)

I(φ) = 1
2 ∫ dp+1x

√
g∂µφ∂

µφ = 1
2 ∫ dp+1x(x0)−p+1

∂µφ∂µφ

= 1
2 ∫ dp+1x∂µ((x0)−p+1

φ∂µφ) −
1
2 ∫ dp+1xφ[∂µ((x0)−p+1

∂µφ)],
(3.53)

from the equation of motion the last term is zero and vanish. The total
derivative on the first term vanish in every direction except in the x0 direction
where we have a boundary. To circumvent the divergence in that direction
we first use x0 = ε, which means that the action we have after the partial
integration is

I(φ) = −1
2 ∫x0=ε

dpx(x0)−p+1
φ∂0φ, (3.54)

after the limit x0 → 0 is taken we can replace φ(x0, x̄) with φ0(x̄). We can
start by evaluating the derivative term in the action

∂0φ(x0, x̄) = c∂0∫ dpx′
(x0)p

((x0)2 + (x̄ − x̄′)2)p
φ0(x̄′)

= cp(x0)p−1
∫ dpx′

1
(x̄ − x̄′)2pφ0(x̄′) +O((x0)p+1), x0 → 0.

(3.55)

Inserting it back again into (3.54) and we have

I(φ) = −cp2 ∫ dpxdpx′
φ0(x̄′)φ0(x̄)
(x̄ − x̄′)2p (3.56)
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and we can see that the singular behaviour of the x0 coordinate drops out.
Therefore, in this example calculation we see that there are only 2-point
functions

⟨O(x̄)O(x̄′)⟩ ∼ 1
(x̄ − x̄′)2p , (3.57)

and we have that the operator, O has a conformal dimension of p.

3.3.2 Gauge theory on AdSp+1

In this section we will go through the analogous calculation for free U(1)
gauge theory, again following [4]. The field Aµ(x) in AdSp+1 with µ = 1, . . . , p
and the corresponding field strength, Fµν satisfies the following equation of
motion

1
√
g
∂µ(

√
gF µν) = 0. (3.58)

Again we will construct the propagator with one singularity at the boundary,
i.e. the delta function. We will look for solutions for the equation of motion in
the form of a one-form, A with the properties that the components Ai(x0, x̄)
,i ≥ 1 goes toward a specific one-form on the boundary

A0(x̄) = ai(x̄)dxi. (3.59)

Similarly to what did in the previous section we start by working out the
propagator with the point P as the point at the boundary. Further, we
assume then that the propagator will be independent of any x̄ and that it
should not have any 0-component. Hence what we want is a one-form in the
bulk depending only on x0 and with a single nonzero component,

A(i)(x) = f(x0)dxi. (3.60)

Therefore the potential and the field strength has to have the following prop-
erties:

A
(i)
i = f(x0), A(i)

µ ≡ 0, µ ≠ i,
F0i = f ′(x0) = −Fi0 all other Fµν ≡ 0,

F 0i = (x0)4
f ′(x0),

√
gF 0i = (x0)−p+3

f ′(x0).

(3.61)

Thus the equation of motion, (3.58) gives

∂0(
√
gF 0i) = ∂0((x0)−p+3

f ′(x0)) = 0 (3.62)
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where we have that

f ′(x0)∝ (x0)p−3 ⇒ f(x0)∝ (x0)p−2 (3.63)

and therefore the potential is

A(i) = p − 1
p − 2

(x0)p−2
dxi, (3.64)

where we have normalized the potential for future convenience and note that
the index i is fixed. To show that the singularity at the boundary is a delta
function we transform the point P to a finite position by using the same
transformation as before, (3.47) we get

A(i) → p − 1
p − 2( x0

(x0)2 + x̄2
)
p−2

d( xi

(x0)2 + x̄2
). (3.65)

We can simplify the potential further to

A(i) = 1
((x0)2 + x̄2)p−1 [−(x

0)p−3
xidx0 + (x0)p−2

dxi], (3.66)

where the derivation is in Appendix C. As mentioned before the solution
should coincide with (3.59) at the boundary, so therefore the general classical
solution is

A(i)(x0, x̄) = ∫ dpx′
⎡⎢⎢⎢⎢⎣
−(x0)p−3(x − x′)iai(x̄′)dx0

((x0)2 + (x̄ − x̄′)2)p−1 + (x0)p−2
ai(x̄′)dxi

((x0)2 + (x̄ − x̄′)2)p−1

⎤⎥⎥⎥⎥⎦
,

(3.67)
where we have used the translation invariance again. When the limit, x0 → 0
is taken the first term in the potential becomes the sought after delta function
[9]. Which means we have succeeded in finding a one-form with the behaviour

A0(x̄) =
p

∑
i=1
ai(x̄)dxi, for x0 → 0. (3.68)

As in the previous section, we now want to evaluated the classical action,

I(A) = 1
2 ∫AdSp+1

F ∧ ⋆F, (3.69)

where we can use that F = dA and that the equation of motion can be written
as ⋆d⋆F = 0, which is simply d⋆F = 0. Implementing the changes yields the
following action

I(A) = 1
2 ∫AdSp+1

dA ∧ ⋆F = 1
2 ∫AdSp+1

d(A ∧ ⋆F ) = 1
2 ∫boundary

A ∧ ⋆F, (3.70)
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as in the previous case the boundary is taken to be x0 = ε at first. On the
boundary we have the induced metric

hij =
1

(x0)2 δij, i, j = 1, . . . , p (3.71)

the induced metric is not unique and seems singular stems from the fact that
a conformal theory knows of no metric only a conformal class. We also have
an unit vector that points outward from the boundary, nµ

nµ = (− 1
x0 ,0, . . . ,0). (3.72)

The potential has on the boundary the components i = 1, . . . , p and the dual
of the field has j1, . . . , jp−1 but never 0 or i. As ⋆F cannot be 0 or i we only
need to compute the F0i component of the field strength. We therefore have
that the boundary action is

I ∼ ∫ dpx
√
hAln0F0l. (3.73)

Taking the exterior derivative of (3.67) and only focusing on the relevant
terms gives

F =∫ dpx′ [(p − 2)(x0)p−3 ai(x′)
((x0) + (x̄ − x̄′)2)p−1dx

0 ∧ dxi

− 2(p − 1)(x0)p−1 ai(x′)
((x0) + (x̄ − x̄′)2)p

dx0 ∧ dxi

− (x0)p−3 ai(x′)
((x0) + (x̄ − x̄′)2)p−1dx

i ∧ dx0

+ 2(p − 1)(x0)p−3ai(x′)(x − x′)i(x − x′)l
((x0) + (x̄ − x̄′)2)p

dxl ∧ dx0 + . . . ] ,

(3.74)

where the dots represent the terms we are not interested in. Using one of the
properties of the wedge product, that dxi ∧ dx0 = −dx0 ∧ dxi results in

F0i =∫ dpx′ [(p − 1)(x0)p−3 ai(x′)
((x0) + (x̄ − x̄′)2)p−1

− 2(p − 1)(x0)p−1 ai(x′)
((x0) + (x̄ − x̄′)2)p

− 2(p − 1)(x0)p−3al(x′)(x − x′)l(x − x′)i
((x0) + (x̄ − x̄′)2)p

dx0 ∧ dxi + . . . ] .

(3.75)
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When we take the boundary limit we can discard the higher order terms in
x0, so the field strength is reduced to

F0i =(p − 1)(x0)p−3
∫ dpx′ [ ai(x′)

((x0) + (x̄ − x̄′)2)p−1

− 2al(x
′)(x − x′)l(x − x′)i

((x0) + (x̄ − x̄′)2)p
dx0 ∧ dxi] +O((x0)p−1),

(3.76)

and the action, (3.73) in combination with the boundary potential (3.68)
becomes

I =∫ dpx′(x0)−p+3
Ai(x0, x̄′)F0i(x0, x̄′)

=∫ dpxdpx′ai(x̄)al(x̄′)[
δil

(x̄ − x̄′)2p−p − 2(x − x′)l(x − x′)i

(x̄ − x̄′)2p ],
(3.77)

note that after the limit, x0 → 0 is taken only the terms where the x0 coor-
dinate cancel will survive. From this generating function we can determine,
that again we only have 2-point functions:

⟨Ji(x̄)Jj(x̄′)⟩ ∼
1

(x̄ − x̄′)2p−2 [δij − 2
(xi − x′i)(xj − x′j)

(x̄ − x̄′)2 ]. (3.78)

From here we can see that the conformal dimension of the potential is +1
at the boundary and therefore we have that the coupled operators have a
dimension of p−1. A heuristic way of verifying the conformal dimension can
be done with the help of the Proca equation. The Proca equation is

S = −κ∫ d5x
√
g (1

4F
MNFMN + m

2

2 AMAM) , (3.79)

where FMN = ∂MAN − ∂NAM is the field strength for the field. Then by
computing the variation of the action in the Euclidean version of the Poincaré
metric (2.38) in AdS5, we get that the equation of motion is

1
√
g
∂M (√gFMN) −mAN = 0. (3.80)

For simplicity we take only the momentum along the k1 direction, the equa-
tion of motion is then reduced to

gx1x1gNN∂x1Fx1N + 1
√
g
∂z (

√
ggzzgNNFzN) −m2gNNAN = 0 (3.81)
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We can also assume the potential, AM is polarized in a direction orthogonal to
z and x1. The only possible terms in the field strength are then Fx1N = ∂x1AN
and FzN = ∂zAN ,

z2∂x1AN − z∂zAN + z2∂2
zAN −R2m2AN = 0, (3.82)

By using a power law anzats: A(z, x1) = z∆−1 near the boundary we can drop
the term z2∂x1AN , as it will yield a higher order term. The equation is then
simply

(∆ − 1)(∆ − 2) − (∆ − 1) −R2m2 = 0, (3.83)
therefore the solutions are

∆± = 2 ±
√

1 +R2m2. (3.84)

Setting m = 0 and taking the positive root we get that the conformal dimen-
sion is 3, which is what we wanted.

3.3.3 Free massive fields on AdSp+1

So far we have only considered massless fields, here we will study a scalar
with mass m in AdSp+1 where the action in the bulk is

I(φ) = 1
2 ∫ dp+1x

√
g(∂µφ∂µφ +m2φ). (3.85)

In this case taking the metric to be

ds2 = dy2 + sinh2(y)dΩ2
p, (3.86)

instead of the previous Poincaré metric. It can be acquired by adopting the
open unit ball metric,

ds2 = 4
(1 − x2)2

p

∑
i=0

(dxµ)2 (3.87)

and then substituting r = tanh(y/2) where r2 = ∑pi=0(xµ)2. In this metric the
Klein-Gordon equation becomes

1
sinh(y)p

d

dy
(sinh(y)p d

dy
φ) − L2

sinh(y)2φ =m
2φ, (3.88)

where L2 is the square of the angular momentum contribution from the Lapla-
cian. We want to determine the behaviour of φ(y, θα) when y →∞. For large
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y the angular momentum contribution is negligible and the equation of mo-
tion is reduced to

e−py
d

dy
(epy d

dy
φ) =m2φ. (3.89)

For large y the solution behaves as eλy where

λ(p + λ) =m2, (3.90)

one linear combination covers the entire bulk without any singularities. This
combination has the asymptotic behaviour of the larger root, eλ+y. Conse-
quently we cannot have a solution to the massive equation of motion which
approaches a definite value at the boundary. Therefore we have to modify
our prescribed method of approach, we instead assume

φ(y, x̄) ∼ f−λ+φ0(x̄). (3.91)

The function f is any function which has a zero at the boundary to cancel the
divergence of the metric and make it finite. The function e−y satisfies that
but there is an arbitrariness in the construction of the function, the function
ewe−y would accomplish it too. From (3.91) we see that the freedom of the
function f moreover implies a freedom in φ0 too

f → ewf ⇒ φ0 → ewλ+φ0, (3.92)

which acutely shows that the metric on AdS space only defines a conformal
class of metrics on the boundary. However, φ0 should not be understood
as a function then, rather it is a density with conformal weight −λ+. The
massive fields will therefore tend to densities φ0 on the boundary and couple
to operators with the conformal dimension p + λ+ so that the product is a
density that still has the weight p [4].

With these modifications we can now proceed with the same methods as
before. Using the metric (3.42) we want to find the propagator, K(x0, x̄; x̄′)
that is zero at the boundary except at one point, P ∶ x0 = ∞. As before K
should be a function of x0 only so the equation of motion is

(−(x0)p+1 d

dx0 (x
0)−p+1 d

dx0 +m
2)K(x0) = 0, (3.93)

that has the solution K(x0)∝ (x0)λ+p if

(λ + p)λ =m2, (3.94)
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which in turn gives the two roots

λ+ =
1
2(−p +

√
p2 + 4m2),

λ− =
1
2(−p −

√
p2 + 4m2).

(3.95)

When x0 = 0 the propagator should be zero too and only the positive roots
will satisfy that condition. After the transformation, (3.47) we have

K(x0, x̄; x̄′) = (x0)p+λ+

((x0)2 + (x̄ − x̄′)2)p+λ+
, (3.96)

however this does not converge to a delta function, though

K(x0, x̄; x̄′) = (x0)p+2λ+

((x0)2 + (x̄ − x̄′)2)p+λ+
(3.97)

does. Thus, we construct the field (3.41) in this case as

φ(x0, x̄) = c(x0)−λ+ ∫ dpx′
(x0)p+2λ+

((x0)2 + (x̄ − x̄′)2)p+λ+
φ0(x̄′) (3.98)

and in the limit x0 → 0 we achieve the sought after result

(x0)−λ+φ0(x̄) ∼ eλ+yφ0(x̄). (3.99)

Continuing as in the massless case we evaluate the action

I(φ) = 1
2 ∫ dp+1x

√
g(∂µφ∂µφ +m2φ2)

= 1
2 ∫ dp+1x

√
g[ 1

√
g
∂µ(

√
gφ∂µφ) − φ( 1

√
g
∂µ

√
g∂µφ −m2φ)],

(3.100)

due to the equation of motion the last term vanishes, and the first is evaluated
as before

∂0φ(x0, x̄) = c(p + λ+)(x0)p+λ+−1
∫ dpx′

φ0(x̄′)
((x0)2 + (x̄ − x̄′)2)p+λ+

+ . . . , x0 → 0

(3.101)
inserted into

I(φ) = −1
2 ∫x0=ε

dpx(x0)−p+1
φ(x0, x̄)∂0φ(x0, x̄) (3.102)
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yields
I(φ0)∝ ∫ dpxdpx′

φ0(x̄)φ0(x̄′)
(x̄ − x̄′)2(p+λ+)

. (3.103)

We can get a general expression for the dimension, ∆ in terms of the mass
by using (3.94) and that ∆ = n + λ, we then get

∆ = 1
2(p +

√
p2 + 4m2). (3.104)

Following [10] we present a summary over mass-dimension relations in AdSp+1
with unit radius:

• scalars: ∆± = 1
2(p ±

√
p2 + 4m2),

• spinors: ∆ = 1
2(p + 2∣m∣),

• vectors: ∆± = 1
2(p ±

√
(p − 2)2 + 4m2),

• s-forms: ∆ = 1
2(p ±

√
(p − 2s)2 + 4m2),

• first order (p/2)-forms (d even ): ∆ = 1
2(p + 2∣m∣),

• spin-3/2: ∆ = 1
2(p + 2∣m∣),

• massless spin-2: ∆ = p.

3.3.4 AdS5 two-point function
To see that this prescriptions work we can explicitly verify it in the AdS5
space. If we have a scalar field, Φ with mass m in AdS5 of radius R, we can
compute the subdominal behaviour in Poincaré coordinates for z ∼ 0. With
the Euclidean action

SE = −1
2 ∫ ddxdz

√
g (gMN∂MΦ∂NΦ +m2Φ) (3.105)

and with the Poincaré patch coordinates in AdS5,

ds2 = R
2

z2 (dz2 + δµνdxµdxν) , µ, ν = 1, . . . ,4. (3.106)
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From taking the variation of the action, the equation of motion is
1

√
g
∂M (√ggMN∂Nφ) −m2Φ = 0 (3.107)

and then using the ansatz: Φ = φ(z)eikµxµ , and redefining the momentum to
k ≡

√
kµkµ, the differential equation then becomes

z2∂zφ − 3z∂zφ − (k2z2 +R2m2) = 0. (3.108)

The differential equation looks similar to the Bessel equation, but with some
minor deviations. By using the substitution φ(z) = z2ψ(zk), the familiar
differential equation of the modified Bessel equation, takes it usual form

z2ψ′′ + (kz)ψ′ − (4 +R2m2 + z2)ψ = 0. (3.109)

The solution for the Bessel equations yields then

ψ = A(k)Kn(z) +B(k)In(z), n =
√

4 +R2m2, (3.110)

by demanding regularity in the bulk of AdS5, i.e z →∞, the term B(k) has
to be equal to zero. Which means that

φ(z) = z2A(k)Kn(z), (3.111)

and on the boundary, z ∼ 0, the modified Bessel function behaves as

Kn(z ∼ 0) = 1
2Γ(n) (kz2 )

−n
(1 +O(z2k2)) + 1

2Γ(−n) (kz2 )
n

(1 +O(z2k2)) .
(3.112)

When we approach the boundary we have that limz→0 z∆−4Φ(z) = 1, this
means that

lim
z→0

z∆−4Φ(z) = lim
z→0

z∆−4z2AKn(z) = lim
z→0

z∆−4z2A(1
2Γ(n) (kz2 )

−n
+ 1

2Γ(−n) (kz2 )
n

) =

lim
z→0

z∆−4A(1
2Γ(n) (k2)

−n
z−∆ + 1

2Γ(−n) (k2)
n

z∆) =

lim
z→0

A(1
2Γ(n) (k2)

−n
z−4 + 1

2Γ(−n) (k2)
n

z2∆−4) .

(3.113)

The second term would always have a positive power of z, it diverges and
therefore it can be dropped. This means that normalizing term is

A = 2
Γ(n)

, (3.114)
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substituting the normalization into (3.111) and looking at z ∼ 0 again,

φ(z) ∼ z4−∆(1 +O(k2z2)) + χz∆(1 +O(k2z2)) (3.115)

gives that

χ = Γ(−n)
Γ(n)

(k2)
2n
. (3.116)

The correlator is then

< O(k) >= 2nχ(k)φ(k), (3.117)

this then implies that the Green’s function is

GE(k) = 2nΓ(−n)
Γ(n)

(k2)
2n
, (3.118)

so by taking the Fourier transformation, we get that it becomes up to pro-
portionality

GE(x)∝
1

∣x∣2∆ . (3.119)
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Chapter 4

AdS2 space

A general property of a two dimensional manifold is that every metric can
be rewritten into

ds2 = −e2ω(x+, x−)dx+dx−. (4.1)
If we have two metrics related through g′αβ = e2ωgαβ, then the Ricci scalars
of the metrics are √

g′R′ = √
g(R − 2∇2ω). (4.2)

Hence, we can choose the function ω in such a way so that the new Ricci
scalars is zero. Furthermore, in two dimensions a vanishing Ricci scalar, R′

implies that the Riemann curvature, R′
αβδγ is also zero, as can be seen in

(A.9). So in two dimensions the metric can always be made flat [16].

4.1 Pathology of AdS2

It is illuminating to understand the AdS2 geometry as a near horizon limit
of a charged extremal black hole in AdS4. For the four dimensional case, it
has the metric and its electromagnetic field as

ds2 = −(r − r+)(r − r−)
r2 dt2 + r2

(r − r+)(r − r−)
dr2 + r2dΩ2

2, (4.3a)

F = Q sin θ dφ ∧ dθ, (4.3b)

r± = QlP +El2P ±
√

2QEl3P +E2l4P . (4.3c)

Where lP =
√
G is the Planck length, Q is the magnetic charge and E =

M −Q/lP , is the excitation energy above extremality.
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The Reissner-Nordström black hole has two different zeroes interpreted as
the location of the inner and outer horizon respectively

f(r) = (r − r+)(r − r−)
r2 , (4.4)

so to calculate the Hawking temperature, we consider the outer zero, i.e r+.
The formula for Hawking temperature is then [14],

TH = ∣f ′(r+)∣
4π = r+ − r−4πr2

+
. (4.5)

For our purpose an interesting area to examine is the near horizon region,
specifically when the black hole is extremal, i.e E = 0. The only coordinates
that has a dimension is the Planck length, and hence, this is the parameter
which will specifies what is considered to be “near”. We can define a new
coordinate

U = r − r+
l2P

. (4.6)

The simplest solution is to only consider the ground states. This can be done
by also taking TH = 0 and Q fixed, and by holding U to be constant while
taking the limit lP → 0. This has the effect of “zooming” in along the r+
coordinate towards the sought after area. The radial coordinates simplifies
to r± = QlP and the metric in this limit take the form

ds2 = −(r − r+)2

r2 dt2 + r2

(r − r+)2dr
2 + r2dΩ2

2, (4.7)

then by rewriting the metric in the new coordinate (4.6), we get

ds2 = −
l4PU

2

(Ul2P +QlP )
2dt

2 +
(Ul2P +QlP )

2

U2 dU2 + (Ul2P +QlP )
2
dΩ2

2. (4.8)

Using the aforementioned limit and keeping the term with lowest order in lP ,
gives us the metric of the near horizon region

ds2

l2P
= −U

2

Q2dt
2 + Q

2

U2dU
2 +Q2dΩ2

2. (4.9)

It can be further reduced to the Robison-Bertotti geometry of AdS2 by using
the null coordinates,

u± = arctan(t ± Q
2

U
) (4.10)
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then the metric becomes
ds2

l2P
= Q2(− 4du+du−

sin2 (u+ − u−)
+ dΩ2

2). (4.11)

Stated in these coordinates it is clear that the product space is AdS2 × S2.
The Robison-Bertotti geometry also shows that that, in AdS2 there are two
timelike boundaries, one at u+ = u− and the second one is at u+ = u− + π.

4.1.1 AdS2 in different coordinate patches
The AdS2 metric from (4.11) is

ds2 = − 4du+du−
sin2 (u+ − u−)

, (4.12)

we can rewrite this metric into more interesting coordinate patches which
will be useful later in this thesis. The first we get by taking

u± = arctan (t ± z), (4.13)
and we get the “Poincaré metric”

ds2 = −dt2 + dz2

z2 0 ≤ z. (4.14)

A globally defined metric can also be derived from (4.12) by making the
substitution

u± = ν ± σ2 , (4.15)

which finally results in the metric

ds2 = −dν2 + dσ2

sin2 σ
, σ ∈ [0, π]. (4.16)

A third alternative is called the “Rindler” metric, it is
ds2 = − cosh(ρ)2

dτ 2 + dρ2 (4.17)
which is related to the Poincaré metric through

z ± t = (1 ± cosh(ρ))eτ/2 − sinh(ρ)e−τ/2
(1 ± cosh(ρ))eτ/2 + sinh(ρ)e−τ/2 . (4.18)

The symmetry of the bulk is SO(1,2) ∼ SL(2,R) as is the conformal sym-
metry for the boundary CFT1. The asymptotic symmetry, i.e taking the
boundary limit of the killing vectors, in AdS2 lifts the SL(2,R) symmetry
to the complete Viarasora algebra. This symmetry is however, spontanously
broken down to the SL(2,R) subalgebra. This happence as it is only an
asymptotic symmetry and actually only globally invariant under the subal-
gebra [17].
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4.1.2 The problem of backreaction
We can expand the Hawking temperature, (4.5) near extremality

TH = 1
2π

√
2

lpQ3E +O(E1), (4.19)

and invert, for an expression of the excitation energy as a function of the
Hawking temperature

E = 2π2lpQ
3T 2

H . (4.20)
The interesting part is that when we want to approach the near horizon,
lP → 0, we can see that there is no way of take the limit while keeping E, Q
and TH fixed. There are three different options:

Limit 1: lP → 0, E and Q fixed

This leads to infinite Hawking temperature and singular geometry. The black
holes gets very small and the horizon gets within Planckian distance to the
curvature singularity.

Limit 2: lP → 0, E and TH fixed

This limit, Q→∞ corresponds to large N limit in the AdS/CFT dictionary
and gives us free supergravity with all backreactions suppressed.

Limit 3: lP → 0, Q and TH fixed

To determine what happens when we take the extremal limit, E → 0 we can
consider when the the semiclassical description will break down. A thermo-
dynamical description of a black hole requires that the energy is greater than
the Hawking temperature, if the radiation is proportional to the energy, or of
greater magnitude, the description will break down. This will happen when
the energy is

E ∼ 1
lPQ3 , (4.21)

and is called the black hole gap energy. It is, as the name hints at, the ex-
pected gap energy between the ground states energy and the energy of the
higher state. The interesting part is that when the limit, lP → 0 is taken,
the gap energy will go towards infinity and we are only left with the ground
states [18].
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To see a manifistation of the backreaktion problem we can consider the action
which extremizes the Reisner-Nordström black hole in two dimenions [19]

SEinstein−Maxwell ∼
4π
l2P
∫ dtdr

√
−h(Φ2Rh + 2(∂Φ)2 + 2 − 1

2Φ−2Q2l2P), (4.22)

in which the scalar field Φ is related to the usual scalar field by Φ = eψ. This
action is a subclass of dilaton-gravity models [5], covered by

I = 1
16πGN

∫ d2x
√
−h(Φ2Rh + λ(∂Φ)2 −U(Φ2/d2)). (4.23)

To determine what the equation of motion of the action is, firstly we need
to compute what the Ricci scalar connected to this metric is. We can use
that every two dimensional metric can be put to (4.1). The variation of
the conformal gauge, (4.1) with respect to the two coordinates leads to two
Christoffel symbols

Γ+
++ = 2∂+ω

Γ−
−− = 2∂−ω,

(4.24)

with the Christoffel symbols the Riemann curvature becomes

R+−+− = e2ω∂+∂−ω (4.25)

so the scalar is
R = 8e−2ω∂+∂−ω. (4.26)

To highlight the metric dependence of the action (4.23), it can be written as

I = ∫ d2x
√
−h(Φ2hαβRαβ + λhαβ∂αΦ∂βΦ −U(Φ2/d2)), (4.27)

then the variation is

δI = ∫ d2x [δ(
√
−h)(Φ2hαβRαβ + λhαβ∂αΦ∂βΦ −U(Φ2/d2))

+
√
−h(Φ2Rαβδ(hαβ) +Φ2δ(Rαβ)hαβ + λ∂αΦ∂βΦδ(hαβ))] . (4.28)

Using (3.6) and inserting that in, the variation of the action becomes

δI = ∫ d2x
√
−h (−1

2hαβ
(Φ2hαβRαβ + λhαβ∂αΦ∂βΦ −U(Φ2/d2))

+Φ2Rαβ + λ∂αΦ∂βΦ), (4.29)
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then for the component h++, the only contribution will be from the variation
of the Ricci tensor. The variation is

δ(Rρ
µλν) = ∇λδ(Γρνµ) −∇νδ(Γρλµ), (4.30)

by using metric compatibility

δI = ∫ d2x
√
−hΦ2∇σ(hαβδ(Γσαβ) − hασδ(Γλλα)) (4.31)

and partial integration1

δI = −∫ d2x
√
−h(∂σΦ2) (hαβδ(Γσαβ) − hασδ(Γλλα)). (4.32)

The variation of the Christoffel symbol is

δ(Γσαβ) = −
1
2
(gλα∇β(gλσ) + gλβ∇α(gλσ) − gαµgβν∇σ(gµν)) (4.33)

and from the previous calculation of the Ricci scalar of the conformal gauge
we have that

∇+δ(g++) = −2e−2ω∂−δ(g++)
∇−δ(g++) = −2e−2ω∂+δ(g++) − 8e−2ω(∂+ω)δ(g++),

(4.34)

which means

δI = −1
2 ∫ d2x

√
−h(∂+(e2ω∂+Φ2) − 4e2ω(∂+ω)(∂+Φ2))δ(g++) =

− 1
2 ∫ d2x

√
−h(e2ω∂+(e−2ω∂+Φ2)), (4.35)

hence, we obtain that the equation of motion with respect to h++ is

e2ω∂+(e−2ω∂+Φ2) = 0. (4.36)

If we add an arbitrary matter field to the action (4.23)

S = I + Smatter, (4.37)

the equation of motion change correspondingly

− e2ω∂+(e−2ω∂+Φ2) = T++. (4.38)
1The boundary term is set to zero.
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The integral along a null line, u− = 0 between both boundaries is

∫
π

0
du+e−2ωT++ = e−2ω∂+Φ2∣

u+→0
− e−2ω∂+Φ2∣

u+→π
. (4.39)

Using classical consideration we know that the matter tensor has to be
T++ > 0, when the excitation energy is nonzero. From (4.16) we can see the
behaviour of the conformal factor on a null line near the boundary, u+ = 0,
behaves as

e2ω ∼ 1
sin2(u+)

∼ 1
(u+)2 (4.40)

and for the second boundary, u+ = π

e2ω ∼ 1
(u+ − π)2 . (4.41)

So to make sure that the left hand side is also greater than zero, we need
to have that the dilaton diverges atleast near one of the boundary terms.
The product of the inverse exponential with the dilaton, will then cancel the
divergence. In the end, when we have a nonzero stress tensor, it will force
the dilaton to diverge and thus it will destroy the asymptotic AdS2 geometry.

From considering AdS/CFT in higher dimension we have seen similar diver-
gences at the boundary. What are the differences compared to what we have
now? Before the divergence were associated to the sources on the boundary,
hence they belonged to deformations of the boundary theory. The bulk fields
had as well both normalizable and non-normalizable modes, each belonging
to that there was space for nontrivial Lorentzian dynamics even when the
sources where set to zero. None of these behaviours are seen here [19].

4.2 Nearly AdS2

To remedy the situation we will instead of going all the way in decoupling
completely from the asymptotic flat part of spacetime; we can introduce a
low energy cutoff in the bulk. Thereafter, we introduce some deformation of
the CFT, which will explicitly break the symmetry.

So we can cutoff the space along a curve
(t(u), z(u)), (4.42)

and u is the time coordinate on the boundary. We fix the the proper length
of the curve by demanding that

g∣boundary =
1
ε2
. (4.43)
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The parameter ε, in this notation, will have the effect of a UV cutoff on the
boundary. This is then the dual to taking a low energy cutoff in the bulk.
The condition for the proper length can then be expanded to 2

1
ε2

= t
′2 + z′2
z2 (4.44)

solving for z
z = ε

√
t′2 + z′2 = εt′ +O(ε3), (4.45)

where the primes indicates a derivative with respect to u. The interior of the
shape will remain the same, but the shape that gets cut out will depend on the
variable t(u). The variable t(u) will then break the full Viarasora asymptotic
symmetry that AdS2 had. Translating and rotating the cutoff shape on the
hyperbolic disk will not effect the piece itself, hence the reparametrization is
broken to the subgroup SL(2),

t(u)→ t̃(u) = at(u) + b
ct(u) + d

, ad − cb = 1. (4.46)

In a two dimensional space, according to the Coleman-Mermin-Wagner theo-
rem, we cannot have Goldtone bosons [16]. But the zero modes charecterized
by t(u), from breaking the reparametrization can be considered as a Eu-
clidean Goldstone boson. These modes can be called “boundary gravitons”
[20].

4.3 Jackiw-Teitelboim theory
If we now consider the action (4.23) in nearly AdS2, i.e we keep the leading
order term that breaks the conformal symmetry. Firstly, by setting the
dilaton to a constant, Φ2 = φ0 we have the previous AdS2 solution. From
the equation of motion it has to satisfy

2 + 1
d2U

′(φ0/d2) = 0, (4.47)

now what we really want to consider is the solutions when the dilaton is a
small deformation of this constant, φ0 >> φ

Φ2 = φ0 + φ, (4.48)
2Note that we have moved over to the Euclidean signature. Until stated otherwise, it

can be assumed we are staying with the Euclidean version.
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we will drop all higher order terms.

From previous discussion, we want dilaton to blow up at the boundary as

φ ∼ 1
z
, (4.49)

as we approach the boundary in Poincaré coordinates. Inserting (4.48) into
the action (4.23) yields3

I = 1
16πGN

∫ d2x
√
h(φ0Rh −U(φ0/d2) + φ(Rh + 2) + λ2

(∂φ)2

φ0 + φ
) +O(φ(ε)

d2 ).

(4.50)
After expanding the potential around the constant dilaton, we can separate
it into three different terms. The first one is

1
16πGN

φ0∫ d2x
√
hRh −

1
16πGN

∫ d2x
√
hU(φ0/d2), (4.51)

it is the Einstein-Hilbert action but with a IR divergent term. After adding
the Gibbons-Hawking-York term for the boundary and removing the diver-
gence with a counter term, we get the Euler-character of the manifold from
the Gauss-Bonnet theorem. Therefore, it is a pure topological term; further-
more, it will not contribute to any equations of motion for the metric.

The second term is the Jackiw-Teitelboim term
1

16πGN
∫ d2x

√
hφ(Rh + 2), (4.52)

it is a action describing a dilation gravity theory, and the sought after term
[19].

Lastly, the remaining term is
1

16πGN
∫ d2x

√
h
λ

2
(∂φ)2

φ0 + φ
, (4.53)

however, this term is of a higher order and can therefore be discarded.

This leaves us with the action

I = φ0

16πGN

[∫ d2x
√
hRh + 2∫

boundary
K]

+ 1
16πGN

[∫ d2x
√
hφ(Rh + 2) + 2∫

boundary
φbK],

(4.54)

3Restating, that we are in the Euclidean signature.
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in which the proper boundary terms has been added and φb is the boundary
value of the dilaton, φ. The second term in this action is what explicitly
breaks the symmetry, which is exactly why we introduced the deformation
in the beginning.

The equation of motion with respect to the dialton is easy to compute, taking
the variation of φ yields

δI = 1
16πGN

∫ d2x
√
hφ(Rh + 2)δ(φ)⇒ Rh + 2 = 0. (4.55)

Therefore, we have a metric with a constant negative curvature, which im-
plies that we are in a AdS space. Adding a matter term to the action would
not affect the equations of motion, as it would be independent of the dilation.

The first term in (4.54) can be dropped when we compute the variation with
respect to the metric. The variation of the extrinsic curvature, Ka

a = ∇ana in
the boundary term can be determined as

δ(K) = δ(∇an
a) = ∇aδ(na) + δ(Γaab)nb (4.56)

where

δ(Γaab) =
1
2g

abδ(gab,c) = −
1
2∇c(gabδ(gab))

δ(na) = −1
2n

anbncδ(gbc),
(4.57)

inserting (4.57) into (4.56)

δ(K) = ∇a(−
1
2n

anbncδ(gbc))−
1
2n

b∇bδ(g) = −
1
2nbncKδ

(gbc)−1
2nb

hac−δac¬
ncn

a ∇aδ(gbc)

− 1
2n

b∇bδ(g). (4.58)

In the first term we have used used the definition for the extrinsic curvature
again, Ka

a = ∇ana to highlight the orthogonality of naKab = 0, so the expres-
sion could be simplified. Additionally it is possible to utilize that the induced
metric is defined to be

hab = gab − εnanb = gab − nanb, (4.59)

ε = 1 is set to be spacelike, then we have that ncna = hac − δac . The variation
then becomes

δ(K) = −1
2nbncKδ

(gbc) − hacnb∇aδ(gbc) +
1
2nb∇cδ(gbc) −

1
2n

b∇bδ(g), (4.60)
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the second term can be further modified by using the product rule

−hacnb∇aδ(gbc) = −
1
2∇c(nbδ(gbc))+

1
2∇cnbδ(gbc) = −

1
2∇c(nbδ(gbc))+

1
2Kbcδ(gbc).

(4.61)
Inserting it back into (4.60) and rearranging the terms

δ(K) = 1
2(Kab − nanbK)δ(gab) − 1

2
[nb∇bδ(g) − na∇bδ(gab)] −

=0
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
1
2∇c(nbδ(gbs)),

(4.62)
the last term is equal to zero, because, it is a full derivative already on the
boundary. Normally, the integral of a total derivative throughout a volume
is equal to the vector evaluated at the boundary. But as we are already at
the boundary, and we cannot have a boundary of a boundary, it has to be
equal to zero.

The last step is to calculate

δ(√gK) = 1
2
√
ggabδ(gab)K +√

gδ(K), (4.63)

inserting both (4.59) and (4.62) gives

δ(√gK) =

=0
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
1
2(Kab −Khab)δ(gab)−

1
2
[nb∇bδ(g) − na∇bδ(gab)]. (4.64)

The first term is equal to zero; the variation of the induced metric is zero,
δ(h) = 0, this means that δ(gab) will only have components normal to the
boundary. But both terms (Kab −Khab) is parallel to the boundary. So they
will not contribute for the equation of motion in the bulk.

The variation of the other term in (4.54), is

δ(
√
h)φ(Rh + 2) +

√
hφ(δ(gab)Rab + δ(Rab)), (4.65)

we already know that Rh = −2, furthermore then −2 = gabRab which implies
that −gab = Rab. So we have then
√
hφ(δ(gab)Rab + δ(Rab)) =

√
hφ(−gabδ(gab) +∇a(∇bδ(gab) − gcd∇aδ(gcd))),

(4.66)

53



inserting it and (4.63) into (4.54) gives

δI = − 1
16πGN

[∫ d2x
√
hφ(−gabδ(gab) +∇a(∇bδ(gab) − gcd∇aδ(gcd))) +

2∫
boundary

φb(−
1
2
[nb∇bδ(g) − na∇bδ(gab)])] , (4.67)

using Gauss theorem and integration by part we get

T φab = ∇a∇bφ − g − ab∇2φ + gabφ = 0. (4.68)

From the Bianchi identity we get that the tensor is conserved [20].

With a software that supports symbolic calculations, we get that (4.68) has
the solution

φ = α + γt + δ(t
2 + z2)

z
. (4.69)

4.4 Schwarzian theory
An alternative way of deriving the same result as, (4.69) is to consider the
dilaton in (4.54) as a Lagrange multiplier. As it is linear in φ it is possible to
do that. Integrating it out from the action leads to the same result as before,
R = −2 and we are left with only the boundary term

I = − 1
8πGN

∫
boundary

φbK. (4.70)

Setting the boundary condition for the dilaton

φb =
φr
ε
, (4.71)

as in normal AdS/CFT language, the field φr will have the function of a
source for the dual operator on the boundary. As ε tends towards zero the
the dilaton will remain finite, hence the subscript r stands for “renormalized”
[20]. Combining (4.70) with the condition for the UV cutoff (4.43)

I = − 1
8πGN

∫
du

ε2
φr(u)K. (4.72)

In two dimensions the extrinsic curvature can be calculated by the formula

K(T1, T2) = −h(T1,∇T2n), (4.73)
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where T is a tangent vector [19]. The tangent vector is, in the induced metric
(4.44), T (t′, z′) to the boundary curve (t(u), z(u)). We know that the normal
has to be orthogonal to the tangent vector, so it is easy to construct

na = z√
t′2 + z′2

(−z′, t′), (4.74)

where the normal has been normalized to satisfy nana = 1. Taking the metric
h to be the Poincaré metric then (4.73) yields

K = t
′(t′2 + z′2 + z′z′′) − zz′t′′

(t′2 + z′2)2/3 , (4.75)

using (4.45), then the curvature becomes

K = 1 + ε2Sch(t(u), u) +O(ε4), (4.76)

where
Sch(t(u), u) = −1

2
t′′2

t′2
+ (t

′′

t′
)
′2

(4.77)

is the Schwarzian derivative. Inserting (4.76) into (4.72) and dropping the
divergent term, we get that the previous action has been reduced to

I = − 1
8πGN

∫ duφr(u)Sch(t(u), u). (4.78)

We have then an action defined on the boundary AdS2 with the zero modes
t(u) as the field variable. As they are invariant under the SL(2,R) transfor-
mation it is not such a big surprise that the Schwarzian derivative appears,
it is the lowest derivative that is also invariant under these transformations.

By varying the action, (4.78) with respect to the field variable, t(u) we can
compute the equation of motion to

[ 1
t′
((t′φr)′

t′
)]

′

= 0. (4.79)

By integrating it, it is easy to see that we again get (4.69) as the result. This
is a fascinating result, the same equation for the field φ has been derived in
completely different manners. From purely considering an action defined on
the boundary it captures the same information that was calculated through
the bulk.
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We can also deduce that the equation of motion, (4.79) is equivalent to
imposing the equation of motion we get be varying the bulk action, (4.68).
Something which was not done in the derivation of the Schwarzian action.

Taking the field, φr to be constant, the equation of motion simplifies to

(Sch(t(u), u))′

t′
= 0, (4.80)

therefore what we want is a function with a constant Schwarzian [19]. We
can then use the composition law for the Schwarzian derivative 4

{v(w(z)), z}} = {w(z), z} + (w(z)′)2{v(w(z)),w(z)}. (4.81)

Then by subsituting5 t(u) = tan τ(u)
2 we get the correspondingly change in

the Schwarzian

{t, u} = {τ, u} + 1
4τ

′2

=2

{t, τ} . (4.82)

When the function τ is linear in u it will result in a constant Schwarzian.
We then have a solution of the shape, (up to SL(2,R) transformations) [19]

τ(u) = 2π
β
u, (4.83)

where β is the periodicity of the boundary time, u, and can thus be inter-
preted as the inverse temperature.

4.5 Adding matter
The 1/G coefficient in the action (4.78) offer us with oppertunity to form a
perturbation expansion around the linear solution

τ(u) = u + ε(u), β = 2π, (4.84)

to study the effect from the new action [20]. We now have an expression that
is linear in the boundary time, u, expanding the boundary action (4.78) with
(4.82),

Sch(τ, u) + 1
2τ

′2 = 1
2 + (ε′ + ε′′) + (1

2ε
′2 − 1

2ε
′′2 − (ε′′ε′)′) +O(ε3), (4.85)

4See appendix D.
5Note that τ ∼ τ + 2π.
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again dropping the total derivatives as we are already on the boundary, we
end up with the action

I = φr
8πGN

∫
2π

0
du(ε′′2 − ε′2). (4.86)

To quantzie this theory we need the inverse of the Gaussian kernel. To
compute the inverse, we can use the Fourier transformation to diagonalize
it. Taking the transformation of the infinitesimal parameter

ε(u) =∑
n∈Z

εne
inu (4.87)

and the integrand of the action becomes

∑
n∈Z

(n4 − n2)εnε−n. (4.88)

From, the diagonalized kernel we can see that it has three zero modes n =
0,±1, and the kernel will not be invertible because of them. But, we know
that the SL(2,R) symmetry does not give us any new information, and
these zero modes stems from the boundary trajectory t(u). So we should not
integrate over them in the path integral. Evaluting the sum, see [19], gives
us the propagator

⟨ε(u)∣ε(0)⟩ = 2π( φr
8πGN

)
−1
((u − π)2

2 + (u − π) sinu + q + π
2

6 + 5
2 cosu).

(4.89)
We can now consider the ramification of adding matter to the system. The
new matter term in the action, dose not depend on the field φ. Therefore,
the equation of motion with respect to φ will be the same and the new
matter field will move on the fixed AdS2 metric. The aforementioned equal-
ity between the results from the bulk and boundary action, is still inexorable.

For the massless matter field we get a matter stress in the right hand site
of both equation (4.68) and (4.80) [20]. Take χ to be a free field, then the
AdS/CFT dictionary from higher dimension tells us that the effective action
is

Ieff = −D∫ dtdt′
χ̃r(t)χ̃r(t′)
∣t − t′∣2∆ , D =

(∆ − 1
2)Γ(∆)

√
piΓ(∆ − 1

2)
, (4.90)

with the boundary condition χ̃r(t), interpreted as the a source for an op-
erator. From the higher dimension case we have the boundary condition
is

χ(z, t) = z1−∆χ̃r(t) + . . . (4.91)
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However, in AdS2 we have a cutoff of the bulk so we need to specify the
trajectory along the boundary curve t(u),

χ(z, t) = z(u)1−∆χ̃r(t(u)) + ⋅ ⋅ ⋅ = ε1−∆(t′(u))1−∆
χ̃r(t(u)) ⋅ ⋅ ⋅ = ε1−∆χr(u).

(4.92)
The action then becomes

Ieff = −D∫ dudu′( t′(u)t′(u′)
(t(u) − t(u′))2)

∆

χr(u)χr(u′). (4.93)

Even though these calculations have been derived for the specific case of a
two-point function the result is the same for higher order cases. What this
formula describes is then the complete gravitational coupling of the matter
field χ to t(u) [19]. Furthermore, it implies that partition function of the
boundary field is given by

Z[χr(u)] = e−S0−ISch−Ieff , (4.94)

up to leading order in G. Here, ISch is (4.78) and the correct t(u) comes
from extremizing the combined action of ISch − Ieff .

4.5.1 Correlation functions
In the case that the bulk scalar is not too heavy, i.e conformal dimension
not too large, we can discard the Ieff term. As long as ∆ grows slower than
G
−3/2
N as GN → 0 then the backreaction for the scalar χr(u) is suppressed. If

this is the case, then the field V (u) dual to χr(u) is free and we have that
the two-point correlation is

⟨V (u)V (u′)⟩ ∼ [ t′(u)t′(u′)
(t(u) − t(u′)2)

]
∆

. (4.95)

However, there exists two types of correction related to GN . The first type
of corrections comes from the fact that the bulk scalar field can have self
interactions and source other matter fields through bulk couplings. We can
also have loop corrections which stems from the case of finite GN . In which
case we should integrate over both t(u) and χ(z, t) in (4.94).

To determine the four-point function we introduce an additional field, W
with the same conformal weight as V and which has a vanishing two-point
correlation function with V . Then we can write

F = ⟨V (u1)V (u2)W (u3)W (u4)⟩ − ⟨V (u1)V (u2)⟩ ⟨W (u3)W (u4)⟩
⟨V (u1)V (u2)⟩ ⟨W (u3)W (u4)⟩

(4.96)
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which is equal to

F = ⟨B(u1, u2)B(u3, u4)⟩ ,

B(u1, u2) = ∆
⎛
⎝
ε′(u1) + ε′(u2) +

ε(u1) − ε(u2)
tan(u12

2 )
⎞
⎠
.

(4.97)

The purpose of this is that we can now use (4.89) to evaluate the correlation
function. However, due to the u12 = u1−u2 term the ordering of the operators
will matter. If we have u1 > u2 > u3 > u4 the expression is

FV VWW = ∆2

2πC
⎛
⎝

u12

tan(u12
2 )

− 2
⎞
⎠
⎛
⎝

u34

tan(u34
2 )

− 2
⎞
⎠
, C = φ̄r

8πGN

, (4.98)

if we instead have the ordering u1 > u3 > u2 > u4

FVWVW = FV VWW + ∆2

2πC

⎡⎢⎢⎢⎢⎣
2π

sin(u12+u34
2 ) − sin(u23+u14

2 )
sin(u12

2 ) sin(u34
2 )

+ 2πu23

tan(u12
2 ) tan(u34

2 )

⎤⎥⎥⎥⎥⎦
.

(4.99)
If we now introduce the temperature by substituting ui → 2π

β ui and continue
to Lorentzian by taking u = iû. We can then parametrize

û1 = a, û3 = b + û, û2 = 0, û4 = û, (4.100)

and insert it into (4.99) with alternating ordering to obtain an out of time
order correlator. If only consider û >> β then we have

û23 ∼ û14 ∼ −û, û12 ∼ a, û34 ∼ b, (4.101)

then only u14 and u23 will grow with û. For large time then

FVWVW ∼ β∆2

C
e

2π
β
û, (4.102)

which suggest a large Lyapunov exponent λL = 2π/β. This is the same value
you get from considering black holes in higher dimensions.
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Chapter 5

Sachdev-Ye-Kitaev model

In this chapter we shall study a (0 + 1) dimensional quantum mechanical
model, called Sachdev-Ye-Kitaev (SYK) model. This model describes many-
body physics with a lattice of N sites, where we are interested in the large
N limit. At each site there is a Majorana fermion, which has an all-to-all
random interactions between them. There are several features which makes
this model interesting to study. Firstly, the model becomes classical in the
large N limit and is solvable.

Another interesting feature is that the model develops an approximate con-
fromal symmetry in the infrared. The full reparametrization is both explicitly
and spontaneously broken in a reminiscent way to the situation developed in
the nearly AdS2, as we saw in the previous section 4.2.

The fermions, ψ satisfy the Clifford algebra

{ψi, ψj} = δij, i, j = 1, . . . ,N, (5.1)

from which we can see that they are dimensionless. Therefore, the model is
built up from finite Hermitian matrices, namely the gamma matrices from
the fermionic representation of the Lorentz group.

The Hamiltonian of the model is

H =
N

∑
ijkl=1

Jijklψiψjψkψl, (5.2)

it describes a four-body interactions with quenched disorder. The parameter
Jijkl are an all-to-all couplings which, from a simple dimension analysis, have
the dimension of energy and are therefore a relevant coupling. Furthermore,
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we can see that the coupling has to be completely antisymmetric too, because

Jijklψiψjψkψl =
1
2(Jijklψiψjψkψl + Jjiklψjψiψkψl)

= 1
2(Jijkl − Jjikl)ψiψjψkψl,

(5.3)

where we first simply relabeled the dummy indices then used the Clifford
algebra, (5.1). The coupling are randomly taken from a Gaussian distribution

P (Jijkl) =
√

N3

12πJ2 exp(
−N3J2

ijkl

12J2 ), (5.4)

for each one of the members of the ensemble. The distribution has the
mean µ = 0 and the variation σ =

√
3!J/N3/2. To find the average of the

distribution, < Jnijkl > we simply integrate over the distribution,

< Jn >= ∫ dJJnP (J) (5.5)

this yields us for n = 1,2

⟨Jijkl⟩ = 0

⟨JijklJmnpq⟩ =
3!J2

N3 .
(5.6)

From the anti-symmetry of the coupling we have that ⟨JijklJmnpq⟩ = 0 if not
mnpq is some permutation of ijkl.

We can also generalize the model from a four-body interaction to a q-body
interaction instead

H = iq/2 ∑
1≤i1<⋅⋅⋅<iq≤N

Ji1...iqψi1 . . . ψiq , (5.7)

where the variation is now σ =
√

(q − 1)!J/N q−1
2 and q is an even integer.

The additional factor of i is intreduced to make sure that the Hamiltonian
remains Hermitian when q = 2 mod(2). When q/2 is odd we do not have a
time reversal symmetry. The q = 4 case is of special interest when we look at
only time reversal symmetric interactions, it is the leading order interactive
term at the low energy [21].
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5.1 Two-point function
In this section we will derive the two-point function while also explaining
two of the interesting properties of the SYK model. That the model be-
comes classical in the large N limit and that it is solvable.

Using that the coupling is a relevant, we can compute a perturbation around
J = 0 and thereafter resum it for large N [19]. The time dependence of the
fermion is

ψi(τ) = eτHψie−τH , (5.8)
we can then to define the the time ordered Euclidean two-point function by

Gij(τ) = ⟨Tψi(τ)ψj(0)⟩ ≡ Θ(τ) ⟨ψi(τ)ψj(0)⟩ −Θ(−τ) ⟨ψj(0)ψi(τ)⟩ , (5.9)

where Θ is the Heaviside function. The normalised trace will be frequently
used in the following parts and it is

G(τ) = 1
N

N

∑
i=1
Gii(τ). (5.10)

Taken the zero coupling, i.e. H = 0, combining it with the Clifford algebra,
(5.1) and the identification of sgn(τ) = Θ(τ) − Θ(−τ), we can derive a new
expression for the free two-point function

Gfree
ij = 1

2δijsgn(τ),

Gfree = 1
N
∑
i

Gfree
ii = 1

2sgn(τ).
(5.11)

To calculate the interacting part of the two-point function as well, we need
to rewrite the Hamiltonian into the Lagrangian

L = −1
2ψj

d

dτ
ψj −

Jijkl
4! ψiψjψkψl = L0 +Lint, (5.12)

with it we can write the path integral as

Z(Jijkl) = ∫ Dψi exp
⎧⎪⎪⎨⎪⎪⎩
−∫ dτ

⎡⎢⎢⎢⎣
1
2∑i

ψi∂τψi + ∑
1≤i<j<k<l≤N

Jijklψiψjψkψl
⎤⎥⎥⎥⎦

⎫⎪⎪⎬⎪⎪⎭
.

(5.13)
There are two different ways of taking the average of the partition function.
The first one is to simply compute ⟨Z⟩J , this is called annealed disorder. If
one does it this way we can interpret the parameter J similar to a microscopic
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degree of freedom. The other alternative is to take the average of the free
energy, i.e. ⟨log(Z)⟩J . This is more relevant if one is interested in condensed
matter theory. So we will proceed with the first alternative.

This means we need to do compute the Gaussian expectation value

⟨Z⟩J ∼ ∫ dJijkl exp
⎧⎪⎪⎨⎪⎪⎩
− ∑

1≤i<j<k<l≤N

J2
ijklN

3

12J2

⎫⎪⎪⎬⎪⎪⎭
Z(Jijkl). (5.14)

Using the formula

∫ dxe−ax
2+bx =

√
π

a
e−

b2
4a , (5.15)

and by setting x = Jijkl, a = 12J2

N3 and b = ψiψjψkψl it gives us the following
expression

⟨Z⟩J ∼∫ Dψiexp{−∫ dτ
1
2∑i

ψi∂τψi

+ ∑
1≤i<j<k<l≤N

3J2

N3 ∫ ∫ dτdτ ′(ψiψjψkψl)(τ)(ψiψjψkψl)(τ ′)
⎫⎪⎪⎬⎪⎪⎭
.

(5.16)

To get the sought after action from here we need to employ some mathemat-
ical tricks. First we rewrite the sum: ∑1≤i<j<k<l≤N = 1

4! ∑i≠j≠k≠l then the last
term becomes

∑
1≤i<j<k<l≤N

(ψiψjψkψl)(τ)(ψiψjψkψl)(τ ′) =
1
4![∑i

ψi(τ)ψi(τ ′)]
4

(1 +O( 1
N

)),

(5.17)
as we have included the terms i = j in the sum we need to subtract those terms
and they are encompassed in O( 1

N
). The reason why they are subleading in

N is because they contain one less summation. The next trick we will do is
inserting 1 into the partition function in a cunning way [19]:

1 =∫ DGδ(NG(τ, τ ′) −∑
i

ψi(τ)ψi(τ ′))

∼∫ DGDΣ exp{−N2 ∫ ∫ dτdτ ′Σ(G − 1
N
∑
i

ψiψi)}.
(5.18)

We have introduced two new fields: G and Σ; G is a new name for the
fermionic bilinear and the Σ field is introduced as a Lagrange multiplier to
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enforce the delta function. Inserting it into (5.17) results in

⟨Z⟩J ∼∫ DψiDGDΣ exp{−∫ dτ
1
2∑i

ψi∂τψi −
1
2 ∫ ∫ dτdτ ′NΣ(G − 1

N
∑
i

ψiψi)

+ J
2N

8 ∫ ∫ dτdτ ′G4} .

(5.19)

Now that we have an exponential that is bilinear in the fermions we can use
the following formula

∫ dψe−
1
2ψAψ =

√
detA, (5.20)

we get

⟨Z⟩J ∼∫ DGDΣ [det(∂τ −Σ)]
N
2 exp{−N2 ∫ ∫ dτdτ ′(ΣG − 1

4J
2G4)}

=∫ DGDΣ exp{−NI[G,Σ]}
(5.21)

with the action

I[G,Σ] = −1
2 log det(∂τ −Σ) + 1

2 ∫ ∫ dτdτ ′(ΣG − 1
4J

2G4). (5.22)

The generalised version of the action for q-body interaction is

I[G,Σ] = −1
2 log det(∂τ −Σ) + 1

2 ∫ ∫ dτdτ ′(ΣG − 1
q
J2Gq). (5.23)

The ambition of deriving the fields in the path integral formulation was to
elucidate the statement that the SYK model becomes classical in the large
N limit. In the action we can see that N has the same role as h̵−1 and large
N is the classical limit. By taking the variation of the action and computing
the equation of motions we will get that they are, (5.36) and (5.37). But
instead of being satisfied with deriving them here, we will backtrack a few
steps to highlight the approach through Feynman diagrams.

To do so we start by computing the Gaussian integral

∫ Dψke
S0ψi(τ)ψj(0) = δijGfree(τ), (5.24)

taking in consideration only the free part of the action. We will need it in
later part of the calculation. Then we can write the time ordered correlation
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function

⟨Tψa(τ1)ψb(τ2)⟩ = ∫ Dψie
Sψa(τ1)ψb(τ2)

= ∫ Dψie
− ∫ dτL0 (1 − ∫ dτLint +

1
2!(∫ dτLint)

2

+ . . .)ψa(τ1)ψb(τ2),

(5.25)

where we expanded the exponential over the interacting part of the La-
grangian. By separating the last term into three different equations A, B
and C it is easier to evaluate them. The first one, A simply becomes (5.24),
so we already know the answer for it. The second integral is

B =∫ Dψie
− ∫ dτL0

Jijkl
4! ∫ dτψi(τ)ψj(τ)ψk(τ)ψl(τ)ψa(τ1)ψb(τ2) = 0,

(5.26)

there is two ways to see that this integral is zero. As there is an odd number
of the coupling, Jijkl when we take the average of it is zero, (5.6). Another
way to see it is because of the Wick contractions of the fermions. We would
had to set two indices on the coupling to be equal and as it is completely
anti-symmetric it vanishes.

The third term we will write as

C =1
2 ∫ dτdτ ′ < ψa(τ1)ψb(τ2)Jijklψi(τ)ψj(τ)ψk(τ)ψl(τ)

Jmnpqψm(τ ′)ψn(τ ′)ψp(τ ′)ψq(τ ′) >0,
(5.27)

where the subscript of the correlator indicates that we take it in the free
theory. There are two ways to Wick contract the fermions that leads to
nonzero answers. If we contract the indices a and b together it will lead to

∼ ∫ dτdτJijklJijklδabG
free(τ − τ ′)4Gfree(τ1 − τ2), (5.28)

and the corresponding Feynman diagram, Figure 5.1 is clearly disconnected.
The dashed line in the diagram shows how we have paired the disorder.
Thus, we can discard this contribution, because we are only interested in the
connected diagrams. The correct way to Wick contract, is to pair the index
a with one from either coupling and then the index b with one index from
the other coupling. It results in the melon diagram, Figure 5.2. The Wick
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Figure 5.1: Disconnected melon diagram.

Figure 5.2: Melon diagram.

contractions together with the disorder average, (5.6) yields

3!J2

N3 δabδiiδkkG
free(τ1 − τ)Gfree(τ ′ − τ2)Gfree(τ − τ ′)3, (5.29)

after integrating the final result for the C term is

C = 3!J2Gfree(τ1 − τ2)3. (5.30)

If we would consider higher order terms in the expansion, (5.25) then there
are two ways of pairing the disorder, see Figure 5.3. It is then relevant to

Figure 5.3: Second order melon diagrams.

evaluate the different Feynman diagrams and compare the results. If we pair
it in the same melon, left in the figure, then the diagram is proportional to
J4. If we instead take the average as in the right diagram, it will be propor-
tional to J4

N2 . Disorder average must be taken to belong to the same melon for
leading order diagrams. Consequently, the other diagrams will be suppressed
in the large N limit.
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Figure 5.4: Up to second order.

Thus, up to second order, the only diagrams we can have is seen in Figure
5.4. The reason the model is solvable is because we can write an equation
that adds up all the diagrams for us. This is called the Schwinger-Dyson
equation,

⟨Tψa(τ1)ψb(τ2)⟩ = δabG(τ1 − τ2) = δabGfree(τ1 − τ2)+J2∫ dτdτ ′Gfree(τ1 − τ)

×G(t − t′)3Gfree(t′ − τ2), (5.31)

where Gτ denotes the sum of all the melon diagrams. Then if we take the
propagator to first order

G(τ1 − τ2) = Gfree(τ1 − τ2) +O(J2), (5.32)

and if would like to calculate to higher order O(J2) then we can insert it into
the Schwinger-Dyson equation

δabG(τ1 − τ2) = δabGfree(τ1 − τ2) + J2∫ dτdτ ′Gfree(τ1 − τ)

×Gfree(t − t′)3Gfree(t′ − τ2) +O(J4), (5.33)

and we can keep going ad infinitum. Pictorially what we are doing is, Figure
5.5. Where instead we can use the self energy1, Σ which includes all the

Figure 5.5: Pictorial representation of the Schwinger Dyson equation.

1Represented by the black circle.
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one particle irreducible contributions. Using this we can then formulate an
iterative set of Schwinger-Dyson equations

G = Gfree +GfreeΣGfree +GfreeΣGfreeΣGfree + . . .
= Gfree(1 +ΣGfree +ΣGfreeΣGfree + . . . )

= Gfree(1 −ΣGfree)−1

= ((Gfree)−1 −Σ)
−1
,

(5.34)

where on the third line we resummed a geometrical series [19]. The inverse
of the free propagator is

(Gfree)−1(τ, τ ′) = δ(τ − τ ′)∂τ ′ , (5.35)

but we will simply write the shorthand

G = (∂τ −Σ)−1
, (5.36)

where it is understood that this is a shorthand. From the second part of
Figure 5.5 we have the additional equation

Σ(τ, τ ′) = J2(G(τ, τ ′))3
, (5.37)

then we have the sought after equations. Continuing with stating the gener-
alized result:

G = (∂τ −Σ)−1

Σ(τ, τ ′) = J2(G(τ, τ ′))q−1
.

(5.38)

5.2 Strong coupling limit
The strong coupling region is when we consider low energy. As the coupling J
has the dimension of energy, when we say low energy we mean low frequency
compared to the it. Hence, if we take the propagator in Fourier space

G(ω)−1 = −iω −Σ(ω) (5.39)

we can discard the first term. This leads to a new set of IR equations

∫ dτ ′′G(τ, τ ′′)Σ(τ ′′, τ ′) = −δ(τ − τ ′),

Σ(τ, τ ′) = J2G(τ, τ ′)q−1.
(5.40)
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One interesting consequent of being in the IR region is that there exists an
emergent conformal symmetry if we constrict the fields to transform a certain
way:

G(τ, τ ′)↦ [f ′(τ)f ′(τ ′)]∆
G(f(τ), f(τ ′)),

Σ(τ, τ ′)↦ [f ′(τ)f ′(τ ′)]∆(q−1)Σ(f(τ), f(τ ′)),
(5.41)

with the conformal dimension given by ∆ = 1/q. Emerging from this limit
means we cannot discard the derivative term and it will therefore explicitly
break the conformal symmetry. Inserting these transformations into (5.40)
to verify that it works and we then obtain

∫ dτ ′′[f ′(τ)f ′(τ ′′)]
1
q [f ′(τ ′′)f ′(τ ′)]1− 1

qG(f(τ), f(τ ′′))Σ(f(τ ′′), f(τ ′))

=∫ dτ ′′f ′(τ ′′)[ f
′(τ)

f ′(τ ′)
]

1/q

f ′(τ ′)G(f(τ), f(τ ′′))Σ(f(τ ′′), f(τ ′))

=∫ df(τ ′′)[ f
′(τ)

f ′(τ ′)
]

1/q

f ′(τ ′)G(f(τ), f(τ ′′))Σ(f(τ ′′), f(τ ′))

= − f ′(τ ′)δ(f(τ) − f(τ ′)) = −δ(τ − τ ′),
(5.42)

the other equation is trivial to verify. This reparmetrization symmetry is
valid in the region when ∣τ − τ ′∣ >> J−1 [21]. It is however explicitly broken
by the derivative term in the propagator, (5.36) when we leave the IR region.

Both fields, G and Σ transforms as a two-point conformal function we can
therefore suggest that the solutions to (5.40) has the same appearance. Hence
we can use an ansatz of the form:

Gc(τ) =
b

∣τ ∣2∆ sgn(τ). (5.43)

We then want to determine what b is, to derive that it is advantageous to
use the Fourier transformation

∫
∞

−∞
dτeiωτ

sgn(τ)
∣τ ∣2∆ = i21−2∆√

π
Γ(1 −∆)
Γ(1

2 +∆)
∣ω∣2∆−1sgn(ω) (5.44)
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inserting it into the equation G(ω) = −1/Σ(ω) with the second equation in
(5.40), it yields

πJ2bq = 1
21−2∆(q−1)+1−2∆

Γ(1
2 +∆)Γ(1

2 +∆(q − 1))
Γ(1 −∆)Γ(1 −∆(q − 1))

= (1
2 −

1
q
)Γ(1

2 +
1
q
)Γ(1

2 −
1
q
)( π

sin(π/q))
−1

= (1
2 −

1
q
)
⎛
⎜
⎝

π

sin(π(1
2 −

1
q ))

⎞
⎟
⎠
( π

sin(π/q))
−1

= (1
2 −

1
q
) tan(π

q
).

(5.45)

When we specified the solution, (5.43) it spontaneously breaks down the full
conformal symmetry to an SL(2,R) symmetry. For the thermal two-point
function we use the reparametrization f(τ) = tan(πτβ ) to (5.43), it results in

Gc = b
⎡⎢⎢⎢⎢⎢⎣

π

β sin(πτβ )

⎤⎥⎥⎥⎥⎥⎦

2∆

sgn(τ). (5.46)

5.3 Large q limit
One advantage of the model is that it simplifies in the large q limit. We want
to expand the solutions (5.38) in 1/q, to do that we start by parametrizing
the propagator

G(τ) = 1
2sgn(τ)e

g(τ)
q−1 = 1

2sgn(τ)(1 + g(τ)
q

+ . . .). (5.47)

Then the self energy becomes

Σ(τ) = J2 1
2q−1 sgn(τ)e

g(τ)(1 + . . . ), (5.48)

where in both equations the dots involve higher order terms in 1/q. We then
need to solve for the function g(τ) and we employ the same methodology as
before as in the previous section, we go over to Fourier space

1
G(ω)

= 1
(−iω)−1 + 1

2q [sgn × g] (ω)

= −iω(1 + iω2q [sgn × g] (ω) + . . .).
(5.49)
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Comparing it to the equation (5.39), we have up to first order

Σ(ω) = −ω
2

2q [sgn × g] (ω). (5.50)

Now if we go back to real space and compare it to (5.48) we get a differential
equation for g(τ),

2J 2sgn(τ)eg(τ) = ∂2
τ (sgn(τ)g(τ)), J ≡ √

q
J

2 q−1
2
. (5.51)

This equation is well mannered in the large q limit as while we take the limit
we can change the scale of J to fix J . The general solution to it is

eg(τ) = c2

J 2
1

sin(c(∣τ ∣ + τ0))2 , (5.52)

where c and τ0 are integration constant. To have a finite temperature solution
we need to introduce boundary conditions, g(0) = g(β) = 0 which yields

eg(τ) =
⎛
⎜
⎝

cos(πv2 )

cos(πv(1
2 −

∣τ ∣
β ))

⎞
⎟
⎠

2

, (5.53)

βJ = πv

cos(πv2 )
. (5.54)

The new parameter v will range from zero to one, as the dimensionless prod-
uct βJ goes from zero and infinity. Since we know the full solution of the
two fields in the q = ∞ model we can calculate the free energy at large N
[21]. The partition function will then be dominated by the term

e−βF = Z ∼ e−NI[G,Σ], (5.55)

and I is the previous derived action, (5.22). To get rid of the determinant in
the action we can take a derivative with respect to J∂J of the free energy,

J∂J(−
βF

N
) = J

2β

q ∫
β

0
dτG(τ)q. (5.56)

Due to the fact that the fields G and Σ satisfy the equation of motions (5.38),
none of the derivatives ∂JG and ∂JΣ will remain. Again from the equations
of motion we get the relation

− J2∫
β

0
dτG(τ)q = lim

τ→0+
∂τG(τ). (5.57)
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This expression gives us the energy. The way to see this is through noticing
that the partition function only depends on the dimensionless combination
of βJ . So acting on log(Z) with the derivative J∂J is the same as acting on
it with β∂β. Now inserting the previous derived result, (5.47) and (5.53)

lim
τ→0+

∂τG(τ) = 1
2(q − 1)g

′(0) = −πv
βq

tan(πv2 ) +O(1/q2). (5.58)

Additionally we can convert the derivative J∂J → βJ ∂βJ and with the help
of (5.54) we transform it further into a derivative with respect to v,

J∂J = βJ ∂βJ = v

1 + πv
2 tan(πv2 )

∂v. (5.59)

Together these two equations reduces the equation (5.56) into a differential
equation

v

1 + πv
2 tan(πv2 )

∂v(−
βF

N
) = πv

q2 tan(πv2 ), (5.60)

which we can integrate

− βF
N

= 1
2 log(2) + πv

q2 (tan(πv2 ) − πv4 ). (5.61)

Where the integration constants has been fixed by taking v → 0, which is the
zero coupling limit where we have that Z = Tr(1) = 2N

2 [19]. With this we
can compute the thermal entropy

Sthermal

N
= (1 − β∂β)(−

βF

N
) = 1

2 log(2) − (πv2q )
2
, (5.62)

where we use the identification of β∂β = J∂J . What is interesting here is that
the zero temperature limit is not zero for exact q at the large N limit. On
the other hand, if we instead consider a strong coupling expansion (or low
temperature), where with the help of (5.54) we can determine an expansion
in (βJ )−1 around v = 1

v = 1 − 2
βJ

+ 4
(βJ )2 −

(24 + π2)
3(βJ )3 + . . . . (5.63)

Hence, we have

− βF
N

= 1
2 log(2) + 1

q2(βJ − π
2

4 + π2

2βJ + . . .), (5.64)
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where we can interpret terms proportional to βJ as the ground state energy.
The second term is a correction to the zero temperature entropy, which also
the 1

2 log(2) term contributes too. The final term is a dominant term for low
temperature behaviour of the entropy [21].

If we go through the same procedure as before but instead we take the para-
metric derivative with respect to q,

∂q(−
βF

N
) = −J

2β

2q ∫
β

0
dτ[log(G(τ)) − 1

q
]G(τ)q. (5.65)

To obtain this result we had to use that the solution is translation invariant.
We are interested in looking at the model in the limit β → ∞, therefore we
can use (5.46) since it should remain valid in this region τ/β >> (βJ)−1.
Doing the substitution θ = πτ/β results in

∂q(−
βF

N
) = −J

2πbq

2q ∫
π

0
dθ [log(b[πβ−1 sin−1 θ]2/q) − 1

q
] 1
sin2 θ

. (5.66)

This integral is divergent, so we have to introduce a cutoff, δ in such a way
that we are kept away from the two divergences 0 and π. We then take the
cutoff to be δ ∼ (βJ)−1 which results in

∂q(−
βF

N
) = −J

2πbq

2q ∫
π−δ

δ
dθ[log(b[πβ−1 sin−1 θ]2/q) − 1

q
] 1
sin2 θ

= −J
2πbq

2q

⎡⎢⎢⎢⎢⎢⎣

2(−3 + q log(b) − 2 log(δ) + 2 log(πβ))
qδ

+ 2π
q
+O(δ)

⎤⎥⎥⎥⎥⎥⎦
.

(5.67)

Notice, as we picked the cutoff the way we did the first divergent term is
proportional to β, hence it corresponds to the ground state energy E0 in the
free energy. As well the part q log(β) − 2 log(δ) + 2 log(πβ) is independent of
βJ so there are no log(β) terms. From this solution we see that the ground
state energy is manifestly dependent on δ i.e. the UV part, while the ground
state entropy on the other hand is not. It is determined by the term

∂q(
S0

N
) = −J

2π2bq

q2 , (5.68)

where we get the grounds state entropy by taking S0 = limβ→∞(β∂β − 1)βF .
By substituting in the the value for b we can reduce the expression to

S0

N
= 1

2 log(2) − ∫
1/q

0
dxπ(1

2 − x) tan(πx), (5.69)
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where from previous experience of the entropy in the q =∞ case we can fix
the integration constants to N log(2)/2.

One of the interesting properties of the SYK model is that we have the
relation

lim
β→∞

lim
N→∞

S(β) ∼ N, (5.70)

where S(β) is the thermal entropy. This shows that the two limits do not
commute, which is due to the fact that the parameter Ji1...iq does not allow
for global symmetry in (5.7). This anticommutation of the limits imply
that for any finite N the model will have very few ground states. Which
can be seen in the previous analysis. Therefore, we can see in the case of
zero temperature we would have low entropy. This equation, (5.70) for the
entropy of an extremal black hole would indicate how a quantum black hole
can appear to have a macroscopic ground state degeneracy in the classical
limit, without breaking the third law of thermodynamics [19].

5.4 Schwarzian theory, again
We have seen that in the strong coupling limit we have an emergent con-
formal symmetry. Where the solution is given by (5.43) and in the case for
finite temperature (5.46), both solutions are valid when ∣τ − τ ′∣ >> J−1. If we
instead consider dimensionless time, θ = 2π

β τ then the region is θ >> (βJ)−1

which becomes approximately exact if we then take the limit βJ →∞.

This substitution has the consequence of suppressing the conformally in-
variant part in the path integral, (5.22) and moreover we can control the
parameter (βJ)−1 and make it parametrically small. In holographic theories
we have a similar occurrence. Together with the symmetry breaking pattern
which is identical to what we observed in AdS2, it is straightforward to infer
that it is the Schwarzian action which govern this dynamics.

We want to construct an effective action for the reparametrization, from the
previous derived action, (5.22) we have that the terms outside the integral
are invariant. Therefore we take the effective action to be

Ieff[φ] = −
1
2 log det(∂τ −Σφ) + 1

2 log det(∂τ −Σ), (5.71)

where we have that Σ is the true value and Σφ is the reparametrization of it,

Σφ(τ, τ ′) = [φ′(τ)φ′(τ ′)]1− 1
qΣ(φ(τ), φ(τ ′)). (5.72)
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One thing that is obvious limitedly by the choose of our action is that if
φ(τ) = τ then it is zero. Another, more curious quality is a bit more involved
to see. But if we again use the dimensionless time and that Σ ∼ J2 we can see
that an expansion in ∂τ is equal to one in (βJ)−1. Therefore it makes sense to
propose an expansion instead in ∂τ , but because the underling theory comes
from an exact rewriting of an average of fine QM models the action (5.71) is
expected to be finite. If we expand in (βJ)−1 we would however introduce
an UV divergence into the system [19].

Doing the expansion to leading order in the effective action yields us

Ieff =
1
2
(Tr(∂τ(Σφ)−1) −Tr(∂τ(Σ)−1)) + . . .

= 1
2(Tr(∂τG) −Tr(∂τG)) + . . . ,

(5.73)

where we substituted (Σφ)−1 = Gφ +O(∂τ). Furthermore, the expansion re-
quires that we calculate ∂τGφ(τ, τ ′)∣τ ′=τ , we know that it must approach the
zero coupling result, (5.11). The derivative of it is proportional to a delta
function and we would have to evaluate it around zero, which is clearly a UV
divergence.

At the moment there are attempts to derive the Schwarzian action from
the effective action we used. But so far no one has succeeded, yet. Instead
what we will do is to follow [19] and solve for the action of a slightly modified
SYK model. We take the, by now familiar action, (5.22) and substitute the
derivative term with

∂ετf(τ) ≡ −∫ dτ ′(∂τ ′δε(τ − τ ′))f(τ ′). (5.74)

The newly introduced parameter ε here is our new cutoff and the δε will
converge to a delta function when the limit ε → 0 is taken. The parameter
is set to ε = a0/J , where a0 ∈ O(1). With these choices we still keep the
conformal symmetry in the same region, τ >> ε. There are a few options to
what we could take δε to be, but the solution that suits our needs are,

δε =
e−∣τ ∣ε

2ε ,

(∂δε)−1 = 1
2sgn(τ) − ε

2πδ′(τ).
(5.75)

To compute the action we will likewise need to revise the propagator too, so
we parametrize it as

Gε = b

∣τ ∣
2
q

sgnε(τ), (5.76)
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where we know how the function sgnε should behave. In the IR region we
want it to behave as the result from section 5.2, in the opposite region we
want the newly modified derivative. So we have

Gε = b

∣τ ∣
2
q

sgn(τ), ∣τ ∣ >> ε,

Gε = 1
2sgn(τ) − ε

2πδ′(τ), ∣τ ∣ << ε.
(5.77)

The function which transition sngε(τ) from one region to the other should
behave smoothly when ∣τ ∣ ≈ ε. The reparametrization is then defined to be

Gφ,ε(τ1, τ2) ≡ [ φ′(τ1)φ′(τ2)
(φ(τ1) − φ(τ2))2 ]

1
q

sgnε(τ1 − τ2), (5.78)

which is the same as the propagator derived from the action, (5.71) in the
region ∣τ1 − τ2∣ >> ε, but outside it it will be different. This is an effect from
the decisions we have made. However, as the conformal symmetry of the
action is only there for the ∣τ1 − τ2∣ >> J−1 region, there already is an existing
underlining ambiguity in the original SYK model.

Now that we have modified our theory we want to evaluate the effective
action,(5.73) again

Iεeff[φ] =
1
2
(Tr(∂ετ(Σφ,ε)−1) −Tr(∂ετ(Σε)−1)) + . . .

= 1
2 ∫ dτ1dτ2(−∂τ2δ(τ1 − τ2))(Gφ,ε(τ1, τ2) −Gε(τ1, τ2)) + . . . .

(5.79)

If we either take J to be large or ε to small, the integral is localized in the
region ∣τ1 − τ2∣ ≲ ε, we may then use the following expansion

[ φ′(τ1)φ′(τ2)
(φ(τ1) − φ(τ2))2 ]

1
q

− 1
∣τ1 − τ2∣

2
q

= ∣τ1 − τ2∣2−
2
q [ 1

12qSch(φ, τ1) +O(τ1 − τ2)],

(5.80)
where Sch(φ, τ) is the Schwarzian derivative, (4.77). Hence, in this approx-
imation the evaluation of the action becomes

Iεeff[φ] ≈ −
b

24q ∫ dτ1Sch(φ, τ1)∫
∞

−∞
da[−∂aδε(a)]∣a∣2−

2
q sgnε(a)

= − b

24q ∫ dτ1Sch(φ, τ1)∫
∞

−∞
da

sgn(a)
2ε2 e−

∣a∣
ε ∣a∣2−

2
q sgnε(a),

(5.81)
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where a = τ1 − τ2 and we inserted (5.75) in the last line. The next step is to
determine what the integral over a is. Unfortunately, due to the exponential
being the dominating term, we are in the region ∣a∣ ≲ ε, which is the same
area where sgnε(τ) is undetermined. It is however, still possible to evaluate
the integral at the known regions, the UV and IR cases of (5.77). This yields,

Iεeff[φ] ≈ −
ε

24q ∫ dτ1Sch(φ, τ1), sgnε(a)→
∣a∣

2
q

2b
[sgn(a) − 2ε2πδ′(a)],

Iεeff[φ] ≈ −
b

24qΓ(3 − 2
q
)ε1−

2
q ∫ dτ1Sch(φ, τ1), sgnε(a)→ sgn(a).

(5.82)

In the first case we after we insert, ε = a0/J we can see that it is proportional
to J−1. In the second one we need to take in consideration that b ∼ J−

2
q ,

therefore the coefficient is proportional to J−1 too. Because we expect the
transition function to connect them smoothly, it is then safe to assume that

Iεeff[φ] ∼
1
J ∫

dτ1Sch(φ, τ1), (5.83)

up to leading order in the derivatives. The 1/J coefficient is actually an im-
portant part of the theory, it is what makes these modes the easiest to excite
in 1 << βJ << N . In addition these modes then have the thermodynamics
that remains consistent with the large coupling expansion of the model.

The purpose of this excursion was to highlight some of the properties of
the reparametrization in the SYK model. We see the importance of needing
the dimensional cutoff to be ε ∼ J−1 so that we then could have the action
of leading order in derivatives be proportional to J−1 for all q. If we ac-
knowledge higher order terms in ε they might contain divergence that leads
to unforeseen improvements in the scaling of J . This may have the effect
of making some of the higher order terms in the derivatives essential and
nonnegligible as they can contribute to O(J−1). This is exactly the case for
when g = 2; the theory is integrable even though the Lyapunov exponent is
maximal. It is the same case for the SYK model.

5.5 Four-point function
In this section we will cover the foru-point function. However, we will not go
throught the full derivations of here, we will give a outline of the derivation
following [19]. For the complete set of steps in the computation see the two
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papers [21] and [22].

A conformal symmetry places constraints on correlation functions. The sym-
metry fully fixes the two-point and three-point function,

⟨O(τ1)hO(τ2)h⟩ =
1

∣τ12∣2h
,

⟨O(τ1)h1
O(τ2)h2

O(τ3)h3
⟩ = Ch1h2h3

∣τ12∣h1+h2−h3 ∣τ13∣h1−h2+h3 ∣τ23∣−h1+h2+h3
,

(5.84)

but higher order functions are not specified by the symmetry. To find the
form of the four-point function however, we need to use conformal blocks.
It forms a basis in which we can express the four-point function. So the
expansion of the four-point function in term of the blocks are then

⟨ψ(τ1)ψ(τ2)ψ(τ3)ψ(τ4)⟩ = ⟨ψ(τ1)ψ(τ2)⟩ ⟨ψ(τ3)ψ(τ4)⟩∑
h

(Ch
ψψ)

2

× zh2F1(h,h,2h, z). (5.85)

The conformal block is F1(h,h,2h, z) contains a hypergeometric function of
the cross section of the times,

z = τ12τ24

τ13τ24
, τab ≡ τa − τb, (5.86)

in the equation h sums all the conformal primaries and Ch
ψψ represents the

OPE coefficients. If we are able to construct the four-point function in this
form then we can simply read of the scaling dimension and the OPE coeffi-
cients.

Now if we want to derive the function in the SYK model we will focus on the
large N limit so we can take advantage of the classical solutions. In addition,
the four point function is naturally two two-point functions, G. Lastly, we
need to take in consideration the disorder average, for a nonzero result we
need to have pairwise index for the fermions. Thus, we have

1
N2∑

i,j

⟨Tψi(τ1)ψi(τ2)ψj(τ3)ψj(τ4)⟩ = ⟨G(τ12)G(τ34)⟩ ∼ G∗(τ12)G∗(τ34),

(5.87)
where G∗ represent the classical value of G. In terms of (5.85), this is the
case when h = 0. To determine the quantum correction at leading order
we introduce small fluctuations around the classical solutions. We can then
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parametrize these corrections as

1
N2∑

i,j

⟨Tψi(τ1)ψi(τ2)ψj(τ3)ψj(τ4)⟩ = G∗(τ12)G∗(τ34)

× [1 + 1
N
F(τ1, τ2, τ3, τ4) + . . . ]. (5.88)

The first term gives a disconnected piece and the second term is the lowest
order term from a power series in 1

N . It is this term which we have to
determine. We can specify the fluctuations around the classical solution by

G = G∗ + ∣G∗∣
2−q
2 g,

Σ = Σ∗ + ∣G∗∣
q−2
2 σ.

(5.89)

If we insert these fluctuations in the left hand side of (5.88) and identify the
terms with the correct order of 1

N , we can express the sought after function
F(τ1, τ2, τ3, τ4) as

1
N
F(τ1, τ2, τ3, τ4) = G∗(τ12)−

2
qG∗(τ34)−

2
q ⟨g(τ1, τ2)g(τ3, τ4)⟩ . (5.90)

To determine the two-point function we then insert the fluctuations into the
previous derived action, (5.23) and expand it ito quadratic order. After doing
the Gaussian integral in σ it leaves an action for g,

I[g] = J
2(q − 1)

4 ∫ dτ1 . . . dτ4g(τ1, τ2)Q(τ1, τ2; τ3, τ4)g(τ3, τ4). (5.91)

The new function Q(τ1, τ2; τ3, τ4) can be thought of as a Green’s function, it
is

Q = K̃−1 − 1,

K̃(τ1, τ2; τ3, τ4) = −J2(q − 1)∣G∗(τ12)∣
q−2
2 G∗(τ13)G∗(τ24)∣G∗(τ34)∣

q−2
2 .

(5.92)

Where the two first variables in Q can be thought of as “row indices” and the
third and fourth as the “column indices”. We have then that the two-point
function of g is then the inverse of Q,

F(τ1, τ2, τ3, τ4) = G∗(τ12)−
2
qG∗(τ34)−

2
qQ−1(τ1, τ2; τ3, τ4). (5.93)

We can then write the inverse of Q as

Q−1 = (K̃−1 − 1)−1 ≡ (1 − K̃)−1K̃ =∑
n

K̃nK̃, (5.94)
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Figure 5.6: A five-point ladder diagram.

it is then a geometrical series. The sum can then pictorially be interpreted as
ladder diagrams with corresponding n “steps”, see Figure 5.6. The horizontal
propagators are called “rails” and the vertical “rungs” [21]. Each multiplica-
tion of the functions K̃ then adds one additional rung to the ladder.

We want to diagonalize the function Q and the way we go about doing it is
by determining the set of eigenfunctions to the kernel K̃. To achieve this we
have to proceed to the conformal limit. Given the eigenfunctions Ψ(τ1, τ2),

(K̃ − kc(λ))Ψλ = 0, (5.95)

and a completeness relation

∑
λ

1
⟨Ψλ∣Ψλ⟩

∣Ψλ⟩⟨Ψλ∣ = 1, (5.96)

utilizing these, we can formulate the following expression for the inverse of
Q,

Q−1 =∑
λ

kc(λ)
1 − kc(λ)

1
⟨Ψλ∣Ψλ⟩

∣Ψλ⟩⟨Ψλ∣ . (5.97)

To reiterate what was said in the beginning of this section, we are a bit
sketchy with the derivation and to get a full grasp of all the details see [21].
To find the eigenfunction of the kernel K̃ we will capitalise on the conformal
invariance of it in this limit. The SL(2,R) generators are

Lp(τ1, τ2) = ∣τ12∣−1[τ p1 ∂τ1 + τ
p
2 ∂τ2]∣τ12∣, p = 0,1,2

[Lp(τ1, τ2), Lq(τ1, τ2)] = (q − p)L(τ1, τ2)p+q−1, p = 0,1,2,
(5.98)

and they satisfy Lp(τ1, τ2)K̃ = K̃Lp(τ3, τ4). This in turn means that the
kernel will commute with the Casimir operator

C(τ1, τ2) = L1(τ1, τ2)2 − 1
2(L0(τ1, τ2)L2(τ1, τ2) +L2(τ1, τ2)L0(τ1, τ2)), (5.99)

the point of this is that the Casimir operator is a second order differential
function and is therefore easier to diagonalize. We then have

C(τ1, τ2)Ψλ = λ(λ − 1)Ψλ, (5.100)
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and due to the commutation of the operator with the kernel they share the
same eigenfunctions. Depending of what λ ∈ C is, we have multiple solution
for it. The general solution is

Ψλ(τ1, τ2) = ∫ dτ0gλ(τ0)f τ0λ (τ1, τ2), f τ0λ (τ1, τ2) =
sgn(τ12)

∣τ01∣λ∣τ02∣λ∣τ12∣1−λ
,

(5.101)
where the three-point functions are conformally invariant. From anyone of
these solutions we can calculate the eigenvalue, kc(λ) by evaluating (5.95),
e.g. giving for different values of q

kc(λ) = −
3
2

tan(π(λ−
1
2 )

2 )

λ − 1
2

, q = 4, (5.102a)

kc(λ) =
2

λ(λ − 1) , q =∞, (5.102b)

kc(λ) = −1, q = 2. (5.102c)

However, we want a subset of these solutions that form a complete basis of
antisymmetric eigenfunctions. This constrains us to

λ = 1
2 + is, s ∈ R and when λ = 2n, n ∈ Z+. (5.103)

With this result in mind we can write down an expression for the inverse of
Q,

Q−1(τ1, τ2; τ3, τ4) = ∫
∞

−∞
dsαλs(τ1, . . . , τ4)

kc(λs)
1 − kc(λs)

+
∞
∑
n=1

βλn(τ1, . . . , τ4)
kc(λn)

1 − kc(λn)
,

λs =
1
2 + is, λn = 2n.

(5.104)

The information from the eigenfunctions and the inner product, (5.97) is
contained in the two functions α and β. They be found, as stated before, in
[21]. From this equation we can see that when n = 1 we will have an diver-
gence in the discrete part. This divergence is the eigenvalues belonging to
the reparametrization modes, which we already know are the zero modes of
the action. Their contribution can actually be shown to be of the linearised
Schwarzian, (4.86). Which the leading order (βJ)−1 contribution is then the
four-point function from dilaton-gravity model.

The strategy for this section was to formalize an expression similar to, (5.85)
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so that we could read of the OPE coefficients and the scaling dimension.
The previous equation is on the right way, as it is an decomposition in the
eigenvalues and the conformal Casimir, but we are still missing the conformal
block for example. If we neglect the n = 1 term it is possible to transform
the βλs term further

Q−1(τ1, τ2; τ3, τ4) = ∫
∞

−∞
dsαλs(τ1, . . . , τ4)

kc(λ)
1 − kc(λ)

+
∞
∑
n=2

Res [αλ(τ1, . . . , τ4)
kc(λ)

1 − kc(λ)
]∣
λ=2n

.

(5.105)

This expression can be interpreted as a contour integral, see left part of
Figure 5.7, where the small circles are around the poles of the function αλ.

Figure 5.7: Contour interpretation of (5.105) (figure taken from [19]).

The poles of αλ are at the positions of the value of λ = 2n, n ∈ Z+. We then
deform the contour in such a way that the line in the left part of the figure
is annihilated but we gain poles at the positive part of the solutions for the
equation

kc(hm) = 1. (5.106)
This deformation of the contour results in

F(τ1, . . . , τ4) =
∞
∑
m=1

c2
hm
zhm2 F1(hm, hm,2hm, z), (5.107)

which is the leading 1/N correction term to the four-point function, (5.93).
The OPE coefficients can then be calculated from Chm

ψψ = chm/
√
N , where

in turn chm is a function of both hm and q. From the equation, (5.106) we
can see that we have the correct set of scaling dimensions for the conformal
dimensions of the conformal primaries in the ψ × ψ OPE. There exists no
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explicit function for the hm, however we can for example give its behaviour
when q = 4 and m >> 1,

hm ≈ 2∆ + 1 + 2m + 3
2πm. (5.108)

From which we can determine that these operators contain two ψ’s, 2m + 1
derivatives and one additional piece which stems from the interactions. These
operators are of the form

Om = 1√
N

N

∑
i=1

2m+1
∑
k=0

dmk∂
k
τψi∂

2m+1−kψi. (5.109)

5.6 Bulk interpretation
A central question in view of AdS2 holography would be to what extend we
can describe the SYK model with a gravitational model in two dimensions.
We have seen that in the strong coupling limit we have a similar pattern of
symmetry breaking going on as in the Jackiw-Teitelboim theory, section 4.3.

In the bulk dual we would expect to have some matter fields dual to (5.109).
Furthermore, we might think of the bilocal fields in the largeN limit, G(τ1, τ2)
and Σ(τ1, τ2) which are functions of two variables, to already be living in two
dimensions. Unfortunately, their action (5.22) is nonlocal. In addition the
action of the fluctuations g, (5.91) is nonlocal too, however we can derive
local fields from it.

To derive a local field from the action we can consider a field

gm(τ1, τ2) = ∫ dλζm(λ)∫ dτ0gλ(τ0)f τ0λ (τ1, τ2), (5.110)

where f τ0λ is specified in (5.101). We take the new function ζm(λ) to have a
high peak when λ = hm, a solution of the previous equation (5.106), but it
should have a small width. Then we can write to linear order in λ − hm

1
kc(λ)

≈ 1 − λ(λ − 1) − hm(hm − 1)
2hm − 1 k′c(hm), (5.111)

if we then act on our gm we receive

(K̃−1 − 1)gm ≈ k′c(hm)
2hm − 1

(C(τ1, τ2) −M2
m)gm. (5.112)
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Where C(τ1, τ2) is the Casimir, (5.99) and M2
m = hm(hm−1). The key comes

form the realization that Lorentzian AdS2 is the group manifold SL(2,R),
and we can therefore see that the Casimir is related to the Laplacian on it.
Specifically, we have

∣τ12∣C(τ1, τ2)∣τ12∣−1 = z2(−∂2
t + ∂2

z), t = τ1 + τ2

2 , z = τ1 − τ2

2 . (5.113)

Now, if we combine it with (5.112) yields us a quadratic action for a field
φm = ∣τ12∣gm,

∫ gmQgm ≈ ∫ dtdz
1
z2φm[z2(−∂2

t + ∂2
z) −M2

m]φm

≡ ∫ d2x
√
gAdS2φm(◻AdS −M2

m)φm.
(5.114)

The field, φm is then an appoximation of a propagating massive field on
AdS2 with massMm [19]. However, this approach is too naive and we cannot
interpretative this as the holographic spacetime. The problem is simple, we
start with an Euclidean boundary theory but we end up with a Lorentzian
Laplacian.
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Chapter 6

Conclusion

In this thesis we started by reviewing the general structure of the AdS/CFT
correspondence. We then, in particular, studied the AdS2/SYK duality fol-
lowing the general approach of [19]. By studying the pathology of AdS2 we
argued that we had to keep up to leading order the conformal symmetry
breaking which led us to Jackiw-Teitelboim theory. Thereafter, we cutoff the
bulk of AdS space along an introduced trajectory. We then reduce the prob-
lem to a dynamical system on the boundary. This is achieved by picking the
dynamical variable as the time representation of the boundary time, doing
such yields us a Schwarzian action.

Moreover, we consider the SYK model, a model were we have the Hilbert
space generated by N Majorana fermions with the couplings drawn from a
Gaussian distribution. Viewing this model in the strong coupling limits re-
veal, that in this region, it shares some underlining properties as the near
AdS2 space: both an explicit breaking of the symmetry and a spontaneous
breaking.

There are several openended questions concerning the SYK model. One
of these unanserwed questions is the bulk dual. A possible suggested way to
find the dual is to consider AdS2 × S1/Z2 instead of the naively expectated
AdS2. According to [23], [24] and [25] it is possible to replicate the SYK
spectrum and propagator at the strong coupling limit. They achieve this by
setting the third dimensional direction in the metric to be the dilaton. In
addition, for a massive scalar field they introduce an external delta function
potential at the middle of the interval and as well the field satisfies Dirichlet
boundary conditions at the ends.

Another method of finding a dual is explored in [26]. The SYK model is, for
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the moment, different from both gauge theory and vector model examples of
AdS/CFT. There are no known brane construction of the model. However,
in the article they utilizes the solvability of the model in the 1/N expansion
to systematically derive a bulk Lagrangian with an infinite number of weakly
interacting fields.
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Appendix A

Einstein space

The number of maximally independent components of the Riemann tensor
can be determined by looking at its symmetries. As Rαβγδ is symmetric
under the interchange of αβ with γδ, it has then N(N + 1)/2 independent
components. But, it is antisymmetric under the exchange of α and β and
similarly for the other pair, this implies that N = n(n− 1)/2. So the number
is reduced to

n(n − 1)
2 (n(n − 1)

2 + 1) = 1
8
(n4 − 2n3 + 3n2 − 2n) (A.1)

and with the last symmetry

Rαβγδ +Rαγδβ +Rαδβγ = 0, (A.2)

which further reduced the amount of components by

n!
4!(n − 4)! . (A.3)

The number of the independent components in the Riemann curvature is
then [27],

1
8
(n4 − 2n3 + 3n2 − 2n) − 1

24n(n − 1)(n − 2)(n − 3) = 1
12n

2(n2 − 1). (A.4)

For the two dimensional case, n = 2, there is only one component, say R1212.
The scalar curvature can then be expressed by the component of the Riemann
curvature, with

R = gαβRαβ = gαβRγ
αγβ = g

αβ(R1
α1β +R2

α2β) = g11R2
121+g12R1

112+g21R2
221+g22R1

212,
(A.5)
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combined with the explicit formula for the inverse of a two dimensional matrix

gαβ = 1
g11g22 − g12g21

( g22 −g12
−g21 g11

) (A.6)

and

R1212 = g1αR
α
212 = g11R

1
212 + g12R

2
212 (A.7a)

R1212 = g2αR
α
121 = g21R

1
121 + g22R

2
121. (A.7b)

Hence, the Ricci scalar is

R = 2
g11g22 − g12g21

R1212, (A.8)

and this can be rewritten to

Rαβγδ =
R

2 (gαγgβδ − gαδgβγ). (A.9)

Therefore, a two dimensional space is always maximally symmetric and al-
ready is an Einstein space.
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Appendix B

The isomorphism between the
conformal algebra and SO(2, d)

The generators defined in (2.13) satisfies the SO(2, d) algebra:

[Jab, Jcd] = i(ηadJbc + ηbcJad − ηacJbd − ηbdJac), (B.1)

where ηab is the metric of R2,d. The commutators with Jµν will work out from
the way they are defined, the commutator of [Jµν , Jd(d+1)] share no common
indices between them, and from the equation (B.1) we get that it has to be
zero. Utilizing the previous derived relations (2.12) to verify it, we indeed
get that the commutator will be zero.

The commutator between Jσd and Jµν is:

[Jσd, Jµν] =
1
2[Pσ −Kσ,Mµν] = i(ησνJνd − ησνJνd), (B.2)

where the other two terms are zero due to the metric indices cannot match,
i.e ηdσ where µ = 0 . . . d − 1. The commutator between Jµν and Jσ(d+1) is
calculated in a equivalent way.

Taking the two similar commutators

[Jd(d+1), Jµ(d+1)] = [D, 1
2(Pµ +Kµ)] =

i

2(Pµ −Kµ) = iJµd = −iη(d+1)(d+1)Jµd

(B.3a)

[Jd(d+1), Jµd] = [D, 1
2(Pµ −Kµ)] =

i

2(Pµ +Kµ) = iJµ(d+1) = iηddJµ(d+1),

(B.3b)
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the relations are also showing that the two additional dimensions has to be
one spatial and one time dimension. The remaining commutators is

[J(d+1)µ, Jdν] =
1
4[Pµ +Kµ, Pµ −Kµ] =

i

2(−2ηµνD +Mνµ +Mµν) = −iηµνJ(d+1)d.

(B.4)
Therefore we have proved that the conformal group is isomorphic to the
SO(2, d) group.
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Appendix C

Derivation of gauge field
propagator

In the main parts we have started deriving the boundary to bulk propagator,
i.e. from x̄′ = 0 on the boundary to (x0, x̄) in the bulk, and we reached the
following expression

A(i) = p − 1
p − 2( x0

(x0)2 + x̄2
)
p−2

d( xi

(x0)2 + x̄2
). (C.1)

It is possible to simplify the propagator by using the fact that it is only
unique up to gauge transformation. Therefore, we may subtract the pure
gauge

1
p − 2d

⎛
⎝

(x0)p−2
xi

((x0)2 + x̄2)p−1
⎞
⎠
. (C.2)

This yields,

A(i) =p − 1
p − 2( x0

(x0)2 + x̄2
)
p−2

d( xi

(x0)2 + x̄2
) − 1

p − 2d
⎛
⎝

(x0)p−2
xi

((x0)2 + x̄2)p−1
⎞
⎠

= 1
p − 2

⎡⎢⎢⎢⎢⎣
(p − 1) (x0)p−2

dxi

((x0)2 + x̄2)p−1 + (p − 1) (x0)p−2
xi

((x0)2 + x̄2)p−2d
⎛
⎝

1
((x0)2 + x̄2)

⎞
⎠

−
d((x0)p−2

xi)

((x0)2 + x̄2)p−1 − (x0)p−2
xid

⎛
⎝

1
((x0)2 + x̄2)p−1

⎞
⎠

⎤⎥⎥⎥⎥⎦
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= 1
p − 2

⎡⎢⎢⎢⎢⎣
(p − 1) (x0)p−2

dxi

((x0)2 + x̄2)p−1 + (x0)p−2
xid

⎛
⎝

1
((x0)2 + x̄2)p−1

⎞
⎠

−
d((x0)p−2

xi)

((x0)2 + x̄2)p−1 − (x0)p−2
xid

⎛
⎝

1
((x0)2 + x̄2)p−1

⎞
⎠

⎤⎥⎥⎥⎥⎦

= 1
p − 2

⎡⎢⎢⎢⎢⎣
(p − 1) (x0)p−2

dxi

((x0)2 + x̄2)p−1 −
d((x0)p−2

xi)

((x0)2 + x̄2)p−1

⎤⎥⎥⎥⎥⎦

+ 1
p − 2

⎡⎢⎢⎢⎢⎣
(x0)p−2

xid
⎛
⎝

1
((x0)2 + x̄2)p−1

⎞
⎠
− (x0)p−2

xid
⎛
⎝

1
((x0)2 + x̄2)p−1

⎞
⎠

⎤⎥⎥⎥⎥⎦

= 1
p − 2

⎡⎢⎢⎢⎢⎣
(p − 1) (x0)p−2

dxi

((x0)2 + x̄2)p−1 − (p − 2) (x0)p−3
xidx0

((x0)2 + x̄2)p−1 −
(x0)p−2

dxi

((x0)2 + x̄2)p−1

⎤⎥⎥⎥⎥⎦

= − (x0)p−3
xidx0

((x0)2 + x̄2)p−1 +
(x0)p−2

dxi

((x0)2 + x̄2)p−1 = 1
((x0)2 + x̄2)p−1 [−(x

0)p−3
xidx0 + (x0)p−2

dxi].
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Appendix D

Schwarzian composition law

The Schwarzian derivative’s composition law can be determined in two dif-
ferent way. The first one is by being a bit clever and using the transformation
law of the stress tensor in 2 dimensional CFT. The second one is by doing
all the necessary chain rule derivatives. From [28] we know that the trans-
formation is1

(∂zz′)2T (z′) = T (z) − c

12{z′, z}, (D.1)

for the transformation to be consistent we need to get the same result from
two individual transformations and from the composition of them. The com-
position transformation is,

(∂wv(w(z)))2T (v(w(z)) = T (w) − c

12{v,w} = 1
(w′

z)2(T (z) − c

12{w, z})

− c

12{v,w} = 1
(w′

z)2(T (z) − c

12{w, z} − c(w
′
z)2

12 {v,w}).

(D.2)

Which means that Schwarzian satisfies

{v,{w, z}} = {w, z} + (w′
z)2{v,w} (D.3)

and the transformation becomes

(∂zv(w(z)))2T (v(w(z)) = T (z) − c

12{v,{w, z}}, (D.4)

which verifies that the transformations composes correctly.

1We switch notation from Sch(f(t), t) to {f(t), t} for pure convenience of writing
nested terms.
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Explicitly checking that is has the correct form, the derivative can be rewrit-
ten to

{w, z} = 2w′′′(z)w′(z) − 3w′′(z)w′′(z)
2w′(z)w′(z)

= w
′′′(z)
w′(z)

− 3
2(w

′′(z)
w′(z)

)
2

(D.5)

and with the chain rule for higher order derivatives,

∂v

∂z
= ∂v

∂w

∂w

∂z
∂2v

∂z2 = ∂2v

∂w2(
∂w

∂z
)

2
+ ∂v

∂w

∂2w

∂z2

∂3v

∂z3 = ∂3v

∂w3(
∂w

∂z
)

3
+ 3 ∂

2v

∂w2
∂2w

∂z2
∂w

∂z
+ ∂v

∂w

∂3w

∂z3

(D.6)

the Schwarzian derivative corresponding to a second transformation is

{v,{w, z}} = v
′′′

v′
w′2 − 3

2(v
′′

v′
)

2
w′2 + 3 v

′′
w

w′′
z

+ w
′′
z

w′
z

− 3
2(w

′′
z

w′
z

)
2
− 3

2(2v′′ww′′
z )

= {v,w}w′2
z + {w, z}.

(D.7)
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