
The Effect of Fano Resonance on Exchange

Interaction in a DQD Junction with Rashba

Spin-Orbit Coupling

Seif Alwan

A thesis presented for the degree of

Masters in Physics

Department of Physics and Astronomy

Uppsala University

Sweden



Contents

1 Introduction 3

2 Quantum Interference Effects in Double Quantum Dot sys-
tems 7
2.1 The Double Quantum Dot system . . . . . . . . . . . . . . . . 7
2.2 The Density of States . . . . . . . . . . . . . . . . . . . . . . . 14
2.3 Transmission Probability through the DQD system . . . . . . 16
2.4 Section Summary . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Exchange Interactions Correlation To Quantum Interference 21
3.1 The Exchange Interaction . . . . . . . . . . . . . . . . . . . . 21
3.2 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.3 Section Summary . . . . . . . . . . . . . . . . . . . . . . . . . 29

4 Rashba Spin-orbit Interactions on DQD systems 30
4.1 Rashba Spin-Orbit Interactions . . . . . . . . . . . . . . . . . 30
4.2 The Tunability of Fano under Rashba . . . . . . . . . . . . . . 31
4.3 Section Summary . . . . . . . . . . . . . . . . . . . . . . . . . 33

5 Exchange Interactions Under Rashba Spin-Orbit Interactions 34
5.1 Section Summary . . . . . . . . . . . . . . . . . . . . . . . . . 40

6 Swedish Summary 41

A Evaluation of the Green’s function 42

1



Abstract

In this work, we investigate electronic transport through a dou-
ble quantum dot junction, where each dot couple to external local-
ized spins. The junction is embedded in between two metallic leads,
functioning as continues electron reservoirs. The double quantum dot
junction forms in the junction a bonding and anti-bonding state, much
resembling the electronic structure of a molecule, hence provides in-
sight to such systems. Due to the nature of the parallel coupling we
expect a reduced tunneling through the anti-bonding state as a result
of destructive interference as the tunneling is provided multiple path-
ways through the molecule. We predict that signature effects arise
correlating the quantum observable to the effective exchange coupling
between the localized spin moment and the electronic structure of the
DQD. We expect the Fano resonance to disappear entirely when the
anti-bonding state is localized and the transmission is carried purely
through the bonding state. We further investigate the effects of in-
clusion of Rashba Spin-Orbit coupling, allowing decoherence in the
transport. Here, a further degree of freedom is available and more
control of the quantum interference and hence the signatures in the
exchange is allowed.
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1 Swedish Summary

D̊a molekylära system är karaktäriserade av diskretiserad tillst̊and s̊a fungerar
kvantpunkter som utgörs av s̊adana tillst̊and ett utmärkt “test system”
för att undersöka fysikaliska effekter som kan ske i molekyler i just dessa
kvant punkt system. Men d̊a endast ett enstaka tillst̊and behöver beskri-
vas s̊a måste kvantfysiska metoder implementeras. Vi använder oss utav
icke-jämvikts Greenfunktioner dessa l̊atsas molekyler d̊a en ström passerar
genom tillst̊anden. D̊a systemet best̊ar av multipla tillst̊and s̊a kan strömmen
ta ett flertal vägar, detta resulterar in kvant interference effekter som p̊avisats
i strömmen. Vi undersöker om dessa interferenser även uppst̊ar i växelverkan
mellan de spin momenten som är kopplade till kvant punkterna. D̊a strömmen
best̊ar av elektroner, bär dessa elektroner med sig en fas, denna fas ändras ej
när elektronen rör sig mellan elektroderna fr̊an där elektronerna och därför
strömmen härstammar. Vad detta innebär är att detta system till̊ater oss
att enkelt kontrollera hur interferensen sker genom att ändra p̊a kopplings
styrkan mellan punkterna samt kopplings styrkan mellan punkt och elektrod.
Fortsättningsvis studerar vi vad som skulle ske om vi istället till̊ater elektron
fasen att ändras under överg̊angen, detta görs genom att till̊ata spinn-ban
koppling i den dynamiska beskrivningen av systemet, vilket vi bygger v̊ara
Greenfunktioner fr̊an. Detta visar att vi har tillg̊ang till ännu en frihetsgrad
i v̊art system och kan förutom kopplings styrkan mellan elektrod och punkt
samt punkt och punkt även kontrollera systemets interferenser genom den
magnetiska fluxen som härstammar fr̊an elektroderna tack vare spinn-ban
kopplingen.
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2 Introduction

In recent years, there has been major progress in the fabrication techniques
for electronic devices in the nanometer scale. This progress has occurred in
correlation with the reduction in the measurements of electronic components
to the degree where even dimensions are reduced to two, one and even zero
dimensions, i.e., films, wires and point clusters (or dots), respectively. Re-
ducing the dimensions of a system is associated with the motion of charge
carriers becoming more confined, resulting in quantization of their states. In
our work, we will be looking at how the confinement affects the electronic
transport through these Quantum Dot (QD) systems. The transmission of
the electron current is observed as a discreet spectrum as it passes the zero
dimensional QD junction, where junction refers to the central device of the
QDs positioned between two metallic leads. These metal leads are consid-
ered to be a continuum in their states, and are therefore able to provide a
steady flow of electrons through the junction. In fact, these QD systems have
become a reoccurring theme in the theoretical condensed matter community
as ”toy” systems for studying quantization effects in transport processes.

The interesting characteristics that arise in the electron transport, which
is due to the discretization of the energy structures are owed primarily to the
scale of the these systems. These have in many texts been treated much like
an artificial molecule, and indeed this is a reasonable description as the states
representing the QDs can easily be seen as combination of atomic orbitals
and treated much like bonding and anti-bonding states.

Another main feature of the transport through QD systems is that the
electron coherence (its phase) is preserved under transmission. The coherence
of the transport allows for a better description of the transport characteris-
tics. This allows the transmission to be governed entirely by the coupling to
the leads, but also by the coupling parameter connecting the QDs.

In our work, we study the Double Quantum Dot (DQD) system, which
includes the serial coupled DQD and the parallel coupled DQD, as well as
the transition in between. In the serial coupled DQD the leads couple to
the QDs asymmetrically, here, each lead may only interact with a single
QD. Whilst in the parallel coupled system, we find that both leads couple
equally to both QDs. This in turn allows us to gain a clear picture of the
quantum transport phenomena under different coupling conditions by simply
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varying the coupling parameters. The parallel coupled system is of particular
interest, in which its representation of a two level system makes it a possible
candidate for the quantum bit in quantum computing based on solid state
devices.

The similarities between a molecular structure and the DQD system are
quite apparent, even though, we will refrain from using molecular basis repre-
sentations and commit to state representations in our derivations. However,
to give an intuitive picture of these systems, the molecular view of bounding
and anti-bonding is easier to follow, and is often used in literature.

As the junction consists of two QDs, the electron current is allowed multi-
ple pathways through either QD. This gives rise to variations in the transmis-
sion spectra and the formation of a well known asymmetric lineshape which
emerges due to quantum interference effects made possible by the existence
of multiple QDs[11, 35]. The asymmetric lineshape in the transmission spec-
tra is well known as the Fano lineshape[9], which in simple terms can be
described as the interference between a resonant and a non resonant pro-
cess. Indeed, the Fano resonance may be considered as a probe for phase
coherence in the QD system[20, 21]. Another advantage of the Fano effect,
is its use as a probe for the electron coherence of the system[6]. This may
be realized in the following way, if we where to consider the junction as a
Breit-Wigner type scatterer broadened by a factor Γ, which describes the
line-width broadening due to the coupling of the junction to the continuum
of the leads, the Fano effect may than appear in the transmission spectra.
If within the broadening Γ the phase of the electron is changed by π over
the junction[29]. This in turn makes the Fano effect an excellent probe for
phase coherence in these QD systems. This is indeed of importance when
discussing the use of these systems in quantum computing which requires a
high degree of phase coherence[22].

In addition to the quantum transport properties, the interaction effects of
electrons begin to play an important role resulting in a number of correlation
effects such as the Coulomb blockade and Kondo effect at low temperatures.
However interesting, these effects are beyond the scope of this work, yet in
literature are often associated with similar studies. In the present work, we
investigate the non-equilibrium transport through the DQD system, where
we focus on the characteristics of the transmission to identify interference
effects in the electronic spectrum. The equilibrium of our system is allowed
to be broken across the junction originating at the leads. This can be done in
a number of ways, by variations in the temperature or the chemical potential
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of the leads but also by simply creating a biased current over the junction.
We will avoid temperature variations in our system and instead focus on the
later two.

We obtain the conductance at zero temperature, we note that on the
basis of non-interacting QD states, the conductance can be reduced to the
Landauer-Büttiker formula. However, as only quantum of conductance G =
2e2/h separates the conductance from the transmission probability T (ε), we
simply content ourselves with the later by letting G = 1.

We also consider the associated Density Of State (DOS) as well as the
local DOS. The local DOS gives us an emphasises on the mixing of densi-
ties between the QDs, which further strengthens the claim that the DQD
system may function as an artificial molecule. As the electronic structure of
a molecule consists of a combination of atomic like states, similarly we can
describe the junction as a combination of QD states.

In addition to the transport properties of the DQD system, the mag-
netic interaction of these systems hold immense curiosities from fundamen-
tal physics to technological applications. As technological advancements are
focusing on ever decreasing scales, these QD systems become more rele-
vant when attempting to understand the magnetic properties of atomic and
molecular scale devices. While control of magnetic interactions are straight-
forward under magnetic fields, control by means of electric fields may al-
low for favorable conditions for electronic devices. Herein, we study the
interactions between magnetic moments embedded within the DQD junc-
tion. These magnetic exchange interactions are partitioned into isotropic
Heisenberg and anisotropic Ising and Dzyaloshinski-Moriya (which we will
hence forth shorten to DM, for obvious reasons) exchange interactions[10].
We find that the strength of the interactions as well as the character of the
exchange, i.e., ferromagnetic or antiferromagnetic, can be controlled by the
electric field by voltage biasing, and gating the system, but also by thermal
biasing, though the later will not be considered in this thesis. Under these
conditions, the Heisenberg and Ising exchange interactions both display sim-
ilarities to the transmission spectrum as well as the DOS in terms of the
transition from the serial to parallel system, both of these interactions scale
linearly the coupling strength of the leads[10]. Indeed, we find that this is
also true for the quantum interference effects as these are also present in the
Heisenberg and Ising exchange. Heisenberg and Ising, similar to the trans-
mission, indications of the Fano lineshape. We may therefore consider the
exchange interactions relevance in quantum computing[8].
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In section 2.3, we present our investigation on non-equilibrium transport
through a DQD system. We focus on the characteristics of the transmission
through the system to identify interference effects in the electronic spectrum.
We obtain the conductance at zero temperature and the associated density
of states as well as the local densities of state to emphasize on the mixing
of densities between the dots. We generate different transport conditions
through the junction by tuning the coupling conditions. These range from
serial, or, asymmetric coupling to the leads, to parallel, or, fully symmetric
coupling to the leads. Doing this, we can locate the Fano lineshape as it is
first formed until it fully vanishes, leaving one QD to carry the entirety of
the charge transport.

We extend the work done on the transmission through the system in
section 3, by considering the correlation between the transmission spectra and
the isotropic and anisotropic exchange interactions. These are the Heisenberg
exchange which displays isotropic character and the Ising and DM which are
anisotropic in nature.

In section 4 we proceed to define the theory of Spin-Orbit Interaction
SOI, where we see the effects of the inclusion of SOI, which allows for further
control of the systems transmission properties. We also show that the we can
disrupt the coherence allowing for tunneling through the DQD as a result of
the SOI. This is however, a miniscule amount of transmission and is generally
negligible, but in the scale of the quantum interference effects we do find a
non-negligible contribution.

In section 5 we apply the SOI on the exchange interactions where we
further investigate the correlation between the exchange interaction and the
transmission spectra. We also consider the possibilities of destructive inter-
ference effects in the DM exchange interaction.
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3 Quantum Interference Effects in Double

Quantum Dot systems

Section Abstract

Herein, we are intrested in investigating the electron transport properties
of the Double Quantum Dot system. We construct the Green’s function to
allow for transition from serial configuration, characterized by asymmetric
coupling to the leads towards parallel configuration, where the Quantum
Dots interact symmetrically with the leads. We find that from tuning the
intra- and inter-dot coupling parameters, we can selectively reduce transport
through a chosen Quantum Dot reducing the number of transport channels.
We attribute this occurrence to quantum interference effects in the system
and proceed to uncover the Fano resonance in the transmission probability.

3.1 The Double Quantum Dot system

The system of interest is illustrated in figure 1, where the two states of
energies εAσ and εBσ represent the two QDs in the junction with spin σ. The
states couple through the inter-dot coupling constant tc, which determines the
coupling strength between the QDs. Thus, finite coupling strengths, writing
the energy difference as εAσ − εBσ = 0 is insufficient to attain degeneracy of
the system. We have chosen to use the indices A and B to represent the anti-
bonding and bonding states of the levels, in conjunction to the interpretation
of the DQD system as an artificial molecule. This is also repeated in literature
and provides a more convenient and, perhaps, more insightful overview of the
system. The coupling between the junction and the leads are given by the
coupling constant Γα

σ , where α = L,R, denote left (L) and right (R) lead.
The leads are assumed to be a continuum of states and, therefore, Γα denotes
the line-width of the distribution interacting with the QDs. The strength of
the coupling determines the strength of the interaction from the continuum.
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Figure 1: Simplified schematics of the two state QD molecule coupled to a left and right leads.

For the purpose of this study the leads are considered to be non-polarized.
Due to the nature of the interference phenomenon, the polarization of the
leads are considered optional, as the total transmission of the current through
the DQD junction is unaffected by it. We will proceed to develop the frame-
work for lead polarizations when evaluating the exchange, but retain a simple
picture within the scope of this section, where the leads are characterized by
the chemical potentials µα around the Fermi level denoted by µ0. The local-
ized spin moments denoted by SA and SB each couple to the localized states
εAσ and εBσ, respectively, by the exchange coupling parameters JA and JB.
These localized spin moments may then interact with each other by the effec-
tive spin-spin interaction, which we write as JAB. It is common to calculate
JAB through an iterative scheme under self consistent field conditions.

However, previous studies [10] claim that the two localized spins mediated
by itinerant electrons can be effectively coupled to each other via indirect ex-
change interaction. In our work, we suppose this effective interaction between
S1 and S2 can be evaluated through a perturbation scheme.

To conceptualize this in simpler terms, the DQD forms an artificial molecule
allowing passage of current from the surrounding leads, the localized spin
moments are then calculated externally facilitating the exchange interaction
between the QDs. In orbital terminology, we can draw the picture of two aro-

9



matic groups limited to s- and p-orbitals and their hybrids, these providing a
flow of electrons with a metal trapped in the center of each molecule that do-
nates a d-orbital and in turn provides a localized spin moment. The exchange
interaction originates from the coupling of the localized spin moments. The
evaluation of the exchange interaction is reserved for a later section and we
limit ourselves in this section to studying the transport properties.

To model the system, we write the following Hamiltonian composed of a
lead Hamiltonian Ĥleads, a central component ĤCen and the tunneling com-
ponents ĤTunneling i.e,

Ĥ = Ĥleads + ĤTunneling + ĤCen. (1)

We begin by dissecting each component starting with Ĥleads,

Ĥleads =
∑
kσ

εkσc
†
kσckσ +

∑
pσ

εpσc
†
pσcpσ (2)

where c and c† are the creation and annihilation operators of the left (right)
lead at some momentum vector k(p) with energy ε and spin σ. We represent
the central region Hamiltonian ĤCen as,

ĤCen = ĤCen, 0 + ĤCen, int

=
∑

m∈{A,B},σ

εmσd
†
mσdmσ +

∑
m1 6=m2,σ

γm1,m2d
†
m1σ

σσ1σ2dm2σ

+
∑

m,σ1,σ2

Jmd
†
mσ1

dmσ2 · Sm(t) +
∑
m

Umnm↑nm↓

(3)

We partition the Hamiltonian by first defining a non interacting component
given by the first term in equation 3. Compacting the remaining terms in
the interacting component ĤCen, int. We begin by dissecting the first term

corresponding to ĤCen,0 where εmσ = εm,0+ 1
2
gµBBσ

z
σσ gives the energy of the

electron level of the state m. The term 1
2
gµBBσ

z
σσ arises due to the Zeeman

splitting from spin polarization in the leads, where g is the g-factor µB the
Bohr constant and B is the magnetic field in the z-direction, B = Bẑ. In the
scope of this project we will not need to consider polarized leads as we are
only interested in the interference effects that arise from the transmission.
The creation and annihilation operators for the quantum dots are given by
d†mσdmσ for the state m ∈ A,B with spin σ. The intra-dot tunneling is
given by the second term in 3, where γm1,m2 gives the intra-dot coupling

10



strength between the states. Later it will be more convenient to simply
write tc = γm1,m2 , but for now γm1,m2 allows us some bookkeeping aid when
following the appendix.

The interactions between the spin moments and the QDs are given by
Jmd

†
mσ1

dmσ2 ·Sm(t), where Jm is the exchange interaction strength. The final
term in equation 3 is the well known Hubbard on-site Coulomb repulsion
term, where nm↑ = d†m↑dm↑ and nm↓ = d†m↓dm↓ are the pair body particle
operators.

As a large body of the scientific publications involve the use of finite U ,
we make a small digression to justify why we will omit it (letting U = 0).

Figure 2: The Coulomb blockade for a two state tunnel junction, where εF is the Fermi energy of the
leads.

From figure 2, the QD level ε1 is occupied by a spin-up electron, the
spin-down level is then elevated by a Coulomb energy of U to ε2 = ε1 + U .
Assuming this state is empty, then for an electron from the leads to hop
over to the level of energy ε2, it first needs enough energy to overcome the
Coulomb energy U . This is known as the Coulomb blockade. Similarly the
spin-up electron occupying the ε1 energy level, can not jump to the leads due
to energy conservation. As direct single electron tunneling is forbidden, we
therefore have no flow of current through the junction. However, a higher
order process still occurs where an electron jumps out of the QD level into
the lead and is instantly replaced by an electron from the surrounding lead.
This is a virtual process which occurs rapidly and results in a measurable
current. In turn the rapid spin flips results in the formation of a singlet in
the QD spin state as the average spin vanishes. This is in fact analogous to
the Kondo phenomenon pertaining to a magnetic impurities in metals. An
impurity forms a singlet state with the itinerant electrons of the conduction

11



band at lower temperatures, resulting in scattering centers that in turn raise
the resistivity in the system with decreased temperature. The QD junction
is immensely small in comparison to the environment they are embedded in
(in this case a left and right lead). As such it would warrant a large energy to
move from one state to the next. However, our choice of Hamiltonian stems
from our study of interference effects in DQD systems. Quantum interference
is a wave phenomenon and, hence, our choice of U should not matter. In
fact, the preservation of coherence as described by the higher order tunneling
simplifies the detection of the Fano lineshape due to the added control over
the tunneling process. The components of the Hamiltonian that contributes
to the cotunneling process described in figure 2 is given by,

ĤA
Tunneling =

∑
Lσ

(T
(A)
Lσ c

†
LσdAσ + T̄

(A)
Lσ d

†
AσcLσ)

+
∑
Rσ

(T
(A)
Rσ c

†
RσdAσ + T̄

(A)
Rσ d

†
AσcRσ)

ĤB
Tunneling =

∑
Lσ

(T
(B)
Lσ c

†
LσdBσ + T̄

(B)
Lσ d

†
BσcLσ)

+
∑
Rσ

(T
(B)
Rσ c

†
RσdBσ + T̄

(B)
Rσ d

†
BσcRσ)

(4)

where Tm∈A,Bα∈L,R is the tunneling matrix element relating the left and right
lead to the QD levels A and B. The tunneling process is represented by the
creation and annihilation, i.e. T

(m)
ασ c†ασdm gives the annihilation of an electron

in the level m and creation of an electron in the lead α. The conjugate process
T̄

(m)
ασ d†mcασ, then gives the opposite. The possibility to tunnel an electron,

between the leads and through the DQD, could occur through a number of
pathways. The leads may tunnel electrons to the two QDs in the central
region, but as the QD levels are connected by a coupling constant γm1,m2

there is also interdot tunneling which provides further routes.
The main interest of this work is to investigate the effects of blocking the

tunneling process through one of the QDs forcing the electron current to only
tunnel through the single QD. As the transmission is analogous to a proba-
bility current the different pathways are best described as probability events.
This leads us to consider the possibility of interference effects in the system.
There are a multitude of applications, where perhaps spintronic devices are
what first comes to mind. Being able to on demand switch between mul-
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tiple pathways in these quantum systems, may even pave the way towards
quantum switches. To find the appropriate Green’s function, we proceed by
means of the Heisenberg equation of motion method, the different Green’s
functions of the system to a set of equations. The hierarchy of the obtained
equations, must be truncated to some degree to generate a closed set of equa-
tions. These are quite cumbersome and, therefore, have been left out of the
main text (see appendix A).

Compacting the spin components to reduce cluttering the Hamiltonian is
simply,

Ĥmnσσ′ =

[
ω − εAσ + iΓ11σ(ω)/2 −tc + iΓ12σ(ω)/2
−tc + iΓ21σ(ω)/2 ω − εBσ + iΓ22σ(ω)/2

]
(5)

Inverting the matrix 5 will finally give us the retarded Green’s function,

GR
mnσσ′ =

1

|Ĥ|

[
ω − εBσ + iΓ22σ(ω)/2 tc − iΓ12σ(ω)/2

tc − iΓ21σ(ω)/2 ω − εAσ + iΓ11σ(ω)/2

]
(6)

where we use the shorthand Ĥ for Ĥmnσσ′ ,

|Ĥ| = (ω − ε1σ + iΓ11σ(ω)/2) (ω − ε2σ + iΓ22σ(ω)/2)

− (−tc + iΓ12σ(ω)/2) (−tc + iΓ21σ(ω)/2)
(7)

The coupling between the central device and the environment is given by the
self-energy functions,

Σσ =
∑
k,α

TαiT̄αj
ω − εkα + iη (8)

where η > 0 is infinitesimal. We define Σσ as,

Σσ ≈ −
i

2
(ΓL + ΓR) = − i

2
Γ (9)

where equation 9 is given in terms of the Im{Σ} only. The elements of Γ are
defined as,

Γαijσ(ω) = 2πρασ(ε)
∣∣Tαij ∣∣2δ(ω − ε), (10)
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where Tαij is the tunneling from the leads to the central device and ρασ(ε) is
the density of states. More generally the dot-lead coupling can be seen as
the spin-dependent hybridization of the states in the central device due to
the continuum of the leads.

We can model the different possible pathways through the central region
by changing the properties of Γ, which allows us to tune the relative coupling
of the QD to the left and right lead. That makes one site a more favorable
path for the current to pass through.

tcL R

(a) The parallel configuration is given by
γ2 = X × γ1 where X = 1.0.

tc
L R

(b) The serial configuration is given by
γ2 = X × γ1 where X = 0.0.

Figure 3: Schematics of the DQD system coupled to left and right leads.

Writing Γ = ΓL+ΓR we associate the left and right leads to both the QDs.
Contrary to purely a serial configuration as shown in figure 3b, we would like
to create a general Γ matrix that represents both case in figure 3. To do this
we allow γ2 to approach γ1, where γ1 = p × γm1,m2 for some p ∈ [0, 1]. The
serial configuration is associated with a diagonal Γ, with zero contributions
from the non-diagonal elements, while the parallel configuration has a finite
non-diagonal elements in Γ. We therefore write the following ΓR11σ = ΓL22σ =
γ1, and similarly ΓR22σ = ΓL11σ = γ2. The non-diagonal matrix elements are
then ΓL21σ = ΓL12σ = ΓR21σ = ΓR12σ =

√
γ1γ2. We can then write the Γ matrix

as,

Γα
σ =

[
Γα11σ

√
Γα11σΓα22σ√

Γα11σΓα22σ Γα11σ

]
(11)
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3.2 The Density of States

We employ the equation of motion technique to calculate both the re-
tarded and the advanced Green’s functions within the Hartree-Fock approx-
imation, finally arriving at the Dyson equation form given by,

GR
σ (ε) = [G(0)R(ε)−ΣR

σ ]−1, (12)

where the retarded self-energy is defined as ΣR
σ = −iΓσ/2 and G(0)R(ε) is the

free particle Green’s function, or, the bare Green’s function for the isolated
DQD system. The off-diagonal components īi contain the intra-dot tunneling
parameter tc, G

(0)R

īi
(ε) = −tc. Within the same truncating approximation

which resulted in the retarded Green’s function, the expression of G<
σ (ε) can

be simply written in the Keldysh form G<
σ (ε) = GR

σ (ε)Σ<
σ (ε)GA

σ (ε), where
the lesser self-energy Σ<

σ (ε) is defined by,

Σ<
σ (ε) = i[fL(ε)ΓL

σ + fR(ε)ΓR
σ ]. (13)

The density of states provides useful insight into any quantum system,
we therefore consider the non equilibrium density, which is defined as, ρ(ε) =
− Im tr[G>

ii(ε)−G<
ii(ε)]/π.

If we, for simplicity, look at the serial configuration shown in figure 3b,
we can define the Green’s function for this system by defining the Γ matrix
appropriately. As seen in the figure the leads do not symmetrically couple to
the central device, we write ΓR22σ = ΓL11σ = γ2 = 0. The off-diagonal elements
are then ΓLijσ = ΓRijσ =

√
γ1γ2 = 0, where i 6= j. The energy evels of the

QDs are assumed to be degenerate i.e., ∆ε = 0 at some energy ε0, under
a symmetric level-width broadening ΓR11σ = ΓL22σ = Γ0 for some coupling
Γ0. The center of the distributions of the two quantum dots differ from the
eigenvalues for the isolated level by, ε0 ± tc.

Figure 4 represents the density of stats of the DQD system as it was
described in figure 3. For ∆ε = 0, γ1 = tc, and γ2 = 0, as show in the left
figure, the distributions are identical and represented by the superposition of
two Lorentzians separated by the inter-dot coupling ±tc. If we approach the
limit of the parallel coupled system γ2 = 0.25γ1, we begin to see a narrowing

15



of one distribution and the widening of the other. For γ2 = 0.75γ1 which is
shown on the right, one of the states approaches a δ-function.
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Figure 4: Density of states ρ(ε) as a function of the Fermi energy for degenerate QD levels ∆ε = 0 and
tc = γ1 with varying γ2

The serial and parallel configurations are compared in figure 5, where the
electron distribution was initially composed of two Lorentzians in the serial
system. We find that one state is darkened and the other broadened as a
result. This indicates that the darkened states, becomes localized.
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Figure 5: Density of states ρ(ε) as a function of the Fermi energy for degenerate QD levels ∆ε = 0 and
tc = γ1 with varying γ2
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3.3 Transmission Probability through the DQD
system

The general current formula for each spin component through a region
between two non-interacting leads can be derived as [16],

Iσ =
ie

2h

∫
tr{(ΓL

σ − ΓR
σ )G<

σ (ε) + [fL(ε)ΓL
σ − fR(ε)ΓR

σ ][GR
σ (ε)−GA

σ (ε)]}dε

(14)

where fα(ε) = {1 + exp[(ε− µα ∓ eV/2)/kBT ]}−1 is the Fermi distribution
function for lead α with chemical potential µα and V the bias voltage.

Using the relation GR
σ (ε)−GA

σ (ε) = GR
σ (ε)(ΣR

σ (ε)−ΣA
σ (ε))GR

σ (ε) equa-
tion 14 can be rewritten in terms of the Landauer-Büttiker formula for the
non-interacting electrons.

Iσ =
e

h

∫
[fL(ε)− fR(ε)] tr{GA

σ (ε)ΓR
σGR

σ (ε)ΓL
σ}dε (15)

Here the spectral component is given by the total transmission proba-
bility Tσ(ε), which for each spin component can be expressed as Tσ(ε) =
tr{GA

σ (ε)ΓR
σGR

σ (ε)ΓL
σ}

The linear conductance Gσ(ε) which is commonly used in the literature
is related to the transmission Tσ(ε) by the Landauer formula at zero tem-
perature Gσ(ε) = G0Tσ(ε), we also define the quantum of conductance as
G0 = (2e2/h) is the quantum of conductance. We find that the transmis-
sion probability is sufficient to address the transmission spectra, as at zero
temperature they only differ by G0.

Consider the transmission as a function of the Fermi energy of the leads.
Figure 6 gives us our first results in the behaviour of the current passing
through the central region. We begin to look at the simplest case where the
QDs are positioned such that their level energies coincide, i.e., ε1σ = ε2σ

hence the difference ∆ε = 0. We allow the intra-dot coupling strength to
equal the level-width broadening from the leads tc = γ1. The first figure
in the upper left corner denotes the serial configuration where γ2 = 0 that
is characterised by two equal resonance indicating that the probability of
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the current passing the two dots are equal. This is clear from the two su-
per positioned Lorentzian. As γ2 increases approaching γ2 = γ1 one of the
resonances begins to diminish resulting in the well known Fano resonance,
characterised by the line shape seen at γ2 = 0.25γ1 and γ2 = 0.5γ1. When
γ2 = γ1, the Fano line shape vanishes completely and we are left with a
broadened Lorentzian, which indicates that the current is only associated
with the single QD analogous to an isolated state.
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Figure 6: The transmission as a function of the Fermi energy, for ∆ε = 0, tc = γ1 whilst varying γ2

If we now consider how a finite difference in the energy levels i.e. ε1σ 6= ε2σ

of the QDs effects the transmission for the parallel coupled system. We
distance ourselves from the symmetric system that we have discussed so far
and allow the energy levels to be separated by tc, i.e. |ε2σ − ε1σ| = tc. We
find the following relation,

|tc|2 −
1

4
Γ12σΓ21σ = |tc|2 −

1

4
γ1γ2 =⇒ |tc| ≥

√
γ1γ2

2
. (16)
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The inequality |tc| ≥
√
γ1γ2/2 allows for some prediction when choosing λ

which again associates the Γ with the configuration of the QDs. The Fano
resonance appears clearly when the inequality is satisfied and diminishes as√
γ1γ2/2→ |tc|.

In figure 7 the darkened state appears as a Fano line shape convoluted
with a Lorentzian located at the conducting state. The dashed line indicates
the position of the Lorentzian before symmetry breakage of the QD energy
levels.

Figure 7: The transmission as a function of the Fermi energy for the parallel coupled system (γ2 = γ1 = tc),
where ∆ε = tc.

As seen in figure 7, the antiresonance is found at ε2σ = tc. Similar
to the case of ∆ε = 0, and ε0 = 0, the transmission is characterized by a
convolution of a Lorentzians indicating co-tunnelling of electrons through the
state of energy ε1σ, and a Fano line shape at the darkened state of energy
ε2σ. This is made clear when considering the local DOS of the QDs, given
by ρi(ε) = − Im(G>

ii(ε)−G<
ii(ε))/π for i = 1, 2. Figure 8 illustrates the local

DOS of the ε1σ given here by the full line. The dashed line corresponds to
the state of energy ε2σ which shows the Fano lineshape similar to what we
observed from the transmission. However, in comparison to the transmission
shown in figures 6, for the case of γ2 = γ1. When we repeat the calculations
for ∆ε 6= 0, we find that the contribution from the darkened state to the
conductance is non-negligible.
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Figure 8: The local DOS as a function of the Fermi energy for the parallel coupled system (γ2 = γ1 = tc),
where ∆ε = tc.
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3.4 Section Summary

Herein, we have presented the fundamental transport properties through
the DQD system, where the main goal was to investigate the Fano phe-
nomenon on the system as well as the formation of the Fano lineshape. We
found that through tuning the relative coupling strength of the individual
states to the leads by the parameter λ, we were able to generate a number
of possible structures, a few which allowed for a clear quantum interference
effects by the formation of the characteristic lineshape. These are due to the
coupling between the QDs levels and the leads, the two levels are effectively
broadened by the leads forming two symmetric Breit-Wigner like distribu-
tions, which are superimposed at certain values of the intra-dot coupling
tc. This occurs when each state is individually coupled at equal strength
to individual leads i.e, at λ = 0, which we also denoted the serial configu-
ration. As we approach λ = 1, or, the parallel configuration, we see that
one level becomes wider and the other narrower. This is associated with a
stronger and weaker coupling to the leads, respectively. We also found that
for λ = 1, we have effectively formed a dominant channel of transmission,
which is evident as the infinitely narrowing of one state which is indicative
of the formation of a localized isolated state. Hence, the current is carried
in full by a single Lorentzian, forming a dominant channel of transmission.
We note that the broadening of one state is associated with the shrinking
of the other, this is true as the tr(ΓL + ΓR) is invariant under transmission.
In this section we found that the control of the Fano lineshape was solely
governed by the parameters λ and tc, however, we aim in later sections to
show a number of different ways to tune the system as well as the dominant
channel of transmission.

21



4 Exchange Interactions Correlation To

Quantum Interference

Section Abstract

Proceeding from section 2 we investigate the effects of the asymmetric line-
shape on the isotropic and anisotropic contributions to the exchange interac-
tions, Heisenberg, Ising and DM. We briefly mentioned that the asymmetric
lineshape formed due to interference between the charge transport through
a continuous path and a discreet path. In this section we attempt to provide
insight into the correlation between the unique transmission spectrum and
the exchange interactions.

4.1 The Exchange Interaction

Herein, we follow the work of Fransson, et al. [10], where a generalized
exchange interaction was derived for an indefinite number of QDs connected
in series between a source and drain. This section is dedicated to investi-
gating the correlation between the exchange interactions and the quantum
interference effects discussed in section 2.

To do this we begin with equation 3 given in the article, which defines
the current Jmn = ieJmJnΘ(t − t′)

〈
[sm(t), sn(t′)

〉
that carries the magnetic

anisotropy and exchange interaction between the local magnetic moment Sm.
The self-interaction Jmm defines the anisotropy field acting on the local spin
moment Sm, which we illustrated in figure 1. While Jmn mediate the exchange
interaction between two spin moments Sm and Sn, we set the exchange cou-
pling parameters Jm and Jn to a relatively small value as to reduce any back
action, which may occur as a result from interaction with the QDs. In the
stationary regime, we can therefore express the exchange current Jmn in the
energy space as,

Jmn(ω) =
e

4
JmJn

1

ω − ε+ ε′ + iδ

×
∫ ∫

spσ(G<
mn(ε)σG>

nm(ε′)−G>
mn(ε)σG<

nm(ε′))
dε

2π

dε′

2π

(17)
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Here, G
</>
mn are again the correlation functions represented as spin space

matrices for an electron. From molecule n to m and sp representing the
trace over the spin basis and the product sp [σGmn][σGnm] is an outer matrix
product. The correlation function can be partitioned into spin-independent
and spin-dependent components in the following manner Gmn = G0

mnσ
0 +

G1
mn · σ, where G0

mn and G1
mn are the charge and the magnetic moment

components, respectively. The localized spin moment can now be mapped
onto an effective Hamiltonian corresponding to the interaction (1/e)

∫
Sm ·

Jmn · Sndtdt′. We evaluate it under the partitioning scheme discussed above
to arrive at,

spS · σGσG · S
= spS · σ(G0σ0 + G1σ)σ(G0σ0 + G1σ) · S
= sp(S ·G1 + [SG0 + iS×G1] · σ)(G1 · S + [G0S− iG1 × S] · σ).

(18)

Using the identity, (A · σ)(B · σ) = A ·Bσ0 + i[A×B] · σ, we arrive at,

spS · σGσG · S
= 2(S · (G1G1) · S +

[
SG0 + iS×G1

]
·
[
G0S− iG1 × S

]
) .

(19)

Finally, after further manipulation, the effective spin interaction can now be
rewritten in the following way,

Ĥspin =
∑
mn

Jmn(sm · sn) + (sm · Imn · sn) +Dmn · (sm × sn). (20)

Here, Jmn represents the isotropic Heisenberg interaction, i.e., directional
independent linear exchange interaction. The Heisenberg exchange yields a
scalar quantity which minimizes for parallel spin in the negative Jmn domain.
For a single spin, the resulting solution is the degenerate ground state spin
up and spin down.
Imn corresponds to the anisotropic Ising interaction, which introduces

an uniaxial anisotropy in the system allowing the spins to align about an
principle axis. Contrary to the Heisenberg exchange, the Ising exchange
demands a external magnetic field or the polarization of the leads. For a
non-polarized system, the spin will align with itself and the Ising contribution
will be non-finite.
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The final term Dmn denotes the anisotropic DM exchange interaction,
which is normally associated with SOI being present in the system, as it
normally arises under these conditions. However, in molecular or molecular
like systems, such as the DQD system, we are not forced to provide these
conditions. Here, it is sufficient to break the time-reversal and the structural
inversion symmetry of the non-equilibrium system. To do this, simply gating
the junction and polarizing the leads is sufficient. The DM interaction corre-
sponds to a vector quantity, which applies a spin-transfer torque on the spin.
Contrary to the linear components of the exchange, DM scales quadratically
with the coupling strength of the leads.

We explicitly write the terms within the stationary limit and take the
limit ω → 0,

Jmn(ω) =
1

2
JmJn −−

∫
1

ω − ε+ ε′

[
G(0)<
mn (ε)G(0)>

nm (ε′)−G(0)>
mn (ε)G(0)<

nm (ε′)

−G(1)<
mn (ε) ·G(1)>

nm (ε′) + G(1)>
mn (ε) ·G(1)<

nm (ε′)

]
dε

2π

dε′

2π
,

(21)

Imn(ω) =
1

2
JmJn −−

∫
1

ω − ε+ ε′

[
G(1)<
mn (ε)G(1)>

nm (ε′)−G(1)>
mn (ε)G(1)<

nm (ε′)

+ G(1)<
nm (ε′)G(1)>

mn (ε)−G(1)>
nm (ε′)G(1)<

mn (ε)

]
dε

2π

dε′

2π
,

(22)

Dmn(ω) =
1

4
JmJn −−

∫ [
G(0)<
mn (ε+ ω)G(1)>

nm (ε)−G(0)>
mn (ε+ ω)G(1)<

nm (ε)

−G(1)<
mn (ε+ ω)G(0)>

nm (ε) + G(1)>
mn (ε+ ω)G(0)<

nm (ε)

]
dε

2π
,

(23)

where −−
∫

denotes the Cauchy principle value. Its worth noting from the
above expressions that, in the case of spin-independent transport, i.e., non-
polarized leads G1 = 0, the only surviving term is the Heisenberg exchange,
where only the third and forth terms in this equation are dependent on the
polarization. By the definition of equation 21, 22, and 23, negative values
correspond to the magnetic moments being in a ferromagnetic state and
positive outcome of the exchange contributions corresponds to the system
being in an antiferromagnetic state.

24



We further note again that, equation 21 yields a scalar quantity, however,
equation 22, which due to its outer product, yields a tensor object of the from,

Imn(ω) = G1G1 =

Ixx Ixy IxzIyx Iyy Iyz
Izx Izy Izz

 . (24)

We recognize the symmetry of the tensor object by noting that the off-
diagonal components carry a symmetric property such as Ixy = Iyx. We also
note that our choice of polarization determines the sparseness of the tensor.
Furthermore, the evaluation of 23 suggests components in each direction
D = (Dx, Dy, Dz). Numerical computations of equations 21 through 23 give
us insight into the exchange interaction of our system under the conditions
which resulted in the Fano lineshape.

25



4.2 Numerical Results

In figure 9 we first consider the case of ∆ε0 = 0, meaning that there is
no gating separating the energies of the QDs. The choice of parameters only
yields the isotropic component of the exchange interaction (i.e. Heisenberg
interaction). The reason being, that the energy degeneracy of the QDs allows
the structural inversion symmetry to remain well guarded. We, therefore, are
not able to generate any anisotropic fields for this system. To emphasize on
the exchange interactions, we only consider a weak inter-dot coupling tc/10
of what was previously used. This is done in order to improve the resolution,
we decrease the effects of the coupling to the leads.

(a) (b)

Figure 9: Figures are generated under varying λ, (a) shows the transmission spectra, calculated as a
function of the Fermi energy. (b) is the Heisenberg exchange interaction J12 given as a function of the
chemical potential of the leads. Other parameters are as follows, pLx = pLy = 0.5, pRx = pRy = −0.5,
∆ε0 = tc

If we now reconsider figure 9, we can detect a pattern when varying λ. A
close inspection of figure 9b for λ = 1, reveals a non smooth curvature at the
position of the second vanished resonance peak. The single resonance seen
at λ = 1 appears only for the fully symmetrized system.

Under closer investigation, we see that at the point of the vanishing res-
onance there is a residual contribution to the exchange from the localized
state. A similar behavior is seen in the local density of states. Even at
a greater difference in the energy separation between the states, the phe-
nomenon persists at a higher bias. We, therefore, attribute the peak as a
result of the formation of a trapped state resulting from the darkening of the
QD which is characterized by an infinitely narrow transmission spectra. We
also find encouragement when comparing these two figures, there is a clear
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correlation between the transmission and the Heisenberg exchange, as its
possible to predict the Heisenberg exchange from the transmission. The for-
mation of the asymmetric lineshape can also with some imagination be seen
in the wider channel in the negative regime in the exchange figure. Coupled
to the difference in the intensities of the resonance peaks we, can associate
the asymmetric behaviour in the borderlines between series and parallel con-
figuration to the quantum interference in the transmission spectra.

To generate anisotropic contribution to the exchange interactions we need
to fulfill the following requirements. Firstly, we must break the time reversal
symmetry over the junction. This is done through polarizing the leads; cre-
ating ferromagnetic contacts; allowing for a spin-dependent transport. Un-
til now we have had no need to consider polarizing the leads to consider
ferromagnetic or antiferromagnetic alignment. Here, we establish the spin-
polarization of the leads. To do this we first redefine the Γ matrix as to
allow for a spin polarization. We parametrize the leads using pαi ∈ [−1, 1]
where i = {x̂, ŷ, ẑ} and α = {L,R} again indicates the left and right leads.
We can now rewrite the coupling matrix as Γα

σ = Γα(1 + σip
α
i )/2 where

Γα =
∑

σ Γα
σ and Γ =

∑
α Γα. Furthermore, to completely break the struc-

tural inversion in the absence of SOI, the states representing the junction
needs to be gated to produce anisotropic exchange contributions. This can
be reasoned to some sense if one considers the need to create a discontinu-
ity in the junction. Hence, we proceed towards the case ∆ε0 = tc, where
we apply a gating to the junction. Here, tc is again the intra-dot coupling
parameter. When allowing the energies of the QDs to separate, we create
a condition to break the structural inversion symmetry, i.e., by gating the
junction to create a condition for a discontinuity. The effects on the isotropic
exchange, as well as the transmission, is non-negligible, yet predictable. For
reasons of clarity and to easily map the transmission onto the Ising and DM
exchange, we chose to include the transmission spectra and the Heisenberg
exchange as figure 10a and 10b respectively. We also need to consider the
case of equal polarization between the leads to satisfy the Ising exchange as
indicated by [10]. We choose the polarization direction of the leads as con-
stricted to the x̂− ŷ plane, to better relate this section with that of the next,
in which the spin-orbit interaction bounds the polarization direction within
the plane. The following calculations shown in figures 10 were performed
with the polarization parameters pαx = pαy = 0.5.

27



(a) (b)

(c)

Figure 10: Figures are generated under varying λ, these fallow the same parameters set as figure 9 with
exception of ∆ε0, which is here set to tc. (a) shows the transmission spectra, (b) and (c) are the Heisenberg
J12 and Ising exchange Ixx given as a function of the chemical potential of the leads.

From figure 10c we see further evidence of the asymmetry perpetrated by
the quantum interference.

(a) (b)

Figure 11: (a) shows the Dx exchange interaction with varying λ and (b) is the gradient of (a) for
the purpose of clarity. The parameters are equivalent to those of figure 10 with the exception of equal
polarization of the leads.
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Figures 11 illustrates the DM interaction. The interaction is non existing
for λ = 1. We can, again, attribute this to the symmetry of the junction.
The gradient is shown in 11b, however, experimentally the gradient of the
anisotropic field is not easily observed, yet we include this for the theoret-
ically inclined. We quickly find that the deviation from the λ = 0 again
display an increased difference in the intensities of the peaks, shown in the
exchange interactions. We now consider biasing the system, i.e., generating
the anisotropic field under potential differences in the leads, where we allow
µL = eV

2
, µR = −eV

2
, similarly to what was first portrayed in figure 1. Ex-

pression 9 in [10] indicates that the Dmn is proportional to the differences in
Fermi distributions, i.e., fL(ε)−fR(ε), which motivates us to consider the Dmn
exchange interaction to have a current like behaviour. Indeed, if we force a
potential bias over the junction, the Dmn behaves like a step function, much
like the current. We also note that ΓL↑ΓR↓ − ΓR↓ ΓL↑ suggests that there is a
square dependence on the lead broadening parameter, which in turn indicates
that the strength of the line width broadening of the leads effects the DM
exchange proportionally. However, we maintain that the strength of the Γ in
the order of tc/10. The square dependence also suggests that DM tends to
maximal strength at antiferromagnetic alignment of the leads polarizations.

(a) (b)

Figure 12: Here, figure (a) and (b) repeat 10c 11b respectively, under bias conditions

From figure 12a we see that, Ixx is only stable in the ferromagnetic
regime as we approach λ = 1, and remains in the antiferromagnetic regime
otherwise. In comparison 12b shows the ∂

∂V
Dx exchange under the same

conditions. We fail to draw a symmetry line over zero bias which could be
done for all components of the Ising exchange. Here, however, we find that

for λ = 0.5 for which we know that the Fano resonance is present, the
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seems to favour ∂
∂V
Dx one biasing direction.

4.3 Section Summary

To summarize this section, we extended section 2 to include effective ex-
change interactions between the magnetic moments of the quantum dots, in
an attempt to identify signals in the formation of the Fano lineshape within
the exchange interaction. To do this, we compare the transmission of the
DQD system under several conditions and symmetries. We found that the
Heisenberg exchange reflects the transition from the series configuration to
the parallel, by transitioning from two resonances in the antiferromagnetic
state and one resonance in the ferromagnetic. Whilst, in the case of the par-
allel configuration, we see that the Heisenberg exchange only demonstrates
one resonance in the positive regime, with the addition of a slight disturbance
in the position of the vanished peak which we attribute to the localized dis-
crete state. There is, however, a clear correlation in the formation of the
asymmetric lineshape in the transmission spectra and the receding symme-
try evident in the case of ∆ε0 = 0, where the region in between the series
and the parallel configuration display asymmetric traits. When looking at
the case of ∆ε0 = tc and allow for polarization in the x̂−ŷ plane, we can gen-
erate the anisotropic Ising and DM exchange interactions. Unfortunately, the
resulting effects on the transmission is realized when the transmission are not
purely governed by one channel, and the single resonance is never attained
for λ = 1. Whilst the first component of the Ising Ixx exchange displays
some similarities to the Heisenberg exchange for λ = 0. We see large devi-
ations from the symmetrical two resonances as we enter the regime of the
asymmetric lineshape displayed in the transmission spectra.
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5 Rashba Spin-orbit Interactions on DQD

systems

Section Abstract

In addition to the study of quantum interference effects in DQD systems
which we discussed in section 2, we further extend our studies to include
Rashba Spin-Orbit (RSO) interactions. We find that the Fano lineshape in
the transmission spectrum may be manipulated by adjusting the strength of
the RSO coupling. In addition to what we found in to section 2, where the
Fano lineshape was formed by the inter- and intra-dot coupling parameters
as well as the symmetry of the lead-dot coupling. Herein, we may leverage
not merely the parameters discussed in the previous section but also the
magnetic flux in the tunneling matrix elements as well as the flux difference
between the leads.

5.1 Rashba Spin-Orbit Interactions

Following the work done by [31], we find that the RSOI only effects the
system Hamiltonian by the inclusion of a spin dependent phase in the cou-
pling matrix which we defined in equation 11. Furthermore, RSOI breaks
the conservation of spin coherence which we determined in correlation with
figure 2 was a higher order process that conserved the phase of the elec-
trons through the DQD junction. We are required to rewrite the tunneling
Hamiltonian of equation 3 to instead read,

ĤCen, 0 =
∑

m∈{A,B},σ

εmσd
†
mσdmσ − tceiθd

†
AσdBσ + h.c. (25)

Here, θ represents the phase shift related to the flux difference between the
left and the right leads, θ = π(ΦL − ΦR)/Φ0, where Φα = φRSOΦ0,α is the
flux originating from the left and right leads and φRSO = nπ/4 for n ∈
Z, is the Rashba coupling strength and Φ0 = hc/e is the quantum flux,
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composed of known physical constants. We are also required to rewrite the
coupling matrix elements Tαiσ, which relate the interaction between the leads
and the dots, as given by equation 41 to instead read TL1σ = |TL1 |eiφ/4, TR1σ =
|TR1 |e−iφ/4, TL2σ = |TL2 |e−iφ/4 and TR2σ = |TR2 |eiφ/4.

We now need to define a new coupling matrix that includes the phase
component of the RSOI,

Γα∈L(R)
σ =

[
Γα11σ

√
Γα11σΓα22σe

±φσ/2√
Γα11σΓα22σe

∓φσ/2 Γα22σ

]
, (26)

where φ = 2π(ΦR + ΦL) is the total flux in the system. This means that
the total phase, on the DQD system is given as the sum of the Rashba
phases associated with the individual leads. With this in mind, and using
the equation of motion method (following the same procedure as detailed in
appendix A) we can devise a new set of Green’s functions finally leading to,

Gmnσσ′ =
1

|Ĥmnσσ′ |

[
ω − εBσ + i

2
Γ22σ(ω) tce

iθ − i
2
Γ12σ(ω)

tce
−iθ − i

2
Γ21σ(ω) ω − εAσ + i

2
Γ11σ(ω)

]
. (27)

5.2 The Tunability of Fano under Rashba

Under RSOI, the inter- and intra-dot coupling are associated with a com-
plex phase. This in turn allows for transmission to be pushed through the
junction where we otherwise would find a single Lorentzian. In the parallel
configuration the Fano lineshape reappears, which we attributed to the phase
introduced by the RSOI, enforcing current through the localized state.

What is of great interest here is the ability to further control the channel
which dominates the transport. These are both clearly seen in figure 13,
which illustrates the parallel configuration at tc = ∆ε0 = 0. It is clear that
the asymmetric lineshape changes position, indicating that the previously
localized state has now become the dominant charge transport channel and
vice versa.

Similar to case shown in section 2.3, the transmission is unaffected by the
polarization in ẑ under RSOI, but is instead determined by the polarization

1Where we ignore the momentum term for simplicity.
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in x̂ − ŷ plane. The number of parameters we have at hand to modify
are quite extensive at this point. Thankfully, the one aim in this section
is to generate anisotropic exchange interactions under isotropic polarization
conditions. We, therefore, only consider the cases where pαx = pαy and allow
the strength of the RSO coupling to vary.

Figure 13: Transmission spectra for varying RSO coupling strength, the figure a is generated with opposite
plane polarization in the leads i.e. pLx = pLy = 0.5, pRx = pRy = −0.5. Other parameters are as follows
∆ε0 = 0, ΦL = 0.5 and ΦR = −0.5

Figure 13 shows the primary results of this section, RSOI allows us effec-
tively to flip the transport channel manipulating the lifetimes of the individ-
ual states. The complex phase, associated with the flux and the polarization
in the plane, ensures that the states do not attain infinite lifetimes. This has
been well established by a number of experiments [12, 25, 26].

We recognize that, within the present system, the Fano lineshape can
now be tuned not only by the coupling parameters, but also by the total
magnetic flux through the junction φ, the flux difference θ as well as the
coupling strength φRSO.
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5.3 Section Summary

We extend the investigation done in section 2.3 to include Spin-Orbit in-
teraction of the Rashba type. In summary, we have studied the transport
through the DQD system both in its series configuration and its parallel but
also the transition in between. We have paid particular attention to the
asymmetric lineshape in the transmission spectra, which we first mentioned
in the previous section. However, with the inclusion of RSOI, the decoupled
state is never fully localized and we find that the Fano lineshape is till present
in the parallel configuration. We attribute this to the added transmission,
introduced by the inclusion of a phase factor, due to the magnetic flux orig-
inating from the RSOI. In addition to the tunability of the Fano lineshape,
resulting from the parameters λ and tc, the RSOI provides further degrees
of freedom by allowing us to control the dominant transport channel. As a
function of the RSO coupling strength φRSO, the total flux φ and the flux
difference Θ, we can seemingly couple the localized channel and decouple the
dominant channel to effectively switch the transport pathway.
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6 Exchange Interactions Under Rashba

Spin-Orbit Interactions

From this section we omit the serial configuration as there is no RSOI con-
tribution in this geometry, this is quickly realized from equation 27. Herein,
our aim is to expand on equations 22, 21 and 23, by rewriting the system
Hamiltonian using the theory devised in the previous section. We are there-
fore required to redefine the Green’s functions for the system, from which we
define our correlation functions and by extensions the exchange interactions.
This, in turn, allows us to investigate the effects of the RSOI on the exchange,
under the change of the flux originating from the leads as given by Φα, as
well as the overall strength of the Rashba coupling φRSO. To give a better
interpretation of the numerical results, we rewrite the exchange interactions
to give an idea of the dependence on the electronic distributions of the leads.

Jmn(ω) ≈ −
∑
αα′

∫
fα(ω)− fα′(ω′)

ω − ω′
ΓαΓα

′
GR
mn(ω)GA

mn(ω)GR
nm(ω′)GA

nm(ω′)
dω

2π

dω′

2π

= −
∑
αα′

∫ [
fα(ω)

ω − ω′
ΓαΓα

′
GR
mn(ω)GA

mn(ω)GR
nm(ω′)GA

nm(ω′)

− fα(ω)

ω′ − ω
Γα

′
ΓαGR

mn(ω′)GA
mn(ω′)GR

nm(ω)GA
nm(ω)

]
dω

2π

dω′

2π

= −
∑
αα′

∫
fα(ω)

ω − ω′
ΓαΓα

′
2 Re

(
GR
mn(ω)GA

mn(ω)GR
nm(ω′)GA

nm(ω′)
)dω

2π

dω′

2π

Here, we began by rewriting the correlation functions in equation 21 in terms
of their Keldysh representation, i.e., G</>(ω) = GR(ω)Σ</>(ω)GA(ω), fur-
thermore, using A + A† = 2 Re A we arrive at the final term. We could be
satisfied with the resulting form, as it indicates the dependence on the sum
of the Fermi distributions of the leads, which is what we want. However, if
ever given a chance to use the Kramers-Krönig transform ( 1

π

∫ Re A(ω′)
ω−ω′ dω =

Im A(ω)) it makes little sense not to do so. Hence, we arrive at the final
expression,

Jmn(ω) ≈ −
∑
α

∫
fα(ω)ΓαΓ Im

(
GR
mn(ω)GA

mn(ω)GR
nm(ω)GA

nm(ω)
)dω

2π (28)
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Note that rewriting 22 and 23 follows much the same procedure. As such,
we exclude the clutter and state that Ising will have similar behaviour as
Heisenberg, under spin polarized conditions, i.e., ∝ (σzσσσ

z
σ′σ′
∑

α fα), whilst
DM has the dependency ∝ (ΓL↑ΓR↓ − ΓL↓ΓR↑ )(fL − fR). Here, we used the
following definitions, G0 =

∑
σ Gmnσ/2 and G1

mn = ẑ
∑

σ σ
z
σσGmnσ/2. From

the leading terms we can deduce that the Ising contribution is at its highest
when the leads are equally polarized, whilst DM finds its highest contribution
when the discrepancy between the leads is at its highest. With this in mind,
we proceed to evaluate the numerical results giving them physical meaning.

(a) (b)

(c)

Figure 14: At varying coupling strength φRSO, the transmission spectra is shown in (a). (b) and (c) give
the Heisenberg and Ising exchange respectively, under equal polarization of the leads i.e. pαx = pαy = 0.5.
Other parameters are as follows ∆ε0 = tc, λ = 1, ΦL = 0.5 and ΦR = −0.5

From figure 14 it is clear that the flipping of the transmission is not
translated perfectly into the flipping of the Heisenberg exchange, as there
is a clear difference in intensities of the peaks. This provides us with fur-
ther insight into the correlation between the behaviour of the transmission
spectra and the isotropic exchange. We can, in the same fashion, locate
the aforementioned asymmetric lineshape to the asymmetry in the negative
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regime of the Heisenberg exchange, shown in figure 14b. We do know from
our investigation in section 2.3, that localization of the unfavourable channel
results in vanishing of the peak associated with the region of the asymmetric
lineshape, and the sudden appearance of a single peak as indicated by figure
9b. The flipping of the dominant channel is clearly depicted in figure 14c.
Here, Ixx displays a stronger presence in the negative regime as a response,
as well as a significant increase in the intensity of the peak. We also note
that, similar to the Heisenberg exchange, Ixx is reproduced onto itself as
φRSO = 0 → 14π/4, which again verifies our analytical prediction. There is
a clear connection between the transmission spectra and both J12 and Ixx.
We are able to predict the appearance of the transmission spectra and the
formation of the distinct characteristics of quantum interference from the J12

and Ixx, which is evident from the figures in 14. We further investigate the
exchange interactions, by varying the RSO coupling of the right lead, i.e.,
ΦR, within the interval [−0.5, 0.5] and fix ΦL. We begin by first looking at
the case of φRSO = 6π/4.

From the transmission spectra, shown in figure 15a, we clearly see that
varying the coupling strength ΦR changes the shape of the transmission spec-
tra. The asymmetric lineshape is only present at ΦR = 0.5. From our previ-
ous knowledge of the system we were already able to predict the behaviour
of the Heisenberg exchange from the response seen in the transmission. For
completeness, we include the Heisenberg exchange in figure 15b, which again
shows a general picture of what we have already deduced. However, we note
something of interest in this figure. This is shown in the decrease of intensity
of the single peak in the Heisenberg exchange, as a direct response of the
diminishing of the asymmetric lineshape, found in the transmission spectra.
We also note that when ΦR = 0, the symmetry similar to what we saw for
the serial configuration appears. This is evident both in the transmission as
well as in the Heisenberg exchange.
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(a) (b)

(c)

Figure 15: The order of figures and parameters are equivalent to those shown in figure 14. Here the figures
are generated under a fixed coupling strength of φRSO = 6π/4, whilst ΦL = 0.5 is fixed and ΦR is allowed
to vary.

From Ixx, shown in figure 15c, we can again find correlation with the
transmission spectra. Here, the intensities of the resonances are reduced
with the asymmetric lineshape in the transmission. This is similar to what
was seen in the Heisenberg exchange interaction. The asymmetric lineshape
is found clearly when ΦR = −0.5 in the transmission spectra of figure 15a,
which in figure 15c is translated into a strong presence in the negative regime
with no attachment to the positive. We find that, allowing the asymmetric
lineshape to flip position will cause the dominant peak in figure 15c to do
the same. Continuing, we focus solely on the anisotropic contributions to the
exchange interaction, as not much more information can be extracted from
the transmission spectra and the Heisenberg exchange interactions. Within
this section, we have yet presented the DM contribution of the exchange in-
teraction. This is not to do with the absence of DM in the parallel system as
indicated by figure 11. In fact, it is now possible to generate the interaction
at λ = 1, as a result of the addition of RSOI, which we attribute to the dis-
continuity caused by the complex phase coupled to the intra-dot tunneling
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as shown in equation 25. Instead we find little evidence of correlation of the
asymmetric lineshape in the DM exchange as a function of the chemical po-
tential of the lead. As discussed in connection with equation 28, biasing the
system might generate a better picture. In addition, we make the following
premise. If we were to consider the interference effects on the DM exchange,
we could simply consider treating it like we would a current. This is justified
by the apparent current like behaviour that we have already discussed. We
know from its dependence on Γ that, the DM exchange reaches a maximum
for opposite polarization when biasing the system, i.e., {pLx , pLy } = −{pRx , pRy }.
While this is true for the DM exchange reaches, Ising favours an equal po-
larization direction, i.e., {pLx , pLy } = {pRx , pRy }.

(a) (b)

Figure 16: Figures are generated under bias conditions, here (a) shows the Dx exchange under varying
φRSO and ΦL = ΦR = 0.5. In (b), ΦL is fixed to 0.5 and ΦL is allowed to vary, here we only consider the
case φRSO = 14π/4. Remaining parameters are as figure 15 except here, pLx = pLy = 0.5, pRx = pRy = −0.5.

What is most apparent in figure 16a, is how the behaviour of the DM
exchange changes for different values of φRSO. These are clearly seen as
reflections, e.g., φRSO = 0 is reflected in φRSO = 14π/4, similarly, we see that
φRSO = 2π/4 is reflected in φRSO = 12π/4 and so on. There are, however,
two exceptions φRSO = 6π/4 and φRSO = 8π/4. We will, due to the vast
number of parameters available to us, choose to only focus on φRSO = 14π/4
and vary the magnetic flux originating from the right lead, i.e., ΦR, while
leaving ΦL fixed. We may motivate this choice of φRSO, from the results in
figure 14a, which indicated that φRSO = 14π/4 represents a complete period
in the transmission spectra.

If we now consider figure 16b, we do in fact find that the response of DM
exchange finds its lowest contribution, among the tested parameters. This is
seen when the Rashba contributions from the leads are set to ΦL = 0.5,ΦR =
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1 and the RSO coupling strength is φRSO = 14π/4.
We attempt the same procedure when considering the Ising contribution,

which are shown in figure 17. Contrary to the previous case we generated the
parameters to allow for equal polarization in the leads, allowing for maximum
contribution from the Ising exchange, we again refer to the work of Fransson,
et at. [10].

(a) (b)

Figure 17: The Ixx are shown, which follow the same parameter set as those of 16, except for the
polarization of the leads. Here, we polarize the leads in the following pαx = pαy = 0.5.

Figure 17a indicates that Ising is heavily modified by our choice of φRSO.
The Ising contribution ranges from a strong presence in the negative regime
to one in the positive regime, as well as the change of intensities of the
peaks. However, we find no reason to believe that Ising will behave in the
same fashion to what we we see in the DM exchange. We again, focuse solely
on φRSO = 14π/4, following the same motivation as given previous. The
results are shown in figure 17b, which shows that the Ising contribution can
exist completely in the positive regime. Note that this is not the case for all
choices of parameters as the appearance of both DM and Ising dependence
heavily on them. We limit our investigation to the chosen parameters due
to the scope of the project, and are therefore aware that further detailed
investigation might be required.
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6.1 Section Summary

This section extends our previous work done on the Fano resonance and
the tracking of the asymmetric lineshape in the exchange interaction. Herein,
we have introduced Rashba Spin-Orbit coupling effects to the system and
found that in addition to be able to control the dominant channel of trans-
mission, we are able to effectively flip the positions of the resonances in the
Heisenberg and Ising exchanges. In fact, both the Heisenberg and the Ising,
seem to closely follow the effect of the transmission, to the extent where the
characteristics of the quantum interference can be read off of the Heisenberg
and Ising interactions. We could relate this to the dependence on the sum of
the electronic occupations of the leads, which is displayed by both Heisen-
berg and Ising. We found that the complex phase introduced to the intra-dot
tunneling parameter tc allows us to facilitate the DM exchange in the par-
allel configuration. Furthermore, the addition of such a phase untraps the
localized state, allowing for a non-negligible transmission, which is evident
from the survival of the Dirac-delta function indicating a non-infinite life
time of the otherwise localized state. In addition, the quantum interference
effects in the transmission may be extended to the DM interaction, where we
find that biasing the leads for a certain Rashba coupling strength, as well as
magnetic flux of the leads themselves, allows us to destroy the DM exchange
throughout the potential difference of the leads. We refrain to state the same
for the Ising contribution, yet we find that we are able to control Ising to a
relatively high order, to the extent were it is partially in the negative and
positive regime as well as fully in either.
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A Evaluation of the Green’s function

The purpose of this section is to evaluate the Green’s function for the
system using the Heisenberg eom to generate a closed set of equations. From
there we can proceed to write their matrix representations which will allow
us to separate the terms in belonging to Ĥ and GR from the fundamental
condition ĤGR = 1. We begin by looking without proving the Heisenberg
eom for the single particle Green’s function which is given by,

i~
∂Gmnσσ′(t, t′)

∂t
= δmnδσσ′δ(t, t′)− i

~

〈
T̂
[
dmσ(t), Ĥ

]
d†nσ′(t

′)
〉

(29)

As the following procedure is dominated by the evaluation of commutation
relations and straight forward algebra the main complexity is contained in the
length of the Hamiltonian itself. Therefore it is most convenient to evaluate
the eom for Ĥ in its components,

Ĥ = Ĥleads + ĤA
Tunneling + ĤB

Tunneling + ĤCen (30)

This equation is a component of the device Hamiltonian evaluated in its
commutation relation with the annihilation operator of site m with spin
sigma dmσ

As the Ĥleads is evaluated in its commutation relation with the annihi-
lation operator of site m with spin sigma dmσ of some QD, we can quickly

assess that the commutation relation
[
d(t)mσ, Ĥleads

]
vanishes because Ĥleads

is a function of the lead field operators cσ of the leads. We therefore only
have to consider expanding three terms,[

dmσ, Ĥ
]

=
[
dmσ, ĤA

Tunneling + ĤB
Tunneling + ĤCen

]
(31)

We begin by evaluating
[
dmσ, ĤA

Tunneling

]
and

[
dmσ, ĤB

Tunneling

]
as only one

component may commute with dmσ i.e. d†Aσ′ the rest will vanish.
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[dmσ, ĤA
Tunneling] = [dmσ,

∑
kσ′

(T
(A)
kσ′ c

†
kσ′dAσ′ + T̄

(A)
kσ′ d

†
Aσ′ckσ′)]

+ [dmσ,
∑
pσ′

(T
(A)
pσ′ c

†
pσ′dpσ′ + T̄

(A)
pσ′ d

†
Aσ′cpσ′)]

=
∑
kσ′

T̄
(A)
kσ′ {dmσ, d†Aσ′}ckσ′

+
∑
pσ′

T̄
(A)
pσ′ {dmσ, d†Aσ′}cpσ′

=
∑
k

T̄
(A)
kσ ckσ +

∑
p

T̄ (A)
pσ cpσ

(32)

In a similar fashion,

[dmσ, ĤB
Tunneling] =

∑
k

T̄
(B)
kσ ckσ +

∑
p

T̄ (B)
pσ cpσ (33)

ĤCen is not as easily evaluated as Ĥm
Tunneling, so for bookkeeping purposes it

is convenient to separate the commutation relation into components of the
central Hamiltonian and evaluate them separately.

[
dmσ, ĤCen

]
= [dmσ,

∑
m′{A,B},σ′

εm′σ′d†m′σ′dm′σ′ ]

+ [dmσ,
∑

m16=m2,σ′

γm1,m2d
†
m′σ′dm′σ′ ]

+ [dmσ,
∑

m′,σ1,σ2

Jm′d†m′σ1
σσ1σ2dm′σ2 · Sm′(t)]

(34)

We begin by evaluating relation between dmσ and the isolated representations
of the two QDs, we should find that only the hermitian conjugate represen-
tations of the field operators produce a finite result similar to the evaluation
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of ĤA
Tunneling and ĤB

Tunneling.

[dmσ,
∑

m′{A,B},σ′

εm′σ′d†m′σ′dm′σ′ ]

=
∑

m′{A,B},σ′

εm′σ′ [dmσ, d
†
m′σ′dm′σ′ ]

=
∑

m′{A,B},σ′

εm′σ′({dmσ, d†m′σ′}dm′σ′ − d†m′σ′((((((({dmσ, dm′σ′})

=
∑

m′{A,B},σ′

εm′σ′δmm′δσσ′dm′σ′ = εmσdmσ

(35)

The following relation represents the inter dot tunneling between quan-
tum dots with a tunneling coefficient gamma γ. Setting the site basis γm1 6=
γm2 will ensure that self tunneling is avoided.

[dmσ,
∑

m16=m2,σ′

γm1,m2d
†
m′σ′dm′σ′ ]

=
∑

m1,m2,σ′

γm1,m2({dmσ, d†m1σ′}dm2σ′ − d†m1σ′((((((({dmσ, dm2σ′})

=
∑

m1,m2,σ′

γm1,m2δmm1δσσ′dm2σ′ =
∑
m1

γm,m1dm1σ

(36)

The evaluation of the final term of the central Hamiltonian is,

[dmσ,
∑

m′,σ1,σ2

Jm′d†m′σ1
σσ1σ2dm′σ2 · Sm′(t)]

=
∑

m′,σ1,σ2

Jm′ [dmσ, d
†
m′σ1

dm′σ2 ]σσ1σ2 · Sm′(t)

=
∑

m′,σ1,σ2

Jm′{dmσ, d†m′σ1
}dm′σ2 ]σσ1σ2 · Sm′(t)

=
∑

m′,σ1,σ2

Jm′δmm′δσσ1dm′σ2σσ1σ2 · Sm′(t)

=
∑
σ2

Jmdmσ2σσσ2 · Sm(t)

(37)

For convenience we define the hybrid Green’s function that represents the
propagation of fermions between the leads and QDs, the purpose of doing
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this will become clear.

gknσσ′(t, t′) =
−i
~

〈
T̂ ckσ(t)d†nσ′(t

′)
〉

(38)

To find the closed set of equations we follow a similar procedure and differ-
entiate gknσσ′(t, t′) with respect to t,

i
∂gknσσ′(t, t′)

∂t
= i

∂

∂t

[
(−i)Θ(t− t′)

〈
ckσ(t)d†nσ′(t

′)
〉

+ (+i)Θ(t′ − t)
〈
d†nσ′(t

′)ckσ(t)
〉]

+ (−i)
〈
T̂ (i)

∂ckσ(t)

∂t
d†nσ′(t

′)

〉
= δ(t− t′)

〈
{ckσ(t), d

†(t′)
nσ′ }

〉
+ (−i)

〈
T̂ (i)

∂ckσ(t)

∂t
d†nσ′(t

′)

〉
= (−i)

〈
T̂ (i)

∂ckσ(t)

∂t
d†nσ′(t

′)

〉
= (−i)

〈
T̂ [ckσ, Ĥ]d†nσ′(t

′)
〉

(39)

Which leads to a new commutation relation [ckσ, Ĥ] through the Heisenberg
relation. To evaluate this we follow the similar procedure as before the dif-
ference being that we are now evaluating the commutation relation of the
total Hamiltonian with the annihilation operator of a particle in the lead
with momentum k ckσ. Meaning [ckσ, ĤCen] vanishes.

[ckσ(t), Ĥ] = [ckσ, Ĥleads + Ĥ(A)
T + Ĥ(B)

T ]

= [ckσ,
∑
k′σ′

εk′σ′c†k′σ′(t)ck′σ′(t)] + [ckσ,
∑
k′σ′

T
(A)
k′σ′c

†
k′σ′(t)dAσ′(t)]

+ [ckσ,
∑
k′σ′

T
(B)
k′σ′c

†
k′σ′(t)dBσ′(t)]

=
∑
k′σ′

εk′σ′δkk′δσσ′ck′σ′(t) +
∑
k′σ′

T
(A)
k′σ′δkk′δσσ′dAσ′(t) +

∑
k′σ′

T
(B)
k′σ′δkk′δσσ′dBσ′(t)

= εkσckσ(t) + T
(A)
kσ dAσ(t) + T

(B)
kσ dBσ(t)

(40)

i
∂gknσσ′(t, t′)

∂t
= εkσgknσσ′(t, t′) + (−i)T (A)

kσ

〈
T̂ dAσ′(t)d†nσ′(t

′)
〉

+ (−i)T (B)
kσ

〈
T̂ dBσ′(t)d†nσ′(t

′)
〉 (41)
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Rearranging by placing gknσσ′(t, t′) to one side,

(i
∂

∂t
− εkσ)gknσσ′(t, t′) = (−i)T (A)

kσ

〈
T̂ dAσ′(t)d†nσ′(t

′)
〉

+ (−i)T (B)
kσ

〈
T̂ dBσ′(t)d†nσ′(t

′)
〉

= T
(A)
kσ GAnσσ′(t, t′) + T

(B)
kσ GBnσσ′(t, t′)

(42)

Where GAnσσ′(t, t′) and GBnσσ′(t, t′) are hybrid Green’s functions, describing
the interaction between the central region and the leads.

(i
∂

∂τ
− εkσ)gknσσ′(τ, t′) = T

(A)
kσ GAnσσ′(τ, t′) + T

(B)
kσ GBnσσ′(τ, t′) (43)

Define g−1
kσ (τ, t′) = (i ∂

∂τ
− εkσ) such that (i ∂

∂τ
− εkσ)gkσ(τ, t′) = δ(τ − t′).

Where gkσ(τ, t′) now has the same property as the Green’s function with the
non-interacting free Hamiltonian given by (i ∂

∂τ
− εkσ). gkσ(τ, t′) is known as

a bare or non-interacting Green’s function, where we make good use of the
property gkσ(t, τ)(i ∂

∂τ
− εkσ) = δ(t− τ) by multiplying with gkσ(t, τ) to get,

gkσ(t, τ)(i
∂

∂τ
− εkσ)gknσσ′(τ, t′) = δ(t− τ)gknσσ′(τ, t′) (44)

Integrating over τ,∫
d(τ)δ(t− τ)gknσσ′(τ, t′) = gknσσ′(t, t′)

=

∫
d(τ)T

(A)
kσ gkσ(t, τ)GAnσσ′(τ, t′) +

∫
d(τ)T

(B)
kσ gkσ(t, τ)GBnσσ′(τ, t′)

(45)

Plugging these new expressions for the hybrid Green’s functions back into
our original expression for the Green’s function we can rewrite equation 29
as,

i
∂Gmnσσ′

∂t
= δmnδσσ′δ(t− t′) + εmσGmnσσ′(t, t′) +

∑
s

JmGmnσs(t, t
′)σσs · 〈Sm〉

+ γmAGAnσσ′(t, t′)δmB + γmBGBnσσ′(t, t′)δmA

+
∑
k

(T̄
(A)
kσ gknσσ′δmA + T̄

(B)
kσ gknσσ′δmB)Gmnσσ′

+
∑
p

(T̄ (A)
pσ gpnσσ′δmA + T̄ (B)

pσ gpnσσ′δmB)Gmnσσ′

(46)
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where we make the following decoupling, (−i)
〈∑

s Jmσσsdms · Smd
†
nσ′(t′)

〉
=∑

s Jm 〈Sm〉 · σσsGmnsσ′(t, t′).

(i
∂

∂t
− εmσ)Gmnσσ′(t, t′) = δmnδσσ′δ(t− t′)

+
∑
s

JmGmnσs(t, t
′)σσsdms · 〈Sm〉

+ γmAGAnσσ′(t, t′)δmB + γmBGBnσσ′(t, t′)δmA

+

∫
dτΣ(A,A)

σσ (t, τ)GAnσσ′(τ, t′)δmA +

∫
dτΣ(B,B)

σσ (t, τ)GBnσσ′(τ, t′)δmB

+

∫
dτΣ(A,B)

σσ (t, τ)GAnσσ′(τ, t′)δmB +

∫
dτΣ(B,A)

σσ (t, τ)GBnσσ′(τ, t′)δmA

(47)

Inspecting the spin moment terms we notice that there are two possibilities
for σσs as we sum over the s indices.∑

s

JmGmnsσ′(t, t′)σσs · 〈Sm〉 · 1

=
∑
s

JmGmnsσ′(t, t′)σσs · 〈Sm〉 (δσs + δσ̄s)

= JmGmnσσ′(t, t′)σσσ · 〈Sm〉+ JmGmnσ̄σ′(t, t′)σσσ̄ · 〈Sm〉

(48)

If we proceed to move all Gmnσσ′(t, t′) to one side, only JmGmnσσ′(t, t′)σσσ·
〈Sm〉 if we investigate a bit further this corresponds to contribution from the
local moment in the z direction. This is is further evident from the Pauli
matrix representation

σ =

[
σσσ σσσ̄
σσ̄σ σσσ

]
=

[
↑↑ ↑↓
↓↑ ↓↓

]
(49)

where the only component with finite diagonal elements is given in by σz,
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therefore σσσ = σz.

(i
∂

∂t
− εmσ − Jmσzσσ · 〈Szm〉)Gmnσσ′(t, t′) =

δmnδσσ′δ(t− t′) + JmGmnσ̄σ′(t, t′)σσσ̄ · 〈Sm〉
+ γmAGAnσσ′(t, t′)δmB + γmBGBnσσ′(t, t′)δmA

+

∫
dτΣ(A,A)

σσ (t, τ)GAnσσ′(τ, t′)δmA +

∫
dτΣ(B,B)

σσ (t, τ)GBnσσ′(τ, t′)δmB

+

∫
dτΣ(A,B)

σσ (t, τ)GAnσσ′(τ, t′)δmB +

∫
dτΣ(B,A)

σσ (t, τ)GBnσσ′(τ, t′)δmA

(50)

Let t→ τ such that (i ∂
∂τ
−εmσ−Jmσzσσ·〈Szm〉) = g−1

mσ(t, τ) and gmσ(t, τ)(i ∂
∂τ
−

εmσ − Jmσzσσ · 〈Szm〉) = δ(t − τ). This is very much similar to what we did
earlier, we have yet to account for any interaction terms, multiplying the
LHS with gmσ and integrating over τ we get,∫

dτgmσ(i
∂

∂t
− εmσ − Jmσzσσ · 〈Szm〉)Gmnσσ′(τ, t′) = Gmnσσ′(t, t′) (51)

Doing the same with the RHS of the equation is a bit more work but doable
or rather unavoidable,

Gmnσσ′(t, t′) = δmnδσσ′gmσ(t, t′) + Jmσσσ̄ · 〈Sm〉
∫
dτgmσ(t, τ)Gmnσ̄σ′(τ, t′)

+ γmAδmB

∫
dτgmσ(t, τ)GAnσσ′(τ, t′) + γmBδmA

∫
dτgmσ(t, τ)GBnσσ′(τ, t′)

+

∫
dτ′
∫
dτgmσ(t, τ)Σ(A,A)

σσ (τ, τ ′)GAnσσ′(τ′, t′)δmA

+

∫
dτ′
∫
dτgmσ(t, τ)Σ(B,B)

σσ (τ, τ ′)GBnσσ′(τ′, t′)δmB

+

∫
dτ′
∫
dτgmσ(t, τ)Σ(A,B)

σσ (τ, τ ′)GAnσσ′(τ′, t′)δmB

+

∫
dτ′
∫
dτgmσ(t, τ)Σ(B,A)

σσ (τ, τ ′)GBnσσ′(τ′, t′)δmA

Fourier transforming the above,
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Gmnσσ′(ω) = δmnδσσ′gmσ(ω) + Jmσσσ̄ · 〈Sm〉 gmσ(ω)Gmnσ̄σ′(ω)

+ γmAδmBgmσ(ω)GAnσσ′(ω) + γmBδmAgmσ(ω)GBnσσ′(ω)

+ gmσ(ω)Σ(A,A)
σσ (ω)GAnσσ′(ω)δmA + gmσ(ω)Σ(B,B)

σσ (ω)GBnσσ′(ω)δmB

+ gmσ(ω)Σ(A,B)
σσ (ω)GAnσσ′(ω)δmB + gmσ(ω)Σ(B,A)

σσ (ω)GBnσσ′(ω)δmA

We further simplify by multiplying with g−1
mσ(ω) to produce on the LHS,

g−1
mσ(ω)Gmnσσ′(ω) = (ω − εmσ − Jmσzσσ · 〈Szm〉)Gmnσσ′(ω)

and on the RHS a considerable reduction in terms,

(ω − εmσ − Jmσzσσ · 〈Szm〉)Gmnσσ′(ω) = δmnδσσ′ + Jmσσσ̄ · 〈G|Sm|G〉mnσ̄σ′ (ω)

+ γmAδmBGAnσσ′(ω) + γmBδmAGBnσσ′(ω)

+ Σ(A,A)
σσ (ω)GAnσσ′(ω)δmA + Σ(B,B)

σσ (ω)GBnσσ′(ω)δmB

+ Σ(A,B)
σσ (ω)GAnσσ′(ω)δmB + Σ(B,A)

σσ (ω)GBnσσ′(ω)δmA

We now have the final form that we can use to create the set of closed
equations, we now need to evaluate the different cases that arises from the
site indices m,n and the spin indices σ, σ′. To do this we just need to plug
and play so to speak until we have a set of four equations,

For m = A, n = A and σ = σ′ =↑

(ω − εA↑ − JAσz↑↑ · 〈SzA〉)GAA↑↑(ω) = 1 + JAσ↑↓ · 〈G|SA|G〉AA↓↑ (ω)

+ γABGBA↑↑(ω) + Σ
(A,A)
↑↑ (ω)GAA↑↑(ω) + Σ

(B,A)
↑↑ (ω)GBA↑↑(ω)

(ω − εA↑ − JAσz↑↑ · 〈SzA〉 − Σ
(A,A)
↑↑ (ω))GAA↑↑(ω)− JAσ↑↓ · 〈G|SA|G〉AA↓↑ (ω)

− γABGBA↑↑(ω)− Σ
(B,A)
↑↑ (ω)GBA↑↑(ω) = 1

(52)

For m = A, n = A and σ = σ′ =↓

(ω − εA↓ − JAσz↓↓ · 〈SzA〉)GAA↓↓(ω) = 1 + JAσ↓↑ · 〈G|SA|G〉AA↑↓ (ω)

+ γABGBA↓↓(ω) + Σ
(A,A)
↓↓ (ω)GAA↓↓(ω) + Σ

(B,A)
↓↓ (ω)GBA↓↓(ω)
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(ω − εA↓ − JAσz↓↓ · 〈SzA〉 − Σ
(A,A)
↓↓ (ω))GAA↓↓(ω)− JAσ↓↑ · 〈G|SA|G〉AA↑↓ (ω)

− γABGBA↓↓(ω)− Σ
(B,A)
↓↓ (ω)GBA↓↓(ω) = 1

(53)

For m = B, n = B and σ = σ′ =↑

(ω − εB↑ − JBσz↑↑ · 〈SzB〉)GBB↑↑(ω) = 1 + JBσ↑↓ · 〈G|SB|G〉BB↓↑ (ω)

+ γBAGAB↑↑(ω) + Σ
(B,B)
↑↑ (ω)GBB↑↑(ω) + Σ

(A,B)
↑↑ (ω)GAB↑↑(ω)

(ω − εB↑ − JBσz↑↑ · 〈SzB〉 − Σ
(B,B)
↑↑ (ω))GBB↑↑(ω)− JBσ↑↓ · 〈G|SB|G〉BB↓↑ (ω)

− γBAGAB↑↑(ω)− Σ
(A,B)
↑↑ (ω)GAB↑↑(ω) = 1

(54)

For m = B, n = B and σ = σ′ =↓

(ω − εB↓ − JBσz↓↓ · 〈SzB〉)GBB↓↓(ω) = 1 + JBσ↓↑ · 〈G|SA|G〉BB↑↓ (ω)

+ γBAGAB↓↓(ω) + Σ
(B,B)
↓↓ (ω)GBB↓↓(ω) + Σ

(A,B)
↓↓ (ω)GAB↓↓(ω)

(ω − εB↓ − JBσz↓↓ · 〈SzB〉 − Σ
(B,B)
↓↓ (ω))GBB↓↓(ω)− JBσ↓↑ · 〈G|SB|G〉BB↑↓ (ω)

− γBAGAB↓↓(ω)− Σ
(A,B)
↓↓ (ω)GAB↓↓(ω) = 1

(55)

Now that the equations have been defined we are going to need to con-
struct our matrices and evaluate the components of Ĥmnσσ′ , luckily we only
need to consider the diagonal compositions according to equations 52, 53, 54
and 55. Recall that, ĤGR = 1 this comes in handy in the form,


ĤR
AA↑↑ ĤR

AA↑↓ ĤR
AB↑↑ ĤR

AB↑↓
ĤR
AA↓↑ ĤR

AA↓↓ ĤR
AB↓↑ ĤR

AB↓↓
ĤR
BA↑↑ ĤR

BA↑↓ ĤR
BB↑↑ ĤR

BB↑↓
ĤR
BA↓↑ ĤR

BA↓↓ ĤR
BB↓↑ ĤR

BB↓↓



GR
AA↑↑ GR

AA↑↓ GR
AB↑↑ GR

AB↑↓
GR
AA↓↑ GR

AA↓↓ GR
AB↓↑ GR

AB↓↓
GR
BA↑↑ GR

BA↑↓ GR
BB↑↑ GR

BB↑↓
GR
BA↓↑ GR

BA↓↓ GR
BB↓↑ GR

BB↓↓

 = 14x4
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We can associate the Ĥmnσσ′ components of the above identity relation with
those of 52, 53, 54 and 55. A simple staring contest will reveal the following
matrix,

Ĥmnσσ′ =
(ω − εA↑ −∆

(A,A)
↑↑ ) −JAσ↑↓ · 〈SA〉 −γAB −

∑(B,A)
↑↑ (ω) 0

−JAσ↓↑ · 〈SA〉 (ω − εA↓ −∆
(A,A)
↓↓ ) 0 −γAB −

∑(B,A)
↓↓ (ω)

−γBA −
∑(A,B)
↑↑ (ω) 0 (ω − εB↑ −∆

(B,B)
↑↑ ) −JBσ↑↓ · 〈SB〉

0 −γBA −
∑(A,B)
↓↓ (ω) −JBσ↓↑ · 〈SB〉 (ω − εB↓ −∆

(B,B)
↓↓ )


(56)

where ∆mn
σσ = (Jmσ

z
σσ · 〈Szm〉 − Σ

(m,n)
σσ (ω)). The coupling strength Jm is an

unknown quantaty and needs to evaluated, this could be done in a self-
consistant manner where an inital guess is assigned to Jm, however, we choose
to procede by letting Jm = 0 and calcualting it externally. As a result
any local moment vanishes from the inital calculations. Once the Green’s
functions are calcualted equations, 21, 22 and 23 are used to evaluate the
exchange interactions. For now, we can simplify the diagonal elements to
read ∆mn

σσ = −Σ
(m,n)
σσ (ω) where Σ

(m,n)
σσ (ω) = − i

2
Γσ which corresponds to the

interdot interaction with the junction. As the intradot tunneling is a scalar
value γAB = γBA, so we can write them simply as tc which was used in the
main text. The full matrix is then significantly simplified to read,

Ĥmnσσ′ =
(ω − εA↑ + i

2
Γ11↑(ω)) 0 −tc + i

2
Γ12↑(ω) 0

0 (ω − εA↓ + i
2
Γ11↓(ω)) 0 −tc + i

2
Γ12↓(ω)

−tc + i
2
Γ21↑(ω) 0 (ω − εB↑ + i

2
Γ22↑(ω)) 0

0 −tc + i
2
Γ21↓(ω) 0 (ω − εB↓ + i

2
Γ22↓(ω))


(57)

Notice that the off-digonal portions of the matrix 57 contains Γσ(ω). These
are non-zero due to the possiblity of transport through either QD. Therefore
multiple pathways are present and interference phenomena may be observed.

To attain the general form of GR we can simply collaps the spin basis of
matrix 57 and use the simple inversion rule for a 2x2 matrix.

GR
mnσσ′ =

1

|Ĥ|

[
ω − εBσ + i

2
Γ22σ(ω) −tc + i

2
Γ12σ(ω)

−tc + i
2
Γ21σ(ω) ω − εAσ + i

2
Γ11σ(ω)

]
(58)
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Where |Ĥ| is the determinant of matrix 57. We note from equation 17 we are
mainly intrested in the off-digonal components of the product (GRGA)mn(ω),
i.e., m 6= n, which are given by (GRGA)12(ω) = GR

11(ω)GA
12(ω)+GR

12(ω)GA
22(ω)

(GRGA)21(ω) = GR
21(ω)GA

11(ω) + GR
22(ω)GA

21(ω)

The evaluation of the Rashba Green’s function is done much in the same
way, however, this Hamiltonaian includes phases coupled to the inter-and
intra coupling parameters of the system,

Ĥmnσσ′ =

[
ω − εAσ + i

2
Γ11σ(ω) −tceiθ + i

2
Γ12σ(ω)

−tce−iθ + i
2
Γ21σ(ω) ω − εBσ + i

2
Γ22σ(ω)

]
(59)

where we defined the Γ matrix under Rashba in equation 26, yet for conve-
nience we include it here as well.

Γα∈L(R)
σ =

[
Γα11σ

√
Γα11σΓα22σe

±φσ/2√
Γα11σΓα22σe

∓φσ/2 Γα11σ

]
(60)
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