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Abstract
Recently an experimental design strategy, called rerandomization, has been proposed as a
complement to traditional blocked designs. The idea of rerandomization is to remove, from
consideration, those allocations with large imbalances in observed covariates according to a
balance criterion, and then randomize within the set of acceptable allocations. This paper
clarifies the concept of an ‘optimal’ rerandomization design for inferences using the mean\E. Based on the Mahalanobis distance criterion for balancing
difference sample estimator, SAT
the covariates, we show that standard asymptotic inference to the population, from which the
units in the sample are randomly drawn, is possible using only the set of best, or ‘optimal’,
allocations.
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Introduction

In randomized experiments, the treatment assignment is unconfounded (Rubin, 1978; Imbens and
Rubin, 2015) or equivalently strongly ignorable (Rosenbaum and Rubin, 1983), which permits
valid inference to a large collection of well-defined estimands. For this reason, among others,
∗ The
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randomized experiments are seen as the gold standard for causal inference. However, in a single
realized randomized allocation, the imbalance in both observed and unobserved covariates can be
substantial. To reduce these potential imbalances, blocking (also called stratification) on observed
covariates has been used in experimental design, especially with a few discrete covariates. Recently,
the alternative strategy of rerandomization has been suggested, reducing the risk of randomly
drawing a bad allocation even with a large set of essentially continuous covariates (Morgan and
Rubin, 2012). The idea is to remove from considerations allocations with large imbalances in the
observed covariates based on a covariate-balance criterion, and then randomize within the remaining
set of allocations with better balanced covariates.
With the goal of estimating treatment effects within the observed sample, such as the sample
average treatment effect (SATE), Morgan and Rubin (2012) suggested using the Mahalanobis distance between the covariate-mean vectors of assigned treated and controls as the covariate-balance
criterion for removing unbalanced allocations. Kallus (2018) proposed algorithms for finding ‘optimal’ designs for the estimation of the population average treatment effect (PATE). The optimality
is based on the idea of minimizing the maximum conditional sample variance of the mean difference
\E, under a structural relationship between potential outcomes (under treatment
estimator, SAT
and control) and the covariates in the population. However, Kallus (2018) does not derive the
\E under this design, and instead proposes that inferences should
sampling distribution of the SAT
be based on a bootstrap procedure.
This paper clarifies the concept of an ‘optimal’ design for inferences to the PATE based on the
\E. Under complete randomization, the asymptotic properties of this estimator are derived by
SAT
taking expectations over all possible samples and all possible allocations of the sampled units to
\E is unbiased for PATE, asymptotically normal
treatment and control in the experiment. The SAT
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with a known variance over random sampling and complete randomized treatment allocation. Using
blocking only to restrict allocations, standard asymptotic inference still applies within each block
\E straightforward to derive. However, removing allocations with
making the properties of the SAT
large covariate imbalances affects the properties of this estimator in a more intricate way.
The discussion of ‘optimal’ inference to the PATE is restricted to the strategy suggested in
Morgan and Rubin (2012) and studied further by Li et al. (2018). Here, the operating characteristics,
\E are known; the ‘optimal’
i.e., the expectation, variance, and asymptotic distribution of the SAT
designs suggested by Kallus (2018) includes rerandomization based on the Mahalanobis distance as
a special case.
There are two results that we report here: First, using the Mahalanobis-distance criterion when
the cardinality of the set of allocations fulfilling the covariance-balance criterion (to be defined
\E is normally
below) goes towards its minimum, the asymptotic sampling distribution of the SAT
distributed with known variance. Inference to SATE, however, may be degenerate in this case
because the resulting distribution may have zero variance. Second, the asymptotic distribution
\E under Mahalanobis-based rerandomization is usually well approximated by a normal
of SAT
distribution also when a larger ‘near optimal’ set is used, and the difference in efficiency compared
to using the ‘optimal’ set is typically very small (Morgan and Rubin, 2012), which means that,
using a slightly larger ‘near optimal’ set, admits non-degenerate inference to both SATE and PATE
without substantially decreasing efficiency of estimation to PATE.
The next section discusses rerandomization using the Mahalanobis metric. Section 3 provides
the main results concerning asymptotic inference and Section 4 concludes.
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Rerandomization based on the Mahalanobis criterion

In line with Morgan and Rubin (2012), consider a trial with n units, with n1 assigned to treatment
and n0 assigned to control. Let Wi = 1 or Wi = 0 if unit i is assigned treatment or control,
respectively, and define W = (W1 , ..., Wn )0 . Furthermore let X be the n × K matrix of fixed covariates in the sample (xi , i = 1, ..., n) with covariance matrix cov(X). In a balanced experiment, i.e.,
n1 = n0 = n/2, there are

n
n1



= nA possible treatment allocation (assignment) vectors, thus Wj ,

j = 1, ..., nA and W = (W1 , ..., WnA ) the complete set of allocations.
The Mahalanobis distance for allocation j is
j 0
j
M (Wj , X) ∝ τbX
cov(X)−1 τbX
, j = 1, ..., nA

where
j
τbX
=

n1
n0
1 X
1 X
j
j
Wij xi0 −
(1 − Wij )xi0 , = XT − XC , j = 1, ..., nA .
n1 i=1
n0 i=1

Morgan and Rubin (2012) suggested accepting the treatment assignment vector Wj only when
M (Wj , X) ≤ a,
where a is a positive constant.
Because M (Wj , X) follows a χ2K distribution asymptotically, a quantile of this distribution can
be used as an allocation inclusion/exclusion criterion. Let P(χ2K ≤ a) = pa , then to randomize
within the set of the 0.01% best balanced allocations implies setting a so that pa = 0.0001.
The minimum number of allocations in the set of allocations with the smallest Mahalanobis
distance (i.e. M (Wj , X) ' 0 or pa ' 0) in an experiment with n1 = n0 is two.1 Because the
1 In

an experiment with n1 6= n0 the minimum set could consist of just one allocation. See Morgan and Rubin

(2012, p. 9) for an example with n = 3 and n1 ≡ 2.
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Mahalanobis distance of an allocation (Wj ) is always exactly the same as for (1 − Wj ), i.e. a
mirror allocation. This minimal set, containing only the allocations with the smallest Mahalanobis
distance across all possible allocations, contains the optimal set in terms of covariate balance.
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Asymptotic Theory

Consider an experiment where the n units are evenly divided into two groups: n1 = n2 = n/2. Let
Yi (w) denote the potential outcome when unit i is exposed to w. The sample average treatment
effect is defiend as
τ=

1X
Yi (1) − Yi (0).
n i=1
n

With random sampling from a fixed population of size N or from a superpopulation, τ is also
the population average treatement effect (PATE). Define the sample means Y (w) =

1
n

Pn

i=1

Yi (w),

w = 0, 1, then the sample variance and the variance of the treatment effect are equal to
SY2 (w) =

1 X
(Yi (w) − Y (w))2 , w = 0, 1,
n − 1 i=1
n

and
SY (1)Y (0)

=

1 X
(Yi (1) − Yi (0) − (Y (1) − Y (0))2
n − 1 i=1

=

1 X
(τi − τ )2 = Sτ2
n − 1 i=1

n

n

Define the sample means of treate and controls
Y1 =

n1
n0
1 X
1 X
Yi and Y 0 =
Yi .
n1
n0
i:Wi =1

i:Wi =0

Under SUTVA (no interference between individuals and the same treatment, Rubin 1980) the
observed Yi is equal to Y (Wi ), then the SATE estimator
\E = Y 1 − Y 0 ,
SAT
5

is an unbiased estimator of τ (Neyman, 1923).
In Li and Ding (2017), the authors give a complete and comprehensive review of the conditions
for CLT based inference in the causal setting, including new less stringent conditions for several
settings. Using CLTs where the n units in the sample is embedded into an infinite sequence of finite
populations with increasing sizes the authors show that
P lim

√

\E − τ ) → N (0, Vτ ),
n(SAT
d

where
Vτ =

n 2
n 2
S
+
S
− Sτ2 .
n1 Y (1) n0 Y (0)

Under the superpopulation assumption and inference to the PATE the third term vanish (as treated
˙
and controls are sampled independently).
Using the same conditions as in Li and Ding (2017), Li et al. (2018) showed that the asymptotic
\E after randomly choosing an allocation from the set Aa = {W|M (Wj , X) ≤ a}
distribution of SAT
is
P lim
where Q =

√

d
\E − τ )|b
n(SAT
τX →

p
Vτ τ Q,

(1)

√
p
(1 − R2 )ε0 + R2 LK,a ; ε0 is a standard normal variable (for Y in the space orthogonal

to the covariates), LK,a is the projection of Y into the space of covariates and is thus affected by
the rerandomization, and
R2 =

n 2
n1 sY (1)|X

+

n 2
n0 sY (0)|X

Vτ τ

− s2τ |X

,

where SY2 (w)|X and Sτ2|X are the variances of the linear projection of Y(w) and τ on X, respectively.
Under homogeneous treatment effects, i.e., Sτ2 = 0 and Sτ2|X = 0, it follows that R2 = s2Y (0)|X /SY2 (0) ,
that is, the R2 in a regression of Y(0) on X. Li et al. (2018) show that under this condition, R2
can be consistently estimated using the linear projection of the outcomes of the treated and control
6

units values on X. The second part of Q has the following distribution
LK,a ∼ χK,a S

p

β,

where χK,a = χ2K |χ2K ≤ a, S a random variable taking values ±1 with probability 1/2, and β is a
Beta random variable degenerating to a point mass at 1 when K = 1.

3.1

Asymptotic theory for the optimal design

We now investigate the properties of Q as a approaches 0, i.e., when the set of included allocations
is restricted more and more such that the cardinality of the set of allowed allocations goes towards
its minimum. From the assumption that the n units are randomly sampled from the population, the
asymptotic results when n → ∞ in Li et al. (2018) can be used to derive the asymptotic distribution
in the situation when a approaches 0. In this situation, it is only the second term of Equation 1,
√

R2 LK,a , that depends on a, where

√

R2 is a constant that can be estimated consistently. LK,a is

symmetric and unimodal around zero, with variance
Var(LK,a ) = P (χ2K+2,a < a)/P (χ2K,a < a).

(2)

For fixed K, Var(LK,a ) → 0 as a → 0 (Li et al., 2018). That is, the LK,a distribution will converge
to point mass at zero when a, or equivalently pa , goes to zero. This implies that for large n and
sufficiently small a,
P lim

√

\E − τ )|b
n(SAT
τX →
d


p p
Vτ
(1 − R2 )ε0 .

(3)

The intuition of the result is that randomizing the treatment assignment within the set of allocations
containing only the very best allocations will, in large samples, result in a realized treatment
allocation with a Mahalanobis distance close to zero, which means that essentially all variation in
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\E that is explained by group differences in X is removed, that is, all the variance in the linear
SAT
projection of Y(0) and Y(1) on X is eliminated.
In designs with n1 = n0 there are always at least two allocations that share the smallest
Mahalanobis distance across all allocations. This means that in large samples, choosing the set of
allocation(s) with the smallest Mahalanobis distance corresponds to setting
a : pa =

2
.
na

(4)

We refer to this inclusion criterion as the ‘best allocation inclusion criteria’ (BAIC) and the set of
allocations fulfilling BAIC is denoted MBAIC . However, with ties in the minimum of the Mahalanobis distance MBAIC is larger than two. If MBAIC is large enough, non-degenerate inference
to the SATE is possible (Johansson et al., 2018). However, because the cardinality of MBAIC is
not restricted by design, BAIC does not generally allow for non-degenerate inference to SATE. If
there are too few allowed allocations, probabilistic inference to SATE is not helpful (Johansson et
al., 2018).
However, because the allocations in MBAIC are allocation from a random sample of units from
\E has has stochastic variation across repeated sampling, i.e., a sampling
the population, the SAT
distribution2 , and therefore non-degenerate inference to PATE is usually possible also using BAIC.
Under Theorem 1 in (Li et al., 2018, pp. 8) and using Equation 3, the test statistic is thus
√

\E − τ )|√nτˆx ∈ MBAIC
n(SAT
∼ N (0, 1),
√ √
Vτ 1 − R 2

(5)

and all the well established asymptotic results for the standard normal distribution apply. The
sampling distribution is well defined for R2 < 1. In the unlikely situation that R2 = 1, i.e., that
the variation in X explains all variation in both Y(0) and Y(1) and all variation in X is removed
by rerandomization, the samplings distribution is degenerated to a point mass at zero.
2 With

one exception described below.
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\E under MahalanobisTo summarize, Table 1 displays the sampling distribution of the SAT
based rerandomization for different regions of pa . Under complete randomization (pa = 1), the
distribution is normal, for pa in the interval (0, 1), the sampling distribution is Q, and for BAIC
(pa → 0) the sampling distribution is again normal but with a scaled variance. These results have
\E under under Mahalanobis-based rerandomization
Table 1: The sampling distribution of the SAT
for different values of pa .
Complete rand.

Rerendomization

RerandomizationBAIC

Reran. crit

pa = 1

0 < pa < 1

pa → 0

√
V ar( n(τ̂ − τ ))

Vτ τ

Vτ τ (1 − (1 − νK,a )R2 )

Vτ τ (1 − R2 )

N (0, Vτ τ )

Q(Vτ τ , R2 , K, a)

N (0, Vτ τ (1 − R2 ))

√

n(τ̂ − τ ) ∼

the important implication that the large sample sampling distribution under Mahalanobis-based
rerandomization with sufficiently small pa is simply normal with mean zero but with variance
Vτ (1 − R2 ) instead of Vτ as under complete randomization.

3.2

Choosing pa - A rule of thumb

This section presents a suggestion for choosing pa in the design phase such that the (scaled) standard
inferences can be used in the analysis.
The variance of Q is equal to
(1 − R2 )V ar(0 ) + R2 V ar(LK,a ) = (1 − R2 ) + R2 V ar(LK,a )
where the equality comes from 0 ∼ N (0, 1). Because the asymptotic variance of LK,a is known (cf.
Equation 2), this allows us to calculate the relative importance of the second term for a specific
9

R2 . The variance ratio (V R) of the second term to the overall variance of the estimator under
Mahalanobis based rerandomization given R2 and a, equals
VR=

P (χ2K+2,a < a)/P (χ2K,a < a)
R2 V ar(LK,a )
=
.
R2 V ar(LK,a ) + (1 − R2 )
P (χ2K+2,a < a)/P (χ2K,a < a) + ( R12 − 1)

(6)

To illustrate, consider a setting with R2 = 0.5, five covariates, and a small inclusion criterion,
e.g. a = 10−5 which corresponds to pa ≈ 1.68 × 10−14 . It follows that
VR=
=

V ar(L5,10−5 )
V ar(L5,10−5 ) + (1/0.5 − 1)
P (χ27 ≤10−5 )
P (χ25 ≤10−5 )

P (χ27 ≤10−5 ))
P (χ25 ≤10−5 )

+1

(7)

≈ 1.423 × 10−6 ,
which means that less than a 1000th of a percent of the variance of Q arises from the variance
of the second term and, clearly, including or excluding this term has no practical importance for
inferences in this case. For a large sample, e.g, n = 100, there would still be around 1.69 × 1015
(= 1.68 × 10−14 ×

100
50



) allocations fulfilling this rerandomization criterion. Thus choosing a to be

10−5 would also enable inference to the units of the sample while simultaneously allowing standard
methods to make inference to the units of the population.
In real experiments, R2 is not known in the design phase, which complicates this type of analysis.
However, the V R can be calculated for various hypothetical values of R2 that are larger than the
expected empirical R2 to create an upper bound for the V R. Figure 1 displays the V R as a function
of a for n = 100, K = 5, and R2 = (0.05, 0.1, ..., 0.90, 0.95). It is clear that, in this case, even if
R2 is large and the sample size is only moderately large, there are still enough allocations fulfilling
the criterion. For example, if a is set to 10−5 , there are still 1.69 × 1015 allocations fulfilling the
criterion. That this small sample size allows for the simplification even for very large R2 illustrates
that these results often can be applied in typical experimental settings.
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Number of allocations fulfilling a
0.00e+00
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a
Figure 3: The variance ratio as a function of the Mahalanobis inclusion criterion a, for K = 5,
Figure 1: The variance ratio as a function
of the Mahalanobis inclusion criterion a, for K = 5,
n = 100 and different values of R2 . The values on the top of the abscissa are the number of
n =allocations
100 and different
of R2 . and
Thethe
values
online
theistop
abscissarule
areofthe
number of
satisfyingvalues
the criterion
dotted
the of
thethe
proposed
thumb.
allocations satisfying the criterion and the dotted line is the the proposed rule of thumb.
As a rule of thumb, we propose, based on a limited set of simulations, that if the ratio of the
variance (V R) in the sampling distribution due to the second term in Equation 1 is smaller than
0.01%, the simplified approximation should be sufficiently accurate. In the example above, this rule
of thumb would allow for the (scaled) standard asymptotic inferences for all R2 < 0.95. These
simple calculations can be performed for any experiment to quickly evaluate the possibilities of using
the simplified results presented in this paper, or, to select a such that, for the largest plausible R2 ,
the V R is smaller than the rule of thumb.
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4

Discussion

\E, for inferences
The asymptotic sampling distribution for the difference in mean estimator, SAT
to the PATE under Mahalanobis-based rerandomization design is investigated, specifically, how
the sampling distribution is affected by letting the Mahalanobis-based rerandomization inclusion
criterion approach the ‘optimal’ design.
\E under complete randomization is asymptotically normal. However, removing allocaThe SAT
tions associated with large covariates-differences between treated and controls, as with ‘rerandomization designs’, affects the properties of this estimator in ways that depend on the balance criterion
used to discard unbalanced allocations. Morgan and Rubin (2012) and Li et al. (2018) used the well
\E
known properties of the affinely invariant Mahalanobis distance to derive properties of the SAT
after randomizing in the set of allocations with a Mahalanobis distance smaller than a specified
inclusion criterion.
\E has a non-degenerate sampling distribution for repeated sampling inference to the
The SAT
population. However, deterministically choosing an ‘optimal’ design can lead to a degenerate sampling distribution for inference to the units in the experiment. Based on the results in Li et al.
(2018), we show that the asymptotic sampling distribution under Mahalanobis-based rerandomization simplifies to a normal distribution when the inclusion criterion is small. When the sample size
is moderately large, there will be large number of allocations that fulfills even very restrictive inclusion criteria, which enables inference to the PATE or the sample estimand (SATE) using standard
results (Johansson et al., 2018).
For these reasons, when using Mahalanobis-based rerandomization, it can be advisable to set
the inclusion criterion for admissible allocations slightly smaller than suggested in Li et al. (2018)
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so that standard asymptotic inference can be used for PATE, and slightly larger than the minimum
so that inference is possible to both SATE and PATE. To this end we suggest a simple-to-use rule
of thumb for when the simplified asymptotics can be used that makes it possible to choose the
Mahalanobis criterion accordingly.
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