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1 Introduction

Since the final decade of the last century, through evidence from data collected by different cos-

mological measurements, we came to know that our universe undergoes an accelerated expansion

[1, 2]. This expansion is driven by a still unknown source that we call dark energy, which composes

almost three-quarters of the energy content of the observed universe.

From the perspective of theoretical physics, this has been extensively studied, trying to em-

bed this cosmic acceleration within an UV complete description of gravity [3–10].This high-energy

completion of gravity has been investigated looking for (meta) stable de-Sitter solutions [11].

This requires the use of the mechanism of compactification to reduce string theories from higher-

dimensional descriptions to four-dimensional effective field theories. The remaining extra dimen-

sions are encoded in compact spaces, mainly Calabi-Yau Manifolds [3, 4, 8]. All the topological and

geometrical information of those spaces is encoded in scalar fields (moduli) in a supersymmetric

four-dimensional effective description.

Phenomenologically, N = 1 four-dimensional EFT’s are the most interesting case of compact-

ifications. While these theories arise naturally from reductions of type I ten-dimensional string

theories on Calabi-Yau manifolds, that is not the case for type II theories, which still grant N = 2

EFT’s. This can be further broken by introducing orientifold planes [4, 7] to break the supersym-

metry down to N = 1. These reductions can be systematically described using (S,T,U)-models on

toroidal orbifolds T6/Γ [5, 10]. In order to fix the values of the moduli, it is necesary to turn on

topological fluxes (strength of the string action’s fields). These fluxes will induce a holomorphic

function W that depends on the moduli. This superpotential fixes the mass of the moduli, but not

all of them [12, 13].

One can introduce new generalised topological fluxes in order to solve this issue. The effect

of these unfamiliar objects is twofold: On the one hand, their presence in W will fix the set of

moduli described in the theory [14]. On the other, its introduction is completely necessary to

achieve a T-invariant superpotential W between type IIA/IIB, as the physics described by both

must be the same [6]. The effect of the parameters asociated with fluxes in one description can be

related to the alike theory using T-duality. This can be interpreted as a T-dual chain acting on

the Ramond-Ramond and Neveu-Schwarz fields of the action [9]. This concatenation of T-duality

(Buscher rules in one direction) alternates between type IIA and IIB theories, and it leads to the so-

called non-geometrical fluxes. Some of these fluxes can enjoy a local geometric description on their

background, as it is the case for Qabc fluxes. Due to the lack of remaining isometries, the Buscher

rules can no longer be applied to these backgrounds, but some structures appear, suggesting the

existence of some meaning for the non-geometrical Rabc fluxes. Using double field theory (DFT) to

generalise some examples of ten-dimensional backgrounds, one can get a ten-dimensional effective

action for Q and R-fluxes [15].

This project is organised as follows: In chapter 2 we offer a quick introduction to the type

IIA/IIB Sugra actions we want to compactify, as well as their inner symmetries. This same chapter

contains the mathematical toolbox to reproduce three-Calabi-Yau’s using toroidal orbifolds, as a soft

limit of those complex manifolds. Then, we will compactify both theories through Kaluza-Klein

reduction in those compact spaces. Extracting all possible information concerning the topology

of these spaces, in chapter 3 we construct an invariant T-dual superpotential for both theories.

Additionally, a detailed explanation of how T-duality relates flux parameters in both frameworks

will be offered. In chapter 4 we will give an introductory interpretation to generalised fluxes, as
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some of them requiere non-geometrical background. Using a T-duality chain, we will generate a set

of constraints for all the fluxes in type IIA/IIB theories.
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2 Compact space construction for IIA and IIB theories

In this chapter, we are going to introduce the whole process of compactification for both type

IIA/IIB theories from ten to four dimensions on a toroidal orbifold. We will study the terms and

fields associated with both theories, as the internal symmetries and properties they have. These

symmetries, along with the orbifold and orientifold descriptions corresponding to each theory, are

necessary in order to reduce our descriptions to N = 1 four-dimensional theories with T6 compact

spaces1. Using Kaluza-Klein expansions, we will expand the fields of type IIA/IIB theories on the

toroidal space. Thus, moduli fields will appear carrying topological information of these spaces.

2.1 Sugra actions for type IIA and IIB theories

In this section we offer a quick review of the low energy limit of type IIA/IIB string theories. These

supergravity actions are equipped with a N = 2 supersymmetry in the ten-dimensional space.

Their spectra, following the notation of [5, 10] , contain a symmetric GMN graviton field, an anti-

symmetric BMN tensor field, the dilaton φ and a set of strengh fields Fp+1 of a certain amount of

gauge fields Cp, where p is odd for type IIA theories and even for type IIB ones. While the super-

symmetric fermionic partners of these maseless bosons should be included, are the latter ones who

carry the information for vacuum configurations. As vacuum expectation values for the fermionic

superpartners would break Lorentz invariance, they are not considered in our compactification and

we will only care about the bosonic fields.

The most general action for these masless fields can be written as:

SIIA/B = SNS + SRR + SCHS . (2.1)

The first term of this equation corresponds to Neveu-Schwarz-Neveu-Schwarz fields, which include

the graviton g, the antisymmetric two form B2 and the dilaton φ. This piece is common for both

type IIA and type IIB and it is described by:

SNS =
1

2κ2

∫
M10

d10x
√
−G

(
R− 1

2
∂Mφ ∂Mφ−

1

2
e−φ|H3|2

)
. (2.2)

Where H3 is the NS-NS flux obtained from strength of the field dB2. The κ factor is related to the

ten dimensional Newton constant in an Einstein frame.

The second term of equation (2.1) represents the Ramond-Ramond fields Fp+1. As we have previ-

ously said, this term contains odd forms for type IIB theories, while type IIA has even ones. They

read:

SRRA = − 1

4κ2

∫
M10

d10x
√
−G

(
e5φ/2|F0|2 + e3φ/2|F̃2|2 + eφ/2|F̃4|2

)
, (2.3)

SRRB = − 1

4κ2

∫
M10

d10x
√
−G

(
e2φ|F1|2 + eφ|F̃3|2 +

1

2
|F̃5|2

)
. (2.4)

Where modified F-strengths are defined as a combination of the gauge fields Cp corresponding to

1These spaces could be considered as singular limits of Calabi-Yau Manifolds, as they behave smoothly far away

from points where a group G acts to compact this toroidal spaces.

– 4 –



each theory and the antisymmetric tensor B2:

F0 = m, (2.5)

F1 = dC0, (2.6)

F̃2 = dC1 +mB2, (2.7)

F̃3 = dC2 − dB2 ∧ C0, (2.8)

F̃4 = dC3 + C1 ∧ dB2 +
m

2
B2 ∧B2, (2.9)

F̃5 = dC4 +
1

2
(B2 ∧ dC2 − C2 ∧ dB2) . (2.10)

It is important to mention the Roman’s mass in equation (2.5). When m is set to 0, we recover

a type IIA supergravity that can be obtained from dimensional reduction of M-theory on a circle.

For the type IIB theories, we must constrain a self-duality by hand in equation (2.10), in order to

make a match between the number of degrees of freedom in the bosonic and fermionic contributions.

Last term in equation (2.1) corresponds to topological Chern-Simon contributions. They are:

SCSA = − 1

4κ2

∫
M10

d10x (B2 ∧ dC3 ∧ dC3 +
m

3
B2 ∧B2 ∧B2 ∧ F4+

+
m2

20
B2 ∧B2 ∧B2 ∧B2 ∧B2),

(2.11)

SCSB = − 1

4κ2

∫
M10

d10x (C4 ∧ dB2 ∧ dC2) . (2.12)

2.2 Symmetries of IIA/IIB superstring theory

In this section, we are going to quickly explore the discrete symmetries that are required in order to

obtain N = 1 four dimensional theories. These symmetries are related to the parity of the bosonic

sector and the fermionic number.

Fermionic number

The fermionic parts of our type IIA/IIB supegravity actions are invariant under the following

symmetries [5]:

(−1)FR : ψa → −ψa, (2.13)

(−1)FL : ψ̃a → −ψ̃a.

Where FL,R corresponds to the fermionic number of left and right sectors. This occurs for both

sectors. Then, we can group all the massless bosonic fields from both theories, according to their

behaviour, as shown in table (1):
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Even Odd

(−1)FL g, B2, φ C0, C1, C2, C3, C4

Table 1. Action of the Fermionic Number.

Worldsheet parity Ωp

Type IIA/IIB superstring theories have spinors ψa whose space-time chirality can vary under the

action of certain operators. This means that interchanging the left and right sectors will affect the

bosonic fields in the actions. The behaviour of the fields under this parity operator is summarized

in the next table:

Even Odd

Ωp g, C1, C2, φ C0, B2, C3, C4

Table 2. Action of parity Ωp.

The woldsheet parity Ωp and the fermionic number (−1)FL together with the introduction of

orientifolds will be a fundamental key to reduce our theories to four-dimensional N = 1 effective

descriptions.

2.3 Construction of T6/Γ compact space

We are going to offer a technical procedure for how to create compact toroidal spaces with the

specific additions of orbifolds and orientifolds. This will be useful for reducing our theories to

effective four-dimensional ones with N = 1 supersymmetry. As this is a well studied topic, we refer

the reader to [5, 8, 10, 14] for further details.

2.3.1 The T6 torus

We begin with the factorization of a T6 as three identical copies of T22, as we can see in picture

(2.3.1). It is formed out of a basis of six ηa one-forms, where greek indices run for horizontal

directions and latin indices for vertical ones.

Figure 1. Torus factorisation and the basis of one-forms.

With this base, we can reproduce forms living in the cohomology groups of a Calabi-Yau three-

fold . As we will see in the next section, three-forms will only be allowed to have one ’leg’ in each

2Each edge of the squares will be ”identified” to the opposite parallel one, in order to reproduce the geometry of

a T2.
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thorus, to survive the projection dictated by the action. These invariant forms are:

α0 = η1 ∧ η3 ∧ η5,

α1 = η2 ∧ η3 ∧ η5,

α2 = η1 ∧ η4 ∧ η5, (2.14)

α3 = η1 ∧ η3 ∧ η6.

The dual βi ones can be obtained from βi = ∗6 αi. The same can be done with the set of two-forms

ωi(ω̃i) (with both legs in the same torus to survive projections and involutions) we present now:

ω1 = η1 ∧ η2,

ω2 = η3 ∧ η4, (2.15)

ω3 = η5 ∧ η6.

With normalisation:∫
M6

α0 ∧ β0 = −V6,

∫
M6

αI ∧ βJ = V6 δ
J
I , I, J = 1...3. (2.16)

In principle, we would have possible one and five-forms on this six-torus, but we have only displayed

forms that will survive the action of the group G = Z2 × Z2. In order to reproduce a limit version

of a Calabi-Yau space, we must equip these spaces with two required forms; Ω3,0 and J. These are

described by:

Ω3,0 = α0 +
∑

τIαI +
∑

τ1τ2τ3
βI

τI
+ τ1τ2τ3β

0, (2.17)

J =
∑

xIωI . (2.18)

J determines the metric for a Hermitian manifold, while Ω3,0 is a closed form that determines the

complex structure of the manifold.

2.3.2 The Z2 × Z2 orbifold and orientifold description

With the technology described in previous section, we would be only able to break supersymmetry

to N = 4 in four dimensions. In order to proceed further, we need a set of elements that helps us

reduce the symmetry to the desired amount. These elements can be described by Z2 reflections.

We are going to apply up to three reflections. The first two ones correspond to actions in the

six dimensional space (orbifolds) while the third one is a combination of the symmetries we saw

in section (2.2) and an added reflection called orientifold. This mechanism differs from type IIA

compactifications and type IIB ones, so we are going to analyse them separately.

Type IIA

Following the results in [7, 14], we can reproduce the results from [4] of a N = 2 effective theory in

a Calabi-Yau compact space. The procedure is as follows. Take the T6 in section 2.3.1 and impose

the action of two mirror generators of the form:
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θ1A : (η1, η2, η3, η4, η5, η6)→ (−η1,−η2,−η3,−η4, η5, η6), (2.19)

θ2A : (η1, η2, η3, η4, η5, η6)→ (η1, η2,−η3,−η4,−η5,−η6).

These generators belong to a group of the form G = Z2×Z2 and its action reproduces a compactifi-

cation on a Calabi-Yau manifold. We can perform a further reflection that, together with the parity

operator Ωp and the fermionic number (−1)FL , will reduce the supersymmetry of the effective field

theory to N = 1. This involution σA is given by:

σA : (η1, η2, η3, η4, η5, η6)→ (η1,−η2, η3,−η4, η5,−η6). (2.20)

This involution (2.20) will generate a set of O6 planes, with -4 charge each. In order to preserve

the invariance of the fields under the action of the orientifold Ωp(−1)FLσA, these must behave as

follows:

σA g = g, σA φ = φ, σA B2 = −B2, σA C1 = −C1,

σA C3 = C3, σA J = J, σA Ω = e2iθ Ω̄. (2.21)

Type IIB

In a type IIB theory, the action of the orbifold group G = Z2×Z2 through its generators acting on

the 1-form basis of the T6 is:

θ1B : (η1, η2, η3, η4, η5, η6)→ (η1, η2,−η3,−η4,−η5,−η6), (2.22)

θ2B : (η1, η2, η3, η4, η5, η6)→ (−η1,−η2, η3, η4,−η5,−η6).

The forms introduced in section (2.3.1) are invariant under previous generators. But, if we want to

compactify a type IIB theory on this geometry, we need to introduce an extra reflection that will

reduce to N = 1 the symmetry of our description. Again, this so-called involution σB acts on the

space of 1-forms such that:

σB : (η1, η2, η3, η4, η5, η6)→ −(η1, η2, η3, η4, η5, η6). (2.23)

Then, the action of the orientifold (2.23) on the fields of our type IIB theory can be identified as:

σB g = g, σB φ = φ, σB B2 = −B2, σB C2 = −C2,

σB C4 = C4, σB J = J, σB Ω = ± Ω. (2.24)

Where we have chosen the minus sign as is the one characteristic for O3/O7 type IIB compact

description. The possitive sign leads us to introduce O5 and O9 planes, that we are not going to

treat in this report. The combined action of generators (2.22, 2.23) creates 64 O3-planes and 4 O7-

planes at fixed positions in the compact space. These generators will split the cohomology groups

Hi,j of our compact space, allowing us to get rid of some of the terms appearing in Kaluza-Klein

expansions of the ten-dimensional fields.
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2.4 Compactifications of IIA/IIB theories in the Toroidal space

In the previous section, we have presented the construction and composition of the singular limit

of Calabi-Yau manifolds3. In this section, we are going to compactify both theories on those six

compact dimensions. In order to keep it as simple as possible (i.e to avoid Kaluza-Klein vectors),

we can choose a ten-dimensional diagonal metric in the target space such that [8]:

ds2 = gµνdx
µdxν + gij̄dy

idyj̄ . (2.25)

Where gµν is the metric of the four-dimensional Minkowski Space and gij̄ is the metric that belongs

to the Calabi-Yau manifold Y. This means we can describe in a Kaluza-Klein expansion our ten-

dimensional fields as:

AMNJK...(x, y) = Aµνγα...(x) + Fijkl...(y). (2.26)

Where y corresponds to the compact space while x to a four-dimensional description. One further

action of the holomorphic involution σi introduced in previous section is that it splits the cohomology

groups Hp,q in two different eigenspaces such that [8]:

Hp,q = Hp,q
− ⊕H

p,q
+ . (2.27)

As both theories have different methods to compactify and extract the moduli in their spaces, we

are going to explain them separately. As well, we are going to start directly with a compactification

for N = 1. For futher reading about compactifications leading to N = 2, we recommend [3, 4].

Type IIA

We take into account the general Kaluza-Klein expansion (2.26) and decompose the fields appearing

in section 2.1 for type IIA theory as:

GMN (x, y) = gµν(x) + gij̄(y), (2.28)

BMN (x, y) = ba(x)ωa(y), (2.29)

CM (x, y) = A0
(1)(x), (2.30)

CMNP (x, y) = c3(x) +Aα(x) ∧ ωα(y) + ξκ(x)ακ(y). (2.31)

The expansion of the metric (2.28) incorporates the contributions of the complex and Kähler struc-

ture deformations (we are going to identify their moduli with zk and xα, respectively). As in

their twin description, the orientifold σA projects out the four-dimensional contribution of B2 anti-

symmetric form, but not the modulus coming from the C1 form. This is due to the fact two-forms

are dual to scalars in four dimensions. For the C3 form we got rid of one copy of (ξ̃k, ξ
k) coming

from the N = 2 Kaluza-Klein reduction due to redundance [4]. As well, the βk-forms associated

to ξ̃k are odd three-forms that we will not choose to set the orientation of the coordinates of the

quaternionic submanifold M̃Q[4].

3Toroidal orbifolds can be thought of singular limits of Calabi-Yau threefolds as long as one stays away from

the singularities created by O-planes. On the other hand, toroidal orbifolds grant an explicit smooth metric for the

compact space.
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All the moduli arising from the Kaluza-Klein reductions (2.28-2.31) can be arranged in a N = 1

set of multiplets of the form:

Multiplet Copies Even Fields Odd Fields

Gravity Multiplet 1/0 gµν

Vector Multiplet h1,1+/h1,1− Aα xa, ba

hypermultiplet h2,1+/h2,1− ξκ zk

double-tensor Multiplet 1/0 φ, c3, ξ0

Table 3. Multiplets in N = 1 after Orientifold.

As we can see, we projected out the contribution of the graviphoton A0, as the gravity multiplet

only accepts the metric gµν as its only bosonic component. Another feature of this compactification

is that its vector multiplet corresponds to the hypermultiplet in type IIB theory, as we will see in

its specific section 2.5. This is due to the mirror symmetry that both compact spaces enjoy [3].

Consequently, the hypermultiplet has the same degrees of freedom as the vector multiplet in IIB. In

this multiplet, we have ξk which are real scalars. They must combine with the zk and the dilaton

in order to generate a chiral multiplet [4]. These new combination can be described by:

Ωc = ξkαk + 2i Re(CΩ). (2.32)

This new ’expansion’ is created in order to recover the correct amount of degrees of freedom, as

we lost half of them after the orientifold involution affecting the imaginary parts of the expansion

of Ω (written in the basis of three-forms {α, β}) and in C3. These imaginary parts are related to

h2,1 real scalars which will combine with h2,1 real complex structure deformations and the dilaton

(related with the holomorphic compensator C [4]). Expanding Ωc in a basis of even three-forms,

we obtain:

Nk =
1

2

∫
M6

Ωc ∧ βk =
1

2

(
ξk + 2i Re(CBk)

)
. (2.33)

Where Bk stands for the surviving h2,1 complex structure deformations spanning the three-form Ω

after a sympletic rotation [4].

With this, we can begin to identify the S,T,U complex fields that will help us to identify the

metric of the moduli space. We can start with the complexified Kähler form:

Jc = B2 + i J =

h1,1
−∑
1

Ta ωa. (2.34)

Which has encoded the T-moduli ruling the Kähler deformations of the compact space. On the

other hand, the (2.33) coordinates have the representation of the S and UI moduli. In this case,

is important to notice that the Ω3,0 (2.17) is inside (2.32) while the compensator C includes the

imaginary part of the axio-dilaton field (S) [17]. Combining these two properties, it can be shown

that:

N0 = S, NI = −UI , I = 1...3. (2.35)
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With the seven4 S,T,U-moduli built up, we must find a description for the Kähler potential, as the

metric describing the space of the moduli is definded by [8]:

KIJ =
∂

∂φI

∂

∂ φ̄J̄
K. (2.36)

In a type IIA compactification, we are going to have separate contributions of subspaces of the

manifold to the metric of moduli. On the one hand, the Kähler potential with h1,1
−

5 is spanned by

[3]:

KKähler = − ln

(
4

3

∫
M6

J ∧ J ∧ J
)
. (2.37)

Although the number of Kähler moduli is halved due to the orientifold projection (2.20), the metric

of this submanifold remains intact from N = 2 [4]. On the other hand, the real complex structure

deformations and the dilaton determine the Kähler potential K of a subspace M̃Q6 as:

KQ̃ = −2 ln

(
2

∫
M6

Re(CΩ) ∧ ∗6Re(CΩ)

)
. (2.38)

This expression has the implicit dependance on the coordinates that encode the correct low-energy

dynamics for our theory [4]:

Nk =
1

2

∫
Ωc ∧ βk =

1

2
ξk + iRe

(
CBk

)
,

Tλ = i

∫
Ωc ∧ αλ = iξ̃λ − 2Re (CAλ) .

(2.39)

Merging both (2.37) and (2.38) together7, and expressing in the base of the S,T,U- moduli and

their congujated we obtain:

K(S, T, U) = −

(
log(−i (S − S̄)) +

3∑
I=1

log(−i (UI − ŪI)) +

3∑
I=1

log(−i (TI − T̄I))

)
. (2.40)

We will see that this Kähler potential is exactly the one we obtain for type IIB theory.

Type IIB

Following the same procedure as in the previous section and [8], the Kaluza-Klein expansion of our

fields in Type IIB theories gets reduced to:

GMN (x, y) = gµν(x) + gij̄(y), (2.41)

BMN (x, y) = ba(x)ωa(y), (2.42)

CMN (x, y) = ca(x)ωa(y), (2.43)

CMNPQ(x, y) = ρα(x) ∗6 ωα(y) + V k(x) ∧ αk(y). (2.44)

4Three after isotropic truncation.
5Due to orientifold involution action.
6The proper moduli space where the coordinates set the compact space to be Kähler.
7This requires to extract the implicit dependance of Nk-moduli from eq(2.38) using legendre transformations. For

a detailed explanation of this proccedure, we recommend to read the appendix C of [4].
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These expansions require several explanations. For (2.42) and (2.43), we lost their four dimensional

contributions B2 and C2 as they are odd under the action of the involution σB . As well, the split

in cohomological group spaces (2.27) will only allow those forms that are even under the action of

the involution. For the expansion of C4, we must take into account that this tensor has no dynam-

ical part in four dimensions. On top of that, the self-duality imposed by hand in its strengh field

makes us to choose half of its comforming moduli (ρ,D2, V
k, Uk), as only half of them keep relevance.

These expansions will leave us with a reduced amount of fields that could be assigned to mul-

tiplets corresponding to N = 1 effective field theory.

Multiplet Copies Even Fields Odd Fields

Gravity Multiplet 1/0 gµν

Vector Multiplet h2,1+/h2,1− V κeven zkodd

hypermultiplet h1,1+/h1,1− ρα, xα ba, ca

double-tensor Multiplet 1/0 φ,C0

Table 4. Multiplets in N = 1 after Orientifold.

In table 4 we can observe how the involution σB has affected the cohomology space of our T6/Γ.

The column ”Copies” states de dimension of each space. We can identify the proper contributions

of xα and zk moduli as changes in the Kähler and complex structures of the Calabi-Yau manifold.

The next step is to specify a set of complex fields to describe the Kähler metric for the moduli

spaces. For this, we follow the descriptions in [8, 10, 14]. In the same spirit as in previous section,

we can start defining a set of complex S,T,U fields based on the moduli displayed in table (4). The

axiodilaton (S) reads

SB = C0 + i e−φ, (2.45)

which describe the contributions of the C0 form from the RR sector and the dilaton (which has

inverse relation with the string coupling constant). We can encode some information of the complex

structure τ of the three tori in new complex fields. While we know that this information is carried

by the moduli xα, the moduli ρα in the C4 Kaluza-Klein expansion has the same dimensionality.

Combination of both results in the complex field U as:

UI = τI = ρα + i xα. (2.46)

Where I goes from 1 to 3 and labes different T2. Later in this report, we will drop the indices I that

run for the three different tori, as we will apply isotropy for the three different tori. The remaining

moduli TI carry the information of the Kähler structure of the toroidal orbifold. In this case, they

are constructed from the most general expression of a complexified Kähler four-form as [5, 10]:

TI =
1

V6

∫
M6

(
C4 ∧ ωK + i e−φ (xJxK)

)
. (2.47)

As we did in previous section, we must now find a Kähler potential K that gives us the metric of

the moduli space. This Kähler potential K can be derived for the contribution of deformations of
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the complex structures {zk} and the moduli spanning the quaternionic submanifold M̄Q. For the

Kähler submanifold described by the h2,1− complex structure deformations, this coincides again

with a truncation of an N = 2 supersymmetry for a Calabi-Yau threefold [4].

KK
B = − ln

(
−i
∫

Ω ∧ Ω̄

)
. (2.48)

Eq(2.48) is not a complete Kähler potential in term of the all the chiral multiplets of table (4). In

order to complete it, we must add the contribution of the Kähler deformations spanning a specific

quaternionic submanifold M̄Q. In order to recover the Kähler property of this submanifold, one

must rewrite the coordinates of this space such that [4]:

S = C0 + ie−φB , (2.49)

Gk = ck − S bk, (2.50)

Tλ = 2iρλ + e−φB
∫
M6

(ωλ ∧ ωγ ∧ ωρ)xγxσ − i
∫
M6

(ωλ ∧ ωk ∧ ωl) bkGl. (2.51)

In this set of coordinates, the Kähler potential for this submanifold M̄Q reads:

KQ
B = −2 ln

[
e−2φ

∫
M6

J ∧ J ∧ J
]
. (2.52)

Equations (2.48) and (2.52) together, after re-arrangement of the coordinates in terms of S,T,U-

moduli, represent the complete Kähler potential of the form:

K(S, T, U) = −

(
log(−i (S − S̄)) +

3∑
I=1

log(−i (UI − ŪI)) +

3∑
I=1

log(−i (TI − T̄I))

)
. (2.53)

As we can see, we exactly obtain the same description as in type IIA compactification. This has to

do with the fact that both descriptions are related through mirror symmetry, which is going to be

the object of study in the next section.

2.5 Mirror symmetry. First approach

In the previous sections we have thrown hints related to the similar dimensionalities of the spaces

of eigenforms in both type IIA/IIB compactifications. Calabi-Yau manifolds enjoy a special case of

T-duality, called mirror symmetry [18, 19]. This symmetry states that given a Calabi-Yau manifold

A, exists a map that relates A to a mirror manifold B such that:

hp,q(A) = h3−p,q(B). (2.54)

This means that the hodge numbers h1,1 and h2,1 are interchanged between manifold A and B.

Therefore, the harmonic forms of those cohomolgy groups are related through this symmetry. In

this case, it is interesting to compare the data arising from both compactification cohomology groups

and which elements are in them.
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Multiplet Dimensionality IIA Dimensionality IIB

Gravity Multiplet 1/0 1/0

Vector Multiplet h1,1+ h2,1+

Chiral Multiplet MK h1,1− h2,1−

Chiral Multiplet MQ h2,1 + 1 h1,1 + 1

Table 5. Mirror symmetry among cohomology groups.

This table shows that the cohomology groups of chiral and vector multiplets for IIA/IIB are ex-

changed in some way. Assuming a pair of manifolds MA and MB , we can match their cohomological

groups as follows:

h1,1− (MA) = h2,1− (MB), h1,1+ (MA) = h2,1+ (MB). (2.55)

This is not all, as we can match the different contributions of the Kähler potential K for both

theories through mirror symmetry. While for the fields spanning the Kähler manifold could be

straightfoward procedure, the quaternionic manifold need some adjustments in order to match. For

the Kähler subspace in Type IIA we just need to realize that the objects living in H1,1 in our

manifold A will be mapped to those ones living H2,1 for manifold B. Those forms must still hold

the requirements of the involution σB . Those forms are used to span the complexified Kähler form

Jc in A and Ω3 in B, which is the complex structure form. This points out a relation between both

forms, manifested in the contribution of both of them in the Kähler potential K, such that:

KKähler
A = ln

(
4

3

∫
M6

J ∧ J ∧ J
)

←→ KKähler
B = ln

(
−i
∫
M6

Ω3 ∧ Ω̄3

)
. (2.56)

To match the quaternionic manifolds MQ we need to overcome a difference in the scale invariance

of both sets. This must be done in order to match the large volume and large complex structure

limits of both theories. This scale problem arose from (2.33), as we did not give a ”fix”coordinate

system when introducing the compesator C. As the space H3 broke into even and odd 3-forms

because of the involution σA, we have two options to identify the direction of the dilaton φ field in

IIA. In that sense, one can identify α0 living in H3
+ and β0 living in H3

− [8]. With that, one can

perform an expansion of CΩ in terms of real special coordinates {qi, g}. This would rewrite the

information of the moduli N,TI on the new basis of special coordinates. Hence, TA = TB , which

written back in the Kaluza-Klein variables, one gets an identification such that:

eDA = eDB . (2.57)

Where eDi represents the four dimensional dilaton. This means that eqs (2.52) and (2.38) coincide

in the large volume and large complex structure limit [4].

We will come back to mirror symmetry in the next chapter, after introducing the superpotentials

for both theories. The next step is to activate the fluxes H3 and Fi, as they are required to generate

an interaction potential for the moduli. This potential will help us fix the moduli expected values.

The way these fluxes contribute in the compact space is extensively studied in the next chapter.
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3 Generalised Fluxes

In the last chapter, we managed to get a common description of the Kähler potential for our com-

pactifications in type IIA/IIB theories. But these theories will not acquire a V (φ) 6= 0 if we do not

turn on the different fluxes (the H3 and Fi forms wrapped over particular cycles of the compact

dimensions) within these theories. The behaviour of these fluxes will be encoded in the superpoten-

tial, a holomorphic function that contributes to fix the minima value of the moduli. Even though

this holomorphic function may differ from type IIA to IIB, due to the dependence on the different

backgrounds, there must exist a set of dualities that relates the different fluxes appearing on those

superpotentials.

In this chapter we are going to extensively explore both type IIA/IIB superpotential descrip-

tions; the reasons why introducing more fluxes, considered non-geometrical ones, are necessary in

both frames in order to achieve a complete dictionary between them.

3.1 Creation of a ’complete’ Superpotential

In this section, we will make use of the fluxes presented in both supergravity actions in equation

(2.1). It will be straightfoward to notice that both theories do not match in a similar description, so

we will need to improve their holomorphic superpotentials in later sections. We begin constructing

IIA superpotential.

3.1.1 Type IIA Superpotential

To get a proper description of a IIA superpotential W , we must start from the ten-dimensional

supergravity action (2.1). From there, we should perform a Kaluza-Klein dimensional reduction of

the NS and RR- forms in the appropiated basis of harmonic forms from our compact space. This

looks like:

F̄0 = −a3, (3.1)

F̄2 = aI2 ωI , (3.2)

F̄4 = aI1 ω̃I , (3.3)

F̄6 = a0 α0 ∧ β0. (3.4)

This will give us a heavy expression that must be recalibrated through some Lagrange multipliers.

The point of this calculation is to write the four dimensional effective potential V in terms of an

holomorphic function W which will be covariant under the action of SL(2,Z) groups of the moduli

fields and a Kähler metric after some enhancements in the next sections. For a proper derivation of

this superpotential, some terms must be rewritten in a specific form that leads to an holomorphic

function. This procedure lies beyond the scopes of this project. We recommend [4] to get a deeper

understanding of it. The holomorphic function describing our superpotential is:

W = WK +WQ =

∫
M6

eJc ∧ F̄RR +

∫
M6

Ωc ∧ H̄3. (3.5)

This holomorphic function (3.5) depends on two different terms: The first one, coming from the

Kähler moduli space, represents the contributions of the RR-fluxes and the Kähler deformations of

the MK . The second one belongs to the action of the complex structure deformations on the MQ

moduli space and the NS flux H̄3. The exponential is just a ’handy’ notation of an expansion of

the antisymmetric two form Jc such that:
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eJc ' I + Jc +
1

2
(Jc ∧ Jc) +

1

3!
(Jc ∧ Jc ∧ Jc) , where Jc =

h1,1−∑
I=0

T I ωI . (3.6)

And F̄RR is a formal sum over the RR-fluxes. Operating both integrals in the six-dimensional

compact space and imposing isotropy on the T-moduli (T = T I)8 , we obtain:

WIIA = a0 −3 a1 T +3 a2 T
2 −a3 T

3

−b0S + − + (3.7)

+3c0 U − + − .

Where we have left several blank spaces for future purposes. The a, b variables are associated with

integer parameters for fluxes integrated over specific cycles in the compact space. As we can ap-

preciate, this superpotential depends on all the moduli. However, the only complete polynomial

expansion (coming from the isotropic reduction from 7 to 3 moduli) is that one arising from the

F̄RR-fluxes. The lack of interaction terms given by monomials (i.e x ST ) after isotropic truncation

indicates an incomplete description of the superpotential. Furthermore, this picture is not covariant

under the SL(2,Z)STU groups. Now we are going to study this same case for a Type IIB descrip-

tion.

3.1.2 Type IIB Superpotential

The holomorphic function that describes the superpotential W of type IIB theories is the famous

Gukov-Vafa-Witten formula [20]:

W =

∫
T6

(F̄3 − S H̄3) ∧ Ω. (3.8)

One of the principal features of this superpotential is the explicit introduction of the axiodilaton S.

The presence of this field also contributes to the covariance of the superpotential WIIB under the

group SL(2,Z)S . The strength fields of the forms C2 and B2 could be spanned in the most general

expansion on the basis (αk, β
k) of the H3 as:

H̄3 = α0 b3 + αI b2,I + βI b1,I + β0 b0, (3.9)

F̄3 = α0 a3 + αI a2,I + βI a1,I + β0 a0. (3.10)

Again, a, b variables are associated with integer parameters for fluxes integrated over specific 3-

cycles in the compact space. We will choose these integers to be even in order to avoid exotic

behaviours in the orientifold description [5, 14]. Oot of behalf of simplicity, we can make use of the

isotropic description, dropping the index I in the spanned formulas (3.9, 3.10). Then, integrating

the superpotential (3.8) using the relations (2.16) we get:

WSdual
IIB = a0 −3 a1 U +3 a2 U

2 −a3 U
3

−b0S +3 b1 SU −3 b2 SU
2 +b3 SU

3. (3.11)

8From now on, we will impose isotropic conditions for T and U moduli.
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As we can see, this superpotential depends on S,U-moduli, but not on the T-modulus. This fact

leaves our holomorphic function without a scale description, offering solutions where the T-modulus

cannot be fixed. Previously, we have seen that our type IIA superpotential, relations between moduli

besides, depends on the three moduli in the isotropic description, although it does not enjoy a S-

duality to itself. If we compare superpotentials (3.7) and (3.11) it is easy to check, even performing

the mirror duality T ↔ U , that they do not match. This means that our theories are incomplete.

For example, in the case of type IIB, we lack the T-modulus. This can be understood as we do not

have a proper scale of the volume of our compact dimensions. On the other hand, type IIA lacks

higher terms (Interactions between different moduli) in its description. Perhaps we have missed

some terms in our superpotentials. Can we further improve the description of both of them?

3.2 (Non) Geometrical Fluxes

The main idea that we have to keep in mind is to find the most complete description of the

superpotential W for both IIA/IIB compactifications. This means we need extra terms that will

come from specific contributions of n-forms in our compact space. These n-forms may differ in

both sides. Actually, some of them will be different, but they are related using T-duality between

spaces. Although this relation holds, this comes at a price: some contributions have no geometrical

meaning and can be associated with non-commutative string backgrounds [9]. We will explain what

this means at the end of this chapter and we offer an extensive study of it in chapter 4.

3.2.1 Type IIA on twisted tori and fabc fluxes

We will begin improving those quadratic and cubic missing terms in a type IIA superpotential WA.

In [21], a basic Scherk-Schwarz compactification [22] mixed Kähler and complex structure moduli

in some superpotential terms. These new terms acquire meaning in a superpotential while we think

of them as metric flux contributions. These metric fluxes arise naturally from a compactification

on a twisted torus [22]. Following [7], we can introduce a new term in our WQ such that:

WQ =

∫
M6

Ωc ∧
(
H̄3 + dJc

)
. (3.12)

Where,

(d Jc)3 = fp[mn(Jc)l]p. (3.13)

Where fabc stands for the forms factor of the Lie group generated by the twisted metric and Jc
is the complexified Kähler form. The subscript index 3 represents the dimension of the form we

have ’crafted’ by contracting those forms (two two-forms shrunken to a single three form). It is

remarkable to notice that both forms are chosen as they are the most representative ones of the

geometric space we want to describe.

These metric fluxes are limited by the orientifold involution (2.19), so the only fluxes that will

survive its action are those ones with just one ’leg’ on each thorus (fαβc, f
b
αc, f

a
βc, f

γ
βα). As well,

these structure forms must hold the Bianchi identities of the metric they define or the Jacobi iden-

tity of the Lie algebra if we think of them in terms of isometry generators [17]. This will generate a

set of up to twelve constraints, that are easily solvable if we think in terms of constant even values

(b1, c1, c̃1, ĉ1) and an isotropic description. Now, if we perform the explicit calculation of (3.12) we

will obtain a superpotential of the form:
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W ′IIA = a0 −3 a1 T +3 a2 T
2 −a3 T

3

−b0S +3b1 ST − + (3.14)

+3c0 U −3C1 TU + − .

Where C1 is the sum of the three different c1.9 We can appreciate that two new terms have ap-

peared in the superpotential WA if we compare to (3.7). These new terms are the contributions of

the twisted metric of our compact space, which are not enough to complete the picture, as we will

see in next section. Just to motivate ourselves, it is remarkable to notice that perhaps we can get

a proper understanding of this superpotential issue if we look back into the Type IIB space.

3.2.2 T-invariant Type IIB Superpotential

Previously, we left the Type IIB superpotential WB with the form (3.11). We pointed out its lack

of dependence on the T-modulus, which was left it unfixed. We suspect (and we will prove) that old

and new NS ’fluxes’ are related through a chain of T-dualities. Additionally, a similar relation can

be applied to RR-fluxes. But, even without this proper fundamental tool that relates our theories,

we can argue that if we lack a proper T dependence in our superpotential, we can introduce it by

hand. In order to do so, we should come back to our Type IIB superpotential (3.11) and check which

kind of form, with an explicit or implicit dependence in our desired T-modulus, can be included.

We begin observing which forms carry the information concerning the T-moduli in the compact

space. We said that equation (2.47) comes from the most general expression of a complexified

Kähler 4-form, which looks like:

J = C4 + i
e−φ

2
(J ∧ J) . (3.15)

This four-form carries the information about the ’size’ of slices of the compact space. In case we

would like to include it in our superpotential W , we need to calculate its contribution through a

wedge product with the Ω3,0 form. This is due to the later carries the information of deformations

of our torus. If we are going to integrate over the M6, a direct wedge product of previous forms

behaves as a seven-form. We can proceed in the same spirit as we did with (3.13). This form J
can be contracted with an object Q such that:

(Q • J )mnl = Qpr[m Jnl]pr. (3.16)

This new three legged flux, that we will call Q-flux, belongs to the NS sector and it is related to H3

and fabc-fluxes through an iteration of two T-dualities. This object can now be expanded in a basis

of {αI , βI}-forms. As our contraction has the dependence of TI -moduli implicit, we can extract it

and expand this form as:

(Q • J ) = TK(cK3 α0 − cjk2 αj + cjk1 β2 + cK0 β0). (3.17)

Where cjKi stands for the terms of two 3 × 3 matrices with specific set of even integers for the 24

9It is a subtlety, but at least two out of those three flux parameters must be set to be equal, in order to avoid a

third value in the complex plane when solving the Jacobi Algebra for the fluxes. See [5] for specific details.
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allowed parameters in our flux Q.10 Performing the integration of this object in our M6 together

with eq(3.11), and assuming isotropy, we get:

W ′IIB = a0 −3 a1 U +3 a2 U
2 −a3 U

3

−b0S +3b1 SU −3b2 SU
2 +b3 SU

3 (3.18)

+3c0 T −3C1 TU +3C2 TU2 −3c3 TU3 .

Where Ci = 2ci − c̄i due to constraints in the Jacobi identities. The main issue with this improved

superpotential is its lack of S-duality. Performing a transformation of the group SL(2,Z)S on it

will not return a covariant form of (3.18). This can be fixed adding an extra RR-flux P , as a

counterpart of the flux Q, copying the structure of the dual elements H̄3, F̄3. Doing so, we would

recover a covariant behaviour of ST-moduli in (3.18), but no dictionary (a relation between terms

of type IIA and type IIB theories) can be established as there is no T-dual partner of P fluxes in

IIA. For further understanding of this flux, we recommend [5, 10].

3.3 Dictionary of dualities between IIA and IIB

In the previous sections we have introduced, step by step, several new objects that raise sets of

fluxes in both pictures, in order to complete a general description of the superpotential. However,

we still lack some terms in WIIA. As well, we have mentioned that some fluxes are related to others

via T-duality, but we have not specified this relation yet. In order to acquire a proper description

of these dualities and a whole picture of the superpotential, we are going to explain how T-duality

works on our fluxes and the proper mechanism for this.

It was shown in [13], that starting with a type IIB theory with background fluxes on and ap-

plying a mirror symmetry (in the end, it is a generalization of T-duality), one can generate mirror

geometries that are not Calabi-Yau orientifolds, but satisfy equations of motion of the superpoten-

tial W. This means that NS and RR-fluxes in a specific configuration, will have counterparts in the

other one after performing a T-duality on the Calabi-Yau space. This could be understood as a

serie of duality relations, as it was proposed in [6, 9]. These chains will behave in a different way

depending on the nature of the flux.

Let us introduce how these T-duality chains work. On the R-R fluxes, we will have a rule such that:

Fbdef
Ta←→ Fabdef . (3.19)

The underlying motivation for this convention has to do with the action of the Buscher rules for

T-duality on the Cp R-R p-forms11.In this case, our notation states that a T-duality in direction a

will ’absorb’ or ’introduce’ the information carried on the index a.

10Due to the orientifolds in the space, only those components with a leg in each torus will survive. On top of that,

the isotropy and a constraint in our Jacobi identities will impose an equality between some parameters.
11This will have an associated transformation of the Bianchi identities for the fields’ strengths FRR, with the

introduction of new D-branes to compensate the new charge contributions [9].
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For the NS sector we will have a more complicated chain described as:

H̄abc
Ta←→ fabc

Tb←→ Qabc
Tc?←→ Rabc. (3.20)

The point is that fluxes in a specific configuration (say initially IIB) can be associated with specific

terms appearing in the dualized one. For example, consider a compactification on a T6 torus with

an H-flux on. If we perform a T duality, say in direction a, our compact manifold will get a twist

contribution in the metric, exactly in direction a. This new contribution can be understood as a

geometric flux, that we can T-associate with the previous H-flux in the initial configuration. We will

study in detail how the changes in the metric and H-flux work in next chapter. These ”T-chains”

(3.19, 3.20) work in a similar way for RR-fluxes, where Fp-forms are mapped to Fp±1 ones. Coming

back to NS-fluxes, we can even perform a further duality, say in direction b[23], as we can choose our

fields to be independent of this direction. Performing such a duality, we will arrive to a dual torus of

our IIB initial theory, with a new object Q describing the fluxes regarding this new torus. This dual

torus cannot be described globally, as a T-duality transformation shall appears in the map between

patches of our compact manifold (ψa ◦T ◦ψ−1
a ) [24]. After performing these two dualities, although

we cannot formally perform a third one in direction c, we can still rely on a background indepedent

structure called Rabc flux, which is neccesary to complete the picture in our flux-dictionary for

IIA/IIB [9]. In a similar way, it is found that Buscher rules cannot be applied to F1 to get F0 as

that would require the existence of an object C−1. Still, we can directly apply (3.19) on F1 to get F0.

But, How fluxes in IIB are associated with those ones in IIA and viceversa? In the next table

we display the information of the fluxes associated with terms in each superpotential.

Coupling IIA Type IIA Fluxes Coupling IIB Type IIB Fluxes Flux parameter

1 F̄αaβbγc 1 F̄abc a0

T F̄αaβb U F̄abγ a1

T 2 F̄αa U2 F̄aβγ a2

T 3 F0 U3 F̄αβγ a3

S H̄abc S H̄abc −b0
ST fαβc SU H̄αβc −b1
ST 2 Qβγa SU2 H̄aβγ −b2
ST 3 Rαβγ SU3 H̄αβγ −b3

U H̄αβc T Qαβc c0

UT f bαc, f
a
βc, f

γ
αβ TU Qαbc = Qaβc , Qβγα c1, c̄1

UT 2 Qaγβ = Qγbα , Q
ab
c TU2 Qaβγ = Qαbγ , Q

ab
c c2, c̄2

UT 3 Rabγ TU3 Qabγ c3

Table 6. Relation between IIA/IIB fluxes and flux parameters.

In this table, we have omitted P -fluxes, as they break the T-invariance of the whole superpoten-

tial. As well, it is important to recall the mirror symmetry T � U between both compact spaces.

If we check the Ramond-Ramond sector coupled to T i(U i) moduli in IIA (IIB) frame, both sides

correspond to RR gauge fluxes. Following with NS-sector and applying its T-duality chain (3.20),
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we see the invariance of Habc, corresponding to the coupling with S-modulus in both theories, in

the vertical identifications, as we do not operate on those ones. For T-coupling (U-coupling in IIA),

we can check that in the IIA frame, this piece comes from the interaction between the NI -terms in

Ωc and H3. Performing a T-duality (3.20) on NS fluxes in two directions, we can come up to its

counterpart in IIB, which is Qαβc . This means that the whole set of gauge fluxes appearing in the

IIA frame can be related to almost gauge fluxes in IIB one.

Then, we realised that WIIA still lacks several connections to the gauge fluxes in WIIB . So a

twisted metric was introduced, decorating the background [22]. The structure factors of this twist

(fαβc, f
b
αc, f

a
βc, f

γ
βα) could be thought as geometrical fluxes with couplings to ST and UT interactions

in IIA frame. These new geometric contributions can be related to different fluxes in the B picture.

The fαβc flux could be related to Qαβc , but this one is already taken by T -coupling in IIB frame, so the

other possible option is Hαβc. For the UT i interaction of type IIA superpotential, as all the other

gauge contributions are taken in type IIB one, there is no other option than to relate it to a Q-cycle.

Now we have a relation for all known fluxes in IIA to IIB. We have to complete the T-duality

backwards. In this sense, recall that the orientifold (2.23) reflects all the dimensions in the compact

space for type IIB, so there is no difference between horizontal and vertical indices. Performing

this change, we will change the definition of the complex structure τ in the torus, and then, a

change in the order of the monomial coupling in type IIB theory (1 � U3, U � U2). Therefore,

this will induce a change in the indices of the fluxes (Q
||
− � Q−−| ). This is like setting a mirror

between U and U2 couplings. And now, we apply Neveu-Schwarz T duality to Type IIB, as we

lacked some terms in the W ′IIA description. Due to the constrain imposed by the orientifold (2.20)

in the toroidal space for IIA, only half of the Q-cycles from IIB would be allowed in IIA. This means

that SU2 and TU2 can be associated with Q-fluxes in IIA (ST 2 and UT 2). As a last step, we can

try to relate Qabγ for TU3 in IIB with some geometrical flux in IIA, but all possible combinations

fabc allowed by σA are taken. This transformation in direction γ corresponds to a duality that can

not be accomplished in a formal description with basic Buscher rules, but seems necessary to have

a dual-flux in the IIA picture to complete the T-dictionary and invariance of our superpotential.

This non-geometric (even without a local description) flux is called R, and due to reflections of the

orientifold, is only allowed in IIA frame. As well SU3 in IIB is related to a R-cycle in IIA, due to

the 3-fold T-duality condition.

These set of dualities improves our superpotential W to be T-dual invariant. If we take the

superpotential (3.18) as a reference, we can build up a similar description for a IIA frame. We can

include specific contractions of Q and R fluxes with objects that carry the information of higher

order couplings T 2 and T 3 in IIA compactifications. This T-covariant superpotential IIA would

look like [14]:

W = WK +WQ =

∫
M6

eJc ∧ F̄RR +

∫
M6

Ωc ∧
(
H̄3 + f Jc +Q (Jc)2 +R (Jc)3

)
. (3.21)

Where the specific contractions Q J2
c and R J3

c follow the rules of (3.16) for the contracted indices.

The quadratic and cubic order for Jc correspond to the choice for these orders of T couplings in

(2.34). Their interaction with Ωc in the superpotential (3.21) will give us the desire couplings

ST 2, ST 3, UT 2 and UT 3.
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3.4 Mirror Symmetry. Second and final approach

In section (2.5) we introduced mirror symmetry and its properties on the compact spaces for both

theories. Although it required rewriting some coordinates for the moduli living on those spaces, it

could be proven that both spaces match the same description in a specific limit. This relation is

inherited by some superpotential contributions in both frames.

If we check the RR contribution from superpotential (3.11) we have:

WIIB =

∫
M6

F̄3 ∧ Ω. (3.22)

Where F3 is the modified field strength of C2 form. This flux is spanned in a general basis of

h2,1+ forms. On the other side of the story, IIA, we have a Ramond-Ramond contribution for the

superpotential of the form:

WIIA =

∫
M6

eJc ∧ FRR. (3.23)

Where the exponent and FRR represent a formal sum over the required objects to compute up to

six dimensions. For the FRR expansion, all the fluxes are described by forms that belong to h1,1−
space. As both spaces are connected through mirror symmetry (2.55), then the Ramond-Ramond

fluxes enjoy this symmetry as well. This fact, together with the relation of the Jc and Ω in (2.56),

equip the Ramond contribution of the superpotential of both frames with a mirror map, which

states an agreement in the large complex structure limit under mirror symmetry [4].

With superpotential (3.21) we complete our construction of a full T-covariant superpotential for

IIA and IIB theories with orientold compactifications. In order to achieve a equal phenomenological

description for the S,T,U-moduli space, we payed the price of non-geometrical interpretation for

some fluxes. But, what does this mean? We discuss with an introductory toy-model on a T3 torus

these issues in the next chapter.
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4 Interpretation of Non geometric fluxes

In previous chapter we have introduced two chains of T-duality (3.19) and (3.20) that relate NS-NS

and RR fluxes in different compact backgrounds. While the gauge flux Habc and the geometric fabc
enjoy a background interpretation in IIB and IIA theories respectively, the non-geometrical Qabc
can only be defined locally. Due to geometrical limitations, there is no possible interpretation of

the so-called Rabc-fluxes.

In this last chapter we are going to offer a comprehensive introduction of this T-chain through

a toy model T3 equipped with a flux component Hxyz
12. Using Buscher rules (T-duality in one

specific direction), we will derive new geometries and mathematical objects with flux-properties.

Then, we will generalize this idea to the T-group O(2, 2,Z) and its monodromies. In the last section,

we will use T-duality on specific Jacobi identities of fluxes RR and NS-NS, that will derive T-dual

constraints for the all components of the fluxes in our theories.

4.1 Buscher Rules on a T3

In order to understand how T-duality affects our compact space acting on specific directions, let us

consider the following toy model. Imagine starting with a 3-torus with coordinates x, y, z. This T3

can be thought as a T2 fibered on S1. This 3 torus can be parametrised with the line element:

ds2 = dx2 + dy2 + dz2. (4.1)

In order to make this space compact, we have to identify its coordinates as:

(x, y, z) ∼ (x+ 1, y, z) ∼ (x, y + 1, z) ∼ (x, y, z + 1). (4.2)

Then, this space can be interpreted as follows:

Figure 2. A 3-torus as T2 × S1.

12This toy model is not a solution of the string equations of motion. For a more accurate description of real models,

check [13].
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Figure (2) represents the target space as a T2 torus fibered on a circle S1 (the circular black

line connected to the torus). This T2 has the two important moduli described in chapter 2; the

complex structure τ and the Kähler moduli ρ13, which are given by:

τ = i
R2

R1
, ρ =

∫
T2

B + i R1R2. (4.3)

Now, we are going to turn on the B2 antisymmetric form in this space. We can freely choose the

gauge, and for simplicity, let’s assume:

Bxy = Nz −→ dzB = Hxyz = N. (4.4)

Which means we have a flux H3 turned on in our target three dimensional space and in this case,

the monodromy 14 of ρ is given by ρ→ ρ+N when z → z+1 15. Now we can start applying Buscher

rules on it, as its metric enjoys three isometries in the three directions x, y, z. These dualities will

transform the metric and the components of the flux. Following the procedure in [25], we get a set

of rules of transformation for the components of the metric and gauge fields, such that:

g′ii =
1

gii
, (4.5)

g′iµ =
giµ
gii

, (4.6)

g′µν = gµν −
giµ giν −BiµBiν

gii
, (4.7)

B′iµ = −giµ
gii

, (4.8)

B′µν = Bµν −
giµ Biν −Biµgiν

gii
. (4.9)

Equations(4.5 - 4.9) give us the transformations along the isometric coordinate i. If we perform a

T-duality on coordinate x (as our gauge freedom allows to choose H3 components non depending

on two out of three coordinates), we will have:

gµν =


1 −Nz 0

−Nz 1 +N2z2 0

0 0 1

 , Bµν =


0 0 0

0 0 0

0 0 0

 . (4.10)

As we can see, after the action of the duality, we have lost all components in B2-form. The metric

(4.10) will generate an invariant element of the form:

ds2 = (dx−Nz dy)
2

+ dy2 + dz2. (4.11)

13In this case, we decide to go back to the common notation used in literature, as it could be misunderstood for

the direction x in our model.
14the behaviour of an element of a SL-group under a closed trajectory of the manifold. The next sections will

explain this property.
15it is important to notice that this monodromy does not affect the inner volume as it only affects the B2 field and

not the volume R1R2.
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This new invariant element ds2 can be pictorically interpreted as a twisted torus that looks like:

Figure 3. A twisted 3-torus as T2 × S1.

This twisted metric, in order to represent a compact space again, must enjoy similar identifi-

cations as (4.2). In this case, in order to be able to identify z coordinate to itself after one period,

we must demand a change in the coordinate x depending on y-coordinate, such that:

(x, y, z) ∼ (x+ 1, y, z) ∼ (x, y + 1, z) ∼ (x+N y, y, z + 1). (4.12)

Futhermore, in order to make the ’grid’ coincide after one ’orbit’ we need N ∈ Z. Of course, this is

given by the Dirac quantization of our fluxes [13]. We can take a step further in this interpretation.

In fact, we were working with one-forms (2.14). Let’s take the invariant (4.11) and identify each

coordinate with one of the one-forms (2.14). If we took the exterior derivative of those forms, we

would be able to identify structure constants, that look like:

dηx = fxyz η
y ∧ ηz. (4.13)

Taking a second derivative of the previous form and assuming its nilpotent property, we can deter-

mine a Jacobi identity like:

fab[cf
b
de] = 0. (4.14)

These structure factors of the algebra given by these twisted fluxes must follow the previous con-

straint. Then, the orientifold (2.20) determines which structure factors are allowed in our compact

space; Those ones displayed in table (6). It is important to notice that after applying T-duality

once, we interchanged the roles of the complex structure τ and Kähler structure ρ. The result

of applying a matrix that belongs to SL(2,Z)τ fibration will gives us a monodromy of the form

τ → τ +N when z → z + 1.

We can still apply a further second T-duality in y-direction, as the new metric still enjoys a

remaining isometry in y-direction. Following again the Buscher rules (4.5 - 4.9) we get:
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ds2 =
1

(1 +N2z2)

(
dx2 + dy2

)
+ dz2, Bxy =

Nz

1 +N2z2
. (4.15)

In this case, we recovered the B-field and even a more complicated invariant ds2 that makes impos-

sible to establish identifications as we did in previous examples. But, we can extract information

from the non-trivial monodromy of ρ, such that:

1

ρ
→ 1

ρ
+N, z → z + 1. (4.16)

This can be interpreted as a shrinking torus (its volume decreases) while we undergo around the

fibration z. Pictorically could be understood as:

Figure 4. A T-fold as a shrinking T2 fibered over S1.

This object cannot be defined as a manifold. Even though we can define the metric gµν and

the antisymmetric two form B2 at every point, whenever we perform a complete period around the

fiber S1, both of them get mixed by the action of a O(2, 2,Z) (T-duality) transformation. This

could be thought as if the matching condition for the patches with different radius requiere an extra

T-transformation between the transition maps ψi. Still, this space is caracterized by the integer N,

which belongs to the so-called non-geometrical flux Qxyz , we introduced in chapter 3.

So far, we have almost completed the picture of T-chain (3.20) except for the R-flux. In this

sense, we can not continue further applying T-dualities, as we have run out of isometries in our

model . But in order to complete our T-dual invariant description of the superpotential W intro-

duced in chapter 3, we need this non-geometrical flux Rxyz. We can understand its lack of geometry

using an auxiliar D3-brane [23]. Starting with this brane and a lonely H3 flux in our toy model,

we can perform the set of T-dualities (3.20) until we reach a point with a D0-brane with Rxyz.

But this is something that cannot happen, as we would violate the Bianchi condition for the gauge

flux F2, being different from 0. As we cannot have D0 branes in such space, we would not have

interpretation of spacetime points, so a geometrical interpretation cannot be achieved.
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It could be even thought that a truly background independent string theory should include

backgrounds where R-fluxes appear. Imagine we had equivalent background independent descrip-

tions for IIA/IIB theories where fluxes are turned off. Then, we turn on a H3 flux in the IIB

background. This picture may be connected with the IIB background without flux using some kind

of non-perturbative mechanism. If this is true, and the equivalence of type IIA/IIB backgrounds

without fluxes as well, then, it should exist a similar mechanism to relate IIA background without

fluxes with those pictures where R-fluxes are turned on [9].

The next logical step is to ask how this T-duality mechanism described in (3.19) and (3.20)

works. As we saw in equation (4.14), structure form fabc of the IIA picture follows specific Jacobi

identities. This kind of constraints can be derived from the tadpole contributions in the supegravity

action (2.1) for R-R fields and from the NS-NS and R-R fluxes Bianchi identities. In the previous

section we introduced a quick interpretation of the monodromies of O(2, 2,Z) group. In the incoming

section we study in deeper detail the properties of this group and how the monodromies arise

naturally from it.

4.2 The O(2, 2,Z) group and monodromies

In order to develop a complete understanding of the effect of T-dualities on these geometries and

the fluxes we turned on in specific T3 configurations, it is necessary to introduce the action of

O(d, d,Z) group on these spaces. In our case, T2 will be affected by the use of O(2, 2,Z) on it. A

general element of this group is given by:

ΩO(2,2,Z) =

 A B

C D

 , (4.17)

Which acts on a generasiled matrix,

ME =

G−BG−1B BG−1

−G−1B G−1

 , (4.18)

such that ME → Ω ME ΩT , where G stands for the metric of a two-dimensional torus and B for

the antisymmetric field. In terms of the SL(2,Z) elements acting on the complex structure τ and

Kähler ρ moduli, we can define an element of O(2, 2,Z) as:

ΩO(2,2,Z) =



ã

 a b

c d

 b̃

−b a

−d c



c̃

−c −d
a b

 d̃

 d −c

−b a




. (4.19)

Where {i} are the parameters associated with a simple linear transformation of τ

τ → aτ + b

cτ + d
, (4.20)

and similarly for SL(2,Z)ρ with tilded integers {̃i}. This corresponds to apply a T-duality on

– 27 –



an auxiliar T2
ρ fibration [23]. This general expresion (4.17) can be used to identify the specific

behaviour of SL(2,Z) action for τ and ρ. Performing this group transformation for the complex

structure of the T216, we get an expresion of the form:

ΩO(2,2,Z)|τ =



 a b

c d

 0

0

 d −c

−b a




=

 Mτ 0

0 (MT
τ )−1

 . (4.21)

Where Mτ stands for a matrix ∈ SL(2,Z)τ , which is associated with a perturbative monodromy of

the element τ .

Now we are going to study the action of a monodromy M acting on the complex structure

modulus. In order to reproduce the results we got in previous section, this monodromy should

belong the the parabolic group17, which means its trace sums up to 2 [27]. If that is the case, we

can freeze the value of the complexified Kähler modulus ρ to i and study the behaviour of τ when

we undergo the fibered direction z.

Define τ0 = τ(0) and a matrix monodromy M such that [27]:

τ(z) = M(z) τ0. (4.22)

This monodromy fulfills aforementioned τ0 property when z = 0 and gives us the behaviour of τ

when we perform a period of the fibered direction z. The form of the matrix monodromy is related

to Dehn matrices for a T2 [25]. This is:

DV =

 1 1

0 1

 , DU =

 1 0

1 1

 . (4.23)

These matrices belong to the same conjugacy class, so in general, powers of them behave as:

MN
V =

 1 N

0 1

 , MN
U =

 1 0

N 1

 . (4.24)

Due to the automorphism property τ ↔ ρ, these previous monodromies (4.24) can help us to

understand better our geometries (4.1, 4.11, 4.15). In fact, using equation (4.22) for z = 1, MN
V

describes the monodromies ρ+N and τ +N as we undergo the fibered dimension z. For the case of

(4.15), we must use the conjugated monodromy MN
U for a fixed τ and revolve the fibered dimension.

In this case, we would obtain:

ρ(z = 1) =
ρ0

1 + ρ0 N
, (4.25)

16fixing the action of SL(2,Z)ρ with ã, d̃ = 1 and the other two parameters equal to 0.
17This is necessary in order to make contact with Dehn matrices, that have parabolic conjugacy class [27].
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whose inverse corresponds to the non-trivial monodromy presented in (4.16). We can go even fur-

ther and to wonder if these monodromies can be generalized for the embedded fluxes in our toy

model. If we consider our embedded fluxes as the only ones that are present in a specific geometric

configuration, and those fluxes do not depend on the fibered direction, we can get some insights of

constraints for R-R and NS-NS fluxes.

Let’s consider the behaviour of an arbitrary field under the action of monodromies M . In this

case, the initial value of a pair of arbitrary fields under the monodromy action will transform under

the antsaz [9] :

φ(z) = M(z) φ0, M(z) ∈ SL(2,R). (4.26)

This is clear if we check that our theory is independant of z in the T3, so uplifting the previous

monodromies for the geometry to the field interpretation antsaz requires it to be linearly in z at

most. We illustrate this with an example. Consider the presence of the Q-flux in the toroidal

orbifold given in the interpretation (4). This non-geometric flux will induce some changes in the

Ramond-Ramond strength fields F3 and F1 present in our theory. In fact, the monodromy that

represents the presence of the Q-flux is:

M(z)ρ =

 1 0

Nz 1

 . (4.27)

Therefore, the behaviour of the R-R fields under the presence of this Q-flux will be described by:Faxy
Fa

→
 1 0

Nz 1

F̄axy
F̄a

 =

 F̄axy

F̄axy N z + F̄a

 . (4.28)

Hence, the Bianchi identity for the modified F1 strength field due to the presence of the non-

geometric Q-flux is given by:

d F1 = −Qxyz F̄axy da dz. (4.29)

We can integrate over the non-contracted cycles (a, z) to obtain the following modified Jacobi

identity:

F̄xy[aQ
xy
z] = 0. (4.30)

This new constraint appears due to the presence of non-geometrical fluxes in the toroidal orbifold

description. Obviously, we have consider F̄3 and F̄1 to be the only topological fluxes turned on,

so this Jacobi constraint would be way more general with H̄3 fluxes turned on as well. Actually,

we will see this constraint to appear in a more general formula in the next section, where we will

derive tapdole conditions for RR-NS fluxes and Jacobi constraints for NS fluxes. Then, we will

iterate T- duality following the rules (3.19) and (3.20). After that, we will find that constraint

(4.30) corresponds to a more general constraints on the tadpole conditions.
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4.3 Flux Algebra

In this last section, we go back to our six dimensional compact spaces and the set of generalised

fluxes given in chapter 3. We want to study how different contraints arise from the presence of sev-

eral fluxes in these spaces. We can make a distinction of two different types of constraints. Those

ones related to tadpoles in the theory, that relates Ramond-Ramond and Neveu-Schwarz fluxes and

constraints given the the Bianchi identities that NS-fluxes must fulfill.

We can start studying tadpole cancellations from the most simple example we have in a type

IIB theory. This is given by the Chern-Simons term:

SCSB = − 1

4κ2

∫
M10

d10x (C4 ∧H3 ∧ F3) . (4.31)

If we integrate over the compact space the contributions of these fluxes, we arrive to a Bianchi

identity of the form:

F[abcHdef ] +ND3
= 0. (4.32)

Where ND3
corresponds to the number of D3 branes that we should introduce to cancel out the

electric contributions of the O3-planes that the involution (2.23) generates. On behalf of the scope

of this project, we do not take into account these branes, in order to focus on the T-duality process

we will apply to this tadpole condition. Applying iteratively the rules presented in (3.19) and (3.20),

we can derive a whole set of constraints related to tadpoles in our T-invariant theory, given by:

F̄[abcH̄def ] = 0, (4.33)

F̄x[abcf
x
de] − F̄[abH̄cde] = 0, (4.34)

F̄xy[abcQ
xy
d] − F̄x[abf

x
cd] − F̄[aH̄bcd] = 0, (4.35)

F̄xyz[abc]R
xyz − F̄xy[abQ

xy
c] − F̄x[af

x
bc] + F̄0H̄[abc] = 0, (4.36)

F̄xyz[ab]R
xyz + F̄xy[aQ

xy
b] − F̄xf

x
[ab] = 0, (4.37)

F̄xyzaR
xyz
a − F̄xyQxya = 0, (4.38)

F̄xyzR
xyz = 0. (4.39)

A keen eye could observe that we did not introduce the combinatorial numbers arising from

the effect of dualizing specific dimensions in constraints (4.33- 4.39). We decided to do so as we

considered more important the impact of the iterative application of T-duality to move across the

different tadpoles conditions. We can check that the single constraint (4.30) appears in broader

expressions (4.36) and (4.37). The rest of the constraints include specific contributions similars to

our example (4.30) if we calculated the presence of topological fluxes Fi in other geometries for the

toy model. Among all the previous constraints, there are two relevant ones. These are (4.36) for

IIB and (4.37) for IIA. For IIB theory, this constraint is given by the tadpole condition for a C8

form related to the electric D7 branes coupled to it allowed in the theory as:

SC8
∼
∫
M10

d10x
(
C8 ∧

(
Q F̄3

))
. (4.40)

Due to self-duality of IIB theory, this C8 Ramond-Ramond form belongs to a triplet of electric

sources (C8, C
′
8, Ĉ8), each of them with a tadpole condition that gives a S-dual Bianchi constraint.
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For further reading, we recommend [28].

We can proceed in the same spirit with Neveu-Schwarz fluxes. In this case, the starting point

is the constraint that relates geometric with gauge fluxes in a twisted compactification [22]:

fx[abH̄cd]x = 0. (4.41)

We can iteratively apply relations (3.20) to get a set of constraints given by:

H̄x[abf
x
cd] = 0, (4.42)

fax[bf
x
cd] + H̄x[abQ

ax
c] = 0, (4.43)

Q
[ax]
b fx[cd] − 4 f

[a
x[cQ

b]x
d] + H̄x[cd]R

[ab]x = 0, (4.44)

Q[ab
x Q

c]x
d + f

[a
xdR

bc]x = 0, (4.45)

Q[ab
x Rcd]x = 0. (4.46)

These set of constraints (4.42 - 4.46) have an elegant description in the generators interpretation.

Recall the constraint (4.14) we derived for the structure forms of the twisted metric. These structure

forms arise naturally if we describe our one-forms depending on the internal coordinates as [17]:

ηk = Nk
j (x) dxj . (4.47)

Thus, we can define a set of isometry generators Zj as:

Zj = Nk
j (x)

∂

∂ xk
. (4.48)

The Lie algebra of these generators is expressed by:

[Zj , Zg] = fkjg Zk. (4.49)

This algebra was generalised in [24]. First, we do not take into account the R-R fluxes, for simplicity.

Then, if we reduce our ten dimensional theory on T6/Γ without fluxes, we get a four dimensional

supergravity containing a gauge group U(1)12. This twelve from the presence of six isometry

generators Zj for the compact space metric plus the addition of the contribution of the gauge

generators Xj given by the gauge field B2. These twelve generators span an Abelian group when

flux are absent. But adding the presence of all NS-NS fluxes denoted above, it results in nonabelian

group given the algebra:

[Zj , Zg] = H̄jgkX
k + fkjgZk, (4.50)

[Zj , X
g] = −fgjkX

k +Qgkj Zk, (4.51)

[Xj , Xg] = Qjgk X
k +RjgkZk. (4.52)

Which gives a covariant algebra under the action of the O(6, 6,Z) group. This algebra describes
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indistinctly the constraints for fluxes in IIA and IIB theories. Indeed, one can prove this considering

the duality Zj � Xj and relation (3.20). Doing so, one can observe a cycling relation of the

expressions (4.50 - 4.52). The Jacobi identities of these relations (4.50 - 4.52), writtten in terms of

the individual NS-NS flux parameters appearing in the T-dual superpotential (3.14) reproduce the

results derived from the iterative application results of (4.42 - 4.46).
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5 Conclusions

In this project we have studied compactifications of type IIA/IIB theories on toroidal orbifolds

T6/Γ, as smooth limits of Calabi-Yau manifolds. This ensures N = 1 four-dimensional effective

field theories after reduction [8]. First, we have analysed the moduli space of the compact manifolds,

after embedding the different fields of the theories. This gives rise to a plethora of massless scalars

in the four-dimensional EFT. From these fields, we have defined seven (three after isotropy) moduli

controlling the axiodilaton, the Kähler and complex structures. This helped us describe a Kähler

potential K from contributions of the complex and Kähler subspaces of the compact manifold. This

potential K coincides in the large volume and large complex structure limit for type IIA and type

IIB theories.

Turning on the gauge fluxes of the string actions we targeted to fix the value of the moduli for

the theories. This is not completely possible for type IIB models, where T-modulus is absent in

the superpotential WIIB . Hence, the volume of the compact space can not be fixed. Furthermore,

T-modulus was required to improve the description of both superpotential WIIA and WIIB ; they

must describe the same physics, as they are related through T-duality. While this matching con-

dition can be developed using twisted backgrounds for IIA theories, type IIB requires the addition

of p-forms contracted with the complexified Kähler modulus. Additionally, it is necessary to add

p-forms (Q-fluxes and R-fluxes) to the superpotential WIIA to achieve a complete dual description

(3.21). These quantized fluxes can be related using T-duality and orientifold properties between

both descriptions. This was summarised in the T-dual chains (3.19) and (3.20) we explained in

chapter 3.

These new quantized fluxes come at a price: for each T-duality iteration we loose more and

more information about the geometry of the background these fluxes belong to [23]. In order to

understand this effect, we used a T3 toy model with a wisely chosen gauge flux. Then we applied

the Buscher rules on the directions allowed by specific isometries of the model. This led us through

three different compact spaces. The last one only admits a locally geometrical description. While

our understanding of compact spaces for Rabc-fluxes remains obscure, we used the monodromies

granted by O(2, 2,Z) group to understand the constraints that rise from the presence of specific

fluxes on determined backgrounds. The constraints for Neveu-Schwarz fluxes can be summarised

by the Lie algebra of a four-dimensional gauge group U(1)12 (4.50 - 4.52). This algebra is invariant

under O(6, 6,Z) group.

During this whole project, we have moved around the border of the physical meaning of non-

geometrical fluxes, their effects on the superpotential and their geometrical interpretation. They

naturally appear in any discussion of the most complete picture of the string theory’s landscape

we can achieve at the moment [6]. Although generalised fluxes have been extensively studied

during the last decade, one possible direction for further developments could be to achieve a better

understanding of what kind of spaces Rabc-fluxes describe. It is important to better know how the

compactification mechanism we describe here works in terms of some fundamental string/M-theory,

without any low-energy approximations. Perhaps, this knowledge would not grant any progress in

obtaining four-dimensional effective field theories for de Sitter spaces [29], but it could set a more

solid basis to our understanding of the most fundamental structures that compose our universe.
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