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Populärvetenskaplig sammanfattning

Förmågan att kunna lösa svåra matematiska problem för praktiska applikationer spelar
en stor roll för e�ektiviteten i det moderna samhället. Några utav de viktigaste prob-
lemen innefattar �ödesdynamik, samband som beskriver hur vätskor och gaser beter sig
när de utsätts för yttre krafter. Lösningsmetoder till dessa problem är användbart inom
en rad områden, så som meterologi, medicin, fordonsindustri och �ygplanstillverkning.
Det kanske vanligaste exemplet är modeller för kort- och långtidsförutsägelser av klimat
och väder, fenomen som bestäms av globala och lokala strömningar i atmosfären och
haven. Ett mer speci�kt exempel är förmågan att kunna beräkna hur krafterna fördelas
på landningsställen vid start och landning av ett �ygplan. Beräkningar av denna typ är
attraktiva då de ofta är betydligt billigare att utföra än fysikaliska experiment.

Detta examensarbete fokuserar på lösningen av de inkompressibla Navier-Stokes ekva-
tionerna i två rumsdimensioner, matematiska samband som beskriver hur representerade
som partiella di�erential ekvationer. Som namnet antyder modellerar dessa ekvationer
inkompressibla �öden, förhållanden där densiteten i mediumet hålls konstant, vilket
matematiskt motsvarar ett divergensfritt hastighetsfält. Detta krav, tillsammans med
noggranhet och e�ektivitet, är väsenligt för kvalitén hos en lösningsmetod för de inkom-
pressibla Navier-Stokes ekvationerna. I detta projekt appliceras en hög ordnings �nit
di�erens metod baserad på så-kallade SBP operatorer, vilket möjliggör bevis av väl-
ställdhet hos det rumsdiskretiserade problemet. Olika metoder att behandla ränderna i
beräkningsdomänet diskuteras, inklusive en undersökning om betydelsen av tryckdata på
ränderna. Det sistnämnda har länge varit ett uppmärksammat område inom forskningen.

Resultaten visar på fördelarna med högre ordningens nogranna metoder, om en viss
noggrannhet är önskad så är högre ordningens metoder betydligt mer e�ektiva. Utöver
detta så är de beräknade approximationerna diskret divergensfria med hjälp utav den
så kallade projektionsmetoden. Intressanta framtida forskningsområden innefattar en
fullständig undersökning av olika metoder att hantera tryck randvillkor, en utökning till
större rumsdomän (tre rumsdimensioner och tätare rumsdikretisering) och bättre metoder
för att implementera randvillkor.
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1 Introduction

1.1 Background

The Navier-Stokes equations are perhaps some of the most well-studied equations in the
world today. Due to the many phenomena they model (the weather, �ow in pipes and
�ow around any vehicle to mention a few) their utility is obvious and the attention they
attract well motivated. Interestingly, it is yet to be proven whether solutions to the
three-dimensional Navier-Stokes equations always exists, and if they do exist, that they
are smooth. This is referred to as The Navier-Stokes existence and smoothness problem

and is one of the great unsolved mathematical problems of date.

It is often argued that the issues of existence and smoothness are closely related to
the chaotic behavior of turbulence, that they are a consequence of the non-linearity in-
herent in the equations. To reduce these issues one often applies simpli�cations of the full
Navier-Stokes equations that are more or less valid in di�erent scenarios. For example,
a particular linearization of the Navier-Stokes equations yields the Stokes equations, an
approximation that holds for very viscous �ow, such as lava. Another common modi�-
cation is to consider incompressible �ow, i.e. �ow where the density of the medium is
constant. Of course, no �uid is entirely incompressible. In practice, the approximation is
often used in simulations of water �ow or for air �ow at room temperature and low Mach
numbers. Mathematically, the incompressibility constraint corresponds to only search-
ing for solutions where the velocity �eld is divergence free. Although this simpli�cation
eliminates phenomena such as shocks or sound waves (due to the assumption of constant
density), the non-linearity is still prevalent in the equations and thus the issues of turbu-
lence remains.

When solving the equations numerically the non-linear chaotic behavior presents prob-
lems beyond the existence and smoothness issues. Turbulent �ow involves signi�cantly
varying length-scales, so to obtain a stable and accurate solution a high order method
resolved on a �ne grid is required. In theory, this makes high-order �nite di�erence meth-

ods (HOFDMs) ideal candidates when solving these problems. Unfortunately, they are
seldom utilized. The main reason why HOFDMs are not considered the �rst choice is
the challenge in the treatment of boundaries so that a stable solution is obtained. It
is particularly important for long-time simulations (such as climate modeling) that the
method does not allow for non-physical growth in time, a property known as strict sta-
bility. One well-established way of achieving strictly stable HOFDMs is the combination
of summation-by-parts (SBP) di�erential operators and the simultaneous-approximation-

term (SAT) technique for imposing boundary conditions. The SBP operators are es-
sentially central di�erences stencils with speci�c one sided di�erential stencils on the
boundaries designed to imitate integration-by-parts (a property inherent to continuously
di�erentiable functions) in the discrete setting, hence the name. The SAT method con-
sists of adding a penalty term to the ODE that weakly forces the solution towards the
boundary condition. Examples of studies utilizing the SBP-SAT method can be found in
[10, 6, 9].
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In this thesis the goal is to develop an high-order accurate solver to the incompress-
ible Navier-Stokes equations based on the SBP-SAT technique, proven strictly stable,
with an emphasis on the divergence free condition being discretely ful�lled.

1.2 Problem

The velocity-divergence formulation of the incompressible Navier-Stokes equations in two
spatial dimensions is given by

Vt = −(V · ∇)V −∇p+ µ∆V + f , (1)

∇ ·V = 0 (2)

where V = (u, v)T is the velocity �eld, p is the pressure, µ is the reciprocal of the
Reynolds number and f is a forcing function. To solve this equation, we also require a set
of compatible and well-posed initial and boundary conditions, these are left out for now.
Note that the pressure p in (1) has no apparent connection to the velocity �eld, there is no
thermodynamic equation of state for incompressible �uids. In some sense the pressure in
the incompressible Navier-Stokes equations is entirely mathematical, thus an expression
for it should be derived from mathematical relationships. A common formulation, known
as the velocity-pressure formulation, is achieved by taking the divergence of (1) and
applying the divergence free condition (2), we get

Vt = −(V · ∇)V −∇p+ µ∆V + f , (3)

∆p = ∇ · f − (∇u ·Vx +∇v ·Vy). (4)

Here, as well as throughout the thesis, a function f with a subscript x denotes the partial
derivative of f with respect to x, i.e. fx = ∂f

∂x
. In the literature, (4) is often referred to

as the Pressure-Poisson Equation, or PPE.

Note that this formulation by itself does not imply a divergence free solution, this is
simply a way of deriving an expression for the pressure. Thus the divergence free con-
dition has to be taken care of separately. In [13] it is shown that this formulation will
yield a solution where the L2-norm of the divergence is zero for all times if the initial
divergence is zero and a derived condition for the divergence is ful�lled on the boundaries.
In this thesis a similar approach is taken to the one in [13], but in a discrete setting. We
make use of projection operators to enforce conditions on the divergence of the discrete
solutions. We also take the idea of analysis in the discrete setting further by deriving
the PPE from the discretized momentum equation. The motivation being that, by doing
this, we avoid accumulating unnecessary discretization errors by repeated discretization
of continuous relationships.

This thesis is in essence split into three major parts: continuous analysis, discrete analysis
and numerical results. In the �rst part an energy estimate in the continuous setting is
derived along with characteristic and Dirichlet boundary condition that provide a bound
of the continuous energy. This part also includes a discussion on boundary conditions for
the pressure, a topic that is perhaps the most di�cult aspect of this formulation of the
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incompressible Navier-Stokes equations. The second part begins with a short introduc-
tion to the �nite di�erence framework used in this thesis, the SBP-SAT method, followed
by essentially the same analysis as in the continuous case but in the discrete setting.
This part also includes a discrete derivation of a modi�ed PPE, a short introduction to
the projection method and a discussion on techniques for narrowing the inner stencils of
SBP operators. The numerical results are presented in the third part. Most focus is put
on a benchmark problem with a known analytical solution but simulation of common
real-world problems are also included.

2 Continuous analysis

2.1 Energy of the momentum equations

In the following analysis, it is assumed that the equations are to be solved on a domain
Ω ∈ R2 with boundary ∂Ω. To clarify notation, the momentum equations for each velocity
variable u and v are written separately, we have

ut +
1

2
uux +

1

2
(u2)x −

1

2
uxu+

1

2
vuy +

1

2
(vu)y −

1

2
vyu = −px + µ∆u+ f (1), (5)

vt +
1

2
uvx +

1

2
(uv)x −

1

2
uxv +

1

2
vvy +

1

2
(v2)y −

1

2
vyv = −py + µ∆v + f (2). (6)

Note here that a skew-symmetric splitting is applied to the non-linear convective terms to
facilitate an energy estimate. The assumption necessary for this split is that u and v are
di�erentiable, which in some sense is already assumed since we solve for incompressible
�uids. Multiplying (5) and (6) by u and v respectively, integrating over the domain and
adding the conjugate gives

||u||2t + 2µ||∇u||2 = BT (u) +

∫
Ω

2uxp+ u2(ux + vy) + 2uf (1) dx, (7)

||v||2t + 2µ||∇v||2 = BT (v) +

∫
Ω

2vyp+ v2(ux + vy) + 2vf (2) dx, (8)

where ||u||2 =
∫

Ω
u2dx denotes the L2-norm of the function u. The boundary terms BT (u)

and BT (v) are given by

BT (u) = −
∫
∂Ω

u2(unx + vny) + 2punx − 2µu
∂u

∂n
dS, (9)

BT (v) = −
∫
∂Ω

v2(unx + vny) + 2pvny − 2µv
∂v

∂n
dS. (10)

where n = (nx, ny) is the normal vector to the boundary. In a gathered norm, by summing
these two equations, we get

||u||2t + ||v||2t + 2µ(||∇u||2 + ||∇v||2) = BT +

∫
Ω

(2p+ u2 + v2)(ux + vy) + V · f dx, (11)

with

BT = −
∫
∂Ω

(2p+ u2 + v2)(unx + vny)− 2µ(u
∂u

∂n
+ v

∂v

∂n
) dS. (12)
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From (11) it is clear that as long as the boundary terms are taken care by suitable
boundary conditions and the divergence free condition is imposed, we have a dissipative
energy estimate.

2.2 Characteristic boundary conditions

Characteristic boundary conditions to this problem are derived in [13], for completeness
the derivation is also included here. The boundary terms can be rewritten on a quadratic
form such that

BT = −
∫
∂Ω

W TAW dS, (13)

where

W =


Vn
Vt
p

µ∂Vn
∂n

µ∂Vt
∂n

 and A =


Vn 0 1 −1 0
0 Vn 0 0 −1
1 0 0 0 0
−1 0 0 0 0
0 −1 0 0 0

 . (14)

Here Vn = unx + vny denotes the normal velocity and Vt = −uny + vnx the tangential
velocity. This equation can be diagonalized by a similar transformation with X as the
unitary, normalized eigenvectors of A, we get

W TAW = (XTW )TΛ(XTW ), (15)

where

X =


0 0 0 −λ4 −λ5

−λ1 −λ2 0 0 0
0 0 1 −1 −1
0 0 1 1 1
1 1 0 0 0




√
λ2

1 + 1 0 0 0 0

0
√
λ2

2 + 1 0 0 0

0 0
√

2 0 0

0 0 0
√
λ2

4 + 2 0

0 0 0 0
√
λ2

5 + 2


−1

,

and Λ = diag(λ1, λ2, λ3, λ4, λ5) is a matrix with the eigenvalues of A on the diagonal.
These eigenvalues are given by

λ1,2 =
Vn ±

√
V 2
n + 4

2
, λ3 = 0, λ4,5 =

Vn ±
√
V 2
n + 8

2
. (16)

With this transformation the characteristic variables C(i) are given by

C = XTW =

[
−λ1Vt+µ ∂Vt

∂n√
λ21+1

−λ2Vt+µ ∂Vt
∂n√

λ22+1

µ ∂Vn
∂n

+p√
2

−λ4Vn+µ ∂Vn
∂n
−p√

λ24+2

−λ5Vn+µ ∂Vn
∂n
−p√

λ25+2

]T
(17)

A dissipative energy estimate can be obtained by specifying the ingoing characteristic
variables or, in other words, specifying those C(i) that corresponds to negative eigenvalues
λi. Here, the ingoing characteristics are clearly given by C(2) and C(5). Thus, a set of
well-posed boundary conditions is

−λ2Vt + µ∂Vt
∂n√

λ2
2 + 1

= g2 and
−λ5Vn + µ∂Vn

∂n
− p√

λ2
5 + 2

= g5, (18)
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where g2 and g5 are boundary data. Introducing

c2
∂Ω =

∫
∂Ω

∑
i=1,3,4

|λi|C2
i dS, g2

∂Ω =

∫
∂Ω

∑
i=2,5

|λi|g2
i dS (19)

and assuming that the divergence free condition is imposed, i.e. ux + vy = 0, the full
energy estimate becomes

||u||2t + ||v||2t + 2µ(||∇u||2 + ||∇v||2) = −c2
∂Ω + g2

∂Ω +

∫
Ω

V · f dx. (20)

Using the Cauchy-Schwartz and Young's inequality, multiplying by e−ηt where η > 0,
integrating up to a limited time T > 0 and rearranging gives

||u||2 + ||v||2 +

∫ T

0

(2µ(||∇u||2 + ||∇v||2) + c2
∂Ω)e−η(t−T ) dt ≤ (21)

(||u0||2 + ||v0||2)eηT +

∫ T

0

(g2
∂Ω +

1

η
||f (1)||2 +

1

η
||f (2)||2)e−η(t−T ) dt, (22)

where u0 and v0 are initial data. Thus, with characteristic boundary conditions given by
(18), a guaranteed divergence free solution and under the assumption of existence and
uniqueness we have a strongly well-posed problem. Note that we do not here deal with
the problems of existence and uniqueness of the incompressible Navier-Stokes equations,
for the numerical analysis we assume that they are solved.

Remark: The outgoing characteristic variables, corresponding to positive eigenvalues
C(1) and C(4), can be used to de�ne interface condition between blocks in the domain.
Setting the ingoing characteristic of a block as the outgoing characteristic of the neigh-
boring block has previously proven a useful method, see [12].

2.3 Dirichlet boundary conditions

In many physical applications one wishes to impose speci�c values of the velocities at the
boundaries. For example, the no-slip and no-penetration conditions, typically used at a
solid boundary (a wall), states that the velocities at the boundary is zero relative to the
solid. The mathematical formulation of Dirichlet boundary conditions are

V = g, (23)

where g is boundary data. Assuming zero data or a wall (g = 0), the boundary terms
in (12) immediately disappears and the derivation of well-posedness is straightforward if
the divergence free condition is ful�lled.

2.4 Pressure boundary conditions

To solve the pressure-Poisson equation, a set of compatible pressure boundary condi-
tions is required. However, how to derive these boundary conditions is by no means
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obvious, it has for a long time been a widely discussed topic in the literature. As pre-
viously mentioned, the pressure in the incompressible Navier-Stokes equations is strictly
mathematical, it is distributing itself in the domain with in�nite velocity to ensure that
the divergence is zero everywhere. Because of this, the methodology of �nding pressure
boundary conditions is often to use the relationships available in the equations and derive
the pressure conditions from that, without involving any additional physics (which would
be the case for compressible �ow).

A common approach is to take the normal component of the momentum equation at
the boundaries and solve for the pressure [4]. However, this method has a few setbacks.
Firstly, it is argued in [15] that this does not provide any additional information to the
equation since both the Poisson equation and its boundary condition are derived from
the same relationship (the momentum equation). Secondly, the momentum equations can
only provide the gradient of the pressure, consequently the pressure is only determined
up to an arbitrary constant.

In the �nite element literature, another method seems to be more common, in [2, 5, 3]
for example the incompressibility constraint (the divergence free condition) is regularized
by adding a pressure term to (2), e�ectively expressing the pressure or time-derivative of
the pressure in terms of the divergence. This way one can either eliminate the pressure
entirely from the equations or obtain an expression for the time-derivative of the pressure,
both ways yield a well de�ned system of ODEs without the necessity of solving a PPE in
each step.

As will be more clear later, the discrete imposition of both characteristic and Dirich-
let momentum boundary conditions in general require boundary data for the pressure to
be stable and consistent. In both cases this data should be the same as when solving
the PPE. If pressure data is available, we simply use that for both types of boundary
conditions. If not however, we require additional information to extract the pressure.
For characteristic boundary conditions this problem typically does not occur, often these
conditions are used to propagate information out of the domain in a region where the
exact solution is not known (this is achieved by setting the ingoing characteristic variables
to zero) or to couple the interfaces between blocks of the domain (where the ingoing char-
acteristic is set to the outgoing characteristic of the neighboring block). In these cases
the pressure boundary data can be extracted from the characteristic variables, using the
second equation in (18). For Dirichlet boundary conditions however, this problem will
occur when exact boundary pressure is not known. In this thesis we extract the pressure
boundary data for Dirichlet conditions by rearranging (12) such that

BT = −
∫
∂Ω

u(2pnx + u2nx + uvny − 2µ
∂u

∂n
) + v(2pny + v2ny + uvnx − 2µ

∂v

∂n
) dS, (24)
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and making the guess that the terms inside the parenthesis will be zero. Explicitly, the
pressure terms are

pnx = −1

2
u2nx −

1

2
uvny + µ

∂u

∂n
,

pny = −1

2
v2ny −

1

2
uvnx + µ

∂v

∂n
.

(25)

Obviously, this expressions has no physical or otherwise mathematical argument for being
precisely correct. However, to the best of the author's knowledge, such motivations for
methods of extracting pressure boundary conditions are lacking in the literature. The
validation of a method seems to consist of empirical observations on solutions of bench-
mark problems without analytical solution, such as the lid-driven cavity �ow. In this
thesis, we note that the method of extracting pressure boundary conditions given by (25)
yields stable simulations with solutions that resembles known benchmark solutions.

Remark: For rectangular domains on Cartesian grids (where either nx or ny is zero)
it is clear how to extract the pressure from (25). If not however, either of the expression
could be used to obtain the pressure and it is not obvious whether one of them should
be preferred over the other. In this thesis, since all calculations are done on rectangular
domains, this problem is not directly encountered.

3 Discrete analysis

3.1 Numerical discretization

To simplify the notation, we consider a two-dimensional square domain with m + 1
equidistant points in each direction. The discrete solutions are vectors with the di-
mensions stacked on top of each other such that a discrete solution vector V is arranged
as V = [V0,V1, ...,Vm] where each Vi, i = 0, 1, ..,m, contains the solution points for
a given x-value, see Figure 1 for illustration. Note here that V = [u, v]T as used in
previous sections denote function dependent on time and space. The semi-discrete so-
lution vectors u and v used in the upcoming analysis are discretized in space but not
in time, thus they contain functions of time de�ned on each grid point in the domain.
The extension to rectangular domains with non-equidistant points (a grid with prede�ned
optimally placed points close to the boundaries, not a stretched grid in the traditional
sense) as well as additional spatial dimensions is straightforward. The numerical exper-
iments in this thesis is carried out using a high order �nite di�erence framework based
on one-dimensional summation-by-parts (SBP) operators. These operators are designed
to imitate the integration-by-parts methodology in the discrete setting, a property that
allows for strict analysis of the semi-discrete system. To make the thesis self-contained,
an short introduction to the SBP method is included. For this problem, two spatial
derivatives are required. Thus, the following de�nitions is required for the numerical
discretization:

De�nition 3.1 A di�erence operator D1 = H−1Q approximating ∂
∂x

is a �rst derivative

SBP operator if H = HT > 0 and Q+QT = B = diag(−1, 0..., 0, 1).
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Figure 1: Computational domain showing the orientation of a solution vector.

De�nition 3.2 A di�erence operator D2 = H−1(−M + BS) approximating ∂2

∂x2
is said

to be a symmetric second derivative SBP operator if M = MT ≥ 0, if S includes an ap-

proximation of the �rst derivative operator at the boundaries and B = diag(−1, 0..., 0, 1).

The matrix B can be expressed in terms of the frequently used vectors

e1 = [1, 0, ..., 0]T and em = [0, ..., 0, 1]T , (26)

as B = −e1e
T
1 + eme

T
m. Additionally, the �rst derivative operator S on the boundaries is

often expressed in terms of one sided �rst derivative vector operators S1 and Sm, active
at the left and right boundary respectively, as BS = −e1S1 + emSm. For more details
on the SBP method see [16, 11]. To apply the one dimensional SBP operators to two
dimensions, the following relationships are introduced

Dx = (D1 ⊗ Im), Dy = (Im ⊗D1),

D2x = (D2 ⊗ Im), D2y = (D2 ⊗ Im)

Hx = (H ⊗ Im), Hy = (Im ⊗H),

ew = (e1 ⊗ Im), ee = (em ⊗ Im),

es = (Im ⊗ e1), en = (Im ⊗ em),

Sw = (S1 ⊗ Im), Se = (Sm ⊗ Im),

Ss = (Im ⊗ S1), Sn = (Im ⊗ Sm),

(27)

where ⊗ denotes the Kronecker product and Im is the identity matrix with dimensions
m × m. Using these operators we have that, for example, ewu extracts the values of a
solution vector u at the western boundary and Dxu approximates the derivative of u with
respect to x in the whole domain.

In this thesis, the norm H is a diagonal matrix (this is required to facilitate some of
the upcoming proofs) which yields operators half as accurate at the boundaries as in the
interior. To partially rectify this we utilize newly derived non-equidistant SBP operators

11



[10]. These operators are optimized to be accurate at the boundaries by allowing a few
boundary points to be placed at locations such that the resulting truncation error is min-
imized.

In the discrete analysis we often make use of two discrete norms, given by

||v||2H = vT H̄v and ||v||2M = vT ((M ⊗H) + (H ⊗M))v, (28)

where H̄ = HxHy. Note that these norms are the discrete analogies of the continuous
norms ||v||2 =

∫
Ω
v2 dx and ||∇v||2 =

∫
Ω
∇v · ∇v dx.

3.2 Numerical problem formulation

A consistent semi-discrete approximation of the momentum equation (given by (5) and
(6)) without a source term (F = 0) using the previously de�ned SBP operators is given
by

ut +
1

2
Dxūu+

1

2
v̄Dyu+

1

2
Dyv̄u−

1

2
v̄yu = −Dxp+ µDLu+ SAT (u) (29)

vt +
1

2
ūDxv +

1

2
Dxūv −

1

2
ūxv +

1

2
Dyv̄v = −Dyp+ µDLv + SAT (v). (30)

Here ū, v̄, ūx and v̄y denotes diagonal matrices with the elements of u, v, Dxu and Dyv
respectively on the diagonal, DL is the discrete Laplacian given by

DL = D2x +D2y (31)

and SAT (u,v) are SAT boundary terms to be de�ned later. This formulation gives rise
to a system of non-linear ordinary di�erential equations which can be solved by any nu-
merical scheme with a stability region that includes the imaginary axis, in this thesis the
classical 4th order Runge-Kutta method is used.

Remark: To obtain an energy estimate (both in the continuous and discrete case) the
convective terms in (5) and (6) are split in a skew-symmetric form. In the continuous
case we use that

fgx =
1

2
fgx +

1

2
(fg)x −

1

2
fxg, (32)

for any di�erentiable functions f(x) and g(x) (this assumption is valid for u and v since
we are solving for incompressible �ow). To obtain the discrete momentum equations given
by (29) and (30) the skew-symmetric split of the continuous problem is discretized. Note
however that not all terms following from the discretization are required, in particular
we see that

ūDxu− ūxu = 0 and v̄Dyv − v̄yv = 0 (33)

are accurate to machine precision, thus those terms are neglected.
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3.3 Discrete energy estimate

Multiplying (29) and (30) by uT H̄ and vT H̄ respectively, adding the conjugate transpose
and using the properties of the SBP operators gives

∂

∂t
||u||2H + 2µ||u||2M = BT (u) + uT H̄(ūx + v̄y)u+ 2(Dxu)T H̄p, (34)

∂

∂t
||v||2H + 2µ||v||2M = BT (v) + vT H̄(ūx + v̄y)v + 2(Dyv)T H̄p, (35)

where

BT (u) = uTwHu
2
w − uTeHu2

e + uTsHusvs − uTnHunvn + 2uTwHpw − 2uTeHpe

+ 2µ(−uTwHSwu+ uTeHSeu− uTsHSsu+ uTnHSnu) + 2uT H̄SAT (u),
(36)

BT (v) = vTwHuwvw − vTe Hueve + vTs Hv
2
s − vTnHv2

n + 2vTs Hps − 2vTnHpn

+ 2µ(−vTwHSwv + vTe HSev − vTs HSsv + vTnHSnv) + 2vT H̄SAT (v).
(37)

Adding the estimates together we get

∂

∂t
(||u||2H + ||v||2H) + 2µ(||u||2M + ||v||2M) =

BT (u) +BT (v) + uT H̄(ūx + v̄y)u+ vT H̄(ūx + v̄y)v + 2(Dxu+Dyv)T H̄p,
(38)

which is the discrete analog of (11).

Remark: Note that the discrete divergence remains in the RHS of (38) as in the contin-
uous case. This suggests that if the discrete divergence is not small enough, the system
may not be well-posed.

All that remains now to obtain a discrete energy estimate is the imposition of boundary
conditions such that BT = BT (u) +BT (v] ≤ 0.

3.4 Discrete characteristic boundary conditions

The discrete formulation of (18) on the domain given by Figure 1 is

L(u)
w = λ

(w)
5 uw + µSwu− pw = g(u)

w , L(v)
w = λ

(w)
2 vw + µSwv = g(v)

w ,

L(u)
e = −λ(e)

5 ue + µSeu− pe = g(u)
e , L(v)

e = −λ(e)
2 ve + µSev = g(v)

e ,

L(u)
s = λ

(s)
2 us + µSsu = g(u)

s , L(v)
s = λ

(s)
5 vs + µSsv − ps = g(v)

s ,

L(u)
n = −λ(n)

2 un + µSnu = g(u)
n , L(v)

n = −λ(n)
5 vn + µSnv − pn = g(v)

n ,

(39)
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with eigenvalues given by

λ
(w)
2 =

−uw −
√
u2
w + 4

2
, λ

(w)
5 =

−uw −
√
u2
w + 8

2
,

λ
(e)
2 =

ue −
√
u2
e + 4

2
, λ

(e)
5 =

ue −
√
u2
e + 8

2
,

λ
(s)
2 =

−us −
√
u2
s + 4

2
, λ

(s)
5 =

−us −
√
u2
s + 8

2
,

λ
(n)
2 =

un −
√
u2
n + 4

2
, λ

(n)
5 =

un −
√
u2
n + 8

2
.

(40)

The SAT terms imposing these boundary conditions are given by

SAT (u,v) = τ (u,v)
w H−1

x (e1 ⊗ L(u,v)
w − g(u,v)

w ) + τ (u,v)
e H−1

x (em ⊗ L(u,v)
e − g(u,v)

e )

+ τ (u,v)
s H−1

y (L(u,v)
s − g(u,v)

s ⊗ e1) + τ (u,v)
n H−1

y (L(u,v)
n − gu,vn ⊗ em),

(41)

where τ
(u,v)
(w,e,s,n) are penalty parameters tuned to obtain an energy estimate.

Remark: Note that the normalizing factors in the characteristic boundary conditions
have been left out in the discretized boundary conditions. This is because leaving them
in forces the penalty parameters to cancel them out to obtain an energy estimate. Simply
removing them to begin with leads to clearer notation and more e�cient implementation.

Applying zero data, g
(u,v)
w,e,s,n = 0, we get the boundary terms

BT = +uTwH(uw + 2τ (u)
w λ

(w)
5 )uw + 2uTwH(1− τ (u)

w )(pw − µSwu)

+vTwH(uw + 2τ (v)
w λ

(w)
2 )vw + 2vTwH(1− τ (v)

w )(−µSwv))

−uTeH(ue + 2τ (u)
e λ

(e)
5 )ue − 2uTeH(1 + τ (u)

e )(pe − µSeu)

−vTe H(ue + 2τ (v)
e λ

(e)
2 )ve − 2vTe H(1 + τ (v)

e )(−µSev)

+uTsH(vs + 2τ (u)
s λ

(s)
2 )us + 2uTsH(1− τ (u)

s )(−µSsu)

+vTs H(vs + 2τ (v)
s λ

(s)
5 )vs + 2vTs H(1− τ (v)

s )(ps − µSsv)

−uTnH(vn + 2τ (u)
n λ

(u)
2 )un − 2uTnH(1 + τ (u)

n )(−µSnu)

−vTnH(vn + 2τ (v)
n λ

(n)
5 )vn − 2vTnH(1 + τ (v)

n )(pn − µSnv).

(42)

Clearly, for BT to be non-positive we require that τ
(u,v)
w,s = 1 and τ

(u,v)
e,n = −1. The

boundary terms then become

BT =− uTw(H
√
u2
w + 8)uw − vTw(H

√
u2
w + 4)vw

− uTe (H
√
u2
e + 8)ue − vTe (H

√
u2
e + 4)ve

− uTs (H
√
v2
s + 4)us − vTs (H

√
v2
s + 8)vs

− uTn (H
√
v2
n + 4)un − vTn (H

√
v2
n + 8)vn ≤ 0,

(43)

and we can conclude that, if the discrete divergence is small, we have a discretely well-
posed problem.
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3.5 Discrete Dirichlet boundary conditions

The design of SAT terms is often in large part determined by the energy method, the SAT
terms should be those that precisely produce a well-posed problem while, at the same
time, impose the desired boundary condition. This argumentation is what motivates the
SAT terms for Dirichlet boundary conditions in this thesis. If the SAT terms are given
by

SAT (u) =H−1
x ((−1

2
eTwūw + µSTw)(uw − g(u)

w )− eTw(pw − g(p)
w ))

+H−1
x ((

1

2
eTe ūe − µSTe )(ue − g(u)

e ) + eTe (pe − g(p)
e ))

+H−1
y (−1

2
eTs v̄s + µSTs )(us − g(u)

s )

+H−1
y (

1

2
eTn v̄n − µSTn )(un − g(u)

n ),

SAT (v) =H−1
x (−1

2
eTwūw + µSTw)(vw − g(v)

w )

+H−1
x (

1

2
eTe ūe − µSTe )(ve − g(v)

e )

+H−1
y ((−1

2
eTs v̄s + µSTs )(vs − g(v)

s )− eTs (ps − g(p)
s ))

+H−1
y ((

1

2
eTn v̄n − µSTn )(vn − g(v)

n ) + eTn (pn − g(p)
n )),

(44)

where ūw,e,s,n and v̄w,e,s,n are diagonal matrices with the elements of uw,e,s,n and vw,e,s,n
respectively on the diagonals, it can be shown that the boundary terms entirely cancels
out (BT = 0). This provides a discrete energy estimate with similar properties to the
continuous.

3.6 Discrete pressure-Poisson

As previously mentioned, a common approach is to derive the Pressure-Poisson equation
in a continuous setting, discretize and solve numerically. However, an approach that
is more clearly correct in the discrete setting is to start with the discrete momentum
equations and derive an expression for the discrete pressure without having to introduce
unnecessary error due to the discretization. Note that the approach here is similar to
the one in [13] (although here it is done discretely) where an advection-di�usion equation
for the divergence is derived. This equation then gives hints on what conditions should
be ful�lled to bind the energy of the divergence (or equivalently put, to prevent it from
growing). The idea is then to utilize these conditions to derive an equation for the pres-
sure while simultaneously ensuring that the divergence free condition is ful�lled.

Analogically to the continuous derivation, the �rst step is to multiply the discrete mo-
mentum equations, (29) and (30), by Dx and Dy respectively and adding them together.
We get

φt +
1

2
ūDxφ+

1

2
Dxūφ+

1

2
v̄Dyφ+

1

2
Dyv̄φ− µDLφ = −DLp+ F, (45)
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where φ = Dxu+Dyv denotes the discrete divergence and

F =
1

2

[
−DxDxūu−Dxv̄Dyu−DxDyv̄u+Dxv̄yu−DyūDxv

−DyDxūv +Dyūxv −DyDyv̄v + ūDxφ+Dxūφ+ v̄Dyφ+Dyv̄φ
]
.

(46)

Note here that multiple terms have been added and subtracted to F in order to obtain
the left-hand side in (45). In some sense we do not mind adding extra terms as long
as it provides us with a left-hand side that we can use to explore the behavior of the
divergence. Applying the energy method to (45), we get

∂

∂t
||φ||2H + 2µ||φ||2M = G+ φTH(−DLp+ F ) + (−DLp+ F )THφ. (47)

where G = Gw +Ge +Gs +Gn with boundary terms

Gw = φTwHuwφw − 2µφTwHSwφ,

Ge = −φTeHueφe + 2µφTeHSeφ,

Gs = φTsHvsφs − 2µφTsHSsφ,

Gn = −φTnHvnφn + 2µφTnHSnφ.

(48)

Integrating up to a arbitrary t = T we get

||φ||2H +2µ

∫ T

0

||φ||2M dt = ||φ0||2H +

∫ T

0

G+φTH(−DLp+F )+(−DLp+F )THφdt, (49)

where φ0 = Dxu0 +Dyv0 is the initial discrete divergence. If we can ensure that φ0 = 0,
G = 0 and −DLp + F = 0, the right hand side in (49) disappears and we see that the
discrete divergence has to be zero to retain the equality.

The divergence initial and boundary conditions φ0 = G = 0 are ful�lled by ensuring
that the initial velocity �eld is divergence free everywhere and that the velocities at the
boundaries are divergence free for all times, both of these conditions could be imple-
mented fairly easily with the projection method. The condition −DLp + F = 0 on the
other hand is ful�lled by moving the pressure term to the right-hand side and solving
the resulting PPE for the pressure. Using this we obtain an equation for the pressure
expressed in terms of the velocities while simultaneously ensuring that the discrete diver-
gence is zero.

To solve this PPE we use the same method as in [13] where the pressure boundary
conditions are injected strongly and the system is only solved for the inner points. To
obtain this, both sides of the PPE are multiplied by H̄ and the pressure boundary terms
(known data) can be extracted and moved to the other side. We get

(M̃⊗H̃+H̃⊗M̃)p̃ = ˜̄HF−[(M̃w⊗H̃)p̃w+(M̃e⊗H̃)p̃e+(H̃⊗M̃s)p̃s+(H̃⊗M̃n)p̃n
]
, (50)

where the tilde sign denotes the inner points and M̃w,s and M̃e,n are the �rst and last
columns of M respectively, excluding the �rst and last rows. As pointed out in [13],
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this leads to a system of equations where the left-hand side matrix is symmetric and
semi-positive de�nite. Consequently it can be solved e�ciently, in this thesis the LU-
factorization technique is utilized.

Remark: To obtain (45) it is required that the second derivative operator consists of
applying the �rst derivative twice, i.e. D2 = D1D1. This has a few drawbacks, see section
3.8 for an extended discussion on this.

Remark: Note that the SAT terms in (29) and (30) have been excluded in the derivation
of the discrete pressure-Poisson equation. This is motivated by the fact that we only solve
the Poisson equation for the inner points, while the majority of the SAT terms in�uence
is on the outermost boundary points. Furthermore, since the SAT terms contain pressure
terms, it is not obvious how to solve the PPE without introducing a temporal discrepancy
to the pressure. In this thesis we settled with simply removing the SAT terms which, as
far as we can tell, provided su�cient results.

Although this procedure presumably proves that the discrete divergence will be zero
at all time steps, it was found that this is not the case. Rather than remaining zero
down to machine precision it initially grows and levels o� at the value close to the di-
vergence of the exact solution (calculated using the �nite di�erence operators). Thus we
can see that it at least converges towards zero with the expected rate of convergence,
but is not entirely discretely divergence free. At the moment, the reasons for this are not
fully understood by the author. To obtain the goal of discretely divergence free solutions
regardless, the results presented in this thesis utilize the projection method to project
the divergence free condition in the whole domain at every time step. Of course, if we
know that the discrete divergence will be zero at all time steps, which we do due to the
projection, no analysis of the divergence equation is required. In this case, it is clearly
true that the left-hand side of (45) is zero and a PPE is acquired immediately. In fact,
a simpler left-hand side could be used since no speci�c form is required to facilitate the
energy method. This is a interesting topic for future research.

3.7 Projection method

Originally, the projection method used in this thesis was developed as a method of im-
posing boundary conditions, see [14]. Without going into too much detail on the method,
consider the following example: if the discretization of a desired condition on a solution
vector w can be written as

LTw = 0, (51)

then a projection operator P , satisfying LTPw = 0 for any w, is de�ned by

P = I − L(LTL)−1LT . (52)

where I is the identity matrix of appropriate size. For more details on the projection
method and requirements on P for stability, see [14]. In this thesis, we impose the
divergence free condition using the projection method. Discretely this implies that

Dxu+Dyv = 0, (53)
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where u, v are the discrete solution vectors of the velocity in x- and y-direction respec-
tively. Using the same notation as above, we get

LT =
[
Dx Dy

]
w =

[
u
v

]
. (54)

Then, a projection operator P can be constructed once and applied at each time step
ensuring that the numerical solution will be discretely divergence free. Note here that the
matrix LTL with L given by (54) is a singular matrix and thus an approximation of the
inverse has to be used to calculate P . In this thesis, the Moore-Penrose pseudoinverse
calculated using the singular-value-decomposition (SVD) technique is used.

3.8 Narrowing di�erence stencils

To derive the PPE discretely, it is required that the D2 operator in the momentum equa-
tions consist of applying the �rst derivative operator twice, i.e. D2 = D1D1. This causes
the inner stencil of the resulting D2 matrix to be unnecessarily wide, which brings with
it a set of problematic consequences. The main drawback is that the resulting system of
ODEs is inaccurate and can lead to odd-even decoupling of the highest frequency mode.
Another negative e�ect is the increased demand on computational resources, both storing
the di�erentiation operators and computing the derivatives becomes more expensive.

To minimize these issues, speci�c arti�cial dissipation can be added to the momentum
equations designed to cancel out the edge values of the inner stencils of the D2 operators.
This arti�cial dissipation consists of high order derivatives scaled to exactly cancel out
target values in the stencil. This technique of narrowing di�erence stencils by adding
speci�cally scaled higher order derivatives is not new, it is for example a powerful way of
deriving variable coe�cient second derivative operators, see [8]. In this thesis, we restrict
ourselves to constant coe�cient problems, but it is nevertheless a useful tool to construct
narrow D2 operators.

Initially, we note that using the de�nitions of the SBP operators (De�nitions 3.1 and
3.2), we get for D2 = D1D1 that

M = DT
1 HD1 and BS = BD1. (55)

A remainder R(p), consisting of higher order derivatives, can then be added to M to
ensure that the resultingD2 operator is minimally narrow. For internal orders of accuracy
p = 6, 8, the remainders R(p) are given by

R(6) =
1

80h
(D

(6)
4 )TD

(6)
4 +

1

600h
(D

(6)
5 )TD

(6)
5 +

1

3600h
(D

(6)
6 )TD

(6)
6 ,

R(8) =
1

350h
(D

(8)
5 )TD

(8)
5 +

1

2520h
(D

(8)
6 )TD

(8)
6 +

1

14700h
(D

(8)
7 )TD

(8)
7

+
1

78400h
(D

(8)
8 )TD

(8)
8 .

(56)

Here the internal schemes in D
(p)
i approximates the ith derivative with order of accuracy

p. In [8, 7] these operators are closed at the boundaries with suitable one-sided stencils.

18



However, it can be shown (study not included here) that closing the boundary points
with zeros yields a system of ODEs with smaller eigenvalues, thus more e�cient. For this
reason, the operators in this thesis is closed with zeros at the boundaries. With these
operators, a minimally narrow second-derivative operator D̃

(p)
2 of order p is given by

D̃
(p)
2 = D

(p)
2 −H−1R(p) = H−1(−M̃ (p) +BD

(p)
1 ), (57)

where M̃ (p) = (D
(p)
1 )THD

(p)
1 +R(p). Important to note here is that R(p) is positive de�nite,

thus not destroying the dissipative property of the D2 operator.

Remark: Note that the remainders R(p) can be made more or less narrow by including
or excluding derivatives in (56), the equations in (56) are those that yields maximally
narrow D2 operators. The trade o� is more dissipation of the highest frequency mode
versus a more stable numerical scheme. In this thesis, we found that excluding the terms
corresponding to the lowest order derivatives in (56) was the most stable approach. As
a consequence the D2 operators used in the numerical experiments has two additional
points (one on each side) in the inner stencils, as compared to the minimally narrow
option.

Remark: When utilizing this speci�c arti�cial dissipation to make the D2 operators
narrower in the momentum equation, the derivation of a consistent PPE is more in-
volved. Designing the divergence equation such that the discrete Laplacian operator also
consist of these narrow D2 operators are clearly preferable as well, as it provides addi-
tional dissipation to the discrete divergence. In essence, the derivation consists of adding
and subtracting the terms that are needed and moving the left over terms into F (the
right-hand side of the modi�ed PPE).

4 Numerical experiments

The numerical testing of the methods developed in this thesis is done on three di�erent
problems. First, the Taylor-Green vortex �ow is solved and (since an analytical solution
is known) the accuracy and convergence of the approximation is measured. Secondly, the
lid-driven cavity problem is solved and compared to well-known benchmarks. Thirdly, to
apply the method to a larger problem and also to evaluate the interface coupling, �ow
over a backwards-facing step is solved. Emphasize is put on the �rst problem since it
allows us to evaluate the accuracy precisely.

Due to limitation on computational resources we limit ourselves to only consider laminar
�ow, i.e. low Reynold's numbers, since otherwise too well re�ned domains in both space
and time would be required. As previously mentioned, we use the classical 4th order
Runge-Kutta method to time step the momentum equations with time interval given by
∆t = kµh2 where h is the minimum spatial interval in the domain and k is a constant
chosen to yield the temporal error small in comparison to the spatial error (otherwise it
is impossible to measure the spatial convergence).
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4.1 Taylor-Green vortex �ow

The analytical solution to the Taylor-Green vortex �ow in two dimensions is given by

u(x, y, t) = −cos(α) sin(β) exp(−2π2µt) + u∞cos(θ),

v(x, y, t) = sin(α) cos(β) exp(−2π2µt) + u∞sin(θ),

p(x, y, t) = −1

4
(cos(2α) + cos(2β)) exp(−4π2µt),

α = π(x− x0 − u∞cos(θ)t), β = π(y − y0 − u∞sin(θ)t),

(58)

where µ is the reciprocal of the Reynold's number, (x0, y0) is the starting coordinates
of the vortices, θ is the angle at which they are moving and u∞ is their speed (non-
directional free-stream velocity).

All initial and boundary data are given by the analytical solution (58) (in these mea-
surements we include analytical pressure data on the boundaries). The domain is a
square with equal number of points, m, in each dimension (m2 total points). The error of
the approximations are measured as the discrete L2-norm, given by (28), of the di�erence
between approximation and analytical solution, denoted by ε(u,v,p). An estimate of the
convergence rate using two di�erent measurements can then be calculated as

q(u,v,p) =
log(

||ε(u,v,p)1 ||H
||ε(u,v,p)2 ||H

)

log(m1

m2
)

. (59)

In these results we use model parameters T = 1, µ = 0.01 (Re = 100), u∞ = 1,
(x0, y0) = (0, 0) and β = 0 on a domain given on the intervals [−1, 1]× [−1, 1].

In Tables 1 - 4 the error and convergence for characteristic boundary conditions are pre-
sented along with the discrete divergence calculated as Dxu+Dyv. The tables compare
the 8th and 6th order ordinary operators against the corresponding boundary optimized
operators. The results suggest that order of convergence for this method is two orders
lower than the accuracy of the inner di�erentiation stencils. While this is worse than ex-
pected in some sense, for purely hyperbolic problems we would expect a global accuracy
of one order lower than the inner stencils according to [17], the errors are very small.
Also note that in all cases the discrete divergence is zero (close to machine precision).
The bene�ts of the optimized operators are conveniently presented in a runtime-e�ciency
graph where the L2-error versus calculation runtime is plotted. In Figure 2 this plot is
shown for characteristic boundary conditions for 8th and 6th order ordinary and opti-
mized SBP operators. The plots also include the results for a 2nd order ordinary SBP
operators, this is meant to correspond to common low-order accurate incompressible �ow
solvers. This shows that if a small error is sought after, the only feasible option is to use
high-order accurate methods and that for a given error, the optimized operators are far
more e�cient than the ordinary.

The corresponding results for Dirichlet boundary conditions are presented in Appendix
A.1. The trends in the results are very similar although the errors are almost always
larger for the Dirichlet boundary conditions. This is easily understood by the bene�t of
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dissipation on the boundaries inherent to characteristic boundary conditions, see (43),
whereas the Dirichlet conditions are completely conservative on the boundaries.

Table 1: Errors of optimized 8th order SBP operators measured at t = 1 with time step constant

k = 25 and characteristic boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -5.75 - -5.77 - -5.55 - -14.37
51 -7.32 -7.29 -7.32 -7.19 -6.91 -6.26 -14.16
71 -8.21 -6.16 -8.26 -6.54 -7.80 -6.23 -14.03
91 -8.85 -5.96 -8.93 -6.16 -8.47 -6.21 -13.94
111 -9.37 -6.00 -9.45 -6.04 -9.00 -6.18 -13.84
131 -9.80 -6.06 -9.88 -6.02 -9.45 -6.16 -13.78

Table 2: Errors of optimized 6th order SBP operators measured at t = 1 with time step constant

k = 50 and characteristic boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -4.65 - -4.69 - -4.63 - -14.41
51 -5.85 -5.51 -5.86 -5.42 -5.50 -4.01 -14.21
71 -6.54 -4.82 -6.55 -4.77 -6.07 -3.97 -14.06
91 -7.02 -4.44 -7.02 -4.41 -6.49 -3.93 -13.98
111 -7.39 -4.28 -7.39 -4.25 -6.83 -3.87 -13.89
131 -7.69 -4.19 -7.69 -4.18 -7.10 -3.80 -13.81

Table 3: Errors of ordinary 8th order SBP operators measured at t = 1 with time step constant

k = 100 and characteristic boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -3.36 - -3.16 - -2.92 - -14.47
51 -4.53 -5.37 -4.45 -5.99 -4.09 -5.40 -14.24
71 -5.35 -5.73 -5.35 -6.21 -4.79 -4.88 -14.08
91 -5.99 -5.94 -6.00 -6.11 -5.30 -4.73 -13.98
111 -6.50 -5.92 -6.52 -6.01 -5.71 -4.71 -13.88
131 -6.92 -5.79 -6.94 -5.87 -6.04 -4.65 -13.81
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Table 4: Errors of ordinary 6th order SBP operators measured at t = 1 with time step constant

k = 100 and characteristic boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -3.10 - -3.10 - -2.89 - -14.45
51 -4.14 -4.83 -4.13 -4.78 -3.78 -4.13 -14.26
71 -4.81 -4.64 -4.80 -4.62 -4.40 -4.30 -14.11
91 -5.28 -4.42 -5.27 -4.41 -4.86 -4.31 -14.00
111 -5.65 -4.21 -5.63 -4.20 -5.24 -4.29 -13.91
131 -5.94 -4.03 -5.92 -4.01 -5.54 -4.26 -13.83

Figure 2: Error versus runtime for ordinary and optimized 6th and 8th order SBP operators for

the Taylor-Green vortices problem. For comparison the results for 2nd order ordinary operators

are included, this should roughly correspond to the performance of common low-order accurate

methods.

4.2 Lid-driven cavity

The lid-driven cavity problem is a very common benchmark problem for incompressible
�ow solvers, mostly due to it's simplicity. The problem setup is a square domain with
walls at each boundary where the top wall is moving at a constant tangential velocity, see
Figure 3. Although the lid-driven cavity problem is common, an obvious issue is the phys-
ical singularities in each of the top corners. Typically, this gives rise to oscillations that
may cause the solutions to be non-physical or, in the worst case scenario, unstable. Often
these problems can be recti�ed by the addition of arti�cial dissipation, however this poses
a question in how much dissipation should be added. Too much dissipation will dampen
out many of the interesting e�ects in the solution, for example turbulence, while too
little dissipation will provide a solution tainted by numerical oscillations. The problem of
singularities in the corners can be avoided altogether by modifying the tangential velocity
at the top boundary so that the velocity at the corners are zero (typically a quadratic
function of x). Clearly, this removes the physical interpretation of a wall moving at a
constant velocity, in this case some parts of the wall would be moving faster than others,
but the numerical issues are avoided. In this thesis we solve the classic lid-driven cavity
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Figure 3: Boundary conditions for the lid-driven cavity problem.

problem with a constant velocity of 1 at the top boundary, including arti�cial dissipation
tuned by examination to provide a solution with su�ciently small oscillations. Another
challenge this problem poses is the choice of initial condition. Clearly, one wishes to
impose initial conditions that are commensurate with the boundary conditions, i.e. the
boundary conditions should hold for t = 0. A naive approach would be to set the ini-
tial data to zero in the inner domain and impose the boundary data on the boundaries.
However, this would introduce a signi�cant discontinuity between the boundary points
and the inner points, likely causing an unstable solution. Instead, in this thesis, we start
with zero initial data in the whole domain and introduce the boundary conditions slowly,
in some sense making the boundary data time dependent. The scaling here is chosen as
a hyperbolic tangent function so that approximately u = 0 holds at t = 0 and u = 1 at
t = 2 at the northern boundary. This way, any discontinuities introduced is small enough
to be negated by the dissipative properties of the system.

The system is simulated until the steady-state is approximately reached, chosen when
the L2-norm of the di�erence between to consecutive time steps are less than dt · 10−3

(scaled by dt to accommodate for the fact that we have smaller time steps for denser
grids). All simulations here are done using the 8th order optimized SBP operators. In
Figures 4, 5 and 6 the velocities for m = 31, 71, 111 with µ = 0.01 is plotted as stream-
lines and magnitudes. The primary vortex close to the center is clearly visible and more
re�ned for denser grids. However, the secondary vortices that typically appears in the
corners are not visible. The reasons for this are currently unknown. One explanation
could be that grid is not re�ned enough, that these secondary vortices are too small to
be resolved, but more likely is that there is some error introduced by either the pressure
boundary conditions or the projection of the divergence free condition. In future work
one should also consider potential problems introduced by the fact that the boundary
conditions are not exactly ful�lled, perhaps this is required to trigger certain e�ects close
to the boundaries. In this thesis, since a lot of emphasis is put on the newly developed
Dirichlet boundary conditions, an investigation on how well our boundary conditions
model a wall (in terms of how close the velocities are to zero) is also included. In Table 5
the L2-norm of the velocities on the southern boundary (using one-dimensional norm op-
erator) is shown for increasingly re�ned grids. The southern boundary is chosen since the
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Figure 4: Velocities of solution to lid-driven cavity problem with m = 31 and µ = 0.01 at

t = 8.97.

Figure 5: Velocities of solution to lid-driven cavity problem with m = 71 and µ = 0.01 at

t = 9.25.

Figure 6: Velocities of solution to lid-driven cavity problem with m = 111 and µ = 0.01 at

t = 9.32.
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other boundaries' accuracies is contaminated by the discontinuity in the upper corners.
The results show that tangential and normal velocities approach zero with second and
�rst order convergence respectively. Interestingly, the fact that these velocities are not
very small in comparison and that the convergence rates are fairly low could be further
reasons for the lack of secondary vortices in the solutions.

Table 5: L2-norm and convergence towards zero of southern boundary velocities for the lid-driven

cavity problem.

m log(||us||H) q(us) log(||vs||H) q(vs)

31 -3.43 - -2.63 -
51 -3.85 -1.93 -2.93 -1.38
71 -4.13 -1.92 -3.10 -1.19
91 -4.33 -1.93 -3.22 -1.12
111 -4.50 -1.93 -3.32 -1.09

4.3 Backward-facing step

The backward-facing step problem is another interesting and common benchmark prob-
lem in the CFD community. The setup consist of a fully developed �ow in a pipe even-
tually encountering a 90 degree drop where the height of the pipe suddenly increases (a
step), see Figure 7 for an illustration. The dimensions of the domain are given by h = 2,
S = 1, Lx1 = 4 and Lx2 = 8. To model this problem using �nite di�erences, the domain is
split into three blocks where each block is connected by characteristic interface conditions
(the ingoing characteristic is speci�ed as the outgoing characteristic of the neighboring
block). The velocity pro�le of fully developed laminar �ow in a pipe can be shown to be
a quadratic function given by

g(u) = Vmax(1−
r2

R2
), (60)

where R is the radius of the pipe and Vmax is the center velocity. Note that the �ow in
a pipe will eventually approach this pro�le even if it begins di�erently, however, by im-
posing (60) as a boundary condition allows us to use a smaller domain while still having
a fully developed �ow at the step. Similarly to the lid-driven cavity problem, the evalu-
ation here is done manual inspection of the solution in comparison to known benchmark
solutions. For this problem, there exists results from physical experiments that are often
used as benchmark solutions for numerical methods, see for example [1]. However, these
experiments often require domains that are very large in the x-direction in comparison
to the y-direction. Since the resolution in both directions should be similar, this puts
signi�cant demands on the computational resources, especially if stretched grids are not
utilized. For these reasons, we limit ourselves to solve a problem more manageable with
the current resources, and only consider the most fundamental results obtained by al-
most all simulations of this problem. In particular we look at the prevalence of a vortex
downstream of the step and the development of velocity pro�les for varying x points.
For further evaluation of the method, larger simulations of problems where experimental
data can be used for comparison should be done.
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Figure 7: Domain and boundary conditions for the backward-facing step problem. The western

boundary condition is given by (60) and the eastern boundary condition consist of setting the

ingoing characteristics to zero. The interface conditions between block 1,2 and 3 are given by

specifying the ingoing characteristics as the outgoing characteristic of the neighboring block. Note

that the �gure is not according to scale.

For these simulations once again the 8th order optimized SBP operators are used where
the �rst block is discretized with [105, 42] points, the second block with [210, 42] points
and the third block with [210, 21] points in the x- and y-directions respectively. The sys-
tem is simulated until a steady-state is reached, estimated identically as for the lid-driven
cavity problem, with a time step constant k = 4, for this simulation this was reached at
t = 60. In Figure 8, the results for the backward-facing step simulation is shown as a
plot of velocity magnitude, streamlines and velocity pro�le plots. The streamlines clearly
show a vortex downstream of the step that extends fairly long before the �ow eventually
approaches that of a fully developed pipe �ow. At �rst glance the streamlines seems
to suggest that both the normal and tangential velocities at the wall boundaries is quite
high, but studying the magnitude plot shows that these are small in comparison to the ve-
locities in the rest of the domain. The velocity pro�les clearly shows the quadratic shape
of the pipe �ow at the in�ow, the disruption of the step and the tendency to approach a
quadratic shape for increasing x. However, as is indicated by the large magnitude of the
velocity at the right boundary, there is a numerical error likely caused by the inaccuracy
of the imposed boundary condition there. To mitigate these errors, and thus achieve a
more accurate solution in the domain of interest, one should increase the length of the
domain downstream of the step. Hopefully, this would also show that the downstream
�ow is quadratic su�ciently far from the step. As previously suggested though, due to
limited computational resources, we currently settle with showing that the fundamental
trends of physical simulations are resolved.
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Figure 8: Results of backward-facing step simulation using 8th order optimized SBP operators,

time step constant k = 4 with a total of 17640 points close to evenly distributed in the domain

(not exactly due to the non-equidistant grid). The results is shown when approximately a steady

state is reached, here at t = 60. The �rst plot shows the magnitude of the velocity �eld, the

second plot the streamlines with arrows showing the direction of the �ow and the third plot shows

the x-component of the velocity �eld as pro�les at varying x points. The dotted lines in the third

plot indicate a di�erence in velocity of one.

5 Conclusions

A high-order �nite di�erence method based on the SBP-SAT technique is developed and
implemented for the pressure-velocity formulation of the incompressible Navier-Stokes
equations. The method is derived for characteristic and Dirichlet boundary conditions
are derived and proven well-posed both in the continuous and semi-discrete setting. The
approximated solution is discretely divergence free by use of the projection method and
thus ensured well-posed.

The numerical method is evaluated on three benchmark problems: the Taylor-Green vor-
tex problem (with analytical solution), the lid-driven cavity problem and the backward-
facing step problem. The numerical measurements on the �rst problem show that accurate
and e�cient solutions is achieved if pressure boundary data is available. These simula-
tions include a comparison between standard and newly derived boundary optimized SBP
operators which clearly shows that the standard operators are far less e�cient for high-
order calculations. The more physical problems (the second and third benchmark tests)
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show that the method captures the most fundamental results but is unable to resolve
small scale e�ects such as corner eddies for the lid-driven cavity problem. The reasons
for this are currently unknown. Likely candidates are the relatively low spatial resolution
of the simulations, a subpar treatment of pressure boundary terms and the weak im-
position of velocity boundary conditions. These are all interesting extensions for future
research.
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A Appendix

A.1 Results - Dirichlet boundary conditions

Table 6: Errors of optimized 8th order SBP operators measured at t = 1 with time step constant

k = 25 and Dirichlet boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -5.68 - -5.72 - -5.54 - -14.36
51 -7.24 -7.23 -7.26 -7.12 -6.90 -6.29 -14.15
71 -8.12 -6.11 -8.18 -6.39 -7.80 -6.23 -14.03
91 -8.76 -5.90 -8.83 -6.02 -8.46 -6.20 -13.94
111 -9.27 -5.90 -9.34 -5.91 -9.00 -6.17 -13.85
131 -9.69 -5.93 -9.76 -5.90 -9.44 -6.15 -13.77

Table 7: Errors of optimized 6th order SBP operators measured at t = 1 with time step constant

k = 50 and Dirichlet boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -4.66 - -4.69 - -4.63 - -14.41
51 -5.83 -5.41 -5.85 -5.36 -5.50 -4.00 -14.20
71 -6.52 -4.76 -6.52 -4.71 -6.07 -3.97 -14.06
91 -6.99 -4.42 -7.00 -4.39 -6.49 -3.94 -13.96
111 -7.36 -4.27 -7.36 -4.27 -6.83 -3.88 -13.88
131 -7.66 -4.20 -7.67 -4.21 -7.10 -3.81 -13.81

Table 8: Errors of ordinary 8th order SBP operators measured at t = 1 with time step constant

k = 100 and Dirichlet boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -3.15 - -2.98 - -2.92 - -14.47
51 -4.33 -5.42 -4.29 -6.06 -4.07 -5.34 -14.23
71 -5.14 -5.66 -5.15 -6.04 -4.78 -4.90 -14.08
91 -5.76 -5.75 -5.78 -5.80 -5.30 -4.83 -13.98
111 -6.26 -5.76 -6.27 -5.67 -5.71 -4.81 -13.88
131 -6.67 -5.75 -6.67 -5.57 -6.05 -4.74 -13.80
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Table 9: Errors of ordinary 6th order SBP operators measured at t = 1 with time step constant

k = 100 and Dirichlet boundary conditions.

m log(||ε(u)||H) q(u) log(||ε(v)||H) q(v) log(||ε(p)||H) q(p) log(||div||H)

31 -3.07 - -3.05 - -2.87 - -14.48
51 -4.14 -4.94 -4.12 -4.94 -3.78 -4.25 -14.25
71 -4.82 -4.73 -4.80 -4.76 -4.40 -4.28 -14.09
91 -5.31 -4.52 -5.29 -4.55 -4.86 -4.29 -14.01
111 -5.68 -4.35 -5.67 -4.37 -5.23 -4.29 -13.91
131 -5.99 -4.22 -5.98 -4.25 -5.54 -4.27 -13.83
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