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Abstract
A basic assumption in fundamental physics is that equal amounts of
matter and antimatter were created after the Big Bang. When particles and antiparticles collide, they annihilate, i.e. disappear and produce
photons. Nevertheless, the universe consists mainly of matter today. To
explain why all matter did not disappear, violation of CP symmetry beyond the Standard Model is required. CP symmetry means that the laws
of physics are the same if particles are interchanged with antiparticles and
spatial coordinates of all particles are mirrored.
CP symmetry is relatively poorly tested in baryon decays. A new
method to study CP symmetry in hyperon-antihyperon pairs has been
developed at Uppsala University. Hyperons are baryons with one or more
strange quarks. The method allows determining the decay asymmetry
parameters of the hyperon and antihyperon separately if the hyperonantihyperon pair is polarized. If any significant difference between the
magnitudes of these parameters is found, the process is CP violating.
The particle physics experiment BESIII in China is a suitable experiment
to conduct this kind of measurements because it is a high precision experiment and has collected large data samples of hyperon-antihyperon pairs.
The goal of this project was to study statistical precisions of the physics
parameters that can be obtained with the new method in cases of J/ψ
meson decaying into ΛΛ̄, Σ+ Σ̄− and Σ0 Σ̄0 . High statistical precision is
required to detect CP violation, because CP violating processes are, if
they exist, expected to be rare. The main focus was to study the process
e+ e− → J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ.
In this process, CP symmetry can be tested in two decay processes: electromagnetic decay Σ0 → Λγ and weak decay Λ → pπ − . Only the asymmetry parameter of Λ → pπ − was studied. The study served as a validity
check of the new method and ongoing analyses at BESIII.
The statistical precision was studied by simulations: Monte Carlo data
samples were created and then a maximum-log-likelihood fit was applied
to the samples.
An important component when determining the asymmetry parameters turned out to be the relative phase ∆φJ/ψ . The relative phase is one
of the parameters used for determining the relation between the electric
and magnetic form factors. ∆φJ/ψ is also related to the polarization of the
hyperon-antihyperon pair. The study showed that the value of ∆φJ/ψ has
a large impact on the uncertainties of the hyperon and antihyperon asymmetry parameters. A low value of ∆φJ/ψ resulted in high uncertainties
and strong correlations between the asymmetry parameters.
The formalism is different for different processes, which affects the
uncertainties as well. The formalism used for the Σ0 Σ̄0 process gives
poorer parameter precision of the asymmetry parameter related to the
Λ → pπ − decay than the formalism used for the ΛΛ̄ process. Therefore,
the ΛΛ̄ process is a much more suitable process for CP studies of the
Λ → pπ − decay.
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Sammanfattning
Ett grundantagande inom den fundamentala fysiken är att lika stora mängder av materia och antimateria skapades efter Big Bang. När
partiklar och antipartiklar kolliderar, annihilerar de, dvs försvinner och
producerar fotoner. Trots detta består dagens universum huvudsakligen
av materia. För att förklara varför all materia inte försvann krävs ett brott
mot CP-symmetrin bakom standardmodellen. CP-symmetrin innebär att
fysikens lagar är desamma om man byter partiklar mot antipartiklar och
speglar partikelns rumsliga koordinater.
CP-symmetri i baryonsönderfall är relativt dåligt testad. En ny metod för att studera CP-symmetrin har utvecklats vid Uppsala universitet för hyperon-antihyperon par. Hyperoner är baryoner med en eller
fler särkvarkar. Metoden gör det möjligt att bestämma asymmetriparametrar hos hyperon- och antihyperonsönderfall separat om hyperonantihyperonparet är polariserat. Om en signifikant skillnad mellan värden
av dessa parametrar upptäcks, är processen CP-brytande. Partikelfysikexperimentet BESIII i Kina är ett lämpligt experiment för sådana här
mätningar eftersom det är ett högpresicionsexperiment och har dessutom
samlat in stora mängder data av hyperon-antihyperonpar.
Målet för detta projekt har varit att studera de statistiska precisioner
av fysikparametrar som kan nås när man använder den nya metoden i de
fall där J/ψ mesonen sönderfaller till ΛΛ̄, Σ+ Σ̄− och Σ0 Σ̄0 . Hög statistisk
precision behövs för att upptäcka CP-brott, eftersom CP-brytande processer, om de existerar, är relativt sällsynta. Huvudfokuset var att studera
processen
e+ e− → J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ.
I denna process kan CP-symmetri testas för två sönderfallsprocesser: det
elektromagnetiska sönderfallet Σ0 → Λγ och det svaga sönderfallet Λ →
pπ − . I denna rapport studerades bara asymmetriparametrarna av Λ →
pπ − . Detta arbete har fungerat som validitetskontroll av den nya metoden
och pågående analyser på BESIII.
Den statistiska precisionen undersöktes med simuleringar: Monte Carlo
datamängder skapades och sedan en maximum-log-likelihood-anpassning
av datan genomfördes.
En viktig komponent i bestämningen av asymmetriparametrarna visade sig vara den relativa fasen, ∆φJ/ψ . Den relativa fasen är en av de
parametrar som används för att bestämma relationen mellan de elektriska och magnetiska formfaktorer. ∆φJ/ψ är också relaterad till hyperonens
hyperon-antihyperonparets polarisation. I forskningsprojektet visades att
∆φJ/ψ har en stor inverkan på osäkerheterna av hyperon- och antihyperonasymmetriparametrarna. Ett lågt värde av ∆φJ/ψ resulterade i stora
osäkerheter och starka korrelationer mellan asymmetriparametrarna.
Formalismen är annorlunda för olika processer, vilket också påverkar
osäkerheterna. Formalismen som används för Σ0 Σ̄0 -processen ger sämre
parameterprecision av asymmetriparametern kopplad till sönderfallet Λ →
pπ − än formalismen som används för ΛΛ̄-processen. Därför är ΛΛ̄-processen
en mycket lämpligare process för att testa CP-symmetrin i Λ → pπ − sönderfallet.
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1

Introduction

Equal amounts of matter and antimatter were created in the Big Bang. As
particles and antiparticles interact, they annihilate producing pure energy. If
the laws of physics had been the same for matter and antimatter, particles and
antiparticles would have annihilated in pairs, producing two photons, eventually
never to appear again. However, about one particle per billion particles in the
early universe survived and became the constituents of the universe we see today.
Physicists still do not have an explanation for this [1].
CP violation is a condition required to explain the matter-antimatter asymmetry. C stands for charge conjugation, interchange of particles with antiparticles, and P for parity, which mirrors all spatial coordinates of a particle. The
product of these two symmetries, CP, is conserved to a high level of accuracy.
CP conservation means that the laws of physics are the same for particles and
antiparticles; for example reactions where particles and antiparticles are interchanged have equal reaction rates and angular distributions.
Small violations of CP symmetry have been observed, and they have been
incorporated into the Standard Model of particle physics. However, this CP
violation is not large enough to explain the full matter-antimatter asymmetry
observed in the universe. Therefore, more research is needed to find if other CP
violating sources beyond the Standard Model exist. Almost all sources of CP
violation discovered until now have been in meson decays whereas the baryon
sector has been poorly studied.
A new method to measure CP violation in hyperon-antihyperon pairs has
been proposed at Uppsala University [2, 3]. Hyperons are particles that consist
of three quarks, one or more of which are strange quarks. By measuring the
angular distributions of the hyperon and antihyperon decay products in twobody decays, the physics parameters related to the decay can be determined.
The asymmetry parameters of the hyperon and antihyperon can be used to
test CP symmetry by comparing their magnitudes. If a difference in these
parameters is found, the decay process is CP violating.
With earlier methods, it was not possible to determine the hyperon and antihyperon decay parameters simultaneously. However, using the new formalism
developed in Uppsala, the parameters appear separately in different terms and
can thus be measured simultaneously. These parameters can be used to test CP
symmetry in hyperon-antihyperon pairs produced at the Beijing Spectrometer
III (BESIII).
This thesis focuses on the specific production and decay processes
e+ e− → J/ψ → ΛΛ̄ → pπ − p̄π + ,

(1)

e+ e− → J/ψ → Σ+ Σ̄− → pπ 0 p̄π 0 → pγγ p̄γγ

(2)

e+ e− → J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ.

(3)

and
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The aim is to find out which statistical precision of the decay parameters
can be expected while studying the processes in the BESIII experiment. CP
violating processes are rare, so studying them requires high statistics. High
parameter precision gives high sensitivity to detect CP violation.
The decay parameters of the process (1) have already been measured using
the new formalism at BESIII [4]. There are no published experimental results
on the processes (2) and (3) with the new formalism. Calculations of process (3)
assuming only Standard Model contributions to CP violation have been done
at Uppsala University [5]. Since the method is new and can be applied to many
different hyperon-antihyperon processes, more analysis needs to be done to test
its validity, find out what precision can be expected and what kind of processes
should be studied.
A survey of the research field is given in the second chapter, beginning from
the introduction of the Standard Model and continuing to CP violation and
how hyperon decays can be used to test CP symmetry. After covering the
background, the specific scientific questions for the thesis can be stated. Then,
parameter estimation concepts and the formalism used in the simulations and
analysis are reviewed in chapters 4 and 5. The BESIII experiment is introduced
in chapter 6, and simulation methods in chapter 7. Chapter 8 covers the analysis
and results of this work in detail, divided into subsections after the processes
studied. The results are discussed in chapter 9. Finally, conclusions and outlook
are given at the end of the report.

2
2.1

Survey of the field
Standard Model

The Standard Model of Particle Physics is the theory describing fundamental
particles and interactions. It got its current form in the 1960’s and 1970’s, and
the name ”Standard Model” was first introduced by Abraham Pais and Sam
Treiman in 1975 [6]. The Standard Model is compactly presented in Figure 1.
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Figure 1: The Standard Model of particle physics [7].
The Standard Model describes three of the four known fundamental interactions: strong, electromagnetic and weak interactions. Gravity is not explained
by the Standard Model, but is generally not relevant at the energy scales of
particle physics. All the interactions are mediated by bosons that carry spin
1. The strong interaction is mediated by the eight gluons, the electromagnetic
interaction by the photon and the weak interaction by the W ± and Z 0 bosons.
According to the Standard Model, matter is made of twelve spin 1/2 particles called fermions. Every fermion has an antifermion with equal mass and
opposite parity and additive quantum numbers, such as baryon number and
electric charge.
Six of the fermions in the Standard Model are quarks, i.e. particles with
electric charge of either +2/3 e or −1/3 e, where e is the charge of the electron.
They interact strongly forming hadrons such as protons and neutrons. The
quarks are divided into three generations. Every generation has one +2/3 e
charged quark (u, c, t) and one −1/3 e charged quark (d, s, b).
There are also six leptons divided into three generations. Every generation has one −1 e charged lepton (e, µ, τ ) and one electrically neutral neutrino
(νe , νµ , ντ ).
So far, the Standard Model seems to be self-consistent and has given amazingly precise experimental predictions. Nevertheless, many problems in particle
physics, such as the matter-antimatter asymmetry, remain unsolved.
6

2.2

Discrete symmetries in the Standard Model

In Particle Physics, symmetries and invariant properties in interactions have
been proven important and helpful in order to understand nature. The Hamiltonian of a system, i.e. the total energy of the system at given position and
momentum coordinates, is unchanged under a symmetry transformation. This
gives rise to a conservation law. Conservation laws can be used in order to
determine the initial state of the system when only information about the final
state is available, which is often the case for a particle physics experiment.
There exist both continuous and discrete symmetries. Translational and
rotational symmetries are examples of continuous symmetries, and they give rise
to the conservation of linear and angular momentum, respectively. There are
three discrete symmetries in the Standard Model: charge conjugation, parity
and time reversal. All of them are conserved in strong and electromagnetic
interactions and violated in weak interactions. The Standard Model predicts
that all physical processes are invariant under CPT, the combination of these
three symmetries.
Charge conjugation (C) transformation transforms a particle into its antiparticle, i.e. reverses the sign of its charge and magnetic moment. In Dirac
notation,
Ĉ|aψ >= Ca |āψ >,
(4)
where a is an arbitrary particle with corresponding antiparticle ā. The wave
function and phase factor of a are denoted by ψ and Ca , respectively. Ca is also
called the intrinsic charge parity. Since applying Ĉ twice gives back the original
particle,
Ĉ 2 |aψ >= |aψ > and Ca = ±1.
(5)
Particles that are their own antiparticles, for example γ and π 0 , are eigenstates
of the C-operator and have well-defined intrinsic charge parity. Other eigenstates can be constructed of particle-antiparticle pairs:
Ĉ|aψ1 āψ2 >= ±|āψ1 aψ2 >,

(6)

where the sign of C parity depends on whether the state is symmetric or
antisymmetric under the C-transformation.
Parity (P) transformation flips the sign of all the spatial coordinates of a
particle. For a single particle,
P̂ |ψ(~r, t) >= Pa |ψ(−~r, t) >,

(7)

where ψ is a wave function that depends on the position ~r and time t and Pa
is a phase factor, also called the intrinsic parity. Since applying P̂ twice gives
back the original wave function, Pa must be either 1 or -1. Pa is defined for
particles at rest.
Time reversal (T) transformation reverses the direction of time. Unlike the
Ĉ and P̂ operators, T̂ does not have a corresponding physical observable since
it is not linear and hermitian. However, T symmetry implies that the reaction
rates of time reversed strong or electromagnetic reactions must be equal [8].
7

2.3

CP violation and matter-antimatter asymmetry

The C and P symmetries can be violated in weak interactions. However, their
product, CP, is conserved in most known processes. In leptonic interactions,
the CP conservation is exact according to the current knowledge. In weak interactions including quarks, CP violation is allowed within the Standard Model,
but only to a very small extent, which means that CP conservation is a good
approximation. CP conservation predicts that particles and antiparticles have
equal masses, life times and decay patterns, as has been observed to a high
degree in nature.
The Standard Model explains the CP violation occurring in the nature by
the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing [9]. The CKM quark
mixing matrix elements tell how strongly the W-boson couples to different quark
pairs. The coupling strengths depend on three mixing angles and one complex
CP violating phase.
CP violation has been observed in weak decays of bottom, strange and
charmed mesons [10, 11, 12, 13, 14]. The baryon sector is less explored than the
meson sector. The only evidence for CP violation so far in the baryon sector has
been decays of Λb baryons at LHCb [15]. The CKM mixing explains successfully
all CP violation observed so far.
However, the CP violation in the Standard Model is not enough to explain
the full matter-antimatter asymmetry in the universe. According to today’s
scientific paradigm, equal amounts of matter and antimatter should have been
produced in the Big Bang. This means that the baryons and antibaryons would
have annihilated with each other and be produced from pairs of photons at equal
rates. As the universe expanded, the temperature dropped and below a certain
limit, the photons would have no longer had enough energy to produce protonantiproton pairs. Then the protons and antiprotons would have annihilated
until their densities would have been so low that they would have been really
B
unlikely to meet. Finally, the ratios of (anti)baryons to photons N
Nγ , would
−18
have stabilized to O(10 ) with equal amounts of baryons and antibaryons.
−9
B
B̄
Nevertheless, the observed ratios in the universe are N
and N
Nγ ≈ 10
Nγ ≈
−4
B̄
10−13 , so N
, where NB , NB̄ and Nγ are the numbers of baryons,
NB ≈ 10
antibaryons and photons, respectively. Thus, the enrichment of matter with
respect to antimatter seems to be of dynamical origin. This is generally referred
to as Baryogenesis [8].
Baryogenesis requires that the so-called Sakharov conditions are fulfilled [16]:
1. Baryon number violation
2. C and CP violating interactions
3. Non-equilibrium situation
According to current cosmological theories, the electromagnetic and weak
interactions were unified in the early, very hot universe. When the temperature fell below the scale of this electroweak unification, the universe underwent
a phase transition to a state where electromagnetic and weak interactions are
separated. During this transition, all the Sakharov conditions were fulfilled: the
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universe was in a non-equilibrium state, baryon numbers were violated and CP
symmetry was broken. The Standard Model has the ingredients for the phase
transition from the electroweak unification to electroweak symmetry breaking.
However, the ingredients seem to be too weak to fully explain the matter antimatter asymmetry. Especially, the CKM mixing seems to be insufficient to
explain the CP violation required for this theory to hold [17].
The strongest candidates for explanations on CP violation beyond the Standard Model are supersymmetric theories. According to supersymmetric theories, every fermion has a supersymmetric integer spin partner, sfermion, and
every boson has a supersymmetric half-integer spin partner, bosino. Since the
supersymmetric theories have many new, not yet discovered particles, there are
also many nonmeasured mixing angles and CP violating phases. The additional
CP violating phases could be a source of a larger CP violation than predicted
by the CKM mixing mechanism in the Standard Model [8].

2.4

Hyperon properties

The three processes studied and given in (1), (2) and (3) involve the particles
J/ψ, Σ0 , Σ+ and Λ and their corresponding antiparticles. The main properties
of these particles are listed in Table 1.
J/ψ is a resonance, i.e. a particle with lifetime shorter than 10−23 s. Resonances appear as a narrow peak in the energy spectrum of a collider experiment
[18]. J/ψ can be produced in electron-positron collisions with center-of-mass energy higher than its mass. J/ψ has several different decay modes, and its branching ratios to Σ0 Σ̄0 , Σ+ Σ̄− and ΛΛ̄ are (1.29 ± 0.09) ∗ 10−3 , (1.50 ± 0.24) ∗ 10−3
and (1.61 ± 0.15) ∗ 10−3 , respectively [19].
Σ0 is a hyperon, which stands for a baryon with one or more strange quarks.
Its quark contents are uds, so the quark contents of its antiparticle, Σ̄0 , are
¯ Σ0 is a member of an isospin multiplet with I = 1 together with Σ+
ūds̄.
(uus) and Σ− (dds). Isospin I is a quantum number analogous to spin. Isospin
multiplets are families of particles with almost equal masses but different electric
charges. They are obtained by interchanging u and d quarks, and have the same
spin, parity and strange, charm and bottom quantum numbers [8]. Σ0 decays
electromagnetically to Λγ in ∼ 100% of cases [19].
Σ+ is a hyperon with antiparticle Σ̄− . The main decay modes of Σ+ are
Σ+ → pπ 0 with branching ratio (51.57 ± 0.30) % and Σ+ → nπ + with branching
ratio (48.31 ± 0.30) % [19]. This report only considers the former decay mode.
Λ and Λ̄ have the same quark contents as Σ0 and Σ̄0 , but differ by isospin
and mass. Λ is an isospin singlet with I = 0. The Λ hyperon decays into pπ −
with a fraction of (63.9 ± 0.5) % and into nπ 0 with a fraction of (35.8 ± 0.5) %
[19]. In this report, mainly the former decay mode is considered. Σ̄0 , Σ̄− and
Λ̄ decay to the antiparticles of Σ0 , Σ+ and Λ decay products.
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Table 1: Particle properties [19]
Particle
Quark content
Mass (MeV)
Mean life (s)
Decay modes

J/ψ
cc̄
3096.916
7.08 ∗ 10−21
187 decay modes

Σ0
uds
1192.642
7.4 ∗ 10−20
Λγ(100%)

Σ+
uus
1189.37
0.8018*10−10
0
pπ (52%), nπ + (48%)

Λ
uds
1115.683
2.632 ∗ 10−10
pπ − (64%), nπ 0 (36%)

A data sample of 1.31 ∗ 109 J/ψ events (counting all different decay modes)
was collected at BESIII during 2009 and 2012, and is available and calibrated.
At late 2017, a new experimental campaign was began and in February 2019,
the number of collected J/ψ events was increased to 1010 . This made BESIII
the record holder over the largest data sample produced from electron-positron
collisions [20].

2.5

Asymmetry parameters in hyperon decays

Angular distributions of hyperon decay products are described by the asymmetry parameter αY , where Y stands for hyperon. For example, the angular distribution of the protons from the Λ → pπ − decay is proportional to 1 + αΛ P̄Λ · n̂
where αΛ is the asymmetry parameter of the Λ → pπ − decay, P̄Λ is the polarization of the Λ hyperon and n̂ is the unit vector of the proton momentum in
the Λ rest frame [4].
The asymmetry parameter is a measure of the relation between parityconserving and parity-violating amplitudes in a hyperon two body decay [4]. A
non-zero asymmetry parameter implies that the decay is parity violating. Under
the current knowledge, the asymmetry parameter is a CP-odd eigenvalue, that
is, αY = −αȲ where αȲ is the asymmetry parameter of the antihyperon. The
CP operator changes a particle into its antiparticle and mirrors its coordinates
with respect to the origin, hence the minus sign.
CP violation in weak hyperon decay processes can be studied by measuring
the observable
ACP,Y =

αY + αȲ
.
αY − αȲ

(8)

Thus, if CP symmetry holds, then ACP,Y = 0. Correspondingly, if there is
any significant difference between the parameter values of αY and αȲ , then the
decay process is CP violating [21].
In electromagnetic hyperon decay processes, CP violation is studied by measuring the observable
ACP,Y = αY + αȲ ,

(9)

which also vanishes if the CP symmetry holds.
In the Σ0 → Λγ and Λ → pπ − decays, the Standard Model contributions
to CP violation are small. CP violation in the Σ0 → Λγ decay would be a sign
10

of strong CP violation that has never been observed, and therefore even the
Standard Model prediction is very low (ACP,Σ0 ∼ O(10−12 ) [5]). On the other
hand, CP violation in the Λ → pπ − decay would be weak CP violation that
can be explained by the CKM mechanism to a small degree (ACP,Λ ∼ O(10−5 )
[22]). The Standard Model predictions for both ACP,Σ0 and ACP,Λ are so small
that in practice, any significantly confirmed difference between the hyperon and
antihyperon decay parameters would suggest CP violation beyond the Standard
Model expectation.

3

Scientific questions for this thesis

In the J/ψ → Σ0 Σ̄0 process, one can look for CP violation in two steps: the
electromagnetic decay Σ0 → Λγ and the weak decay Λ → pπ − and the corresponding antiparticle reactions. The CP violation tests on Λ → pπ − can also
be conducted by analysing the process J/ψ → ΛΛ̄. The focus of the thesis is
on the parameters of the Λ → pπ − decay. The goal is to provide answers to the
following questions:
• How is the precision in αΛ and αΛ̄ in the J/ψ → Σ0 Σ̄0 process affected
by the electromagnetic decay?
• How does the parameter precision depend on the value of the relative
phase ∆ΦJ/ψ ?
• Are the algorithms used for the processes consistent and unbiased?

4

Parameter estimation

The general principle of parameter estimation in statistics is to estimate properties of an unknown probability distribution function (PDF) based on measurements of a random variable from the distribution.
A function of the measurements with only well-known parameters that is
used to estimate a property of the PDF, such as the mean value, is called an
estimator. Often, an estimator of a parameter θ is denoted by θ̂ to distinguish it
from the true value of the quantity, which is most often unknown. An estimator
is called consistent if
lim P (|θ̂ − θ| > ) = 0
(10)
n→∞

for any  > 0, i.e. the estimator becomes arbitrarily close to the true value of
the quantity when the sample size n is increased enough.
The estimator, that is a function of the measurements, takes different values
when different measurement samples are used. Therefore, the estimator is also
a random variable from a probability distribution. Bias is defined as
b = E[θ̂] − θ,
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(11)

where E[θ̂] is the expectation value of θ̂ for an infinite number of finite samples.
An estimator for which the bias is zero for all sample sizes is called unbiased. An
estimator being consistent does not necessarily imply that it is also unbiased.
Standard deviation is the estimator used for uncertainty estimation in this
study. Standard deviation is defined as
sP
n
2
i=1 (xi − x̄)
,
(12)
σ=
n−1
where n is the sample size, (x1 , x2 , ..., xn ) measurements of the random variable
and x̄ the mean value of the measurements. Standard deviation is a measure of
variance of the measurements and measurement uncertainty.
Correlation is a statistical measure of how strongly the variables in question
depend on each other. The correlation coefficient used in this study is the Pearson correlation coefficient that measures linear correlation. It varies between
-1 and 1, ±1 meaning perfect correlation and 0 meaning no correlation at all.
The Pearson correlation coefficient ρX,Y of two random variables X and Y is
defined as
E[(X − µX )(Y − µY )]
(13)
ρX,Y =
σX σY
where E is the expectation value, µX and µY are the mean values of X and Y ,
respectively, and σX and σY are the standard deviations of X and Y , respectively.
Maximum-log-likelihood method is used for parameter estimation in this
study. In the method, a log-likelihood function is constructed by multiplying the probability distribution functions of every measurement of the sample
and taking the natural logarithm of the product. The parameters of the probability distribution function that have the largest probability to give rise to the
observed distribution are found by maximizing the log-likelihood function. The
method is described in more detail in section 7.3 [23].

5
5.1

Formalism
Relativistic kinematics

Often when analysing results of particle physics experiments, one needs to
change between different frames of reference. The reference frames can be rest
frames of certain particles, the lab frame where the observer is at rest or the
center-of-mass frame where Σp̄ = 0, i.e. the sum of the momentum vectors
is zero. Since the particles are moving at velocities approaching the speed of
light, one needs to take into account special relativity. The two postulates of
special relativity are that the speed of light is the same for all observers and
that the laws of physics are the same in all inertial reference frames. This leads
to relations between space and time.
In special relativity, kinematic states of particles in a given reference frame
are expressed by four-dimensional vectors that include time and the spatial
12

coordinates of the particle. A relativistic translation transformation, Lorentz
transformation, between two frames, S and S’ with aligned x-axes, is given by
  0
  
ct
γ
−βγ 0 0
ct
 0
 x  −βγ
γ
0 0
  x0  ,
 =
(14)
y  0
0
1 0  y 
z0
0
0
0 1
z
where (ct, x, y, z) and (ct0 , x0 , y 0 , z 0 ) are the coordinates of the particle in
the reference frames S and S’, respectively. The Lorentz factor γ is defined as
γ = √ 1 2 , where β = vc , c is the speed of light and v the speed of S’ with
1−β

respect to S along the x-axis.
In equation (14), the particles are given in their position coordinates. What
you measure in an experiment is however the energy and momentum rather
than position. Therefore, we introduce four-momentum ( Ec , px , py , pz ), which
has dimensions of momentum and components corresponding to the energy and
three-dimensional momentum of the particle, respectively. Energy of a particle
in special relativity is expressed by E = mc2 γ(β) where m is the rest mass of
the particle. Energy and momentum can also be transformed between different
frames using the same Lorentz transformation as in (14), replacing the position
four-vectors by four-momentum.
In particle physics, one typically uses the so called natural units to express
relativistic quantities. In the natural unit system the speed of light (c) and
Planck’s constant (h) are chosen to be equal to unity. This simplifies many
expressions. For example, the rest energy of a particle in natural units is Erest =
m and the velocity v = β. Typically, quantities such as mass, momentum and
length are expressed in units of electron volt (eV) in particle physics.

5.2

The helicity formalism

The helicity formalism used in this project is based on the formalism introduced
by Jacob and Wick [24]. Their formalism has recently been applied to the case
of a J/ψ resonance decaying into a pair of a spin 1/2 hyperon and spin 1/2
antihyperon [2]. This work also covers decays into a spin 3/2 hyperon and spin
3/2 antihyperon and a pair of spin-1/2 and spin-3/2 hyperons/antihyperons. In
the formalism, information about spins of the decaying particles is encoded in
the angular distributions of the decay products.
Essentially, the formalism gives the differential cross-section in terms of helicity angles, decay asymmetry parameters αJ/ψ , αY and αȲ and the phase
difference ∆φ between electric and magnetic form factors that describe the production of the hyperon-antihyperon pair. Electric and magnetic form factors
of a particle are the Fourier transformations of the electric charge and magnetic moment distributions within the particle, respectively [8]. The helicity
angles are measured directly by the experiment, whereas the parameters and
phase difference are determined by conducting a fit on the data as described in
subsection 7.4.
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The differential cross-section of a hyperon-antihyperon production and decay
process is derived from matrices describing the production and each step of the
decay chain. For the J/ψ → Σ0 Σ̄0 process, the cross-section is given by
3
3 X
3
X
X
0
dΓ
Λ
Σ̄0 Λ̄
∝
Cµν̄ ǎΣ
µµ0 aµ0 0 ǎν̄ ν̄ 0 aν̄ 0 0
dξ
0
µ,ν̄=0 0

(15)

µ =0 ν̄ =0

0

¯0

in terms of the production matrix C and matrices ǎΣ , aΛ , ǎΣ and aΛ̄ of the Σ0 ,
Λ, Σ̄0 and Λ̄ decays, respectively. The matrices are related to the spin density
matrices of the hyperon-antihyperon system, which, in turn, are expressed in
terms of the outer product of the two-dimensional spin density matrices of the
individual particles. The outer product of two two-dimensional matrices is fourdimensional, and therefore the summation indices go from 0 to 3. The helicity
angles are denoted by ξ. Using the same notation, the differential cross-section
for the J/ψ → ΛΛ̄ process is given by
3
X
dΓ
Λ̄
Cµν̄ aΛ
∝
µ0 aν̄0 .
dξ
µ,ν̄=0

(16)

The explicit matrix elements and derivations can be found in [2].
In the formalism, the angles need to be expressed with respect to helicity
frames. Helicity is the projection of spin onto the momentum of a particle. The
helicity frame of a particle is the rest frame of the particle where the z-axis
is aligned with the direction of the particle momentum in the center-of-mass
frame, as shown in Figure 2. The helicity angles of a daughter particle are the
polar and azimuth angles of its momentum with respect to the helicity frame of
its parent particle.
While studying process (3), one needs to consider the helicity frames of
four different particles: Σ0 , Σ̄0 , Λ and Λ̄ (Figure 2). In practice, the detector
measures all four-momentum vectors in the center-of-mass frame, and the fourvectors are then transformed to the helicity frames via Lorentz transformations
and rotations. The angle θΣ0 between the positron and Σ0 momenta is measured
in the center-of-mass frame. The helicity angles in the processes (1) and (2) are
measured similarly, the only difference being one step less in the decay chain.
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Figure 2: The helicity frames of the process (3) [25]. (x̂Σ0 , ŷΣ0 , ẑΣ0 ) is the
helicity frame of Σ0 and (x̂Λ , ŷΛ , ẑΛ ) is the helicity frame of Λ. Σ̄0 and Λ̄ also
have similar helicity frames but they are omitted for clarity. The figure is not
to scale; in reality, Σ0 and Σ̄0 decay so fast that they decay practically at the
production point, painted in yellow.
This formalism does not make any assumption on the production mechanism
but is completely model independent. If ∆φJ/ψ 6= 0, the hyperon-antihyperon
pair is polarized in the ŷΣ0 -direction defined in Figure 2. The magnitude of the
polarization also depends on the asymmetry parameter αJ/ψ and the scattering
angle of the hyperon, denoted as θ in Figure 2. Explicitly, the polarization is
given by
q
2
1 − αJ/ψ
sin ∆φJ/ψ cos θY sin θY
Py (cos θY ) =
(17)
1 + αJ/ψ cos2 θY
In earlier studies, when the phase difference ∆φJ/ψ and hence the polarization
were assumed to be zero, the asymmetry parameters of a hyperon and antihyperon only appeared as a product in the formalism. The new formalism contains
both correlation terms that arise from the spin-entanglement of Y and Ȳ and
depend on the product αY αȲ and polarization terms where the contributions
from αY and αȲ are separate. The terms where αY and αȲ appear separately
are proportional to sin ∆φJ/ψ . In equation 18, these terms are in lines 4 and 5,
and in equation 19, they are in lines 5 and 6. If ∆φJ/ψ 6= 0, the αY and αȲ
contributions can be determined separately. A non-zero phase difference ∆φ in
a hyperon-antihyperon decay process was first measured at BESIII in 2018 [4].
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Explicitly, the differential cross-section of the process (1) is given by

dΓ
∝ αΛ αΛ̄ sin2 θΛ sin θp sin θp̄ cos φp cos φp̄ + cos2 θΛ cos θp cos θp̄
dξ
q
2
cos ∆φJ/ψ sin θΛ cos θΛ (sin θp cos θp̄ cos φp + cos θp sin θp̄ cos φp̄ )
+ 1 − αJ/ψ

2
+ αJ/ψ (cos θp cos θp̄ − sin θΛ sin θp sin θp̄ sin φp sin φp̄ )
q
2
+ αΛ 1 − αJ/ψ
sin ∆φJ/ψ sin θΛ cos θΛ sin θp sin φp
q
2
+ αΛ̄ 1 − αJ/ψ
sin ∆φJ/ψ sin θΛ cos θΛ sin θp̄ sin φp̄
+ αJ/ψ cos2 θΛ + 1,
(18)
where ξ is the set of helicity angles, ξ = (θΛ , θp , θp̄ , φp , φp ). The formalism for
the process (2) is similar but with θΣ+ , αΣ+ and αΣ− instead of θΛ , αΛ and αΛ̄ .
The differential angular cross-section of the process (3) is given by

dΓ
∝ αΛ αΛ̄ cos θp cos θp̄ αJ/ψ sin2 θΣ0 sin θΛ sin θΛ̄ sin φΛ sin φΛ̄
dξ
+ cos θΛ cos θΛ̄ (−αJ/ψ − cos2 θΣ0 )
+ sin2 θΣ0 sin θΛ sin θΛ̄ cos φΛ cos φΛ̄

q
2
0
0
+ 1 − αJ/ψ cos ∆ΦJ/ψ sin θΣ cos θΣ (sin θΛ cos θΛ̄ cos φΛ − sin θΛ̄ cos θΛ cos φΛ̄ )
q
2
+ αΛ 1 − αJ/ψ
sin ∆ΦJ/ψ sin θΣ0 cos θΣ0 sin θΛ cos θp sin φΛ
q
2
− αΛ̄ 1 − αJ/ψ
sin ∆ΦJ/ψ sin θΣ0 cos θΣ0 sin θΛ̄ cos θp̄ sin φΛ̄
+ αJ/ψ cos2 θΣ0 + 1,
(19)
where ξ is the set of helicity angles, ξ = (θΣ0 , θΛ , θΛ̄ , φΛ , φΛ̄ , θp , θp̄ ) [25].

6

The BESIII Experiment

The final states studied in this project can be produced at the Beijing Electron
Positron Collider (BEPCII) and measured at the Beijing Spectrometer (BESIII).
Moreover, a data sample of 1.31 ∗ 109 J/ψ events from BESIII is available and
calibrated, and in February 2019, the sample size was increased to 1010 events
[20]. This is more J/ψ events than any other experiment has collected. Processes
where J/ψ decays into a hyperon-antihyperon pair are suitable for studies of
CP symmetry because the production mechanism is well understood.
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6.1

BEPCII Accelerator Facility

The Beijing Electron Positron Collider (BEPCII) is an accelerator located in
Beijing, China. It is a double ring electron-positron collider with a circumference
of 240.4 m operating at center-of-mass energies that range from 2 GeV to 4.6
GeV. BEPCII is an upgrade of its predecessor, BEPC, and has been running
since 2008 [26].
The subjects studied at the accelerator include production and decay of
resonances such as J/ψ, ψ(2S) and ψ(3770), search for exotic quark states,
τ -physics and charm physics. Furthermore, it is perfectly suited for precision
studies of hadron structure by e.g. off-resonance scans. The aim of BEPCII
is not to explore beyond-Standard-Model physics at the high energy frontier,
i.e. searching for heavy particles predicted by beyond-Standard-Model physics
but to explore the low-energy frontier and the precision frontier of the Standard
Model. At the low-energy frontier, the properties of already known states are
studied and exotic hadrons such as glueballs, hybrids and multiquarks searched.
At the precision frontier, the aim is to search for forbidden processes or measure
quantities that can be predicted with high accuracy [27].
The main components of the accelerator are linear positron and electron
injectors, beam transport lines and storage rings. The linear injectors produce
electrons and positrons and accelerate them up to 1.3 GeV. Then the particles
are transported to two separate storage rings through the beam transport lines.
In the storage rings, the particles are further accelerated to the desired energy.
After acceleration, they are brought to collision at the interaction point (IP)
surrounded by the BESIII detector. The crossing angle between the beams is
22 mrad. The Beijing Synchrotron Radiation Facility (BSRF) is located at the
opposite side of the storage ring seen from the IP.

Figure 3: A schematic view of the BEPCII accelerator facility [28].
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6.2

BESIII Detector

The Beijing Spectrometer (BESIII) is the main experiment at BEPCII, which
started running at 2008. The previous versions of the same experiment were
BES (1989-1996) and BESII (1996-2004) [26].
BESIII is a cylindrically symmetric detector centered at the beam collision point of BEPCII. The detector covers 93% of the solid angle 4π and has
the following subdetectors: Multilayer Drift Chamber, Time of Flight system,
Electromagnetic Calorimeter and Muon Chamber. A superconducting solenoid
magnet supplies the inner subdetectors with a magnetic field up to 1 T. The
purpose of the magnetic field is to bend the trajectories of charged particles,
which is needed in order to measure their momenta. In the following subsections, the detector components are introduced beginning with the innermost
and ending with the outermost component. A more detailed description of the
detector can be found in [26].

Figure 4: A schematic view of the BESIII detector [28].
6.2.1

Multilayer Drift Chamber

The Multilayer Drift Chamber (MDC) measures momenta, angles and energy
deposit ( dE
dx ) of charged particles. It has two layers and is filled with a gas
mixture of Helium (60%) and Propane (40%). When charged particles traverse
the gas, they ionize gas molecules, and the electrons emitted from the molecules
ionize more molecules. This creates signals which are detected in the sense wires
of the MDC. A single sense wire cannot detect which direction the particles come
from. We can, however, draw circles centered at the signal points with a radius
equal to the drift distance, i.e. the distance between the primary ionization and
signal. These circles are called isochrone curves. Based on the neighbouring
isochrone curves, we can do least square fitting to find the trajectories of the
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particles.
Because of the external magnetic field, the charged particles travel in helices. After finding the helix radius, one can find the momentum of the particle
according to p = qBr, where q is the charge of the particle (in practice -1 or 1,
sign can be determined after the curvature radius), B is the magnitude of the
magnetic field and r the helix radius.
6.2.2

Time of Flight

The Time of Flight (TOF) system measures the particle velocities. Together
with the MDC information, it can be used to reconstruct the mass of the particle,
which is essential for particle identification. In practice, TOF measures the time
difference between the particle production, measured by MDC, and the particle
passing TOF.
TOF consists of plastic scintillators where the passing particles excite the
molecules of the scintillator material. When the molecules de-excite, they emit
photons at visible wave lengths. These photons are then detected by photodetectors.
6.2.3

Electromagnetic Calorimeter

The Electromagnetic Calorimeter (EMC) is used to measure the energy deposit
and position of primarily electrons, positrons and photons at high energies. It
is a scintillating detector with 6240 CsI(Tl) crystals which are located in the
barrel part of the detector and the end caps and point towards the interaction
point.
The electrons, positrons and photons interact with the dense matter of
EMC forming so-called electromagnetic showers. In electromagnetic showers,
electrons ionize molecules and lose energy by bremsstrahlung, which produces
photons, photons produce electron-positron pairs and positrons annihilate with
electrons producing photons. These processes evoke a chain reaction, and finally,
the photons produced in the chain reaction are observed by photodetectors.
6.2.4

Muon Chamber

The Muon Chamber (MUC) is the outermost subdetector. There is a thick steel
flux return yoke which works as a hadron absorber between the EMC and MUC,
so only muons that do not interact a lot with matter can enter the MUC. MUC
is essential to make distinction between muons and hadrons, especially pions
that have almost the same mass as muons.
MUC is surrounded by resistive plate chambers (RPCs). Each RPC consists
of two high resistivity electrodes with a high voltage between them. There is
a narrow gap between them, and when a muon traverses the gas in the gap,
it ionizes the gas and the ionized molecules are drawn to the electrodes. The
high resistivity of the electrode material ensures that the signal is not spread
too much. The electrodes are surrounded by a material with lower resistivity,
and after passing this, the signal is registered by readout strips [8].
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The muon tracks measured in the MUC have rather bad angular resolution
because the muons scatter in the inner parts of the detector before arriving in
the MUC. These tracks can however be associated with the tracks measured in
MDC which have a better angular resolution.

7

Simulations

Simulations of a particle physics experiments are done in order to test theories
by comparing simulations to experimental data, study detector performance and
optimize detector functionality. The simulations can in general be divided into
five different steps:
1. Event generation
2. Particle transport and interaction with the detector material
3. Digitization, i.e. creating the detector response and signals
4. Reconstruction of the actual particles from the signals
5. Analysis
In this thesis, the focus is on the first and fifth step: events are created directly
in a form that is suitable for the analysis, i.e. helicity angles, and the generated
data is analyzed.

7.1

Simulation tools

All codes used for the simulations were written on a C++ based framework
ROOT. ROOT is an object-oriented library developed in CERN for particle
physics data analysis [29]. In this project, several ROOT functionalities were
used:
• TMath for constants and basic mathematical operations
• TH1F for creating histograms
• TCanvas for graphic representations of the histograms
• TMinuit for minimisation
• TRandom for generating random numbers
Programming was done in JupyterLab, a web-based programming interface [30].
When developing the codes, Jupyter Notebooks were used in order to check the
functionality of the code in small parts. The final versions of the codes were
executed as macros in ROOT.
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7.2

Event generation

The simulated data in this project was generated using a Monte Carlo method.
Monte Carlo methods are numerical methods based on generating random numbers from a known probability distribution. They are generally used in three
different kinds of problems: numerical integration, generating draws from a
probability distribution and optimization problems. In physics, they are especially important when simulating systems with many coupled degrees of freedom, because they are often too complicated to be handled analytically [31].
In general, increasing the sample size improves the Monte Carlo approximation. By the Law of Large Numbers, the average of random variables from the
same distribution converges to the average of the distribution as the number
of random variables increases. According to the Central Limit Theorem, the
uncertainty of parameters in this study should decrease by a factor √1k when
the sample size is increased by a factor k [32].
When generating the Monte Carlo data, sets of helicity angles were randomly
generated from a uniform distribution. The polar angles (θ) were obtained by
generating a random number between -1 and 1 and then taking the principal
value of arc cosine of the number, which returned values between 0 and π. The
azimuthal angles (φ) were generated between −π and π.
Von Neumann’s acceptance-rejection technique was used to obtain the correct event dynamics [23]. Weight factors were calculated using the reaction
specific differential cross-sections given by equations 18 and 19. The weight
factors for a given set of input parameter values depended on the generated
helicity angles. A first run was conducted to find the maximal weight wmax . In
the next run, the program generated a random number between 0 and wmax ,
R[0, 1] ∗ wmax , for each set of helicity angles. Only weights above this limit
were accepted and stored. This gave the desired differential cross-section which
included the desired parameter values. The generated data, i.e. the helicity
angles, were stored for later analysis.
A Monte Carlo phase space ten times larger than the data sample was created
for normalization in later analysis. An ideal phase space includes all possible
combinations of helicity angles and does not take into account the differential
cross-section. The phase space was obtained by setting all parameter values to
zero, which gave weights equal to unity because setting all parameter values to
zero in equation 18 or 19 gives dΓ
dξ = 1.. The maximal weight wmax was set to
a number below one, so every set of the randomly generated helicity angles was
accepted and stored. This gave a uniform angular distribution.
In Figures 5 and 6, the weight distributions and hyperon scattering angle
distributions are shown for Monte Carlo signal and phase space. The angular
distribution of the phase space is flat, because it is randomly generated, while
the form of the angular distribution of the MC signal is determined by the value
of αJ/ψ .
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Figure 5: The weight distribution and hyperon scattering angle distribution of
a Monte Carlo signal with 100 000 J/ψ → Σ0 Σ̄0 events with input parameters
αJ/ψ = 0.461, ∆φJ/ψ = 0.090, αΛ = 0.750 and αΛ̄ = −0.750. The red line is
a fit to the function a(1 + bx2 ), where a is a normalization parameter and b
corresponds to αJ/ψ .
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Figure 6: The weight distribution and hyperon scattering angle distribution of
a Monte Carlo phase space with 1 000 000 events. The red line is a fit to the
function a(1 + bx2 ), where a is a normalization parameter and b corresponds to
αJ/ψ .

7.3

Analysis tools

A maximum-log-likelihood (MLL) fit was used to analyse the Monte Carlo data.
MLL fit finds the parameter values that maximise the likelihood function. The
likelihood functions in this study are related to the differential cross-sections
described by equations 18 and 19 that depend on parameters and generated
data. A likelihood function obtains its maximum for those parameter values
that have the largest probability to give rise to the probability distribution that
the data follows.
The MLL algorithm reads in the signal and phase space samples and defines then the likelihood function. In this study, the probability density of one
event is the differential cross-section dΓ
dξ described by equation 18 or 19 with
the suitable normalization. The parameters to be determined are given by
p = (αJ/ψ , ∆ΦJ/ψ , αΛ , αΛ̄ ). The probability distribution function of an event i
is given by
dΓ
dξ (ξi ; p)
P (ξi ; p) =
(20)
N
where N is the normalization. The joint probability distribution of M events is
given by
M
1 Y dΓ
P (ξ1 , ξ2 , ..., ξM ; p) = M
(ξi ; p).
(21)
N i=1 dξ
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In general, the derivatives of sums are easier to deal with than products, so it
is beneficial to take the natural logarithm of the likelihood function. The natural
logarithm is a monotonically increasing function, so it does not change the
maximum or minimum points of the likelihood function. Since the optimisation
program used minimises the log-likelihood function, one needs to consider the
negative natural logarithm of P :
M
X


dΓ
(ξi ; p) + M log N ,
L = − ln P = −
log
dξ
i=1


(22)

where L is the final log-likelihood function.
In the MLL fit algorithm, dΓ
dξ is evaluated for each set of helicity angles
from P
the signal file and then the negative natural logarithms are summed up
M
dΓ
to − i=1 log dΓ
dξ (ξi ; p) . The normalization is obtained by evaluating dξ for
every set of helicity angles from the phase space file, taking the logarithm of
the mean value of the weights and multiplying it by the number of events in the
signal file.
The last step of the MLL fit is the optimization, i.e. finding p such that the
log-likelihood function is maximized with respect to all parameters [32]. This is
done by using MINUIT [33] in the main function of the MLL code.
In the main function, start values for the fit are chosen. It was tested whether
changing these values affected the results. In principle, poor start values could
result in a local maximum which leads to a wrong result or bias. No bias was
found.
As output, the MLL fit gives the obtained minimum of the log-likelihood
function. In addition to the parameter values, parabolic and MINOS errors of
the parameters, external error matrix and correlation coefficients are also given.
MINOS errors account for the parameter correlations and non-linearities, and
give in general asymmetric error intervals [33]. The errors given in the results
of the project are the parabolic errors.

7.4

MLL fit on the MC generated data

MLL fit on the MC data was performed to check the validity of the formalism
and existing codes, to study how the sample size and parameter uncertainty
relate to each other, to compare parameter uncertainties in different processes
and to study possible biases. The processes studied were
J/ψ → ΛΛ̄ → pπ − p̄π + /pπ − n̄π 0 ,
J/ψ → Σ+ Σ̄− → pπ 0 p̄π 0 → pγγ p̄γγ
and
J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ.
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For the J/ψ → ΛΛ̄ and J/ψ → Σ+ Σ̄− processes, one could use codes designed for processes where the hyperon decays weakly into a baryon and pseudoscalar meson. The algorithm was developed by Andrzej Kupsc and used
classes defining the production and decay processes to calculate the differential
angular distributions.
For the J/ψ → Σ0 Σ̄0 process, a new algorithm was developed by me based on
the algorithms developed by Andrzej Kupsc. In J/ψ → Σ0 Σ̄0 , the formalism is
different compared to e.g. J/ψ → ΛΛ̄ or J/ψ → Σ+ Σ̄− . The differential angular
distribution was generated using a function developed by Andrzej Kupsc that
specifically defined the differential angular distribution for this process according
to equation (3).
The simulations were performed in two steps: (1) creating Monte Carlo
signal and phase space in the helicity frame and (2) performing maximum-loglikelihood (MLL) fits of the Monte Carlo data to find the parameter values with
statistical uncertainties. When generating the signal sample, the parameter
values were selected. The objective was to see if there existed some bias in the
output values and how large parameter uncertainties were obtained.

8

Analysis and results

8.1

J/ψ → ΛΛ̄ → pπ − p̄π + /pπ − n̄π 0

As a first step, consistency tests on J/ψ → ΛΛ̄ were conducted. This was done
in order to check the validity of the signal generating and MLL algorithm for
the process and to compare simulation uncertainties to experimental results.
The formalism is well tested for this scenario and experimental results exist,
so one knows what to expect. The input values were set approximately to the
experimental results obtained by BESIII [4]. The results are presented in Tables
2 and 3.
Table 2: Decay sequence J/ψ → ΛΛ̄ → pπ − p̄π + . The last line gives a fit of
experimental data from BESIII [4]. The asymmetry parameters of the Λ → pπ −
and Λ̄ → p̄π + decays are denoted by αΛ and αΛ̄ , respectively. The correlation
between αΛ and αΛ̄ is also shown.
Signal
Input [4]
10 000
100 000
420 593
420 593 (BESIII)

αJ/ψ
-0.461
-0.444 ± 0.020
-0.461 ± 0.006
-0.462 ± 0.003
-0.459 ± 0.006

∆Φ
0.740
0.781 ± 0.055
0.761 ± 0.017
0.741 ± 0.008
0.738 ± 0.010
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αΛ
-0.750
-0.715 ± 0.045
-0.758 ± 0.015
-0.759 ± 0.007
0.749 ± 0.010

αΛ̄
0.750
0.747 ± 0.047
0.740 ± 0.014
0.748 ± 0.007
-0.759 ± 0.010

Correlation
0.684
0.724
-

Table 3: Decay sequence J/ψ → ΛΛ̄ → pπ − n̄π 0 . The last line gives the experimental results from BESIII [4]. The asymmetry parameter of the Λ̄ → n̄π 0
decay is denoted by α0 .
Signal
Input [4]
47 009
47 009 (BESIII)

αJ/ψ
-0.461
-0.465 ± 0.009
-0.473 ± 0.019

∆Φ
0.740
0.732 ± 0.025
0.757 ± 0.037

αΛ
-0.750
-0.782 ± 0.023
0.756 ± 0.031

α0
0.692
0.683 ± 0.021
-0.684 ± 0.028

The consistency check gave positive results; the MLL fit resulted mostly
in output values compatible with the input values within the fit uncertainties
for all simulated samples. There were a few fitted parameters that were not
compatible with the input values within the error margin but even they were
within two standard deviations from the input values and did not seem to follow
a certain pattern. As one can see from Table 2, increasing the signal size by a
factor 10 decreases the statistical uncertainties by approximately a factor √110 ,
which is in agreement with the Central Limit Theorem.
The statistical uncertainties of Table 2 (signal 420 593) and Table 3 can be
compared with a recent measurement by BESIII [4]. The uncertainties obtained
in the Monte Carlo simulations are in the same order of magnitude but a bit
smaller than those obtained in the experiment. The simulation uncertainties
are 47-80% of the experimental uncertainties depending on which parameter
was tested. It is natural that the simulation uncertainties are smaller since the
simulation is an ideal case with no sources of uncertainty from particle transport
or detector response.
Fixing αJ/ψ and ∆Φ and only having αΛ and αΛ̄ as free parameters in the
MLL program was tried while simulating the J/ψ → ΛΛ̄ → pπ − p̄π + process.
The idea was to test if the parameter precision in αΛ and αΛ̄ would be improved.
Fixing αJ/ψ and ∆Φ made practically no difference. This might depend on
correlations between the parameters. Fixing αJ/ψ and ∆Φ gave only slightly
higher correlations between αΛ and αΛ̄ : 0.744 in case of 10 000 events and 0.760
in case of 100 000 events. The results in Table 2 are obtained without fixing
any parameters.
It was also tested whether constraining the hyperon scattering angle cos θ
below 0.93 in magnitude would affect the results. The value 0.93 was chosen
because it is the angular limit of the MDC in BESIII. No significant difference
between the uncertainties with and without the restriction was found. This was
due to the simulation not including detector response. The results in all tables
are obtained without angular restrictions.
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8.2

J/ψ → Σ+ Σ̄− → pπ 0 p̄π 0

Consistency tests on J/ψ → Σ+ Σ̄− were conducted using the same algorithm
as for the J/ψ → ΛΛ̄ process. The formalisms in these processes are similar
because in both cases a hyperon decays weakly to a baryon and a pseudoscalar
meson in only one step. The input values for αJ/ψ , αΣ+ and αΣ− in J/ψ →
Σ+ Σ̄− were chosen from PDG [19]. The aim of the tests was to see how the
signal size and input value of ∆ΦJ/ψ affect the uncertainties. As ∆ΦJ/ψ has
never been measured in this process, a few different values were tested. The
results are given in Table 4.
Table 4: Decay sequence J/ψ → Σ+ Σ̄− → pπ 0 p̄π 0 → pγγ p̄γγ.
Signal
Input
10 000
33 000
85 000
100 000
Input
10 000
80 000
100 000
Input
100 000

αJ/ψ
-0.500
-0.480 ± 0.015
-0.494 ± 0.008
-0.507 ± 0.005
-0.496 ± 0.005
-0.500
-0.516 ± 0.015
-0.500 ± 0.005
-0.512 ± 0.005
-0.500
-0.504 ± 0.005

∆Φ
0.270
0.266 ± 0.033
0.251 ± 0.018
0.273 ± 0.011
0.278 ± 0.010
0.400
0.368 ± 0.033
0.384 ± 0.012
0.398 ± 0.011
0.530
0.543 ± 0.011

αΣ+
-0.970
-0.990 ± 0.109
-1.012 ± 0.064
-0.960 ± 0.036
-0.980 ± 0.032
-0.970
-0.970 ± 0.081
-0.987 ± 0.026
-0.936 ± 0.022
-0.970
-0.958 ± 0.017

αΣ−
0.970
0.930 ± 0.103
0.931 ± 0.059
0.970 ± 0.036
0.966 ± 0.032
0.970
0.924 ± 0.077
0.967 ± 0.026
0.988 ± 0.023
0.970
0.978 ± 0.017

Again, one can see from the table that the algorithm is working since the
output values are compatible with the input values withing the fit uncertainties.
Increasing the signal size by factor 10 decreases the statistical uncertainties
roughly by a factor √110 .
When comparing the uncertainties obtained with 100 000 events with different magnitudes of ∆ΦJ/ψ , increasing the magnitude of ∆ΦJ/ψ made the
uncertainties in αΣ+ and αΣ− smaller. This trend is shown in Figure 7. This
is due to the sin ∆ΦJ/ψ dependence of the polarization terms in the differential cross-section of the process. Low value of ∆ΦJ/ψ makes the polarization
terms smaller and less remarkable, which makes it more difficult to determine
αΣ+ and αΣ− separately. The same effect was also observed later in studies of
J/ψ → Σ0 Σ̄0 (section 8.3).
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Figure 7: Uncertainties in αΣ+ (blue asterisks) and αΣ− (red circles) as a function of ∆ΦJ/ψ for a sample of 100 000 events.

8.3

J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ

No measurements using the helicity formalism on the J/ψ → Σ0 Σ̄0 process
have been published. Therefore, it was interesting to test how the relative
phase ∆ΦJ/ψ , which has never been measured for this process, affects the fit
uncertainties of αΛ and αΛ̄ . An increasing trend in the uncertainties when
decreasing ∆ΦJ/ψ was already seen in the J/ψ → Σ+ Σ̄− process (section 8.2).
Also the formalism for the process (equation 19) is different than the formalism for the J/ψ → ΛΛ̄ and J/ψ → Σ+ Σ̄− processes (equation 18), which
affects the uncertainties. The formalism for J/ψ → Σ0 Σ̄0 has not been used in
experiments yet, so it is important to check whether it is valid and what kind
of uncertainties one can expect in future experiments.
A few different values of ∆ΦJ/ψ were tested, and the input values of αJ/ψ ,
αΛ and αΛ̄ were taken from the J/ψ → ΛΛ̄ measurements [4]. Also another,
larger value of αJ/ψ was tested but it did not affect the results significantly.
The results are presented in Table 5. The relative error in the table is defined
as the ratio of fit uncertainty and output central value.
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Table 5: Decay sequence J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ.
Sample size 100 000.

Input
Output
Relative error
Input
Output
Relative error
Input
Output
Relative error

αJ/ψ
0.461
0.497 ± 0.014
2.8 %
0.461
0.498 ± 0.014
2.8 %
0.461
0.496 ± 0.014
2.8 %

∆Φ
0.740
0.771 ± 0.051
6.6 %
0.500
0.516 ± 0.041
7.9 %
0.100
0.091 ± 0.041
45 %

αΛ
0.750
0.682 ± 0.038
5.6 %
0.750
0.669 ± 0.051
7.6 %
0.750
0.475 ± 0.224
47 %

αΛ̄
-0.750
-0.767 ± 0.043
5.6 %
-0.750
-0.789 ± 0.059
7.5 %
-0.750
-1.111 ± 0.502
45 %

There might be a bias in the values of αJ/ψ , since all central values of αJ/ψ
obtained in these tests are about two standard deviations larger than the input
value. More tests to investigate a possible bias were conducted, and the results
of the tests are given in subsection 8.4.
One can see that a smaller phase gives larger errors in αΛ and αΛ̄ . This is
expected, since the terms of equation (19) that only contain αΛ or αΛ̄ depend
on sin ∆ΦJ/ψ . This makes it difficult to determine αΛ and αΛ̄ separately if the
phase is close to zero.
Another important point to stress is that even when using the same input
values, the asymmetry parameters αΛ and αΛ̄ have larger uncertainties by a
factor of 2.5-3.1 in the J/ψ → Σ0 Σ̄0 process (the first row of Table 5) than those
obtained in the J/ψ → ΛΛ̄ decay with 100 000 events (Table 2). The reason
to this is due to the differences of the formalism between the two processes. In
the electromagnetic Σ0 → Λγ decay, a part of the information encoded in the
helicities of the particles is lost because the helicity angle of the photon is not
measured and used in the formalism. That is why the uncertainties are larger
when using the J/ψ → Σ0 Σ̄0 formalism.
Further, automatized consistency tests on the J/ψ → Σ0 Σ̄0 process were
conducted to study how the value of the phase ∆ΦJ/ψ affects the uncertainties
in αΛ and αΛ̄ . At first, the phase was varied between π/10 and 9π/10 with an
increment π/10. Each sample contained 100 000 events and the phase space
used contained 1 000 000 events. The results are presented in Figures 8, 9 and
10.
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Figure 8: Fit uncertainties in αΛ (red) and αΛ̄ (blue) as a function of ∆ΦJ/ψ .
As one can see in figure 8, the fit uncertainties in αΛ and αΛ̄ are minimized
when the phase is around 1.2-1.9 rad. This is expected since sin π/2 = 1 maximizes the terms in equation 3 that only depend on αΛ or αΛ̄ and cos π/2 = 0
minimizes two of the terms depending on the product αΛ αΛ̄ . There is no remarkable difference between the fit uncertainties within this range.
One would maybe expect the fit uncertainties to be symmetric around π/2
since the sine function is symmetric around π/2. This is not the case. The fit
uncertainties are larger for values of phase below π/2 than above π/2. This is
due to the cosine contributions to the differential cross-section which are not
symmetric around π/2.
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Figure 9: Output values of αΛ with fit uncertainties as a function of ∆ΦJ/ψ
(blue) and input value (red).

Figure 10: Output values of αΛ̄ with fit uncertainties as a function of ∆ΦJ/ψ
(blue) and input value (red).
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As one can see in Figures 9 and 10, most of the output values of αΛ and αΛ̄
do not coincide with the input values within the fit uncertainties. αΛ and αΛ̄ are
the parameters that are the most difficult to determine using this formalism, so
this is perhaps not so unexpected. Especially the output values obtained with
a phase close to 0 or π are far from the input value.
Similar tests were conducted to study the behaviour for even lower values
of ∆ΦJ/ψ . Fits on Monte Carlo data were conducted by varying ∆ΦJ/ψ from
π/50 to 5π/50 with an increment π/50. Again, the signal size was 100 000 and
phase space size 1 000 000. The results are presented in Figures 11, 12 and 13.
The axes are not at the same scale as in Figures 8, 9 and 10.

Figure 11: Uncertainties in αΛ (red) and αΛ̄ (blue) as a function of ∆ΦJ/ψ .
The trend of fit uncertainties getting large when ∆ΦJ/ψ is close to 0 can
also be seen in Figure 11. Since the fit uncertainties in αΛ and αΛ̄ are very
different when ∆ΦJ/ψ = π/50 and ∆ΦJ/ψ = 2π/50 even though the parameters
are treated symmetrically in the formalism, statistical fluctuations are probably
quite significant when ∆ΦJ/ψ is close to 0.
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Figure 12: Output values of αΛ with uncertainties as a function of ∆ΦJ/ψ (blue)
and input value (red).

Figure 13: Output values of αΛ̄ with uncertainties as a function of ∆ΦJ/ψ (blue)
and input value (red).
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Figure 14: Output central values of the product αΛ αΛ̄ as a function of ∆ΦJ/ψ
(blue) and input value (red). Uncertainties were not calculated.
Again, most of the output values of αΛ and αΛ̄ do not coincide with the
input values within the fit uncertainty (Figures 12 and 13) even though the
uncertainties are large. It is apparent that when the output value of αΛ is
larger than the input value, the output value of αΛ̄ is smaller than the input
value and vice versa due to the large correlation between the parameters (Figure 15). This compensates so that the output value of the product αΛ αΛ̄ is
approximately constant and is much closer to the input value than the values
of the individual parameters (Figure 14). The product αΛ αΛ̄ is easy to determine with the formalism, especially for small values of ∆ΦJ/ψ , since some of
the terms proportional to αΛ αΛ̄ depend on cos ∆ΦJ/ψ and other terms do not
depend on ∆ΦJ/ψ at all.
Uncertainties of the product αΛ αΛ̄ were not calculated since the MLL fit
was done with αΛ and αΛ̄ as free parameters. Doing error propagation with the
large uncertainties of αΛ and αΛ̄ , one obtains large uncertainty for the product
αΛ αΛ̄ , which is misleading. Assuming CP conservation in the fit (αΛ = −αΛ̄ ),
a lot smaller uncertainty for the product would be obtained even though the
individual parameters could not be determined.
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Figure 15: Correlation coefficients between αΛ and αΛ̄ as a function of ∆ΦJ/ψ .
Plotting the correlations between αΛ and αΛ̄ as a function of ∆ΦJ/ψ , one
sees a clear decreasing trend as ∆ΦJ/ψ increases (Figure 15). The parameters
αΛ and αΛ̄ are strongly correlated when the phase is close to zero. This is,
again, due to the fact that it is difficult to determine αΛ and αΛ̄ separately
when the phase is small. If there were no terms depending only on αΛ or αΛ̄
in the formalism, which is almost the case when ∆ΦJ/ψ is close to zero, the
correlation between them would be equal to unity since increasing one of them
would require decreasing the other one by the same amount in order to keep the
product αΛ αΛ̄ constant.
An alarming finding is that the correlation coefficients between αΛ and αΛ̄
are close to unity when ∆ΦJ/ψ is small. When ∆ΦJ/ψ = π/50, the correlation is
0.997 and when ∆ΦJ/ψ = 2π/50, the correlation is 0.994. When the correlation
coefficients are so close to unity, the individual errors are not meaningful because
of the high correlation [33].
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8.4

Bias test on J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ

Since the results presented in Table 5 seemed to give a hint of bias in the output
value of αJ/ψ in the J/ψ → Σ0 Σ̄0 process, 100 MC samples were generated and
a MLL fit was conducted on them. This was done in order to judge the reliability
of the event generation and fit algorithms. As input, the experimental values
αJ/ψ = 0.461, αΛ = 0.750 and αΛ̄ = 0.750 were used [4]. The relative phase
∆ΦJ/ψ was set to 0.090 rad, quite close to zero, since it was interesting to see
if the large differences between the uncertainties in αΛ and αΛ̄ for small values
of ∆ΦJ/ψ (Figure 10) were statistical fluctuations. Every one of the 100 Σ0 Σ̄0
samples consisted of 100 000 events, and the same phase space of 1 000 000
events was used for all fits.
The MLL fit did not converge for all MC samples. In the cases where the fit
did not converge, one of the parameter values αΛ and αΛ̄ ended up at the upper
or lower limit that was set to be ±1.5 in the fit. |αΛ | < 1.4 and |αΛ̄ | < 1.4 were
used as convergence criterion. After excluding the non-convergent fit results,
there were 75 fit results left. Only these convergent fit results were used in Table
6.
Table 6: Decay sequence J/ψ → Σ0 Σ̄0 → Λγ Λ̄γ → pπ − γ p̄π + γ.
75 statistically independent MC signals with 100 000 events each.
Output: mean value and standard deviation of the central values.
Bias: distance from the mean output value to the input value in terms of standard deviation of the central values.
Fit uncertainty: mean value of the fit uncertainties obtained with the different
samples.
Rel. uncertainty: ratio of the fit uncertainty and input value.

Input
Output
Bias
Fit uncertainty
Rel. uncertainty

αJ/ψ
0.461
0.467 ± 0.014
0.43σ
0.0140
3.04%

∆ΦJ/ψ
0.090
0.092 ± 0.030
0.07σ
0.0375
41.6%

αΛ
0.750
0.731 ± 0.205
0.09σ
0.3569
47.6%

αΛ̄
-0.750
-0.824 ± 0.226
0.33σ
0.4068
54.2%

In Table 6, the mean values and standard deviations of the convergent fit
results are calculated. The results of the fits do not indicate bias in any of the
parameters since the input values are within one standard deviation from the
output mean values for all parameters.
Also the fit uncertainties are presented in the same table. The fit uncertainties are the mean values of the parabolic errors given by MINUIT [33]. For
∆ΦJ/ψ , αΛ and αΛ̄ , the relative uncertainties are large. Large uncertainties in
αΛ and αΛ̄ are expected since the input value of ∆ΦJ/ψ is small. As one can
see in Figures 16 and 17, the uncertainties in αΛ and αΛ̄ also vary a lot, and
the uncertainties in αΛ̄ tend to be slightly larger than in αΛ .
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Figure 16: Fit uncertainties in αΛ for 75 different samples of 100 000 events
each.

Figure 17: Fit uncertainties in αΛ̄ for 75 different samples of 100 000 events
each.
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9

Discussion

In this study, it was found out that the magnitude of the relative phase ∆φJ/ψ ,
closely related to the hyperon polarization, has a large effect on the uncertainties
of the asymmetry parameters αY and αȲ . This is significant because the relative
phases measured in different hyperon decay processes can vary a lot, and it
is important to know which processes should be studied to obtain the high
precision required for CP tests. Tests with three different values of ∆φJ/ψ were
conducted on the J/ψ → Σ+ Σ̄− process (Table 4) and more advanced tests with
varying phase were conducted on the J/ψ → Σ0 Σ̄0 process (Figures 8 and 11).
In both cases it was seen that the smaller the value of ∆φJ/ψ , the larger the
uncertainties in αY and αȲ .
The reason why small ∆φJ/ψ gives large uncertainties in the asymmetry
parameters is the high correlation between αY and αȲ . This is due to the
formalism; when ∆φJ/ψ approaches zero, the terms where αY and αȲ appear
separately approach zero and can hardly be used to determine them separately.
When ∆φJ/ψ is small, the correlation is close to unity, which makes the individual uncertainties of αY and αȲ quite meaningless because the parameters are
so strongly correlated and hard to determine separately [33].
Both J/ψ → ΛΛ̄ and J/ψ → Σ0 Σ̄0 processes can be used to study the
asymmetry parameter of the Λ → pπ − decay. Measurements on the J/ψ → ΛΛ̄
process have been conducted at BESIII [4], whereas the parameter values, in
particular ∆ΦJ/ψ , have not been measured in the J/ψ → Σ0 Σ̄0 process. If one
assumes the same value of ∆φJ/ψ for the J/ψ → Σ0 Σ̄0 process as in the J/ψ →
ΛΛ̄ process, the uncertainties are larger in the J/ψ → Σ0 Σ̄0 process. This is
due to the formalism differences. The J/ψ → Σ0 Σ̄0 decay chain includes an
electromagnetic decay Σ0 → Λγ, which requires a different formalism than the
weak one-step decay process J/ψ → ΛΛ̄ → pπ − p̄π + . A part of the information
about the process is lost because the photon helicity angles are not used in the
formalism, which makes the uncertainties larger.
Because of the formalism differences, the J/ψ → Σ0 Σ̄0 process is not optimal
for CP studies of the Λ → pπ − decay. The most optimal value of ∆ΦJ/ψ
for the CP tests in the J/ψ → Σ0 Σ̄0 process would be π/2, but even then
the statistical uncertainties in αΛ and αΛ̄ would be around 0.03 for a sample
of 100 000 Σ0 Σ̄0 events (Figure 8). This is approximately twice as large as
the uncertainties obtained with 100 000 J/ψ → ΛΛ̄ events with the measured
value ∆φJ/ψ = 0.740 (Table 2). One also has to remember that measuring
∆φJ/ψ = π/2 in the J/ψ → Σ0 Σ̄0 process is the best case scenario for the CP
tests, and very unlikely. With a value of ∆φJ/ψ smaller or larger than π/2, the
uncertainties in the asymmetry parameters would be even larger.
However, the electromagnetic decay Σ0 → Λγ could be studied using the
J/ψ → Σ0 Σ̄0 process, which was not investigated in this project. Further
studies are required to see what parameter precisions can be expected in the
Σ0 → Λγ decay.
It is not certain whether the algorithm used in the simulations of the J/ψ →
Σ0 Σ̄0 process is working correctly, since when fitting 100 samples with a low
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value of ∆φJ/ψ , the MLL fit diverged in 25 cases. This might also be due to
the high correlations that make the individual errors meaningless, though. No
bias was found with this statistics, but further investigations would be required
to confirm this and to check that the algorithm works correctly.
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Conclusions

The statistical uncertainties of relative phase and asymmetry parameters in
three specific hyperon-antihyperon production and decay processes (J/ψ →
Σ+ Σ̄− , J/ψ → ΛΛ̄, and J/ψ → Σ0 Σ̄0 ) were studied by conducting Monte
Carlo simulations and maximum-log-likelihood fits on the simulated data. In
particular, the effect of the value of the relative phase ∆ΦJ/ψ and the electromagnetic Σ0 → Λγ decay on the uncertainties in asymmetry parameters αΛ
and αΛ̄ were investigated. Also the bias of the algorithm for the J/ψ → Σ0 Σ̄0
process was studied using 75 samples of 100 000 events each, and no bias was
found.
The relative phase ∆φJ/ψ was found to have a large impact on the uncertainties in αY and αȲ , as well as correlations between these parameters. In the
J/ψ → Σ+ Σ̄− process, a test with three different values of ∆φJ/ψ was conducted
and a decreasing trend in the uncertainties in αΣ+ and αΣ¯− was found when
increasing ∆φJ/ψ . In the J/ψ → Σ0 Σ̄0 process, more systematic tests of the
effect of ∆φJ/ψ were conducted. The errors in αΛ and αΛ̄ were smallest when
∆φJ/ψ = 1.257 − 1.885 rad and largest when ∆φJ/ψ was close to zero. The correlation between αΛ and αΛ̄ was found to decrease when ∆φJ/ψ increases. For
input values below ∆φJ/ψ = 0.126, the correlation between αΛ and αΛ̄ was over
0.99, which makes the individual fit uncertainties in αΛ and αΛ̄ meaningless.
The formalisms for J/ψ → Σ0 Σ̄0 and J/ψ → ΛΛ̄ were tested with the
same input parameters. The parameter uncertainties obtained with the J/ψ →
Σ0 Σ̄0 formalism were 2.3-3.1 times larger than with the J/ψ → ΛΛ̄ formalism.
Therefore, the J/ψ → Σ0 Σ̄0 process will not be optimal for the studies of CP
violation on the Λ → pπ − decay. The parameter precision of the Σ0 → Λγ
decay was not studied.
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Outlook

Whether a hyperon production and decay process is suitable for CP tests depends on the production mechanism. As this work has shown, processes that
have different angular distributions can give very different precision for the same
parameters. From the angular distribution, it is clear that αΛ and αΛ̄ can only
be well separated if the relative phase ∆φJ/ψ is different from zero. Therefore,
it is important to study how ∆φJ/ψ depends on the isospin of the final state
hyperons.
It is possible that the asymmetry parameter for the electromagnetic decay
Σ0 → Λγ, αΣ0 , can be measured with a high precision in the J/ψ → Σ0 Σ̄0
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process. Investigations of the parameter precision of αΣ0 would be a natural
next step for this project.
Another interesting continuation to the project would be to write a code to
transform the four-vectors from the center-of-mass frame to the helicity frames
in the J/ψ → Σ0 Σ̄0 process. Developing a complete procedure from the fourvectors in the center-of-mass frame to the fit results would be helpful for the
analysis of the process.
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