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ABSTRACT

A thermoelectric voltage is induced in a junction, constituted of two dissimilar materials under a temperature gradient. Similarly, a thermo-
size voltage is expected to be induced in a junction made by the same material but having different sizes, so-called thermosize junction.
This is a consequence of dissimilarity in Seebeck coefficients due to differences in classical and/or quantum size effects in the same materials
with different sizes. The studies on thermosize effects in the literature are mainly based on semiclassical models under relaxation time
approximation or even simpler local equilibrium ones where only very general ideas and results have been discussed without considering
quantum transport approaches and specific materials. To make more realistic predictions for a possible experimental verification, here we
consider ballistic thermosize junctions made by narrow and wide (n�w) pristine graphene nanoribbons with perfect armchair edges and
calculate the electronic contribution to the thermosize voltage, at room temperature, by using the Landauer formalism. The results show
that the maximum thermosize voltage can be achieved for semiconducting nanoribbons and it is about an order of magnitude larger than
that of metallic nanoribbons. In the semiconducting case, the thermosize voltage forms a characteristic plateau for a finite range of gating
conditions. We demonstrate, through numerical calculations, that the induced thermosize voltage per temperature difference can be in the
scale of mV/K, which is high enough for experimental measurements. Owing to their high and persistent thermosize voltage values, gra-
phene nanoribbons are expected to be good candidates for device applications of thermosize effects.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5111504

I. INTRODUCTION

Thermoelectric effect provides a unique mechanism for direct
conversion between heat and electricity. Pioneering works by Hicks
and Dresselhaus in 19931,2 stimulated extensive research on enhanc-
ing thermoelectric efficiency by making use of quantum confined
structures.3 Since then, thermoelectric junctions have been explored
in various contexts, such as quantum dots,4 molecules,5–7 nano-
wires,8 superlattices,9,10 and graphene.11–24 Rather than making a
junction between electrodes with different materials, a junction
between electrodes with the same material but having different
sizes may also generate an electrochemical potential difference
when a temperature gradient is applied. This potential difference
emerges from distinctive classical and/or quantum size effects on
the Seebeck coefficients, so-called thermosize effect.25 The ther-
mosize effect does not only open new optimization possibilities
in thermoelectric junctions, but also serves as a new computational

and experimental platform for the examination of quantum size
effects in different materials. Various studies have been conducted
for thermosize effect and their possible applications during the last
15 years.26–40

Thermosize effect is initially proposed and designed for junc-
tions between the electrodes of the same material, in which one elec-
trode is at nanoscale but the other one is at macroscale. In this way,
the setup constitutes a nano-macro thermosize junction (TSJ).25 By
considering nano-macro as well as nano-micro junctions, thermody-
namic performance analyses of cycles working with both classical
and quantum thermosize effects have been examined thoroughly.26–39

On the other hand, these studies in the literature are based on either
semiclassical models using relaxation time approach or even simpler
local thermodynamic equilibrium ones. Therefore, some general ideas
and results have been discussed without considering quantum trans-
port approaches and specific materials. In addition, despite the fact
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that quantum size effects are expected to be much more prominent
for ballistic transport,41 the thermosize effect in the quantum ballistic
regime has been completely overlooked.

In this study, we demonstrate, through numerical calcula-
tions, that the induced thermosize voltage between quantum bal-
listic electrodes can become high enough to experimentally verify
and use for device applications. Here, we choose armchair gra-
phene nanoribbons (AGNRs), having both width and length
smaller than the phase coherence length, as well as the character-
istic mean free path of electrons, as electrode material in our TSJ.
We calculate the transmission function of the graphene nanorib-
bons (GNRs), described using a tight-binding model, in the trans-
mission (Landauer) formalism. From the transmission, we obtain
the thermoelectric transport coefficients and thermosize potential
for GNR TSJs as a function of size, aspect ratio, and temperature.
We examine, using a few viable examples, the thermoelectric
properties of GNRs as well as thermosize voltage in GNR TSJs.

GNR is a perfectly suitable material for the TSJ due to its ballis-
tic transport properties at room temperature.42–44 Moreover, owing
to the strong size dependence of the electronic properties and corre-
sponding band structure,14,24,45–47 GNRs serve as one of the best
materials to investigate size-dependent properties. They may, in
addition, be good candidates for realizations of TSJs, considering the
efforts on their practical usage.18,23,44 Depending on the shape of
their edges, GNRs are classified as zig-zag or armchair GNRs. Since
the thermoelectric performance of armchair GNRs is shown to be
better than that for zig-zag GNRs in general,13 we consider narrow-
wide (n�w) armchair GNR TSJs in this study.

II. THERMOSIZE JUNCTION OF GRAPHENE
NANORIBBONS AND ITS MODELING

A schematic view of the setup we propose is presented in Fig. 1,
showing a TSJ of a narrow and wide (n�w) armchair GNRs. A tem-
perature gradient, defined between by a set of hot thermal reservoir
(TH ¼ 310K) at the left end and a cold thermal reservoir
(TC ¼ 300K) at the right. At the cold end of the junction, the two
GNRs are interconnected to one another, both electrically and ther-
mally. An insulating layer separating the GNRs from each other
extends into the hot reservoir, thereby electrically separating the
GNRs along the transport direction. Under zero external bias
voltage, an electrochemical potential difference is induced between
the hot and cold reservoirs across the GNRs, emerging as a response

to the applied temperature difference. However, because of the
unequal sizes (widths) of the two GNRs, the induced electrochemi-
cal potential differences across the GNRs are different. Hence, since
the electrochemical potentials of the GNRs are equal at the cold
side, a voltage difference is generated between the GNRs at the hot
end of the junction. This phenomenon is referred to as the thermo-
size effect. Note that both transport and transverse directions are
much smaller than the mean free path and comparable with the de
Broglie wavelength of electrons. The width per dimer is around
0.12 nm and depending on the number of dimers, the width of
GNRs ranges from 0.6 nm (5 GNRs) to 3 nm (25 GNRs).

In order to quantify our discussion, we construct a mathemat-
ical model corresponding to the system in Fig. 1. The GNRs can be
effectively described by a tight-binding Hamiltonian,

H ¼ �t
X
i,jh i

cyi cj þH:c:, (1)

where the sum runs over all nearest-neighbors i, jh i, t is the hopping
rate, the operator cyi (ci) creates (annihilates) an electron on the ith
site. The on-site energy is chosen to be zero relative to the Fermi
energy which we set to ϵF ¼ 0. For the quantum transport calcula-
tions, we have employed the software KWANT,48 which allows for
the construction of the tight-binding model and calculation of total
transmission function T(ε). The nearest-neighbor hopping rate
t ¼ 2:7 eV, which successfully describes the electronic properties
of GNRs in the absence of lattice deformation.42,49,50 Thanks to
the weak electron-phonon coupling in GNRs, even at room tem-
perature, phonon scattering of electrons is negligible.12,14,42 We
assume that the electrical contacts are perfectly transmitting,
which leads to that the thermoelectric coefficients only depend on
the widths of GNRs. In this way, we can focus on solely the
influence of the size (width) difference.

Depending on its width, the GNR can be either semiconduct-
ing or metallic.45 The width of the GNR is associated with the
number N of dimer lines across its width, and we shall use this
number to label the N-armchair GNR. The junctions constructed at
the interface between semiconducting and metallic GNRs cannot be
considered as TSJs, since semiconducting and metallic GNRs are
actually different types of materials in this context. Therefore, such a
setup constitute a usual thermoelectric junction, and while size also
matters for such junctions, we shall omit this possibility since we
want to focus on thermosize effects only. Before we approach the
construction of TSJs, we first investigate the thermoelectric transport
properties like conductance, Seebeck coefficient, and power factor of
GNRs as a function of the width, in order to understand their indi-
vidual thermoelectric properties at room temperature for different
widths of AGNRs.

By employing transmission formalism,51 the dimensionless
transport integral in the linear response regime reads

Iα ¼
ð
β ε� μð Þ½ �αβf (ε)[1� f (ε)]T(ε)dε, (2)

where β ¼ 1=(kBT), kB is the Boltzmann constant, T is the temper-
ature, α indicates the energy moment index, μ denotes the chemical
potential, and f (ε) ¼ 1={exp[β(ε� μ)]þ 1} is the Fermi-Dirac

FIG. 1. A schematic (not to scale) of a thermosize junction (TSJ) of narrow-
wide (n�w) graphene nanoribbons (GNRs) with armchair edges (armchair
GNR). Temperature difference (TH . TC) at the ends of the same material with
different sizes gives rise to thermosize voltage VTS.
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distribution function. In terms of the transport integral Iα , the elec-
trical conductance and Seebeck coefficient are then written as

G ¼ 2e2

h
I0, (3a)

S ¼ � kB
e
I1
I0
, (3b)

where e is the electron charge, h is the Planck constant, and the
factor 2 signifies spin degeneracy. The power factor P is then
given by P ¼ GS2.

In Figs. 2(a) and 2(b), we plot the transmission coefficients as a
function of the chemical potential μ for a few GNRs with different N
ranging between 5 and 17. From these plots, it can be concluded
that we can classify the GNRs into two groups with distinct conduct-
ing properties. The first class, comprising the 5-, 11-, 17-armchair
GNRs, as well as the 23-armchair GNR (not shown here), all have
zero bandgap, and would, therefore, be considered as metallic. The
second class, containing the 9-, 13-, 15-armchair GNRs, comple-
mented by the 7-, 19-, 21-, and 25-armchair GNRs (not given here),
have finite bandgaps and are, thereby, here regarded as semiconduct-
ing. This latter class is identified by bandgaps in the order of more
than 400meV (25-armchair GNR giving the minimum bandgap),
which, hence, provides viable semiconducting properties at room
temperature. Our results are in very good agreement with the previ-
ous ones in the literature.44

From the transmission coefficient, we extract the Seebeck
coefficient and power factor. In Fig. 2(c), we plot the modulus of
the Seebeck coefficients and in Fig. 2(d) the power factor (both nor-
malized to their corresponding maximum values) as a function of
the electrochemical potential μ, for three metallic and three semi-
conducting GNRs. Since we want to focus only on a certain type of
carriers in the TSJs, we consider conduction electrons for which
μ . 0 (n-type). As expected,14,17 the Seebeck coefficients of the

semiconducting GNRs are substantially more than two orders of
magnitude, larger than that for the corresponding metallic ones.
This is understood to be an effect of the finite bandgap around the
Dirac point for the semiconducting GNRs. In spite of the huge
difference between the maximums of Seebeck coefficients of semi-
conducting and metallic GNRs, the discrepancy between their corre-
sponding power factors is not comparably large. Naturally, this
originates from the (much) larger conductances of the metallic
GNRs compared to those of semiconducting ones in the pertinent
ranges of chemical potentials. Thus, from the result presented in
Fig. 2, it can be concluded that the thermosize voltage should be sig-
nificant for semiconducting GNRs at low chemical potentials.

III. THERMOSIZE VOLTAGE IN GRAPHENE
NANORIBBON JUNCTIONS

In a TSJ under zero external bias voltage, the applied tempera-
ture difference first serves as the sole driving force for the charge
current. Then, because of the zero steady-state current condition,
an electrochemical potential difference builds up as an opposite
driving force for the current. The net particle current inside each
GNR of the TSJ can be expressed as

Inet ¼ IH � IC ¼ 2e
h

ð
f μH , THð Þ � f μC , TCð Þ½ �T(ε)dε, (4)

under the assumption that T(ε) is the same for left and right
moving particles. Here, the hot (cold) end of the junction is
denoted by H (C). The emergent thermosize voltage between the
narrow and wide GNRs is then defined as

VTS(μC , TH , TC) ¼ μnH
��
Inet¼0

� μwH
��
Inet¼0

� �
=e: (5)

In Fig. 3, we plot the thermosize voltages for three different (a)
semiconducting and (b) metallic GNR TSJ configurations, as a

FIG. 2. The transmission coefficient T for (a) semiconducting and (b) metallic GNRs, (c) Seebeck coefficient, and (d) power factor (the last two are normalized to their
maximum values) at 300 K as a function of the chemical potential for GNRs having 6 different widths, where the 9-, 13-, and 15-armchair GNRs exhibit semiconducting,
while the 5-, 11-, and 17-armchair GNRs show metallic transport properties.
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function of the chemical potential μC of the cold side. For semicon-
ducting TSJs, the magnitude of thermosize voltage grows rapidly
with increasing values of μC in the vicinity of zero and then forms
an extended plateau for a wide range of μC and returns back to a
negligible voltage in an oscillatory fashion for large values of μC .
The thermosize voltage in the metallic TSJs, on the other hand,
remains vanishingly small for a wide range of μC and becomes finite
only at large values of μC , acquiring an oscillatory behavior about
zero voltage for increasing μC . The results, hence, suggest that for
large values of electrochemical potential μC , the thermosize voltages
generated by semiconducting TSJs, on the one hand, and metallic
TSJs, on the other, are comparable in magnitude. By contrast, for
small values of μC , the thermosize voltages generated in semicon-
ducting TSJs are about 10 times larger than that in the correspond-
ing metallic TSJs. Comparing the results in Figs. 2(b) and 3(a), we
see that thermosize voltage is sizable in the same range of chemical
potentials where the Seebeck coefficient peaks. The large magnitude
of the thermosize voltage and the characteristic plateau for semicon-
ducting TSJs suggest that this setup should be promising for the
experimental demonstration of the effect.

It can also be noticed that the thermosize voltages in metallic
TSJs are similar in magnitude for different GNR configurations. This
can be contrasted by the observation that the thermosize voltages for
different GNR configurations in semiconducting TSJs differ by
almost a factor of three. In fact, the results in Fig. 3(a) indicate that a
simultaneous increase of the widths of both n and w GNRs tends to
decrease the thermosize voltage. This is an expected behavior since
the quantum size effects become decreasingly important for larger
sizes. Higher values of the aspect ratio between the widths of n and
w GNRs, however, cause higher thermosize voltage. This behavior
clearly suggests that the larger the difference in magnitudes of
quantum size effects, the larger thermosize voltage can be obtained.
In both semiconducting and metallic cases, the sign of the thermo-
size voltage can be controlled by the chemical potential.

The aspect ratio of n�w is important for the design of the TSJ.
Since the semiconducting TSJs give much higher thermosize volt-
ages, we restrict our further considerations to this class of junctions.

The plots in Fig. 4 show the variations of the thermosize voltage
as a function of the aspect ratio, for different values of μC . In
Fig. 4(a), we vary the aspect ratio n=w, between 7=25 & 0:3 and
21=25 * 0:8, of the junction by keeping the width of the wide
GNR constant. Here, we consider only the configurations of
GNRs, which leads to semiconducting TSJs. The results clearly
show that the larger the thermosize voltage becomes, the smaller
the aspect ratio is, and it decreases monotonically with increasing
aspect ratio. However, since quantum size effects become more
prominent for the smaller sizes, we also checked whether a near
unity aspect ratio can still sustain a considerable thermosize
voltage. In Fig. 4(b), we plot the thermosize voltage as a function
of aspect ratio in the range between 7=9 * 0:77 and 19=21 & 0:91
by keeping the difference Nw � Nn between the wide and narrow
GNRs constant. These results clearly show that even an aspect
ratio near unity may not be detrimental for small enough GNRs
constituting the junction. Intrinsic quantum size effects may very
well become stronger and make the potential difference high
enough even though the widths of GNRs are close to each other.
This perspective is also corroborated by the fact that the thermo-
size voltage monotonically decreases with increasing widths of the
GNRs, keeping the difference Nw � Nn fixed. For wider GNRs, the
intrinsic quantum size effects become increasingly similar in the
two GNRs, which, therefore, tends to diminish the electrochemical
potential difference between the electrodes.

In Fig. 5, we investigate how the variations in temperatures
influence the induced voltage of a thermosize junction for various
cold side chemical potential values. As an example, we choose 9–15
AGNR TSJs with semiconducting behavior, since it gives the highest
thermosize voltage values. In Fig. 5(a), we plot the thermosize volt-
ages with respect to the temperature difference at both ends by
keeping the hot side temperature fixed at TH ¼ 400K. By controlling
the doping concentration or gate voltage, the cold side chemical
potential can be kept constant while the temperature of the cold side
changes. Within the examined range of temperature values, the ther-
mosize voltage increases in general by increasing the temperature
difference, or in other words, decreasing the cold side temperature.

FIG. 3. Thermosize voltage changes with the chemical potential of the cold side for (a) semiconducting and (b) metallic TSJs of armchair GNRs for various (n�w) width
combinations for 10 K temperature difference at room temperature.
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This is actually a consequence of an expected linear dependency
of induced voltage on temperature difference. Conversely, for
μC ¼ 0:1 eV, there is an optimal temperature difference which
maximizes the thermosize voltage. Therefore, increasing the tem-
perature difference further does not increase the thermosize
voltage indefinitely. This is because increasing the temperature
difference at constant chemical potential causes a shift to higher
chemical potentials (μC � μF) in the characteristic curves of the
thermosize voltage given in Fig. 3(a) at a constant temperature
difference. Although for ΔT ¼ 10K, μC ¼ 0:1 eV corresponds to
the plateau, for ΔT ¼ 100K, it corresponds to the region where a
sharp change occurs on the left part of the plateau, which has
lower voltage values than that of the plateau. In fact, this behav-
ior is not unique to that particular value of chemical potential,

but increasing the temperature difference will result in a similar
behavior for other μC values as well. However, since we restrict the
course of this article into high temperatures, we will not decrease
the temperature any lower than the room temperature.

In Fig. 5(b), thermosize voltage changes with the cold side
temperature by fixing the temperature difference at ΔT ¼ 10K.
Thermosize voltage slowly decreases with increasing temperature,
because this is a quantum effect and quantum size effects become
weaker when de Broglie wavelengths of particles are smaller with
increasing temperature. As expected, μC ¼ 0:1 and μC ¼ 0:2 give
the highest thermosize voltage values, since they correspond to the
persistent thermosize voltage plateau shown in Fig. 3(a). The effect
of decrement in Fig. 5(b) diminishes when the cold side chemical
potential gets lower or higher than the values corresponding to the

FIG. 5. Thermosize voltage of 9–15 semiconducting AGNR TSJs changes (a) with temperature difference at a constant hot side temperature, TH ¼ 400 K, (b) with a cold
side temperature by keeping the temperature difference constant at ΔT ¼ 10 K. Six different cold side chemical potential values are considered. The legend in subfigure
(a) also applies to subfigure (b).

FIG. 4. Aspect ratio dependences of thermosize voltage in semiconducting TSJs plotted for different chemical potential values (a) by changing the narrow side while
keeping the wide side constant and (b) by changing both sides while keeping Nw � Nn ¼ 2.
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voltage plateau. This is due to the fact that quantum size effects
(and so thermosize effects) are less present for the chemical poten-
tials that do not correspond to the voltage plateau. When we
compare both figures, one can see that the effect of temperature
difference is much higher than by just changing the temperature at
a constant temperature difference.

IV. DISCUSSION AND CONCLUSION

In conclusion, we predict that thermosize effect can experi-
mentally be verified and examined by constructing GNR TSJs. In
the studied setups, we predicted voltages per unit temperature
difference in the order of mV/K, at room temperature. For a com-
parison, conventional thermoelectric voltage induced in a wide
p-n graphene junction can reach up to 0.2 mV/K,20,23 which is
on the same order of the thermosize voltage. GNRs provide
better thermoelectric performance than graphene because of its
further reduced dimensionality, which causes enhancement due
to size effects. Thermoelectric voltage in p-n armchair GNR junc-
tions can reach up to 5 mV/K.13,17 Note that thermosize voltage
values are always lower than the half of the maximum thermo-
electric voltage that can be obtained in the same type of p-n
GNR junctions. This is because the Seebeck coefficients of p-type
and n-type GNRs are almost symmetric with respect to Fermi
level and thermoelectric voltage can take advantage of the full
magnitude of it, which is always larger than twice of the thermo-
size voltage. However, by taking advantage of the size difference
as well, it can be possible to go beyond the existing thermoelec-
tric junctions by combining the quantum size effects. Large
Seebeck coefficient suggests a large thermosize voltage. On the
other hand, the thermal conductivity of perfect GNRs is also very
high. To tackle this, there have been some thoughts to control the
thermal conductivity of nanomaterials, including introducing struc-
tural defects,52 constructing superlattices,53 or branched structures.54

Effects of impurity/defects on thermosize voltage are under consid-
eration as an extension of this study.

The formation of the induced electrochemical potential gra-
dient in response to the applied temperature difference will take
some finite amount of time and will be affected by the boundary
scatterings between GNRs and the insulator. For this particular
study, we neglect this boundary scattering since the thermosize
voltage is defined under zero net current, which is relevant after
the electrochemical potential gradient is formed. In our fully bal-
listic study, electrons reach from one terminal to the other
without any boundary scattering.

The suitability of GNRs for TSJs is accompanied by their
preserved ballistic transport properties and low electron-phonon
coupling at room temperature, as well as the strong quantum size
dependence of their electronic properties and band structures. In
this realm, the atomically thin GNR allows us to explore the ther-
mosize effect upon approaching the quantum limit. One shall
notice that our results may be regarded as an upper limit for the
thermosize voltage, since deviations from these ideal results may
arise from, for example, impurities, contact resistances, and inco-
herences. We nonetheless believe that the effect remains
sufficiently large in GNRs due to state-of-the-art capabilities to
manufacture ultraclean graphene.55,56 In a realistic device, the

GNR most likely has to be deposited on a substrate, which may
open up new opportunities in the design of energy conversion
devices based on quantum size effects.
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