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Simple homotopy type of the Hamiltonian Floer

complex

Sebastian Pöder Balkest̊ahl

Abstract

For an aspherical symplectic manifold M̂ , closed or with convex con-
tact boundary, and with vanishing first Chern class, a Floer chain complex
is defined for Hamiltonians linear at infinity with coefficients in the group
ring of the fundamental group of M̂ . For two non-degenerate Hamiltoni-
ans of the same slope continuation maps are shown to be simple homotopy
equivalences. As a corollary the number of contractible Hamiltonian or-
bits of period 1 can be bounded from below.

1 Introduction

Let (M,ω) be a symplectic manifold, closed or the completion of a compact
manifold M̂ with convex boundary. Assume that ω|π2(M) and c1(M)|π2(M)

vanish. For a non-degenerate Hamiltonian H : R/Z×M → R, linear at infinity if
M is open, and an almost complex structure satisfying a regularity assumption,
let CF ∗(H; Λ) denote the Hamiltonian Floer complex with coefficients twisted
by the fundamental group of M , reviewed in Section 3.

Theorem 1.1. Let (G, JG) and (H,JH) be regular pairs where the Hamilto-
nians G,H are linear at infinity with the same slope. Then a continuation
map

CF ∗(G; Λ)→ CF ∗(H; Λ),

induced by any regular homotopy from G to H and from JG to JH , is a simple
homotopy equivalence.

Simple homotopy equivalence is an improvement compared to Floer’s result
of homotopy equivalence [8]. Simple homotopy and the related notion of torsion
has been studied for Floer complexes for instance in [22] [13] [1] [21] [6]. The
complex CF ∗(H; Λ) also appears in [17]. In particular for the case of closed M ,
Theorem 1.1 and Corollary 1.2 appears in [5], which is based on [22]. The latter
performs bifurcation analysis using a geometric stabilization while here we use
action-energy arguments.

Theorem 1.1 is proved in Section 5 as Proposition 5.7.
The complex CF ∗(H; Λ) is generated by contractible 1-periodic orbits of the

Hamiltonian flow of H. Thus their number is constrained by the minimum rank
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among complexes with the simple homotopy type of CF ∗(H; Λ). This is the
simple homotopy type of a Morse complex on M̂ , since for H a small Morse
function Floer’s identification of Floer and Morse complexes holds, see Section
4.

Damian [3] shows that any complex which is simple homotopic to a Morse
complex on M̂ may be realized as the Morse complex of a stable Morse function
on M̂ : a Morse function M̂ × R2k → R which is a compact perturbation of
a Morse function on M̂ plus a non-degenerate quadratic form on R2k. See
Theorem 2.2. The stable Morse number of M̂ is the minimum number of critical
points of such functions. Thus

Corollary 1.2. Suppose that H : R/Z×M → R is non-degenerate and linear
at infinity with sufficiently small slope ε. Then the number of contractible 1-
periodic orbits of the Hamiltonian vector field of H is at least equal to the stable
Morse number of M̂ .

The Arnold conjecture gives the Morse number of M̂ as a lower bound
(the minimum number of critical points among Morse functions respecting the
boundary). Clearly this would be better than Corollary 1.2, and indeed there
are examples due to Damian [3] where the Morse and stable Morse numbers
differ. These examples depend only on the fundamental group; by work of
Gompf [11] any finitely presented group may be realized as the fundamental
group of a symplectic manifold.

Examples of closed symplectic manifolds with π2 = 0, hence satisfying the
assumptions of Theorem 1.1, are given in [5], and there exists also examples of
Gompf [12] with π2 6= 0 but ω|π2 = c1|π2 = 0 .

Here we note that the stable Morse number can be strictly larger than any
bound coming from the cohomology of M . Firstly, the augmentation ε : Λ =
Z[π1(M)]→ Z which map all group elements to 1 sends the complex CF ∗(H; Λ)
to the Floer complex CF ∗(H;Z) with integer coefficients, which computes the
cohomology of M shifted down by n = 1

2 dimM . Secondly, any complex in the
simple homotopy type of CF ∗(H; Λ) has a module in degree 1−n of rank at least
equal to the minimal number δ of generators of the Λ-module ker ε [3]. Hence
if for instance the fundamental group of M is nontrivial, finite, and perfect
(π1 = [π1, π1]) then δ ≥ 2 [3], and hence there must be at least two generators
in degree 1− n not seen in cohomology. For example we may find a Weinstein
domain with 1- and 2-handles [24] attached according to a presentation of the
desired group.

I thank my advisor Thomas Kragh for discussions and comments on previous
versions of this document.

2 Preliminaries

A Liouville domain is a compact manifold M̂ with boundary ∂M̂ , equipped with
a 1-form θ such that ω = dθ is symplectic, and moreover the Liouville vector
field Z defined by ω(Z,−) = θ is transverse to and points out of ∂M̂ . The
restriction α of θ to ∂M̂ is a contact form with contact structure ξ = kerα.
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A Liouville domain can be completed to an open manifold as follows. Notice
that since Z points outward of ∂M̂ , the flow ϕt of Z defines a collar

(1− ε, 1]× ∂M̂ → M̂, (r, x) 7→ ϕlog r(x)

and here θ corresponds to rα. We set

M = M̂ ∪ ([1,∞)× ∂M̂)

glued along their common boundary ∂M̂ , and extending the forms θ and ω to
rα and d(rα) respectively.

Working in a Liouville domain allows an exact symplectic form, in particular
excluding bubbling, while still retaining control over J-holomorphic curves or
Floer trajectories; these cannot “escape to infinity” for a suitable class of almost
complex structures and Hamiltonians. See proposition 3.2.

But these remarks also apply to completions of compact symplectic (M̂, ω)
with convex boundary, i.e. near the boundary there is a form θ as above, if
we assume that the map ω|π2

: π2(M̂) → R, p 7→
∫
S2 p

∗ω vanishes. Closed M
satisfying ω|π2

= 0 also qualify.
Throughout we shall assume that the similar map c1(M)|π2 also vanishes.

2.1 Simple-homotopic chain complexes and stable Morse numbers

General references for simple-homotopy theory are [25] or [2], but here the
presentation is closer to [1] and [3].

Let Λ be the ring Z[π1(M̂)], and let C∗ be a free and finitely generated
complex over Λ, with a basis c which is a union of bases ci of Ci. The sim-
ple homotopy type of (C∗, c) is the class of such based complexes under the
equivalence relation generated by the following moves.

1. A trivial summand 0 → Λr
id−→ Λr → 0, with preferred basis at both

positions the standard basis of Λr, can be added or removed.

2. The basis ci can be replaced by a basis c′i so that the change of basis matrix
is either the identity matrix plus one off-diagonal element from Λ, or the
identity matrix where one diagonal element is replaced by ±g ∈ ±π1(M̂).

3. A chain isomorphism (C∗, c)→ (D∗, d) which sends each basis ci to di.

Now let C∗, D∗ be free and finitely generated complexes with preferred bases c
and d. Write C∗[1] for the shift (C[1])k = Ck+1. A chain homotopy equivalence
f : C∗ → D∗ is simple if the cone of f ,

Cf =

(
C∗[1]⊕D∗, d =

(
−dC 0
f dD

))
,

with the basis c ∪ d, has the same simple homotopy type as the zero complex.
If f is simple, C∗ and D∗ have the same simple homotopy type [25].

Next suppose that C∗ carry an increasing filtration F pC∗ ⊂ F p+1C∗ with
associated quotient groups GpC∗ = F pC∗/F p−1C∗, and similarly for D∗. The
following is essentially Corollary 2.4 in [1].
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Lemma 2.1. Suppose that C∗, D∗ are free finitely generated based Λ-complexes
which moreover are filtered so that each filtration level F pC∗, F pD∗ is free on
a subset of the same generators, and suppose that f : C∗ → D∗ is a chain
homotopy equivalence respecting the filtration. Moreover suppose that each of
the induced maps fp : GpC → GpD are simple homotopy equivalences. Then f
is a simple homotopy equivalence.

Proof. The complex B∗ := Cf has a filtration F pCf = (F pC∗[1])⊕ F pD∗ with
associated quotients GpB∗ = GpCf = Cfp . Let k be the highest filtration level,
so F k−1B∗ ( F kB∗ = B∗. The complex GkB∗ may by assumption be reduced
to zero by a sequence of moves, which we will lift to reduce F kB∗ to F k−1B∗.

Only when removing a trivial summand do we encounter any difficulity.
Suppose basis elements r ∈ F kBi, s ∈ F kBi+1 span, in GkB∗, a trivial sum-
mand with dr̄ = s̄. However in F kB∗ we may have that dr = s + t, where
t ∈ F k−1B∗. We replace the basis element s ∈ F kB∗ with s′ = s + t ∈ F kB∗.
Thus dr = s′ and this new basis still satisfies the assumptions. Moreover,
let r⊥ ⊂ F kBi be the span of the other basis elements in this degree and
similarly s⊥ ⊂ F kBi+1. Since the differential of GkB∗ takes r⊥/F k−1Bi to
s⊥/F k−1Bi+1, we have dr⊥ ⊂ s⊥, too. Hence r, s′ span a trivial summand of
F kB∗, which we then may remove.

Thus F kB∗ may be reduced to F k−1B∗. Proceeding inductively we can
reduce F kB∗ = Cf to the zero complex.

Let M̂n be a compact manifold of dimension n, possibly with boundary, and
let f : M̂ → R be a Morse function and V a gradient-like vector field for f . This
means that df(V ) > 0 away from the critical points of f , while near any critical
point p there is a chart in which

f(x) = f(p)− x2
1 − · · · − x2

i + x2
i+1 + · · ·x2

n and

V (x) = −2x1∂1 − · · · − 2xi∂i + 2xi+1∂i+1 + · · ·+ 2xn∂n.

We assume that the boundary is contained in a regular level set of f , that V
points outwards along it, and that (f, V ) satisfies the Morse-Smale condition of
transverse intersections among ascending and descending manifolds. The latter
can be achieved by a perturbation of V .

For each critical point of f , choose a preimage in the universal cover M̃ → M̂
of M̂ and an orientation of the descending manifold. A Λ-complex C∗(f, V )
is generated by these chosen preimages, graded by the Morse index, where the
differential counts flow-lines of−V lifted to M̃ . Such a flow-line γ with γ(−∞) =
x, γ(∞) = y contributes ±gx, g ∈ π1(M̂), to ∂y if the Morse index µMorse(y)
of y is one less than the index of x. The simple homotopy type of the complex
C∗(f, V ) is independent of the pair (f, V ).

When M̂ is closed, the arguments of M. Damian [3] apply to show that the
minimum rank of complexes in the simple homotopy type of C∗(f, V ) is equal
to the stable Morse number µst of M̂ . This is the minimum number of critical
points among Morse functions h : M̂ × Rk × Rk → R which, outside a compact
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set, agree with the quadratic form Q(m,x, y) = |x|2 − |y|2. If W is a gradient-
like vector field for h which outside a compact set equals the gradient of Q we
say that (h,W ) is standard at infinity.

For M̂ with boundary, the argument of Damian can be adopted slightly as
in Proposition 2.9 in [6] to conclude similarly. Here the stable Morse functions
h are required to be of the form h = Q+f outside a compact set in the interior,
where f is a function on M̂ having ∂M̂ contained in a regular level set. Similarly
a gradient-like vector field W of h is required to point out of along ∂M̂ × R2k

and outside a compact set be of the form ∇Q+ V , V a vector field on M̂ .

Theorem 2.2 ([3], [5]). Let D∗ be a free finitely generated based Λ-complex
in the simple homotopy type of C∗(f, V ). There is a k ∈ N, a stable Morse
function h : M̂ × Rk × Rk → R, and a gradient-like vector field W such that
(h,W ) is Morse-Smale and standard at infinity, and such that

D∗ = C∗(h,W )[k].

Proof. We merely emphasize the important points of the arguments of [3], [5].
Choose k such that D∗[−k] is supported in the degrees 3, . . . , n + 2k − 3. One
starts with a pair (f, V ) of M̂ and stabilize to (f + Q,V +∇Q). Then, Morse
moves are performed on the latter to mimic the algebraic manipulations to get
from C∗(f + Q,V + ∇Q) = C∗(f, V )[−k] to D∗[−k]. These Morse moves are
raising/lowering the value at a critical point, performing handle slides, add a
pair of critical points which form a trivial subcomplex, cancel two trajectories
which together form a nullhomotopic loop, and cancel a pair of critical points
which form a trivial subcomplex and which have only one trajectory between
them.

To perform these we need a little room. Let F ⊂ M̂ be the union of all
critical points of f and any trajectories between them, and let U ⊂ M̂ ×R2k be
an open set containing F ×0 and contained in a compact set K ⊂ int(M̂)×R2k.
All moves can be performed in U , so that the resulting pair (h,W ) equals
(f +Q,V +∇Q) outside U . We may choose K such that any trajectory which
exits K in forwards or backwards time never enters it again, instead going to
infinity or to the boundary ∂M̂×R2k. From these considerations the arguments
of Damian [3] produces (h,W ) as desired.

3 Hamiltonian Floer setup

For a function H : R/Z ×M → R we set Xt = XHt as the Hamiltonian vector
field defined by ω(−, Xt) = dHt, t ∈ R/Z. For open M̂ , we have to restrict the
behaviour of H on the infinite end (r, x) ∈ [1,∞)× ∂M̂ : for r ≥ R assume that
H is of the form Ht(r, x) = H(r, x, t) = εr where ε > 0 is not the length of any
Reeb orbit of (∂M̂, α). We say that H is linear at infinity with slope ε.

The time-s flow of the non-autonomous system

ẋ(t) = Xt(x(t))
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is a symplectic diffeomorphism ϕs of M . A fixed point x of ϕ1, or the 1-
periodic orbit x(t) = ϕt(x) of Xt, is non-degenerate if det(id− dxϕ1) 6= 0. The
Hamiltonian H is admissible if it is linear at infinity and each 1-periodic orbit
of Xt is non-degenerate.

Note that on the region [R,∞)×∂M̂ the Hamiltonian vector field of H = εr
is Xt = εRα, where Rα is the Reeb vector field on (∂M̂, α). Were ε equal to
the length of any closed orbit of Rα, that orbit would be a degenerate (along
the Reeb direction) 1-periodic orbit of Xt. Let S ⊂ [0,∞) be the complement
of the lengths of all closed contractible orbits of Rα.

Lemma 3.1. The set S ⊂ [0,∞) is residual and contains a neighbourhood of
0. For ε ∈ S, the set of admissible Hamiltonians is a C∞-open and dense subset
of the set of functions linear at infinity of slope ε.

Due to this lemma we can and will assume that H is admissible. Later
constructions will turn out to be independent of the chosen perturbation by
Theorem 1.1.

Before proving the lemma, let us define the action of a contractible loop
γ : S1 = R/Z→M as

A(γ) =

∫
D2

f∗ω −
∫ 1

0

H(t, γ(t))dt

where f : D2 →M satisfies f(e2πit) = γ(t). This is independent of the filling f
by the assumption ω|π2 = 0. If η is a vector field along γ, one calculates

dA(γ)(η) =

∫ 1

0

ω(η(t), γ̇(t)−Xt(γ(t)))dt

and concludes that the critical points of A are loops which are orbits of Xt.

Proof. Oh proves in [15, Lemma 2.2] that the critical values of the action are
meagre, thus S is residual. The lengths of closed orbits of Rα is bounded away
from zero since ∂M̂ is compact and Rα nonvanishing.

Let W denote loops in M of Sobolev class H1 and let E → W be the
vector bundle with fiber over γ consisting of L2 vector fields along γ. Given a
Hamiltonian H, there is a section f = fH : W → E given by γ 7→ γ̇ −XHt(γ),
such that zeroes of f are the 1-periodic orbits of XHt .

Let R be such that H is linear on [R,∞)×M̂ of slope ε ∈ S. Then no orbits
lie in this region. Let

H = {h ∈ Ck(R/Z×M,R) : h|R/Z×[R,∞)×M̂ = 0}

be a Banach space of perturbations. Consider the extended map

F : W ×H → E, (γ, h) 7→ γ̇ −XHt+ht(γ).

If (γ, h) is a zero of F , it has a vertical differential at (γ, h) equal to

dγ,hF (ξ, g) = ∇∂tξ −∇ξXH+h(γ)−Xg(γ)
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using some auxiliary metric [16]. The image of dF is dense, since if η is a
smooth vector field along γ which is nonzero at t0, we may find a function g with
dη(t0)gt0 = ω(−, η(t0)) and supported near (t0, η(t0)) such that 〈dF (0, g), η〉L2 =
〈−Xg(γ), η〉L2 6= 0. Since dF is the direct sum of the Fredholm operator dfH+h

and another operator the image is also closed and dF has a bounded right
inverse. Hence F is a submersion, in particular P = dF−1(0) ⊂ W × H is a
Banach submanifold.

Consider the projection p : P → H with differential d(γ,h)p(ξ, g) = g. Recall
that Tγ,hP = {(ξ, g)|dγ,hF (ξ, g) = 0↔ dγfH+h(ξ) = Xg(γ)}.

Thus (γ, h) is a critical point of p precisely when dγfH+h is not surjective
at γ. Since dγfH+h has Fredholm index 0, this is equivalent to dγfH+h having
a nontrivial kernel, i.e. that γ is a degenerate orbit of XH+h. Hence whenever
h is a regular value of p, H + h has only non-degenerate 1-periodic orbits. By
the Sard-Smale theorem, p has a dense set of regular values.

Since smooth functions are dense in Ck and the condition of non-degeneracy
is open, the conclusion follows.

Let P(H) be the set of contractible 1-periodic orbits of Xt; by choice of
Hamiltonian, the orbits are isolated and contained in a compact set, so P(H)
is finite.

We will consider 1-periodic almost complex structures Jt on TM which on
one hand is compatible with ω, that is ω(−, Jt−) is a metric on TM for each t.
On the other hand there should be a R > 1 such that on [R,∞)× ∂M̂ ,

J(r∂r) = Rα and J(ξ) ⊂ ξ. (1)

Almost complex structures fulfilling these two conditions are admissible. Given
an admissible almost complex structure on TM , introduce the corresponding

L2 metric on the loop space given by 〈v, w〉L2 =
∫ 1

0
ω(v(t), Jtw(t))dt for two

vector fields v, w along a loop γ. Then the equation

∂su+ Jt(u)∂tu+∇Ht(u) = 0 (2)

for maps u(s, t) : R×S1 →M represents the positive gradient flow equation for
A. Although the gradient of A does not define a flow on a Hilbert manifold of
loops in M , it is useful to consider as gradient flow lines smooth solutions of (2)
with specified boundary conditions [7]. Let M(x, y;H,J) denote the solutions
of (2) which satisfy the boundary conditions

lim
s→−∞

u(s, t) = x(t), lim
s→∞

u(s, t) = y(t), x, y ∈ P(H). (3)

We shall also have to consider the equation

∂su+ Jst (u)∂tu+∇stHs
t (u) = 0. (4)

Here Js is a path of admissible t-dependent almost complex structures and Hs

is a path of functions which are linear at infinity for each s. We impose that the
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paths are constant for sufficiently large s� 0 and for s� 0, and that the ends
H−∞ = Hs�0, H∞ = Hs�0 are non-degenerate. Consider boundary conditions

lim
s→−∞

u(s, ·) = x ∈ P(H−∞), lim
s→∞

u(s, ·) = y ∈ P(H∞). (5)

Collect the solutions u of equation (4) with these boundary conditions (5) into
a space Ms(x, y;Hs, Js).

To achieve compactness for solution spaces of these equations one needs to
nullify the noncompact end [1,∞)×∂M̂ . For the present situation the following
maximum principle applies, which for instance is in [23].

Proposition 3.2. Consider a pair (H,J) or a path (Hs, Js) such that there is
a region [R,∞) × ∂M̂ ⊂ M where H depends only on s, t and r ∈ [R,∞) and
J satisfies (1). Assume further that ∂s∂rH

s
t (r) ≤ 0 in this region.

Suppose that u ∈M(x, y;H,J) respectively u ∈Ms(x, y;Hs, Js). Then for
each R′ ≥ R such that x and y are contained in MR′ = M \ (R′,∞)× ∂M̂ , u is
also contained in MR′ .

A path (Hs, Js) is admissible if in addition to previous conditions it satisfies
the hypothesis of the proposition.

Proof. In the region [R,∞) × ∂M̂ , write u(s, t) = (f(s, t), v(s, t)). The claim
follows if f satisfies a local maximum principle. Decompose the tangent bundle
of [R,∞)× ∂M̂ as

R∂r ⊕ RRα ⊕ ξ,

and let p : T∂M̂ → ξ denote the projection with kernel Rα. Interpreting (4) in
this splitting, using that ∇Hs

t = (∂rH)r∂r, one finds that the equations

0 = ∂sf − fα(∂tv) + f∂rH
s
t (f)

0 = α(∂sv) +
1

f
∂tf

0 = p∂sv + Jp∂tv

needs to be satisfied. From these equations and that J |ξ is tamed by dα we get

0 ≤ dα(p∂sv, Jp∂sv) = dα(∂sv, ∂tv) = ∂sα(∂tv)− ∂tα(∂sv) =

=
1

f
∂2
sf −

1

f2
(∂sf)2 + ∂s∂rH

s
t (f) + ∂2

rH
s
t (f)∂sf +

1

f
∂2
t f −

1

f2
(∂tf)2

where the first equality also uses that dα(Rα, ·) = 0. Using that f > 0 and the
assumption that ∂s∂rH ≤ 0, the function f satisfies the linear partial differential
inequality

∆f + w∂sf ≥ 0

with w(s, t) = f(s, t)∂2
rH(s, t, f(s, t)). This implies a maximum principle.
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When considering (2), the energy of u is

E(u) =
1

2

∫ 1

0

∫
R
|∂su|2 + |∂tu−Xt(u)|2dtds

where the norm at time t is defined using ω(−, Jt−). Then, recalling Jt∇tHt =
Xt and that J is unitary,

E(u) =
1

2

∫ 1

0

∫
R
|∂su+ J∂tu+∇Ht(u)|2 + 2〈∂su,−J∂tu−∇Ht(u)︸ ︷︷ ︸

gradu(s,·)A

〉dsdt

=
1

2

∫ 1

0

∫
R
|∂su+ J∂tu+∇Ht(u)|2 +

∫
R

d

ds
A(u(s,−))ds.

Thus if u is a solution of (2) satisfying the boundary contitions (3) we have that

E(u) = A(y)−A(x), (6)

which provides a bound on the energy of u in terms of the limits x, y.
Next, for the equation (4) the energy is defined as

E(u) =
1

2

∫ 1

0

∫
R
|∂su|2 + |∂tu−Xs

t (u)|2dsdt

where both the Hamiltonian vector field and the norms depend on both t and
s. Using the notation gradγ As = −Jst γ̇ −∇stHs

t (γ) and noting that ∂As
∂s (γ) =

−
∫ 1

0
(∂sH

s
t )(γ(t))dt and that Jst is unitary, this can be rewritten as

E(u) =
1

2

∫ 1

0

∫
R
|∂su− gradu(s,·)As|2dsdt+

∫
R
〈∂su, gradu(s,·)As〉L2ds

=
1

2

∫ 1

0

∫
R
|∂su− gradu(s,·)As|2dsdt+

∫
R

∫ 1

0

(∂sH
s
t )(u(s, t))dtds

+

∫
R

d

ds
As(u(s,−))ds.

Thus if u is a solution of (4) with the boundary conditions (5), then

E(u) = A∞(y)−A−∞(x) +

∫
R

∫ 1

0

(∂sH
s
t )(u(s, t))dtds. (7)

If the last term is bounded independently of u (but depending on x and y), this
equation provides a bound for the energy of solutions between x and y. Taking
∂sH ≤ 0 suffices. However, if we know a priori, such as by Proposition 3.2, that
some collection of solutions {u} between x and y stays in some compact part,
then E(u) is bounded, since ∂sH

s vanishes for large |s|.
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3.1 Grading

We shall assign to each orbit x ∈ P(H) a grading |x| ∈ Z using a Conley-Zehnder
index. Namely, we can choose a filling u : D2 → M of x, i.e. u|∂D2 = x, and
a trivialization T of u∗TM . The path [0, 1] 3 t 7→ dx(0)ϕt of linear symplectic

mappings correspond in this trivialization to a path A(t) = T−1
e2πitdx(0)ϕtTe0 of

symplectic matrices; since x is non-degenerate, the path ends at a matrix A(1)
with no eigenvalue equal to 1. Thus the Conley-Zehnder index µCZ of this path
is defined as in [19].

Choosing a different trivialization S : D2 × R2n → u∗TM results in a path
B(t), related to A as

B(t) = Se2πit
−1Te2πitTe0

−1Se0Se0
−1Te0A(t)Te0

−1Se0 .

The path Se2πit
−1Te2πitTe0

−1Se0 is a loop at 1 ∈ Sp(2n) which is null-homotopic,
as it extends over the disc; thus B is a conjugation of A and multiplication by a
null-homotopic loop, under which the Conley-Zehnder index is invariant. If we
choose a different filling, the two fillings glue together to a topological sphere
over which we have assumed that c1(M) vanishes; thus the trivialization of TM
over one filling extends over the other. We may thus define

|x| = µCZ(A) (8)

where A(t) is any path to which dx(0)ϕt corresponds under a trivialization over
a filling.

Note that if H : M → R is a small Morse function, the grading is related to
the Morse index as |x| = µMorse(x)− n [19].

3.2 Compactness and regularity

Let (H,J) be an admissible pair or (Hs, Js) an admissible path. Put

M(H,J) = {u : R× S1 →M | u solves (2) and (3) for some x, y},
Ms(H

s, Js) = {u| u solves (4) and (5) for some x, y}.

Theorem 3.3. Let (H,J) be an admissible pair or (Hs, Js) an admissible path.
The spaces M(H,J) and Ms(H

s, Js) are compact in the C∞loc-topology.

Remark 3.4. Let {Hb, Jb}b∈B be a smooth family of pairs or paths over a
compact subset B of a manifold. The conclusion also applies to sequences
(bn, un) where un solves (2) respectively (4) with data (Hbn , Jbn), as long as the
images of un are all contained in a compact subset of M and that supE(un) <
∞.

Proof. The theorem follows from [14, Theorem B.4.2] and the following trick.
Given a sequence un in one of these spaces, repace it with the sequence vn =
id×un : R×S1 → R×S1×M , which is J̃-holomorphic for the almost complex
structure

J̃ =

(
i 0

Xs
t ds+∇stHs

t dt Jst

)
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on R× S1 ×M . Here i is the complex structure on the cylinder: i(∂s) = ∂t. In
the case of a family of data (as in the remark) these J̃ = J̃n may be assumed
to converge since B is compact, so we are in the situation of a sequence of
pseudo-holomorphic maps for constant or convergent almost complex structure.

Under the hypothesis of the theorem there are only a finite number of 1-
periodic orbits of H respectively of H±∞. Thus on the one hand Proposition
3.2 shows that all images of un are contained in a fixed compact subset of M , on
the other hand the energy E(un) is uniformly bounded. The latter implies, since
bubbling is excluded, that there must exist for each compact set K ⊂ R×S1 of
the domain a uniform bound

sup
n
‖dvn‖L∞(K) <∞

in L∞ of the derivatives.
Now apply the cited teorem to vn. The limit is a section of R× S1 ×M →

R× S1 since bubbling in the fiber M is excluded.

Let (H,J) be an admissible pair and let u ∈M(x, y;H,J). The linearization
of the left hand side of (2) is an operator

Duξ = ∇∂sξ + J(u)∇∂tξ + (∇ξJ)∂tu+∇ξ∇H(u)

= ∇∂sξ + J(u)(∇∂tξ −∇ξX(u)) + (∇ξJ)(∂tu−X(u))
(9)

which for p > 2 extends to a Fredholm operator [8, Theorem 4] [19]

Du : W 1,p(u∗TM)→ Lp(u∗TM).

Here the domain models maps near u with the same asymptotics and is defined
using a Sobolev norm on sections of u∗TM → R×S1 with respect to the metric
g(s,t) = ωu(s,t)(−, Jt(u)−).

Definition 3.5. An admissible pair (H,J) is regular if for all x, y ∈ P(H)
and u ∈ M(x, y), the operator Du is surjective. Similarly an admissible path
(Hs, Js) is regular if for all x ∈ P(H−∞), y ∈ P(H∞) and u ∈ Ms(x, y), the
operator Du is surjective.

Whenever Du is surjective, then near u the space M(x, y) is a manifold
of dimension the Fredholm index of Du. This is by an implicit function theo-
rem [14, Theorem A.3.3] which is applicable after some set-up. (Note that Du

automatically has a bounded right inverse.)
For a smooth family of paths {Hb, Jb}b∈I over I = [0, 1] with fixed ends

(H−∞, J−∞), (H∞, J∞), consider the space

Ms(x, y; {Hb, Jb}I) = {(b, u) ∈ I × C∞(R× S1,M)|u ∈Ms(x, y;Hb, Jb)}

where x ∈ P(H−∞), y ∈ P(H∞). If (b, u) ∈ Ms(x, y; {Hb, Jb}I) consider the
operator

Db,u : R×W 1,p(u∗TM)→ Lp(u∗TM)

(c, ξ) 7→ Du(ξ) + c∂bJb(u)(∂tu−Xb(u))− Jb(u)c∂bXb(u)

where Du is as above, but using Hb and Jb.
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Definition 3.6. The family {Hb, Jb}b∈I is regular if Db,u is surjective for all
x ∈ P(H−∞), y ∈ P(H∞), (b, u) ∈Ms(x, y; {Hb, Jb}I).

Regularity can be achieved by perturbing the almost complex structure and
Hamiltonian [10]. For an admissible reference almost complex structure J , let
J be the space of admissible almost complex structures which equal J outside
some compact set of M . Similarly for an admissible reference path (Hs, Js) let
J (J−∞, J∞) (respectively H(H−∞, H∞)) be the space of paths which equal
(the assumed admissible) J±∞ (H±∞) near s = ±∞ and equal Js (Hs) outside
a compact set. Finally let JI(J,K) be the space of families {Jb}b∈I over I =
[0, 1] of paths such that J0 = J and J1 = K, and equaling a reference family
outside a compact set, similarly HI(G,H). These spaces are equipped with the
C∞-topology. The ”J ”-spaces are contractible.

Theorem 3.7 ([10]). 1. Given an admissible Hamiltonian H, there is a
dense set of J ∈ J such that (H,J) is a regular pair.

2. Given regular pairs (H±, J±), there is a dense set of regular paths (Hs, Js) ∈
H(H−, H+)× J (J−, J+) .

3. Given regular paths (G, I), (H,J) ∈ H(H−, H+) × J (J−, J+), there is a
dense set of regular families {Hb, Jb} ∈ HI(G,H)× JI(I, J).

Remark 3.8. In part 2, if also Hs is given and ∩sP(Hs) = ∅, there is a
dense set of Js such that (Hs, Js) is regular. In addition a constant path
(Hs, Js) = (H,J) is regular as a path if it is regular as a pair. Similarly for
part 3.

Proof. The proofs of the three statements are similar. Part 1 is proved in
[10]. We prove part 3. Let x ∈ P(H−), y ∈ P(H+) and fix any fillings. Fix
also symplectic trivializations ψi(t) : R2n → Ti(t)M of i∗TM , i = x, y, in the
resulting homotopy class.

As in [10], consider continuous maps u : R × S1 → M such that u(s, t)
converges with derivatives to x(t) as s → −∞ and to y(t) as s → ∞. For
σ � 0 define ξx : (−∞,−σ] × S1 → R2n by u(s, t) = expx(t) ψx(t)ξx(s, t) and

similarly ξy : [σ,∞)× S1 → R2n by u(s, t) = expy(t) ψy(t)ξy(s, t). Let for p > 2

B = B1,p(x, y) consist of such u which locally are of Sobolev class W 1,p and for
which ξx ∈W 1,p((−∞,−σ]× S1), ξy ∈W 1,p([σ,∞)× S1).

Choose S0 such that ∂sH = 0 for |s| > S0 and similarly for G, J , and I. Also
choose a R > 0 such that both H∞ and H−∞ have no orbits in [R,∞)× ∂M .
For r > 0, let J = J r denote the completion with respect to the Cr-topology
of those {Jb}b∈I ∈ JI(I, J) for which ∂sJb vanishes for |s| > S0 and which equal
the reference family {Jref} on [R,∞)× ∂M . Define H = Hr similarly.

Let E → B be the vector bundle with fiber at u being Eu = Lp(u∗TM). For
any path (Hs, Js) we get a section ∂̄(Hs,Js) of E which at u is the left hand side
of equation (4). Extend E trivially to E → I × B ×H× J . We get a section

F : I × B ×H× J → E , (b, u, {Hb}b∈I , {Jb}b∈I) 7→ ∂̄(Hb,Jb)(u).
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Let Z ⊂ I × B ×H×J be the zero set of F . We are interested in fibers of the
projection p : Z → H × J , as p−1({Hb}, {Jb}b∈I) = Ms(x, y; {Hb, Jb}I), and
will show that F is transverse to zero along Z.

Consider z = (b, u, {Hb}, {Jb}) ∈ Z. The tangent space of E at (z, 0) splits
as TE = TbI ⊕ TuB ⊕ T{Hb}H ⊕ T{Jb}J ⊕ Eu. Denote by DzF the differential
of F at z composed with the projection to Eu. Thus F is transverse to the zero
section at z when DzF is surjective. The latter is given by

DzF (b, u, {Jb}) : TbI ⊕ TuB ⊕ T{Hb}H⊕ T{Jb}J → Eu
(c, ξ, {hb}, {Yb}) 7→ Db,u(c, ξ) +∇bhb(u) + Yb(u)(∂tu−Xb(u)).

Here ∇bhb(u) is the gradient of hst,b at u(s, t) with respect to the metric induced
by Jst,b. The range of DzF is closed since it is the direct sum of the Fredholm
operator Db,u with another operator. Thus if it is not surjective, there is a
nonzero element χ ∈ Lq(u∗TM) which annihilates the range of DF (where
1/p+ 1/q = 1). Taking c = 0, h = 0, Y = 0, such a χ satisfies∫

R

∫ 1

0

〈Duξ, χ〉dtds = 0, ∀ξ ∈W 1,p(u∗TM)

and thus solves the equation D∗uχ = 0 in the distributional sense. Here
D∗u : W 1,p → Lp is the formal adjoint of Du, with coefficients of class Cr,
whence χ is also of class Cr and solves D∗uχ = 0 [14]. Thus we may apply
a unique continuation result [10, Proposition 3.1] to conclude that χ = 0 if it
vanishes in some open set.

Taking c = ξ = h = 0 we find that∫
R

∫ 1

0

〈Yb(u)Jb(u)∂su, χ〉 = 0, ∀{Yb} ∈ T{Jb}J .

Suppose there is a point (s′, t′) ∈ R× S1 with |s′| < S0 and where neither ∂su
nor χ vanish. Then there is {Yb} ∈ T{Jb}J such that∫

R

∫ 1

0

〈Yb(u)Jb(u)∂su, χ〉 > 0.

Namely Y is supported in an arbitrary small neighbourhood of
(b, s′, t′, u(s′, t′)) and is at this point equal to some A ∈ End(Tu(s′,t′)M) with

〈AJb,s′,t′(u(s′, t′))∂su(s′, t′), χ(s′, t′)〉 > 0;

an example of the latter is provided in [20, Section 8]. (Note that b 6= 0, 6= 1 since
these are already regular.) Thus χ vanishes at (s′, t′) and in some neighbourhood
where ∂su 6= 0 and hence everywhere.

If instead ∂su(s, t) = 0 for all |s| < S0 it follows that ∂su = 0 throughout
R × S1. Differentiating (4) with respect to s, there appears nonlinear terms
containing ∂sJ and ∂sX, but these are nonzero only where ∂su vanish. Thus
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they may be dropped to get a linear equation which ∂su solves and by unique
continuation it vanishes everywhere1. Finally with c = ξ = Y = 0 we get that∫

R

∫ 1

0

〈∇bhb(u), χ〉 = 0, ∀{hb} ∈ T{Hb}H

so that if χ is nonzero at (s′, t′) we may find a family {hb} supported near
(b, s′, t′, u(s′, t′)) such that the left hand side is positive.

Thus there is no such χ, F is transverse to zero, and Z is a Banach mani-
fold. Consider the projection p : Z → H× J . At any z ∈ Z, the linearization
dp : TzZ → TH ⊕ TJ is a Fredholm operator with the same index as Db,u by
[14, Lemma A.3.6]. Moreover ({Hb}, {Jb}) ∈ H × J is a regular value of p
precisely when it is a regular family.

By the Sard-Smale theorem there is a residual set in H × J = Hr × J r of
regular families. The same is true among the smooth families in H∞ × J∞ by
an argument of Taubes as presented in [10, p.270].

From Theorem 3.7, the set-up in the proof, the implicit function theorem
and an index calculation [20, Theorem 5.3] we conclude

Theorem 3.9. Let (H,J) be a regular pair, (Hs, Js) a regular path or
{Hb, Jb}b∈I a regular family. The dimension ofM(x, y;H,J) is |x|− |y|, the di-
mension ofMs(x, y;Hs, Js) is |x|−|y|, and the dimension ofMs(x, y; {Hb, Jb}I)
is |x| − |y|+ 1.

Whenever the dimension of M(x, y) is positive, i.e. whenever x 6= y, there

is an action by R given by (σ, u) 7→ u(s+σ, t). Denote the quotient by M̂(x, y).

Theorem 3.10 ([19][9]). 1. For a regular pair and for |x| − |y| = 1 the

quotient M̂(x, y) = M(x, y)/R is compact, and for |x| − |y| = 2 the
quotient can be compactified to a compact manifold with boundary such
that as oriented manifolds

∂M̂(x, y) =
⋃

z∈P(H)

−M̂(x, z)× M̂(z, y).

2. For a regular path and for |x| − |y| = 0 the space Ms(x, y) is compact,
and for |x| − |y| = 1 it can be compactified to a compact manifold with
boundary such that as oriented manifolds

∂Ms(x, y;Hs, Js) =
⋃

z∈P(H−∞)

M̂(x, z;H−∞, J−∞)×Ms(z, y;Hs, Js)

∪
⋃

z∈P(H∞)

−Ms(x, z;H
s, Js)× M̂(z, y;H∞, J∞).

1Thus if there are no such trivial cylinders it suffices to perturb {Jb}.

14



3. For a regular family over [0, 1] and for |x|−|y| = −1 the spaceMs(x, y; {Hb, Jb}I)
is compact, and for |x|− |y| = 0 it can be compactified to a compact man-
ifold with boundary such that as oriented manifolds

∂Ms(x, y; {Hb, Jb}I) =
⋃

z∈P(H−∞)
|z|=|x|−1

M̂(x, z;H−∞, J−∞)×Ms(z, y; {Hb, Jb}I)

∪
⋃

z∈P(H∞)
|z|=|y|+1

Ms(x, z; {Hb, Jb}I)× M̂(z, y;H∞, J∞)

∪ {0} × −Ms(x, y;Hs
b=0, J

s
b=0) ∪ {1} ×Ms(x, y;Hs

b=1, J
s
b=1).

The compactification of theorem 3.10 looks as follows. Say |x| − |y| = 2
and un ∈ M(x, y) is a sequence which leaves each compact set of the quotient

M̂(x, y). Then there is a subsequence and real numbers sn, σn ∈ R such that
the shifted sequences vn(s, t) = un(s+ sn, t), wn(s, t) = un(s+ σn, t) converges
in C∞loc to an element of M(x, z) respectively M(z, y). The converse inclusion
requires a glueing argument.

If instead un is a non-convergent sequence in Ms(x, y), where |x| − |y| = 1,
there is a subsequence which converges in C∞loc to an element of eitherMs(x, z)
or ofMs(z, y) and numbers sn ∈ R such that the shifted subsequence wn(s, t) =
un(s+ sn, t) converges to an element in M(z, y) respectively M(x, z).

The statements on orientation refer to the following construction. Given
regular data, take any coherent orientation σ as in [9] (see also Appendix B of
[18]). Whenever u ∈ M(x, y), since Du is surjective and kerDu

∼= TuM(x, y),

we get an orientation ofM(x, y) from σ. This induces an orientation of M̂(x, y)

by requiring R⊕TūM̂(x, y) ∼= TuM(x, y) to be oriented. Whenever |x|−|y| = 1

denote by sign(u) ∈ {±1} the orientation of TūM̂(x, y). If instead u ∈Ms(x, y)
and |x| = |y|, the operator Du is an isomorphism and we let sign(u) denote the
difference between the orientation σ and the orientation given by 1 ⊗ 1∗ of
detDu = R⊗ R∗.

To incorporate coefficients in π1(M) we shall need a little more. Let (H,J)
be a regular pair. For each x ∈ P(H) choose and fix a lift x̃ to the universal

cover M̃ of M . Now any u ∈ M(x, y;H,J) has contractible image and lifts to

the universal cover M̃ →M . Choosing the initial condition ỹ, we follow the lift
of u along decreasing s and arrive at some lift of x which we can write as gx̃ for
some unique g ∈ π1(M). Let

M(gx̃, ỹ) :=M(gx̃, ỹ;H,J) ⊂M(x, y;H,J)

be the collection of these. This is a decomposition of M(x, y;H,J) into path-
components or unions of path-components, in particular each M(gx̃, ỹ) has
dimension |x| − |y|. Similarly for a regular path (Hs, Js) we decompose

Ms(x, y;Hs, Js) =
⋃

g∈π1(M)

Ms(gx̃, ỹ;Hs, Js)
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where each Ms(gx̃, ỹ) is a union of components of Ms(x, y).

Lemma 3.11. Let un be a sequence in M(x, y) or Ms(x, y) or (an, un) in
Ms(x, y; {Hb, Jb}I) which converges to a broken cylinder (v, v′) with ends x, z
respectively z, y. Then for large n, un is homotopic relative the ends to a
concatenation of v and v′.

In case there are several breaks the proof is only notationally more difficult.

Proof. Following [4, Lemma 3.16]. The cases being similar, we may assume that
the un are parameterised such that they converge to v in C∞loc. Hence there are
numbers bn →∞ such that wn(s, t) = un(s+ bn, t) converges to v′. These may
be found as follows. Take a small ball Bz centered at z(0), and take s′ > 0 such
that v(s, 0) ∈ intBz for all s ≥ s′. Since for large n the curve un(s, 0) must
enter and then leave Bz, let bn be the first exit time:

bn = min{s|s > s′ and un(s, 0) ∈ ∂Bz}.

We must have bn →∞ since otherwise, passing to a subsequence, they converge
to b∞ and thus v(b∞, 0) ∈ ∂Bz, which contradics the choice of s′ as bn > s′.

Now wn(s, t) = un(s + bn, t) converge to v′ ∈ M(z, y). Take small balls
Bx, By centered at x(0), y(0) and s′′ > s′ such that v(s, 0) ∈ intBx for s ≤ −s′′,
v′(s, 0) ∈ intBy for s ≥ s′′. Then for large n we have that

• un(s, 0) ∈ intBx for s < −s′′

• un(s, t) converges in C∞loc to v ∈M(x, z) or v ∈Ms(x, z)

• un(s, 0) ∈ intBz for s′′ < s < bn

• un(s+ bn, t) converges in C∞loc to v′ ∈M(z, y)

• un(s, 0) ∈ intBy for s > s′′ + bn.

Considering the path s 7→ un(s, 0), we change the parametrisation so that the
path is constantly equal to x(0), z(0) or y(0) for s < −s′′ − 1, near s = 1

2 (bn −
s′′) respectively for s > s′′ + bn + 1. For large n this is homotopic to the
concatenation of s 7→ v(s, 0) and s 7→ v′(s, 0) similarly modified to be constant
outside (−s′′ − 1, s′′ + 1). The conclusion follows.

The converse direction of glueing follows. We will use the following conse-
quence.

Lemma 3.12. Let (J,H) be a regular pair and let x, y ∈ P(H) with |x|−|y| = 2.

The compactification of M̂(x, y) turns M̂(gx̃, ỹ) =M(gx̃, ỹ)/R into a compact
manifold with boundary

∂M̂(gx̃, ỹ) =
⋃

z∈P(H)

⋃
h∈π1(M)

M̂(gh−1x̃, z̃)× M̂(hz̃, ỹ).

Similarly for a path (Hs, Js) and the spaces Ms(gx̃, ỹ;Hs, Js) or a family
{(Hb, Jb)}b∈I and the spacesMs(x, y; {Hb, Jb}I) whenever they have dimension
1.
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3.3 Floer complexes

Recall that given a regular pair (H,J), for each x ∈ P(H) a choice of lift x̃ to

the universal cover M̃ is fixed. Set Λ = Z[π1(M)] and let

CF ∗(H,J) =
⊕

x∈P(H)

Λx̃

be the free left Λ-module generated by the lifted orbits. Each generator x̃ has
a grading |x̃| = |x| by (8). The module CF ∗(H,J) carries a filtration by the
action A on generators; for nonzero m =

∑
migix̃i with mi ∈ Z, gi ∈ π1(M),

put
F (m) = max

i:mi 6=0
A(xi).

Take F (0) = −∞.
Define the differential of CF ∗(H) on generators as

∂ỹ =
∑
x∈P

|x|−|y|=1

∑
g∈π1(M)

∑
u∈M̂(gx̃,ỹ)

sign(u)gx̃.

That this is a well defined element of CF ∗(H,J), i.e. that the sum is finite,
follows from Theorem 3.10.

Proposition 3.13. (CF ∗(H,J), ∂) is a cochain complex.

Proof. Lemma 3.12 states that ∂2 counts, with signs, the elements of the bound-
ary of a compact 1-dimensional manifold.

From equation (6) it follows that the differential decreases the action, i.e.
F (∂m) < F (m) for m ∈ CF ∗(H). The set generated by 1-periodic orbits under
a certain action level is a subcomplex

F aCF ∗(H) =
⊕

x∈P : A(x)≤a

Λx̃,

and if a ≤ b then F aCF ∗(H) ⊂ F bCF ∗(H) is an inclusion of complexes.

3.4 Continuation maps

Let (Hs, Js) be a regular path between pairs (H−∞, J−∞) and (H∞, J∞). A
chain map

Φ: CF ∗(H∞, J∞)→ CF ∗(H−∞, J−∞)

is defined by counting solutions of (4). Namely for x ∈ P(H−∞), y ∈ P(H∞)
with |x| = |y|, the spaceMs(gx̃, ỹ;Hs, Js) is an oriented compact zero-dimensional
manifold by Theorem 3.10 . Therefore Φ may be defined on generators as

Φ(ỹ) =
∑

x∈P(H−∞)
|x|=|y|

∑
g∈π1(M)

∑
u∈Ms(gx̃,ỹ)

sign(u)gx̃.

From Lemma 3.12 it follows that
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Proposition 3.14. The map Φ is a chain map, i.e. ∂ ◦ Φ = Φ ◦ ∂.

Note that by equation (7), Φ might not preserve the filtration.
Consider next compositions of such chain maps. If (Gs, Is) is a regular path

with (G∞, I∞) = (H−∞, J−∞), it defines a chain map Ψ: CF ∗(G∞, I∞) →
CF ∗(G−∞, J−∞). The composition

Ψ ◦ Φ: CF ∗(H∞, J∞)→ CF ∗(G−∞, J−∞)

is equal to the chain map induced by the path

Ls =

{
Gs+R s ≤ 0

Hs−R s ≥ 0
, Ks =

{
Is+R s ≤ 0

Js−R s ≥ 0

for any sufficiently large R > 0 [19, Lemma 3.11]. This extends to coefiicients
in Λ as in the proof of Lemma 3.12.

If instead (Gs, Is) is another regular path with the same endpoints as
(Hs, Js), then the induced continuation maps Ψ and Φ are chain homotopic.
This is by defining a family {Hb, Jb}b∈I where b = 0 yields (Hs, Js) and b = 1
yields (Gs, Is). Counting the elements of Ms(gx̃, ỹ; {Hb, Jb}I) with sign when-
ever |x| = |y| − 1 defines a map

CF ∗(H∞, J∞)→ CF ∗−1(H−∞, J−∞)

which is a chain homotopy between Φ and Ψ by the third part of Theorem 3.10.

Corollary 3.15. Regular paths with the same end-points induce chain homo-
topic continuation maps.

These results imply that as long as the slope at infinity of H−∞ is the same
as of H∞, Φ is a chain equivalence, and that a homotopy inverse is defined by
the same procedure applied to the path s 7→ (H−s, J−s).

4 Calculation for small slope

Suppose that H : M → R is a Morse function, linear at infinity, and with a
unique minimum. By considering cH for a small c > 0 we may on one hand
assume that the slope of cH is less than the length of any Reeb orbit of ∂M̂ , on
the other that the contractible 1-periodic orbits of cX are precisely the critical
points of cH. We may also assume that near the critical points there are Morse
charts which are also Darboux charts:

Proposition 4.1. There is a Morse function f such that H − f has support
near the critical points of H, f has the same critical points as H, all with the
same index, and there exists Morse charts for f which are also Darboux charts.

Proof. Consider a Darboux ball B centered at a critical point of H. We will
produce an isotopy ψt with support in B, which fixes the origin, and such that
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ψ0 = id and near the origin we have H ◦ ψ1 = H(0) ± x2
1 ± · · · ± y2

n. The
proposition follows.

The Hessian HessH of H at the origin is symmetric and can be diagonalized
by an element A ∈ SO(2n); let B ∈ GL(2n) dilate the coordinate axes so
that Hess(H ◦ A ◦ B) = diag(±2, . . . ,±2). Now A and B lie in the identity
component of GL(2n) so there is an isotopy from the identity to AB. Cut off
the generating vector field to get an isotopy pt with support in B, such that
g := H ◦ p1 = H ◦A ◦B near the origin.

Next use the Moser trick to find an isotopy qt fixing the origin and with
q0 = id and g ◦ q1 = g(0) + 1

2x
T Hess(g)x. As was done for p, modify q to have

support contained in the chart. Then ψt = pt ◦ qt is the sought isotopy.

Let J be an almost complex structure which is standard in these Morse-
Darboux charts and for which the pair (cH,∇cH) is Morse-Smale. If γ is a
flow-line of −∇cH then u(s, t) = γ(s) solves (2). Denote by

Lγ : W 1,2(R, γ∗TM)→ L2(R, γ∗TM), v 7→ ∇∂sv +∇v∇cH

the vertical linearization of γ̇ + ∇cH = 0; it is surjective by the Morse-Smale
condition. Then for c sufficiently small, the mapping av(ξ) =

∫
ξdt is an injective

mapping kerDu → kerLγ for all such u [20, Cor 4.3]. Since their indices agree
this implies that Du is surjective, so u is regular.

Moreover for c sufficiently small all v ∈M(x, y; cH, J) are of this form when
|x| − |y| = 1 [20, Sec 7]. Thus the two complexes CF ∗(cH, J) and C∗(cH,∇H)
have the same generators and their differentials count the same objects. Finally
if γ is a gradient trajectory ending at the unique minimum p we may push the
orientation of kerLγ = Tγ(0)W

u(x)∩W s(p) by the map av : kerDu → kerLγ to
an orientation of kerDu. Following the construction of a coherent orientation [9,
p.32] we are free to assign this orientation to kerDu, and the Morse orientations
are coherent among themselves (i.e. respect glueings). Thus the complexes are
isomorphic by identifying bases.

Proposition 4.2. For H a Morse function with unique minimum and c >
0 sufficiently small, the complexes CF ∗(cH, J) and C∗(cH,∇H) are simple
equivalent.

5 Continuation maps and simpleness

We shall prove that continuation maps between Hamiltonians of the same slope
are simple equivalences, i.e. Theorem 1.1. The argument essentially goes as
follows. Given a regular path (Hs, Js) , there is around each s an open interval
such that if s′, s′′ are in this interval and the Floer complexes for this data are
defined, then these complexes are simple homotopy equivalent via a homotopy
arising from (Hs, Js). Since the path is constant for large |s|, we can take
a finite sequence of such short steps to go from (H−∞, J−∞) to (H∞, J∞).
This composition is chain homotopic to the continuation map induced from
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(Hs, Js), which is therefore also a simple equivalence, recalling that simpleness
is preserved under composition and chain homotopy [2].

Consider first the set

Z = {(s, x) ∈ R×M |(t 7→ ϕst (x)) ∈ P(Hs)} ∼=
⋃
s∈R
{s} × P(Hs)

and the projection p : Z → R, (s, x) 7→ s.

Lemma 5.1. By a small perturbation of Hs with compact support in R ×
R/Z×M we may arrange that Z is a manifold and p is a Morse function.

Proof. Ono proves in the proof of Lemma 3.5 of [16] that there is a perturbation
such that dp : TZ → TR is transverse to the zero section of TR outside the zero
section of TZ, i.e. that p is a Morse function.

From now on we shall assume that p is a Morse function. It follows that the
Hamiltonians Hs0 are admissible for all but a finite number of s0 ∈ R. We shall
also have use of the following consequence.

Corollary 5.2. Let δ > 0 be such that Hs is non-degenerate for all s ∈ (s0 −
δ, s0). Then there are functions γ1, . . . , γl : (s0 − δ, s0]× S1 →M such that

1. for s ∈ (s0−δ, s0), the 1-periodic orbits ofXs are exactly γ1(s, ·), . . . , γl(s, ·);

2. as s→ s0, each γi(s, ·) tends to an orbit of Xs0 ; and

3. each γi is continuous on (s0 − δ, s0]× S1 and smooth on (s0 − δ, s0)× S1.

A similar statement holds for s ∈ (s0, s0 + δ).

Fix s0 ∈ R and let ε > 0 be such that Hs0±ε are admissible. We’ll use the
notation H+ for Hs0+ε, H0 = Hs0 and similar. Let η(s) be a smooth function
such that

η′(s) ≥ 0 and η(s) =

{
s0 − ε if s < s0 − 1

s0 + ε if s > s0 + 1

and consider the smooth path
Hη(s).

If J± are regular for H± and Is is regular for the path Hη, we get a induced
continuation map Φ: CF ∗(H+) → CF ∗(H−), and the reverse path induces a
homotopy inverse Ψ: CF ∗(H−)→ CF ∗(H+).

We will now fix the chain homotopy K : CF ∗(H+) → CF ∗(H+) from Ψ ◦
Φ to id+ and similarly L from Φ ◦ Ψ to id−. Define the family {Hs,q =
Hη(β(s)−q)}q∈[−Q,Q] where β is convex, β(0) = 0, and β(s) = |s| outside some
neighbourhood of 0. Then for q � 0, we have Hs,q = H+ and the corresponding
chain map is id+, while for q � 0 the chain map CF ∗(H+)→ CF ∗(H+) defined
by Hs,q is exactly Ψ ◦ Φ [19, Lemma 3.11]. Together with a regular family of
almost complex structures, {Hs,q} induce K. A similar family induce L.
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Next consider filtrations on CF ∗(H±). Say the critical values of A0 = AHs0
are b1 < . . . < bk and use the filtration where F pCF ∗(H±) is generated by
orbits of action ≤ (bp+bp+1)/2, with F 0 as the zero complex, F k as everything.
Put

GpCF ∗(H±) = F pCF ∗(H±)/F p−1CF ∗(H±), p = 1, . . . , k.

The first point is to argue that the continuation map Φ: CF ∗(H+)→ CF ∗(H−)
induce maps of the associated groups Gp, and similarly for the homotopy inverse
and the chain homotopies. Namely if ε is sufficiently small, the critical values of
A± will lie close to the critical values b1, . . . , bk of A0. Hence if the continuation
map decreases action there would clearly be induced maps. But by (7) this is
not quite true, but almost, and we will argue that it is good enough. We will
use Corollary 5.2.

Let d = 1
4 mini 6=j |bi − bj | be one-fourth of the gap of critical action values

at s0.

Lemma 5.3. There is some ε1 > 0 such that for all |p| < ε1, the critical values
of As0+p is contained in a d-neighbourhood of the critical values of As0 =
{b1, . . . , bk}.

Proof. Let δ > 0 such that in (s0 − δ, s0 + δ), there are no Hs with degenerate
orbits except possibly at s = s0. Corollary 5.2 shows that orbits converge in
C0 as s → s0 and the action AH(γ) is continuous as a function of (γ,H) ∈
C0(S1,M)× C0(S1 ×M,R).

Recall that ∂sH
s = 0 outside some compact set of R ×M (the slopes of

H−∞, H∞ agree). Let ε1 > 0 be as in the lemma and let ε2 ∈ (0, ε1) be so
small that ∫ s0+ε2

s0−ε2

∫
S1

max
x∈M

|∂sHη(s)
t (x)|dtds < d.

If ε < ε2, it follows that that the critical values of A± lie in a d-neighbourhood
around the critical values of As0 , and, by the energy identity (7), that the
continuation maps Φ and Ψ preserve the filtration F p. Hence Φ induces
maps ϕ = ϕp : GpCF ∗(H+) → GpCF ∗(H−) and similarly Ψ induces maps
ψ : GpCF ∗(H−) → GpCF ∗(H+). As for the chain homotopies K and L,
from (7) and the definition of Hs,q we find that if u ∈ Ms(x, y;Hs,q) and
ỹ ∈ F pCF ∗(H+) \ F p−1CF ∗(H+) then

A+(x) = A+(y)− E(u) +

(∫
s≥0

+

∫
s≤0

)∫ 1

0

∂sH
s,q
t (u(s, t))dsdt <

< bp + d− 0 + 2d < bp+1 − d

whence K respects the filtration and induces k : GpCF (H+) → GpCF (H+).
This k will then be a chain homotopy from ψ ◦ϕ to the identity on GpCF (H+).
Similarly L induces maps l on the Gp’s. Thus ϕ and ψ are homotopy inverses
of each other.
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In this situation it follows from Corollary 5.2 that each x ∈ P(H±) tend to
a unique z ∈ P(Hs0). Let B±z ⊂ P(H±) be the collection of those tending to
z, and which therefore have action close to As0(z). Thus we have a splitting of
modules

GpCF ∗(H±) ∼=
⊕

z∈P (s0):As0 (z)=bp

ΛB±z . (10)

A key point is to show that this is a splitting of subcomplexes which the
continuation maps preserve, compare [1].

At this point it is convenient to modify the chosen lifts x̃ for any x ∈ B±z .
Namely by choosing a lift of z(0) to M̃ , the functions γi provided by Corollary
5.2 gives a preferred lift for each x ∈ B±z . In the chain complex this results in
a change of basis element x̃→ gx̃ and thus does not affect whether Φ is simple.
This change is assumed for the next proposition.

Proposition 5.4. There is a ε3 ∈ (0, ε2) such that if ε < ε3, the splitting (10)
is a splitting of subcomplexes, and ϕ(B+

z ) ⊂ ΛB−z for each z. Furthermore the
Λ-linear restrictions ∂± : ΛB±z → ΛB±z and ϕ : ΛB+

z → ΛB−z arise from maps
ZB±z → ZB±z , ZB+

z → ZB−z via extension of scalars.

Remark 5.5. If the pairs (H±, J±) or the path (Hη, Jη) are non-regular, the
conclusions still hold for regular pairs and path sufficiently close to (H±, J±)
respectively (Hη, Jη). See Lemma 5.9.

This is proved after Lemma 5.9. This gives us

Proposition 5.6. For ε < ε3 the map Φ: CF ∗(H+) → CF ∗(H−) is a simple
equivalence.

Proof. Any chain equivalence of Z-complexes is simple, and the same holds for
ϕ = ϕp since ∂± and ϕ are extensions of maps over Z [2]. Thus from Lemma
2.1 we conclude that Φ is simple.

Proposition 5.7. Let (Hs, Js) be a regular path. The continuation map
Φ: CF ∗(H∞, J∞)→ CF ∗(H−∞, J−∞) is a simple homotopy equivalence.

Proof. The s-dependence of (Hs, Js) is a compact set A ⊂ R. We can thus
choose finitely many si and an εmin > 0 such that the intervals (si − εmin, si +
εmin) cover A and Proposition 5.6 applies whenever ε < εmin.

Choose ri ∈ (si+1 − εmin, si + εmin). By Remark 5.5 we may assume that
(Hri , Jri) respectively the induced paths (Hη

i , J
η
i ) are regular, and thus there

is a map
Φ′ : CF ∗(H∞, J∞)→ CF ∗(H−∞, J−∞)

defined by a composition of continuation maps which are simple by Proposition
5.6. Being a composition of simple equivalences, Φ′ is simple, too [2]. Finally
note that Φ is homotopic to Φ′ (Corollary 3.15) and thus also simple [2].
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It remains to prove Proposition 5.4. The situation is as follows. We have
the path (Js, Hs) and the chosen value s0. Let σ(s, b) be a smooth homotopy
from the constant function s 7→ s0 to a function increasing from s0− 1 to s0 + 1
such that

σ(s0, b) = s0 for all b

σ(s, b) = s0 − b for s < s0 − 1 and all b

σ(s, b) = s0 + b for s > s0 + 1 and all b

∂sσ ≥ 0.

Consider the family Hσ(s,b) for b ∈ [0, 1], suppressing the almost complex
structure Jσ(s,b).

Let δ > 0 be as in Corollary 5.2, so if γ is an orbit of Xs with |s − s0| < δ
it makes sense to say that γ lies close to some unique orbit of Xs0 . Let P(s) =
P(Hs).

Lemma 5.8. Let Jst , H
s
t be a given admissable path, fix s0 ∈ R, and let δ be

as in Corollary 5.2. There is a β ∈ (0, δ), such that for any b ∈ (0, β), any
x, y ∈ P(s0) with As0(x) = As0(y), and any x′ close to x, y′ close to y, the
following spaces are empty.

1. For x 6= y, x′ ∈ P(s0 − b), y′ ∈ P(s0 + b), Ms(x
′, y′;H

σ(s,b)
t ) = ∅.

2. For x 6= y, x′, y′ ∈ P(s0 ± b), M(x′, y′;Hs0±b
t ) = ∅.

3. For x = y, x′ ∈ P(s0 − b), y′ ∈ P(s0 + b), Ms(gx̃
′, ỹ′;H

σ(s,b)
t ) = ∅, unless

g = 1.

4. For x = y, x′, y′ ∈ P(s0 ± b), M(gx̃′, ỹ′;Hs0±b
t ) = ∅, unless g = 1.

In the latter two cases the lifts x̃′, ỹ′ are chosen such that x̃′(0) and ỹ′(0) lie in
the same sheet above x(0).

Proof. Consider part 1. Let x, y ∈ P(s0) be different and B be a fixed small
ball centered at x(0) such that the closure B̄ does not contain z(0) for any
z ∈ P(s0) \ {x}. Consider a sequence of maps un which solve equation (4) for
data Hσ(s,b) such that b = bn tends to zero as n→∞, and with ends

lim
s→−∞

un(s, ·) = xn ∈ P(s0 − bn), lim
s→∞

un(s, ·) = yn ∈ P(s0 + bn)

close to x, y. Thus

E(un) = (As0+bn(yn)−As0−bn(xn))→ 0.

For each n let sn be defined as the time un(·, 0) hits ∂B:

sn = min{s ∈ R|un(s, 0) ∈ ∂B}.
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Consider the shifted sequence wn := un(· + sn, ·). It solves (4) for data
Hσ(s+sn,bn), which still converges to Hs0 as n→∞.

We have a family parametrised by R × I 3 (sn, bn). But for each compact
set K of the domain R × S1 we may regard sn to lie in some interval, since σ
will be independent of s if sn is sufficiently large or small. Thus by Theorem
3.3 we get a limit v on K, and by taking a sequence Ki ⊂ Ki+1 which exhausts
R × S1 we get, after passing to a subsequence, that wn converge in C∞loc to a
function v : R× S1 →M which solves (4) with data Js0 , Hs0 .

The asymptotics of wn agree with those of un so that limE(wn) = 0. This
is a bound for the energy of v, which therefore vanishes. As v is continuous it
follows that there is a z ∈ P(s0) such that v(s, t) = z(t) for all s.

The sequence wn satisfies wn(0, 0) ∈ ∂B, so that z(0) = v(0, 0) ∈ ∂B, which
contradicts the choice of B.

Hence there is no such sequence un. We conclude that there is β(x, y) > 0
such that for b ∈ (0, β) there are no solutions of (4) between any x′ ∈ P(s0− b)
near x and any y′ ∈ P(s0 + b) near y. The set P(s0) is finite, so we can take β
as the minimum among β(x, y). This proves part 1. Part 2 is similar.

Assume that the situation is the same as above but that y = x ∈ P(s0).
Consider a un, and suppose that the path s 7→ un(s, 0) is homotopic, for a
homotopy with compact support in R, to a path contained in the neighbourhood
B of x(0). In this case there is nothing to prove, so we may assume that it is
not so for any un. Then the hitting times sn are well defined and the argument
proceeds as above. This proves parts 3 and 4.

Let (Hs, Js) and β be as in Lemma 5.8, and take b ∈ (0, β) such that
H± = Hs0±b are admissible. The lemma guarantees that some moduli spaces
of the path (Hσ(s,b), Jσ(s,b)) are empty, but this path might be nonregular. To
fix this, consider sequences J±n of almost complex structures tending to Js0±b

and with (H±, J±n ) regular pairs for all n, together with a sequence of paths Jsn
between J−n and J+

n tending to Jσ(s,b) such that (Hσ(s,b), Jsn) are regular paths
for all n.

Lemma 5.9. There is a N such that for all n > N the moduli spaces in Lemma
5.8 are empty when taken with respect to (H−, J−n ), (H+, J+

n ), or (Hσ(s,b), Jsn),
as appropriate.

Proof. If for instanceMs(x
′, y′;H

σ(s,b)
t , Jsn) is not eventually empty, consider a

sequence uk ∈ Ms(x
′, y′;H

σ(s,b)
t , Jsnk). As in the proof of Lemma 5.8, take a

small ball B around x(0) and let sk be the exit times of uk(s, 0). The shifts
wk(s, t) = uk(s + sk, t) solve (4) for data (Hσ(s+sk,b), Js+sknk

). By passing to a
subseqence, the sk converge to some c ∈ R ∪ {±∞}.

Consider the limit (v, Jσ(s+c,b)). Then if c = ±∞, v solves (2) for (H±, J±),
and if c ∈ R, v(s − c, t) solves (4) for (Hσ(s,b), Jσ(s,b)). In either case v limits
to x′ as s→ −∞. It has finite energy and H± respectively Hσ are admissible,
hence v ∈ M(x′, z′;H±, J±) respectively v(s − c, t) ∈ Ms(x

′, z′;Hσ, Jσ) for
some z′ ∈ P(H±). Consulting Lemma 5.8 we find that x′ and z′ are close to
the same orbit and that v(s, 0) is homotopic rel endpoints to a map contained
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in B. Continuing inductively over the number of breaks the same is true for
each limit curve and hence by Lemma 3.11 also for the tail of the sequence uk,
a contradiction.

Proof of proposition 5.4. Take ε3 < β. From Lemma 5.9 we may assume that
(H±, J±) and (Hσ(s,ε), Jσ(s,ε)) are regular. Then part 2 of Lemma 5.8 gives that
the splitting (10) is a splitting of subcomplexes, and part 1 that ϕ preserves it.
Parts 3 and 4 give that the maps ∂+, ∂−, and ϕ are of the form idΛ tensor a
map of Z-modules.
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