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Abstract

Of many modern constructions in geometry Calabi Yau manifolds
hold special relevance in theoretical physics. These manifolds naturally
arise from the study of compactification of certain string theories. In
particular Calabi Yau manifolds of dimension three, commonly known
as threefolds, are widely used for compactifications of heterotic string
theories. Among the many constructions, that of complete intersection
Calabi Yau manifolds (CICY) is generally regarded to be the simplest.
Furthermore, CICY threefolds have been proven to exist only in finite
number. In the following text CICY manifolds will be analyzed, with
particular attention to threefolds. A general description of some of
their topological quantities and their calculation is offered. Lastly, a
proof of the finiteness of CICY threefolds is given.

The text was compiled as part of a summer project between the
two years of the Masters programme in Theoretical Physics at Uppsala
University. The project has been overseen by M. Larfors and by Robin
Schneider, Ph.D. student of M. Larfors.
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1 Introduction
Calabi Yau manifolds arise naturally in mathematics from the study of com-
plex manifolds, and in particular of Kähler manifolds (see appendix A for a
brief introduction to complex manifolds). Their main characteristic is an ad-
ditional requirement over the definition of Kähler manifolds: Ricci flatness.
For physical applications in string theory, one also restricts to the compact
case. As will be described in the following subsection, this is far from the
only possible definition as a plethora of necessary and sufficient conditions
immediately follow.

The extra condition of Ricci flatness has direct physical application as
the Ricci tensor plays a central role in Einstein’s formulation of gravity. In
particular a manifold with a vanishing Ricci tensor would constitute vac-
uum solution, devoid of energy or matter content. Although intuitive, this
is neither the only nor the most compelling reason for the attraction of the
physics community to Calabi Yaus. Calabi Yau manifolds are thought to
hold particular relevance in heterotic string theory. Such strings live in ten
dimensions and benefit from supersymmetry with N = 1. One finds that the
SUSY generator η can be split into two independent parts: ηR3,1 , concerning
the non compactified coordinates, and ηcomp, referring to the compactified,
six dimensional part. Under the identification of the algebra of SO (6) with
that of SU (4) one finds that ηcomp lives in the representation 4 of SU (4).
To obtain a N = 1 SUSY, one must find an invariant element in the 4 of
SU(4). Under the decomposition SU(3) ⊂ SU(4), 4 → (1,3). Thus the
compact manifold should have SU (3) holonomy. It can (and will) be shown
that SU (3) holonomy is a necessary and sufficient feature for a manifold to
be a Calabi Yau.

Investigation into Calabi Yau manifolds started in the mid ’50 with the
work of Eugenio Calabi [4, 5]. While working on Kähler manifolds, Calabi
realized that, for Kähler manifolds, the vanishing of the Ricci tensor entails
the triviality of the first Chern class. In his works Calabi speculated that
the converse, that the triviality of first Chern class entails the vanishing of
the Ricci tensor for all metrics, might also be true. This statement is now
known as Calabi’s conjecture. Calabi’s conjecture however proved to be a
challenging claim. A complete proof of the claim, was presented only twenty
years later, by Shing-Tung Yau [19, 20].

At the time, only a handful of Calabi Yau manifolds were known, and
it was the hope of the physics community that only a few existed [2]. Soon
enough however, different “construction” techniques were developed, and
this hope vanished as it became clear that the number of such manifolds
would become exorbitantly large (the largest class of Calabi Yau threefold
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Figure 1: Linking diagram for the definitions of Calabi Yau manifolds.

constructions contains over 473 million examples).

This section is dedicated to a general introduction into the subject of
Calabi Yau manifolds and CICY manifolds. It is divided in two subsections.
In the first the five main definitions of a Calabi Yau manifolds will be given
upon that of a Kähler manifold. It will be shown how the definitions are
related and imply each other. Proofs of their relations will be offered (except
for Calabi’s conjecture). The second subsection is instead devoted to the
definition of CICY manifolds. In it, the definition is given and some of the
most widely used conventions are exposed. Throughout the text, most of
the notation will be taken directly from [14], which is also the main source of
inspiration for the paper. However, it should be noted that, when switching
between papers notations often subtly differ.

1.1 Definitions of a Calabi Yau manifold

There are many necessary and sufficient statements that follow from the
vanishing of the Ricci tensor [3, 6]. For this reason, there are many possible
definitions that one can attribute to a Calabi Yau manifold. All of these
however, share the common starting point of a compact Kähler manifold.
By far the most common definition for a Calabi Yau manifold is that of a
Kähler manifold of vanishing first Chern class. The reason for this is that
in many cases, this quantity can be calculated algebraically. The five most
common definitions are [3](in no particular order):

1. The first Chern class of the holomorphic tangent bundle vanishes.

2. The Ricci tensor vanishes.

3. The holonomy group is SU (n) (see appendix B for a brief introduction
to holonomy).

4. The canonical bundle1 admits a globally defined nowhere vanishing
smooth section.

5. The canonical bundle is trivial.

These five definitions will be linked together according to the diagram 1.
The connection 1 → 2, is the least trivial, as it requires a proof of Cal-

abi’s conjecture. In this text such a proof will not be reported. Its converse
1The determinant line bundle of the holomorphic cotangent bundle ΛmE, for a complex

manifold of complex dimension m.
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2 → 1 is instead much simpler, and follows directly from the definition of
the first Chern class (see section 2). Its definition naturally implies that the
first Chern class is the cohomology class (see appendix F) of the Ricci tensor
(properly normalized). Then, if the manifold admits a Ricci flat metric, its
first Chern class vanishes.

The implication 2 ↔ 3 is a consequence of the vanishing of the Ricci
tensor. In general, Kähler manifolds have a holonomy group that is a subset
of SU (n)×U (1). However, U (1) is generated by the trace of the Riemann
tensor: the Ricci tensor. Because this is zero the generator is absent, and
the holonomy group necessarily reduces to SU (n). Further restrictions of
the holonomy are not imposed. The converse is also true: if the holonomy
group looses its U (1) symmetry, then its generator must be absent; that is,
the Ricci tensor must be zero.

The last two necessary and sufficient statements involve the canonical
bundle. They can be easily seen to imply each other as, if the canonical
bundle of a manifold M is trivial, then it is diffeomorphic to M × C. The
section can be identified with s(m) = (m, z) , ∀z ∈ C∗. If one instead admits
a nowhere vanishing smooth section s, then one can take as a trivialization
of the canonical bundle: (m,λ) ∈M ×C→ λs (m). Because s(m) 6= 0, this
last quantity is zero if and only if λ = 0; it is linear, so it an isomorphism.

The last remaining connection 1 ↔ 4 is sealed by the Poincaré dual. It
is a common result in algebraic topology that the Poincaré dual of the first
Chern class is, for n generic subsections of the line bundle si on a manifold
of complex dimension n, the locus of vanishing

∧n
i=1 s

i (see appendix C).
Thus, if the first Chern class vanishes, the locus reduces to the empty set.
Then,

∧n
i=1 s

i provides a global non vanishing subsection of the canonical
bundle.

Although those of dimension three are the ones interesting for heterotic
string theory, Calabi Yau manifolds exist of every dimension. Calabi Yau
onefolds and twofolds have been completely classified, and only contain one
example. The only Calabi Yau onefold is the torus or the elliptic curve,
while the only Calabi Yau twofold is known as the K3 surface.

1.2 Definition of a Complete Intersection Calabi Yau

The class of complete intersection Calabi Yau manifolds, often abbreviated
to CICY, represents an important subset of Calabi Yau manifolds. These are
distinguished by their construction as algebraic varieties in complex projec-
tive spaces. Specifically, CICYs are defined as zero sets of particular polyno-
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mials defined on ambient spaces, which are products of complex projective
spaces of various dimensions Pn [14, 6]: A =

∏r
s=1 Pns . The search for Cal-

abi Yau manifolds, often starts out with the requirement that the manifold
be a Kähler manifold, further conditions necessary for it to be a Calabi Yau
are then added later. It is a common result of Kähler manifold theory [6]
that any submanifold of a Kähler manifold is a Kähler manifold itself, so it
is natural to look for Calabi Yau manifolds as submanifolds of known Kähler
manifolds. Furthermore, in the search of compact Calabi Yau manifolds, it
is important that the ambient space be a product of projective spaces rather
than simple Cns (or products thereof) because of the following:

Theorem 1. There are no complex connected compact submanifolds of Cn
of positive dimension.2

Proof. Assume that X is a connected compact submanifold of Cn of dimen-
sion m ≥ 1; let u = (u1, . . . , un) , v = (v1, . . . , vn) be distinct but sufficiently
close points of X ⊆ Cn. Let z = (z1, . . . , zm) : Cn|X → Cm be coordinate
functions in a shared neighborhood of u, v. Because of the maximum mod-
ulus principle, each zi must be a constant function on X. However, if the
two points are to be distinct, then zk (u) 6= zk (v) for some k, hence we have
a contradiction.

In the discussion of complete intersection Calabi Yaus, without loss of
generality one can consider only homogeneous polynomials, as the condition
that they vanish must be met by each of their differing monomials separately.
Furthermore, for the purpose of studying the topology it is unimportant to
specify the polynomial completely. It is often the case that one specifies only
the degree of the polynomial in each projective space of the ambient space
as homotopy invariance implies that for generic choices of coefficients these
should not change. Complete intersection Calabi Yaus are thus catalogued
by their ambient spaces and the degrees of the polynomials of which they
are the zero sets. This data is conveniently summarised in configuration
matrices, which will be profusely called upon in this paper. Different man-
ifolds with the same configuration matrix are said to belong to the same
family or configuration. It is speculated [14, 6, 3] that manifolds belonging
to the same configuration with different coefficients differ in their generated
physics by different values of the constants of nature.

2Note that the definition of a complex submanifold implies that the complex structure
of the submanifold must descend from that of the ambient space. In other words, the
complex atlas of the submanifold must be obtained by intersection of every set in the
atlas of the ambient space with the submanifold. This is an extra requirement and is
not equivalent to defining a complex submanifold as a smooth submanifold which can be
complexified. A counter example is S2 ⊂ C2, which can be realized as a submanifold
smoothly but not holomorphically. Further information can be found in [15] where this
theorem is given as an exercise for chapter 2.
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In configuration matrices, one writes in the leftmost column the size of
the projective spaces (usually in increasing order, but this is ultimately ir-
relevant). Each one of the other columns represents a polynomial specified
by the degrees of the projective space of the same row.

For example one writes:

M∈

 n1 q1
1 . . . q1

K
...

... . . . ...
nm qm1 . . . qmK

 = [n|q]

to indicate that the manifold M belongs to the configuration specified by
that particular configuration matrix, defining a manifold as a subset of the
ambient space

∏m
s=1 Pns where K polynomials, such that the i−th polyno-

mial has degree qji on the j-th projective space, vanish.

Two common CICYs are the quintic and the Tian-Yau manifold. These
are more properly configurations, represented by the matrices:

[4|5],
[

3 1 3 0
3 1 0 3

]
.

Thus, ifM is the zero set of
∑5
n=1 x

5
n, a specific choice known as the Fermat

polynomial [14], where xi are the homogeneous coordinates of P4, then one
would writeM∈ [4|5].

1.2.1 Existence and smoothness of complete intersection Calabi
Yau manifolds

The existence and smoothness of CICYs is established by Bertini’s theorem
[14].

Theorem 2 (Bertini). Let X denote a compact complex manifold and L
a holomorphic line bundle over X. Suppose that, at every point x ∈ X,
at least one section of L is non-zero. Then a generic (i.e. almost every)
section f of L defines a non singular hypersurfaceMf := f−1 (0).

This theorem can be seen as a complex generalization of the preimage
theorem (which can be found in [13]). The real version of this theorem is
more intuitive and easily understood, so the presentation will be based on
the real version instead.

The preimage theorem gives conditions for when the zero sets of smooth
functions are submanifolds in the domain of the vanishing functions. In order
for the zero set to constitute a manifold, the preimage theorem requires the
functions to be noncritical, that is the derivative of the vanishing functions
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must be surjective on their target space at every point on their zero set.
This condition implies that at each point of the submanifold one can identify
a tangent (hyper)plane to the submanifold, thus ensuring the smoothness
thereof. In the case relevant to complete intersection Calabi Yau manifolds,
the vanishing functions are defined from the ambient space A to C, and
the conditions of surjectivity become of non vanishing of the gradient of the
function. Furthermore, the preimage theorem gives also an indication of the
dimension of the submanifold defined on the zero set. It states that the
codimension of the submanifold in the ambient is equal to the dimension
of the target space of the vanishing function. Thus, for every polynomial
present, the dimension of the submanifold reduces by one. If one is to search
for threefolds, one would then require:

K =
m∑
s=1

ns − 3

constraints.

One can then see that the given examples are all three dimensional; the
ambient space of the quintic is four dimensional, with one constraint, and
the ambient space of the Tian-Yau manifold is six dimensional, so it has
three constraints.
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2 Topological quantities
The study of topological quantities for configuration matrices holds rele-
vance both for physical and mathematical reasons. Most importantly, an
expression for the first Chern class allows for a direct handle on the identi-
fication of CICYs among all possible complete intersection manifolds.

Physically, the knowledge of topological quantities is linked to the num-
ber and types of particles that a low energy effective field theory derived from
such a compactification would contain. For example, in heterotic string the-
ory, it can be derived that the number of Higgs fields is the same as b1,1
[9]. Mathematically, the knowledge of certain topological quantities is use-
ful for the classification of Calabi Yau manifolds. In particular, it is believed
that Calabi Yau manifolds are finite in number (of the three common con-
structions: CICY are finite [8], hypersurfaces in toric geometry are finite,
elliptic fibrations are finite [12]; generalized CICYs or gCICYs are not known
to be finite) and restrictions on these quantities may help in proving this
conjecture. Furthermore, it has been proven that manifolds represented by
different configuration matrices may be equivalent. A complete knowledge
of the topology of the manifolds would help eliminate such redundancies [2].

This section is devoted to the exposition of the most elementary of the
known topological quantities of Calabi Yau manifolds. Following a brief
introduction on Chern classes, a general method of computation of Chern
classes will be derived for CICY manifolds. These are especially important
because of the condition of vanishing first Chern class that Calabi Yau man-
ifolds must obey. Following this discussion a general formula for the Euler
number is also derived. This section then will end with a brief exposé of the
cohomology of Calabi Yau manifolds. In it, the Hodge numbers are defined
and various symmetries of the Hodge diamond are shown. Using these, it
will be shown that of all the Hodge numbers of a CICY threefold only two
are nontrivial and independent.

2.1 Chern classes

One of the most interesting aspects of fiber bundles on manifolds is that
they generalize the idea of products between manifolds. Intuitively, fibra-
tions on manifolds can be thought of as “twisted” products of a typical fiber
with a manifold. In the trivial case, where no twisting is involved, fiber
bundles can be separated into a cartesian product of a base manifold and
a typical fiber. Two ubiquitous examples of this are the cylinder and the
Möbius strip. Both of these can be locally seen as the product of S1 with
a real interval. The key difference is that, on the cylinder, which is trivial,
this description is completely sufficient; however, because of its twist, this
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description is not true globally for the Möbius strip: its structure is more
complicated.

Among the tools used to describe the twisting of fiber bundles on com-
plex manifolds are Chern classes. These are cohomology classes which arise
naturally from the study of invariant polynomials. They can be constructed
by expanding the characteristic polynomial of the (suitably normalized) cur-
vature (2 form) derived from a connection A on the bundle. The total Chern
class is then defined as (using the notation from [14]):

c (F) = det (1 + λF) = c0 + λc1 + λ2c2 + . . .

= 1 + Tr (F)λ+
(
Tr (F ∧ F)− 2 Tr (F)2

)
λ2 + . . . .

In general, Chern classes refer to fiber bundles. However, when the fiber
bundle is the holomorphic tangent bundle, then one says that the Chern
class is that of the manifold. Chern classes are cohomology classes, since F
is a (1, 1) form their degrees can be easily calculated. Hence, the number
of nonzero Chern classes is limited either by the dimension of the bundle
or that of the manifold. Furthermore, since for Kähler manifolds the curva-
ture 2-form is defined in terms of the Ricci tensor [18], F = Rµνdz

µ ∧ dzν ,
one has that the first Chern class is the cohomology class of the Ricci tensor.

Given two bundles V1, V2 one can easily express the Chern classes of
their Whitney sum in terms of their Chern classes. Let V = V1 ⊕V2. Given
the curvature forms F1, F2 on the two spaces, the curvature of their sum
may be expressed as:

F =
(
F1 0
0 F2

)
.

One then gets:

det (1+λF) = det (1+λF1) ∧ det (1+λF2) . (1)

More generally, this result holds if there exists a short exact sequence3 [14]:

0→ V1 → V → V2 → 0.
3Exact sequences are devices commonly used in algebraic geometry and other areas of

mathematics. They are sequences of spaces and functions connecting them, such that the
kernel of a function is the image of the previous function. Short exact sequences are exact
sequences with three spaces (and thus two functions). Thus, for example the statement
that:

0→ A→ B → C → 0
is a short exact sequence means that there exist two functions α : A → B, β : B → C
such that α is injective, β is surjective and Ker (β) = Im (α), that is: β ◦ α = 0.
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A key feature of Chern classes is the “splitting principle”. This principle
simplifies greatly the calculation of Chern classes. In layman’s terms [14],
the splitting principle states that the Chern classes are invariant by smooth
deformation of vector bundles; vector bundles can be smoothly deformed to
Whitney sums of line bundles, so, using formula (1) one may calculate the
Chern classes of vector bundles by performing products of Chern classes of
line bundles. Furthermore, because line bundles are one dimensional, their
total class is 1 +λc1, and any other Chern class is zero. Using these results,
one can calculate that the first Chern class of a product of a vector bundle
of rank k and a line bundle is:

c1 (V ⊗ L) = c1(V) + kc1(L).

An example to consider is that of the holomorphic tangent bundle to the
complex projective space Pn. Such a manifold has a natural embedding into
Cn+1 in terms of the homogeneous coordinates. By the splitting principle,
the holomorphic tangent bundle of Cn+1 can be expressed as a sum of n+ 1
line bundles L. Sections on the holomorphic tangent bundle of the projective
space, can be recovered from those of Cn+1 by using the defining equivalence
relation. All in all, one has an identification: Pn = Cn+1 /C. This can be
taken to the holomorphic tangent bundles, then has: 0 → C → T Cn+1 →
T Pn → 0 so formula (1) can be applied. In particular, since C is flat, one has
that c (T Pn) = (1+J)n+1, where J is the cohomology class of the curvature
on the holomorphic line bundle of Cn+1.

2.2 Chern classes of CICYs

For general CICYs, one can easily derive formulae for the different Chern
classes. The n-th Chern class is in general a linear combination of an n-
fold product of specific representatives of the cohomology classes of the
curvature of the holomorphic line bundles of the projective spaces comprising
the ambient space A. In the following, the representative for Pns will be
indicated as Js. The objective then is to find from the configuration matrix
an expression for the coefficients ci1...in such that the n-th Chern class is:

cn (M) = cni1...in (M) Ji1 . . . Jin .

2.2.1 Adjunction formulae

Central to the calculation of the Chern numbers are the adjunction formulae
(of which a more thorough discussion is found in [14]). These can be proven
for general ambient spaces, but for sake of simplicity they will be discussed
here only in the case where A = Pn. These formulae relate the tangent
bundle to products of line bundles on the manifold and establish relations
between the normal bundle of the manifold (defined as N := T Pn |M/TM)
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and the k-th power of the hyperplane bundle of the ambient space Pn (of
which a polynomial of order k would be a section), E = O Pn (k).

One would wish to construct the following short exact sequence:

0→ TM→ T Pn |M → E → 0. (2)

The first map, between TM→ T Pn |M, can be trivially identified with the
inclusion map. For the second, one can considerX → ∇Xf = Xi (f,i + Γif),
where f is the polynomial constraint. OnM, f = 0 so the covariant deriva-
tive becomes a simple derivative. Furthermore, along M f is constant, so
its gradient is orthogonal to the hyperplane tangent toM (a more thorough
proof of this can again be found in [13]). Hence one gets:

E = N . (3)

This result is known as the first adjunction formula. Transferring to deter-
minant bundles, one has:

KM = (KPn ⊗ E∗) |M

where KM is the determinant line bundle of the manifoldM. This result is
known as the second adjunction formula.

2.2.2 Chern numbers for complete intersection Calabi Yau man-
ifolds

At this point, the only thing left to do is to calculate the total Chern class
of E , to generalize the results to general ambient spaces and general num-
ber of constraints, and to apply the short exact sequence (2) together with
(1) to find the total Chern class of the CICY, which can then be promptly
expanded to find the Chern classes and the Chern numbers.

The first step does not present too many challenges. For a polynomial
of degree k, E is defined as a k-fold product of holomorphic hyperplane
bundles. These are one dimensional bundles, whose curvature two form
has been widely used in the previous paragraphs to express various Chern
classes. Thus one has:

c (E) = (1 + J)k = 1 + kJ

The generalization is also promptly obtained using the formula (1):

A → Pn1 × · · · × Pnm =⇒ c (A)→
m∏
s=1

(1 + Js)ns+1

E → E1 × · · · × EK =⇒ c (E)→
K∏
a=1

(
1 +

m∑
s=1

qsaJs

)
. (4)
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Thus, using the short exact sequence, one has:

c (M) =
∏m
r=1 (1 + Jr)nr+1∏K

a=1 (1 +
∑m
s=1 q

s
aJs)

(5)

where the quotient is only a symbolic way of representing the expansion
of the Chern classes. Given the interest in threefolds for this paper, the
expansion was performed only for the first, second and third Chern classes.
The exact calculations for the first and second classes are reported in the
appendix D. Assuming one has a Calabi Yau manifold, an thus c1 = 0, the
calculations then lead to:

cl1 =
[
(nl + 1)−

K∑
a=1

qla

]
= 0

clr2 = 1
2

(
K∑
a=1

qraq
l
a − δlr (nr + 1)

)

clrs3 = 1
3

(
δlrs (nr + 1)−

K∑
a=1

qlaq
r
aq
s
a

)
.

One then gets that, for the first Chern class to vanish, that is, for the
configuration matrix to represent a Calabi Yau matrix, one must have:

K∑
a=1

qla = nl + 1.

2.3 Euler Characteristic

Having completed the discussion on the Chern classes and having found
the adjunction formulae, the calculation of the Euler Characteristic is quite
straightforward and follows almost directly. The only two results needed
are the Chern-Gauss-Bonnet formula, and a theorem that will be stated in
the following. The proof of these results is quite involved [11] (though an
intuitive argument for the Chern-Gauss-Bonnet formula is presented in the
appendix C) so in this text a full proof will not be presented.

The Chern-Gauss-Bonnet formula extends the Gauss-Bonnet formula
to general hypersurfaces, by using Chern classes. It states an equivalence
between the Euler Characteristic and the integral of the top Chern class
over the manifold:

χ =
∫
M
ctop (TM) .
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What is then left to do is to integrate the top Chern class over the man-
ifold. Since the manifold was defined as a zero set there is no obvious way
to parametrize it for integration, nor would a parametrization be helpful in
this case. Fortunately there is a theorem which adapts well to the situation:

Theorem 3. LetM be a complex submanifold of X, dim (M) = n, dim (X) =
n+K, with normal bundle N , of rank rank (N ) = K. Then there is a closed
(K,K) form µ on X whose restriction toM represents the top Chern class
of the normal bundle. Moreover, if ω is any closed (n, n) form on X then:∫

M
ω =

∫
X
µ ∧ ω.

Through the first adjunction formula (3), the equivalence between the
normal bundle and the E , the product of the hyperplane bundles onto which
the polynomials are defined, was established. Since these are line bundles,
the top Chern class is the first Chern class of which a general expression was
reported in equation (4). Thus one gets:

χ =
∫
A
c3

K∧
a=1

 m∑
p=1

qpaJp

 .
Integration is greatly simplified by recalling that the Js are normalized over
their respective spaces. The integral is nonzero then in the cases where for
each projective space in the ambient space there is a number of Js integrated
equal to its dimensions. The common notation for this is [3, 14]:

χE [n|q] =

 m∑
l,s,t=1

1
3

(
δlst (nl + 1)−

K∑
a=1

qlaq
s
aq
t
a

)
JlJsJt

K∧
a=1

 m∑
p=1

qpaJp


top

.

(6)
Given that c1 = 0, one has nr + 1 =

∑
a q

r
a ≤

∑
a (qra)

3, so for CICYs the
Euler Characteristic is always non-positive4.

A program was developed to facilitate computation of this topological
quantity. A general description of this program is reported in the appendix
E. Using the formula above, one can show that the Euler characteristic for
the quintic is -200, while that of the Tian-Yau manifold is -18.

2.4 Hodge numbers

The Hodge numbers are topological quantities that extend Betti numbers
to complex manifolds. They provide the dimension of the (p, q) cohomology

4This is not in contradiction with mirror symmetry: it just means that mirror sym-
metric manifolds to CICYs are not CICYs.
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(see appendix A.3). They are usually represented in a “Hodge diamond”
such as the following (which applies to threefolds):

b0,0

b1,0 b0,1

b2,0 b1,1 b0,2

b3,0 b2,1 b1,2 b0,3.

b3,1 b2,2 b1,3

b3,2 b2,3

b3,3

In the case of Calabi Yau manifolds however, the complexity of this
structure can be reduced down, as the Hodge numbers can be shown to be
intimately related, and many of them to be zero or one. There are three
symmetries which are widely used: holomorphic duality, complex conjuga-
tion and Hodge duality [14].

Holomorphic duality is a property of Calabi Yau manifolds. It can be
proven that, given a global section of the canonical bundle of a Calabi Yau
manifold Ω ∈ H(n,0) (M), for any (0, q) form µ there exists a (0, n− q) form
α such that: ∫

M
µ ∧ α ∧ Ω = 1.

This result implies a duality between the (0, q) and (0, n− q) cohomologies,
and thus their Hodge numbers are the same.

Complex conjugation is instead a symmetry present in every Kähler
manifold. It relates forms with holomorphic and antiholomorphic variables
swapped. In particular, through this kind of complex conjugation it is pos-
sible, from every (p, q) form to derive a (q, p) form. Thus one then has that
bp,q = bq,p.

Hodge duality can then be used to show equivalence between bp,q and
bn−p,n−q. This symmetry is present whenever there is a volume form (as is
the case for Calabi Yau manifolds [14]). It relates the cohomologies through
the Hodge dual operation and the Poincaré duality.

It was shown in the previous section that the canonical bundle of a
Calabi Yau manifold has a globally defined nowhere vanishing section Ω.
Since the space is one dimensional, any other such section will be of the
form fΩ. Furthermore, the f must be holomorphic, and because the Calabi
Yau manifold is compact, the maximal modulus principle implies that it
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must be constant. Thus one has b3,0 = 1, and because of the symmetries
also b0,3, b0,0 and b3,3 are equal to one. By using the above mentioned
symmetries, it is possible to complete the border of the Hodge diamond, and
relate the inner numbers so that only two remain undetermined. To do so one
must recall a result known as Bochner’s theorem which is presented in [14].
When applied to Ricci flat metrics as are that of Calabi Yau manifolds, this
theorem implies that any one forms must be covariantly constant. However,
it was shown that, excluding product manifolds of elliptic curves and K3
surfaces, the holonomy group of Calabi Yau manifolds is SU (3), so one
forms must transform as 3 ⊕ 3∗. Hence, there cannot be any one form:
b1 = b1,0 + b0,1 = 0, b1,0 = b0,1 = 0. Lastly, Hodge duality implies b2,2 = b1,1
and b2,1 = b1,2, so in total the Hodge diamond reduces to:

1
0 0

0 b1,1 0
1 b1,2 b1,2 1.

0 b1,1 0
0 0

1

Having reduced the diamond to only two independent numbers, the Euler
formula for the Euler characteristic is simplified as well. Using this formula
in reverse one can, after having found one Hodge number and the Euler
characteristic, complete the Hodge diamond:

χ =
∑
p,q

(−1)p+qbp,q = 2 (b2,1 − b1,1) .
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3 All CICY threefolds
As has been previously mentioned CICY threefolds have been proven to be
finite in number. This proof was originally concocted by Green and Hübsch
[9]. It is based on certain identities and reduction relations that can be
drawn between the configuration matrices. Most of these are obtained by
relations between the polynomial constraints.

Following the proof by Green and Hübsch, Candelas et al. [7] computed
an exhaustive list of CICY manifolds. Their list totals at 7890 configura-
tion matrices, though it is believed that many of these represent manifolds
that are topologically equivalent. The Euler numbers of the manifolds rep-
resented by these configuration matrices all lie between -200 and zero. The
compiled list is available at [1]. The algorithm with which the list was
constructed is based on an procedure called “splitting.” By applying this
procedure it is possible to generate new CICY configurations from previ-
ously known ones. Splitting also holds an intuitive geometrical meaning,
described again by Candelas et al. in their paper.

These last results have also been generalized to n-folds; the proof of the
finiteness theorem for CICY manifolds can easily be extended to any di-
mension [8]. The splitting procedure also applies to configuration matrix
of higher dimension; however, they produce additional non trivialities that
make particular “effectiveness” conditions harder to check. Using similar
procedures a full list of CICY fourfolds has also been compiled [8].

In the following three sections these results will be reported for three-
folds. Following a discussion on the reduction identities in the first section,
a proof of the finiteness of configurations will be reported. The last sec-
tion will be devoted to the splitting procedure. A general discussion will
be offered and the topological meaning of the splitting for threefolds will be
discussed.

3.1 Reduction relations

The best way to approach the proof of the finiteness of the configurations is
to imagine to have to write a list of configuration matrices. The most brute
force method would, for each projective space in a set of projective spaces
Pn1 × · · ·×Pnm , henceforth abbreviated with n = (n1, . . . , nr),5 write all pos-
sible degrees qs1, . . . , qsK , such that K =

∑m
s=1 ns − 3 and

∑K
a=1 q

s
a = ns + 1.

In theory, for each set, this procedure (which is not the one actually used to
compile the list) would be finite. However, the number of sets has so far no
restriction. To reduce the number of possible ambient spaces it is necessary

5Occasionally abbreviated the first few nis will be missing, depending on the context.

15



to introduce a reduction relation, to identify a larger subset of a configu-
ration matrix with a smaller one. This reduction relation is based on the
classification of complex Kähler manifolds, of which one-dimensional ones
are completely classified [7, 2]. In particular it can be proven that Kähler
manifolds of dimension one with same Euler number are diffeomorphic, thus
this topological number can be used to state equivalences.

The first and easiest restriction on the constraints is that there should
be no linear constraint. This is clear, as a linear constraint on Pn just
selects a particular Pn−1 ⊂ Pn. Then any configuration matrix with a linear
constraint can be reduced to an equivalent configuration matrix, with one
fewer constraints and a lower dimensional projective space:[

n1 1 a
n 0 q

]
→
[
n1 − 1 a

n q

]
.

It should also be evident that configuration matrices that are the same
by permutation of either rows or columns are the same, as the constraints are
unordered and the product between manifolds is commutative. Furthermore,
if it were possible to set up a configuration matrix so that its coefficients are
block diagonal, then manifolds in that configuration may be separated into
lower dimensional Calabi Yaus; these configuration are known and are not to
be counted in the final algorithm (although they are present in the final list).

Finally, consider then the complex projective plane P1. It was shown
(at the end of section 2.1) that its total Chern class is c

(
P1
)

= (1 + J)2.
Since it is one dimensional, its top Chern class is c1, which can be found by
expansion:

c1
(
P1
)

= 2J.

If J is chosen to be normalized over P1 then one has directly that χ
(
P1
)

= 2.
Consider now the configuration matrix:

[n|q] =
[

1 1
1 1

]
.

This represents a bilinear constraint on two projective planes, and is clearly
not a Calabi Yau manifold. Its dimension can easily be calculated, as the
ambient space A = P1×P1 is two dimensional and there is one constraint,
so K = 1; hence the dimension is one. Using the procedure developed in
section 2, specifically the formula (6), one can calculate the Euler number
of this configuration:

χ [n|q] =
∫

(J1 + J2) ∧ (J1 + J2) = 2.

16



Hence, because these spaces are one dimensional and their Euler character-
istics are the same, they are equal. This in turn implies that, if the ambient
space of a particular configuration can be written as P1×P1×X and has a
bilinear constraint on two projective planes, then its configuration matrix
can be reduced to:  1 1 a

1 1 b
n 0 q

→ [
1 a + b
n q

]
. (7)

3.2 Finiteness of threefolds

With the relations described above it is now possible to prove the finiteness
of threefolds. As mentioned, the proof will mainly focus on restrictions on
the ambient spaces, as, each ambient space produces a finite number of
configurations. The notation used will be slightly different than that used
in the preceding sections; the proof is divided into restrictions on P1 and
Pn, n > 1 so it is useful to separate these subspaces also in the notation. In
particular, in this section the ambient space will be indicated as:

A = P1× · · · × P1︸ ︷︷ ︸
s

×Pn1 × · · · × Pnp ,

where s indicates the number of distinct complex projective planes in A.

Theorem 4. Finitely many configuration matrices are needed to describe
all topologically distinct CICY threefolds.

Proof. One begins by first showing that the number p of projective spaces
of dimension greater than one needed in the ambient space A is finite. To
that end, let:

α :=
p∑
r=1

(nr − 1).

Of course, one has 0 < p ≤ α. The total number of polynomials needed to
generate a threefold is then:

s+
p∑
r=1

nr − 3 = s+ α+ p− 3.

As mentioned, there can be no linear constraints. The total degree of each
constraint must then be at least equal to two. One then has:

2 (s+ α+ p− 3) ≤
∑

(degrees) = 2s+
p∑
r=1

(nr + 1) = 2s+ 2p+ α.

Simplification then leads to:

0 < p ≤ α ≤ 6.
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Thus, the number of projective spaces of dimension greater than one is at
most six. Furthermore, their dimensions are capped also in their dimension
by α ≤ 6.

Limiting s is a bit more tricky, and to do so one must separate constraints
acting on P1s into bilinear and non bilinear. Necessarily, if a constraint is
bilinear, it must involve also a projective space of dimension greater than
one, because of the reduction relation (7). Let β be the number of such con-
straints and let γ be the degree, summed over the P1s of all the constraints
of degrees greater than 2. Since every one dimensional space is acted upon
by two constraints, and β and γ count the number of constraints, one has
β + γ = 2s. In the worst case, β is equal to the sum of the degrees of these
projective spaces. Hence:

β ≤
p∑
s=1

ns = α+ 2p.

Given the limitation of α, the maximum multiplicity of the non-bilinear
constraints is obtained when all nr that are not bilinear are equal to three.
In that case one has that the total number of constraints is:∑

(degrees− 2) = 6− α.

Then γ is maximum when these constraints act all on spaces of one dimen-
sion. Therefore, since they are of degree equal to three:

γ ≤ 3 (6− α) .

All in all one has:

s = 1
2 (β + γ) ≤ 9 + p− α ≤ 9.

Thus we have successfully limited the number of projective spaces of dimen-
sion one, through s, and those of any dimension, through p.

3.3 Splitting

Splitting is a procedure by which one can construct new configuration ma-
trices from old ones. It provides a very efficient algorithm, and it has been
used to fruition in the listing of all the configuration matrices for three and
fourfolds [7, 8]. The algorithm is very simply applied but, in its simplicity,
it hides topological and geometrical meaning.

In practice, splitting adds a P1 space to the ambient space, and conse-
quently also adds a constraint. Having chosen a particular constraint, the
polynomial splitting procedure is applied by dividing the single degrees of a
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constraint in two, and adding a P1, constrained by the two constraints gen-
erated from the splitting. The explanation is best understood by example.
Consider the following configuration matrix:[

2 3
2 3

]
.

This configuration is defined by only one constraint, of third degree in each
projective space. Splittings from this would generate a configuration with
two constraints, such as the following: 1 1 1

2 3 0
2 0 3

 .
One may write the structure of splitting in a general case, for which:[

A u+ v q
]
↔
[

1 1 1 0
A u v q

]
. (8)

Geometrical intuition is needed once one realizes that splitting does not
always produce new configurations. By splitting it is possible that one just
finds a different embedding for the same configuration, thus making the pro-
cedure ineffective. The geometrical meaning of splitting is best understood
by looking at splitting in reverse: taking away one P1 and merging two con-
straints. This reverse splitting would, in a very intuitive way, project the
manifold onto a smaller space, equal to the ambient deprived of a projective
plane ([7] provides a nice graphic of it). In general the projection will not be
a manifold as it may have nontrivial self intersections. One however gets a
manifold by deformation of these intersection regions. If this happens, that
is, if there are self intersections, then the splitting is said to be effective.
Otherwise, the splitting procedure just provided a different embedding for
the same manifold. In their paper, Candelas et al., show how, from the
general splitting formula (8), the zero dimensional set of self intersections
obtained by projection can be found by a standard configuration matrix:[

A v v u u q
]
.

Because these are zero dimensional manifolds they are just sets of points.
Just as Kähler manifolds of dimension one, these too are diffeomorphic if
they share the Euler number, which in this case counts the number of points.
By direct calculation, one can show that, if a manifold with Euler charac-
teristic χ splits to one with Euler characteristic χ′ then these are related by
twice the number of self intersections present in the projection ν:

χ′ = χ+ 2ν.

19



Hence, in the case of threefolds, checking if the splitting is effective or not
just accounts to checking the Euler numbers. It is interesting to note however
that this is not the case for higher dimensional manifolds. Upon projection,
fourfolds, for example, may produce tori, which have Euler characteristic
equal to zero, but still produce an effective splitting [8].
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4 Outlook
In conclusion it is important to note that the topic of CICY manifolds is no
where near exhausted by this paper. Most importantly, this area of research
is not completed in general and more understanding is yet required. From
a physical standpoint, whence this text was generated from, it is important
to study how the different threefolds generate different physics, and how the
coefficients of the polynomials are related, through complex moduli and thus
scalar fields, to the constants of nature. The completion of such a program
would deliver a source of understanding for seemingly arbitrary values of
constants of nature widely used in physics.

Before most physical predictions can be drawn however, one would nec-
essarily need to gain a greater understanding of the topology of these three-
folds. First of all, this would entail an understanding and the derivation of
the Hodge numbers, for which a theory exists [10]. The derivation of these
numbers would allow one to complete the Hodge diamond. Furthermore, it
would be necessary to remove all redundancies from the list, and only keep
those threefolds which are topologically distinct. The general strategy to re-
duce the number of configurations in the list seems now to focus on identities
[2]. So far, useful identities have been classified between subconfigurations
of dimensions zero, one two and three. For fourfolds and higher dimensional
manifolds however, most of these are yet unknown. The ultimate goal of the
community however, remains that of proving the finiteness of threefolds for
all types of constructions.

In general, as shown the study of Calabi Yau manifolds offers a vast play-
ground onto which both physicists and mathematicians can work, generating
conclusions helpful both to mathematics and physics. Because of their many
restrictions, it is reasonable to conjecture that Calabi Yau manifolds may be
finite in number. A final classification of these is therefore needed to expose
the richness and possible new applications of these objects.
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A Complex manifolds
Although most first year graduate students in theoretical physics have a
functioning understanding of manifolds, defined both as embeddings, or ab-
stractly, few can recite the definition of their complex versions. Fewer still,
knowing the complex definition realize the first consequence of the plethora
of properties that complexification implies. Most of the constructions be-
low point in the direction of quickly building up definitions, constructing
through some examples and statements rather that (unfortunately) rigorous
proofs. Most of the following is compiled from the notes of Candelas and
Dela Ossa [6], those by Bouchard [3], some sporadic readings from [11] and
the video lectures, available on YouTube by Hirosi Ooguri; all of the above
was done with an eye on the books I used to study complex analysis, mainly
[17] but also [16].

A.1 Basic definitions

Though it is very easy to define complex manifold as they are, it is harder
to gain an intuition for them. Complex manifolds arise naturally in two sep-
arate occasions: from a need of generalization of multivariate complex anal-
ysis to spaces with curvature and from the need of specification of smooth
manifolds to particular cases. For the sake of the first we recall the single
most important property that we will require for complex functions (apart
from smoothness) and carry over for the whole paper [16, 17]

Definition 1. Let z ∈ C, z = (x, y) = x + iy be a complex variable, with
x, y ∈ R. A function f (z) = (u (x, y) , v (x, y)) = u (x, y) + iv (x, y) is called
holomorphic if the real functions u, v : R2 → R are smooth.

The main property of holomorphic functions are that these must not
depend on z = (x,−y), the complex conjugate of z. This can by seen from
the following

Theorem 5 (Cauchy-Riemann equation). A function is holomorphic if and
only if it satisfies the Cauchy-Riemann equations:

∂u

∂x
= ∂v

∂y
,

∂u

∂y
= −∂v

∂x
.

One can then promptly define complex manifolds in a natural way as:

Definition 2. A complex manifold is a manifold that admits an atlas to Cn
with holomorphic transition functions.

There are many possible examples of this available in literature. Among
these, S2 might be the simplest, but for what follows, analyzing complex
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projective spaces is most relevant. Like their real counterparts, complex
projective spaces are defined as:

Pn := Cn∗ / ∼,

where Cn∗ is the n-complex dimensional space with the origin removed, and
∼ is the equivalence relation defined as: (z1, . . . , zn) ∼ (w1, . . . , wn) ⇐⇒
zi = λwi, λ 6= 0. Such a space can be charted holomorphically on each
Ui ⊂ Pn, Ui := {(z1, . . . , zn) ∈ Pn |zi 6= 0}.

A.2 Complex structure

An important problem when dealing with complex manifolds is that of deter-
mining if a real manifolds admits a complex atlas. Such a “complexification”
would allow one to transfer various definitions and results to the complex
ones. Among these, the notions of tangent spaces may be easily transferred.
A first, evident condition is that the real manifold be even dimensional. In
particular, given a manifold X of (real) dimension 2n, this would complexify
to a manifold of (complex) dimension n. This is far from the only condition.
Taking inspiration from the relation between C and R2, one would like to
combine pairs of charting coordinates into a pair of a complex variable and
its conjugate. In the context of complex manifolds, these new complex co-
ordinates are given the name of holomorphic and antiholomorphic variables.
On a complex manifold the separation into holomorphic and antiholomor-
phic variables must be done systematically and coherently on every chart.
To that end one introduces a (1, 1) tensor field: the complex structure J . In
building the definition of this tensor field we start with an easier definition,
that of the almost complex structure, for which we use the same symbol.
There are two requirements to impose on this tensor field, the first, reminis-
cent of the imaginary unit for complex numbers is that it square to minus
the identity:

J2 = −1, JµνJνσ = −δµσ.
The second is that this tensor must be real. This means that J = J , and
implies that it can be defined on a real manifold. One can easily see that such
a tensor cannot have eigenvectors on a real tangent space; as the eigenvalues
would have to square to minus one. However, if it were defined on a complex
vector space, then it would be diagonalizable with eigenvalues equal to ±i.
Furthermore, because the tensor is real, its characteristic polynomial is real,
so the multiplicity of the different eigenvalues must be the same. Thus we
identify the eigenspaces of the complex structure with eigenvalues i and −i
with the holomorphic and antiholomorphic parts of the tangent space of a
complex manifold. Using the almost complex structure, one can define two
projection operators on the subspace of holomorphic and antiholomorphic
vectors as:

P = 1
2 (1−iJ) , Q = 1

2 (1+iJ) .
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Having complexified the tangent space, with the use of the projection op-
erators or directly with J , one can locally choose a complex basis

(
z1, . . . , zn, z1, . . . , zn

)
.

In terms of these coordinates, the (almost) complex structure becomes:

J =



i . . . 0 0 . . . 0
... . . . ...

... . . .
...

0 . . . i 0 . . . 0
0 . . . 0 −i . . . 0
... . . .

...
... . . . ...

0 . . . 0 0 . . . −i


.

Though it might seem trivial, the requirement of a globally well defined
almost complex structure is itself a very restrictive one which many real
manifolds fail. An example is S4, on which an almost complex structure
cannot be defined. The last step needed to pass from almost complex to
complex is to extend the complex basis over the whole manifold. This, again,
cannot be done on any even-dimensional manifold, nor on any manifold
on which an almost complex structure can be defined. The integrability
conditions of these variables imply the vanishing of a particular expression
of J , called the Nijenhuis tensor:

NJ(v, w) = [v, w] + J [v, Jw] + J [Jv,w]− [Jv, Jw].

If this last condition is also satisfied, then the almost complex structure is
upgraded to a complex structure and the manifold is properly a complex
manifold.

Finally, with the complex structure we have accomplished a separation
of the tangent bundle into a holomorphic and antiholomorphic part, with
the definitions given above. These are linear spaces of (real) dimension
n defined at every point of the manifold. One defines the holomorphic and
antiholomorphic tangent bundles to be the bundles defined by these spaces.

A.3 Exterior algebra

Before introducing a metric, it is interesting to study the consequences of the
separation of the charting variables into holomorphic and antiholomorphic
on the exterior algebra of the manifold. In particular, given the natural
global separation dictated by the complex structure, one would like to define
two exterior differential operators, one referring to holomorphic and one to
antiholomorphic variables. These operators, called Dolbeault operators, can
then be used to describe the cohomology (see appendix F) of the manifold.
To that end, let M be a real manifold of (real) dimension 2n. Suppose
that M may be complexified to a complex manifold of complex dimension
n. Furthermore we adopt Latin indices running from 1 to 2n to index
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coordinates on a real chart, while Greek indices and barred Greek indices
running from 1 to n are used for the holomorphic and antiholomorphic parts
of the chart. Finally, let ω be a real r-form defined onM. On the real chart,
the form can be indexed with real variables:

ω = ωi1...irdx
i1 . . . dxir .

With no clear separation of holomorphic and antiholomorphic indices, this
form can be expressed, through the transformation matrix between the real
and complex chart, in terms of the complex coordinates. However, given
the complex structure, using the projection operators, one may project the
indices of the form onto its holomorphic and antiholomorphic parts. Such
a separation, allows one to specify if the indices refer to holomorphic or
antiholomorphic variables. In particular one has:

ω = ωi1...irdx
i1 . . . dxir =

r∑
s=0

ω
(s,r−s)
µ2...µsµ1...µr−s

dzµ1 . . . dzµsdzµ1 . . . dzµr−s .

where, each component ω(s,r−s) is defined as:

ω
(s,r−s)
µ2...µsµ1...µr−s

=
(
r
s

)
P i1
µ1 . . . P is

µs
Q

is+1
µ1

. . . Q ir
µr−s

ωi1...ir .

Where, the projection operators are implicitly composed with the change of
coordinates matrix.

The usual differential operator does not differentiate between holomor-
phic and antiholomorphic variables, thus:

d
(
ω(p,q)

)
= dω(p+1,q) + dω(p,q+1).

One can then define the Dolbeault operators as projecting onto the (p+ 1, q)
and (p, q + 1) parts:

∂ (ωp,q) = dω(p+1,q) ∂ω(p,q+1) = dω(p,q+1).

An important result about Dolbeault operators is that they give a handle
on verifying if an almost complex structure is a complex structure. This
because they can be related to the Nijenhuis tensor: ∂2 = 0 ⇐⇒ NJ = 0.

A.4 Complex manifold with a metric

The introduction of a metric, a very important step as it comes for physics,
introduces a few constraints and “good behaviour” conditions. Different
conditions give different kinds of manifolds, of which the most relevant are
hermitian and Kähler manifolds.
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A.4.1 Hermitian Manifolds

The first, reminiscent of the hermitian norm, is that of hermiticity of the
metric, and thus of the manifold. This condition can be defined in many
ways, but, the most intuitive may be the requirement that the complex
structure be an isometry of the metric. On the complex plane, this implies
that the norm of a complex number be rotation invariant. One then requires
that:

g (v, w) = g (Jv, Jw) .

This requirement automatically implies that if v, w are holomorphic or an-
tiholomorphic: g (v, w) = g (Jv, Jw) = −g (v, w) =⇒ g (v, w) = 0. Thus:

g = gµνdz
µdzν + gµνdz

µdzν .

It is interesting to note that hermiticity is not dependent on topological
requirements of the manifold, but just an algebraic property of the metric.
Given any metric h one can construct a hermitian metric by:

gµν = 1
2
(
δ ρ
µ δ

σ
ν + JρµJ

σ
ν

)
hρσ.

In the context of a hermitian metric, it is common to introduce a differ-
ent connection than the usual Christoffel one. This is obtained by changing
some of the postulates of the connection. As is done for Christoffel connec-
tions, one would like the metric to be covariantly constant. This ensures that
the norm of vectors stay constant parallel transport. One requires also that
the complex structure be covariantly constant. This ensures that covari-
ant transport preserves the structure of the holomorphic and antiholomor-
phic tangent bundles. These two requirements are insufficient to completely
specify the metric. As is done in the Riemannian case, one imposes some
restrictions on the torsion tensor. However, as opposed to the Christoffel
connections, requiring the torsion to be zero would be too restrictive, and
would imply the manifold to be Kähler (see later). Hence one imposes a less
restrictive condition: that the lower components of Γ c

[ab] be homogeneous;
that is a and b have to be either holomorphic or antiholomorphic. From
these conditions, one can derive an expression for the Christoffel symbols
(see [6] chapter VI):

Γ ρ
µν = gρσ∂µgνσ.

From this, one can derive expressions for the Riemann tensor and the Ricci
form

R σ
µνρ = ∂µΓ σ

µρ R = i∂∂ log
(
g

1
2
)
,

where g
1
2 is the square root of the determinant of the metric.
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A.4.2 Kähler manifolds

In physical contexts it is however relevant to consider cases that are torsion
free. If this requirement is added then the hermitian connection becomes
also a Christoffel connection. However, because the Christoffel connection
is unique, one can get a hint to the fact that this requirement is not fulfilled
by all hermitian manifolds. As a matter of fact, if this condition is realized
over that of a Hermitian connection, then the manifold is said to be Kähler.
As is common (especially throughout this paper), this interpretation differs
quite from the exact definition, and should be thought of as one of the most
intuitive necessary and sufficient consequences. The most common definition
is given in terms of a form which naturally arises from the metric, called the
Kähler form:

ω(v, w) = g(Jv,w) ωab = Jcagcb ωµν = i (gµν − gνµ) .

Using the common raising and lowering notation, one may write the com-
ponents of the Kähler form as ωab = Jab. Because g is hermitean:

Jkn = J m
k gmn = J m

k J s
mJ

l
n gsl = −δ s

k J
l
n gsl = −Jnk

so, if the metric is hermitean, ω is a form.
The proper condition for a manifold to be Kähler is then that the Kähler

form be closed, that is:
dω = 0.

This directly implies that:

0 = dJ = i

2
(
∂µgρνdz

µ − ∂µgρνdzµ
)
∧ dzρ ∧ dzν .

As the exterior derivative splits into two forms of different degrees, its van-
ishing implies the vanishing of each of the forms. Thus one obtains the so
called Kähler identities:

∂ρgµν = ∂µgρν ∂ρgµν = ∂νgµρ.

Furthermore, one has:
0 = dJ =

(
∂ + ∂

)
,

which implies closedness with respect to the Dolbeault operators separately.
This implies that locally, on a coordinate neighborhood Uj there exists Käh-
ler potential ϕj such that:

J = i∂∂ϕj .

If a complex manifold is also Kähler, then the Riemann tensor derived
from the Hermitian connection gains the well known symmetries of its coun-
terpart when derived from the Christoffel connection.
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B Holonomy
Holonomy provides a tool for studying the curvature of a manifold. In a Rie-
mannian geometrical setting, curvature is usually described by the Riemann
tensor deriving from the Christoffel connection. It is a basic result of differ-
ential geometry that the Riemann tensor is a (1,3) tensor, whose meaning
can be intuitively understood. By properly contracting the Riemann ten-
sor with three vectors v, a, and b one obtains the first order approximation
of the difference of the vectors obtained by parallel transporting v along
the infinitesimal curves generated by the vectors a and b. The concept of
holonomy is very similar, in that it too measures curvature on the basis of
parallel transport of a vector. Rather than focusing on infinitesimal trans-
ports though, holonomy obtains similar results through parallel transport
on closed paths.

Suppose one is given a manifold M and a connection ∇. Let p ∈ M
and v ∈ TpM . Let c (t) : [0, 1] → M be a closed curve such that c (0) =
c (1) = p. Parallel transport of v along c produces a vector w ∈ TpM . If one
were to transport w back along c one would recover the starting vector v.
Furthermore, if one had two closed curves c1 and c2 one could concatenate
them to get a third:

c3 = c1 ∗ c2 =
{
c1 (2t) 0 < t < 1

2
c2 (2t) 1

2 < t < 1
.

Thus, under this composition the transformations obtained by parallel trans-
porting v along a closed path form a group: the holonomy group of the
manifold at the point p. If the manifold is path wise connected, the holon-
omy group of different points are related by conjugation with the transport
along a curve connecting the two points in the manifold. Hence, the holon-
omy groups at path wise connected points are isomorphic.

In general the holonomy group of a point in a manifold is a subgroup
of GL (n, k). Restrictions on the holonomy groups naturally arise from re-
strictions of the connection. If the connection is chosen to be a metric
connection, that is if the metric is covariantly constant, then the norm of
the vector does not change by parallel transport. Hence the holonomy group
becomes a subgroup of O (n). If the connection is chosen to be hermitian,
then parallel transport preserves the holomorphic tangent bundles, and the
holonomy group becomes a subgroup of U (n). For infinitesimal paths, one
finds that the elements of the holonomy groups may be expressed as:

δαβ + δaµνR α
µν β.

Hence, if one restricts to a neighborhood of the identity, the holonomy group
for Kähler manifolds reduces to SU (n)×U (1), with the U (1) being gener-
ated by the contraction of the Ricci tensor with δa: δaµνR α

µν α.

29



C Chern class intuition
Chern classes can be given intuitive geometrical intuition through their
Poincaré duals [3]. In the following we build this relation in reverse, however
without actually proving it. Let V be a rank r bundle on a base manifold
M of dimension m. Let si, i = 1 . . . r be r generic sections on the bundle.
Consider the product ∧ri=1si. For any k = 1, . . . , r one can consider the locus
where the first k elements of the wedge product vanishes. This locus is the
Poincaré dual of the r + 1 − k-th Chern class. Thus, for example, the top
Chern class is dual to the locus where a single generic section vanishes. In
particular, if the bundle is the holomorphic vector bundle, then sections are
vector fields; thus the top Chern class counts the zeroes of a generic vector
field. One then has that:

χ =
∫
M
ctop (TM) .

where χ is the Euler characteristic.
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D Chern number calculations
Let c [n|q] be the total Chern class of the configuration matrix [n|q], given
by (5). Let N0 and D be defined by: c[n|q] = N0/D. Let δ

δJl
represent a

formal derivative with respect to Jl and let N l
1 et cetera be defined by:

δc[n|q]
δJl

= N l
1

D2 .

Furthermore, the following notational simplification will be used: for S =∏
s (A (Js))

δS

δJs
= (S \ s) δA (Js)

δJs
.

D.1 First Chern class

By direct calculation:
δc[n|q]
δJl

= δ

δJl

N0
D

= 1
D2

(
δN0
δJl

D −N0
δD

δJl

)
.

Each, of these, by direct calculation:
δN0
δJl

= (nl + 1) (1 + Jl)nl (N0 \ l)

δD

δJl
=

K∑
a=1

qla (D \ a) .

Inserting into the expression above:
δc[n|q]
δJl

= 1
D2

(
δN0
δJl

D −N0
δD

δJl

)

= 1
D2

(
(nl + 1) (1 + Jl)nl (N0 \ l)D −N0

K∑
a=1

qla (D \ a)
)
.

We can evaluate this expression at Jl = 0 and sum over l to find the coeffi-
cient for the first Chern class. By reinserting the Jl term one can find the
first Chern class:

c1 =
m∑
l=1

[
(nl + 1)−

k∑
a=1

qla

]
Jl.

Finally, one finds that the condition for c [n|q] to be the Calabi Yau is that,
for all l,

K∑
a=1

qla = nl + 1. (9)
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D.2 Second Chern class

Assuming we are dealing with Calabi-Yaus, and thus N l
1|Js=0 = 0, one has:

δ

δJr

δ

δJl
c [n|q] = 1

D4

(
D2 δN

l
1

δJr
− 2D δD

δJr
N r

1

)
,

then:

δN l
1

δJr
= δlr (nl + 1)nl (1 + Jl)nl−1 (N0 \ l)D

+ (nl + 1) (1 + Jl)nl (nr + 1) (1 + Jr)nr (N0 \ l, r)D

+ (nl + 1) (1 + Jl)nl (N0 \ l)
K∑
a=1

qra (D \ a)

− (nr + 1) (1 + Jr)nr (N0 \ r)
K∑
a=1

qla (D \ a)

−N0

K∑
a=0

K∑
b=0
b 6=a

qlaq
r
b (D \ a, b) .

Inserting this into the expression above one gets the second term. As it
stands, the expression is far too long for it to be useful to be written out,
however, setting the Js to zero one gets twice the coefficient matrix for the
second Chern class. In particular, to simplify the expression, the configu-
ration matrix will be assumed to be of a Calabi-Yau, hence the first Chern
class is zero, and the Calabi Yau condition (9) will be used profusely. By
reinserting the relevant cohomologies one finds:

c2 = 1
2

(
K∑
a=1

qraq
l
a − δlr (nr + 1)

)
JrJ l.
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E Calculation of Euler Number
For ease of calculation a C++ program was developed in order to calcu-
late the Euler characteristic of a threefold configuration matrix. This task
proved to be more challenging than initially thought, primarily because of
the large size that configuration matrices can get to. A copy of the code
is available in the following pages. The general structure of the program
has a configuration matrix class, holding general information such as: the
coefficients, the projective spaces in the ambient space, Chern classes up to
the third, the Euler characteristic et cetera. Along with these the class was
also endowed with methods to calculate these topological quantities. The
program was made such that it could read off the coefficients from a copy
of the list available in [1] and delivered the Euler Characteristic. Given that
the Euler numbers are already given in the list, an option of a full automatic
check was inserted in the program. On a machine running Ubuntu release
6.0.0-20-generic, with an Intel i7 6700K cpu and 16 gb of DDR4 memory at
2133mHz it took about 15 minutes to complete the task successfully. The
configuration matrix that required the most time, which also happens to be
the largest, was the one in the 232nd position in the given list. On the same
machine, the algorithm ran for about 11 seconds.

Following a direct calculation of the first, second, and third Chern classes,
(for which symmetry in the tensor was used to reduce the number of calcu-
lations), the program proceeded to calculate the triple intersection number,
defined for a given CICY X ⊂ A as:

drst =
∫
X
Jr∧Js∧Jt =

∫
A
µ∧Jr∧Js∧Jt =

∫
A

K∧
a=1

 m∑
p=1

qpaJp

∧Jr∧Js∧Jt.
The knowledge of such a quantity would allow calculation of the Euler num-
ber by contraction with the third Chern class, and thus complete the calcula-
tion. The main problem with the attempted subroutines was the magnitude
of iterations needed to calculate effectively µ, the top Chern class of the
normal bundle. It was noted however that most of the iterations needed do
not contribute to the value, and thus that a preliminary listing of all the
effective combinations was necessary. This was the final algorithm chosen;
after having listed the effective combination, every independent component
of the triple intersection number was calculated, tapping into said list for
every query instead of going through all the combinations directly.
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// Name:
//                  main.cpp
// Author:
//                  Davide Passaro

5 // Date:
//                  14 June 2019
// Purpose:
//                  Calculate Euler number and second Chern class for complete 
intersection threefolds available in the file: cicylist.txt and a fullcheck 
from cicylistverbose.txt.
// cicylist.txt example cicy:

10 // (1)
// 1 1 0 0 0 0
// 0 0 1 0 0 1
// 0 0 0 0 1 1
// 1 0 0 1 0 0

15 // 1 0 0 0 0 1
// 0 0 1 2 0 0
// 0 1 0 0 2 0
// (2)
// 1 1 0 0 0 0

20 // ...
//
// cicylistverbose.txt example cicy
// Num    : 1
// NumPs  : 7

25 // NumPol : 6
// Eta    : 0
// H11    : 15
// H21    : 15
// C2     : {24 24 24 24 24 36 36

30 // Redun  : {0 0 0 0 0
// {1 1 0 0 0 0
// {0 0 1 0 0 1
// {0 0 0 0 1 1
// {1 0 0 1 0 0

35 // {1 0 0 0 0 1
// {0 0 1 2 0 0
// {0 1 0 0 2 0
//
// Num    : 2

40 // NumPs  : 7
// ...
#include <iostream>
#include <vector>
#include <string>

45  
#include "ConfMatrix.h"
 
int main(int argc, char* argv[])
{

50     
    std::string num;
    if(argc < 2) // Check if CICY number was given, else ask for it. Place in 
string for ConfMatrix constructor, if not ask for it
    {
        std::cout << "Cicy number (0 for a full check):" << std::endl;

55         std::cin >> num;
    }else
    {
        num=argv[1];
    }

60  
    if(num == "0")
    {
        ConfMatrix CF;
        CF.fullcheck();

65     } else
    {



        ConfMatrix CF(num); // Create instance of ConfMatrix class with string 
constructor.
 
        //Print Euler number and second Chern vector.

70         std::cout << "Euler number: " <<CF.getEuler() << std::endl;
        std::vector<float> vec = CF.getChern2Vec();
        std::cout<<"Second Chern vector: ";
        for(auto it: vec)
        {

75             std::cout<<it<<" ";
        }
        std::cout<<std::endl;
    }
 

80     return 0;
}



// Name:
//                  ConfMatrix.h
// Author:
//                  Davide Passaro

5 // Date:
//                  27 June 2019
// Purpose:
//                  Heades for class for CICYs.
 

10  
#ifndef CONFIGMATRIX_CONFMATRIX_H
#define CONFIGMATRIX_CONFMATRIX_H
 
#include<vector>

15 #include<string>
 
std::vector<int> extractIntegers(const std::string&); //Function header, 
defined in ConfMatrix.cpp
bool weakequal(const std::vector<int>&, std::vector<int>); //Function header, 
defined in ConfMatrix.cpp
 

20 class ConfMatrix
{
public:
    //ctors
    ConfMatrix(); //Default constructor

25     explicit ConfMatrix(const std::string& n); //ctor #1, call from list. 
Construct explicitly to prevent future mistakes
    //dtors
    ~ConfMatrix(); //Default destructor
    //Getters
    float getEuler(); //Get Euler number. Float prevents numerical instability

30     std::vector<float> getChern2Vec(); //Get Chern2Vector
    void fullcheck();
 
private:
    // Attributes

35     std::vector<int> _ProjSpace; // Dimensions of projective space(s)
    std::vector<std::vector<int>> _Polys; // Polynomial matrix
    int _numSpaces{}; // Number of projective spaces
    int _numPolys{}; // Number of polynomials
    int _Euler{}; // Euler number

40     std::vector<float> _chern1; //First chern numbers
    std::vector<float> _chern2Vec; //Second chern class in vec form
    std::vector<std::vector<float>> _chern2; //Second chern class
    std::vector<std::vector<std::vector<float>>> _chern3; //Third chern class
    std::vector<std::vector<std::vector<int>>> _tripleInt; //Triple 
intersection number

45  
    //Methods
    void _calcAll(); //Initiate calculations
    void _EulerCalc(); //Calculate euler number
    void _chern1Calc(); //Calculate first chern class

50     void _chern2Calc(); //Calculate second chern class
    void _chern2VecCalc(); //Calculate second chern class in vec form
    void _chern3Calc(); //Calculate third chern class
    void _tripleIntCalc(); //Calculate triple intersection number
};

55  
 
#endif //CONFIGMATRIX_CONFMATRIX_H



// Name:
//                  ConfMatrix.cpp
// Author:
//                  Davide Passaro

5 // Date:
//                  27 June 2019
// Purpose:
//                  Class for CICYs.
 

10 #include "ConfMatrix.h"
#include <vector>
#include <cmath>
#include <iostream>
#include <algorithm>

15 #include <fstream>
#include <string>
#include <sstream>
 
ConfMatrix::ConfMatrix() = default; //Explicitly defaulted function definition

20  
ConfMatrix::ConfMatrix(const std::string& num) {
    std::ifstream Cicy("cicylist.txt"); //Open list of CICYs
    if(!Cicy.is_open())//Check if opened succesfully
    {

25         std::cerr<<"cicylist.txt file not found"<<std::endl;
    }else
    {
        //Look for requested cicy
        std::string line, target = "(";

30         target += num + ")";
        while(line != target && !Cicy.eof())
        {
            getline(Cicy,line);
        }

35         getline(Cicy,line);
 
        //Load the cicy degrees into _Polys
        while(line[0]!='(')
        {

40             _Polys.push_back(extractIntegers(line));
            getline(Cicy,line);
        }
 
        //Caculate dimensions of projective spaces

45         for(const auto& it: _Polys)
        {
            int s=-1;
            for( const auto& it2: it)
            {

50                 s+=it2;
            }
            _ProjSpace.push_back(s);
        }
        Cicy.close();

55         _numSpaces = static_cast<int>(_ProjSpace.size());
        _numPolys = static_cast<int>(_Polys.at(0).size());

    //After loading, calculate everything
    _calcAll();

    }
60 }

 
 
ConfMatrix::~ConfMatrix() = default;
 

65 //Getters
float
ConfMatrix::getEuler()
{
    return _Euler;



70 }
 
 
std::vector<float>
ConfMatrix::getChern2Vec()

75 {
    return _chern2Vec;
}
 
 

80 void ConfMatrix::_calcAll()
{
    _chern1Calc();
    _chern2Calc();
    _chern3Calc();

85     _tripleIntCalc();
    _chern2VecCalc();
    _EulerCalc();
}
 

90 void
ConfMatrix::_EulerCalc()
{
    //Contract triple intersection number with third chern class to calculate 
the euler number
    float e=0 ;

95     for(int i=0; i<_numSpaces; ++i)
    {
        for(int j=0; j<_numSpaces; ++j)
        {
            for(int k=0; k<_numSpaces; ++k)

100             {
                e+=_tripleInt.at(i).at(j).at(k)*_chern3.at(i).at(j).at(k);
            }
        }
    }

105     _Euler = std::round(e); //Numerical instability might have changed the 
value slightly. std::round rounds it to the closest integer
}
 
 
void

110 ConfMatrix::_chern1Calc()
{
    //Apply formula to calculate the first chern class
    for(int i = 0; i<static_cast<int>(_Polys.size()); ++i)
    {

115         int s = 0;
        for(auto it: _Polys.at(i))
            s+= it;
        _chern1.push_back(_ProjSpace.at(i)+1-s);
    }

120 }
 
void
ConfMatrix::_chern2Calc()
{

125     //Apply the formula to calculate the second chern class
    _chern2 = std::vector<std::vector<float>> 
(_numSpaces,std::vector<float>(_numSpaces,0));
 
    for(int i = 0; i < _numSpaces; ++i)
    {

130         int j = i;
        for(int s = 0; s < _numPolys; ++s)
            _chern2.at(i).at(j)+=_Polys.at(i).at(s)*_Polys.at(j).at(s)*1./2;
 
        _chern2.at(i).at(j)-=1.*_ProjSpace.at(i)/2+0.5;

135         j++;



        for( ; j < _numSpaces; ++j)
        {
            for(int s = 0; s < _numPolys; ++s)
                _chern2.at(i).at(j)+=1.*_Polys.at(i).at(s)*_Polys.at(j).at(s)/
2;

140             _chern2.at(j).at(i)=_chern2.at(i).at(j); //Use symmetry to avoid 
repeating calculations
        }
    }
}
 

145 void
ConfMatrix::_tripleIntCalc() {
 
    std::vector<std::vector<int>> nonzero, nonzeropaths;
    std::vector<int> zeroperm, nonzeronums;

150  
    //Store in a vector the indexing of the projective spaces, repeated as 
many times as is the dimension of the
    //projective space. This is called zeroperm and will be used to check 
against all other permutations.
    for (int i = 0; i < _numSpaces; ++i) {
        for (int j = 0; j < _ProjSpace[i]; ++j)

155             zeroperm.push_back(i);
    }
 
    //Find nonzero elements in configuration matrix. Store in a vector the 
number of nonzero elements of every
    //polynomial. Nonzero stores the location of the nonzero elements in the 
configuration matrix.

160     for (int i = 0; i < _numPolys; ++i) {
        std::vector<int> vec;
        nonzeronums.emplace_back();
        for (int j = 0; j < _numSpaces; ++j){
            if (_Polys[j][i] != 0) {

165                 vec.push_back(j);
                ++(*(nonzeronums.end() - 1));
            }
        }
        nonzero.push_back(vec);

170     }
 
    //Find nonzero paths. Add to nonzeropaths matrix.
    std::vector<int> checkpath(_numPolys, 0);
    int stopcond = nonzeronums.at(0); //Store first value, as not to 
call .at(0) at every cycle

175     while (checkpath.at(0) < stopcond) {//Stop when nonzero elements on the 
first column are finished
        nonzeropaths.emplace_back();
        for (int i = 0; i < _numPolys; ++i)
            (*(nonzeropaths.end() - 
1)).push_back(nonzero.at(i).at(checkpath.at(i)));//Add new path
            ++checkpath.at(_numPolys - 1); //Increase last value of checkpath.

180             //If the value is greater than the number of nonzero elements, 
bring it back to zero and increase
            //the previous one. Continue doing this until all paths have ben 
exhausted.
        auto checkit = checkpath.end() - 1;
        auto numstop = nonzeronums.begin(), numit = nonzeronums.end() - 1;
        while (numit > numstop && *(checkit) == *(numit)) {

185             (*checkit) = 0;
            --checkit;
            ++(*(checkit));
            --numit;
        }

190     }
 
    //Use the nonzero paths to calculate the triple intersection numbers
    for (int i = 0; i < _numSpaces; ++i)



    {
195         _tripleInt.emplace_back();

        for (int j = 0; j < _numSpaces; ++j) {
            _tripleInt.at(i).emplace_back();
            for (int k = 0; k < _numSpaces; ++k) {
                _tripleInt.at(i).at(j).push_back(0);

200  
                //Check if already calculated. If so use symmetry to 
determine the value.
                std::vector<int> vec{i, j, k};
                sort(vec.begin(), vec.end());
                if (vec != std::vector<int>{i, j, k}) {

205                     _tripleInt.at(i).at(j).at(k) = 
_tripleInt.at(vec.at(0)).at(vec.at(1)).at(vec.at(2));
                } else {
                    //If not calculate complementary of entry inside zeroperm.
                    std::vector<int> comp = zeroperm;
                    auto compbeg = comp.begin(), compend = comp.end();

210                     for (auto it: vec) {
                        auto takeaway = find(compbeg, compend, it);
                        if (takeaway != compend) {
                            comp.erase(takeaway);
                            compbeg = comp.begin();

215                             compend = comp.end();
                        }
                    }
                    if (comp.size() == zeroperm.size() - 3) //If 
complementary is found (i.e. nothing has gone wrong),
                                                            //search for weak 
equalities among all nonzero paths.

220                                                             //This means that 
permutations are ok. Add to final count.
                    {
                        for (auto it: nonzeropaths) {
                            if (weakequal(it, comp)) {
                                int s = 1;

225                                 for (int l = 0; l < _numPolys; ++l) {
                                    s *= _Polys.at(it.at(l)).at(l);
                                }
                                _tripleInt.at(i).at(j).at(k) += s;
                            }

230                         }
                    }
                }
            }
        }

235     }
 
}
 
void

240 ConfMatrix::_chern2VecCalc()
{
    //Contract the second chern class woth the triple intersection numbr to 
find the second chern class in vec form.
    _chern2Vec = std::vector<float>(_numSpaces,0);
    for(int i=0; i<_numSpaces; ++i)

245     {
        for(int j=0; j<_numSpaces; ++j)
        {
            for(int k=0; k<_numSpaces; ++k)
            {

250                 _chern2Vec.at(i)
+=_tripleInt.at(i).at(k).at(j)*_chern2.at(k).at(j);
            }
        }
    }
}

255  



void
ConfMatrix::_chern3Calc()
{
    //Usethe formula to calculate the third chern class. Use symmetry to skip 
some steps.

260     _chern3 = std::vector<std::vector<std::vector<float>>>
            (_numSpaces, std::vector<std::vector<float>>(_numSpaces, 
std::vector<float>(_numSpaces, 0)));
    for (int i = 0; i < _numSpaces; ++i)
    {
        for (int s = 0; s < _numPolys; ++s)

265         {
            _chern3.at(i).at(i).at(i) -= _Polys.at(i).at(s) * 
_Polys.at(i).at(s) * _Polys.at(i).at(s) / 3.;
        }
        _chern3.at(i).at(i).at(i) += (_ProjSpace.at(i) + 1) / 3.;
        for (int j = i + 1; j < _numSpaces; ++j)

270         {
            for (int s = 0; s < _numPolys; ++s)
            {
                _chern3.at(i).at(i).at(j) -= _Polys.at(i).at(s) * 
_Polys.at(i).at(s) * _Polys.at(j).at(s) / 3.;
                _chern3.at(i).at(j).at(j) -= _Polys.at(i).at(s) * 
_Polys.at(j).at(s) * _Polys.at(j).at(s) / 3.;

275             }
            _chern3.at(i).at(j).at(i) = _chern3.at(i).at(i).at(j);
            _chern3.at(j).at(i).at(i) = _chern3.at(i).at(i).at(j);
 
            _chern3.at(j).at(j).at(i) = _chern3.at(i).at(j).at(j);

280             _chern3.at(j).at(i).at(j) = _chern3.at(i).at(j).at(j);
 
            for (int k = j + 1; k < _numSpaces; ++k)
            {
                for (int s = 0; s < _numPolys; ++s)

285                     {
                        _chern3.at(i).at(j).at(k) -= _Polys.at(i).at(s) * 
_Polys.at(j).at(s) * _Polys.at(k).at(s) / 3.;
                    }
                    _chern3.at(i).at(k).at(j) = _chern3.at(i).at(j).at(k);
                    _chern3.at(k).at(j).at(i) = _chern3.at(i).at(j).at(k);

290                     _chern3.at(j).at(i).at(k) = _chern3.at(i).at(j).at(k);
                    _chern3.at(k).at(i).at(j) = _chern3.at(i).at(j).at(k);
                    _chern3.at(j).at(k).at(i) = _chern3.at(i).at(j).at(k);
            }
        }

295     }
}
 
void ConfMatrix::fullcheck() {
    std::ifstream Cicy("cicylistverbose.txt");

300     int n = 0;
    while(Cicy.is_open())
    {
        ++n;
        std::cout<<n<<std::endl;

305         std::string line, target = "Num    : ";
        target += std::to_string(n);
        while(line != target && !Cicy.eof())
        {
            getline(Cicy,line);

310         }
 
        getline(Cicy,line);
        getline(Cicy,line);
        getline(Cicy,line);

315  
        line.erase(line.begin(),line.begin()+9);
        float eta = atoi(line.c_str());
        std::cout<<"True Euler: "<<eta<<std::endl;



 
320         getline(Cicy,line);

        getline(Cicy,line);
        getline(Cicy,line);
        getline(Cicy,line);
        getline(Cicy,line);

325  
        while(line!="")
        {
            line.erase(line.begin());
            _Polys.push_back(extractIntegers(line));

330             getline(Cicy,line);
        }
 
        for(const auto& it: _Polys)
        {

335             int s=-1;
            for( const auto& it2: it)
            {
                s+=it2;
            }

340             _ProjSpace.push_back(s);
        }
        _numSpaces = static_cast<int>(_ProjSpace.size());
        _numPolys = static_cast<int>(_Polys.at(0).size());
        _calcAll();

345         std::cout<<"Calculated Euler: "<<_Euler<<std::endl;
        if(eta != _Euler)
        {
            std::cerr<<"Euler wrong"<<std::endl;
            Cicy.close();

350         }
        _Polys.clear();
        _ProjSpace.clear();
        _chern1.clear();
        _chern2.clear();

355         _chern3.clear();
        _chern2Vec.clear();
        _tripleInt.clear();
        _numSpaces=0;
        _numPolys=0;

360     }
}
 
bool weakequal(const std::vector<int>& vec1, std::vector<int> vec2)//Check 
forweak equality: permutations are ok.
{

365     auto beg = vec2.begin(), finish= vec2.end();
    std::vector<int>::iterator tst;
    for(auto it: vec1)
    {
        tst = find(beg,finish,it);

370         if(tst == finish)
        {
            return false;
        }else{
            vec2.erase(tst);

375             finish = vec2.end();
            beg = vec2.begin();
        }
    }
    return static_cast<int>(vec2.size()) == 0;

380 }
 
std::vector<int> extractIntegers(const std::string& str)//Extract integers 
from string
{
    std::stringstream ss;

385  



    ss << str;
 
    int temp;
    std::vector<int> vec;

390     while (!ss.eof()) {
        ss >> temp;
        vec.push_back(temp);
    }
    return vec;

395 }



F Cohomology
The cohomology of a manifold is a tool used in algebraic topology to describe
the topology of manifolds. Because it is based on the exterior algebra on
the manifold it can be defined on any smooth manifold, without any extra
structure needed. The definition of a cohomology can however be abstracted
out of Differential Geometry. In general one has[3]:

Definition 3. Let A0, A1 . . . be a sequence of abelian groups connected by
homomorphisms: di : Ai → Ai+1 such that the composition of two successive
homomorphism is zero di ◦ di+1 = 0. One can then form a exact sequence,
called a cochain complex:

0→ A0 → A1 → . . .

The cohomology groups Hk are defined by:

Hk = Ker (dk) /Im (dk−1) .

The simplest example of application of cohomology theory to smooth
manifolds is the de Rham cohomology. Given a smooth manifold M, one
takes as abelian groups Ai the sets of differential forms of same degree
Ωi (M), and as homomorphisms one takes exterior differentiation d. Thus,
Hk
dRh (M) is the set of closed k-forms, where forms are considered equivalent

if they differ by an exact form:

Ωk (M) 3 ω ∼ η ⇐⇒ ∃α ∈ Ωk−1 (M) |η = ω + dα.
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