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Abstract

In this bachelor thesis we study game and auction theory as
well as study the case with unknown amount of buyers in an
auction. The article focuses on first-price common value auctions
with unknown number of buyers. Results show that using mixed
strategies is optimal during these circumstances.
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1 Introduction

Auctions have been used since times of old for selling all varieties of objects. Herodotus
reports that auctions were used in 500 B.C in Babylon. Auctions involving slaves and
women were no rarity in the past. The first known auction house in modern history is the
Stockholm Auction house founded in 1674. Today however a huge amount of all auctions
occurs online.

With the reach and popularity of the internet millions of transactions occurs each day.
Ranging from small every day items to huge company market shares. So whether you
are a seller or a bidder everyone needs to figure out the best strategies, auction formats
and setups to walk away with the biggest profit. With a focus on auctions with unknown
amount of buyers, this article will study auctions from using game theory.

1.1 Basic game theory

Game theory was introduced by von Neuman and Morgenstern in the publication The
theory of games and economic behaviour in 1944, to better be able to analyze optimal
strategic and economic decisions. The question game theory wants to answer is: ”What
is the optimal strategy in this situation? ”. This can be applied in many different fields
such as economics, biology and computer logic.

Game theory consists of a collection of models. A model can be described as a fictive set
of circumstances we use to understand our observations and experiences. The games we
are going to focus on are non-cooperative games with two or more players which have two
or more strategies, sometimes called normal form games. Each strategy will have a differ-
ent outcome based on what strategies the other players use. Non-cooperative games are
games where each player is only focused on improving their own payoff. The players are
often restricted such that they can not communicate and organize a strategy together.
Some of the following examples and games are inspired by Lindahl’s Non-cooperative
games [2].

A classic example of a game analyzed with game theory is the ”prisoners dilemma”. The
scenario is as follows:

• Two prisoners A and B, are in custody of the police, they have enough evidence to
convict them both.

• The prisoners have no way of communicating with each other.

• However they offer both prisoners a deal where they can betray their partner for
no jail time and the silent prisoner gets 7 years.

• If both betray each other they both get a 5 year sentence.

• If both prisoners stay quiet they both only serve a 2 year sentence.

The payoff matrix is therefore:
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Prisoner A
Betray Stay quiet

Prisoner B
Betray (5, 5) (0, 7)

Stay quiet (7, 0) (2, 2)

Each prisoner is in the same situation and is thinking, ”What is the correct choice?”. The
assumption is that both prisoners are rational and want as little prison time as possible.
To minimize their sentence, they want to find the strategy which is a so called ”Nash
equilibrium”.

1.2 Nash equilibrium

Definition 1.1. A Nash equilibrium is a set of strategies in which no player will benefit
from switching from their current chosen strategy given that the opposing players keep
their strategy constant.

This concept is named after and proposed by John F Nash. It is the solution for a non-
cooperative game with two or more players with a set of strategies.

Some games have no Nash equilibrium, some have one or more. If we study our prisoners
dilemma above, we can see that if neither party have chosen betray, they will be better off
by switching strategies. If both players have chosen betray they will want to stick with
that strategy since switching will decrease their payoff, meaning their jail-time would
increase. Therefore Betray/Betray is the only Nash equilibrium.

Another famous game is ”The battle of the sexes”. This game is as follows:

• A husband and a wife are going to an event, but neither remembers if they are
going to the Opera or the Football game.

• They are in different places and can not communicate

• The wife would rather go to the Opera and the husband would rather go to the
Football game

• Both of them would rather be together than separate.

The payoff matrix is therefore:

Husband
Football Opera

Wife
Football (2, 3) (0, 0)
Opera (0, 0) (3, 2)

This game has two Nash equilibriums, (Football,Football) and (Opera,Opera). In those
cases neither the husband nor the wife would want to switch their strategy since their
payoff, in this case being their enjoyment, would be lowered. In this case when we have
more than one Nash equilibrium, it’s not as clear which strategy either player should
choose.
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1.3 Mixed strategies

We now study a different game, called ”Matching pennies”. This game has the following
setup:

• Both player has a coin, which has one side Heads and the other side Tails.

• After both players chooses a side, they reveal their coins. If both coins show Heads
or both show Tails player A gives player B one dollar.

• If the result is different for the two players then player B gives player A one dollar.

So the payoff matrix is:

Player A
Heads Tails

Player B
Heads (1,−1) (−1, 1)
Tails (−1, 1) (1,−1)

This is a so called ”Zero sum game”, since the game is symmetric, meaning that the
sum for all different outcomes are 0, and that the payoff is balanced, meaning that the
other player is gaining as much as you are losing and vice versa. Each outcome has a 1/4
chance of occurring, with 2 of them being beneficial to you and two being non-beneficial.
Since the income is the same as the cost the total gain will amount to 0. This is although
not necessarily true, since one player can try to outwit the other player by guessing their
strategy, given that they stick to a pure strategy. So this game has no pure strategy Nash
equilibrium, since it is always beneficial to swap strategy. Therefore we could try mixed
strategies.

Definition 1.2. A mixed strategy is assigning every pure strategy a probability p. This
allows every player to pick a pure strategy randomly. Since you can assess different p to
different strategies and change p, there are infinite mixed strategies.

So if we choose strategy ”Same”,where we win if both coins are the same, with probabil-
ity p and strategy ”Different”, where we win if both coins are different, with probability
1 − p it will always be a better strategy than picking any of the strategies with proba-
bility 1. In fact, we can find the probability p which will be the mixed strategy Nash
equilibrium for this game. Let us assume Player B picks Heads with probability p and
Tails with probability 1 − p. Since this game is symmetric, both players will have the
same payoff.

1 · p+ (−1) · (1− p) = (−1) · p+ 1 · (1− p)
2p− 1 = −2p+ 1

4p = 2

p = 1/2

So choosing Heads and Tails randomly with the probability 1/2 is a mixed strategy Nash
equilibrium. This way no opponent can try to guess and predict any players strategy.
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If we revisit the battle of the sexes game, we can determine the mixed strategy Nash
equilibrium for the husband and the wife as well. Let us assume the wife picks Football
with probability p and Opera with probability (1−p). Then the husbands payoff is:

p · 3 + (1− p) · 0 = 0 · p+ 2 · (1− p)
3p = 2(1− p)
3p = 2− 2p

5p = 2

p = 2/5

So this shows us that the wife wants to choose the opera with probability 3/5 and football
with probability 2/5. Opposite for the husband, he should choose football with probability
3/5 and opera with probability 2/5.
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2 Auction Theory

This section takes heavy inspiration and many definitions from Krishna’s Auction Theory.[1]

An auction is where some object or objects are up for sale. The participants can bid on
this/these items in different ways, depending on what type of auction they’re at. The
person offering the highest bid amount is the winner and receives the object/objects. The
most common auction types are:

• Open ascending price or English auction - This is the oldest and the one most people
associate auctions with. The auctioneer starts at a relatively low price, and raises
it slowly. People raise their hands as long as they are willing to pay the current
price, and lowers their hand when the price has gone up too high. The last person
with their hand raised will pay that much for the object in question.
An English auction is the common auction form used for selling antiques, art, used
cars etc. These items are things that are hard to appraise and thus the bidders will
set the value for the auctioneer.

• Dutch auction - This is the open descending counterpart to the English auction.
Instead the auctioneer starts at a high price and the first person to raise their hand
and accept the bid gets the item for that price. This is not a very common auction
type. It however is used when a business is going public so people can invest and
buy stocks in that business. The initial price for the stock is high, and lowers until
people are ready to invest, making the stock price rise again.

• The sealed bid first-price auction - This auction format is also quite common. All
bidders know the item, and place a personal bid into an envelope which is sealed and
gathered. When everyone has placed a bid the one with the highest bid wins the
object for the price they bid. This auction type is common in real estate. Usually
the estate is displayed and is given an estimated value, then each bidder sends a
bid unknown to all other bidders and the highest bidder gets the estate.

• The sealed bid second-price auction - This is almost identical to the first-price
auction above, only difference is that the highest bidder only pays the second highest
bid for the object. This auction type is used for similar situations as the first-price
version.

An auction is typically held since the owner wants to sell the item but is unsure of its
value. So by placing it out for auction the bidders will determine what it will sell for.
Since the bidder doesn’t know the value of the item either, they will have their own inde-
pendent private value (IPV) attached to the item, which can be different for each bidder.
Common auction items are things that are rare and hard to compare with more common
objects. Good examples of this is unique art pieces, items which is no longer produced
and is in limited supply worldwide etc.

There is also another auction which is common value auctions. Here the value is either
well known or simply given for the item, but everyone still have different information
about the item. An example is bidding a jar of pennies. You can only estimate how
many pennies are in the jar but the value of the item is given. So everyone will guess
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how many pennies are in the jar and bid accordingly.
Common value auctions is a special case of independent private values where everyone’s
private value happens to be the same.

These auction types may seem different but can under some circumstances be very similar.
If each bidder i has a individual cap vi that their willing to pay for the item. Then in
the Dutch auction the person with the highest number vk, 0 ≤ i ≤ k will raise their hand
when the auctioneer lowers it to that vk or less. In the sealed bid first-price, the one who
bids the highest vk will win the item and pay that same amount. Therefore under these
assumptions these auctions will have identical results.

2.1 Game theoretic models for Auctions

So now we need to put these auctions into the realm of game theory. A game theory auc-
tion model is game represented by a set of players, a set of actions, or strategies, available
to each player, and a payoff vector corresponding to each combination of strategies. The
players assume the role of either bidder or seller. The set of strategies for each player is a
set of bid functions or reservation prices. The payoff of each player under a combination
of strategies is the expected utility.

The two most common cases are either where each player have an independent private
value associated to the item up for bid, or everyone has been given the value which is
known as common value. In the private value model, each player has the assumption
that every other player draws their value for the item from some random distribution.
So each bid with will be identically distributed on some interval [0, ω] where ω can be
any number <∞. In the common value model each bidder is given the value of the item
v, such that 0 ≤ v ≤ ω. So instead of everyone having their own potentially unique IPV
everyone has IPV v. Each player still has different information about the item.

2.2 The benchmark model

Auctions are easiest to analyze when bidders behave similarly, so defining a preset model
makes it more manageable. The following model were defined by McAfee and McMillan
in 1987, and assumes that the auction has independent private values.

• All of the bidders are risk neutral.

• Each bidder has a private valuation of the item independently drawn from some
probability distribution.

• The bidders possess symmetric information.

• The payment is represented as a function of the bids.

From this model, you can start looking at each auction type and see which one would
be most beneficial for the seller. On average, McMillan and McAfee found that all four
auction types are equally desirable. [5].
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3 Unknown number of buyers

In this section we will look deeper into strategies for an auction where the number of
bidders is unknown. This is something that is more relevant now in the age of inter-
net. When going to an auction site such as Ebay, Tradera etc there is no limit on the
amount of bidders there can be. The only information available on most websites is how
many bids have previously been placed, time remaining to bid and the current highest bid.

Online auctions have a greater reach than any auction that would take place in a real life
location. But that does not decrease its potential exclusivity, since you can customize the
auction website to accommodate for all types of auctions, sellers and bidders. The big
flaw with online auctions is its anonymity. Since there are no physical interaction there
is great potential for scam and fraud.

The following sections we study the case with two potential buyers. We take the per-
spective of the bidders and their strategies and not taking in the sellers strategy into
consideration. A big portion of the following sections are inspired by Erik Ekströms
article.[4].

3.1 Symmetrical first price sealed bid auction with unknown
number of buyers

An example of this is an auction that has a common value item known to all bidders,
using first-price auction. This version is symmetric meaning that the perceived chance
that there is another bidder is p and the chance that no one bids (1− p), and this is the
same for all bidders.

We assume that the item is valued v, and we will bid an amount x such that 0 ≤ x ≤ v.
We pick this x from some distribution F (x) which is the probability that our bid x is
greater than the opposing random variable bid X. Therefore F (x) = P (X ≤ x). We
thus make a profit v− x if there is no other bidder or if there is another bidder who bids
below x. From this we get the payoff function:

f(x) = p(v − x)P (X ≤ x) + (1− p)(v − x)

So why is it better to take our bids from this distribution F (x) or any other distribution
function? Let us compare to using a deterministic strategy. If the other bidder chooses
a value y such that 0 ≤ y ≤ v. We can then just choose an ε > 0 and bid y + ε. The
same goes for the reverse case. Therefore choosing a bid in that manner is not a Nash
equilibrium. So we want to pick our bid from some distribution.

P (X ≤ x) is the probability of our bid being higher than the others bid X. We can
clearly see that F (0) = 0, since bidding bidding 0 against anything greater than 0 will
lose us the bid, and F (v) = 1 since it is generally a losing strategy payoff-wise to bid v
since the payoff is v − v = 0 at that point and onward. Now we want to show that our
f(x) does not depend on x. We assume f(x) gives us some profit C ∈ N.
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C = p(v − x)F (x) + (1− p)(v − x)⇒ F (x) =
C − (1− p)(v − x)

p(v − x)

Set x = 0

⇒ 0 =
C − (1− p)v

pv
⇒ C = (1− p)v

Now we can rewrite F (x) to

F (x) =
(1− p)x
p(v − x)

We want to look where F (x) first reaches 1. So set F (x) = 1

Figure 1: The distribution function F (x).

1 =
(1− p)v
p(v − x)

Solving for x we get

x = pv

This means that bidding x > pv will give less payoff than bidding 0 ≤ x ≤ pv. We say
that supp(X) ∈ [0, pv]. A support for a distribution function is the values for X such
that F (x) is strictly increasing.
Theorem 1. If a bidder chooses their bid according to this distribution F (x) then it is
optimal for us to also use F (x). I.e (F, F ) is a mixed strategy Nash equilibrium.

Proof. If the other player makes a bid from distribution F , and our bid is x, we get the
average payoff

(1− p)(v − x) + p(v − x)F (x) =

{
(1− p)v, x ≤ pv

v − x, x > pv
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Since v−x ≤ (1−p)v when x > pv, we know that no strategy can give more than (1−p)v
on average.

From this we can see that F (x) is

F (x) =

{
(1−p)x
p(v−x) , x ∈ [0, pv]

1, x ∈ (pv, v]
(1)

Since F (x) has better or equal expected payoff than any deterministic strategy, we know
that there is no other distribution, say H(x) such that H is a strictly better response
than F when the other bidder uses strategy F . So every other non deterministic strategy
has at most the same payoff as F .

Therefore the best response when another bidder is using F (x) for all players is to use a
random bid from the same distribution F (x).

Remark. Note that there is also the possibility that both bidders bid an equal amount.
If that were to happen we just assume that that they split the profit between them. So
their profit would be v−x

2
.
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3.2 Asymmetrical case

Now we want study the case where each bidder has different probability that there is
another bidder. For context we will study the following scenario:

• An institution needs to hire painters to paint their building.

• When someone needs something painted, everyone always contacts the big painting
company, let us call it Big.

• There is also a smaller painting company people sometimes contacts, let us call it
Small.

• So Small knows there will be another bidder (Big), but Big does not know if there
will be another bidder (Small).

Since this is modeled as a common value auction, the common value is still v. So say
that Small takes their bid from a distribution F (x), and that Big takes their bid from a
distribution G(x). The payoff function if Big bids x is then:

(1− p)(v − x) + p(v − x)P (X ≤ x) = C

Where P (X ≤ x) is the probability that Bigs bid x is bigger or equal to Smalls bid X. C
is again any constant positive number greater than 0. So we can write P (X ≤ x) = F (x).
This is the same payoff function as in the symmetrical case. Which means that F (x) is
the same distribution function as in the symmetrical case.

So let us look at Small. We assume that Big uses a distribution G(x). Since Small knows
that there is another bidder, the case (1 − p)(v − x) = 0 since the p = 1. Then we
get

(v − x)P (Y ≤ x) = C

Where P (Y ≤ x) is the probability that Smalls bid x is bigger or equal to Bigs bid Y .
Since we know that Big takes their bid from G(x) we can write G(x) = P (Y ≤ x). This
then gives us

(v − x)G(x) = C

We isolate G(x),

G(x) =
C

(v − x)

We assume that G(pv) = 1 like in F (x), otherwise the value of taking bids from F (x)
would be greater than G(x) and using G(x) would be strictly worse than using F (x).
Differently from F (x) however we do now know that G(0) = 0. So if we plug in x =
pv:

1 =
C

(v − pv)

C = v(1− p)
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From this we can conclude

G(x) =

{
v(1−p)
v−x x ∈ [0, pv]

1 x ∈ (pv, v]

If we now plug in 0 in G we get G(0) = 1− p. In figure 2, G(x) is plotted:

Figure 2: The distribution function G(x).

Smalls payoff function should then be

g(x) = (v − x)G(x) =

{
(1− p)v x ∈ [0, pv]

(v − x) x ∈ (pv, v]

Now we ask, is (F,G) a equilibrium according to our scenario? So if Small is certain
there will be another bidder, should they stick with distribution F? Should Big use G
with the knowledge that if there is another bidder, that other bidder knows that Big will
be in the ”auction”?
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Theorem 2. If Big bids using distribution G(x), the optimal response for Small will be
bidding using F (x). Conversely, if Small bids using F (x), the optimal response for Big
will be using bid from G(x). I.e (F,G) is a nash equilibrium given our scenario.

Figure 3: Graphical comparison between distribution functions G(x) and F (x). Both
functions have value 1 when x > pv.

Proof. If we look at the payoff function, f(x) in the symmetrical case, we can see that
g(x) = f(x), meaning that their payoff functions are equal. Since (F, F ) is an equilibrium
in the symmetrical case, the same arguments will be made for this asymmetrical case.

The payoff in (F, F ) was maximized and is an equilibrium, and the payoff is the same
for both bidders in (F,G). This means that there is no other distribution, say H(x) that
would result in a higher payoff. Also the case for using a deterministic bid has the same
weaknesses as in the symmetrical case and is therefore not an optimal strategy.

G is an optimal response to F since supp(G) ∈ [0, pv]. From the proof in the symmetrical
case we know that F also has supp(F ) ∈ [0, pv]. From the symmetrical proof we know
that the optimal response for F is bidding between 0 and pv. Therefore G is an optimal
response if Small uses F .

To show that F is an optimal response for Small, assume that Small bids x. Smalls
payoff is then maximized for x ∈ [0, pv]. Thus any randomized bid with support [0, pv] is
optimal. In particular F is an optimal response if Big uses G.
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3.3 The effects of varying p

So now that we have studied what is the optimal response in a symmetrical and asym-
metrical case of first price common value auction with unknown amount of buyers, we will
see how this affects payoff. As concluded in the asymmetrical case, the payoff functions
f(x), g(x) are identical:

f(x) = g(x) =

{
(1− p)v x ∈ [0, pv]

v − x x ∈ (pv, v]

This graph will look something like this.

Figure 4: The payoff function f(x) with different probabilities. In this graph p1 =
0.2, p2 = 0.5, p3 = 0.8 to visualize how the graph differs with different p.
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So now we will look at the estimated value for our distribution functions F and G. These
will be different for different probabilities p, since the higher the probability is of there
being another bidder, the higher the average bid will be. To see what the estimated value
is for these functions we integrate:∫ pv

0

xF ′(x) dx and

∫ pv

0

xG′(x) dx

Starting with F (x). We will only look between [0, pv], since both of these functions are
equal to 1 after pv.

F (x) =
(1− p)x
p(v − x)

F ′(x) =
(1− p)v

p
· 1

(v − x)2

This then gives us the integral∫ pv

0

(1− p)v
p

· x

(v − x)2
dx =

(1− p)v
p

[
v

v − x
+ ln(v − x)

]pv
0

=
(1− p)v

p

(
1

1− p
− 1 + ln(v − pv)− ln(v)

)

= v +
(1− p)v

p
ln(1− p) := hF (p)

Now for G:

G(x) =
(1− p)v
(v − x)

G′(x) =
(1− p)v
(v − x)2

This then gives us the integral∫ pv

0

(1− p)vx
(v − x)2

dx = (1− p)v

[
v

v − x
+ ln(v − x)

]pv
0

= (1− p)v

(
1

1− p
− 1 + ln(v − pv)− ln(v)

)

= pv + (1− p)v · ln(1− p) := hG(p)
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So now we have our estimated value functions for F and G.

Figure 5: The expected bid when using F (x) and G(x) with different probabilities p.

Since both functions have ln(1− p) we have to check the limp→1 hF (p) and limp→1 hG(p).
Since 1− p goes to 0 faster than than ln(1− p), that term goes to 0 when p→ 1 which
results in hF (1) = hG(1) = v for p→ 1. Since in hF (p) we divide with p we have to check
limp→0 hF (p).

lim
p→0

v +
1− p
p

ln(1− p) = v + lim
p→0

(1− p) · lim
p→0

v · ln(1− p)
p

= v + lim
p→0

v · ln(1− p)
p

Using l’Hôpital’s rule:

= v + lim
p→0

v · −1

1− p
= v − v = 0

The results reflect the bidding strategies we want from our distributions. Bid high when
the risk of competition is high to ensure that we win the auction, and bid low when the
risk of competition is low to maximize profit.
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