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First principles calculations are performed to study the effects of alloying elements (X = Al, Si, Sc, V, Cr, Mn, Cu,
Zn, Y, Mo, Ta, W and Re) on the phase stability and elastic properties of TiZrHfNb refractory high entropy alloys.
Both equimolar and non-equimolar alloys are considered. It is shown that the calculated lattice parameters,
phase stability and elastic moduli of equimolar TiZrHfNbX are consistent with the available experimental and
theoretical results. The substitutions of alloying elements at Ti, Zr, andHf siteswith various contents show similar
effects on the phase stability and elastic properties of the TiZrHfNb-based alloys. The substitutions on Nb site are
found to generally decrease the stability of body centered cubic phase. Close connections between the charge
densities at theWigner-Seitz cell boundary and the bulkmoduli of TiZrHfNb-based alloys are found. The present
results provide a quantitativemodel for exploring the phase stability and elastic properties of TiZrHfNb-based al-
loys from the electronic structure viewpoint.
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1. Introduction
Due to the multi-principal element character and the slow diffusion
kinetics, high entropy alloys (HEAs) often occur in single/dual phase
with simple crystal structures. Compared to conventional alloys, HEAs
often show excellentmechanical properties [1]. Composed of refractory
elements, the so called refractory high entropy alloys (RHEAs) are
promising for high-temperature applications, sincemany of themmain-
tain high strength up to 1600 °C [2,3].

The HfNbTaTiZr [4], HfNbTiZr [5], and HfMoNbTiZr [6] alloys are the
well-known RHEAs [7] and own high yield strength at elevated temper-
ature. The composing elements of RHEAs are often from groups IV–VI,
which all show body centered cubic (bcc) structure at high tempera-
ture. Most RHEAs also occur in single bcc phase, and therefore they
have low ductility at room temperature. Aluminum and silicon are
often added in HEAs to adjust their ductility, oxidation properties and
also the phase stability. Aluminum is a bcc stabilizing element formetal-
lic Ti, Zr, and Hf and owns high solubility in them, therefore, the
TiZrHfNbAl exhibits single bcc phase [8]. However, intermetallics such
as AlxZr5/M5Si3 can easily be formed as a second phase due to the strong
interactions between Al and Zr [9,10] or Si and metallic elements
[11–13]. The intermetallic compounds harden but often also embrittle
the HEAs and make the processing more difficult compared to that of
the solid solution phase, which usually shows high ductility. Although
design of appropriate intermetallic phases in HEAs is very challenging,
it is a very effective way to strengthen HEAs. Recently, Tsai et al.
reviewed 142 intermetallic compounds containing HEAs, and found
five most prevalent intermetallic phases [14].

A series of first principles calculations have been carried out to study
the phase stability and elastic properties of RHEAs [15–20]. The me-
chanical stability and intrinsic ductility can be estimated by evaluating
the elastic constants. The special quasi-random structure (SQS) [21,22]
and coherent potential approximation (CPA) [23–25] are
usually employed to model the chemical disordered alloys. By compar-
ing the calculated results between SQS andCPAonHEAs, the local lattice
distortions were found to have small effect on the lattice parameters
and elastic constants [19,26] and thus for these properties CPA
turned out to be an efficient approach to describe the HEAs from first
principles.

Various parameters, such as the atomic size difference [27,28], va-
lence electron concentrations (VEC) [7,29,30], entropy of mixing and
enthalpy of mixing between alloying elements [27], are used to predict
the phase stability of HEAs. The VEC is found to have connections with
the ductility of HEAs. When it is b4.5, the RHEAs consisting of IV, V,
and VI metals are intrinsically ductile [7]. The VEC has effects also on
the phase stability, the face centered cubic (fcc) phases is stable when
VEC is larger than 8,whereas the bcc phase is stablewhenVEC is smaller
than 6.87 [30]. For the hexagonal close packed (hcp) phases, their VEC
values are often in the range of (6.87, 8) [31,32]. Furthermore, the for-
mation of solid solution in HEAs is very complex, and the common
Hume-Rothery rules often fail. One example is that the increasing Al
content stabilizes the bcc phase of CoCrCuFeNi [33] although themetal-
lic Al occurs in the fcc structure.

To better understand the effect of composition on the elastic proper-
ties and phase stability of TiZrHfNb-based alloys, here we carry out first
principles calculations for the equiatomic TiZrHfNbX HEA as well as for
the non-equiatomic Ti1−xZrHfNbXx, TiZr1−xHfNbXx, TiZrHf1−xNbXx,
and TiZrHfNb1−xXx HEAs with X = Al, Si, Sc, V, Cr, Mn, Cu, Zn, Y, Mo,
Ta, and W, and x varying between 0 and 1. We show that the d-
occupation correlates well with the phase stability, and the charge den-
sities at the Wigner-Seitz cell boundary have strong connections to the
elastic moduli of the present systems.

The rest of the paper is organized as follows. In Section 2 we present
the computational methodology and numerical details. Section 3 as-
sesses the accuracy of our calculations, whereas results are presented
and discussed in Section 4. The paper ends with conclusions.
2. Computational methodology

2.1. Total energy calculations

The exact muffin-tin orbital (EMTO) [34,35]method is employed for
the first principles calculations. All TiZrHfNbX systems were treated as
disordered modelled by the coherent potential approximation
[23,25,36]. The Perdew–Burke–Ernzerhof (PBE) [37] was chosen as
the exchange-correlation functional. The screened impurity model pa-
rameter of CPA was set to 0.6 as used by Tian et al. [18]. The one-
electron Kohn-Shan equations were solved within the scalar-
relativistic approximation and soft-core scheme.

2.2. Elastic constants

The elastic constants of single-crystal can be obtained by fitting the
strain-energy or strain-stress relations. For the cubic structure, there
are only three independent elastic constants, C11, C12, and C44. The
volume-conserving distortions are applied on the cubic crystal to calcu-
late the tetragonal shear modulus C′= (C11 − C12) / 2, and C44. The or-
thorhombic distortion results in a strain tensor,
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The C44 can be extracted by the monoclinic distortion,
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The bulk modulus can be derived by fitting the equation of states, in
which the Morse-type function is used [38]. The poly-crystalline elastic
moduli are obtained from the three cubic elastic constants using the
Voigt and Reuss bounds [39–41]. According to Voigt approach, the
bulk and shear moduli (BV and GV) are derived from:

BV ¼ C11 þ 2C12

3
ð3Þ

GV ¼ C11−C12 þ 3C44ð Þ
5

ð4Þ

The bulk modulus extracted from the Reuss approximation (BR) is
equal to the BV, and the shear modulus GR can be expressed as:

GR ¼ 5 C11−C12C44ð Þ
4C44 þ 3 C11−C12ð Þ ð5Þ

The Young's modulus E can be calculated using the bulk (B) and
shear (G) moduli based on Hill approximation, which is the arithmetic
average of the Voigt and Reuss bounds, viz.

E ¼ 9BG
3Bþ G

ð6Þ

2.3. Numerical details

The EMTO basis set included s, p, d, and f orbitals. The 4d, 5s states of
Nb, the 3s and 3p states of Al and Si, the 3d and 4s states of Sc, Ti, V, Cr,
Mn, Cu, and Zn, the 4d and 5s states of Y, Zr, andMo, the 5d and 6s states
of Ta, W, and Re, and the 5d, 6s, and 4f states of Hf were treated as va-
lence states. The number of orbitals in the full charge density calculation
of the total energy was chosen 8.
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To ensure the calculation accuracy, the k-meshes of cubic (bcc and
fcc) and hcp phases were chosen as 21 × 21 × 21 and 31 × 31 × 19, re-
spectively. For the orthorhombic and monoclinic distortions, the k-
meshes were 31 × 31 × 31 and 27 × 27 × 37, respectively. For the equa-
tion of state, ten points were considered around the equilibrium
Wigner-Seitz radius for the bcc and fcc phases. For the hcp phase, the
maps of seven different c/a ratios and tenWigner-Seitz radii were calcu-
lated to find the equilibrium lattice parameters.

To make sure that the valence states are correctly captured below
the Fermi energy level, proper energy contour should be chosen. The
energy contour should be large enough to include all the valence states,
but should not include any high-lying core states. For the 5d transition
metals of Hf, Ta, W and Re, their f states should be carefully treated in
order to get accurate results. The 4 f states of atomic Hf and Ta have
close energy (−1.4 to−1.8 Ry relative to the vacuum level), while the
4 f states of atomic W and Re have much lower energy (−2.4 to
−3.2 Ry). Therefore, the 4 f states of Hf may interact with that of Ta in
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Fig. 1. Density of states of bcc equimolar TiZrHfNbX alloys. Shown are the (a) total density of
equimolar TiZrHfNbTa system, and affect the distributions of valence
states. In order to obtain correct description of the valence states, the
energy contour was chosen as 1.0 Ry for the systems without Ta. For
the Ta containing systems, the energy contour was set to 0.94 Ry to se-
cure the 4f states of Hf within the contour as shown in the total density
of states of equimolar TiZrHfNbX systems (Fig. 1(a)). The bonding peaks
of alloying elements can be distinguished from the local density of states
as shown in Fig. 1(b). The sharp bonding peaks around−0.8 Ry are the
4f states, which means the energy contour should be larger than this
value in order to include the Hf 4f states in the valence band. The bond-
ing peaks around−0.4 Ry are 3d states of Zn, while the board bonding
area between−0.7 and −0.4 Ry is contributed by Si.

3. Assessing the accuracy

Generally, the numerical parameters used in this study are similar
with those used for the equimolar TiZrNbV(Mo) systems [18]. In order
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Fig. 2. The calculated (a) bulk moduli, (b) equilibrium Wigner-Seitz radii, and (c) total
energies of the fcc (hcp) phase relative to the bcc phase for the equimolar TiZrHfNbX
alloys shown in terms of alloying element X. The dashed lines denote the parameters
calculated for the equimolar TiZrHfNb alloy. The shaded area marks the hcp stabilizing
zone.
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to assess the calculation accuracy for the equimolar TiZrHfNbX systems,
we collected the lattice parameters and elastic constants of these alloys
from literatures and show them in Table 1. For the equimolar TiZrNbV
(Mo) systems, the calculated lattice parameters are generally close to
the values calculated by Tian et al. [18]. Due to the different exchange-
correlation approximations, the calculated bulk modulus, C11 and C12
values by the generalized gradient approximations (GGA) in this study
are smaller than those obtained by the local density approximation
(LDA) [19,42] for the equimolar TiZrNbV, TiZrHfNb, and TiZrHfNbV sys-
tems. However, the GGA and LDA results are close to each other for the
equimolar TiZrHfNbTa. For equimolar TiZrHfNb, the bulk modulus cal-
culated via PBE is much closer to the experimental measurements
than that by LDA. For equimolar TiZrHfNbV, the experimental lattice pa-
rameters scatter, and the lattice parameter is 3.3476 Å estimated via
Vegard's law [19]. Applying PBE to equimolar TiZrHfNbV we obtained
a lattice parameter that is close to the above estimated value and also
to the experimental value from Ref. [43]. However, there are some dis-
crepancies between the calculated and experimental data, which may
be caused by temperature effects or synthesizing process. Furthermore,
the LDA and GGA methods used to describe the exchange-correlation
interactions also bringdifferent elastic constants for Hf containing alloys
[46]. Considering above results and the high accuracy of GGA-PBE for
the Hf based alloys [46], the PBE functional is used in our calculations.

4. Results and discussion

4.1. Equimolar TiZrHfNbX systems

To explore the effect of alloying element X on the phase stability of
equimolar TiZrHfNb, in Fig. 2 we show the calculated equilibrium
Wigner-Seitz radii, the energies of the fcc and hcp phases relative to
that of the bcc phase, and the equilibrium bulk moduli.

According to Fig. 2(b), the alloying elements considered here can be
divided to three groups: Y, Sc, and Ta enlarge theWigner-Seitz radius of
the host, Re reduces the Wigner-Seitz radius, and Si, V, Cr, Mn, Cu, Zn,
Mo, and W have weak influence on it. We observe that the variations
of the equilibriumWigner-Seitz radii of equimolar TiZrHfNbX alloys fol-
low the same trend as the atomic radii of the alloying elements X. In
other words, the atomic radius of the dopant X is the main factor that
controls the volume of the equimolar TiZrHfNbX.

Due to the effects of alloying elements X on the equilibrium volumes
of equimolar TiZrHfNbX systems, the bulk modulus of alloys will be
changed correspondingly. Generally, the larger volume the alloy has,
Table 1
The calculated and experimental lattice parameters (Å), elastic constants and bulk moduli
(GPa) of selected equimolar RHEAs.

System a C11 C12 C44 B

TiZrNbV Present 3.287 167.5 89.3 60.7 115.34
Ref. [18] 3.290 165.8 92.8 50.5 117.1
Ref. [42] 3.320 192.8 127.9 127.9 149.4
Ref. [17] 3.303 159.8 114.3 18.5 129.5

TiZrNbMo Present 3.303 211.6 95.7 57.1 134.3
Ref. [18] 3.306 209.6 98.8 49.9 135.8

TiZrHfNb Present 3.419 142.1 95.5 76.9 111.0
Ref. [42] 3.509 154.3 127.9 56.7 136.7
Ref. [20] – – – – 112.9

TiZrHfNbV Present 3.349 145.3 85.4 70.0 105.4
Ref. [19] 3.401 149.5 115.1 55 126.6
Ref. [43]a 3.358 – – – –
Ref. [19]a 3.385 – – – –

TiZrHfNbV Ref. [40] 3.428 170.2 130.8 51.3 143.9
TiZrHfNbTa Present 3.388 188.0 118.1 82.4 141.4

Ref. [16] 3.329 229.7 132.4 20.7 140.1
– 3.41 [45]a 178 [44]a 112.9 [44]a 28 [44]a 134.6 [44]a

Ref. [19] 3.457 160.2 124.4 62.4 136.3
Ref. [20] – – – – 125.4

a Experimental value.
the smaller bulk modulus is expected. Exceptions are the Ta containing
alloys. The Mo, Ta, W, and Re containing alloys have larger bulk moduli
than the host alloy, while in other cases the bulk moduli are rarely
changed by alloying. The bulk moduli of metallic Mo, Ta, W, and Re
are 2–3 times larger than that of metallic Ti, Zr, Hf and Nb. Therefore,
it is expected that alloying with Mo, Ta, W, or Re increases the bulk
moduli of equimolar TiZrHfNb system.

In order to compare the relative stability of the bcc, fcc, and hcp
phases of the equimolar TiZrHfNbX systems, the energy difference of
the fcc (hcp) phase relative to the bcc phase are plotted in Fig. 2(c).
The total energy refers to the total energy as defined in Density Func-
tional Theory (sum of kinetic, Hartree, external and exchange-
correlation terms). The internal energy is the total energy in this work.
Results located within shaded area means the corresponding element
is hcp stabilizing element for the equimolar TiZrHfNb alloys. Except
the Sc and Y containing systems, all other alloys show that the bcc
phase is energetically stable, especially of the Mo, Ta, W and Re bearing
alloys. Accordingly, Mo, Ta, W, and Re are strong bcc stabilizing ele-
ments for the TiZrHfNb-based alloys. On the other hand, Sc and Y are
hcp stabilizing elements, which is likely to be due to the fact that the
two elements have hcp structure in their ground state. The bcc structure
of equimolar TiZrHfNbRe is more stable than the fcc and hcp structures
according our calculations, although the metallic Re has the hcp struc-
ture. Recently, the equimolar TiZrHfNbRe was experimentally verified
to have a single bcc phase by Marik et al. [47]. As shown in supplemen-
tary information, the precipitation phases can be easily formed in Al, Si,
Cr, Cu, and Re alloyed TiZrHfNb alloys. We have therefore classified
these alloying elements into two types. The precipitation elements (Al,
Si, Cr, Cu, and Re), and solid-solution elements (Sc, V, Mn, Zn, Y, Mo,
Ta, and W).

The d-occupation (nd) was found to play important role on crystal
structure of transition metals by Skriver [48]. Increasing the d-
occupation, the transition metals follow the hcp → bcc → hcp → fcc
structural sequence. The hcp stability range for transition metal is 1
≤ nd ≤ 2 and 6 ≤ nd ≤ 7, and the transition metal exhibits fcc structure
for 8.5 ≤ nd ≤ 10. Transition metals have energetically stable bcc struc-
ture for all other nd values. Recently, Al-Zoubi et al. reported that the
4d transition binary alloys obey this theory [49]. The d-occupation of
equimolar TiZrHfNb is 2.4 by using number of d electrons of element
given by Skriver [48]. Since Sc and Y have one d electron, the d-
occupation of equimolar TiZrHfNbSc(Y) decreases to 2.1 approaching
the hcp stability range. Indeed, the energetically stable structure of
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equimolar TiZrHfNbSc(Y) is hcp as shown in Fig. 2. Although Cu and Zn
have more d electrons, the average nd of equimolar TiZrHfNbCu(Zn) is
3.5 ≤ nd ≤ 5 which is still within the bcc zone. The nd of other equimolar
TiZrHfNbX systems is far within the bcc regime, and these systems in-
deed exhibit stable bcc structure. We conclude that the phase stability
of equimolar TiZrHfNbX systems follows with good approximation the
classical d-occupation theory.

The elastic constants of bcc equimolar TiZrHfNbX are shown in Fig. 3.
The mechanical stability can be estimated by the Born-Huang criteria,
e.g., C11, C12, C44 N 0, and C′= (C11 − C12) / 2 N 0. All studied equimolar
TiZrHfNbX systems meet these stability criteria. Therefore, except the
energetically unstable bcc equimolar TiZrHfNbSc(Y) systems, other
studied equimolar TiZrHfNbX have mechanically and thermodynami-
cally stable bcc structure. Most equimolar TiZrHfNbX systems show
similar elastic moduli with exceptions of the Mo, Ta, W and Re contain-
ing alloys. They have much larger C11 compared to other systems, and
therefore, their Young's moduli are also large.
4.2. Non-equimolar TiZrHfNbX systems

As shown in above discussions, our CPA calculations about equimo-
lar TiZrHfNbX systems are consistent with the available theoretical and
experimental results. In order to investigate the influence of substitu-
tion of a particular component by the alloying elements on the phase
stability and elastic properties of TiZrHfNb alloy, in the following we
consider the non-equimolar TiZrHfNbX systems. TheX alloying element
individually substitutes for Ti, Zr, Hf, and Nb of TiZrHfNb alloy, denoted
as Ti1−xZrHfNbXx, TiZr1−xHfNbXx, TiZrHf1−xNbXx, and TiZrHfNb1−xXx,
respectively. For simplicity, in the following we refer to the above sub-
stitutional alloys as “non-equimolar TiZrHfNbX” alloys. The results are
shown in Figs. 4 to 6. The content of X varies in the range of 2 to
22.5 at.% with increment of 2 at.%. When x is 1, the system becomes a
new quaternary alloy.

As expected, the Ti1−xZrHfNbXx, TiZr1−xHfNbXx, and TiZrHf1−xNbXx

systems show similar phase stabilities, due to the similar chemical prop-
erties of Ti, Zr, and Hf elements. The relative stability of bcc, fcc, and hcp
phases are not greatly changed by the substitutions of X. Similar with
the equimolar TiZrHfNbX systems (Fig. 2), the Sc and Y elements
again decrease the bcc stability relative to the fcc and hcp structures.
The Ti1−xZrHfNbXx, TiZr1−xHfNbXx, and TiZrHf1−xNbXx (X = Sc,
Y) systems stabilize in the hcp structure, when the contents of Sc or Y
are larger than 18 at.% and 22 at.%, respectively.
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With increasing content of X (X=Mo, Ta, W and Re), the bcc struc-
ture of Ti1−xZrHfNbXx, TiZr1−xHfNbXx, and TiZrHf1−xNbXx systems be-
comes more and more stable relative to the fcc and hcp structures. The
stability of fcc Ti1−xZrHfNbXx, TiZr1−xHfNbXx, and TiZrHf1−xNbXx sys-
tems is strengthened with increasing content of X (X = Al, Si, Sc, Cu,
Zn and Y), but their bcc structure is still the most stable one. The Nb el-
ement is strong bcc stabilizing element, and therefore, substitution of
Nb by alloying element X will lower the stability of TiZrHfNb1−xXx

with bcc structure comparing to the host TiZrHfNb. Exceptions are Mo,
W, and Re systems, which strengthen the stability of the bcc phase
since they have larger d-occupation comparing to Nb. The hcp structure
ismore stable than the bcc structurewhen the contents of Al, Sc,Mn, Cu,
Zn, and Y are high, especially for the Sc and Y containing systems.When
their contents are larger than 6 at.% and 8 at.%, respectively, the hcp
structure of TiZrHfNb1−xXx (X = Sc, Y) will be more stable than their
bcc and fcc structures.

The phase stability is found to be closely connected to the d-
occupation for non-equimolar TiZrHfNbX alloys as shown in Figs. 2
and 5. When Al, Si, Sc, and Y substitute for Nb, the d-occupation de-
creases to 1.5 within the hcp stability region. The d-occupations of
other non-equimolar TiZrHfNbX alloys are in the region of (2.4,
4.375), which is within the bcc stabilizing zone. Our total energy calcu-
lations fully support this conclusion as shown in Fig. 4.

In order to study the structure dependence of d-occupation number
and the influence of the substitutional alloying element X, the self-
consistent d-occupation number (snd) of fcc and hcp structures relative
to bcc structure of non-equimolar TiZrHfNbX alloys are plotted in Fig. 5.
The self-consistent d-occupation numbers for every structure (bcc, fcc,
and hcp structure) are extracted from EMTO calculations. We recall
that the actual d-occupation (snd) and the d-occupation based on
atomic electron numbers (nd) may differ due to the complex interac-
tions between alloy components. The snd of bcc equimolar TiZrHfNb
alloy is 2.87 (compared to 2.4 obtained for nd). The self-consistent s, p,
and f electrons are almost unchanged compared to a wide variety of d
electrons in studied systems. As shown in the bottom panel of Fig. 5,
the snd of Ti1−xZrHfNbXx, TiZr1−xHfNbXx, and TiZrHf1−xNbXx systems
are almost the same. It is a little bigger than that of corresponding
TiZrHfNb1−xXx systems, since the Ti, Zr, and Hf have fewer d electrons
than that of Nb. The top two panels show the difference of snd(fcc/
hcp) relative to snd(bcc) of non-equimolar TiZrHfNbX alloy, denoting
as Δsnd. All Δsnd are negative indicating the bcc structure has more d
electrons than that of hcp or fcc structure. Therefore, the bcc structure
of non-equimolar TiZrHfNbX alloy has more d electrons than the corre-
sponding hcp and fcc structures. The actual d-occupation is a good indi-
cator for the phase stability of the present RHEAs.

Fig. 6 shows the elastic moduli of the non-equimolar TiZrHfNbX al-
loys.We find that GH, EH and C′ change almost linearly with the amount
of X. The elastic moduli of V, Cr, Mn, Cu, Mo, Ta, W, and Re containing
systems are gradually increased with increasing X content, especially
in theMo, Ta,W, andRe containing systems. Due to the similar chemical
properties of Ti, Zr, and Hf elements, the Ti1−xZrHfNbXx, TiZr1−xHfNbXx

and TiZrHf1−xNbXx systems show close elastic moduli with the excep-
tions of TiZr1−xHfNbCr(Mn)x. The elastic moduli of TiZrHfNb1−xXx sys-
tems (except X=Mo, Ta, W, and Re systems) decrease with increasing
X content, especially when X = Al, Si, Sc, Zn, and Y. The elastic moduli
decrease sharply with increasing X content, and the C′ becomes nega-
tive at high contents of Sc(Y) containing systems indicating that these
systems are mechanically unstable.

The ratio of bulk to shear moduli (B/G) is a good parameter to de-
scribe the intrinsic ductility of metallic alloys. Fig. 7 shows the B/G
values of non-equimolar TiZrHfNbX systems. Generally, the concentra-
tion of X shows similar effect on B/G ratio for Ti1−xZrHfNbXx, TiZr1
−xHfNbXx, TiZrHf1−xNbXx, and TiZrHfNb1−xXx systems. The B/G value
of TiZr1−xHfNbTax systems increases with increasing Ta content. The
Al, Si, Sc, Zn, and Y element can obviously improve the intrinsic ductility
of TiZrHfNb1−xXx systems, and V, Cr, Mn, Mo, W and Re decrease the



Fig. 4. Total energy (eV) of the fcc (hcp) phase relative to the bcc phase of non-equimolar TiZrHfNbX systems. The x axis show the X element and its contents (oneminor tick denotes 2 at.
%). Shown are results for (a) Ti1−xZrHfNbXx, (b) TiZr1−xHfNbXx, (c) TiZrHf1−xNbXx, and (d) TiZrHfNb1−xXx systems.

Fig. 5. The number of calculated d electrons snd (e) for the non-equimolar TiZrHfNbX
alloys. Here Δsnd(hcp-bcc) (Δsnd(fcc-bcc)) means the snd of hcp (fcc) of the non-
equimolar TiZrHfNbX systems relative to that of bcc structure. The dashed line denotes
the snd of equimolar TiZrHfNb alloys.
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intrinsic ductility of all studied systems, especially Cr andMn. Therefore,
the Al, Si, Sc, Zn and Y elementsmay be helpful for improving the intrin-
sic ductility of TiZrHfNb based alloys, while the V, Cr, Mn, Mo,W and Re
element should be avoided in term of ductilization. The influence of Al
on the ductility of TiZrHfNb based alloys is complicated and depends
on the compositions of HEAs. For the AlxHfNbTaTiZr (x = 0, 0.3, 0.5,
0.75, and 1.0) composed of single bcc phase, the Al addition reduces
its ductility [50]. However the NbTiVTaAlx (x = 0, 0.25, 0.5 and 1.0) al-
loys with single bcc structure own high ductility (no fracture under 50%
strains) [51]. The Al5(HfNbTiZr)95 exhibits single bcc structure and has
elongation of 31.5%, which is excellent ductility for bcc HEAs [52]. Ac-
cording to our calculations, we conclude the intrinsic ductility of
AlTiZrHfNb is good, although the ductility is linked with many factors,
such as preparation, processes and etc.

The valence electron concentration has connections with the elastic
moduli of metals [26], but it may not be a good parameter for TiZrHfNb
based HEAs. Metallic V, Nb, and Ta have similar valence states, but they
have obviously different effects on the elastic properties as shown in
Figs. 3 and 6. Miedema et al. proposed the concept of charge density
at the Wigner-Seitz cell boundary, ρWS, and built a relationship with
the bulk modulus [53],

ρWS ¼ 0:82� 10−4 B=Vmð Þ1=2; ð7Þ

where Vm denotes the atomic volume in unit of cm3/(g atom), and ρWS

is expressed in e/Å3. Later, Cheng et al. improved the relationship based
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Fig. 6. The Young's (E) and shear moduli (G, C′) (GPa) of non-equimolar TiZrHfNbX alloys in bcc phase, and the x axis shows the X element and its content (oneminor tick denotes 2 at.%).
(a) Ti1−xZrHfNbXx, (b) TiZr1−xHfNbXx, (c) TiZrHf1−xNbXx, and (d) TiZrHfNb1−xXx.
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on first principles calculations for fcc and bcc metals [54],

B ¼ 0:895� 108

n
a3ρ2

WS; ð8Þ

where a is the lattice parameter in unit of Å, B is the bulk modulus in
unit of kg/cm2, and the n means the number of atoms in the primitive
cell. For ternary alloys, Li et al. proposed a similar relationship [55],

B ¼ ρ2
WSV ; ð9Þ

where the volume (V) of alloys is defined as the molar volume of inter-
metallic compound.

The relationships between the bulk modulus of non-equimolar
TiZrHfNbX alloys and the charge density at theWigner-Seitz cell bound-
ary are shown in Fig. 8. The bulk modulus can be approximated as

Be∝0:0031 � ρ2
WS ð10Þ

in present study. It shows nearly perfect correlation between the calcu-
lated bulkmodulus (Bc) through EMTOand the estimated one (Be) using
ρWS. Exceptions are the Cr and Mn containing alloys as shown by red
dashed circle in Fig. 8. This deviation may be due to magnetism, in par-
ticular to the high local magnetic moments of Cr (2.9 μB per Cr atom)
and Mn (3.4 μB per Mn atom) in non-equimolar TiZrHfNbX (X = Cr
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and Mn) alloys. Their charge density distributions are therefore
affected by magnetic splitting, and thus the total density ρWS is not a
good parameter any longer to describe the bulk modulus. When the
content of alloying element is 25 at.% (x= 1), there is considerable dis-
crepancy between the calculated and estimated bulkmodulus as shown
by magenta dashed circle in Fig. 8. The TiZr1−xHfNbTax (X = Ta)
systems show larger value of Bc comparing to that of Be. For the
other systems, the calculated bulkmoduli are in linewith the estimated
ones.
5. Conclusions

We have studied the phase stability and elastic properties of
TiZrHfNb based refractory HEAs based on first-principle alloy theory.
The phase stability of equimolar TiZrHfNbX is closely connected to the
d-occupation. The equimolar TiZrHfNbSc(Y) exhibits hcp structure,
and other studied equimolar TiZrHfNbX systems are energetically and
mechanically stable in the bcc structure. The alloying elements are
found to have similar effects on the phase stability and elastic moduli
of Ti1−xZrHfNbXx, TiZr1−xHfNbXx, and TiZrHf1−xNbXx non-equimolar
systems. For the TiZrHfNb1−xXx systems, the stability of the bcc struc-
ture is generally decreased with increasing X content, except the Mo,
W, and Re containing systems which prefer a stable bcc structure. The
bcc structure is themost stable one, and it owns the smallest bulk mod-
ulus in most TiZrHfNbX systems, while the hcp phase has the largest
value. The present work confirms that the charge density at the
Wigner-Seitz cell boundary has strong connections with the bulk mod-
uli of TiZrHfNb-based HEAs.
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