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Abstract

In this thesis we try to answer the question of how one can differentiate
between different knots by first defining a knot and what makes it equal
to another. Then after concluding that ambient isotopies between knots
implies that they are equal we set out to learn about knot invariants. This
is necessary since apparently there is method which single-handedly can tell
all knots apart, however the Jones polynomial might be able to differentiate
between all non-trivial knots and the unknot, but no proof of this exist yet.
These invariants prove to be more or less efficient in telling knots apart since
they only demand that equivalent knots have the same value. Thus two
knots which are nonequivalent might still have the same value. Thus we
must both consider how easy the invariant is to compute and how many
equivalence classes it has. Moreover we find that many invariants are defined
using the projection of the knot and thus the Reidemeister moves are useful
to prove that they are indeed invariants. Thus we prove that if two knots are
equivalent then they are connected by Reidemeister moves and if then the
invariant is unchanged by all the Reidemeister moves it will send equivalent
knots to the same value. Thus we can prove the tricoloring, crossing number,
bridge number, Jones polynomial and Alexander polynomial to indeed be
knot invariants.

In order to combine this study of knots with some topology and geome-
try we also look at hyperbolic knots and their complements. Where Mostow
rigidity theorem allows us to discern between knots with the help of the
hyperbolic volume of their complements. We can then conclude that the
hyperbolic volume is very good at discerning hyperbolic knots from one an-
other.
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1 Introduction

Why knot theory? Well, why knot? Jokes aside, it is a very interesting field
of mathematics which combines many others, such as geometry, topology,
and linear algebra. It has been around for a long time, since the 1880s in
fact. However in regard to many of the other fields of mathematics it is
rather young. Thus there are many unsolved questions of varying difficulty
and after knowing just the basics of knot theory, anyone could try to solve
and perhaps even manage to solve some of these questions. However there
are also challenges for those who have years of experience of mathematics.
Sometimes when these people who majorly works with other topics, within or
outside of mathematics, can bring their knowledge into knot theory and solve
some of these unsolved questions in unexpected ways. One such example
is when Thurston realized that almost all knots are hyperbolic, which in
turn virtually brought the field of hyperbolic three-manifolds into existence
which currently is an essential part of topology. Aside from combining many
different fields within mathematics it is also useful in other subjects such as
chemistry, biology and quantum computation.

Speaking of unsolved questions, the main question is if all knots can be
categorized, i.e if we can tell all different knots apart. Within this question
lies a few other questions, such as when are two knots different, or not equal?
How should one define equal knots? These two questions have been answered
and those answers will be presented in section 5. Next one would like to know
how we can tell them apart, which methods are there for us to use? This is
the main question of this paper and we will list a few examples of methods
that are used today, such as tricoloring, crossing number, polynomials and
knot complements, through section 6-12. Hopefully this order will allow us
to successively gain a deeper understanding for the theory of knots, and will
leave us better equipped to face the proofs of the latter invariants. As we
will learn in section 6 knot invariants seem to be a more or less efficient
way to differentiate between knots. This is since some might need long,
cumbersome and inefficient computations or might assign the same value to
many different knots, hence not being of much use. On the other hand some
invariants are easy to compute and can tell a lot of knots apart. Therefore
it might be of interest to continuously find new and improved invariants, or
at least invariants that can tell previously undifferentiated knots apart.

If you are already familiar with knot theory you might wonder why some
basic concepts from knot theory hasn’t been introduced in this thesis. This
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was a decision made in order to limit the amount of work and to be able to
concentrate on the knot invariants and proving that they indeed are invari-
ants with the help of Reidemeister moves.

2 Background

Knot theory is an old field of mathematics, but still a very interesting and
useful one. In fact it began as a theory to identify all the different elements
back in the 1880s. This was unfortunately wrong since the ether they were
convinced existed, and the knots thereof which would be the elements, was
proven to not exist. Thus the knot theory was no longer of any interest for
the chemists but their work had piqued the interest of the mathematicians
and the field of knot theory was created. [5] Now the work which has been
put into this field seem to be of use in many other scientific fields such as
chemistry (again), biology, geometry, quantum invariants [13], and quantum
computation. Depending on which route one wants to use in order to solve a
problem within knot theory it may combine many different areas. For me it
was the possibility to work with both geometry, knots and a bit of topology
that drew my interest to the field.

One might think that since knot theory has been around for as long as it
has, there would be ways to categorize and differ between all knots. The truth
is that we have gotten a long way but there has not yet appeared a method
which single-handedly can categorize all knots, or just tell all nontrivial knots
apart from the unknot. Though the Jones polynomial has yet to assign the
same value to a knot nonequivalent to the unknot, as to the unknot, but it
has not been proved that there exists no such knot that could get the same
value as the unknot. However there are many different methods, or knot
invariants, which together has managed to come a long way. One reason
that it is rather difficult to tell knots apart is that they can be modified to
look different. Say if you have a physical knot in front of you, you could easily
pull at one string, maybe create a twist on it and then thread it underneath
another string. You would not have created a new knot, but at first glance
it would be difficult to tell them apart. Therefore we would like to know
the criteria for when two knots are the same, or equivalent, and what we are
allowed to do to get from one representation of the knot to another.
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3 Aim and Thesis

In this paper we will try to get an understanding of different knot invariants.
We will try to describe how they work and what their good and bad aspects
are. For example if they are able to tell many different knots apart or if they
are difficult to compute. Whilst answering these questions we hope to learn
more about knots in general as well as deepen our knowledge of geometry
and topology since they can be used to tell knots apart. Our main thesis will
therefore be:

• How can one tell different knots apart?

As a part of gaining a better understanding of knots we will try to apply
the Reidemeister moves in order to prove that the knot invariants which we
will look at are indeed knot invariants. However since we mainly want to
use these moves to determine if they are an invariant or not, we will mainly
focus on invariants which are defined based on the 2-dimensional projection
of the knot. However we will also look at some invariants involving more
geometrical and topological aspects since part of the aim of this paper is to
deepen our knowledge in these areas as well.

4 Method

Since the aim is to see how one can separate different knots we will look at
a few different methods of varying complexity. Beginning with the simpler
and perhaps more intuitive ones. Then with the basic knowledge of knots
and some invariants we will look into the slightly more complicated invari-
ants, such as the polynomials. Note that a conscious choice of limiting this
study to knots, and only knots, has been made. This is in order to keep
the workload down and to allow this paper to focus more on the invariants
and the Reidemeister moves. This means that some notations and theorems
will be altered so that they only concern knots. The paper will be based
on a literature study and some proofs done by myself. The literature will
be treating knots, knot invariants and specifically the Reidemeister moves.
Thereafter the literature will concern geometry, topology and Mostow rigid-
ity theorem, which ties the previous two subjects to this paper. The main
sources will be The Knot Book An elementary introduction to the mathemat-
ical theory of knots by Colin C. Adams [5] and Knots by Gerhard Burde and
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Heiner Zieschang [4]. Adams gives an overview of the theory which is easy
to understand, whilst Burde and Zieschang delves deeper into the proof of
the Reidemeister moves. I have tried to avoid older books and sources since
they often use mathematical theories of a higher level which is beyond me
and this paper, whilst the newer sources tend to be able to prove and explain
the sought concepts at a more appropriate level.

5 Knot

In order to gain any kind of understanding for knots and the attempts at
separating different kinds of knots, it is necessary to know what a knot is
and when they are considered to be the ”same” as one another.

First off: imagine taking a string and tying a knot on it, when you find
the knot satisfactory you glue the ends of the string together and have thus
created a knotted loop. This knotted loop is called a knot.

Figure 1: Making a knot from a string

The mathematical knot which we will consider is just that but the string
which it is made of has no thickness, in other words, it’s cross-section is
only one point. Therefore it can be viewed as a closed curve in space which
never intersects itself. Lastly we will consider all deformed knots where the
curve has not been allowed to pass through itself to be the same knot as
the original one [5]. More mathematically speaking, if there is an ambient
isotopy between two knots they are considered the same. Meaning that if
we can continuously distort our knot P in it’s surrounding space M into the
second knot by a continuous map:

F : M × [0, 1] −→M

Where the two knots are embedded into M by g : P −→M and h : P −→M
such that if F0 is the identity map, each Ft is a homeomorphism from M to
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itself and F1 ◦ g = h, then F takes g to h [15]. With this we can now give an
formal definition of a knot.

Definition 1. A knot is an embedding of S1 in the three-dimensional Eu-
clidean space, R3, or in the sphere S3, such that it is piecewise smooth and
has non-vanishing derivative on each closed interval. Two knots are defined
to be equivalent if there is an ambient isotopy between them. [16]

A knot may also have an orientation, i.e. a direction in which one tra-
verses the knot. In such cases two knots that are equivalent have an ambient
isotopy which preserves the orientation. In order to work with these knots
one projects the knot in R3 onto the Euclidean plane (R2). One knot can
have multiple projections since each deformation of the knot yields a new
projection when projected in two dimensions. There are a few things one
would like to avoid when projecting and a few things that are necessary for
the projection to uphold, so that we can make sense out of it.

Definition 2. A regular projection p of a knot K fulfills the following
criteria:

i) It has only finitely many multiple points, and each multiple point is
a double point. Hence p−1 of a double point gives two points in K. These
double points should only be where transversal lines cross.

ii) no vertex of K is mapped onto a double point. [4]

These double points will be referred to as crossings and are points where
the strings passes under or over itself. This is usually encoded in the pro-
jection in such a way that each point P in the projection will relate to only
one point in the knot K. Visually this can be shown through an broken line
which represents the string going underneath the other. When finding the
regular projection with the least amount of crossings n, then n is said to
be the order of the knot. Should the knot be oriented then the projection
inherits the orientation which is depicted by arrows in the projection. Such
a projection is called a knot diagram. Finally it is of interest to note the
following proposition:

Proposition 3. The set of all regular projections of piecewise linear knots
is open and dense in the space of all projections.

Proof. We will prove this by imagining the knot as very small and close to
0 inside of D3 and each projection being the point on the surface of D3
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(a) i) (b) ii) (c) iii)

Figure 2: The singularities which we want to avoid

from which you view the knot. Since any piecewise smooth embedding has
an ambient isotopy to a piecewise linear embedding this will be true for
all knots. (In order to make it slightly easier to prove and understand we
will work with piecewise linear knots, which is fine since they are piecewise
smooth, and any piecewise smooth embedding has an ambient isotopy to a
piecewise linear embedding.) In our piecewise linear knot the vertices will
be the points where a break in the line appears, where the gradient of our
line changes. Now depending on where on S2 you view the projection we
might encounter the singularities which we wanted to avoid in our regular
projection. These singularities are the following:

i) A line being projected onto a point.
ii) A vertex is projected onto a line.
iii) Two lines cross in more than one point.
See figure 2. These respectively represent finitely may points and finitely

many geodesics for both ii) and iii). See fig. 3 for an example. Now our
regular projections make up the intersections of the complements of these
geodesics and points. The complement of a geodesic or point is open and
dense, hence the finite intersection of open and dense sets is open and dense.

Note that even though the proposition only concerns piecewise linear
knots, as mentioned in the proof piecewise linear knots are isotopic with
piecewise smooth knots and thus this proposition could be written for these
knots as well.

Now with the regular projections, instead of ambient isotopy, we will
look at an ambient planar isotopy. Meaning we will deform the projection
plane rather than moving the string freely in space. Alternatively it means
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Figure 3: D3 with a knot close to 0 and some geodesics and points shown,
as well as two projections and a path from p1 to p2

that one can consider only the movements which you can do whilst holding
the knot flat against some surface. Usually one would like to change the
relation between the crossings in order to be able to create a new projection
from the original one. These changes can be made by applying one of three
Reidemeister moves and are the only non-isotopic moves which we allow
ourselves to do. The first Reidemeister move (RI) allows us to twist or
untwist a part of the string, see fig. 4a. The second Reidemeister move
(RII) allows us to either add or remove two crossings as in fig. 4b. The
third Reidemeister move (RIII) allows us to slide a strand from one side of
a crossing to the other as seen in fig. 4c.

Since these moves only affect the relations of the crossings which we
intentionally change, and each Reidemeister move can be achieved through
an ambient isotopy of the knot, the resulting projection will be equivalent to
the original one. [4] Thus we can give a definition of equivalence of projections
of knots.

Definition 4. Two projections of knots are said to be equivalent if they are
connected by planar ambient isotopies, and a finite series of Reidemeister
moves or their inverses.

However, since as mentioned above, the Reidemeister moves directly re-
lates to the ambient isotopies of the knot, hence equivalent projections implies
equivalent knots, we can further prove the converse:

Theorem 5. Two knots are equivalent if and only if all their projections are
equivalent. [4]
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(a) Reidemeister move I (b) Reidemeister move II

(c) Reidemeister move III

Figure 4

Proof. The first part of the proof will be to verify that any two projections,
p1, p2 of the same knot K are connected by Reidemeister moves. By using the
same imaginative picture as in the proof for prop 5, we can view p1 and p2 as
points on S2. Assuming that there is an ε such that all geodesic segments are
more than ε long and all isolated points have a distance larger than ε from any
other point or geodesic segment. Now all we have to do is take a path made
up of ε-long geodesic segments from p1 to p2, such that we avoid the isolated
points and whenever we cross one of the geodesics we do so in a single point
see fig. 3 for an example. These crossing points then corresponds to making
a Reidemeister move on p1. In figure 5 follows a couple of examples of what
this could entail and how each corresponds to a Reidemeister move. In fig.
5a we can see i) happening through RI, however since this represent our line
going through a point on the sphere we can easily avoid situations such as
these through our previous measurements. Figure 5b depicts i) being realized
by having three points projected onto the same point during RIII, similarly
to the previous example this can easily be avoided by a small correction to
our path. In fig. 5c we can see a clear example of ii) taking place through
RII and will correspond to crossing a line on S2. We can quickly notice that
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(a) i) through RI (b) i) can also be seen
as more than two points
projected to one point.

(c) ii) through RII (d) iii), ii) through RI (e) ii), iii) through RII

Figure 5: Some examples of singularities as Reidemeister moves

when iii) appears so does usually ii) as well. This is due to our piecewise
linear knot and Euclidean geometry which only allows two lines to cross in a
single point unless they are parallel. Thus if they are parallel the vertices at
the ends of the lines will usually have to cross some other line. This implies
that we go through a crossing of two lines on S2. This is ok, but could be
avoided by small corrections to our path. In conclusion any two projections
of K are connected by Reidemeister moves.

Secondly we have to show that for fixed projection of our equivalent knots
P1 and P2 respectively, our projections are equivalent. Since our knots are
equivalent there is an ambient isotopy between them. As we know from the
proof of prop 3 we have ambient isotopies between piecewise linear knots and
piecewise smooth knots, however there are also ambient isotopies between
piecewise linear knots, i.e. it remains piecewise linear during the isotopy. If
this isotopy could be described by a combination of discrete moves which
corresponds to our Reidemeister moves we would be done. This is in fact
doable. We could thus either use the proof of prop 3 to get a similar figure of
D3 but with the equivalent knot K’ close to 0 and it’s fixed projection P’ as
a point on the surface. This will be done by taking D3 with the original knot
K very small and close to 0 and a point on the surface as our fixed projection
P. Now by using an ambient isotopy on K taking it to K’ we will look at
how the singularities of K will change by looking at the geodesic segments
and points on the surface of D3 move. If these geodesics or points were to
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cross our point representing the projection P it will correspond to applying
a Reidemeister move to the projection P. Similarly to when we went from
two projections of the same knot we can make sure that we don’t cross the
points by small changes to the ambient isotopy. When we have reached K’
the point representing P will now represent P’ and we have seen the finite
set of Reidemeister moves we needed in order to take P to P’.

Alternatively we could consider the ∆±1-operation from Burde and Zeis-
chang (2003) [4] where we create a bend on a strand, a continuous piece of
the knot from one undercrossing to the next, in the knot, it is easy to verify
that it would induce some Reidemeister moves on the projection.

With the above knowledge it would seem like it’d be easy to differentiate
between knots. Unfortunately this is not the case. One could apply hundreds
of Reidemeister moves and not have, for example, unraveled a nasty unknot
into the unknot, however doing 7 more moves might solve it. Further more
we cannot prove that, for example, the trefoil knot is not the unknot, by
the same reasoning as above.

6 Knot invariants

This leads us into the area of knot invariants. A knot invariant is a function
that is defined for each knot and assigns a quantity to it. This quantity is
always the same for equivalent knots. However it is not necessarily true that if
the quantity is the same for two knots, the knots must be equivalent.The one
thing an invariant can tell us for sure is that knots which receive different
quantities must be different. Thus it’s relevant to take the following two
criteria into account.

i) Is the invariant easy to compute?
ii) Are there only equivalent knots in the equivalence classes? If not, how

many different knots belong to the set?
Should the invariant be exceedingly difficult to compute, it would lose

its usefulness, as with the Reidemeister moves. And if a lot of different
knots gets the same quantity from the function, it wont be efficient in telling
the knots apart. There exists many different invariants as can be seen on
knotinfo by Cha and Livingston [12]. There we find knot invariants such as
tricoloring, bridge number, crossing numbers, various polynomials and those
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that look at the knot complements just to mention a few. Many of these
invariants assume the projection of the knot as a starting point. Therefore
it is not uncommon to check if they preserves the ambient isotopies by using
the Reidemeister moves. An example of a trivial invariant is to assign each
knot the same constant c. This preserves the knot equivalence since if K1 is
equivalent to K2 they must have the same invariant, c, which they do since
all knots have the same invariant. This invariant does however not provide
any possibility to say if two knots are different. So even though there are
plenty of invariants we do not yet know if there exists a perfect invariant
which can tell all different knots apart or even tell all knots apart from the
unknot [2][11]. However the Jones polynomial, which we will look closer at
in section 10, doesn’t assign the value of the unknot to any other knot that
has been tried yet. However there is no proof that such a knot doesn’t exist.
In the following sections we will look into a couple of these invariants whilst
mentioning some pros and some cons with each invariant.

7 Tricoloring

Tricoloring is a simple invariant that allows us to distinguish between for
example the unknot and the trefoil knot. This invariant is applied to the knot
diagram, and therefore we will later check the isotopy through Reidemeister
moves. It is defined as follows:

Definition 6. A knot is tricolorable if each of the strands of the knot can
be colored in one of three different colors such that:

i) at each crossing either all three colors or only color meet
ii) at least two colors are used.

[11]
This is a rather weak invariant since it only distinguishes between tricol-

orable or not tricolorable. This binary classification can however be strength-
ened by changing the definition a bit and rather than determining whether
it is tricolorable or not, one counts how many ways it can be coloured. So
the definition would be as follows:

Definition 7. A knot diagram D is tricolored if each string is colored in one
of three colors and at each crossing either all three colors or only one color
meet. We denote the number of different tricolorings by tri(D). We call it
a trivial coloring if only one color is used at a time.
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(a) (b) (c)

Figure 6

[2]
Note that now we do not demand that at least two colors are used. How-

ever we will still be able to distinguish between, for example, the trefoil knot
and the unknot since they have 9 and 3 tricolorings respectively. Now onto
actually proving that a tricoloring is an knot invariant.

Proposition 8. The tricoloring is a knot invariant.

Proof. We prove this by using the Reidemeister moves. Because as we proved
earlier any two projections that are connected by Reidemeister moves are
equivalent, and if two equivalent projections (equivalent knots) yields the
same tricoloring (or number of tricolorings) then it fulfills the criteria that
it preserves equivalences. So we start by looking at RI. As we can see in
fig. 6a a twist can only be colored in one color and untwisting it will still
yield only one color. Hence nothing changes in the tricoloring or numbers
thereof. For RII there are two cases to consider as seen in fig. 6b Which are
1) both strings have the same color yields that we keep that color for the two
new crossings or 2) the strings have two different colors and by introducing
the third color we can keep the tricoloring in the two resulting crossings. In
both cases the number of colorings remain the same and the tricoloring is
preserved. Finally for RIII there are four cases to consider as seen in fig. 7
However as we can see in the figure RIII preserves tricolorings for each case.
And as with both RI and RII the number does not change either. Thus two
equivalent knots will have the same tricoloring or number thereof.

Now even though tricoloring is a rather simple invariant, in combination
with other invariants one can deduce some interesting and useful results. It’s
also possible to generalize the tricoloring to Fox n - coloring in which one
uses n colors and assign each color a value of 0, 1, ..., n− 1. The criteria for
n-coloring is then dependent on the sums of the colors in each crossing. [2]
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(a) (b)

(c) (d)

Figure 7

8 Crossing number

The Crossing number of an knot, denoted by c(K) is an integer assigned to
the knot based on the least amount of crossings that occurs in any projection
of the knot. For example the unknot has c(K) = 0 whilst the trefoil knot
has c(K) = 3.

Definition 9. The crossing number c(K) of a knot K is the least number
of crossings that occurs in any regular projection of the knot or any knot
equivalent to K.

Computing the crossing number of a knot is rather difficult when the
number of crossings grow. This is because the method is rather crude. First
one finds a projection of the knot K with n crossings. Then we know that
the crossing number for K will be n or less. From here on out we either try
to find a projection with fewer crossings or, if all knots with fewer crossings
are known, and K is not equivalent to one of those, then c(K) = n. Both
ways are rather difficult since we do not yet know of any efficient way to tell
most knots apart. For example if we were given a regular knot projection
with 15 crossings how are we to show that it can’t be projected with 14 or
less crossings? Especially since not all knots with 14 crossings are yet known.
[5]

However not all hope is lost, for certain knots the crossing number can
be determined relatively easily. Take for example alternating knots, knots
where, when given a starting point on the knot, for simplicity’s sake not on
a crossing, and a direction to traverse the knot, one will alternatingly go
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Figure 8: Easily removed crossings

over and under the other strings at each crossing. It has been proven that
if a regular projection of an alternating knot with n crossings is reduced,
i.e. there are no easily removed crossings in the projection, then it’s crossing
number is n. By easily removed crossings we mean crossings which can be
removed by twisting. This includes twists where a part of the knot projection
can be isolated by a circle which meets the projection at the twist but no
where else, see figure 8. [14]

9 Bridge number

Another integer invariant of knots is the bridge number. When determin-
ing the bridge number and bridges over all, we like to imagine the knot as
separated by a plane. Here parts that are above the plane will be overpasses
and the other strands will be below the plane. An overpass is defined as a
subarc of the knot that goes over at least one crossing and never goes under
a crossing. A bit like a bridge which goes over several roads but never under
one, hence the name bridge number. A maximal overpass is an overpass
which cannot be made any longer, i.e it starts right after it has passed under
a crossing and ends right before it goes under another. We now define the
bridge number as follows:

Definition 10. The bridge number of a knot K is the least amount of max-
imal overpasses of all the regular projections of K and any knots equivalent
to K, denoted b(K).

So for example the unknot has bridge number 0 and the trefoil knot has
bridge number 2. Moreover any knot with only one bridge is equivalent to
the unknot.[5] This can be seen easily since the knot then is made up of one
unknotted untangle above the plane and one unknotted untangle under the
plane. They are unknotted and untangled since they can have no crossings
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with themselves. It’s then clear that some simple isotopy would take the
knot to the unknot.

Since b(K) and c(K) are defined as the infimum of of all possible number
of maximal bridges and crossings of all the regular projections of all equiva-
lent knots respectively, it is per definition a knot invariant. It would make no
sense for us to try and prove this using Reidemeister moves since all of them
could possibly change the current number of maximal bridges or crossings of
the projection. But since we defined knots to be equivalent if they are con-
nected by a planar isotopy and a finite series of Reidemeister moves, the new
projection or knot would still be a part of the set that we took the infimum
of. Thus both crossing number and bridge number are knot invariants and
we have no need for a proposition to state this.

10 Jones’ polynomial

One of the most successful knot invariants of today are the various Lau-
rent polynomials, i.e. polynomials with both positive and negative powers.
These invariants assign each knot a unique polynomial, independent of the
current regular projection it is computed from. Which as we know from the
previous sections that neither the number of crossings nor number of bridges
did. In fact it not yet known if perhaps Jones’ polynomial can distinguish all
nontrivial knots from the unknot. [5] Now the definition of Jones polynomial
can be given in two ways, by braid representation and by the Kauffman
Bracket polynomial. The definition using the bracket polynomial will be
the one used here. So first we have to define the bracket polynomial.

Definition 11. The bracket polynomial of a knot K is denoted <K> and
fulfills the following requirements:

1. 〈 〉 = 1

2. 〈 〉 = A 〈 〉+ A−1 〈 〉
〈 〉 = A 〈 〉+ A−1 〈 〉

3. 〈K ∪ 〉 = (−A2 − A−2 〈K〉

As we can see this polynomial might create knots that are made up of
several different knots, these are called links. Links behave much in the same
manner as knots and the Reidemeister moves can still be used to see if their
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projections are equivalent. Now we want to see if the bracket polynomial is
an invariant under the Reidemeister moves. Thus starting with RI we try
to see if the bracket polynomial of a twist is equal to that of an untangled
string, see fig 9.

Figure 9: Bracket polynomial on RI

As we can see this doesn’t look very good, since the polynomial has been
changed by RI. However we will get back to this problem later and in the
mean time we will check RII and RIII to see if only RI causes any trouble
or if we have to do something in order for RII and RIII to work as well. See
figure 10 and 11 for the computations.

Figure 10: Bracket polynomial on RII

Figure 11: Bracket polynomial on RIII, at * we use the fact that RII does
not affect the polynomial
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(a) +1 (b) -1

Figure 12: Left- and right-handed crossing used for w(K)

Now as we can see the remaining Reidemeister moves does not affect the
bracket polynomial. Therefore we only have to make an adjustment for RI
and the polynomial will be a knot invariant. This will be done by giving
our knot an orientation and introducing the writhe of the knot diagram,
denoted w(K). The writhe of the diagram is then computed by assigning
each left-hand-crossing +1 and each right-hand-crossing -1 as seen in fig. 12
and the writhe is then the sum of all crossings. With the help of w(K) we will
define a new polynomial which is called the normalized bracket polynomial
and is denoted XK(A).

XK(A) = (−A3)−w(K) < K >

Now w(K) is unaffected by RII and RIII but changes with ±1 from RI.
Thus we only have to test RI on XK(A). Let us denote our knot with the
left-handed-twist as K and the knot where RI has been applied by K’, then
w(K ′) = w(K) + 1 and

X(K ′) = (−A3)−w(K′) < K ′ >

= (−A3)−(w(K)+1) < K ′ >

= (−A3)−(w(K)+1)(−A3) < K >

= (−A3)−w(K) < K >= X(K)

similarly for the right-handed-twist the polynomial remains unchanged by
RI. It is now clear that XK(A) is the same for any diagram of a knot and is
thus a knot invariant. [5][9]

Proposition 12. The normalized Kauffman bracket polynomial, XK(A), is
a knot invariant.
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Figure 13: The three knots which are identical but for this crossing denoted,
L+, L−, L0

By substituting A in XK(A) with t−
1
4 , but otherwise using the same rules

as for the bracket polynomial, we get the Jones polynomial. We denote it

VK(t) = XK(t−
1
4 )

And, for the same reasons as the normalized bracket polynomial, is a knot
invariant.

When working with polynomials one usually introduces the skein rela-
tion which is a function of L+, L− and L0 (see fig. 13) such that

F (L+, L−, L0) = 0

. Meaning that given an oriented knot K one makes a function of the three
different versions of K where one specific crossing is made as either L+, L−
or L0. For the Jones polynomial this function is

t−1VK(L+)− tVK(L−) + (t−
1
2 − t

1
2 )VK(L0) = 0

[5]

11 Alexander’s polynomial

The Alexander polynomial was the very first polynomial for knots and was
invented in 1928. It is calculated on knot diagrams and can be defined in
two ways. We will first define it in a similar way to the Jones polynomial
with two rules and the help of a skein relation.

Definition 13. The Alexander polynomial of an oriented knot K, denoted
∆K(t), is defined by the following rules:
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1. ∆K( ) = 1 For any projection of the unknot.

2. ∆K(L+)−∆K(L−) + (t
1
2 − t− 1

2 )∆K(L0) = 0

Where L+, L− and L0 are as in fig 13.

Moreover one can easily prove that the Alexander polynomial of two un-
links, which are not tangled with one another is 0. Now one might wonder
if we can be sure that the second rule will guarantee that we eventually will
reach a set of unknots. When compared to the bracket polynomial where we
knew that each crossing will be removed in a way that each iteration yields
a projection with fewer crossings this isn’t as clear with the Alexander poly-
nomial. However there is another knot invariant known as the unknotting
number, which is the lowest number n of crossings of all projections which
one must change in order to get the unknot. By changing we mean cutting
open the under strand of an crossing and then gluing it back together above
the other strand. I.e. changing an right-handed-crossing to a left-handed-
crossing or vice versa. Since every knot has a unknotting number we know
for sure that by choosing these crossings for the Alexander polynomial we
will eventually reach a set of unknotted knots and can thus calculate the
polynomial. [5] It’s now of interest to see if the Alexander polynomial is a
knot invariant or not.

Proposition 14. The Alexander polynomial of an oriented knot is a knot
invariant.

Trying to prove this using or first definition seem to lead us in a circle
and external sources on such a proof has not been found. Therefore, in order
to prove this using Reidemeister moves we need to use our second definition
of the Alexander polynomial. This definition creates a square matrix with
the variable t among the coefficients, where the determinant of which is the
polynomial. However first we need to define how to create the Alexander
matrix. For this matrix we first put two dots to the left of each undercrossing
with respect to the orientation of the knot see fig 14. Now we will give each
region, meaning the areas between the strands of the knot, including the area
”outside” the knot, an index r0, r1, . . . , rn+1 where n equals the number of
crossings that the knot has. Next we make a linear equation for each crossing
cj with regions rj, rk, rl, r −m as seen in fig. 14 which is

ci(r) = trj − trk + rl − rm = 0
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Figure 14: Example of a crossing with regions marked

When doing this for all n crossings we gain a linear system of n equations in
n + 2 variables. Our last step is thus to transfer these into an n × (n + 2)
matrix. Here the crossings represent the rows and the regions our columns.
We will now remove two neighbouring regions, rp, rq from the matrix. It can
be proven that it doesn’t matter which neighbouring regions are removed,
the Alexander invariant will still be the same [6]. Thus we now have our
n × n matrix which is exactly our Alexander matrix and we can thus give
our second definition of the Alexander polynomial:

Definition 15. The Alexander polynomial of an oriented knot K, ∆K(t) is
the normalized determinant of the Alexander matrix of K. Here ’normalized’
means multiplied with t±n so that the lowest degree of ∆K(t) is a positive
constant.

So in order to prove prop. 15, we need to be aware that any diagram
of K might yield different polynomials however these polynomials are only
ever different by a factor of ±tk, where k is an integer. Here we have to
choose how to check if the Reidemeister moves affect the determinant of the
Alexander matrix. We can either prove that equivalent diagrams of our knot
K have equivalent matrices, i.e. they can be transformed into one another by
elementary row and column operations, however limited to multiplication by
-1 and tk in order to not change the determinant by anything but a factor of
±tk. We could also prove that the determinant is the same for the matrices
up to a factor of ±tk. We will use the route of matrix equivalence.

Proof. RI will create one new crossing and one new region, denoted r∗, as
in fig 15 however it also makes a slight modification to regions r0, r1 but
these changes does not affect the rest of the knot, which is why we keep their
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Figure 15: Applying RI

Figure 16: Applying RII

original names but with ’. This changes the Alexander matrix of the original
knot, M into 

r∗ r′0 r′1 r2 . . . rn+1

−t t+ 1 −1 0 . . . 0
0
... M
0


Since only the first element of the first column has a value we can easily
remove the remaining elements of the first row through simple column oper-
ations where we only multiply column 1 by powers of t. Which yields


r∗ r′0 r′1 r2 . . . rn+1

−t 0 0 0 . . . 0
0
... M
0


by multiplying the first row of the matrix with −t−1 we can see that

r∗ = 0, hence we can remove the fists row and the first column and we have
thus returned to our matrix M. So RI creates a matrix which is equivalent
to M and thus will only differ with a factor of ±tk. Note that this could be
proven for the inverse of RI as well and in the same manner.

RII will create two new crossings c∗, c′ and two new regions, however since
these regions create a split of a previous region we will give slightly different
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notations : r∗, r
′
0, r
′′
0 , but we will keep r1 and r2 since their only change is

at these crossings, see fig. 16. With M still as the remaining parts of the
Alexander matrix before RII we get the new matrix:



r∗ r′0 r′′0 r′1 r′2 r3 . . . rn+1

−t 0 −1 t 1 0 . . . 0
t 1 0 −t −1 0 . . . 0
0 | |
... u v M
0 | |


where u and v are the entries of r0 but split up between the new regions.
Here we see that by simply adding the first row to the second row we get:



r∗ r′0 r′′0 r′1 r′2 r3 . . . rn+1

−t 0 −1 t 1 0 . . . 0
0 1 −1 0 0 0 . . . 0
0 | |
... u v M
0 | |


Now by adding column 1 to column 4 and then multiplying column 1 by
−t−1 we can add it to column 3 and subtract it from column 5 and we get:



r∗ r′0 r′′0 r′1 r′2 r3 . . . rn+1

1 0 0 0 0 0 . . . 0
0 1 −1 0 0 0 . . . 0
0 | |
... u v M
0 | |


For the same reason as in RI we can remove the first row and column which
yields: 

r′0 r′′0 r′1 r′2 r3 . . . rn+1

1 −1 0 0 0 . . . 0
| |
u v M
| |
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Now by adding the first column to the second we can use a finite set of
elementary row operation we can make all entries of u equal to 0 and thus we
can remove the current first row and column. The vector u+ v will be equal
to the vector which previously represented r0, thus this leaves us with the
Alexander matrix M which we would have gained from the diagram before
RII was applied. I.e. the matrices are equivalent.


r′0 r′′0 r′1 r′2 r3 . . . rn+1

1 0 0 0 0 . . . 0
0 |
... v + u M
0 |


RIII will not create more regions or crossings however it will create

changes in the existing regions and crossings, see fig. 17. Thus we will
study the matrix before applying RIII and the one after and see if they are
equivalent. We denote the original matrix by M and the one after RIII as
M’, in both of these X represent the rest of the entries, computed in the same
way as the others.

M =



r0 r1 r2 r3 r4 r5 r6 r7 . . . rn+1

1 0 0 −1 t −t 0 0 . . . 0
t −1 0 0 0 −t 1 0 . . . 0
−t 1 −1 t 0 0 0 0 . . . 0
0 | | | | | |
... u v w x y z X
0 | | | | | |



Figure 17: Applying RIII
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M ′ =



r′0 r′1 r′2 r′3 r′4 r′5 r′6 r7 . . . rn+1

t 1 −1 0 0 0 −t 0 . . . 0
1 0 −1 t −t 0 0 0 . . . 0
−1 0 0 0 t −t 1 0 . . . 0
0 | | | | | |
... u v w x y z X
0 | | | | | |


The matrices N and N’ are the same as M and M’ but with all negative

signs changed to positive ones. This can be done by elementary row and
column operations since for each crossing the sign on the regions around it
alternates and so does the indices for the regions alternate between odd and
even numbers. Hence the odd regions around a crossing will either be both
positive or negative, and the corresponding even regions will naturally be
the opposite. Therefore by multiplying each odd column by -1 then each row
will have either only positive or negative entries. Now we just multiply each
negative row by -1 and we have our equivalent positive matrices N and N’.

N =



r0 r1 r2 r3 r4 r5 r6 r7 . . . rn+1

1 0 0 1 t t 0 0 . . . 0
t 1 0 0 0 t 1 0 . . . 0
t 1 1 t 0 0 0 0 . . . 0
0 | | | | | |
... u′ v′ w′ x′ y′ z′ X ′

0 | | | | | |



N ′ =



r′0 r′1 r′2 r′3 r′4 r′5 r′6 r7 . . . rn+1

t 1 1 0 0 0 t 0 . . . 0
1 0 1 t t 0 0 0 . . . 0
1 0 0 0 t t 1 0 . . . 0
0 | | | | | |
... u′ v′ w′ x′ y′ z′ X ′

0 | | | | | |


Now we can concentrate on the top 3 rows and using elementary row and
column operations we will transform N’ into N. Note that we may only add
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column 1 to the other columns, or multiply it by -1 or t, as to not change
the values of the vectors u-z. We begin by swapping row 1 and 3 in N’t 1 1 0 0 0 t

1 0 1 t t 0 0
1 0 0 0 t t 1

 −→
1 0 0 0 t t 1

1 0 1 t t 0 0
t 1 1 0 0 0 t



Multiply row 1 by -1 and add it to row 2 −→

1 0 0 0 t t 1
0 0 1 t 0 −t −1
t 1 1 0 0 0 t


Multiply row 2 by -1 −→

1 0 0 0 t t 1
0 0 −1 −t 0 t 1
t 1 1 0 0 0 t


Multiply column 1 by -1 and add it to column 7 −→

1 0 0 0 t t 0
0 0 −1 −t 0 t 1
t 1 1 0 0 0 0


Add row 3 to row 2 −→

1 0 0 0 t t 0
t 1 0 −t 0 t 1
t 1 1 0 0 0 0


Add column 1 to column 4 −→

1 0 0 1 t t 0
t 1 0 0 0 t 1
t 1 1 t 0 0 0


[6] And thus we have shown that N’ is equivalent to N which we know is
equivalent to M. Finally since all the Reidemeister moves yields matrices
that are equivalent to the original Alexander matrix and since we only have
used elementary row and column operations, where we only multiply by ±tk
that is all we have changed the determinant by, which puts the polynomial
within the definition.

Note that in this proof we do not use the fact that we may remove any
two neighbouring regions to gain the Alexander matrix, thus we will not
rigorously prove that statement here, but refer the reader to the proof Long
provides in Topological invariants of knots: three routes to the Alexander
Polynomial [6]. However it can also now be proved by using the Reidemeister
moves.
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Now that we know that the Alexander polynomial is a knot invariant a
question of interest is if it can tell all nontrivial knots apart from the unknot.
Unlike the Jones polynomial where it hasn’t been proven if it distinguishes all
nontrivial knots from the unknot or not, for the Alexander polynomial there
exist known nontrivial knots with Alexander polynomial 1, as for example
the (-3,5,7)-pretzel knot, see fig.18 [5]

Figure 18: The (-3,5,7)-pretzel knot [10]

12 Complements of knots as invariants

The last knot invariant we will look at but not prove, is quite different from
the other ones since now we will be looking at the complement of the knot
K in R3. We call it M and it is defined as R3 − K or alternately S3 − K
depending on which space we are currently working in. These complements
will be 3-manifolds, which are spaces where around any given point in the
manifold there exists a neighbourhood homeomorphic to a ball in Euclidean
3-space also contained in the manifold. So spaces such as R3 and S3 are also
3-manifolds.[5] One neat aspect of working in S3 is that we have a compact
space, and if we take the the open tubular neighbourhood of K, let us call it
N, and define M = S3 − N then the resulting 3-manifold will be compact.
[3] For the complements of knots there is the following theorem by Gordon
and Luecke stating:

Theorem 16. If two knots have homeomorphic complements then they are
equivalent. [1]

We will not prove this theorem here but note that it exists. One should
note that this theorem would not be able to distinguish between mirror-
images of knots unless we demand that there is an orientation-preserving
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homeomorphism between the complements, and not just a homeomorphism.
[1] However we can note that the reverse of the theorem is rather intuitive.
We know that if two knots are equivalent then there exits an ambient isotopy
between them, this implies that there is a orientation-preserving hoemor-
phism from S3 to S3 taking the knot K1 to K2. This implies that S3 −K1

is orientation-preserving homeomorphic to S3 −K2. In this section we will
move on to look at hyperbolic knots. These are knots whose complement
is hyperbolic, meaning that they have both a hyperbolic geometry and
a hyperbolic metric. This means among other things that lines are taken
to mean geodesics and given a line and a point not on the line, then there
are at least two lines that are parallel to the first line that goes through the
point. Another interesting fact is that all triangles in a hyperbolic geometry
will have an angle-sum of less than 180◦. [8] This also means that distance
will be measured differently compared to our regular Euclidean metric,
and depending on which hyperbolic space we look at, it might be measured
in different ways. Even though all of these aspects of hyperbolic geometry
are really interesting they are not the reason why we are using these com-
plements. It is rather due to the fact that any complete hyperbolic structure
we find on our knot complement M is the only structure there is.[7] This was
stated by Mostow as a theorem and it implies that geometric invariants we
find for the complements will work as knot invariants as well.

Theorem 17. If Mn
1 and Mn

2 are complete hyperbolic manifolds with finite
total volume, any isomorphism of fundamental groups φ : π1(M1) −→ π1(M2)
is realized by a unique isometry. [3]

The invariant that arises specifically from this fact is the hyperbolic vol-
ume of the hyperbolic knot where knots which aren’t hyperbolic are assigned
the volume 0. Creating the complement is usually done by gluing together
sets of hyperbolic tetrahedra in such a way that faces match and the dis-
tance function within each individual tetrahedra match the ones glued onto
it. These tetrahedra are in turn gained form the knot itself through certain
methods which decomposes the knot complement into the set of tetrahedra
[7] but we won’t go into further detail here. The hyperbolic volume is then
computed as the sum of the volumes of the individual tetrahedra and will
always be a positive real number. This invariant is very efficient in telling
hyperbolic knots apart, although it has a few hyperbolic knots between which
it cannot distinguish such as mutant knots. These knots are made by flip-
ping a tangle in a hyperbolic knot and does unfortunately have the same
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hyperbolic volume, even though they might not be equivalent. [5]

13 Summary

As a conclusion to this essay I’d like to discuss what this study has yielded
with respect to the thesis and the aim of the essay. Our question was ”How
can one tell different knots apart?”. This can mainly be done through various
knot invariants, which will guarantee that two equivalent knots will be in the
same equivalence class of the invariant. These invariants could be applied to
the two dimensional projection of the knot, the complement of the knot or
the knot itself. However it soon became clear that these invariants weren’t
perfect. Some, like the Crossing number demands that we find the projections
with the least crossings. But as we know the Reidemeister moves we use to
get from one projection to another can go on for a long time and we still
won’t be sure if there is one with a lower crossing number or not. It is only
when we know all of the knots with known lower crossing numbers and can
be sure that our knot does not belong to that set that we can determine its
crossing number. Thus invariants need to be easy to compute, but they also
need to be able to tell many different knots apart. For example the invariant
where all knots received the same constant is easy to compute but it wont tell
any knots apart since they all belong to the same equivalence class. So when
looking at the invariants it became relevant to discuss those two aspects as
well as actually proving that they indeed were invariants. It was shown that
Reidemeister moves are a good way to prove that the invariants indeed are
knot invariants. This is because the Reidemeister moves doesn’t create new
knots, but rather act as an planar isotopy between the projections of the
knot. Thus if an invariant was the same before and after the application of a
Reidemeister move, it would fulfill the criteria for a knot invariant. We were
able to apply this method of using the Reidemeister moves to all invariants
that we presented in this paper but one. This invariant was applied to
the complement of the knot and was thus completely independent of possible
projections of the knot. In the cases where it was applied it was used more or
less directly. In the case of tricoloring it was used very directly since we could
display all the possible cases and show that the invariant remained unchanged
under each Reidemeister move. With the Bridge number and crossing number
however we had to take a slightly different approach since both RI and RII
directly changes both the number of crossings and bridges. Thus we had to
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conclude that if a bridge- or crossing number had been correctly assigned
then the Reidemeister moves would only be able to increase these numbers.
This is however not a problem since both of these invariants are based on the
projection which produces the lowest number. With the polynomials, again
a direct approach was possible. That is because the Reidemeister moves only
changes the knot locally, and we were able to ”isolate” the affected part of
the knot and then compare the computations before and after the move for
that part.

The last invariant was a bit more difficult to grasp and explain since it
applies a lot of mathematics that were new to me and therefore demanded
more time. Hence the section is a bit thin, and if given the opportunity
sometime in the future, I would like to look into it more. However part of
the aim was to deepen my knowledge of topology and geometry and that has
indeed been fulfilled. A part that I in particular would like to look into more
is how the orientation-preserving homeomorphism between the fundamental
groups of knot complements looks and works. As well as the fundamental
groups themselves. I believe that if that part was made clearer then the
connection would be easier to make.

All in all we can conclude that one can tell different knots apart in many
different ways, however as of yet no method can single-handedly tell all dif-
ferent knots apart, or even all nontrivial knots apart from the unknot, though
the Jones polynomial might be able to do this, we await a proof which can
say for sure if that is the case. Thus this part of knot theory is still relevant,
partly due to its connections to other fields such as chemistry, biology and
quantum computation, but also because it is fun to work with!
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