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ABSTRACT

In this letter, we report the theoretical study on phonon transport in monocrystalline silicon thin-films having unfilled or metal-filled circular
holes (i.e., phononic crystals, PnCs) and show that the thermal conductivity, j, at 1 K can be maximally reduced by using a multiscale struc-
ture, which allows us control over the porosity of the structure. The circular scatterers are placed in the square (SQ) and hexagonal (HX) pat-
tern with a fixed 100 nm interhole spacing, and the pit diameter is varied between 10 and 90 nm. Each of the corresponding silicon PnCs
shows reduced j compared to the unpatterned film. The SQ-PnC having tungsten-filled pits shows the greatest reduction in j when we con-
sider only the effects of coherent scattering. Furthermore, we have computed j for the PnC where the unit cell, of 100 nm and 500 nm sizes,
comprises the Sierpinski gasket (SG) with circular holes of different diameters (depending on the fractal order) in the same cell. It is observed
that the j for the 2nd (100 nm cell) and 3rd order (500 nm cell) SG-PnC is comparable to the SQ- and HX-PnC with a pit diameter of
90 nm. When we add the effect of the diffuse boundary scattering in j, there is a lowering in j compared to that when only the coherent
effects are considered. The additional j-reduction due to boundary scattering for the SQ-PnC and HX-PnC (both with 90 nm diam) as well
as the 2nd and 3rd order SG-PnCs is 47%, 40%, 80%, and 60%, respectively.

VC 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5123311

A two-dimensional (2D) phononic crystal (PnC) is a periodic
arrangement of elastic-wave reflection sites in a planar host material.
The elastic-wave packets are the low frequency phonons that com-
prise a major contributor in transporting thermal energy from point
to point in a solid crystalline material. Each scattering site constitutes
a finite discontinuity in the host material due to its complete removal
or replacement with materials having a different mass density and/or
a different crystalline phase with different elastic properties. The
wave scattering results in a modification of the allowed frequencies of
the phonons in the different directions of the artificial phononic crys-
tal, which in turn alters the thermal conductivity, j, of the host mate-
rial. The use of two-dimensional PnC for the suppression of j has
been increasing not only for engineered thermoelectric materials,1–6

commonly referred to as “holey silicon,”1 but also for such applica-
tions where the sensitivity of chemical and temperature sensors needs

to be boosted,7,8 for low temperature thermal isolation for various
sub-Kelvin applications in physics and astronomy,9,10 in thermal
devices,11 and for heat guiding.12 Irrespective of the targeted applica-
tion area, there are two possible reasonings put forward for the
observed reduction in the thermal conductivity. The interference of
the phonon waves reflected from the periodically situated gaps specif-
ically introduced in the material leads to a redistribution of the
allowed phonon frequencies. This in turn changes the phonon group
velocity and density of states. As a consequence, the j is modified.
The other reason often attributed to the j-reduction is that the ran-
dom scattering of the phonons from the rough surfaces reduces the
phonon mean free path. However, the temperature range where the
two different mechanisms are dominant has been progressively
worked-out with the reports that the acoustic phonon dispersion rela-
tion can be modified by the elastic wave interference, which is a
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coherent process, to temperatures of 10K.13 For higher temperatures,
the effect of the periodic hole arrangement is not different from that
of the random arrangement of the holes.13,14 The reason for this is
that the order of the surface roughness, being comparable to the ther-
mal phonon wavelengths at the particular temperature, results in
noncoherent diffuse scattering from the roughness. Recently, it has
been theorized that the Akhiezer mechanism is responsible for the
lack of coherent effects in thin film PnCs in the temperature range of
130–300K.15 Quasiballistic transport was, however, reported in
corrugated nanowires even at room temperature.16 To be able to
maximize the suppression in thermal conductivity, it is attractive to
be able to include both the coherent and incoherent scattering deter-
ministically by the regular placement of the holes of a PnC. The arbi-
trary nature of the surface roughness leads to uncontrolled phonon
scattering and is challenging to design in conformity with specifica-
tions. One of the ways to achieve control is to use the self-repeating
patterns of a fractal,17 which not only yield coherent scattering but
can also maximize the incoherent boundary scattering as the multi-
scale structure offers a larger scattering surface.

This work presents the systematic study of the square, hexagonal,
and self-repeating lattice structures for their ability to suppress the
thermal conductivity compared to the unpatterned single crystal sili-
con film at a temperature of 1K. In principle, the simulation model
may be used for temperatures up to 10K, where it was experimentally
confirmed that the coherent effects are observable.13

The finite-element method has been used for modeling the low
frequency phonons in the two-dimensional thin film of monocrystal-
line (mc-) silicon where they are modeled by the propagation of elastic
waves in linear homogeneous solid materials. Artificial holes or gaps
are distributed in a periodic fashion in the thin film in either a square
(SQ) or hexagonal (HX) pattern. Since thin films of silicon show
greatly suppressed j due to enhanced interface scattering,18 it is a
practical choice to use thin films instead of bulk materials. The disper-
sion relation is obtained for the unit cell of the SQ and HX lattices
along the boundaries of the first irreducible Brillouin zone (IBZ), and
the high symmetry points are denoted in the usual C� X �M nota-
tion, as shown in Figs. 1(a) and 1(b) for the HX and SQ lattices,
respectively. The phonon wavelength is much larger than the mesh
element dimensions, and hence the error arising from the meshing is
neglected. The Floquet boundary conditions are implemented at the
unit cell edges, while the circular edge of the holes allows free vibra-
tions. The effect of changing the hole diameter or “neck” size, both
indicated in Fig. 1(b) for the SQ lattice, is investigated when the sepa-
ration between the pits is fixed at 100nm. A third structure where the
unit cell consists of multidimensional holes as shown in Fig. 1(c) is
considered. The unit structure of Fig. 1(c), which is a Sierpinski gas-
ket19 (SG), shows the second order repetition of the circular pit. The
symmetry of the SG structure is assumed to be similar to the SQ lat-
tice, and the unit cell is tiled in the x- and y-directions in the same
way, keeping the primary circular pits fixed 100nm or 500nm apart
(two unit-cell sizes are considered).

The following elasticity matrix parameters have been used in the
simulations, i.e., C11¼ 165.6 GPa, C12¼ 63.9 GPa, and C44¼ 79.5GPa.20

The temperature-dependent variation of the elastic constants of sili-
con21 is small for the temperature range of interest and hence not
considered for the purpose of the study. It was further verified that
such a variation does not lead to a significant effect on the degree of

suppression of the thermal conductivity. Considering that filling the
holes with large mass difference materials will lead to enhanced scattering
of the phonons,18 the pits are likewise filled with iron and tungsten and
compared to the multiscale structure. The mass densities of mc-Si, tung-
sten, and iron considered in the model are 2330kg/m3, 19 350kg/m3,
and 7870kg/m3,22 respectively. It is seen from the mass density differ-
ences between mc-Si and the metals that the scattering due to tungsten
filling is expected to be the highest, while the iron filling may not lead
to a remarkable degree of such scattering. The elastic matrix of W is

FIG. 1. (a) A schematic of the hexagonal lattice, the hexagonal unit cell, and
the irreducible Brillouin zone (IBZ). The high symmetry points are denoted by
C� X � M and (b) a two-dimensional square lattice schematic along with its unit
cell and IBZ; (c) a second order self-repeating structure using the circular structure.
The circle diameters are scaled as Dn ¼ a=3n, where n is the order of the structure
and a is the size of the unit cell.
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C11¼ 520 GPa, C12 ¼ 200 GPa, and C44 ¼ 160 GPa, while that of Fe is
C11¼ 237 GPa, C12¼ 141 GPa, and C44¼ 116 GPa.22 The temperature
range of operation of the phononic crystals is limited to 1K since the
dominant phonon frequency at this temperature is �33.2 GHz calcu-
lated from f2D ¼ 1:594kBT

h ,23 and using reasonable computational resour-
ces, phonon frequency up to �250 GHz (�7.5 f2D) was obtained by
evaluating the first hundred eigenmodes of the infinite lattice using 31
data points on the Brillouin zone boundaries.

The thermal conductivity, j, is modeled by the Holland
Callaway model24 in the frequency domain by the expression,
j ¼ 1

6p2

Ðx0

0 Cphv2g sDdx, where Cph is the heat capacity at a frequency
x, vg the phonon group velocity at frequency x, s ¼ L

vg
the scattering

time including only the boundary scattering since it is assumed that all
other mechanisms are frozen out at 1K, L the minimum feature size
or the neck size, and D the density of states at the frequency x and
summed over all dispersion branches. The thermal conductivity of the
PnC (j) is normalized with the thermal conductivity of the unpat-
terned membrane (j0) to represent the degree of suppression obtained
due to the PnC patterning. The simulator had been validated against
the existing literature25 to ascertain the accuracy of our simulation as
compared to the more resource intensive model, and comparable
trends are observed (details in the supplementary material).

At first, we consider the effect of only the coherent phonon scatter-
ing to determine the relative effectiveness of the three structures to
impede the flow of heat at 1K. In the interim when we ignore the bound-
ary scattering, we find from Fig. 2(a) that for the unfilled SQ lattice (black
square), as the pit diameter increases, j is suppressed to a greater degree
than the suppression predicted by the Maxwell-Eucken model (violet
asterisk). The Maxwell-Eucken model, ð1� uÞ=ð1þ ð2=3ÞuÞ, with u
being the porosity, predicts that j can be lowered simply due to the

removal of matter when the pits are introduced in the unpatterned mate-
rial. It is observed that there is no significant advantage of using iron fill-
ing (red circle) in the circular holes, and the PnC performance is similar
to that of unfilled holes. When the holes are lined with heavy tungsten,
there is a remarkable increase in suppression of j till hole diameters of
50nm. For hole diameters from 50nm to 70nm, the change in the
degree of j-suppression as a function of the hole diameter flattens. One
can see that the W-filled SQ-PnC offers the largest degree of j-suppres-
sion over the entire size range, although the j=j0-value reaches a valley
and increasing the hole size further, beyond 50nm, does not offer any
additional advantages. It is observed from Fig. 2(b) that the hexagonal
lattice displays similar performance to the square lattice for bothW-filled
and unfilled holes. The observed suppression in thermal conductivity
can be understood by examining the dispersion relations of the PnCs. As
shown in Fig. 2(c), a magnified frequency vs reduced wave-vector disper-
sion diagram of the SQ-PnC having a pit diameter of 80nm, both partial
(C� X; X �M) and complete frequency gaps (C� X �M � C) are
present as marked in shadow. In addition, the SQ-PnC has a greater
number of complete gaps for 80nm and 90nm diameters of the holes, as
shown in Fig. 2(d), and therefore has lower j than the HX-PnC
[Fig. 2(b)]. For the entire range of the circular hole sizes, the HX-PnC
has manifold partial frequency gaps along the M � C direction, while
the SQ-PnC has none. Nevertheless, this does not yield a lowered j-value
for the HX-PnC, confirming that the frequency gaps in the backward
direction of the wave-vector do not favorably alter j. The number of par-
tial frequency gaps along the C� X and X �M directions in Fig. 2(d) is
alike for the different hole diameters of the HX- and SQ-unfilled PnCs
and for the frequency range simulated here. Thus, we see a similar degree
of j-suppression in Fig. 2(b) for the two types of PnCs with unfilled
holes.

FIG. 2. (a) The normalized thermal con-
ductivity at 1 K as a function of the diame-
ter for unfilled (black square), iron-filled
(red circle), and tungsten-filled (blue trian-
gle) circular inclusions in monocrystalline
Si (100 nm thick) arranged in a square lat-
tice (a ¼ 100 nm) and the Maxwell-
Eucken model predictions (purple aster-
isk) for the same structure. The data for
the unit cells of the first order (orange
dashed-dotted line) and second order
(olive dashed line) Sierpinski gasket are
shown in the same figure and (b) the com-
parison of the thermal conductivity sup-
pression in the case of the tungsten-filled
square (magenta inverted triangle) and
hexagonal lattice (legends, same as that
of the square lattice) for different diame-
ters of the circular lattice elements; (c) a
portion of the frequency vs reduced wave-
vector dispersion diagram for a square lat-
tice having holes of diameter 80 nm and
(d) the frequency bandgap of the disper-
sion diagram of the phononic crystal for
unfilled square and hexagonal lattice as a
function of the hole diameter.
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The interhole separation of 100nm is used for the highest-level
circular inclusions in the hierarchy of the multiscale structure
(SG-PnC), which is thus the unit cell size, to enable direct comparison
with the conventional 2D lattice of the PnCs. The first order SG struc-
ture has only one circle at the center and has performance identical
to the corresponding SQ lattice structure. The porosity factor,

u ¼ area of the circular hole
area of the unit cell

� �
, of the artificial crystals is compared for the

conventional 2D crystal lattice of SQ and HX arrangement with the
multiscale structures in Fig. 3(a). The intersection of the arrows with
the porosity curves for the SQ and HX lattices shows the corresponding
dimensions required to achieve similar porosity to the SG structures.
The second order fractal, whose schematic is shown in Fig. 1(c), with
holes of two diameters in a single unit cell, 33 nm (primary circle) and
11nm (secondary circles), exhibits a higher porosity than what a SQ or

HX lattice can achieve if they contain individual holes of diameters
equal to the secondary or primary circles alone. Thus, using multiple
holes of different diameters within a single unit cell, the multiscale
structure can achieve lower j as can be perceived by using the
Maxwell-Eucken model. When we consider solely the coherent phonon
scattering due to the incorporated circular pits, the second order
SG-PnC offers j lowering similar to the unfilled SQ and HX lattice of
hole diameters �70nm. Using the SG-PnC instead of the SQ- or
HX-PnC with a larger hole diameter is thus advantageous since the
mechanical strength of the SQ/HX-PnC is less due to large portions of
material removed [hence highly porous, Fig. 3(a)]. On the other hand,
more surface area is available for incoherent phonon scattering in the
SG-PnC than in the SQ-PnC for similar levels of porosity. Therefore, the
boundary scattering effect is included and the j reduction is
re-evaluated as shown in Fig. 3(b). The j=j0-values are plotted when
the coherent effects are accounted for exclusively (the dark shadow bar-
graph) and when the incoherent scattering is additionally reckoned
(of the light shadow bar-graph). In the latter case, we note that even for
the SQ and HX structure, the improvement is considerably more than
earlier �47% and 40%, respectively, for the PnC with 90nm diameter
holes. The second order SG structure with the additional incoherent
effects, having a separation of 100nm between the primary holes, produ-
ces a drastic blockage of thermal flow (better by 80%) when compared
to the occasion where only the coherent effect is considered. It is further
noted in Fig. 3(b) that for a larger structure with a 500nm hole-to-hole
separation of the primary first order holes, the third order structure gives
an even greater hindrance to thermal conduction due to the large surface
scattering and has performance similar to the highly porous structure of
90nm hole diameter SQ and HX lattice structures (further details in the
supplementary material). An anomalous behavior is observed in the case
of the first order SG-PnC with the incoherent effects leading to higher
values of j=j0 compared to the exclusively coherent case. Similar behav-
ior is observed for certain values of diameter for SQ and HX PnC and
has been explained in the supplementary material.

In conclusion, this letter presents an efficient FEM-based simula-
tion method to study the comparative performance of the different
nanoengineered structures in thin-film monocrystalline silicon. The
simulation evaluates the modification to the phonon propagation,
which ultimately leads to a decrement of the phonon thermal conduc-
tivity as compared to a pristine film of the same material. The model
operating temperature of 1K unambiguously preserves the coherent
wave effects. We find that the multiscale hierarchical structure of the
repeating arrangement of the circular holes in the mc-Si film enables
strong suppression of the phononic thermal conductivity and even
offers advantages of relaxed fabrication tolerance by using larger geo-
metrical parameters. The significant advantage of using a self-replicating
structure in making the phononic crystal is that we can algorithmically
control the magnitude of surface scattering of phonons while still main-
taining the coherent scattering phenomena.

See the supplementary material for validation of the present
study against the existing literature and explanation of the anomalous
increase in the thermal conductivity for a certain structure of the PnC.

This work was supported by the Department of Science and
Technology, New Delhi, India (Grant No. DST/INSPIRE/04/2016/
000903) and the Swedish Research Council (Grant No. 621–2014-5596).

FIG. 3. (a) The geometrical porosity factor variation with the dimension of the holes
for square and hexagonal lattices. The porosity of the structure incorporating the
1st and 2nd order fractals for a ¼ 100 nm is marked by dashed-dotted and dashed
arrows, respectively, and (b) shows the thermal conductivity in the square and hex-
agonal lattice at 1 K temperature when considering only the coherent scattering at
the inclusions vs when the phonon scattering at the boundary surfaces is included
for these geometries. It is observed that the impact of the phase noncorrelated
boundary scattering is most prominent in the geometries that incorporate the self-
repeating structures.
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