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Abstract: We analyze fermionic response of strongly correlated holographic matter in
presence of inhomogeneous periodically modulated potential mimicking the crystal lattice.
The modulation is sourced by a scalar operator that explicitly breaks the translational
symmetry in one direction. We compute the fermion spectral function and show that it
either exhibits a well defined Fermi surface with umklapp gaps opening on the Brillouin
zone boundary at small lattice wave vector, or, when the wave vector is large, the Fermi
surface is anisotropically deformed and the quasiparticles get significantly broadened in the
direction of translation symmetry breaking.
Making use of the ability of our model to smoothly extrapolate to the homogeneous
Q-lattice like setup, we show that this novel effect is not due to the periodic modulation
of the potential and Umklapp physics, but rather due to the anisotropic features of the
holographic horizon. That means it encodes novel physics of strongly correlated critical
systems which may be relevant for phenomenology of exotic states of electron matter.
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1

Introduction

Phenomenological treatment of quasiparticle decoherence is hindered by the lack of theoretical tools. While the Landau Fermi liquid is conceptually unable to treat it, the robust
non-Fermi liquid theory is yet missing. However, there is a handy tool capable to access
the behavior of strongly coupled quantum systems at least qualitatively — the holographic
duality [1, 2]. The holographic approach to model building resides on the correspondence
between operators in the strongly coupled quantum field theory and auxiliary classical
gravitational system involving a black hole in a space-time with one extra dimension. The
fundamental objects which one can study in this way are correlation function of quantum
operators, i.e. the Green’s functions. This construction does not assume the existence of
stable quasiparticles in the boundary field theory. However, they may emerge as poles of
the holographically evaluated Green’s function. This emergent nature of quasiparticle excitations in holography makes it convenient for studying transitions between conventional
Fermi-liquid and “exotic” non-Fermi-liquid states of quantum matter.
The observable which can be directly accessed with experimental probes, and in particular with the angle-resolved photoemission spectroscopy (ARPES) is momentum-resolved
spectral function, related to the fermionic Green’s function
ρ(ω, k) = Im TrhΨ† Ψi.

(1.1)

It has been shown in the pioneering works [3–7] that this object can be evaluated holgraphycally by introducing fermionic field ψ in the gravitational bulk, which is dual to fermionic
operator Ψ on the boundary. The classical solutions to the corresponding Dirac equation
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encode the fermionic Green’s function. The striking observation of [3, 6, 8] is that, depending on the parameters of the model, the Green’s function may or may not have poles —
the coherent quasiparticle excitations. In real strongly correlated systems like superconducting cuprates the quasiparticle decoherence manifests itself in anisotropic deformations
of the Fermi surface leading to nodal-antinodal dichotomy [9], or to complete destruction
of quasiparticles and emergence of Fermi arcs [10]. A bit less known but also interesting
example is provided by electron states near the Fermi energy in half-metallic ferromagnets
which have quasiparticle character for one spin projection and non-quasiparticle for the
other one [11]. This poses a question whether one can build a holographic model with
the coexistence of quasiparticle and non-quasiparticle behavior, and especially, keeping in
mind possible application to the cuprates, the model where the lifetime of quasiparticle
excitations would be significantly anisotropic.
In real quantum systems the anisotropy is caused by the crystal lattice which breaks
the rotation symmetry down to a discrete subgroup. It is natural to introduce the crystal
lattice in the holographic model as well, in order to obtain the anisotropic fermionic spectral
function. Holographic models with periodic external potentials have been introduced in [12,
13] and further studied in [14, 15]. The fermionic response function in these setups has
been first addressed in [16, 17] where it was shown that holography gives non-pathological
results. The structure of the Brillouin zone (BZ) created by the periodic potential was
reproduced, and gaps opened due to Umklapp scattering on the BZ boundary. Recently, a
more subtle result has been reported in [18, 19], where it was claimed that in the periodic
lattices generated by intertwined order parameters the Fermi surface gets anisotropically
destroyed.
On the other hand, the translation and rotation symmetry breaking can be realized in a
class of holographic models which do not possess the periodic potentials. These are so-called
holographic homogeneous lattices: the linear axion model [20], the Q-lattice model [21], and
the Bianchy VII helical model [22]. These theoretical constructions are somewhat artificial,
but they provide a valuable tool for studying the effects of the translation symmmetry
breaking without extra complications caused by spatial inhomogeneity of the solutions,
so that their technical treatment is greatly simplified. The fermionic response of these
models has been studied in [23] (Q-lattice) and [24] (helical model). In both cases it was
observed that the qusiparticle excitations of the Fermi surface acquire significant width
due to the translation symmetry breaking and the pattern of decoherence is anisotropic in
the anisotropic backgrounds. The phenomenological significance of these results however
has been questioned since the relevance of the homogeneous holographic lattices for real
crystal systems has never been completely understood.
Apart from conventional crystals, the effects of periodic potential are relevant in the
new class of systems called Van der Waals heterostructures consistent of relatively weakly
coupled layers of two-dimensional materials [25], such as graphene on hexagonal boron
nitride (hBN) [26–28] or twisted bilayer graphene [29, 30]. In the latter case correlation
effects play obviously an important role resulting in metal-insulator transition [29] and,
possibly, in unconventional superconductivity [30]. Moreover, there are some experimental
evidences that this system is close to the “Planck regime” characteristic of holographic

2

Holographic non-homogeneous scalar lattice

We consider the holographic model with two scalar fields that allows to study both periodic
and homogeneous settings [34]:


Z
1
6
1 µν
4 √
µ
µ
S=
d x −g R + 2 −∂µ φ∂ φ−∂µ χ∂ χ− F Fµν −2V (φ, χ) , (2.1)
16πG
L
2
V (φ, χ) = −(φ2 + χ2 )/L2

(2.2)

Here R is the Ricci scalar, the cosmological constant is equal to Λ = −3/L2 and L is the
curvature radius of the resulting 3+1-dimensional AdS space-time. In what follows we will
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strange metals [31]. The advantage of these new crystals is the tunability of the periodic
potential which can be modified in a broad range by a simple rotation of one crystal with
respect to another [28].
The action of the periodic modulation on electronic structure of graphene in Van
der Waals heterostructures includes both changes of on-site electrostatic potential and
modulation of metrics via the change of hopping parameters [32, 33]. The models of
homogeneous lattices take into account only the second effect. Despite it does not give the
full quantitative description of the problem it is always useful to have an exact solution for
a model which takes into account an important part of the total physical picture.
The aim of the current study is to clarify the relation between the anisotropic Fermi
surface destruction observed in the periodic lattice model of [18, 19] and the similar effect
found earlier in homogeneous lattices [23, 24]. We use the specific model where the periodic
potential is introduced via modulation of the extra scalar operator [12]. As has been shown
in [34], by introducing an extra scalar operator with the opposite phase of modulation this
model can be continuously deformed into homogeneous Q-lattice. Therefore it provides a
way to disentangle the effects of the Umklapp scattering due to periodicity of the potential,
which would disappear when the model is driven to the homogeneous state, and the effects
caused by anisotropic breaking of translations, which will remain unaffected. As we will
show, the phenomenon observed in the periodic lattices of [18, 19] has precisely the same
nature as the one seen in the Q-lattice of [23] thus providing a deeper understanding of
which aspects of holographic models are relevant for phenomenology of strongly correlated
condensed matter systems.
The paper is organized as follows. In sections 2 and 3, we introduce the holographic
model with two periodic scalar fields which interpolates between homogeneous and inhomogeneous settings and outline the procedure we use to evaluate the fermionic spectral
function. We present our main results in section 4 and provide a discussion in section 5.
Appendix A contains details of the employed numerical scheme. In appendix B and C,
some additional numerical results are presented.
This work complements a similar study [35], where the holographic fermionic spectral
function is computed for the periodic ionic lattice. However our setup differs from [35] by
the freedom to extrapolate to the homogeneous lattice, and the physical effect which is in
focus of [35] is quite different from what we are studying in this work.

Note that with our choice of the scalar potential (2.2) asymptotic behavior of the scalar
fields near the conformal boundary z → 0 is described by the two branches
φ(x, z)
χ(x, z)

z→0
z→0

= zφ(1) (x) + z 2 φ(2) (x) + . . . ,

(2.4)

= zχ(1) (x) + z 2 χ(2) (x) + . . . ,

(2.5)

where coefficients φ(1) (x), χ(1) (x) in the leading branches, in the direct quantization scheme,
are associated to the sources of the corresponding dual scalar operators in the boundary
theory. If we choose these sources to be spatially dependent, this will introduce explicit
translational symmetry breaking in the model.
We will set them to
φ(1) (x) = cos(θ)V0 cos(k0 x),

(2.6)

χ(1) (x) = sin(θ)V0 sin(k0 x).
The phase θ will allow us to interpolate between the homogeneous and the inhomogeneous
setups. Indeed, if we take θ = 0, then the χ field is trivial, and we are left with a single
periodic scalar source on the boundary with amplitude V0 , — the inhomogeneous setup
discussed in [12, 15]. However, when we turn θ = π/4, the two scalar fields can be thought
of as the real and the imaginary components of a single complex scalar field Φ = φ + χ
with boundary source
Φ z→0 = zV0 eik0 x .
(2.7)
This is equivalent to the Q-lattice setup [21], where the x-dependence drops out from the
equations of motion since they are insensitive to the phase of the complex scalar. Therefore
in this case we will get the homogeneous model where the Brillouin zone in not defined,
and the corresponding Umklapp scattering is absent.
Following [12], we employ the Ansatz for the metric tensor:


L2
Qzz dz 2
2
2
2
2
2
ds = 2 −(1 − z)P (z)Qtt dt +
+ Qxx (dx + z Qxz dz) + Qyy dy . (2.8)
z
(1 − z)P (z)
µ2 z 3
(2.9)
P (z) = 1 + z + z 2 −
2
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set the gravitational constant to 16πG = 2. The Abelian gauge field is described by the
field strength tensor F = dA and the two scalar fields are neutral. The choice of the scalar
potential corresponds to m2φ,χ = −2/L2 . The action (2.1) leads to the equations of motion:


 
gµν
3
λ
λρ
Rµν + 2 gµν − ∂µ φ∂ν φ + ∂µ χ∂ν χ − V (φ, χ)gµν − Fµλ Fν −
Fλρ F
= 0, (2.3)
L
4

√
1
∇µ Fνµ = √ ∂µ
−gF µσ gσν = 0,
−g
 ∂V (φ, χ)
√
1
√ ∂µ
−g∂ µ φ −
= 0,
−g
∂φ
 ∂V (φ, χ)
√
1
√ ∂µ
−g∂ µ χ −
=0
−g
∂χ

Here the black hole horizon is located at zh = 1, and the Hawking temperature is
T =

P (1)
6 − µ2
=
,
4πL
8πL

(2.10)

GH
µν = Gµν − ∇(µ ξν) ,
µ

(2.11)
µ

where Gµν is the Einstein tensor, ξ µ = g λρ [Γµλρ (g) − Γλρ (g)] and Γλρ (g) is the Levi-Civita
connection for some reference metric g that should have the same asymptotics and horizon
structure as g. In our calculations, we use the Reissner-Nordström (RN) metric for this
purpose, hence boundary conditions on the conformal boundary look rather simple:
Qtt (0, x) = Qxx (0, x) = Qyy (0, x) = Qzz (0, x) = 1
Qxz (0, x) = 0,

(2.12)

At (0, x) = µ.

On the other hand, in order to obtain the boundary conditions on the horizon one
should extract the leading and the subleading asymptotics of the equations of motion
as z → 1 and impose that the equations are satisfied, assuming that the field profiles
are regular. This gives a set of generalized Robin-like boundary conditions relating the
z-derivatives of the functions to their values at the horizon together with one algebraic
relation Qzz (1, z) = Qtt (1, z).
Once the DeTurck transformation is performed and the boundary conditions are fixed,
equations (2.3) need to be solved numerically. To represent functions and their derivatives
on the grid we use the pseudospectral method. Namely, to define finite difference scheme
along z axis we employ the method of Chebyshev polynomials, while finite differences along
x axis are defined by means of the Fourier expansion. Further, the equations are solved
with the Newton-Raphson method. A description of this approach can be found in [37],
and we present details of our numerical scheme in appendix A.

3

Fermionic response and Dirac equation

We are interested in fermionic response of the holographic system described above. To
derive it, we solve the Dirac equation [3, 5] on the background obtained by solving (2.3):


1
a µ
ab
Γ ea ∂µ + ωabµ Γ − iqAµ ζ − mζ = 0.
(3.1)
4
Here eµa is the vielbein, ωabµ is the spin connection, Γab = 12 [Γa , Γb ] is the commutator of
gamma matrices, Aµ is the bulk electromagnetic potential, q and m are the charge and
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where µ is the boundary theory chemical potential related to the charge of the RN black
hole. The corresponding equations that emerge if (2.8) is substituted into (2.3) are too
complicated to be written out explicitly.
Since Einstein equations are not elliptic, the boundary value problem is ill-posed.
Therefore in order to impose the boundary conditions on the horizon and the conformal
boundary one has to bring first the equations into elliptic form by adding the so called
DeTurck tensor that fixes the gauge dynamically [36–38]:

the mass of the bulk fermion correspondingly. We adopt the following choice of gamma
matrices:
!
!
!
!
iσ
0
−σ
0
0
σ
−σ
0
1
2
2
3
Γt =
, Γx =
, Γy =
, Γz =
,
0 iσ1
0 −σ2
σ2 0
0 −σ3

1 − r2
ett = p
,
r P (r)Qtt

1 − r2
exx = √
,
Qxx
s

ezx = −r(1 − r2 )3 Qxz

P (r)
,
Qzz

ezz = −

(1 −
2

r2 )

1 − r2
eyy = p
,
Qyy
s

P (r)
,
Qzz

where P (r) ≡ P (z(r)), and the near-horizon expansion of ζ reads (note that the horizon is
located at r = 0 and the boundary is at r = 1):
ζ = r±2iω/4πLT (ζ0 (x) + ζ1 (x)r + ζ2 (x)r2 + . . .).

(3.2)

Out of the two possibilities we choose the factor r−2iω/4πLT , which corresponds to the
in-falling boundary condition.
Function r−2iω/4πLT is non-analytic, and there are other non-analytic multipliers coming from the near-boundary asymptotics. Therefore we should further redefine ζ in order
to get rid of them:
!

− 1 Ψ (x, r)
4
1
ζ = e−i(ωt−xkx −yky ) r−2iω/4πLT (1 − r2 )3/2 P (r)Qtt (r)Qxx (r)Qyy (r)
Ψ2 (x, r)
where Ψα , with α = 1, 2, are two-component spinors, and we added explicit dependence
on frequency ω, momentum ky and quasi-momentum kx . Dirac equations for Ψ then read:



2mr Qzz
2 2
∂r + 2r 1 − r Qxz ∂x + Π1 −
σ3 − iΠ2 σ2 Ψ1
(3.3)
1 − r2 P (r)
!


iky (1 − r2 )
P (r)Qzz
Qzz
p
+ −2ir
(∂x + Π3 )σ1 Ψ1 +
σ2 − 2r
σ3 Ψ 2 = 0
Qxx
P (r)Qyy
Qyy



2mr Qzz
2 2
∂r + 2r 1 − r Qxz ∂x + Π1 −
σ3 − iΠ2 σ2 Ψ2
1 − r2 P (r)
!


iky (1 − r2 )
P (r)Qzz
Qzz
p
+ +2ir
(∂x + Π3 )σ1 Ψ2 +
σ2 − 2r
σ3 Ψ1 = 0,
Qxx
P (r)Qyy
Qyy
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where σi are Pauli matrices.
Note that equation (3.1) written in the original Poincare coordinates, with zb = 0 and
zh = 1, exhibits a non-analytic behavior near horizon. It can be shown that, if one expands
the solution for the spinor ζ in powers of (1 − z), it will contain half-integer powers. To
overcome this, we make a coordinate transformation z → (1 − r2 ). Since we have the
background solution only in a numerical form, we perform this transformation pointwise
(and thus deform the grid) and then interpolate the results to obtain the values of the
bulk functions on the Chebyshev grid suitable for the analysis of the fermionic problem.
Non-zero elements of vielbein in the new coordinates are

where
2iω
Π1 = r(1 − r2 )2 [2ikx Qxz + ∂x Qxz ] −
,
4πLT
r
s
2r
Qzz
∂x Qxx ∂x Qzz
Π2 =
(ω + qµr2 Att ),
Π3 = ikx −
+
.
P (r) Qtt
4Qxx
4Qzz

1
0

!
+ ...

In the direct quantization scheme, the coefficient in front of the leading branch of the solution, aα (x), is associated with the source of the dual fermionic operator and the subleading
one, bα (x), — with the response [5]. For simplicity, in what follows we will be dealing with
massless bulk fermion, m = 0.
In the linear response approximation, the fermionic Green’s function allows one to
evaluate the response given a particular source:
! Z
!
b1 (x)
a1 (x0 )
0
R
0
= dx G (ω, kx , ky |x, x )
.
(3.4)
b2 (x)
a2 (x0 )
Note that in presence of a periodic lattice, the source and the response profiles keep the
periodic dependence on the x-coordinate even after factoring out the Bloch momentum,
therefore the expression above involves a convolution in position space, and GR is a function
of both x and x0 , with parameters ω, ky and kx .
Taking into account that all the x-dependent functions under consideration are periodic
with the lattice wave-vector k0 , it is convenient to expand the sources and the responses
in Fourier series
∞
X

aα (x) =
bα (x) =

alα eik0 xl ,

l=−∞
∞
X

ik0 xm
bm
.
αe

(3.5)

(3.6)

m=−∞

In this representation the Green’s function GR (ω, kx , ky |x, x0 ) turns into a matrix in
space of the Fourier modes and we get
!
!
l (x0 )
X

bm
(x)
a
m
1
1
=
GR l
(3.7)
l (x0 ) .
bm
(x)
a
2
2
l

m
In practice, the most phenomenologically relevant part of the GR l matrix is the 00
component, since it characterizes the relation between the plain wave part of the source
and the plain wave part of the response on the fermionic perturbation. The reason is
that in anlge-resolved photoemission spectroscopy (ARPES) experiments, which we are
interested in, both the excitation — the infalling photon — and the measured object —

–7–

JHEP01(2020)065

Near the conformal boundary (r → 1) Ψ can be expanded as:
!
0
Ψα (x) = aα (x)(1 − r)−mL
+ bα (x)(1 − r)mL
1

4

Spectral properties of holographic fermions

Having defined all the components required to conduct the analysis, we can obtain the
fermionic spectral function
A(ω, k) = Im Tr GR (ω, k)
(4.1)
by solving (3.3) on the background given by (2.8). In this section, we present our numerical
results. We set the bulk fermion mass and charge to
m = 0,

q = 1.5,

(4.2)

(for the results at smaller charges see appendix B). To avoid the singularities arising at
zero temperature and frequency, in our calculations we use
ω = 10−5 µ,

T = 0.01µ.

(4.3)

We start by considering a background with a single periodic scalar source, θ = 0, V0 = 7
in (2.6) and choose the lattice wave vector k0 = 0.7µ, which is smaller than the Fermi
momentum kF , so that the Brillouin zone is smaller than the Fermi surface. Periodic lattice
generally leads to appearance of the suppressed secondary Fermi surfaces in the neighboring
Brillouin zones, as one can see on the upper plot of figure 1. When the Fermi surface is
larger than the first Brillouin zone, a band gap opens due to Umklapp scattering at the
1

Note however, that the Dirac equations are the first-order differential equations, and setting eight
boundary conditions for four equations makes the system overdetermined. Nonetheless, since half of our
boundary conditions are obtained from the expansion of the equations of motion themselves, they are always
consistent with a solution and therefore never introduce any extra constraints.
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the photo-electron — are plain waves. Their overlap with the higher crystal modes can be
0
neglected and therefore the central object of our study is the GR 0 element of the Green’s
function in Fourier representation (see also the more detailed discussion in [35]).
Using (3.4), it is straightforward to evaluate this object. We impose the homogeneous
boundary conditions for the fermionic sources a1 (x) = 1, or a2 (x) = 1, depending on
the spin component under consideration, and after solving the Dirac equation numerically
we extract the homogeneous component of the response term from the field profile bα (x)
0
according to (3). Recall that the element GR 0 is by itself a matrix in the spin representation, therefore by taking the source vector (a1 (x), a2 (x)) to be either (1, 0) or (0, 1),
we obtain the corresponding values of b1 and b2 that give us columns of the boundary
fermionic Green’s function.
In order to compute the retarded correlator, we impose the infalling wave boundary conditions at the horizon [39]. After substituting these modes into the near-horizon
expansion of the Dirac equations (3.3), we obtain two algebraic and two generalized boundary conditions at horizon. Together with the two Dirichlet boundary conditions for the
fermionic sources at r = 1 and two extra relations coming from the expansion of the equations near the AdS boundary, we acquire a set of 4+4 boundary conditions, which is just
enough to formulate the numerical boundary value problem.1

instersection point with a secondary Fermi surface (bottom plot of figure 1). This effect is
well-known in the context of conventional condensed matter theory as electronic topological
transition, or Lifshitz transition [40, 41], and holographic calculations reproduce it well,
as it has been shown already in [16–18, 35]. Since in our model the potential is sourced
by a neutral scalar, and the coupling between the bulk fermion and the lattice occurs
indirectly via modulations of the metric, the amplitude of the secondary surfaces, as well
as the size of the band gap are considerably smaller than in the case of charged scalar [18].
Nonetheless, the fact that the gap is present in our setting provides a nontrivial test of
validity of our treatment. On the other hand, since the effect is weak, this conventional
single-particle phenomenon does not obstruct our analysis of novel effects caused by the
lattice on strongly correlated holographic matter.
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Figure 1. Upper plot: fermion spectral function for the periodic scalar lattice background at
k0 = 0.7µ, V0 = 7, q = 1.5, logarithmic scale. The secondary Fermi surfaces arising due to the
periodic potential are visible. Yellow rectangle around intersection of the primary and the secondary
Fermi surfaces is zoomed and showed in the bottom plot (linear scale). Opening of the Umklapp
gap is evident.

5

Discussion

Our study shows that the anisotropic broadening of the Fermi surface in holographic models
with periodic lattice, pointed out in [19] and claimed to be relevant for the phenomenology
of real exotic condensed matter systems, has the same origin as the damping of quasiparticles due to translational symmetry breaking observed earlier in homogeneous Q-lattices [23]
and Bianchy VII helices [24]. There are two important consequences which follow from this
observation.
First, since the anisotropic decoherence is not related to the periodicity of the lattice,
it is insensitive to the structure of the Brillouin zone, and in this way it is essentially a
non-Fermi liquid effect. In Fermi liquid, the quasiparticles are only sensitive to the periodic
potential via the Umklapp scattering, that is, in the vicinity of the Lifshitz transition; the
interaction effects on the Lifshitz transition within the Fermi liquid theory are considered
in [42]. The further away the Brillouin zone boundary is, the more Fermi liquid quasiparticles behave just like the single-particle excitations in the vacuum. However, we show
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When we increase the lattice wave vector, the Brillouin zone gets bigger, the Fermi
surfaces do not intersect anymore, and there is no Umklapp gap. In general, based on
the single-particle intuition, one would expect the effect of periodic lattice to decrease.
However, for large enough wave vector k0 = 2.2µ, we observe anisotropic stretching of the
Fermi surface and suppression of the spectral density in the direction, where translational
symmetry is broken, figure 2 (upper part). This phenomenon is the central object of our
study. First, we note that it is quite similar to the partial suppression of the spectral
weight on the Fermi surface observed earlier in [19]. Indeed, our model is very similar
to [19] since it also has an inhomogeneous holographic lattice and a scalar field. In contrast
to [19], however, in our case the Brillouin zone boundary is far away, the single-particle
Umklapp effects do not interfere with holographic many-body physics, and the phenomenon
of anisotropic decoherence is seen much more clearly.
Given that the Brillouin zone boundary doesn’t seem to play any discernible role
here, it is interesting to figure out whether this effect has anything to do with anisotropic
suppression of the Fermi surface observed earlier in the homogeneous Q-lattice model [23]
and, to some extent, in the Bianchy VII helix model [24]. Indeed, our setting is amenable
to smooth interpolation between periodic potential and Q-lattices by tuning parameter θ
in (2.1)–(2.6), and we can readily compute how the Fermi surface evolves upon transition
from θ = 0 (periodic potential) to θ = π/4 (Q-lattice).
The result of this interpolation is shown in figure 2. There is no apparent qualitative
difference between the modulated and the homogeneous potentials. One can see that both
types of the background lead to elliptical stretching of the Fermi surface, and to broadening
of the peak in spectral density in the direction of translational symmetry breaking. This
broadening is clearly seen on the fixed direction cuts of the spectral density, shown on
figure 3, where we compare the momentum distribution curves of the spectral density in
translationally invariant y-direction and translationally broken x-direction in both periodic
potential and Q-lattice setups.

Periodic
lattice
θ=0

JHEP01(2020)065

Intermediate
regime
θ = π/8

Q-lattice
θ = π/4

Figure 2. Interpolation between the periodic scalar potential and the Q-lattice k0 = 2.2, V0 = 7,
q = 1.5. The interpolation is realized by tuning the θ parameter (2.6), which controls the amplitude
of the extra off-phase scalar potential. The umklapp surfaces (out of the scope) completely disappear in the homogeneous Q-lattice setup, while the anisotropic suppression of the Fermi surface is
qualitatively unchanged.
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that the anisotropic decoherence, on the opposite, gets stronger when the size of the BZ is
increased, which indicates the non-quasiparticle nature of this phenomenon.
The holographic models usually give rise to the two kinds of phenomena: one can be
derived from the usual behavior of the conventional stable degrees of freedom, propagating
in the bulk just like the quasiparticles do on the boundary. The features of this kind
are the presence of the Fermi surface, the Umklapp gap, or, in the vector sector, the
Drude conductivity peak. There is also another, non-conventional sector, which is due to
the effects caused by the black hole horizon deep inside the holographic bulk space. The
horizon reflects the deep IR critical nature of the holographic systems [7, 8]. The features
of the near-horizon geometry in the bulk govern the unconventional non-Fermi liquid like
phenomena in holographic models: these include the unusual power law self-energy of the
excitations [5, 43], the destruction of the Fermi surface due to translational symmetry
breaking [24] and, for instance, the incoherent conductivity which behaves as a power law
of temperature [44, 45]. Our study shows that the anisotropic decoherence is the effect of
the second kind, i.e. it is a result of the anisotropic character of the black hole horizon in
the models with periodic lattices.
The analysis of the near-horizon geometries of periodically modulated black holes is
extremely hard since it requires using sophisticated numerical techniques. However, we
show that the much simpler homogeneous lattice models suit perfectly for the study of
the phenomenon under consideration, and this is the second useful consequence of our
observation. Only after explicit comparison with the realistic periodic lattice setup we could
reliably state that the description provided by the homogeneous lattice is not pathological.
It is yet an open question which particular features of the holographic horizon play the
leading role in the anisotropic destruction of the Fermi surface, and how these features could
be interpreted in terms of the quantum critical subpart of the boundary theory. However
our study suggests that the first steps in clarifying this may be done in relatively simple
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Figure 3. 1d sections of the spectral function for periodic potential (left) and for Q-lattice (right)
at k0 = 2.2, V0 = 7, q = 1.5 (same parameters as on figure 2). The blue lines show the cuts along
the y-axis, where the translations are not broken, while the yellow lines show the cuts along x-axis,
where the potential is present. A significant suppression of the peak in the direction of translational
symmetry breaking is evident.

and accessible models like Q-lattice, where the structure of the near-horizon geometry
can be captured in much more detail [46], and even an analytical treatment is possible in
certain cases.
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A

The numerical scheme

In this section we provide some details of the numerical scheme which were not described
in section 2 and 3.
The numerical scheme consists of two main parts: calculation of the background metric
and the subsequent evaluation of the fermionic Green’s function on top of it in the probe
limit. Each of these parts, in turn, can be divided into generation of the equations of
motions and the boundary conditions, and solving the corresponding boundary problem.
The Einstein and the Dirac equations and their boundary conditions are generated
in Mathematica, and the output is parsed into Python 3.7. After that, we use routines
described in section 2 and 3.
For the background metric, we use grid of the size nx × nz = 20 × 20. For such a small
grid finite-difference approximation of the derivatives would lead to a very low accuracy, so
we use pseudo-spectral method along the radial coordinate z instead. Within this approach,
matrices of the derivatives contain information about all grid points. The numerical error
of solutions to the Einstein equations is encoded in the trace of the DeTurck vector. In our
case, it is of order 10−4 , which is enough for the results to be qualitatively correct.
The fermionic spectral functions are calculated on a grid nkx × nky = 500 × 500. This
gives resolution in the momentum space ∆k ≈ 10−2 , which corresponds to the width of the
Fermi surface for fermions with charge q = 1.5.
The calculations were performed on a laptop with Intel Core i-7 processor and 8 Gb
RAM. The recent version of the Python code can be found on https://gitlab.science.
ru.nl/iliasov/fermions-on-stripes.

B

Some extra observations

While we have clearly demonstrated that the anisotropic destruction of the Fermi surface
is of the same nature in homogeneous and periodic lattices, it is also interesting to gain
a better understanding of why it is the case, and to take a closer look at the differences
between the two setting.
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Figure 5. Non-diagonal Qxz component of metric for V0 = 5, k0 = 0.7 and k0 = 2.2.

The possible reason behind this similarity is the fact that the off-diagonal component
of the metric tensor encoded in Qxz function, being exactly zero for the Q-lattice, remains
very small for periodic stripes, as one can see in figure 4. Therefore the main effect comes
from the anisotropic coordinate dependence of the diagonal components of the metric rather
than from the explicit modulation.
However, one can see a mild difference between these cases, — for the Q-lattice eccentricity of the Fermi surface is a bit larger, while the peak in spectral density is suppressed
by the same factor as for the stripe lattice. Unfortunately, we cannot access the regime
of very large lattice amplitudes V0 because of arising numerical instabilities. Still, we can
speculate that a larger off-diagonal component of the metric tensor specific for the striped
background would lead to reducing the effect of geometrical stretching while retaining the
anisotropic decoherence.
Interesting to note that, although the transition from a circular Fermi surface to a
stretched and smeared one is governed by diagonal components of the metric, a clear
signature of this transition is evident in the off-diagonal component Qxz . In figure 5, one
can see that when k0 is driven to higher values, profile of Qxz function undergoes a change.
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Figure 4. 1d slices of Qtt and Qxz components of the metric along the x-axis near the conformal
boundary, z = 0.16. The amplitude is taken V0 = 5, and the wave vector of the lattice is k0 = 0.6.

C

Spectral function at smaller charge of the fermion

Finally, it is instructive to look at how the Fermi surface looks at smaller electric charge
of the fermion, q = 1. In this case, the quasiparticle peak is smeared, and the effect of
anisotropic destruction is weaker, but on the other hand it gives a better visualization
of the aforediscussed transitions. We provide a series of plots (figures 6–9) without any
additional comments.

Figure 7. Spectral function for the interpolating metric, θ = π/8, at k0 = 0.7 (left) and k0 = 2.2
(right), V0 = 7, q = 1.

Figure 8. 1d sections of the spectral function for stripes (left) and for the Q-lattice (right) at
k0 = 2.2, V0 = 7, q = 1.
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Figure 6. Spectral density for the Q-lattice, θ = π/4, at k0 = 0.7 and k0 = 2.2, V0 = 7, q = 1.
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