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ABSTRACT: In this paper we study a classical Bayesian statistics problem
of sequential testing the value of the drift of a two-dimensional Brownian motion.
Our goal is to determine the drift as accurate, and as fast as possible, taking into
account the minimization of a penalty due to a poor decision and to the cost of
observation per unit of time in an infinite time horizon. We reduce the initial
problem to an optimal stopping problem with the current posterior probability
processes. Subsequently we reformulate the problem in a two-dimensional free
boundary problem and we investigate the different values of the cost reduction
factor. We also show the continuity and concavity of the function in the two
dimensions by analyzing each variable separately. An approximation of the
optimal stopping boundaries and their properties are proposed along with a
numeric implementation.
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1 Introduction

Working with a sequential hypothesis testing problem of a Brownian motion
corresponds to the determination of the drift of the process. In this group of
problems the tester observes the process for a certain time until he/she can make
an accurate decision for the value of the drift. Since observing a process is costly,
one has to define a decision rule that will give him/her the minimum expected
cost. The decision rule consists of the time that the observations should stop
and the decision itself made at that point of time. Particularly, one needs to
determine the value of the drift as quickly and as accurate as possible.

There has already been published significant literature for the one dimen-
sional Brownian motion problem over the years. Shiryaev’s original set up has
been extended to include tests for the diffusion process[P. Gapeev, S. Shiryaev],
jump-intensities of Poisson process [A. Shiryaev, G. Peshir] as well as multi
source testing [S. Dayanik, S.O. Sezer]. Properties of the value function and
the stopping and continuation regions that were proved earlier contribute to the
analysis of the problem and its results.

A variation of problems can occur depending on how many values the drift
can take and whether it takes values in a continuous interval. Also a different
cost function or the probability of a faulty decision could lead to different forms
of the initial problem. In the current thesis we study how this problem from
the 1960s will alter when one extends it to higher dimensions.

In this paper we study the sequential hypothesis testing of the drift of a
multi-dimensional Brownian motion, a topic with few previous publications.
We decided to work on two stochastic processes and estimate their drifts as fast
and as accurate as possible. We are trying at the same time to minimize the
value/cost function, or in other words, to minimize the risk of wrong decisions
and the cost of observations. Starting with a classical Bayesian statistics prob-
lem with two Brownian motions, we reduce the problem to a two-dimensional
free boundary problem which we solve numerically.

More specifically, in Section 1 we present an overview of the problem in one
dimension and some important results which we need for the formulation of the
two-dimensional case. In Section 2, we introduce for the first time the problem
in two dimensions while in 2.1 we can see its full formulation. In subsection 2.3
we want to investigate the different cases of the cost reduction factor λ. Basic
properties of the function, such as concavity, are proved in Section 3 while
in Section 4 we approximate the continuation and stopping regions by proving
some properties. Lastly, the implementation of the solution of the free boundary
problem which gives us an illustration of the stopping regions for different values
of the cost reduction factor, is presented in subsection 4.2.
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1.1 An overview of the one-dimensional problem

In this section we introduce the classical Bayesian statistics problem with one
Brownian motion and we include basic definitions and properties related to its
solution. This material is classical and can be found in [1].

We assume that we observe the Brownian motion X = Xt of the form

Xt = θµt+ σWt (1)

where θµ is the drift and W = Wt is a standard Brownian motion. In our
problem, θ is a random variable that takes values 1 or 0 with probabilities
P (θ = 1) = π and P (θ = 0) = 1 − π respectively where π is a fixed number in
[0,1].

Based on observations of the process X we want to test sequentially the
hypotheses

H0 : θ = 0 and H1 : θ = 1

and find the most accurate decision with the minimal cost of observation. We
need to find a sequential decision (τ, d) where τ is the optimal stopping time of
the observations with respect to the natural filtration FX = σ(Xs : 0 ≤ s ≤ t)
generated by X for t ≥ 0 and d is the decision that we need to take at that
specific time τ . The decision d is a FXτ -measurable random variable which
takes the value 0 when hypothesis H0 is accepted and value 1 when we accept
H1.

Our main goal is to compute the value/risk (or expected loss) function V
and define the optimal decision rule where we can achieve the minimization of
the function over all stopping times. The statistical Bayesian problem is

V (π) = inf
τ,d
{aP (d = 0, θ = 1) + bP (d = 1, θ = 0) + Eπ[cτ ]} (2)

where the term aP (d = 0, θ = 1) + bP (d = 1, θ = 0) represents the cost of
making a wrong decision, for example accepting H1 when θ = 0, and Eπ[cτ ]
is the expected cost due to observations up to time τ , where c > 0 is a given
constant. The constants a and b describe the costs associated with the two
possible errors and we assume that a = b = 1 just for simplicity reasons.
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1.2 Formulation of the one dimensional problem

To aid the analysis of the statistical problem (2) we define the posterior prob-
ability process

Πt = Π(t) = Pπ(θ = 1|FXt ).

A posterior probability is the conditional probability that is assigned after based
on the information provided. At this point we will include the posterior proba-
bility in the formulation of the problem (2). Note the following simplifications

P (d = 0, θ = 1) + P (d = 1, θ = 0) = E[P (d = 0, θ = 1|FXt
τ ) + P (d = 1, θ = 0|FXt

τ )] =

= E[1{d=0}P (θ = 1|FXt
τ ) + 1{d=1}P (θ = 0|FXt

τ )] =

= E[1{d=0}Πt + 1{d=1}(1−Πt)],

where 1{} is the indicator function.
For a given optimal stopping time τ , the decision d is now clear that is

optimal when is chosen as follows:

d =

{
1, if Πτ ≥ c
0, if Πτ < c

where c = a/(a+ b) = 1/2.
Consequently we can rewrite the Bayesian problem as an optimal stopping

problem with an infinite time horizon ([1], pg 166) as

V (π) = inf
τ
Eπ[Πτ ∧ (1−Πτ )1 + cτ ] (3)

We notice that when the posterior probability process Πt takes values closer
to 1 or 0, it is less probable that the loss will decrease upon continuation. This
prompts us to assume the existence of two points A ∈ [0, c] and B ∈ [c, 1] which
are separating the [0,1]-interval into where it is optimal to continue and where
it is optimal to stop observing.

We can define the continuation set C = (A,B) which includes all the
points where the value function is less than the gain function (points in red)
and the stopping set S = [0, A] ∪ [B, 1] where the value function is equal to
the gain function (points in blue) [Figure 1].

1Πτ ∧ (1−Πτ ) = min{Πτ , 1−Πτ}
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Now we can reduce the sequential analysis problem to a free-boundary prob-
lem of function V depending on π, the current value of the stochastic process
and the unknown points that belong to the continuation set C and the stopping
set S.



1

2
π2(1− π)2Vππ + c = 0, if π ∈ (A,B). (4)

V (π) < g(π), if π ∈ (A,B). (5)

V (π) = g(π), if π ∈ [0, A] ∪ [B, 1]. (6)

V ′(A) = 1 (7)

V ′(B) = −1 (8)

where g(π) = π ∧ (1 − π) is the gain function. The gain function g(π) is the
gain obtained when the observations of the process are stopped at time t and
point π.

(a) continuation and stopping region (b) Value function V for c=0.1

Figure 1: Continuation & Stopping sets in one dimension

The solution of the free boundary problem coincides with the value function,
as proved in Theorem 1.1, while Peskir and Shiryaev in [1] show that it can be
solved explicitly. We solved the above free-boundary problem (for c = 0.1) in
Matlab and we produced the results in Figure 1. The readers can clearly see, in
this particular example, that in [0, 0.3]∪[0.7, 1] the value function (blue) and the
gain function (red) coincide (stopping set) and in (0.3, 0.7) the value function is
less than the gain function (continuation set).
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Theorem 1.1. The solution of the free boundary problem is the value function
(V= V̂ ).

Proof. We assume that V̂ is the solution to the free boundary problem.
Given that the diffusion process is ∂Πt = Πt(1 − Πt)∂Wt, by Ito’s formula

we can claim for the V̂ function that

dV̂ (Πt) =
1

2
Π2
t (1−Πt)

2V̂ππdt+ Πt(1−Πt)V̂πdW

⇒V̂ (Πt)− V̂ (π) =

∫ t

0

1

2
Π2
s(1−Πs)

2V̂ππds+

∫ t

0

Πs(1−Πs)V̂πdW

⇒V̂ (Πt) = V̂ (π)− c[s]t0 + c

∫ t

0

1{Πs 6∈(A,B)}ds+

∫ t

0

Πs(1−Πs)V̂πdW

⇒V̂ (Πt) + ct ≥ V̂ (π) +

∫ t

0

Πs(1−Πs)V̂πdW for π ∈ [0, 1]

⇒V̂ (Πt) ≥ V̂ (π)− ct+Nt (9)

where Nt =
∫ t

0
π(1− π)V̂πdW is a continuous martingale.

By (5) and (6) we have that V̂ (Πt) ≤ g(Πt) so for any π ∈ [0, 1] holds the
following:

V̂ (π)− ct+Nt ≤ V̂ (Πt) ≤ g(Πt) (10)

Taking the infimum over all stopping times τ of the expected value with
respect to π on both sides of the inequality (10) and taking into account the
optional sampling theorem which implies Eπ[Nτ ] = 0 we can prove that

V̂ (π) ≤ inf
τ
E[V̂ (Πτ ) + cτ −Nτ ]

⇒V̂ (π) ≤ inf
τ
E[V̂ (Πτ ) + cτ ] ≤ inf

τ
E[g(Πτ ) + cτ ]

⇒V̂ (π) ≤ V (π). (11)

On the other hand, for τ∗ = inf{t ≥ 0 : Πt 6∈ (A,B)} we attain the equality
of (10) at τ = τ∗

V̂ (π)− cτ∗ +Nτ∗ = V̂ (Πτ∗) = g(Πτ∗). (12)

Taking the expected value on both sides of the equality (12)

V̂ (π) ≥ inf
τ
E[g(Πτ ) + cτ −Nτ ] = V (π)

⇒V̂ (π) ≥ V (π). (13)

By (11) and (13) we have proved that V̂ (π) = V (π).
�
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2 Multi-dimensional Brownian motion

2.1 Overview of multi-dimensional problems

There are different forms of the problem (2) in higher dimensions. For example,
someone could work on one or two stopping times. In addition, there could be
different versions of the problem depending on the penalty of the wrong decision,
for example the penalty of two wrong decisions or the case of a non-linear cost.

In this paper we are going to observe two stochastic processes X1 and X2 of
the following form: {

X1(t) = θ1µ1t+ σ1W1(t)

X2(t) = θ2µ2t+ σ2W2(t)

where W1 and W2 are independent standard Brownian motions. We assume
that σ1 = σ2 = 1 and µ1 = µ2 = 1 for calculations simplicity. In our problem,
the drifts θ1 and θ2 are random variables which can take the values 1 or 0 with
the following probabilities:

P (θ1 = 1) = π1, P (θ1 = 0) = 1− π1, P (θ2 = 1) = π2, P (θ2 = 0) = 1− π2.

That leads us to four different cases

(
θ1

θ2

)
∈
{(

1
0

)
,

(
1
1

)
,

(
0
0

)
,

(
0
1

)}
but the

values of θ1 and θ2 are independent events so there is no correlation between
the probabilities. Also, π1 and π2 are fixed variables taking values in [0,1].

2.2 Formulation of the problem in two dimensions

The formulation of the two-dimensional problem will slightly differ from the
one-dimensional case but the main idea is basically the same. After observation
of the two processes we want to find the optimal stopping time for one or both
processes and make decisions about the values of θi based on the information
collected until that time.

We assume that we stop observing the process X1 at time τ1 and the process
X2 at time τ2. The time that we decide to stop the observations is the optimal
stopping time.

Since we do not know which is the stochastic process we will stop observing
first, we define the optimal stopping time of the first stopped process as τ1 ∧ τ2

2,
which means,for example if τ1 is smaller than τ2 then X1 is the process that we
will stop observing first. Similarly, τ1 ∨ τ2

3 indicates which process will stop
last, in other words the maximum value between τ1 and τ2 is the time that
belongs to the process that stops last.

2τ1 ∧ τ2 = min{τ1, τ2}
3τ1 ∨ τ2 = max{τ1, τ2}
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At time τ1 we need to make a decision d1 and at time τ2 the decision d2. The
decisions d1 and d2 are FX1

t - and FX2
t -measurable random variables respectively

and take the values {0, 1} depending on the value we want to give to the drift
variables θ1 and θ2.

We have already mentioned earlier that since we are observing two stochastic
processes in this problem we need to define two stopping times, one for each pro-
cess. Consequently the cost of observations c will eventually change depending
on how many processes we are observing at each time. At this point is essential
to introduce the cost reduction factor λ in our computations. Initially the
cost of observing two processes per unit of time will be c until we reach the
first stopping time (τ1 ∧ τ2) and then the cost will be reduced to (1 − λ)c for
observing the one process left up to the second stopping time (τ1 ∨ τ2).

The following simplifications will help us to the formulation of the value
function,

λc(τ1 ∧ τ2) + (1− λ)c(τ1 ∨ τ2) =

=λc(τ1 ∧ τ2) + (1− λ)c[(τ1 ∧ τ2) + (τ1 ∨ τ2)− (τ1 ∧ τ2)] =

=c(τ1 ∧ τ2) + (1− λ)c[(τ1 ∨ τ2)− (τ1 ∧ τ2)].

The terms c(τ1∧ τ2)+(1−λ)c(τ1∨ τ2) will affect our results for the different
values of λ. For instance, if λ = 0 then there is no cost reduction and both
processes will be stopped simultaneously because it is as costly to observe one
process as observing two. At the other extreme, if λ = 1 then there is a full cost
reduction, which corresponds to no cost of observation during [τ1 ∧ τ2, τ1 ∨ τ2].
Consequently, in this case, the second stopping time τ1 ∨ τ2 can be chosen to be
infinity.
Our problem is now mostly based on the computation of the expectation of the
minimum loss in case of wrong decisions for the values of the drifts of the two
stochastic processes.We now need to solve the following Bayesian problem and
we define the value function as:

V (π1, π2) = inf
τ1,τ2,d1,d2

E{a1P (d1 = 0, θ1 = 1) + a2P (d1 = 1, θ1 = 0) + b1P (d2 = 0, θ2 = 1)

+b2P (d2 = 1, θ2 = 0) + c(τ1 ∧ τ2) + (1− λ)c[(τ1 ∨ τ2)− (τ1 ∧ τ2)]}
(14)
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The terms a1P (d1 = 0, θ1 = 1)+a2P (d1 = 1, θ1 = 0)+b1P (d2 = 0, θ2 = 1)+
+ b2P (d2 = 1, θ2 = 0) represent the penalty for the case of a faulty decision.
Again, for simplicity in our calculations we let a1 = a2 = b1 = b2 = 1.

It would be easier for our computations to reduce the Bayes problem to an
optimal stopping time problem so we need to formulate the value function in
terms of the posterior probability.
We are defining the posterior probability for the two stochastic processes as

Π1 = Π1(t) = P (θ1 = 1|FX1
t )

Π2 = Π2(t) = P (θ2 = 1|FX2
t ),

where FX1
t and FX2

t are the natural filtrations generated by X1 and X2 respec-
tively.

Also we note that

P (d1 = 0, θ1 = 1) + P (d1 = 1, θ1 = 0) + P (d2 = 0, θ2 = 1) + P (d2 = 1, θ2 = 0)

=E[P (d1 = 0, θ1 = 1|FX1
τ1 ) + P (d1 = 1, θ1 = 0|FX1

τ1 ) + P (d2 = 1, θ2 = 0|FX2
τ2 ) + P (d2 = 0, θ2 = 1|FX2

τ2 )]

=E[1{d1=0}P (θ1 = 1|FX1
τ1 ) + 1{d1=1}P (θ1 = 0|FX1

τ1 ) + 1{d2=1}P (θ2 = 0|FX2
τ2 ) + 1{d2 = 0}P (θ2 = 1|FX2

τ2 )]

=E[1{d1=0}Π1(τ1) + 1{d1=1}(1−Π1(τ1)) + 1{d2=1}Π2(τ2) + 1{d2=0}(1−Π2(τ2))].

Definition 2.1. The decision rules at time τ1 and τ2 are

d1 =

{
1, if Π1(τ1) ≥ 1

2

0, if Π1(τ1) < 1
2

and

d2 =

{
1, if Π2(τ2) ≥ 1

2

0, if Π2(τ2) < 1
2

respectively.

A similar argument, as the one used in the one dimensional case, gives that
the prior problem can be reduced to the following optimal stopping problem:

V (π1, π2) = inf
τ1,τ2

Eτ [Π1(τ1) ∧ (1−Π1(τ1)) + Π2(τ2) ∧ (1−Π2(τ2))+

+c(τ1 ∧ τ2) + (1− λ)c{(τ1 ∨ τ2)− (τ1 ∧ τ2)}] (15)

As we can see, problem (15) is a multiple stopping problem, which can be
studied as a recursively defined sequence of single stopping problems. In this
paper, however, we focus on the extreme cases of no cost reduction (λ = 0) and
full cost reduction (λ = 1). For both these cases, the multiple stopping problem
(15) reduces to a single stopping problem. Furthermore, it should be underlined
that these extreme cases serve as upper/lower bounds for the general case.
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2.3 The reduction factor λ

The different values of the reduction factor λ will lead us to different forms of
the optimal stopping time problem as discussed above. This is something that
we would like to investigate and we have decided to work for the values 0, 1
and 1

2 . The λ factor will for sure affect the continuation and stopping regions
as well as the form of the solutions of the free boundary problem (Section 4).

1. λ = 0

For the given λ the value function (15) will change to

V (π1, π2) = inf
τ1,τ2

Eπ[Π1(τ1) ∧ (1−Π1(τ1)) + Π2(τ2) ∧ (1−Π2(τ2)) + c(τ1 ∨ τ2)]

= inf
τ
Eπ[Π1(τ) ∧ (1−Π1(τ)) + Π2(τ) ∧ (1−Π2(τ)) + cτ ]

(16)

In this case, there is no reduction after stopping one of the two processes.
We understand that observing one process is as costly as observing two
processes so there is no benefit by stopping only one of them. As a result
we take the infimum over one stopping time, the time when we are going
to stop observing both processes.

2. λ = 1

This time there is a full cost reduction and the main idea is to find the pro-
cess with the minimum error and this is why we are taking the minimum
over all terms of the posterior probabilities.

V (π1, π2) = inf
τ1,τ2

Eπ[Π1(τ1) ∧ (1−Π1(τ1)) ∧Π2(τ2) ∧ (1−Π2(τ2)) + c(τ1 ∧ τ2)]

= inf
τ
Eπ[Π1(τ) ∧ (1−Π1(τ)) ∧Π2(τ) ∧ (1−Π2(τ)) + cτ ]

(17)

We need to detect the optimal time when we are going to stop one of the
two processes, since it is costly to observe two processes at the same time.
After stop observing one of the two processes at time τ = (τ1 ∧ τ2), then
there is no cost to continue observing the other one. As a result we can
continue observing the last one up to infinity if needed.

Moreover, continuing the formulation of the problem for these two critical
cases, we define the continuation and stopping regions on the π1π2-plane and
each of the two sets contains points of the form (π1, π2) where π1 , π2 ∈ [0, 1].
When the two-dimensional process reaches a point which belongs to the stopping
set then we can stop the observation of the Brownian motions otherwise we
continue. The gain function g(π1, π2) is the gain obtained when the observations
of the two processes are stopped at time t and point (π1, π2).
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Definition 2.2. Continuation & Stopping Set
Let π1,π2 take values in the interval [0,1].
The continuation set is

C = {(π1, π2);V (π1, π2) < g(π1, π2)}

and the stopping set is

S = {(π1, π2);V (π1, π2) = g(π1, π2)}.

The next step, which will help our computations, is the reduction of the
sequential testing problem to a free boundary problem. This time we will be
asked to solve a two dimensional PDE, since the value function V depends on
π1 and π2.

The dynamics of the Π1(t) and Π2(t) processes are

∂Π1(t) = Π1(t)(1−Π1(t))∂W1

and
∂Π2(t) = Π2(t)(1−Π2(t))∂W2

while the infinitesimal generator for the two dimensional case is

L =
1

2
π2

1(1− π1)2 ∂

∂π2
1

+
1

2
π2

2(1− π2)2 ∂

∂π2
2

(18)

The formulation of the PDE after applying the infinitesimal generator on V,
is the following:


1
2π

2
1(1− π1)2Vπ1π1 + 1

2π2(t)2(1− π2(t))2Vπ2π2 + c = 0, if (π1, π2) ∈ C.
V (π) < g(π1, π2), if (π1, π2) ∈ C.
V (π) = g(π1, π2), if (π1, π2) ∈ S.

(19)
Following the same steps of the proof of Theorem 1.1 we can prove that a

sufficiently smooth solution of the free boundary problem is the value function.
However, since the value function solves a PDE instead of an ODE, we will not
be able to find it explicitly.
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2.3.1 Half cost reduction

It is of great interest to work on the case λ = 1
2 , when actually the problem (15)

can not be studied recursively as a single stopping problem. For this particular
scenario, and generally for λ-values between 0 and 1, we apply the infimum over
two different stopping times unlike what we have done in (16) and (17). The
optimal stopping problem will remain of the same form as in (15),

V (π1, π2) = inf
τ1,τ2

Eτ [Π1(τ)∧(1−Π1(τ))+Π2(τ))∧(1−Π2(τ))+
1

2
c(τ1∧τ2)+

1

2
c(τ1∨τ2)].

This time, the cost of observing two processes is c until we stop one of the
two processes at time (τ1∧ τ2) and for the remaining time {(τ1∨ τ2)− (τ1∧ τ2)},
the cost is decreased by half. Reducing to a free boundary problem we need to
solve the PDE of the form

1

2
Π1(t)2(1−Π1(t))2Vπ1π1 +

1

2
Π2(t)2(1−Π2(t))2Vπ2π2 +

1

2
c+

1

2
c

where the gain function is g(π1, π2) = π1 ∧ (1− π1) + π2 ∧ (1− π2).
We believe that we can reduce the two-dimensional free boundary problem

to two one-dimensional free boundary problems and follow what is previously
mentioned in Section 1.2-1.3. However, we leave the details of this case for
further studies.
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3 Analysis of the Value Function

In this section we want to detect and prove basic properties of the value function
V . We will work for the cases where the gain function is either
g = π1 ∧ (1 − π1) + π2 ∧ (1 − π2) or g = π1 ∧ (1 − π1) ∧ π2 ∧ (1 − π2) and the
value function V is of the same form as in (16) and (17) respectively.

3.1 Lipschitz Continuity and Concavity of the Value
Function

The first derivative of the function V is crucial to compute because this will lead
us to some basic understanding of the direction of the function. Since V (π1, π2)
is two-dimensional, we will work with the first derivative of V with respect to
each one of the variables while the other variable will be fixed.

Theorem 3.1. If the gain function π1 → g(π1, π2) is Lipschitz continuous with
coefficient 1 then the value function π1 → V (π1, π2) is Lipschitz continuous with
coefficient 1 in π1.

Proof. Let (π′1, π2) and (π1, π2) be two starting points where π2 ∈ [0, 1] and g
is the gain function. Let τ1 denote the optimal stopping time for V (π′1, π2) and
suboptimal for V (π1, π2) and τ2 denote the optimal stopping time for V (π1, π2)
and suboptimal for V (π′1, π2).

We denote as Π
π′1
1 (t) and Ππ1

1 (t) the process Π1(t) starting (t=0) at points
π′1 and π1 respectively.

For π′1 ≥ π1

V (π′1, π2)− V (π1, π2) ≥E[g(Π
π′1
1 (τ1),Π2(τ1))− g(Ππ1

1 (τ1),Π2(τ1))] ≥

≥E[−|Ππ′1
1 (τ1)−Ππ1

1 (τ1)|]⇒

⇒− |Ππ′1
1 (τ1)−Ππ1

1 (τ1)| ≤ V (π′1, π2)− V (π1, π2)⇒

⇒V (π1, π2)− V (π′1, π2) ≤ |Ππ′1
1 (τ1)−Ππ1

1 (τ1)|.

The value function is Lipschitz continuous with coefficient 1 in π1.

Similarly, for π′1 ≤ π1

V (π′1, π2)− V (π1, π2) ≤E[g(Π
π′1
1 (τ2),Π2(τ2))− g(Ππ1

1 (τ2),Π2(τ2))]

≤E[|Ππ′1
1 (τ2)−Ππ1

1 (τ2)|]⇒

⇒V (π′1, π2)− V (π1, π2) ≤ |Ππ′1
1 (τ2)−Ππ1

1 (τ2)|.

The value function is Lipschitz continuous with coefficient 1 in π1. �
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The Theorem 3.1 leads us to the conclusion that for a fixed value of π2 the
gain function is Lipschitz continuous in π1 for any point in [0,1].

Theorem 3.2. If the gain function π2 → g(π1, π2) is Lipschitz continuous with
coefficient 1 then the value function π2 → V (π1, π2) is Lipschitz continuous with
coefficient 1 in π2.

Proof. We define two starting points (π1, π
′
2) and (π1, π2) where π1 ∈ [0, 1].

Let τ3 be the optimal stopping time for V (π1, π
′
2) and suboptimal for V (π1, π2)

and τ4 be optimal for V (π1, π2) and suboptimal for V (π1, π
′
2). The proof is

symmetric to the proof of Theorem 3.1.
�

The curvature of the value function is something that we want to study
in this paper since the convexity or the concavity of the function will help us
understand and prove some other properties later on.

In previous papers, it has already been proved the concavity of the value
function for the one-dimensional problem. This property does not necessarily
extend to higher dimensions. However, we share the following result which
shows that the value function is unilaterally concave.

Theorem 3.3. The value function V is concave in π1 and π2 separately.

Proof.

V(π1, π2) = inf
τ
E[g(Π1(τ),Π2(τ)) + cτ ]

= inf
τ
E[g(Π1(τ),Π2(τ))|Π2(τ) = y]

= inf
τ

∫ 1

0
g(Π1(τ), y)fπ2

(|Π2(τ) = y)dy

= inf
τ

∫ 1

0
g(Π1(τ)), y)fπ2

(y)dy.

We need to prove that g(Π1(τ), y) is concave and since there is a fixed value
for the process Π2(t) we can reduce the problem in one dimension. In this study
we are working for an infinite period [0,∞) so we now need to discretize the
time assuming the time period up to T.

Let Tt,n be the set of stopping times in T

Tt,n = {0, T2−n, 2T2−n, 3T2−n, ..., T} for n=1, 2, 3..

and let the value function be

Vn = inf
τ∈Tt,n

E[g(Π1(τ), y)] + cτ ].

The value function is the solution of the PDE
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{
Vt + 1

2π
2
1(1− π1)2Vπ1π1 + c = 0

V (T, π1) = g(π1)
(20)

At time T, Vn(T, π1) = g(π1), so is concave in π1. For t ∈ (n − t−n, n), we
will use the Janson-Tysk theorem for preservation of concavity for a martingale
diffusion. In other words for t0 ≤ t1 ≤ t2 ≤ T we get V (t1, π1) ≤ V (t2, π1) so by
monotonicity it holds that the first derivative with respect to time is positive,
dV (t,π1)

dt ≥ 0.
Since c ≥ 0 in (20), then the PDE leads us to Vπ1π1 ≤ 0, so V is concave for

t ∈ (n− t−n, n). At time t = n− 2−n the value function is

Vn(t, π1) = min{g(π1), E[Vn(n,Πn) + c2−n])}

which is concave as the minimun of two concave functions. We can show that Vn
is concave if we continue recursively at all times t ∈ [0, n] and since Vn converges
to V as n → ∞, we prove that V is concave in π1. V is concave in π2 by a
symmetric proof. �

4 Consequences of concavity

4.1 Basic Propositions

In this section we would like to approach the shape of the stopping and con-
tinuation regions using the property of concavity that we proved previously. In
order to achieve this we will need to prove theorems about the existence of the
boundaries and basic properties of the value function as well as the regions for
the two basic cases of our problem, the full cost and the zero cost reduction.

4.1.1 No cost reduction

This particular problem, where λ = 0, needs to be studied separately from
λ = 1. Recall that in the case of no cost reduction, the gain function is of the
form g(π1, π2) = π1 ∧ (1− π1) + π2 ∧ (1− π2).

Lemma 4.1. All points (π1, π2) with either π1 = 1
2 or π2 = 1

2 belong to the
continuation region.

Proof. This follows from adapting similar results from the one dimensional
case.In the two dimensions, we know that on the π1-axis our problem is re-
duced to the one dimensional problem (π2 = 0).

By Lemma 4.4 ([2]), if V (t, 1
2 ) < h( 1

2 ) then the point (π1, π2) = (1
2 , 0) belongs

to the continuation set, for any time point t and for h denoting the gain function
of the one-dimensional problem. By Lipschitz continuity in π1, all the points of
the form (π1, π2) ∈ { 1

2} × [0, 1] belong to the continuation set.
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Similarly for the π2-axis, we will get that all the points of the form (π1, π2) ∈
[0, 1]× { 1

2} belong to the continuation set.
As a result, it is obvious that the points along the lines π1 = 1

2 and π2 = 1
2

belong to the continuation region. �

At this stage we have created four squares on the π1π2-plane4 created by the
π1- and π2-axis, which are symmetric and we can just work in one of them, since
the same will hold in the others by symmetry. Therefore we decided to work
in OABΓ, as shown in Figure 2. Following it will be proved that the stopping
regions are around the ”corners” {(0, 0), (1, 0), (1, 1), (1, 0)}.
We know that the value function is less or equal to the gain function, V (π1, π2) ≤
g(π1, π2) for all points (π1, π2). Given that the gain function has its first deriva-
tive equal to 1 with respect to π1 and π2 separately and by Theorem 3.1 and 3.2
(Lipschitz continuity), it is obvious that the value and gain function will never
coincide in the continuation region. As a result, assuming that we start from
an arbitrary point (π′1, 0) which belongs to the continuation set, we understand
that all points of the form (π′1, π2) for π2 ∈ [0, 1] belong to the continuation set.
By symmetry, the points of the form (π1, π

′
2) belong to the continuation region

as well, where π′2 is a given point that belongs to the continuation region and
π1 ∈ [0, 1]. Let us state this result in a more mathematical way in the following
proposition.

Proposition 4.1. Let π1, π2 be two fixed points such that
V (π1, 0) < g(π1, 0) = π1 ∧ (1− π1) and V (0, π2) < g(0, π2) = π2 ∧ (1− π2) hold
respectively. Then the points {π1}×[0, 1] and [0, 1]×{π2} belong the continuation
set.

Proof. Let an arbitrary point (π1, 0) belong to the continuation region.
Given that the gain function is g(π1, π2) = π1 ∧ (1 − π1) + π2 ∧ (1 − π2)

and because of Theorem 3.1 and 3.3 (Lipschitz continuity) and concavity in
π2), {π1} × [0, 1] belong to the continuation set. Similarly, we can prove that
[0, 1]× {π2} belong the continuation set. �

Next we will try to prove the existence of a boundary where the points on the
boundary and in the region it produces with the axes, belong to the continuation
set. There exist four such boundaries on the π1π2-plane, one in each of the four
symmetric squares. We will continue working on proofs in square OABΓ as
shown in Figure 2(a).

4π1π2-plain is created by the π1 and π2 axes, with π1, π2 ∈ [0, 1]. The π1π2-plain is a
square with corners (0,0),(1,1),(1,0) and (0,1).
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Proposition 4.2. There exists a monotone function b : (0, 1
2 ] −→ [0, 1

2 ) such
that

C ∩ ([0,
1

2
]× [0,

1

2
]) = {(π1, π2) ∈ [0,

1

2
]× [0,

1

2
] : b(π1) < π2}.

This function b is a curve that separates the continuation from the stopping
region.

Proof. In Proposition 4.1 the points along the lines π2 = 1
2 and π1 = 1

2 belong
to the continuation region and as a result there are produced four symmetric
squares. Working in OABΓ, the gain function in this region is
g(π1, π2) = π1 + π2.

In addition, along the x and y axis, our problem can be solved as a one-
dimensional problem. We already know that for the one-dimensional case, there
are two points on the axis which determine the continuation and stopping region.
In Figure 2(a), we assume that on the x-axis, [0,K] ∪ [L, 1] and on the y-axis
[0,M ] ∪ [N, 1] belong to the stopping region.

(a) Continuation region in OABΓ (b) Stopping points in OABΓ

Figure 2: Existence of a boundary

The gain function in OABΓ is increasing with slope one (first derivative
equal to one) in π1 and π2 direction while the value function is increasing with
slope at most one (Theorem 3.1, 3.2) in the two directions separately. In other
words, if a point (c,0) or (0,d), where 0 ≤ c ≤ 0.5 and 0 ≤ d ≤ 0.5, belongs to
the continuation region then all the points along the lines π1 = c or π2 = d will
always belong to the continuation region. As shown in the example in Figure 2,
the points with coordinates c ≤ π1 ≤ 0.5 or d ≤ π2 ≤ 0.5 belong to continuation
set as well. By Theorems 3.1 and 3.2 we also realize that if a random point
r = (x, y) belongs to the stopping region then all the points with coordinates
(π1, π2), where π1 ≤ x and π2 ≤ y, belong to the stopping region [Figure 2(b)].
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At this stage we have proved that the stopping region will be around the
corner. There exists a boundary which separates the continuation from the
stopping region, which connects the points M, K and all the in-between stopping
points. In Figure 3, the monotonicity of the boundary function is obvious.

Figure 3: Existence of a boundary

�

Remark. The boundary is continuous

We have proved the existence and the monotonicity of the boundary in
OABΓ. By symmetry, we can define a boundary in each of these four squares
which follow the same properties.

4.1.2 Full cost reduction

For this case, λ = 1, the gain function is g = π1 ∧ (1− π1) ∧ π2 ∧ (1− π2) and
before defining the existence of a boundary we want to partition the π1π2-plain
so we can work in a smaller region and then generalize our results by symmetry
for the rest of the plain.

Remark. All points (π1, π2) with either π2 = π1 or π2 = 1 − π1 belong to the
continuation region.

20



0.5

Figure 4: Partition of the π1π2-plain

Consequently, there occur four symmetric triangles and the following propo-

sitions we are proving hold for all of them. We decide to work in
4

O∆B as shown
in Figure 4.

Proposition 4.3. There exists a monotone boundary d : [0, 1] −→ [0, 1
2 ) such

that

C ∩
4

O∆B = {(π1, π2) ∈
4

O∆B : d(π1) < π2)}

Proof. Let the dashed lines π1 = 1
2 and π2 = 1

2 , as in Figure 4, help us create

eight symmetric triangles. In
4

OAB, the gain function is g = π2. Along the
x-axis the gain function is 0 thus all the points on the x-axis belong to the
stopping region.

Let the arbitrary point Z = (b, c) belong to the stopping region. We can

deduce by Theorem 3.1 and 3.2, that all points in
4

OAB with coordinates π1 ≥ b
and π2 ≤ c (points in the region surrounded by and on the red dashed line
in Figure 5(a)) belong to the stopping region. Due to the symmetry of the
triangles, the point Z ′ belong to the stopping set as well as all the points on
the segment ZZ ′ because of Lipschitz continuity. Because of concavity in π1,
all the points bellow Z ′ belong to the stopping region [Figure 5(a)].

The boundary which separates the stopping and continuation region is mono-
tone and this is a result of concavity [Figure 5(b)].
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(a) Points in the stopping region.

(b) Approximation of a boundary

Figure 5: Existence of a boundary

�
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4.2 Implementation

At this point we thought that it might be helpful to create some plots that show
the shape of the stopping and continuation regions. For this implementation it
was decided to solve numerically the partial differential equations that occur for
each λ-case by applying the Finite Differences Method in Matlab. We observe
the graphical illustrations and how they are affected by the different values of
the constant cost c.

The Finite Differences Method (FDM) is a numerical method for solving dif-
ferential equations by approximating them with difference equations, in which
finite differences approximate the derivatives. FDMs are thus discretization
methods and convert a linear (non-linear) ODE (Ordinary Differential Equa-
tions) /PDE (Partial Differential Equations) into a system of linear (non-linear)
equations, which can then be solved by matrix algebra techniques. In our case
we apply the implicit method for a two dimensional diffusion, which means that
we will apply backward differences.
To begin with, we need the discretization parameters for π1, π2 and t and then
an initial condition at time T where the value function is equal to the gain
function, V (T, π1, π2) = g(π1, π2). Then we continue backwards with time step
T −∆t and at each time point we solve the following PDE

Vt +
1

2
π2

1(1− π1)2Vπ1π1
+

1

2
π2

2(1− π2)2Vπ2π2
+ c = 0.

We need to create a three dimensional matrix to save our values for the value
function V and then we can approximate our solution. Our main interest is
to get an illustration of the continuation and stopping regions. At each point
(t, π1, π2) we compare the values V (T, π1, π2) and g(π1, π2). By definition, if
equality is attained then this point belongs to the stopping region and if not
then it belongs to the continuation region. Below we can see the plots that we
produced for the different λ values. The stopping region is black coloured and
the continuation region is white.

(a) c=0.1 (λ = 0) (b) c=0.1 (λ = 1)

Figure 6: Solution of the PDE
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For the case λ = 0, Figure 6(a), it is obvious that the points which belong
to the stopping set are concentrated around the corners. This is completely
understandable since the closer we get to the corners, where we know the value
of the two posterior probability processes, the more likely it is to stop the
observations.

In Figure 7 we can see the projection on the π1π2-plain of the points where
the solution of the free-boundary problem (16) (V (π1, π2)) coincides with the
gain function g(π1, π2) = π1 ∧ (1− π1) + π2 ∧ (1− π2) process. The symmetry
lines are π1 = 1

2 and π2 = 1
2 so in each plot we see that we can get four

completely symmetric squares and each time we can just work in one of the four
squares since in all of them hold the same identities or properties. We also notice
a reduction in the stopping sets as we reduce the value of the constant cost c.
The result we get is natural since the cτ term is getting smaller in value so there
are more points (π1, π2) which will satisfy the inequality (V (π1, π2) < g(π1, π2)).

(a) c=1 (b) c=0.1

(c) c=0.01

Figure 7: Stopping & Continuation regions for λ = 0
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On the contrary, for the case λ = 1 the results are apparently different and
this is something that we were expecting because the value function V (17) is the
minimum over all the costs of faulty decisions of the two-dimensional Brownian
motion. In Figure 8, we can see that the symmetry is attained along the lines
π1 = π2 and π2 = 1− π1 and consequently we get four symmetric triangles. In
a similar reason as previously, the decrease of the constant cost c leads to the
decrease of the stopping region.

(a) c=1 (b) c=0.1

(c) c=0.01

Figure 8: Stopping & Continuation regions for λ = 1
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5 Conclusion

In this project we studied a Bayesian statistics problem from the 1960s where we
are sequentially testing the drift of a two-dimensional Brownian motion which
can take the values 0 or 1. We wanted to define the value of the drift in the
shortest time possible so we can minimize the constant cost of observations per
unit of time and at the same time to decide accurately its value so we can
minimize the possibility and the cost of a wrong decision.

The previous studies on the one-dimensional problem, triggered our need
for further analysis in a higher dimension and we tried to apply these earlier
methods in our case. Following the ideas of the problem in one dimension,
we first reformulated the problem in an optimal stopping problem taking into
account the posterior probability with respect to the natural filtrations of the
two processes. Instead of solving a stopping time problem, we reduced it to a
two-dimensional free boundary problem. We defined the value/risk function,
which is the solution of the PDE, such that it minimizes the costs up to the
optimal stopping times.

Moreover, we defined the continuation and stopping regions and we intro-
duced the cost reduction factor which gives us important information regarding
the reduction of the cost after we stop observing one of the two processes. Also,
we discussed how the different values of the reduction factor affects the formu-
lation of the value and gain funtion.

We proved the Lipschitz continuity and concavity of the value function in the
two dimensions separately by mainly reducing the problem to a one-dimensional
problem. For different values of the cost reduction factor (full and no cost re-
duction cases), we approximated the boundaries and shapes of the continuation
and stopping regions.

The purpose of this study and its application in real life could be questioned.
Let us simply think of the stock market. Assume we are interested in two
stocks but we want to invest all our money in one of them. That requires
a very accurate decision which can be taken based on the data that we are
collecting from the performance of the two stocks over a period of time. But
since observing the performance of two stocks is costly, we need to take a decision
as fast as possible but at the same time be sure that we are minimizing the risk
of a faulty expectation. So we need to identify the appropriate time to stop
collecting data of the two stocks and be sure about the decision of the most
profitable stock.

Certainly there is room for further research in this sector. The case of the
half cost reduction would be very interesting to investigate in more depth. Our
idea was to solve this problem as a two one-dimensional problems but we decided
to leave the details for future studies. Moreover, it would be interesting to see
how the stopping and continuation sets would be affected by the appearance of
a non-constant or non-linear cost factor c and if we can prove that the value
function is concave in the two directions simultaneously. Also we are curious
for the formulation and the solution of this group of problems for even higher
dimensions.
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