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Abstract. We give a proof of a theorem of Roth concerning arithmetic progressions in subsets
of N with positive upper density. We use Furstenberg’s correspondence principle to reduce Roth’s
theorem to a statement about measure preserving systems which we resolve by using an important
subsystem called the Kronecker system. We briefly highlight the strengths of this method and how
it generalizes but also the weaknesses and limitations.
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1. Introduction and outline

The aim of this project is to show how ergodic theory can be used to prove statements in other
parts of mathematics, in this case we aim to prove a theorem of Roth:

Theorem 1.1 (Roth’s theorem on arithmetic progressions). Suppose A ⊂ N has positive upper
density:

lim sup
n→∞

|A ∩ {1, . . . , N}|
N

> 0.

Then there are integers x, a > 0 such that {x, x+ a, x+ 2a} ⊂ A.

The approach we will take can be broken down into four steps:
(1) Use the Furstenberg correspondence principle to get a result in ergodic theory which will

imply Theorem 1.1.
(2) Define a subsystem (called the Kronecker system) and use the van der Corput lemma (to-

gether with some Hilbert space theory) to show that it suffices to consider dynamics on this
subsystem.

(3) We prove the Discrete Spectrum Theorem and using this we show that the statement about
the Kronecker system is equivalent to a statement about dynamics on compact groups.

(4) Finally, we prove the theorem about compact groups.
We will begin by stating the preliminaries which will be needed, then we move on to ergodic theory
and develop some more tools. After this, we are ready to execute the above plan and in the end we
will have proven Roth’s theorem.

Most of the preliminary content can be found in [7] and [9], the "elementary" part of the ergodic
theory can be found in [1] and the theorems/ideas needed for the proof of Theorem 1.1 can be found
in [5] and [3].

Some of the material has been simplified/adapted to expedite the proof of Theorem 1.1, notably, we
introduce the concept of an "almost-conjugacy" and prove some results. The notion is not "deep"
or novel, it simply makes it easier to pass between measure preserving systems in the cases we will
consider.
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2. Preliminaries

Here we quickly recall the material we will need from measure theory, Hilbert space theory, as well as
some results for C(X) and topological groups. Most of the results will just be given with references
and without proof. The justification being that most results are relatively old/known/classical and
are used as tools in many other places. Moreover, deriving everything would take up a lot of space
and divert the focus from the key ideas in the rest of the proof.

A lot of standard results/notions from topology and real analysis will be used freely and without
reference, since most of these results can be found in any standard reference on topology and real
analysis.

2.1. Measure theory. We will assume familiarity with the basic notions of measure theory, such as
σ-algebras, measurable spaces, measures, measure spaces, measurable functions, simple functions,
integrals, Lp-spaces etc. We will not attempt to give a complete overview of the subject, just to
recall the most relevant results, all of which can be found in [7]. In this section, X will always
be some measure space with σ-algebra B and measure µ. Note however that X may have some
additional structure, for example, it will usually be a compact Hausdorff (or metric) topological
space as well.

2.1.1. Properties of integrals. The three most relevant results here are as always the limit theorems:
Fatou’s lemma, the Monotone Convergence Theorem, the Dominated Convergence Theorem and the
theorems on interchanging integrals. The first result tells us something if we only know positivity
and nothing else.

Lemma 2.1 (Fatou’s lemma). Let µ be a positive measure. Suppose {fn}∞n=1 is a sequence of
positive measurable functions. Then:∫

X
(lim inf
n→∞

fn)dµ ≤ lim inf
n→∞

∫
X
fndµ.

If we assume monotonicity we know that there exists a limiting function (in the extended value
sense). Then we even have equality:

Theorem 2.1 (Monotone Convergence Theorem). Let µ be a positive measure. Suppose {fn}∞n=1

is a sequence of positive measurable functions such that fn ≤ fn+1 µ-almost everywhere. Then:∫
X

( lim
n→∞

fn)dµ = lim
n→∞

∫
X
fndµ.

Finally, if we remove positivity but require that the functions are “well behaved”, then we also get
to interchange the limits.

Theorem 2.2 (Dominated Convergence Theorem). Let µ be a positive measure. Suppose g ≥ 0 is
an integrable function and {fn}∞n=1 is a sequence of measurable functions such that limn→∞ fn(x) =
f(x) and |fn| ≤ g µ-almost everywhere. Then:∫

X
fdµ = lim

n→∞

∫
X
fndµ.

Lastly, it will be convenient to have the following lemma:

Lemma 2.2. Suppose f, g are non-negative measurable functions on some measure space (X,B, µ).
If: ∫

E
fdµ =

∫
E
gdµ,
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for every set E ∈ B, then g = f almost everywhere. Consequently, if f ≥ 0 almost everywhere and∫
X fdµ = 0, then f = 0 almost everywhere.

Sometimes we have a pair of measure spaces (X,B, µ) and (Y, C, ν) and we have functions f :
X×Y → C. We can be interested in integrating these functions as well, over some subset of X×Y .
The manner in which this is done by defining another measure space1 (X×Y,B×C, µ×ν) by letting:

• X × Y is the usual cartesian product of sets,
• B×C is completion of the smallest monotone class that contains every set of the form E×F
where E ∈ B and F ∈ C,
• µ× ν is the unique measure on B × C which satisfies:

(µ× ν)(E × F ) = µ(E)ν(F ),

for all E ∈ B and F ∈ C.
It is not obvious that B × C is indeed a σ-algebra but it can be shown. Similarly, one has to verify
that µ× ν is also a well defined measure. Note that µ× ν becomes σ-finite if µ and ν are σ-finite.
The relevant results here are first about measurability of functions. If f : X × Y → C is a function,
we define fx : X → C by fy(x) = f(x, y) and fy : X → C analogously. Then we have:

Theorem 2.3. If f : X × Y is a B×C-measurable function, then fx is C-measurable for almost all
x and fy is B-measurable for almost all y.

With this, we can turn to integrating functions. The first relevant result is for positive functions:

Theorem 2.4 (Tonelli’s Theorem). Suppose f : X × Y → C is a positive measurable function.
Then we have:∫

X

(∫
Y
fx(y)dν(y)

)
dµ(x) =

∫
X×Y

f(x, y)d(µ× ν)(x, y) =

∫
Y

(∫
X
fy(x)dν(x)

)
dµ(y).

That is, for positive functions, the order of integration is not relevant. This is usually used to show
that the middle integral is finite, to show that we can apply:

Theorem 2.5 (Fubinis Theorem). Suppose f ∈ L1(µ × ν), then for almost every x: fx ∈ L1(ν)
and for almost every y: fy ∈ L1(µ). Moreover we have the equality:∫

X

(∫
Y
fx(y)dν(y)

)
dµ(x) =

∫
X×Y

f(x, y)d(µ× ν)(x, y) =

∫
Y

(∫
X
fy(x)dµ(x)

)
dν(y).

Note the similarity between these two and the monotone and dominated convergence theorems.

2.1.2. Lp-spaces. We will need some properties about measurable functions on measure spaces, in
particular, we will need results about Lp-spaces. For any measure space (X,B, µ) (µ a positive
measure), we define for 1 ≤ p < ∞ the space Lp(X,B, µ) as the set of measurable functions2 for
which we have: ∫

X
|f |pdµ < 0.

And if p =∞, we define L∞(X,B, µ) to be those measurable functions for which there exists some
M > 0 such that µ({x : |f(x)| > m}) = 0 (the essentially bounded functions). For 1 ≤ p ≤ ∞,
Lp(X,B, µ) are vector spaces on which we can define norms:

||f ||Lp(X,B,µ) =

(∫
X
|f |pdµ

)1/p

,

1When constructing products of measure spaces, we always assume that X and Y are σ-finite
2As always, we are actually working with equivalence classes of functions, but as is customary we will be a little

sloppy with this distinction
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if 1 ≤ p < ∞ and ||f ||L∞(X,B,µ) = inf{M : µ({x : |f(x)| > M}) = 0}. This makes Lp(X,B, µ) into
a complete metric space (using the metric d(f, g) = ||f − g||Lp(X,B,µ)).

If we assume thatX is a locally compact Hausdorff space, B is the Borel σ-algebra (or its completion)
and µ is a Radon measure (as it usually will be), then the compactly supported continuous functions
on X lie in Lp(X,B, µ) for 1 ≤ p <∞ and something stronger is true:

Theorem 2.6 (C(X) is dense in Lp(X,B, µ)). Suppose X is a compact Hausdorff space, then C(X)
is dense in Lp(X,B, µ) in the Lp-norm (when 1 ≤ p <∞).

In general this fails when p =∞. The Lp-spaces we are going to focus on are p = 1, 2,∞.

2.1.3. Measures on locally compact Hausdorff spaces. Usually, we do not have just a measure the-
oretic structure on our set X, but some topology as well. As we will see our spaces will usually
be locally compact (or even compact) and Hausdorff. In this case, there is a very special class of
measures (satisfying some regularity conditions), called Radon measures.

Definition 2.1 (Radon measures). A positive measure µ on a Hausdorff topological space is said
to be a Radon measure if every open set is measurable and µ satisfies:

• µ(K) <∞ for any compact set K.
• µ(E) = infO⊃E µ(O), where the inf is taken over all open sets containing the Borel set E
(outer regularity).
• µ(O) = supK⊂O µ(K), where the sup is taken over all compact sets contained in the open
set O (inner regularity for open sets).

When we have a compact Hausdorff space X, we can study the vector space of continuous complex
valued functions on X, denoted by C(X). A linear map L : C(X) → C is said to be positive if
L(f) ≥ 0 whenever f ≥ 0 on all of X. It is a very important result that such a map always can be
represented by a positive measure on X:

Theorem 2.7 (Representation Theorem for Positive Functionals). Suppose X is a locally compact
Hausdorff space and L : C(X)→ C is a positive linear map. Then there is a σ-algebra X containing
all Borel sets of X and a measure µL on X satisfying:

• For all f ∈ C(X), then: ∫
X
fdµL = L(f).

• µL is a Radon measure.
• If A ⊂ E ∈ X and µL(E) = 0, then A ∈ X and µL(A) = 0.

The last property means that the measure µL is complete, the most important part of the result is
the first point. This has a very surprising consequence:

Theorem 2.8. Suppose X is a compact metric space and suppose µ is a positive Borel measure on
X such that µ(X) <∞. Then µ is a Radon measure.

This is a corollary of theorem 2.18 in [7].

2.1.4. Complex measures. If we equip C(X) with the uniform norm we get a metric under which
C(X) becomes a complete metric space. The measures we are interested in are the complex measures
on X, which we denote by M(X). For every µ ∈M(X), we can define its total variation as:

||µ||(E) := sup

∞∑
n=1

|µ(En)|,
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where the sup is taken over all partitions ∪∞n=1En = E. It is a nontrivial result that ||µ|| becomes
a positive (and finite!) measure as well. Moreover, for any µ ∈ M(X) we can define a linear map
L : C(X)→ C by:

L(f) :=

∫
X
fdµ.

By the triangle inequality for complex measures, such a map is continuous as well. A complex
measure is called a complex Radon measure if ||µ|| is a Radon measure. It will be important that
every continuous linear map on C(X) is obtained in this way:

Theorem 2.9 (Representation Theorem for Continuous Functionals). If L : C(X)→ C is contin-
uous and linear, then there is some µL ∈M(X) such that:

µL(f) =

∫
X
fdµL,

for all f ∈ C(X). Moreover, ||µL|| = sup||f ||=1 |L(f)|.
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2.2. Compact operators on Hilbert spaces. We will assume basic familiarity with Hilbert
spaces and Banach spaces. Definitions of these and basic results can be found in [7]. However we
will also need some results which are not always taught the first time one sees Hilbert spaces, namely
results on compact operators. We give some definitions and results below, all of this material can
be found in [9].

In this section, we restrict ourselves to separable Hilbert spaces (which will hold for all later exam-
ples), a Hilbert space is separable iff it has a countable ON-basis. A continuous linear map A from
a Hilbert space H to itself will usually be called an operator, we now define compact elements and
compact operators:

Definition 2.2 (Compact elements/functions). An element x ∈ H is compact with respect to the
operator A : H → H if the closure of the image: An(x), n ∈ N ⊂ H is compact.

Before continuing, we remark that this definition does not occur in [7] or [9], rather it is found in
[5]. If A is invertible we require that the above holds with Z in place of N. This notion won’t be
used for now, but we state it here for convenience. If H = L2(X,B, µ) for some measure space, then
we call compact elements compact functions. Next we define:

Definition 2.3 (Compact operators). An operator A : H → H is said to be a compact operator if
for any bounded subset B ⊂ H, the closure of the image: A(B) ⊂ H is compact.

Since H is a complete metric space, compactness is equivalent to sequential compactness, hence the
we have the following condition:

Theorem 2.10. A continuous linear map A : H → H is compact iff for any sequence {xn}∞n=1

such that ||xn|| < M for some M ∈ R and all n, there is some subsequence {xnk}∞k=1 such that
{A(xnk)}∞k=1 is a Cauchy sequence.

Compact operators enjoy many nice properties and are objects for which our intuition from finite
dimensional linear algebra largely carries over since as we will see, they are a sort of limit of operators
with finite dimensional range, which we define below. Notice that any continuous operator with
finite rank is automatically compact, since it maps into a finite dimensional subspace, which is
locally compact in the subspace topology. We begin by proving some elementary results about
compact operators.

Theorem 2.11 (Properties of compact operators). Suppose A : H → H is an operator (continuous
and linear) on a separable Hilbert space.

(1) If B : H → H is compact, then so are A ◦B and B ◦A.
(2) If An : H → H are a sequence of operators such that limn→∞ ||An −A|| = 0, then A is also

compact.
(3) If A is compact, then there is a sequence of operators {Bn} such that the range of each Bn

is finite dimensional and limn→∞ ||A−Bn|| = 0.
(4) A is compact iff A∗ is compact.

We relegate the proof to the appendix.

2.2.1. The spectral theorem for compact operators. Given some operator A on H, the best possible
case would be that we had some ON-basis B = {xn}∞n=1 of H for which we had: A(xn) = λnxn. If
we have such an ON-basis of H for the operator A, we say that A is diagonalized with respect to
{xn}∞n=1 and as usual, {λn}∞n=1 is the corresponding sequence of eigenvalues. Note that this is just
another way of saying that the eigenvectors of A can be chosen to form an ON-basis. In a special
situation, we do get this diagonalization.
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Theorem 2.12 (Spectral Theorem for Compact Operators). Suppose A : H → H is a compact her-
mitian operator. Then A can be diagonalized with respect to some ON-basis {xn}∞n=1. If {λn}∞n=1 is
the corresponding sequence of eigenvalues, then all λn are real, limn→∞ λn = 0 and every eigenspace
Vλ := {x : Ax = λx} where λ 6= 0 is finite dimensional.

It is easy enough to verify the converse, namely if one chooses an ON-basis {xn}∞n=1 and a real
sequence {λn}∞n=1 tending to 0, then the unique continuous linear map satisfying A(xn) = λnxn is
a compact hermitian operator. We will prove the above in a sequence of lemmas, but the approach
will be as follows:

(1) Use hermiticity to show that the eigenvalues (if they exists) are real and that the eigenvectors
corresponding to different eigenvalues (if they exists) are orthogonal

(2) There are at most countably many eigenvalues and the space spanned by eigenvectors cor-
responding to eigenvectors ≥ ε > 0 is finite dimensional. Here compactness comes in in a
crucial way.

(3) We show that A has a non-zero eigenvector.
(4) Show that the eigenvectors of A can be chosen to form an orthonormal and nonempty set.

Show that this set must span a dense subset of H, or a contradiction, via the previous points.
Remark: Note that this implies that we may order the eigenvalues so that |λ1| ≥ |λ2| ≥ · · · > 0.

We now state some lemmas, all of which are proven in the appendix.

Lemma 2.3. Suppose A : H → H is a hermitian operator. If λ is an eigenvalue of A, then λ ∈ R
and if x1, x2 are eigenvectors of A with distinct eigenvalues, then x1 ⊥ x2.

Lemma 2.4. If A : H → H is a compact hermitian operator on a separable Hilbert space, then A
has at most a countable collection of eigenvalues {λn}∞n=1 and the space spanned by the eigenvectors
corresponding to eigenvalues with |λN | ≥ ε > 0 is finite dimensional.

Lemma 2.5. Suppose A : H → H is a compact Hermitian operator, then either ||A|| or −||A|| is
eigenvalue of A.

Using the above lemmas, we can put together a proof of the spectral theorem, it is worthwhile to
reflect on the finite dimensional case and similarities to the case of compact operators.

Proof. Let S ⊂ H be the closure of the sum of the eigen-spaces of A. By lemma 2.5, S is nonempty.
Since H is separable, S has an (at most) countable ON-basis.

If x is a linear combination of eigenvectors of A, then the same holds for Ax (we are merely
multiplying the coefficients with the eigenvalues), hence since A is continuous we have:

A(S) ⊂ S.
In the opposite direction, suppose y ∈ S⊥ or equivalently (xn, y) = 0 for every eigenvector of A.
Then we have:

(xn, Ay) = (Axn, y) = λn(xn, y) = 0.

But this means that Ay is also orthogonal to every eigenvector of A and so S⊥ is also invariant
under A:

A(S⊥) ⊂ S⊥.
But this means that H = S ⊕ S⊥ is a decomposition of H into invariant subspaces. Now suppose
for the sake of contradiction that S⊥ is nonempty. Then the operator A|S⊥ : S⊥ → S⊥ is also a
compact hermitian operator on the Hilbert space S⊥. But then again by lemma 2.5, we know that
A|S⊥ has an eigenvalue, which is a contradiction.
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Hence there is a sequence of vectors {xn}∞n=1 ⊂ H which form an ON-basis of H and which are
eigenvalues of A. By lemma 2.3, every eigenvalue λn is real and by lemma 2.4, the eigenvalues can
be ordered so that they tend to 0 and every eigen-space Vλ is finite dimensional, which we wanted
to show. �

We will need a corollary of this result, namely when another operator U commutes with A (A being
hermitian and compact).

Corollary 2.1 (Diagonalization Lemma). Suppose A : H → H is a compact Hermitian operator,
U : H → H is unitary and the two operators commute: AU = UA. Then every eigenspace Vλ of
A corresponding to a non-zero eigenvalue is invariant under U and so by the spectral theorem for
compact operators and the spectral theorem for normal operators on finite dimensional spaces, every
Vλ (λ 6= 0) has an ON-basis of eigenvectors of U .

This implies that every eigen-space of A is spanned by eigenvectors of U and moreover since the
eigenvectors of A span H, the same can be said for U .

Proof. Since A and U commute, we have AU − UA = 0. In other words, for any pair x, y ∈ H:

0 = (y, (UA−AU)x) = (y, UAx)− (y,AUx).

Now suppose x and y are eigenvectors of A with eigenvalues µ and λ respectively:

0 = µ(y, Ux)− λ(y, Ux) = (µ− λ)(y, Ux).

This shows that if µ 6= λ, then (y, Ux) = 0. Hence each eigenspace Vλ must be invariant under U .
Restricting U to each eigenspace Vλ, we note that since U∗U = UU∗ = 1, U is a normal operator
on a finite dimensional vector space. By the finite dimensional spectral theorem, every U|Vλ can be
orthogonally diagonalized. �

2.3. An important class of compact operators. We give an important example of compact
operators, the so called Hilbert-Schmidt operators.

Definition 2.4 (Hilbert-Schmidt operators). Suppose (X,B, µ) is a σ-finite measure space. If
A : L2(X,B, µ)→ L2(X,B, µ) is a continuous linear map for which there exists some KA ∈ L2(X×
X,B × V, µ× µ) such that:

A(f)(x) =

∫
X
f(y)KA(x, y)dµ(y),

for almost every x ∈ X, then we say that A is a Hilbert-Schmidt operator and KA is the kernel of
A.

Some important remarks are in order:

• Fubini’s theorem goes into defining the product space L2(X ×X,B × B, µ× µ) and makes
sure the right hand side is well defined for almost all x ∈ X.
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• We have the inequality: ||A|| ≤ ||KA||L2(X×X,B×B,µ×µ), again by Fubini’s theorem (and the
Cauchy-Schwarz inequality):

||A|| = sup
||f ||L2(X,B,µ)=1

||A(f)||

= sup
||f ||L2(X,B,µ)=1

∫
X

∣∣∣∣∫
X
f(y)KA(x, y)dµ(y)

∣∣∣∣2 dµ(x)

≤
∫
X

(∫
X
|f(y)|2dµ(y)

)(∫
X
|KA(x, y)|2dµ(y)

)
dµ(x)

=

∫
X

∫
X
|KA(x, y)|2dµ(y)dµ(x)

= ||KA||L2(X×X,B×B,µ×µ)

• If {An} is a sequence of Hilbert-Schimdt operators such that the kernels {Kn} converge to
K in L2(X ×X,B × B, µ × µ), then the sequence {An} converges in operator-norm to the
Hilbert-Schmidt operator with kernel K. This follows immediately from the previous point.
• The adjoint A∗ is also a Hilbert-Schimdt operator and the kernel is KA∗(x, y) = KA(y, x).
This also follows from a computation, consider the operator:

B(f)(x) =

∫
X
f(y)KA(y, x)dµ(y).

Then by Fubini’s theorem it is well defined and by the computation in the second point, we
see that B is a bounded (and hence automatically a HIlbert-Schmidt operator). To show
that this is the (unique) adjoint of A, we compute:

(f,B(g)) =

∫
X
f(x)B(g)(x)dµ(x)

=

∫
X
f(x)

∫
X
g(y)KA(y, x)dµ(y)dµ(x)

=

∫
X

∫
X
f(x)g(y)KA(y, x)dµ(y)dµ(x)

=

∫
X

(∫
X
f(x)KA(y, x)dµ(x)

)
g(x)dµ(y)

=

∫
X
A(f)(x)g(x)dµ(y)

= (A(f), g),

which we wanted to show.
We summarize these remarks in a lemma:

Lemma 2.6. Suppose K ∈ L2(X ×X,B×B, µ×µ). Then for every f ∈ L2(X,B, µ) we can define
the map A by :

A(f)(x) :=

∫
X
f(y)K(x, y)dµ(y),

which is defined for almost all x ∈ X and square integrable on X (that is A(f) ∈ L2(X,B, µ)). A
is a continuous linear map, a Hilbert-Schmidt operator with kernel K, ||A|| ≤ ||K||L2(X×X,B×B,µ×µ)

and moreover, the adjoint of A is the Hilbert-Schmidt operator with kernel (x, y) 7→ K(y, x).

Note that if the kernel K satifies K(x, y) = K(y, x), then A is hermitian. The importance of these
operators comes largely from the following result:
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Theorem 2.13. Suppose L2(X,B, µ) is separable, then every Hilbert-Schmidt operator on L2(X,B, µ)
is a compact operator.

Proof. We will approximate A by a sequence finite rank operator coming from the ON -basis of
L2(X,B, µ). Then using Theorem 2.11, we will conclude that A is compact. Suppose {gn}∞n=1 is a
countable ON-basis of L2(X,B, µ), then collection {gngm}∞n,m=1 is an ON-basis for L2(X ×X,B ×
B, µ× µ).

Let PN be the orthogonal projection from L2(X,B, µ) to the subspace spanned by {gn(x)}Nn=1 and let
P ∗N be the orthogonal projection from L2(X×,B, µ) to the subspace spanned by {gn(x)gm(y)}Nn,m=1.
Consider the sequence of operators:

AN (f) =

∫
X
f(y)P ∗N (K)(x, y)dµ(y),

which by lemma 2.6 is a Hilbert-Schmidt operator. Note the inequality:

(AN (f), gk) =

∫
X

(∫
X
f(y)

N∑
n=1

M∑
m=1

(K, gngm)gn(x)gm(y)dµ(y)

)
gk(x)dµ(x)

=

∫
X

∫
X
PN (f)(y)K(x, y)dµ(y)gk(x)dµ(x)

= (A(PN (f)), gk).

Since k is arbitrary, we obtain AN (f) = A(PN (f)). But this shows that AN → A in operator norm.
Moreover, since AN (f) is contained in the span of {gn}Nn=1, each AN is of finite rank, whence A is
compact. �

2.3.1. A decomposition result. A seemingly miscellaneous result that we will need is the following:

Theorem 2.14 (Decomposition Theorem). Suppose U : H → H is an isometry. Define the spaces
IU := {x : Ux = x, x ∈ H}, SU := {y − Uy, y ∈ H}. Then we have:

SU = I⊥U , H = IU + SU .

Proof. It suffices to show the left equality above. Suppose first that x ∈ IU , then for any y ∈ H:
(f, Uy − y) = (f, Uy)− (f, y) = (Uf,Uy)− (f, y) = (f, y)− (f, y) = 0,

which shows that IU ⊂ S⊥U . Since inner products are continuous and IU is closed, we get IU ⊂ S⊥U =

SU
⊥. Now suppose x ∈ S⊥U . Then for all y:

(x, y − Uy) = 0 =⇒ (x− U∗x, y) = 0,

but this means that x = U∗x, which implies:

||x− Ux||2 = (x− Ux, x− Ux) = (x, x)− (x, Ux)− (Ux, x) + (Ux,Ux)

= 2||x||2 − (U∗x, x)− (x, U∗x) = 2||x||2 − 2||x||2 = 0,

which means that Ux = x and so x ∈ IU , which we wanted to show. �
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2.4. Continuous functions on compact Hausdorff spaces. All results in this section can be
found in [7]. In addition to L2 spaces, another important class of function spaces we will encounter
is spaces of continuous functions f : X → C on a compact Hausdorff space X, we call the set of
these functions C(X). It is easy to verify that C(X) is a vector space and we can as usual define
the uniform norm:

||f ||∞ := sup
x∈X
|f(x)|,

making C(X) into a normed space. This norm defines a metric: d∞(f, g) = ||f − g||∞ under
which C(X) is complete (continuity is preserved under uniform limits). We now derive some more
properties about C(X) and its dual space, which we define to be the set of continuous linear maps
L : C(X) → C. We denote the dual by C(X)∗. We will usually use that we have some metric on
X. First an important topological result about C(X):

Theorem 2.15. If X is metrizable, then C(X) is separable (contains a countable dense subset).

The characterization of continuous linear functionals on C(X) allows us to identify C(X)∗ with the
space of complex Radon measures on X: M(X). Moreover, we can give M(X) a topology if we
demand that the sets:

U(f, µ, ε) := {λ|λ ∈M(X) :

∣∣∣∣∫
X
fdµ−

∫
X
fdλ

∣∣∣∣ < ε},

form a sub-basis of open sets. We call the resulting topology the topology of pointwise convergence
on M(X) and note that this makes M(X) into a topological space which is homeomorphic to
C(X)∗, if we equip C(X)∗ with the so called weak* topology (also sometimes called the topology
of pointwise convergence), which has a sub-basis given by sets

V (f, L, ε) := {l|λ ∈ C(X)∗ : |l(f)− L(f)| < ε}.
This is nothing deep, just two different ways to state the same thing. However, connecting the
measures M(X) to the dual space C(X)∗ in this way becomes an easier way to derive properties
about M(X). Another important fact (about compactness) is the Banach-Alaoglu theorem:

Theorem 2.16. Suppose {µn}∞n=1 ⊂ M(X) is a sequence such that ||µn|| < M for some M ∈ R,
then there is some convergent subsequence {µnk}∞k=1.



14 BENJAMIN MECO

2.5. Topological groups. We begin by stating some standard results on locally compact Hausdorff
abelian (LCA) groups (most of these results can be found in [6]). Then we will state and prove
some approximation results, the proofs of which can be found in [1].

2.5.1. Introductory notions. We begin by defining topological groups:

Definition 2.5 (Topological groups). A group G equipped with a topology τ is said to be a topological
group if:

• The map g 7→ g−1 is a homeomorphism from G to G.
• The map (a, b) 7→ ab is a continuous map from G×G to G.
• τ satisfies the T1 axiom.

G need not be abelian but in all cases we consider it will be.

Theorem 2.17 (Existence and Uniqueness of Haar Measure). Suppose G is a locally compact
Hausdorff topological group. Then there is a Radon measure m on G such that:

• m(V ) > 0 for any open set.
• m(K) <∞ for any compact set.
• For any Borel set E ⊂ G, m(gE) = m(E).

Moreover, m is unique up to a constant factor.

The last property is called left invariance and the resulting measure is called a left Haar measure.
A similar result holds if we replace left invariance with right invariance, however the resulting right
and left Haar measures are not necessarily equal up to a constant factor. Lastly, if G is abelian,
then any left Haar measure is also a right Haar measure.

From now on, we specialize to locally compact Hausdorff abelian (LCA) groups.

2.5.2. LCA groups. Let G be a LCA group, an important class of homomorphisms on compact
abelian groups are the continuous ones from G to S, these are called characters and they form a
group as well under the group law:

(γ1 + γ2)(g) = γ1(g)γ2(g).

We denote the group of characters on G by G̃ and give it the topology of pointwise convergence,
that is we define the topology in G̃ to be the smallest one that makes the sets:

W (γ, g, ε) := {γ′ : |(γ − γ′, g)| < ε},

open. This gives G̃ a very special structure:

Theorem 2.18 (The dual group is a LCA group). If G is a LCA group, then G̃ equipped with the
topology of pointwise convergence is also a LCA group.

From now on when referring to G̃, we always assume that it is equipped with the above defined
topology. Next there are some special cases in which the groups have "nice" topologies:

Theorem 2.19. If G is discrete, then G̃ is compact. If G is compact, then G̃ is discrete.

For any LCA group G, we define trigonometric polynomials as the functions in the (not closed!)
span of the characters on G.

Theorem 2.20 (Characters are dense). Suppose G is a compact LCA group, then the trigonometric
polynomials are dense in C(G) and G̃ forms an ON-basis for L2(G,G,m).
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G will always denote the Borel σ-algebra on the LCA group G. The last "standard" theorem from
topological groups that we will need is the Pontryagin duality theorem. Note that every g ∈ G

induces a character on G̃ simply by evaluating at χ ∈ γ, that is, the map:

g 7→ (χ 7→ χ(g)),

is a continuous map from G→ ˜̃
G. The content of the Pontryagin duality theorem is that this con-

stitutes all characters on G̃ and that the above map is a group isomorphism and a homeomorphism
between topological spaces.

Theorem 2.21 (Pontryagin Duality Theorem). Suppose G is a LCA group. Then the map g 7→
(χ 7→ χ(g)) is an isomorphism between G and ˜̃G as groups and it is a homeomorphism between
topological spaces as well.

2.5.3. Approximation results. We will need some results about approximations and limits in groups
later, we state them here and prove them in the appendix. Note that Haar measure on compact
groups is always normalized so that m(X) = 1.

Lemma 2.7 (Approximation lemma). Suppose G is a compact LCA group and suppose V ⊂ G is
an open set containing 0. Then there is a positive function F ∈ C(G) such that:∫

G
Fdm = 1

g /∈ V =⇒ F (g) = 0.

If we combine this with the characters being dense in a compact group, we obtain the following
result (something more general is available, but we state the form that will be necessary for us):

Lemma 2.8 (Approximation by characters). Suppose G is a LCA compact metrizable group. Then
for every positive ε < 1/2, there is a linear combination of characters Lε satisfying:

d(g, 0) ≥ ε =⇒ |L(g)| ≤ ε∫
G
Lεdm = 1∫

G
|Lε|dm ≤ 2

Lemma 2.9 (Equidistribution lemma). Suppose G is a compact LCA group such that 〈g〉 := {gn :
n ∈ Z, n ≥ 0} is dense in G. Then for any continuous function F : G→ C we have the limits:

lim
N→∞

1

2N + 1

N∑
n=−N

F (gn) = lim
N→∞

1

N

N−1∑
n=0

F (gn) =

∫
G
Fdm

The proof of the last lemma is a nice display of Fourier theory techniques. Finally, we need the
following result about shifts:

Lemma 2.10 (Continuity of shifts). Suppose G is a LCA group and f ∈ Lp(G,G,m) (1 ≤ p <∞).
Then the map g 7→ f ◦Rg is continuous in the Lp norm.
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2.6. Probability theory. For us, a probability space will always be a triple (X,B, µ) where X is
some set, B ⊂ 2X is a σ algebra and µ : B → [0, 1] is a positive measure on B for which µ(X) = 1.
We will again assume some familiarity with common notions like "null sets", "full sets" (sometimes
called "conull sets") etc. We emphasize that whenever we mention that µ is a probability measure,
then µ(X) = 1.

2.6.1. Conditional expectation. In probability theory, one would often like to model some random
phenomenon, for this we have random variables (L1-functions on some probability space) but some-
times we have some information about our random variables. Conditional expectation can be viewed
as a way to try and model this restraint due to information.

A good example to think of is the discrete case, suppose we had a discrete probability space (X,B, µ)
(X = {x1, . . . , xn}, B contains all subsets and µ is a weighted counting measure) and random vari-
ables (i.e. integrable functions) f, g : X → C. We will now define a new random variable which we
will denote by E(f |g), which is attempting to model f when g is given.

We begin by recalling the elementary notion of conditional expectation, sometimes defined as:

E(f |g = g0) =
∑

yP (f = y|g = g0),

where the sum is over the finite set of values that f can attain. Let g1, . . . , gm be the different values
that g may attain, we define the function E(f |g) : X → C by requiring:

E(f |g)(x) := E(f |g = gj),

whenever g(x) = gj . Note that this partitions X into a collection of disjoint subsets Xi := g−1(gi),
on which E(f |g) is constant. The point being that we have partitioned X with respect to the
information given (g) and on each subset, f takes a constant value, namely the expected value of f
given the information of g.

We would like to have this for more general probability spaces (X,B, µ) than just the discrete ones.
A problem which arises when we consider the general case is that the random variable f does not
necessarily partition X into a finite (or even countable) amount of sets, even though they are all
measurable. However, the preimage of every Borel set under a random variable g : X → C is at
least measurable. So if B∗ is the σ-algebra of Borel sets in C (or R), then g−1(B∗) ⊂ B, precisely
because g is measurable. Due to this, it becomes a bit more practical to think of conditioning f
with respect to some sub σ-algebra A ⊂ B, but we should think of this σ-algebra as coming from
some random variable. Thankfully, this is possible to do:

Theorem 2.22 (Conditional Expectations). Let (X,B, µ) be a probability space and suppose f is an
integrable random variable, A ⊂ B a sub σ-algebra. Then there exists a random variable (function)
E(f |A) : X → C such that:

(1) f is A-measurable,
(2) f is integrable.
(3) For every set A ∈ A, we have the identity:∫

A
E(f |A)dµ =

∫
A
fdµ.

If h is another random variable with the above properties, then E(f |A) = h almost everywhere.

The random variable E(f |A) will be called the conditional expectation of f with respect to A. In
a moment we will see that E(f |A) satisfies many nice properties. The proof in the appendix (from
[11]) is nice in the sense that it uses Hilbert space theory. We summarize the properties about
conditional expectation that we’ll need in the following:
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Theorem 2.23 (Properties of conditional expectation). Suppose (X,B, µ) is a probability space, f
is a random variable and suppose A ⊂ B is a sub σ-algebra. Then:

(1) E(·|A) : L1(X,B, µ)→ L1(X,A, µ) is a linear map with norm 1.
(2) If f ≥ 0 almost everywhere, then E(f |A) ≥ 0 almost everywhere.
(3) If A′ ⊂ A is another σ-algebra, then:

E(E(X|A)|A′) = E(X|A′)

(4) If f ∈ L1(X,A, µ), then E(f |A) = f almost everywhere.
(5) If h ∈ L∞(X,A, µ), then:

E(hf |A) = hE(f |A).

(6) If f ∈ L1(X,B, µ), then for almost all y ∈ X:

inf
x∈X

f(x) ≤ E(f |A)(y) ≤ sup
x∈X

f(x).

Again, the proof is in the appendix.

2.6.2. Disintegration of measures. This will in a certain sense allow us to decompose a "general"
measure into many "nice" measures, for which we can prove stronger theorems. We will return to
this later, the following result and proof can be found in [5].

Theorem 2.24 (Disintegration of Measures). Suppose X is a compact metric space, B is the Borel
σ-algebra and µ is a Radon probability measure. If A ⊂ B is a sub-σ-algebra, then for µ-almost every
y ∈ X there is some Radon probability measure µy on (X,B) such that for every f ∈ L1(X,B, µ):

• The map y 7→
∫
X f(x)dµy(x) is in L1(X,A, µ),

• ∫
X
f(x)dµ(x) =

∫
X

(∫
X
f(x)dµy(x)

)
dµ(y)

Proof. Since X is compact metric, we can choose some countable dense set {fn}n∈N. For each n we
can form the conditional expectation E(fn|A), defined µ-almost everywhere, since taking countable
intersections preserves sets of full measure, we can choose some set Y ⊂ X with µ-full measure on
which E(fn|A) is defined for all n ∈ N. Moreover, we may choose Y so that we have the inequalities:

inf
x∈X

f(x) ≤ E(f |A)(y) ≤ sup
x∈X

f(x),

for all y ∈ Y . For each y ∈ Y , we define Ly(fn) = E(fn|A)(y) and by the above we have the
inequality:

|Ly(fn)| = |E(fn|A)(y)| ≤ sup
x∈X
|f(x)| = ||f ||∞.

Thus each Ly can be extended to a continuous linear functional on C(X) and so for each y ∈ Y we
obtain a measure µy such that:

Ly(f) =

∫
X
f(x)dµy(x).

For f = fn, we thus have the equality E(fn|A)(y) =
∫
X fn(x)dµy(x), the map y 7→

∫
X f(x)dµy

is in L1(X,A, µ) whenever f = fn. Since taking limits preserves measurability, it follows that the
map above is measurable whenever f ∈ C(X) and the dominated convergence theorem shows that
y 7→

∫
X f(x)dµy(x) is in L1(X,A, µ), whenever f ∈ L1(X,B, µ).

To show the second point, we note that for each n ∈ N, we have the relation:∫
X
fndµ =

∫
X
E(fn|A)(y)dµ(y) =

∫
X

(∫
X
fn(x)dµy(x)

)
dµ(y).
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Since fn is dense in C(X), we get the above equality whenever fn is replaced with a general
f ∈ C(X). Taking another limit (this time using for example Lusin’s theorem or writing a general
f ∈ L1(X,B, µ) as a series where each term is in C(X)), we conclude after using the dominated
convergence theorem that the above holds whenever f ∈ L1(X,B, µ), which we wanted to show.
Letting f ≡ 1 in the above equality shows that almost all µy are probability measures as well and
so WLOG we may assume every µy is a Radon probability measure. �
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3. Ergodic theory

The objects we will be interested in studying are so called measure preserving systems, which are
quadruples X = (X,B, T, µ), where (X,B, µ) is a probability space3 and T : X → X is a map such
that the preimage of every measurable set is measurable and such that µ(T−1(E)) = µ(E), for every
E ∈ B. Such a T is said to be a measure preserving transformation of the probability space (X,B, µ).

There are many examples and it will be useful to keep these in mind. Here is a sample:
(1) (S,B, Rz, µ), where B is the Borel σ-algebra, µ is normalized Haar measure and Rz is rotation

by some z ∈ S. This can be generalized to:
(2) (G,G, Ra,m) where G is a LCA compact group, G is the Borel σ-algebra, m is normalized

Haar measure and Ra is some group rotation.
(3) We can look at more general "shifts" on topological groups, for example: (S2,B, Tz, µ) where

µ is now the normalized Haar measure when we give the group structure (x1, x2)(y1, y2) =
(x1y1, x2y2) and we define the map T by:

Tz(x, y) = (zx, xy).

(4) So called "expanding homomorphisms", take for example (S,B, Em, µ) where m > 1 is an
integer and let:

Em(z) = zm.

(5) ([0, 1],B, T,m) where B is again the Borel σ-algebra, m is the Lebesgue measure and:

T (x) = λx(1− x),

for some λ ∈ [0, 4].
Most of the above are indeed "systems on groups", the reason for this being that the algebraic
structure can help us in understanding the system. Although one should note that far more general
systems are available, like for example the system in example 5 (which turns out to be surprisingly
tricky to deal with). Our reference for most results in this section (unless otherwise stated) will be
[1].

3.1. Elementary notions. A central idea in ergodic theory is the degree to which a measure
preserving map T : X → X "stirs the system about". As it turns out, there are three different
common notions (of varying strength). Namely:

• Mixing: for any measurable A,B ⊂ X we have the limit:

lim
n→∞

µ(T−n(A) ∩B) = µ(A)µ(B),

• Weak mixing: for any measurable A,B ⊂ X we have the limit:

lim
N→∞

1

N

N−1∑
n=0

|µ(T−n(A) ∩B)− µ(A)µ(B)| = 0

• Ergodic: for any measurable A,B ⊂ X we have the limit:

lim
N→∞

1

N

N−1∑
n=0

µ(T−n(A) ∩B) = µ(A)µ(B).

3Note that for us, measure preserving systems will always satisfy µ(X) = 1, to avoid confusion we will state this
whenever it is vital.
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Clearly, mixing implies weak mixing which implies ergodicity. However there are ergodic systems
which are not weakly mixing and there are weakly mixing systems which are not mixing.

In addition to having these "stirring" properties, a system can be invertible, this means what one
would guess, namely that T has a measure preserving inverse defined almost everywhere. The
systems that we are the most interested in are going to be the invertible and ergodic ones.

3.1.1. Recurrence. Most problems in ergodic theory concern themselves with so called "recurrence",
namely how often (if at all) and how many points visit a certain set. This can be surprisingly tricky
to show and surprisingly many problems can be recast in this form, as we will see later. It should
be noted that for most recurrence results it is vital that µ(X) = 1, as the example of the map
T : R→ R given by T (x) = x+ 1 illustrates (taking the measure to be regular Lebesgue measure).
The first property about recurrence is the celebrated:

Theorem 3.1 (Poincare’s Recurrence Theorem). Suppose (X,B, T, µ) is a measure preserving sys-
tem (µ(X) = 1) and E ⊂ X is measurable. Then for almost every x ∈ E, there are infinitely many
n such that Tn(x) ∈ E.

In other words, almost all x ∈ E return to E infinitely often.

Proof. It suffices to show that almost all x ∈ E return to E at least once. Let F ⊂ E be the
set of x ∈ E such that Tn(x) /∈ E for all n. Then F is measurable and suppose for the sake of
contradiction that µ(F ) > 0. Then T−n1(F ) ∩ T−n2(F ) = ∅, since otherwise there is a subset of F
that returns to F ⊂ E. But let N > µ(F )−1, then we have:

µ

(
N⋃
k=0

T−k(F )

)
=

N∑
k=0

µ(T−k(F )) > µ(F )−1µ(F ) = 1.

But this means that some two T−n1(F ) and T−n2(F ) intersect in a set of positive measure, a
contradiction. �

In fact, the above method shows something stronger which is usually the case in ergodic theory:

Theorem 3.2. Suppose (X,B, T, µ) is a measure preserving system (µ(X) = 1) and E ⊂ X is
measurable. Then for almost all x ∈ E, the set:

Rx := {n : Tn(x) ∈ E,n ≥ 0},

is syndetic.

A subset S of N is syndetic if there is some R ∈ N such that for every Q ∈ N we have: [Q, . . . , Q+
R] ∩ S 6= ∅.

3.1.2. Unitary operators. The measure preserving map T induces a linear isometry UT : L2(X,B, µ)→
L2(X,B, µ) if we set:

UT (f) := f ◦ T.
This is clearly a linear map and since T is measure preserving, UT is an isometry as claimed. Note
that UT (1A) = 1T−1(A), which means that all information about T is stored in UT (and vice versa),
hence instead of studying how T acts on X (which is perhaps more combinatorial in nature), we
can study how UT acts on L2(X,B, µ) (which is more analytic). This will be the approach that we
will take in the sequel, however we remark that just looking at T and taking the more combinatorial
perspective gives nice results in and of itself.

Perhaps the first important result one proves about UT is the following:
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Theorem 3.3 (The Mean Ergodic Theorem). Suppose (X,B, T, µ) is a measure preserving system
(µ(X) = 1). Then for any f ∈ L2(X,B, µ), we have the limit:

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣PT (f)− 1

N

N−1∑
n=0

UnT (f)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

= 0

where PT : L2(X,B, µ) → L2(X,B, µ) is the orthogonal projection onto the subspace {f : UT (f) =
f, f ∈ L2(X,B, µ)}
Proof. Let ε > 0 be given and take (using the decomposition theorem, Theorem 2.14) some h ∈
L2(X,B, µ) such that:

||f − PT f − (h− UT (h))||L2(X,B,µ) < ε/2.

This implies:∣∣∣∣∣
∣∣∣∣∣PT (f)− 1

N

N−1∑
n=0

UnT (f)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

≤

∣∣∣∣∣
∣∣∣∣∣PT (f)− 1

N

N−1∑
n=0

UnT (f0 + h− UT (h))

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

+
ε

2

=

∣∣∣∣∣
∣∣∣∣∣ 1

N

N−1∑
n=0

UnT (h− UT (h))

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

+
ε

2

=

∣∣∣∣∣∣∣∣h− UNT (h)

N

∣∣∣∣∣∣∣∣
L2(X,B,µ)

+
ε

2

≤
2||h||L2(X,B,µ)

N
+
ε

2
.

So choose N > 4ε−1||h||L2(X,B,µ). Then we have:∣∣∣∣∣
∣∣∣∣∣PT (f)− 1

N

N−1∑
n=0

UnT (f)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

< ε.

Since ε > 0 is arbitrary, we are done. �

We remark that in the case of invertible systems, (X,B, T, µ) is ergodic iff (X,B, T−1, µ) is and using
virtually the same proof we can replace the average in the mean ergodic theorem with a symmetric
average, giving the following mean ergodic theorems:

Theorem 3.4. Suppose (X,B, T, µ) is a measure preserving system (µ(X) = 1). Then for any
f ∈ L2(X,B, µ), we have the limit:

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣PT (f)− 1

2N + 1

N∑
n=−N

UnT (f)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

= 0

where PT : L2(X,B, µ) → L2(X,B, µ) is the orthogonal projection onto the subspace {f : UT (f) =
f, f ∈ L2(X,B, µ)}.
And finally, our average does not even have to start at 0 (again almost the same proof works):

Theorem 3.5. Suppose (X,B, T, µ) is a measure preserving system (µ(X) = 1). Then for any
f ∈ L2(X,B, µ), we have the limit:

lim
N−M→∞
N>M≥0

∣∣∣∣∣
∣∣∣∣∣PT (f)− 1

N −M

N−1∑
n=M

UnT (f)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

= 0

where PT : L2(X,B, µ) → L2(X,B, µ) is the orthogonal projection onto the subspace {f : UT (f) =
f, f ∈ L2(X,B, µ)}.
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It is worth mentioning that the averages from the mean ergodic theorem converge to some T -
invariant function. As before, if the system is invertible, then we may relax the limit to just
requiring |N −M | → ∞.

The above formulation of ergodicity is not perhaps the one that usually comes to mind. Fortunately,
there are many ways to see that a system is ergodic:

Theorem 3.6 (Equivalent formulations of ergodicity). Suppose (X,B, T, µ) is a measure preserving
system (µ(X) = 1). Then the following are equivalent:

(1) The system is ergodic.
(2) If T−1(E) = E, then µ(E) = 0 or 1.
(3) If µ(T−1(E)4E) = 0, then µ(E) = 0 or 1.
(4) If UT (f) = f , then f is constant almost everywhere.
(5) 1 is a simple eigenvalue of UT .

This is by no means exhaustive, there are other formulations of ergodicity, but we stick with these
since they will be the most relevant for us. Properties (2) and (3) are perhaps the properties that
one usually associates with ergodicity, it says that there are no essentially T -invariant subsets of
X that are not "null of full". Properties (4) and (5) are usually expressed as there existing no
T -invariant functions in L2(X,B, µ).

Proof. Suppose (1) holds, then by definition:

µ(E)2 = lim
N→∞

1

N

N−1∑
n=0

µ(T−n(E) ∩ E) = µ(E),

but this implies µ(E)(1− µ(E)) = 0, hence (1) =⇒ (2).

Now suppose (2) holds and consider the set:

E′ =
∞⋂
n=0

T−n(E)

Then by definition µ(E \ E′) = 0 and E′ ⊂ E. Moreover:

T−1(E′) =
∞⋂
n=1

T−n(E) ⊃ E′.

Now consider the set E′′ =
⋃∞
n=0 T

−n(E′) (which is an increasing union). Then again by definition:

T−1(E′′) =

∞⋃
n=0

T−n−1(E′) = E′′

and µ(E′′) = µ(E′) = µ(E). Since T−1(E′′) = E′′, we get µ(E′′)(1−µ(E′′)) = µ(E)(1−µ(E)) = 0,
which we wanted to show.

Now suppose (3) holds and UT (f) = f . For now suppose f is real. Then the sets Er := {x : f(x) ≥
r} have measure 0 or 1. It follows that f(x) = inf{r : µ(Er) = 1} for almost all x, which means f is
constant almost everywhere. The case of complex f follows from applying what we’ve just shown to
the real and imaginary parts, which then have to be constant almost everywhere. Thus (3) =⇒ (4).

Now suppose (4) holds, then any eigenfunction with eigenvalue 1 is constant and hence the eigen-
space corresponding to the eigenvalue 1 consists of the constant functions, which is 1-dimensional.
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Hence (4) =⇒ (5).

Finally need to show that (5) =⇒ (1). First we note that since any constant function is an
eigenfunction with eigenvalue 1, (5) implies that any eigenfunction with eigenvalue 1 is constant. It
follows that:

PT (f) ≡
∫
X
fdµ.

Which means that PT (1A) ≡ µ(A). Now we calculate using the mean ergodic theorem:

lim
N→∞

1

N

N−1∑
n=0

µ(T−n(A) ∩B) = lim
N→∞

1

N

N−1∑
n=0

∫
X

1T−n(A)1Bdµ

= lim
N→∞

∫
X

(
1

N

N−1∑
n=0

UnT (1A)

)
1Bdµ

= lim
N→∞

∫
X
µ(A)1Bdµ

= µ(A)µ(B),

which we wanted to show. �

3.2. Subsystems and isomorphisms. As with any part of mathematics, we are interested in
"sub-objects" to the objects that we study, in the case of measure preserving systems, the sub-
objects we will look at are mostly going to come from so called invariant sub-σ-algebras C ⊂ B.

Definition 3.1 (Sub-σ-algebras). We say that a σ-algebra C ⊂ B is an invariant sub-σ-algebra if
for every C ∈ C, there is some D ∈ C such that:

µ(T−1(C)4D) = 0.

That is, up to measure zero, the sets in C stay in C. An example is C = {∅, X} or the collection
IT := {E : µ(T−1(E)4E) = 0}. This shows up in the mean ergodic theorem since one can show
that we have the limit:

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣E(f |IT )− 1

N

N−1∑
n=0

UnT (f)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

= 0.

Note that the function PT (f) is IT -measurable, for any E ∈ IT we get:∫
E
fdµ =

1

N

N−1∑
n=0

∫
E
UnT (f)dµ =

∫
E

1

N

N−1∑
n=0

UnT (f)dµ.

Letting N → ∞ we get
∫
E fdµ =

∫
E E(f |IT ) and since f is integrable, Theorem 2.22 implies

E(f |IT ) = PT (f), which we wanted to show.

For any invariant sub-σ-algebra C ⊂ B, we can form another system Y = (X, C, T, µ), which in some
sense has fewer measurable functions, which makes us focus on a particular aspect of the dynamics
involved.

Note that for any collection of functions {fα}α, we can form the smallest σ-algebra with respect
to which all fα are measurable, we call this σ-algebra σ({fα}α). An important result will be the
following:
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Theorem 3.7 (The Kronecker σ-algebra is invariant). Suppose (X,B, T, µ) is a measure preserving
system (µ(X) = 1) and let {fα}α ⊂ L2(X,B, µ) be the collection of eigenfunctions of UT . Then the
σ-algebra K := σ({fα}α) (the smallest σ-algebra making every fα measurable) is invariant and will
be called the Kronecker σ-algebra.

Proof. Consider the collection Ω of subsets of X which are of the form f−1
α (U), where U ⊂ C is

open and fα ∈ {fα}α is arbitrary. Then for every fα, there is some λα such that UT fα = λαfα.

Now suppose E ∈ Ω, then E = f−1
α (U) and we get:

T−1(E) = T−1(f−1
α (U)) = (UT (f))−1(U) = (λαfα)−1(U) = f−1

α (λ−1
α U).

But this means that Ω is invariant under T . Note that Ω is closed under complements, however it
is not closed under finite unions. Our goal will now be to construct a T -invariant algebra F0 that
contains Ω and generates the same σ-algebra as Ω, whence it will follow that K = σ(Ω) = σ(F0)
is T -invariant as well. That this makes K invariant is a consequence of the following theorem from
probability theory4:

Proposition 3.1. Suppose (X,B, µ) is a probability space and F0 is an algebra, F = σ(F0). Then
for every E ∈ σ(F0) and ε > 0, there is some F ∈ F0 such that:

µ(E4F ) < ε.

So we are done once we have constructed F0. Define Ω1 = Ω. Next define recursively:

Ωn+1 := {A ∪B : A,B ∈ Ωn} ∪ {A ∩B : A,B ∈ Ωn},

and define F0 =
⋃∞
n=1 Ωn. Note the following properties about F0.

• Since ∅, X ∈ Ω1, we get ∅, X ∈ F0.
• One can check that Ω1 is closed under complements, whence by induction, every Ωn is also
closed under complements and hence F0 is closed under complements.
• By definition: A ∈ Ωn, B ∈ Ωm =⇒ A ∪ B ∈ Ω1+max(m,n), whence it follows that F0 is
closed under finite unions and so, F0 is an algebra containing Ω.
• Similarly, Ω1 is T -invariant and again induction (and properties of measures) show that each

Ωn is T -invariant and hence F0 is T -invariant.
• Lastly suppose A is a σ-algebra that contains Ω. Then Ω1 ⊂ A. Since A is closed under
finite unions, an induction argument shows that Ωn ⊂ A for all n and hence F0 ⊂ A and so
it follows F0 ⊂ K.

Thus we have constructed the desired algebra F0 and we are done. �

3.3. The maximal and pointwise ergodic theorems. The mean ergodic theorem tells us that
the ergodic averages:

1

N

N−1∑
n=0

UnT (f),

converge in the L2 norm. A more subtle result holds true, namely that we also have pointwise
convergence almost everywhere. We will not need this result except at one point later on, however
there is a very nice proof using a covering lemma that shows up in many other places (like in the
Hardy-Littlewood maximal inequality, which we sort of mimic). The approach here can be found
in [1]. We begin with the following:

4See for example [2]
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Lemma 3.1 (Vitali covering lemma). Suppose (X, d) is a metric space and Ω = {B1, . . . , Bn} is
a finite collection of balls with centers ci and radii ri respectively. Denote by 3Bi the ball with the
same centre and radius 3ri. Then there is a subcollection Ω′ ⊂ Ω such that Ω′ consists of disjoint
balls and: ⋃

B∈Ω′

3B ⊃
⋃
B∈Ω

B.

Proof. The proof is by induction on the order of Ω. Suppose |Ω| = 0 or 1, then the result is trivial.
Now suppose |Ω| = n > 1 and let Bk ∈ Ω be the ball with the largest radius. Then consider the
collection:

Ω1 = {B : B ∈ Ω, B ∩ 3Bk = ∅}.
Then by the triangle inequality we get 3Bk ∪

⋃
B∈Ω1

B ⊃
⋃
B∈ΩB and Bk doesn’t intersect any of

the balls in Ω1. Since |Ω1| < |Ω|, we may use the induction hypothesis to extract a subcollection of
disjoint balls Ω2 ⊂ Ω1 such that: ⋃

B∈Ω2

3B ⊃
⋃
B∈Ω1

B.

Set Ω′ = Ω2 ∪ {Bk}, then by construction, Ω′ is the desired subcollection. �

This implies a maximal inequality in Nn, Zn, Rn, etc. We will only need the maximal inequality in
Z. The key observation is that Z is a metric space if we say that d(m,n) = |m− n|. Note that the
open balls become:

Bn(r) = {n− r + 1, . . . , n+ r − 1},
where n, r ∈ Z and r ≥ 0. The following maximal inequality now holds:

Lemma 3.2 (Hardy-Littlewood maximal inequality for Z). Suppose f ∈ L1(Z, 2Z,m) (m is the
counting measure on Z) . Define the maximal function:

Mf(n) := sup
r∈N

1

r

n+r−1∑
m=n

|f(m)|.

Then we have the inequality:

|{n : Mf(n) > α}| ≤ 3

α
||f ||L1(Z,2Z,m)

Proof. Let K = {n : Mf(n) > α}. For each k ∈ K there is some radius rk ∈ N such that:

1

rk

n+rk−1∑
m=n

|f(m)| > α.

Define the intervals Ik = (k, k + rk − 1) ∩ Z, of which finitely many then cover K. By the Vitali
covering lemma, we can extract a subcollection {Ikv}Vv=1 such that {3IkV } covers K and all the Ikv
are disjoint. Thus we have:

|K| ≤
V∑
v=1

|3Ikv | ≤ 3
V∑
v=1

|Ikv |

≤ 3

α

V∑
v=1

∑
|m−kv |<rkv

|f(m)| ≤ 3

α

∑
m∈Z
|f(m)| = 3

α
||f ||L1(Z,2Z,m)

�

Notice that we used the disjointness of the intervalls in the second to last line. We are now ready
to prove the maximal ergodic theorem.



26 BENJAMIN MECO

Theorem 3.8 (Maximal Ergodic Theorem). Suppose (X,B, T, µ) is a measure preserving system
(µ(X) = 1) and f ∈ L1(X,B, µ). Define the maximal function of f as:

Mf(x) = sup
N∈N

1

N

N−1∑
n=0

|f(Tn(x))|.

Then we have the inequality:

µ({x : Mf(x) > α}) ≤ 3

α
||f ||L1(X,B,µ).

Proof. WLOG, we assume that f is real valued, since otherwise we may apply the result to the real
and imaginary parts separately and get the general case. The idea is to apply the Hardy-Littlewood
maximal inequality to an appropriate function. For now fix some large parameter M and define:

f∗M (x) := sup
1≤n≤M

1

n

n−1∑
i=0

f(T i(x))

Eα,M := {x : f∗M (x) > α}

φ(j, x) :=

{
f(T j(x)), j ∈ {0, . . . , J}
0, j /∈ {0, . . . , J}

.

Then by definition we have φ(j +m) = f(T j+m(x)), whenever 0 ≤ j ≤ J −M and 0 ≤ m ≤M , so
that upon defining:

φ∗M (j, x) = sup
1≤n≤M

1

n

n−1∑
i=0

φ(j, x),

we have the equality φ∗M (j, x) = f∗M (T j(x)), whenever 0 ≤ j ≤ J −M . Apply lemma 3.2 to the
function φ(j, x), getting for every x ∈ X:

|{j : φ∗M (j, x) > α}| ≤ 3

α

J∑
j=0

|f(T j(x))|.

We may restrict the set on the left hand side to only contain those j for which we have φ∗M (j, x) =
f∗M (T j(x)), thus getting:

|{j : 0 ≤ j ≤ J −M,f∗M (T j(x)) > α}| ≤ 3

α

J∑
j=0

f(T j(x)).

However the left hand side can be written as the sum
∑J−M

j=0 1Eα,M (T j(x)). So upon integrating
over X and using T -invariance, we get:

(J −M)µ(Eα,M ) ≤ 3J

α
||f ||L1(X,B,µ).

Now let J →∞ to get:

µ({x : f∗M (x) > α}) ≤ 3

α
||f ||L1(X,B,µ).

Letting M →∞ we get the desired maximal inequality. �

The above inequality is the key to obtaining the pointwise ergodic theorem:

Theorem 3.9 (Pointwise Ergodic Theorem). Suppose X = (X,B, T, µ) is a measure preserving
system (µ(X) = 1) and f ∈ L1(X,B, µ). Then for almost all x:

lim
N→∞

1

N

N−1∑
n=0

f(Tn(x)) = E(f |I),
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where I is the σ-algebra of invariant sets.

Proof. We begin by considering the case when f = f0 ∈ L∞(X,B, µ) and then we will pass
to L1(X,B, µ) using a limit. To simplify notation, we define the "averaging operators" AN :
Lp(X,B, µ)→ Lp(X,B, µ) (1 ≤ p ≤ ∞) by

AN (f) =
1

N

N−1∑
n=0

UnT (f).

For now let f0 be essentially bounded and let:

F0 = lim
N→∞

AN (f0).

The pointwise ergodic theorem will follow if we can show that the sets:

µ({x : lim sup
N→∞

|F0 −AN (f0)| > ε}),

are small. However we get the following inequality, valid for any integer M > 0:

µ({x : lim sup
N→∞

|F0 −AN (f0)| > ε}) = µ({x : lim sup
N→∞

|AN (F0 −AM (f0))| > ε})

≤ µ({x : sup
N≥1
|AN (F0 −AM (f0))| > ε})

≤ µ({x : M(F0 −AM (f)) > ε}),

the first equality following from the observation (the equality holding pointwise almost everywhere,
note that we crucially use that f0 is essentially bounded here):

AN (AM (f0)) =
1

NM

N−1∑
n=0

M−1∑
m=0

Un+m
T (f) = AN (f0) +Of0,M (N−1)

Now choose some large M so that we have the inequality:

||F0 −AM (f0)|| ≤ ε2

Apply the maximal ergodic theorem to the function g(x) := F0 −AM (f0), we get the inequality:

µ({x : M(F0 −AM (f)) > ε}) ≤ 3ε2

ε
= 3ε.

Letting ε→ 0, we conclude that we must have the desired pointwise convergence almost everywhere.
Now we must pass to a general f1 ∈ L1(X,B, µ). For this choose some f0 ∈ L∞(X,B, µ) such that
we have the bound:

||f0 − f1||L1(X,B,µ) ≤ ε2,

and let Fi = limN→∞AN (fi) (i = 0, 1). Then we have the bound:

µ({x : lim sup
N→∞

|F1 −AN (f1)| > ε})

=µ({x : |F1 − F0|+ lim sup
N→∞

|F0 −AN (f0)|+ |f1 − f0| > ε})

≤µ({x : |F1 − F0| > ε}) + µ({x : |f1 − f0| > ε}) + µ({x : lim sup
N→∞

|F0 −AN (f0)| > ε})

≤ε+ ε+ 3ε = 5ε.

Letting ε→ 0, we get the desired limit. �

As a first application of the pointwise ergodic theorem, we will get a criterion for ergodicity in the
case of rotations on compact groups.
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Theorem 3.10. Suppose G = (G,G, Ra,m) is a measure preserving system where G is a compact
group, G is the Borel σ-algebra, Ra is a rotation by the element a ∈ G and m is normalized Haar
measure. Then G is an ergodic system iff the positive orbit {an, n ≥ 0} is dense in G.

Proof. Suppose the orbit is dense, then by the equidistribution theorem we have the equality:

lim
N→∞

N−1∑
n=0

(F ◦Rna)(g) =

∫
G
Fdm,

for all g ∈ G and all continuous F : G→ C. Suppose for the sake of contradiction that f is a non-
constant invariant function. Then since C(G) is dense in L2(G.G,m), the pointwise ergodic theorem
says that there must exist some F ∈ C(G) for which the averages limN→∞

∑N−1
n=0 (F ◦Rna)(g) do not

converge to some constant almost everywhere, which we wanted to show. But this is a contradiction
and so Ra has no non-constant invariant functions and so G is ergodic.

Now suppose that the orbit is not dense and we will produce an invariant non-zero function. Assume
for now that the full orbit {an, n ∈ Z} is not dense. In this case the closure H = {an, n ∈ Z} is a
compact proper subgroup and so the quotient G/H is non-trivial, let π : G → G/H be the map
that maps every element to its coset (which is continuous since we give G/H the quotient topology).
Since G/H is non-trivial, there is some non-constant and continuous function f : G/H → C and
so the function F := f ◦ π : G → C is non-constant, continuous and invariant under Ra, which we
wanted to show.

We are done once we show that the full orbit is not dense. To this end, suppose for the sake of
contradiction that the full orbit {an, n ∈ Z} is dense but the forward orbit {an, n ≥ 0} is not. Then
there exists some point x0 ∈ G such that there is a sequence {ni}∞i=0 tending to −∞ for which
{ani}∞i=1 converges to x0 and an open set U 3 0 so that an ∈ x0 · U =⇒ n < 0.

Now choose an open set V 3 0 such that V 2 · V −1 ⊂ U , which is possible since group operations
are continuous. Next choose i, j so that ni < 2nj satisfy ani , anj ∈ x0 · V . But then:

a2ni(anj )−1 = a2ni−nj ∈ x0 · (V 2 · V −1) ⊂ x0 · U.

But by assumption, 2ni − nj > 0 and we have a contradiction. �

At several points we will refer to this just by saying that an orbit is equidistributed since the
associated rotation is ergodic (or vice versa).

3.4. Ergodic decomposition. Suppose X = (X,B, T, µ) is a measure preserving system in which
X is a compact metric space, B is the Borel σ-algebra, T is continuous and µ is a Radon probability
measure. In this scenario disintegration of measures allows us to write µ as a "convex combination"
of other measures. If the sub-σ-algebra A ⊂ B is chosen wisely, then these measures µy might have
some nice properties. As we will now see, if we choose A = IT = {E : µ(E4T−1(E)) = 0}, then (as
previously mentioned) one quickly verifies that it is indeed a T -invariant σ-algebra and moreover,
the resulting measures µy are ergodic.

Theorem 3.11 (Ergodic Decomposition). Suppose X = (X,B, T, µ) is a measure preserving system
(µ(X) = 1) in which X is a compact metric space, B is the Borel σ-algebra, T is continuous and µ
is a Radon probability measure. Then there is a set Y ⊂ X of µ-full measure and for each y ∈ Y
there is a Radon probability measure µy : B → [0, 1] making (X,B, T, µy) into an ergodic system.
Moreover for every f ∈ L1(X,B, µ):

• The map y 7→
∫
X f(x)dµy(x) is in L1(X,B, µ) and:
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• ∫
X
fdµ =

∫
X

(∫
X
f(x)dµy(x)

)
dµ(y).

Proof. As discussed, the σ-algebra I ⊂ B of "T-invariant sets" will be the σ-algebra that we will
use. Applying Theorem 2.24 we immediately get a set Y of µ-full measure, the Radon probability
measures µy and the equalities that they satisfy. We only need to show that they are T -invariant
and ergodic.

To show T -invariance, it is enough to show that we get the equality:∫
X
UT (f)dµy =

∫
X
fdµy,

for every f in a dense set D ⊂ C(X). Fix a countable dense set D ⊂ C(X), then for every f ∈ D,
there is some set Yf ⊂ X with µ-full measure such that

∫
X UT (f)− fdµy = E(UT (f)− f |I)(y), for

every y ∈ Yf . But then for every y ∈ Yf and I ∈ I:∫
I
UT (f)− fdµ =

∫
X
UT (1If)− 1Ifdµ =

∫
X

1Ifdµ−
∫
X

1Ifdµ = 0,

which implies that E(UT (f)− f |I) = 0 (using lemma 2.2), and so for every y ∈ Y ′ where:

Y ′ := Y ∩
⋂
f∈D

Yf ,

we have
∫
X fdµy =

∫
X UT (f)dµy, whence we have the desired equality when we replace Y with Y ′

(which still has µ-full measure), and so each µy is T -invariant.

We will do a similar trick of passing to a set of µ-full measure again to show ergodicity. Use a
countable dense set D ⊂ C(X) again and note that for ergodicity we need to show the limit:

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣
∫
X
fdµy −

1

N

N−1∑
n=0

UnT (f)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µy)

= 0,

for every f ∈ D and every y ∈ Yf where Yf has µ-full measure. By the pointwise ergodic theorem,
we have a set Yf of µ-full measure on which:

lim
N→∞

1

N

N−1∑
n=0

UnT (f)(y) = E(f |I)(y) =

∫
X
fdµy,

for all y ∈ Yf . Since µ(X \ Yf ) = 0, we also have µy(X \ Yf ) = 0 for almost all y ∈ Yf and so by
the dominated convergence theorem, the convergence is in L2(X,B, µy) as well, which we wanted
to show. �

3.5. Different types of isomorphisms. As it turns out, given a system X, it can be quite hard
to tell when some other system Y is "isomorphic" to it, given some notion of isomorphism. Many
times the difficulty comes from creating maps between measure spaces, in particular since sets of
measure zero can make things messy. So we might be looking for a "weaker" sense in which our
systems are "isomorphic". One way is to look at the L2 spaces and the isometries UT and US , to
this end, one might (for now informally) say that X and Y are spectrally isomorphic if there is a
unitary linear map: U : L2(X,B, µ)→ L2(Y, C, ν) such that U ◦ UT = US ◦ U .

This is much easier to show for systems, but it is too weak for what we want. However it is worthwhile
to see what we have done by passing to the spectral viewpoint, namely that we are ignoring sets
of measure zero, but the problem is that we are allowing "too many" unitary transformations. As
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it turns out, the important things when passing between systems X and Y is that L∞ gets carried
to L∞ and positivity of functions is preserved. Keeping this in mind will let us get a very useful
notion of "isomorphism" between dynamical systems.

3.5.1. The (for us) suitable notion of isomorphism. Summarizing the above discussion, in the sequel
we are going to want to pass between different L2-spaces (via unitary maps), however it will be
important for us that three properties are preserved, namely:

• Indicator functions get mapped to indicator functions.
• Positive functions get mapped to positive functions.
• L∞ functions get mapped to L∞ functions.

For this we make the following definition:

Definition 3.2 (Multiplicative unitary maps). We say that a unitary map U : L2(X,B, µ) →
L2(Y, C, ν) is multiplicative if f, g ∈ L∞(X,B, µ) implies:

U(fg) = U(f)U(g).

One of the main results about these kinds of maps is the following:

Lemma 3.3 (Multiplication lemma). Suppose U : L2(X,B, µ) → L2(Y, C, ν) is a multiplicative
unitary map. Then U sends indicator functions to indicator functions, positive functions to positive
functions and essentially bounded functions to essentially bounded functions. .

Proof. Note that an essentially bounded function f is an indicator function iff it satisfies f2 = f .
In which case:

U(f)2 = U(f2) = U(f),

whence U(f) is an indicator function if f is.

For positivity, we note that any f ≥ 0 can be written as an increasing limit of positive simple
functions, which by the above and linearity gets mapped by U to an increasing limit of positive
simple functions. The monotone convergence theorem and unitarity now show that any positive
function thus must get mapped to a positive function as well.

For essentially bounded functions f , we WLOG assume that f is positive and write it as a series:

f =

∞∑
n=1

cn1En ,

where cn ≥ 0 for all n and
∑∞

n=1 cn <∞. But then by linearity and continuity:

U(f) =
∞∑
n=1

cnU(1En).

And since each U(1En) is an indicator function, we know that ||U(f)||L∞(Y,C,ν) ≤
∑∞

n=1 cn < ∞,
which we wanted to show. �

We now define the following notion of isomorphism:

Definition 3.3 (Almost-conjugacy). Suppose X = (X,B, T, µ) and Y = (Y, C, S, ν) are measure
preserving systems. Then we say that X and Y are almost-conjugate if there is a multiplicative and
unitary map U : L2(X,B, µ)→ L2(Y, C, ν) for which:

U ◦ UT = US ◦ U.

If U is as above, we say it is an almost conjugacy between X and Y.
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An immediate consequence of the above definition is that if X and Y are almost-conjugate, then X
is ergodic(invertible) iff Y is ergodic(invertible). We would like to have some criterion for when two
systems are almost-conjugate, fortunately this does exist, which we are about to see.

A comment is in order, in [3] and [10] the authors make use of so called measure algebras (which
in essence amounts to creating an equivalence relation on measurable sets by quotienting out by
the null sets) and prove an analogous multiplication lemma. In [3] and [10] one then gets a notion
of equivalence between measure preserving systems by saying that the associated measure algebras
are "isomorphic". This is not without independent interest, since it is a first step to (in some cases)
produce even stronger notions of isomorphism. We will not need all of this machinery, only the
multiplicative map that is produced in the end. So we have circumvented the technical details
inherent in measure algebras by just looking at almost-conjugacy instead. The results which we will
prove around almost-conjugacy have an analogue with measure-algebras, but we will not discuss
those any further.

3.6. Systems with discrete spectrum. We say that a measure preserving system
(X,B, T, µ) has discrete spectrum if the (normalized) eigenfunctions of UT form a complete ON-
base in L2(X,B, µ). The goal of this section is to prove an important classification result for
these systems. In this section we largely follow [3] and [10] (again, translating measure algebras to
almost-conjugacy).

Lemma 3.4 (Eigenvalue Lemma). Suppose X = (X,B, T, µ) is an ergodic measure preserving system
(µ(X) = 1). Then the eigenvalues of UT are a subgroup of S1 and moreover, every eigenvalue of
UT is simple.

Proof. Suppose UT (f1) = λ1f1 and UT (f2) = λ1f2 (fi are not identically zero eigenfunctions). Since
UT is an isometry:

||fi||2 = (fi, fi) = (UT fi, UT fi) = λiλi||fi||2.
Since ||fi|| 6= 0, we conclude that |λi| = 1, hence every eigenvalue is indeed in S. Moreover:

UT (|fi|) = |λifi| = |fi|,

whence |fi| is an invariant function and so by ergodicity it must equal a non-zero constant almost
everywhere. Since this holds for both i = 1 and i = 2, the function f1/f2 is well defined almost
everywhere and we have the equality:

UT (f1/f2) =
λ1

λ2
f1/f2.

If λ1 = λ2, then again by ergodicity, f1 = cf2 for some c ∈ C, which shows that every eigenvalue is
indeed simple. Since constant functions are integrable, 1 is an eigenvalue (we have an identity) and
by the above computation the set of eigenvalues are closed under multiplication and inverses. Thus
the set of eigenvalues of UT are simple and form a subgroup of S1. �

Theorem 3.12 (Discrete Spectrum Theorem). Suppose X = (X,B, T, µ) Y = (Y, C, S, ν) are two
ergodic measure preserving systems (again, µ(X) = ν(Y ) = 1) with discrete spectrum such that UT
and US have the same eigenvalues. Then there is a multiplicative unitary map W : L2(X,B, T, µ)→
L2(Y, C, S, ν). for which:

W ◦ UT = US ◦W,
in other words, X and Y are almost-conjugate.

Proof. Suppose Λ is the common set of eigenvalues of UT and US . By the eigenvalue lemma (Lemma
3.4), the functions {fλ}λ∈Λ satisfy UT (fλ) = λfλ and are an ON-basis for L2(X,B, µ). If the
eigenfunctions of US are {gλ}λ∈Λ, the analogous equality holds. Again by the eigenvalue lemma,
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we may assume that every fλ and gλ satisfies |fλ| = 1 and |gλ| = 1 everywhere. Applying the
eigenvalue lemma again, assume that a, b ∈ Λ, then we have the equality:

fafb = r(a, b)fab,

for some r(a, b) ∈ S. We now show that r(a, b) can be taken to be equal to 1 for all a, b ∈ Λ. For
this we need the following group theoretic result (the proof is given in the appendix):

Lemma 3.5. Suppose G is an abelian group and H 6 G is a divisible5 subgroup, then there is a
homomorphism from G to H which equals the identity on H.

In this case we say that G is a retract of H. Assuming this for now, we can identify S with the
constant functions F : X → S. Thus we know that there is some homomorphism φ from the
functions F : X → S to S which carries every constant function onto its only value. Applying this
homomorphism to fafb = r(a, b)fab, we get:

φ(fa)φ(fb) = r(a, b)φ(fab).

Now consider the map λ 7→ f̃λ = φ(fλ)fλ, then this map is a homomorphism:

f̃af̃a = φ(fa)faφ(fb)fb =
r(a, b)φ(fab)

φ(fa)φ(fb)
φ(fab)fab = f̃ab.

In other words, if we use the ON-basis {f̃λ}λ∈Λ instead of {fλ}λ∈Λ, then we get the equality:

f̃ab = f̃af̃b.

So we may WLOG assume we had the corresponding equality for the {fλ}λ∈Λ to begin with. We
may do the same thing for the basis {gλ}λ∈Λ and so we have: fafb = fab and gagb = gab.

Now define the map W : L2(X,B, µ)→ L2(Y, C, ν) by requiring that:

W (fλ) = gλ,

then W is unitary, moreover, it is multiplicative on essentially bounded functions. The equality
W (fh) −W (f)W (h) = 0 holds whenever f, h are basis elements. Since the expression is bilinear
in f and g, it holds when f and h are replaced by linear combinations of basis elements. Next let
f ∈ L∞(X,B, µ) and let f̃ be a finite linear combination of the basis elements {fλ}λ∈Λ such that
||f − f̃ ||L2(X,B,µ) < ε. Then for any linear combination h̃ of the {fλ}λ∈Λ, we have the bound:

||W (fh̃)−W (f)W (h̃)||L1(Y,C,ν) ≤ ||W (fh̃)−W (f̃ h̃)||L1(Y,C,ν) + ||W (f̃ h̃)−W (f)W (h̃)||L1(Y,C,ν)

= ||W (fh̃− f̃ h̃)||L1(Y,C,ν) + ||(W (f̃)−W (f))W (h̃)||L1(Y,C,ν)

≤ ||W (fh̃− f̃ h̃)||L2(Y,C,ν) + ||W (f̃)−W (f)||L2(Y,C,ν)||W (h̃)||L2(Y,C,ν)

= ||fh̃− f̃ h̃||L2(X,V,µ) + ||f̃ − f ||L2(X,B,µ)||h̃||L2(X,B,µ)

≤ (||h̃||L∞(X,B,µ) + ||h̃||L2(X,B,µ))||f − f̃ ||L2(X,V,µ)

≤ (||h̃||L∞(X,B,µ) + ||h̃||L2(X,B,µ))ε.

Since h̃ is fixed and ε is arbitrary, we conclude that ||W (fh̃) −W (f)W (h̃)||L1(Y,C,ν) = 0 and so
we must have the equality: W (fh̃) − W (f)W (h̃) = 0 almost everywhere. Now suppose f, h ∈

5A group is divisible if every element has a root of every order
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L∞(X,B, µ) and h̃ is a finite linear combination of the basis elements {gλ}λ∈Λ such that ||h −
h̃||L2(X,B,µ) < ε. Then using a similar manipulation to the above:

||W (fh)−W (f)W (h)||L1(Y,C,ν) ≤ ||W (fh)−W (fh̃)||L1(Y,C,ν) + ||W (fh̃)−W (f)W (h)||L1(Y,C,ν)

= ||W (fh− fh̃)||L1(Y,C,ν) + ||(W (h̃)−W (h))W (f)||L1(Y,C,ν)

≤ ||W (fh− fh̃)||L2(Y,C,ν) + ||W (h̃)−W (h)||L2(Y,C,ν)||W (f)||L2(Y,C,ν)

= ||fh− fh̃||L2(X,B,µ) + ||h̃− h||L2(X,B,µ)||f ||L2(X,B,µ)

≤ (||f ||L∞(X,B,µ) + ||f ||L2(X,B,µ))||h̃− h||L2(X,B,µ)

≤ (||f ||L∞(X,B,µ) + ||f ||L2(X,B,µ))ε.

But this shows that whenever f, h ∈ L∞(X,B, µ), we have the equalityW (fh) = W (f)W (h), hence
W is indeed unitary and multiplicative. Moreover:

WUTW
−1gλ = WUT fλ = W (λfλ) = λgλ = USgλ,

whence WUTW
−1 = US as well and we conclude that X and Y are almost-conjugate. �
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4. Furstenberg’s correspondence principle

At this point, Theorem 1.1 might seem very distant, there is no mentioning of measure preserving
systems in the hypotheses or the conclusion. The Furstenberg correspondence principle will provide
a statement which if proven will imply Theorem 1.1.

4.1. Szemerédi’s Theorem. There is a more general version of Theorem 1.1, namely:

Theorem 4.1 (Szemerédi’s Theorem). Suppose k > 0 is some integer and A ⊂ N has positive upper
density:

lim sup
n→∞

|A ∩ {1, . . . , N}|
N

> 0.

Then there are some x, a > 0 such that x+ma ∈ A whenever m = 0, . . . , k − 1.

Note that k = 1, 2 are trivial and we are interested in the first non-trivial case, namely k = 3. The
above theorem is true but we will not provide a proof. Szemerédi’s theorem can be realized as a
statement about measure preserving transformations in the following way:

• Consider the set A as a subset of Z instead of N and note that since A has positive upper
density, we have the inequality:

lim sup
N→∞

|A ∩ {−N, . . . , N}|
2N + 1

= δ > 0.

• Define Y := {0, 1}Z and give Y the product topology so that Y is a compact metric space.
We can define a shift S : Y → Y by setting:

S((yn)n∈Z) = (yn+1)n∈Z.

Then S : Y → Y is a homeomorphism on a compact metric space (in fact, it is an invertible
isometry).
• Define the sequence sA := (1A(n))n∈Z, where:

1A(n) :=

{
1, n ∈ A
0, n /∈ A

.

Define X := {Sn(sA) : n ∈ Z} ⊂ Y and give it the subspace topology, then X is also a
compact metric space. Since S is a homeomorphism, the map T := S|X : X → X is a
homeomorphism of a compact metric space (again, T becomes an invertible isometry).
• Now make the following observation: A has a k-term arithmetic progression iff there is some
positive integer a such that sA, T a(sA), . . . , T a(k−1)(sA) are contained in some cylinder set
Ux := {(yn)n∈Z : yx = 1, (yn)n∈Z ∈ X} (which by definition is open). But this is in turn
equivalent to the statement that for every open set Ux ⊂ X (of the above form), there is
some positive integer a such that:

Ux ∩ T−a(Ux) ∩ · · · ∩ T−a(k−1)(Ux) 6= ∅.

Note that we have used that {Tn(sA) : n ∈ Z} is dense in X. Since the sets Ux form a
sub-basis for the topology on X, we conclude: A has a k-term arithmetic progression if for
every open set V ⊂ X, there is some positive integer a such that:

V ∩ T−a(V ) ∩ · · · ∩ T−a(k−1)(V ) 6= ∅.

Note that at this point we have dropped equivalence in favor of convenience. Replacing Ux
with V is convenient but we might be wasting too much here.
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• Consider the sequence of measures {µN}∞N=1 on X defined by:

µN :=
1

N

N∑
n=−N

δn
2

+
δ∗n
2
,

where δn is the measure that assigns 1 to every set that has non-empty intersection with
En := {s ∈ X : sn = 1} and δ∗n assigns 1 to every set that has non-empty intersection with
E∗n := {s ∈ X : sn = 0}. Since A has positive upper density, there is some subsequence
{µNk} such that:

µNk(Ux) > δ/4,

for every non-empty open cylinder set Ux ⊂ X of the above form. Passing to a subsequence
again we can require that the sequence {µNkl} converges to some non-zero measure µ in the
topology of pointwise convergence. µ is a Radon measure due to Theorem 2.8 and it is a
probability measure since each µN is a probability measure. Moreover since:

|µN (V )− µN (T−1(V ))| ≤ 2

2N + 1
,

we conclude that µ is measure preserving under T . It follows that for any open basis set:

Ux1,...,xn := {s ∈ X : sxi = κi, 1 ≤ i ≤ n} ⊂ X,

where κi = 0 or 1 (the xi are distinct), we have:

2nµ(Ux1,...,xn) ≥ δ/2.

Thus X = (X,B, T, µ) (B is the Borel σ-algebra) is an invertible measure preserving system.
Since every non-empty open set is measurable and has positive measure (by construction),
Theorem 4.1 follows from the following very general statement (stated in a form that is more
accessible to ergodic theory):

Theorem 4.2 (Furstenberg’s Recurrence Theorem). Suppose X = (X,B, T, µ) is an invertible
measure preserving system (µ(X) = 1). If E ⊂ B has positive measure, then:

lim inf
N→∞

1

N

N−1∑
n=0

µ
(
E ∩ T−n(E) ∩ · · · ∩ T−(k−1)n(E)

)
> 0.

Theorem 4.2 without the hypothesis that T is invertible actually follows from the case when T is
invertible, but as is evident from the above discussion, we will not need this here. Something to
note is that more general phenomena can be restated in terms of measure preserving systems using
the above construction, for example the following theorem, proven independently by Sárközy and
Furstenberg:

Proposition 4.1. Suppose A ⊂ N has positive upper density and p is a polynomial with integer
coefficients satisfying p(0) = 0. Then there is some positive integer n and x, y ∈ A such that
p(n) = y − x.

follows from:

Proposition 4.2. Suppose X = (X,B, T, µ) is an invertible measure preserving system (µ(X) = 1),
E ⊂ X has positive measure, p is a polynomial with integer coefficients and p(0) = 0. Then there is
some positive integer n such that:

lim inf
N→∞

1

N

N−1∑
n=0

µ(E ∩ T−p(n)(E)) > 0.
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Some more comments are in order, the "ergodic versions" of the statements we want to prove might
at first glance seem to be much stronger. First of all we are suddenly considering any invertible
measurable preserving system, instead of just looking at homomorphisms on compact metric spaces.
Experience with counterexamples in analysis tells one that this might be a too large generalization
and that we will not be able to recover the theorem we want. Secondly, we are requiring a lim inf
(when a lim sup would be enough and weaker) of a sequence of Cesáro averages to be positive to
show that just one term is positive, which is very wasteful. This turns out to be fine and Theorem
4.2 is true anyway, and remarkably, 4.1 actually implies 4.2(!). We will restrict ourselves to the case
k = 3 and prove the following statement instead:

Theorem 4.3 (Dynamical version of Roth’s theorem). Suppose X = (X,B, T, µ) is an ergodic
invertible measure preserving system (µ(X) = 1) where X is a compact metric space, B is the Borel
σ-algebra, T : X → X is a homeomorphism and µ is a T -invariant Radon probability measure. If
f ∈ L∞(X,B, µ) is non-negative and f 6≡ 0, then:

lim
N→∞

1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµ,

exists and is positive.

Note that we will only need the special case where f is an indicator function. Moreover, we have
added the assumption that X is ergodic, it is not obvious that this will imply the statement we
actually need (the same statement without ergodicity). Fortunately, the ergodic decomposition will
allow us to make this assumption. Suppose we have proven Theorem 4.3 and suppose X is as above
but not ergodic. Then using the ergodic decomposition (Theorem 3.11), we have ergodic measures
µy so that applying 4.3 to the systems Xy := (X,B, T, µy), we have the limits:

lim
N→∞

1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµy > 0.

But then by Theorem 3.11 again:

1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµ =
1

N

N−1∑
n=0

∫
X

(∫
X
fUnT (f)U2n

T (f)dµy

)
dµ(y)

=

∫
X

(
1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµy

)
dµ(y)

Letting N →∞ and applying the dominated convergence theorem we conclude that the integrand
is positive almost everywhere and we get (upon letting f = 1A):

lim
N→∞

1

N

N−1∑
n=0

µ(A ∩ T−n(A) ∩ T−2n(A)) > 0,

which we wanted to show. Thus Theorem 4.3 will imply Theorem 1.16. At this point one might
wonder how one should approach an "ergodic average" such as:

EN (f) =
1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµ.

6One can even add ergodicity to the hypothesis in Theorem 4.2, basically the same strategy works but we will use
Fatou’s lemma where we have used the dominated convergence theorem, this is one of the reasons why we use liminf
instead of limsup in Theorem 4.2
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The first thing we can do is take a look at the integrands. Letting A be some T -invariant σ-algebra
we get:

1

N

N−1∑
n=0

fUnT (f)U2n
T (f) =

1

N

N−1∑
n=0

E(f |A)UnT (E(f |A))U2n
T (E(f |A))

+
1

N

N−1∑
n=0

(f − E(f |A))UnT (E(f |A))U2n
T (E(f |A))

+ f

(
1

N

N−1∑
n=0

UnT (f)U2n
T (f)− UnT (E(f |A))U2n

T (E(f |A))

)
.

Since A is T -invariant, we have UnT (E(f |A)), U2n
T (E(f |A)) ∈ L2(X,A, µ) and so after integrating,

the middle term vanishes (since f − E(f |A) ⊥ L2(X,A, µ)) and we are left with:

1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµ =
1

N

N−1∑
n=0

∫
X
E(f |A)UnT (E(f |A))U2n

T (E(f |A))dµ

+

∫
X
f

(
1

N

N−1∑
n=0

UnT (f)U2n
T (f)− UnT (E(f |A))U2n

T (E(f |A))

)
dµ.

Our approach will now be to choose A in such a way so that the two terms above become nice
and as one might have guessed, we will choose A = K (the Kronecker σ-algebra). In the next two
sections, this will do two things, first of all, the first term7 is going to be replaced by an analogous
average that comes from a rotation on a compact group. The algebraic structure there will enable
us to calculate the average in the limit and show that it is indeed positive. For the second term
we will use some functional analysis and the van der Corput inequality to show that after taking
limits, the term goes to zero.

7Note that since conditional expectation preserves non-negative functions, E(f |A) ≥ 0 and so up to an arbitrary
ε > 0, we may assume that E(f |A) ∈ L∞(X,A.µ) as well. Since we are using almost-conjugacies to pass between
systems, this is an important technical detail.
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5. The Kronecker system

5.1. Motivation. In many cases, when dealing with a mathematical object, understanding struc-
tural information can give very strong theorems. Usually, if we wish to understand some aspect of
an object it suffices to study some smaller part of the object. For example in group theory, it can be
advantageous to understand what the homomorphic images of a group are in order to understand
some phenomenon. A famous example of this idea is the 15-puzzle. Arranging this properly, the
puzzle can be made unsolvable, precisely because we have placed the puzzle in the coset of odd
permutations of S15. Note that in this case, determining if we can solve the 15-puzzle amounts to
calculating if we are in an odd or even permutation, nothing else. That is to say, some key and
simpler substructure is necessary to understanding the problem at hand.

Ergodic theory is no different, we always have a dynamical system to work with, but for the given
question, not all of the aspects of the system are necessary to give an answer. The job that ho-
momorphic images do in group theory can be done by invariant sub-σ algebras and looking at the
corresponding system. We already saw that the σ-algebra K generated by the eigenfunctions of
UT : L2(X,B, µ) → L2(X,B, µ) is invariant under T . Thus we can ask ourselves to what system
(and in what way) is the measure preserving system K := (X,K, T, µ) equivalent?.

The goal of this section is to show that K is almost-conjugate to a rotation on a compact group
and that understanding this subsystem is sufficient to understanding the averages that occur in
Theorem 4.3. This will be somewhat technical at points, but the approach will be as follows:

• We will aim to use the discrete spectrum theorem, so we must show that the Kronecker
system has discrete spectrum (tricky) and that we can produce some compact group G, a
rotation on that group with prescribed eigenvalues and make sure that this group theoretic
system has discrete spectrum (relatively easy).
• To show that K has discrete spectrum, we will do two things, first we will give an alterna-
tive description of the space spanned by the eigenfunctions of UT (here compact functions
will come in, recall definition 2.2), and then using this description, we will show that the
eigenfunctions of UT form an ON-basis for L2(X,K, µ).

5.2. Compact functions. The theorems about compact functions (recall definition 2.2) are stated
in [5], although the proofs found here are not (but they are inspired by the proofs in the reference).
The first result which we will need is as follows:

Lemma 5.1 (Compact functions lemma). Suppose X = (X,B, T, µ) is an invertible ergodic measure
preserving system (µ(X) = 1). Then the compact functions (see definition 2.2) with respect to UT
(denoted by Hc) are the closure of the span of the eigenfunctions of UT (denoted by Heig).

Proof. First suppose that f is an eigenfunction: UT (f) = λf . Then UnT (f) = λnf and since |λ| = 1,
there is some sequence nk such that λnk converges and so f is a compact function (after using the
eigenvalue lemma (Lemma 3.4) and the dominated convergence theorem). Next it is quick to verify
that compact functions are closed under linear combinations and taking limits in L2(X,B, µ) (the
latter is most easily shown using a diagonalization argument). Thus Heig ⊂ Hc.

To show the opposite inclusion, let f ∈ Hc and define Gf := {UnT (f), n ∈ Z}. Then we can give Gf
a group structure in the following way: if g, h ∈ Gf , then there are sequences mi and ni such that
UmiT f converges to g and UniT f converges to h. Then due to the inequality:

||Umi+niT f − Umj+njT f || = ||UmiT (UniT f − U
nj
T ) + U

nj
T (UmiT f − UmjT f)||

≤ ||UniT f − U
nj
T f ||+ ||UmiT f − UmjT f ||,
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the sequence {Umi+niT f}∞i=1 is a Cauchy sequence. Then define g◦h = limi→∞ U
mi+ni
T f . This is well

defined since if {m′i} and {n′j} is another pair of sequences that converge to g and h respectively,

then a similar inequality to the above shows that {Umi+niT f} and {Um
′
i+n

′
i

T f} converges to the same
element. The same idea shows that we have inverses.

Hence we have shown that Gf is a compact metrizable abelian topological group. We can equip Gf
with a normalized Haar measure m and note that the map UT : Gf → Gf becomes a rotation (by
UT (f), since RUT (f)(g) = UT (f) ◦ g = UT (g)) and hence measure preserving. Note that for every
continuous character χ on Gf , the map g 7→ χ(UT (f))UT (g) (defined on L2(X,B, µ), call this map
Uχ) is an isometry, hence by the decomposition theorem, the limits:

fχ = lim
N→∞

1

2N + 1

N∑
n=−N

Unχ (f),

exist in L2(X,B, µ). Showing this existence is basically the same argument as in the mean ergodic
theorem. These limits have two properties, first we note that:

Unχ (f) = χ(UT (f))nUnT (f) = χ(UnT f)UnT f,

moreover by continuity:

UT (fχ) = lim
N→∞

1

2N + 1

N∑
n=−N

UT (Unχf) = lim
N→∞

χ(UT (f))
1

2N + 1

N∑
n=−N

Un+1
χ f = χ(UT (f))fχ.

Thus every fχ is an eigenfunction of UT and so we have fχ ∈ Heig. Let ε > 0 be arbitrary and
choose a linear combination of characters:

Lε(g) =

A∑
a=1

caχa(g),

such that:

• |Lε(g)| ≤ ε whenever ||f − g|| ≥ ε
• ∫

Gf

Lε(g)dm(g) = 1,

• There is a constant C independent of ε for which:∫
Gf

|Lε(g)|dm(g) < C,

This is afforded by the corollary to lemma 2.7. We have the estimate (we omit the indexes on the
norms for brevity, every norm is taken in L2(X,B, µ)):∣∣∣∣∣

∣∣∣∣∣f − 1

2N + 1

N∑
n=−N

A∑
a=1

caχa(U
n
T f)UnT f

∣∣∣∣∣
∣∣∣∣∣ =

∣∣∣∣∣
∣∣∣∣∣f − 1

2N + 1

N∑
n=−N

L(UnT f)UnT f

∣∣∣∣∣
∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣f −

1

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

L(UnT f)UnT f

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

1

2N + 1

∑
n:||UnT f−f ||≥ε
−N≤n≤N

L(UnT f)UnT f

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣ .
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Now the second term is easy to estimate:∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

1

2N + 1

∑
n:||UnT f−f ||≥ε
−N≤n≤N

L(UnT f)UnT f

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣ ≤

ε

2N + 1

N∑
n=−N

||UnT f || = ε||f ||.

For the first term we split it again and estimate:∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣f −

1

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

L(UnT f)UnT f

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣f − f

1

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

L(UnT f)− 1

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

L(UnT f)(UnT f − f)

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

≤

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣f − f

1

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

L(UnT f)

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣+

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

1

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

L(UnT f)(UnT f − f)

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

≤||f ||

∣∣∣∣∣∣∣∣1−
1

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

L(UnT f)

∣∣∣∣∣∣∣∣+
ε

2N + 1

∑
n:||UnT f−f ||<ε
−N≤n≤N

|L(UnT f)|

The sequence {UnT f}∞n=−∞ is dense in Gf so by the equidistribution lemma (lemma 2.9), we can
choose a large Nε so that both sums above are within ε∫

{g:||f−g||<ε}
L(g)dm(g) and

∫
{g:||f−g|<ε}

|L(g)|dm(g)

respectively. Thus we may estimate:∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣f −

1

2Nε + 1

∑
n:||UnT f−f ||<ε
−Nε≤n≤Nε

L(UnT f)UnT f

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

≤||f ||

(
ε+

∣∣∣∣∣
∫
{g:||f−g||≥ε}

L(g)dm(g)

∣∣∣∣∣
)

+ ε

(
ε+

∫
{g:||g−f ||<ε}

|L(g)|dm(g)

)
≤ε(2||f ||+ C + ε).

Putting everything back together, we have shown that if N > Nε, then we have the inequality:∣∣∣∣∣
∣∣∣∣∣f − 1

2Nε + 1

Nε∑
n=−Nε

A∑
a=1

caχa(U
n
T f)UnT f

∣∣∣∣∣
∣∣∣∣∣ ≤ ε(3||f ||+ C + ε).

However now note that:

fχ = lim
N→∞

1

2N + 1

N∑
n=−N

χ(UnT )UnT (f).
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So let Nε be so large so that we get the inequalities:∣∣∣∣∣
∣∣∣∣∣fχa − 1

2Nε + 1

Nε∑
n=−Nε

χa(U
n
T )UnT (f)

∣∣∣∣∣
∣∣∣∣∣ ≤ ε

Amax(1, |ca|)
,

for every a = 1, . . . , A. Then combining with the above inequality we finally have the bound:∣∣∣∣∣
∣∣∣∣∣f −

A∑
a=1

cafχa

∣∣∣∣∣
∣∣∣∣∣ ≤ ε(3||f ||+ C + ε+ 1).

But since ε > 0 is arbitrary and since each fχa ∈ Heig, we conclude that f ∈ Heig, which we wanted
to show. �

5.3. Properties of the Kronecker system. Finally we prove that the Kronecker system is indeed
a system with discrete spectrum.

Theorem 5.1 (The Kronecker system has discrete spectrum). Let (X,B, T, µ) be a measure pre-
serving system (µ(X) = 1). Then the eigenfunctions of UT form an ON-basis of L2(X,K, µ).

As promised this will allow us to apply the discrete spectrum theorem. But first, the following
lemma is just a technical detail which will be needed at one point in the proof of the above theorem.

Lemma 5.2. Suppose (X,B, T, µ) is a measure preserving system and φ : L2(X,B, µ)×L2(X,B, µ)→
L2(X,B, µ) is a continuous function that commutes with UT :

UT (φ(f, g)) = φ(UT f, UT g).

If f, g ∈ Hc, then φ(f, g) ∈ Hc as well.

Proof. Suppose f, g ∈ Hc and φ is as above. Define Af := {UnT f, n ∈ Z}, Ag := {UnT g, n ∈ Z} Then
note that:

{UnT (φ(f, g)), n ∈ Z} = {φ(UnT f, U
n
T g), n ∈ Z}

⊂ {φ(UnT f, U
m
T g), n,m ∈ Z}

⊂ {φ(a, b), a ∈ Af , b ∈ Ag}

= φ(Af ×Ag).
Now note that Af and Ag are compact sets, hence Af ×Ag is compact as well. Since φ is continuous
the image is compact. Since L2(X,B, µ) is Hausdorff, we can remove the last closure and conclude
that {UnT (φ(f, g)), n ∈ Z} is contained in a compact set, whence φ(f, g) is a compact function as
well. �

Now we are ready to prove Theorem 5.1.

Proof. Let Λ be the collection of eigenvalues of UT . By the eigenvalue lemma (Lemma 3.4) we may
suppose that every eigenfunction is normalized so that |fλ| = 1 for almost all x ∈ X. But then if
a, b ∈ Λ, a calculation shows that:

(fa, fb) =

∫
X
fafbdµ =

∫
X
UT (fafb)dµ =

∫
X
UT (fa)UT (fb)dµ =

a

b

∫
X
fafbdµ =

a

b
(fa, fb).

Thus if a 6= b, then (fa, fb) = 0. Otherwise a similar calculation shows that (fa, fa) = 1 and we
have shown that {fλ} is an orthonormal set in L2(X,K, µ). To show that it is complete we will
show the equality:

K = {A ∈ B : 1A ∈ Hc} = {A ∈ B : 1A ∈ Heig} =: A.
The second equality is simply the content of the compact functions lemma, whence we turn to the
first equality. Suppose A ∈ A, then there is a sequence of K-measurable functions which converge
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to 1A (both in L2 and pointwise), which shows that A ∈ K and so we have the inclusion: A ⊂ K.

For the other direction, we will show that A is a σ-algebra and that every eigenfunction of UT is
measurable with respect to A, then by the minimality of K, we get the desired inclusion. First of all,
1X is invariant under UT , hence X ∈ A. Moreover if A ∈ A, then since 1X\A = 1− 1A, we conclude
that 1−1A is compact if 1A is (since compact functions are closed under linear combinations), hence
A is closed under complements. Applying lemma 5.2 with φ(f, g) = min(|f |, |g|) (and letting f and
g be indicator functions) we conclude that A is closed with respect to finite intersections. Since Hc

is a closed set, we conclude that A is closed under countable intersections as well. Applying the
relation:

∞⋃
n=1

An = X \
∞⋂
n=1

(X \An),

we conclude that A is closed with respect to countable unions and so A is indeed a σ-algebra.

Now let f be some eigenfunction of UT so that UT f = λf . We need to show that the pre image of
every open U ⊂ C is in A. But this means that for every open U ⊂ C we need to show that the
function: 1f−1(U) is compact. However note that:

UT (1f−1(U)) = 1f−1(U) ◦ T = 1T−1(f−1(U)) = 1(UT f)−1(U) = 1(λf)−1(U)

This implies the equality: UnT (1f−1(U)) = 1(λnf)−1(U). By the eigenvalue lemma (Lemma 3.4),
|λ| = 1, so if λ is a root of unity, then this is a periodic sequence and hence 1f−1(U) must be
compact. If not, then there is a sub-sequence nk such that λnk converges to 1. But this means that
we have some sub-sequence such that:

UnkT (1f−1(U))(x)→ 1f−1(U)(x),

pointwise. Since |UnkT (1f−1(U))| ≤ 1, the dominated convergence theorem tells us that the conver-
gence is in L2 as well, hence 1f−1(U) is indeed a compact function and hence f−1(U) ∈ A for every
eigenfunction f and open set U , which is what we wanted to show. �

Now that we have shown that K has discrete spectrum we will show it is conjugate to a rotation on
a compact group. The idea of the following proof is found in [3].

Theorem 5.2 (The Kronecker system is a rotation on a group). The system K = (X,K, T, µ) is
almost-conjugate to a rotation on a compact topological group: G := (G,G, S,m), where G is the
Borel σ-algebra on G, S is a (continuous) rotation and m is the Haar measure.

Proof. Let Λ be the set of eigenvalues of UT , which by the eigenvalue lemma (Lemma 3.4) forms a
subgroup of S. Give Λ the discrete topology and by Theorem 2.19, we conclude that the dual group
G = Λ̃ is compact. Define the map s : Λ → S by s(λ) = λ. Then s is continuous and trivially a
character: s ∈ G̃. We define the rotation on G by S(g) = sg. Then for any character χ on G:

(US(χ))(g) = χ(S(g)) = χ(sg) = χ(s)χ(g),

whence every character χ is an eigenfunction of US and has eigenvalue χ(s). Due to the Pontryagin
duality theorem, we may identify G̃ with Λ by mapping λ 7→ χλ where:

χλ(g) := g(λ).

Since the characters on G form an ON-basis (lemma 2.20), we conclude that the eigenvalues of US
are precisely Λ:

(US(χλ))(g) = χλ(s)χλ(g) = s(λ)χλ(g) = λχλ(g).

In conclusion, the system G := (G,G, S,m) is a measure preserving system with discrete spectrum
and has the same eigenvalues as K, thus by the discrete spectrum theorem, K and G are almost-
conjugate. �
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Thus if we want to prove some statistic about K, it suffices to consider a rotation on a LCA group.
For example, since we are interested in calculating an average of the form:

1

N

N−1∑
n=0

UnT (f1)U2n
T f2,

1

N

N−1∑
n=0

U
p1(n)
T (f1)U

p2(n)
T f2, etc,

where fi are positive functions in L∞(X,K, µ) and pi are polynomials with integer coefficients, we
would like to get the same situation in some compact group. By the above theorem, we know that
there is a multiplicative unitary map W : L2(X,K, µ) → L2(G,G,m) which preserves positivity,
essential boundedness, indicator functions and "plays well" with UT and Ra. Thus if we define
Fi = W (fi), then we have the equalities:∫

X

(
1

N

N−1∑
n=0

UnT (f1)U2n
T (f2)

)
dµ =

∫
G

(
1

N

N−1∑
n=0

(F1 ◦Rna)(F2 ◦R2n
a )

)
dm

∫
X

(
1

N

N−1∑
n=0

U
p1(n)
T (f1)U

p2(n)
T (f2)

)
dµ =

∫
G

(
1

N

N−1∑
n=0

(F1 ◦Rp1(n)
a )(F2 ◦Rp2(n)

a )

)
dm,

etc,

and importantly, each Fi is positive and essentially bounded. Moreover, the rotation Ra is ergodic
since T is ergodic (the systems are almost-conjugate, which preserves ergodicity). And the above
averages are not special in any way, the same translation holds for more general expressions.
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6. Proving Roth’s theorem

In this section it is time to use the structural information that we have obtained in the previous
section. Recall that Theorem 1.1 follows from the following "dynamical" result:

Theorem 4.3 (Dynamical version of Roth’s theorem). Suppose X = (X,B, T, µ) is an ergodic
invertible measure preserving system (µ(X) = 1) where X is a compact metric space, B is the Borel
σ-algebra, T : X → X is a homeomorphism and µ is a T -invariant Radon probability measure. If
f ∈ L∞(X,B, µ) is non-negative and f 6≡ 0, then:

lim
N→∞

1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµ,

exists and is positive.

The proof we give is found in [1]. We will need the following lemma to be able to pass to using the
Kronecker system:

6.1. The van der Corput lemma.

Lemma 6.1 (van der Corput’s inequality). Suppose {un}∞n=1 is a sequence in a Hilbert space H,
then for any integer N ≥ 1 and H ∈ {1, . . . , N}, we have the inequality:∣∣∣∣∣

∣∣∣∣∣
N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣
2

≤ N +H

H + 1

{
N∑
n=1

||un||2 + 2

H∑
h=1

(
1− h

H + 1

) ∣∣∣∣∣
N−h∑
n=1

(un+h, un)

∣∣∣∣∣
}
.

The proof (in the appendix due to the length) we present is in [8]. This inequality is very "bare
bones", we will not need its full force, it will suffice to use a "soft" specialization of this lemma.

Lemma 6.2 (van der Corput’s lemma). Suppose {un}∞n=1 is a sequence in a Hilbert space H, define
the sequence:

sh := lim sup
N→∞

∣∣∣∣∣ 1

N

N∑
n=1

(un+h, un)

∣∣∣∣∣ .
Then:

lim sup
H→∞

1

H

H∑
h=1

sh = 0 =⇒ lim
n→∞

∣∣∣∣∣
∣∣∣∣∣ 1

N

N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣ = 0.

Proof. Let ε > 0 be given. We begin by specializing the inequality by using the trivial bounds
1− h/(H + 1) ≤ 1 and N +H ≤ 2N to get the slightly simpler:∣∣∣∣∣

∣∣∣∣∣
N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣
2

≤ 2N

H + 1

{
N∑
n=1

||un||2 + 2

H∑
h=1

∣∣∣∣∣
N−h∑
n=1

(un+h, un)

∣∣∣∣∣
}
.

Now introduce M into the sum to get (after dividing by N2):∣∣∣∣∣
∣∣∣∣∣ 1

N

N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣
2

≤ 2

N(H + 1)

{
M2N + 2

H∑
h=1

∣∣∣∣∣
N−h∑
n=1

(un+h, un)

∣∣∣∣∣
}

=
2M2

H + 1
+

4

N(H + 1)

H∑
h=1

∣∣∣∣∣
N∑
n=1

(un+h, un)−
N∑

n=N−h+1

(un+h, un)

∣∣∣∣∣ .
We split the second term in two parts, just using the triangle inequality, and estimate them:

S1 :=
4

N(H + 1)

∣∣∣∣∣
N∑

n=N−h+1

(un+h, un)

∣∣∣∣∣ ≤ 4M2

N
.
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We are now left with bounding:

S2 :=
4

N(H + 1)

H∑
h=1

∣∣∣∣∣
N∑
n=1

(un+h, un)

∣∣∣∣∣ =
4

H + 1

H∑
h=1

∣∣∣∣∣ 1

N

N∑
n=1

(un+h, un)

∣∣∣∣∣
Let N0 be so large that so that we have the inequality:∣∣∣∣∣ 1

N

N∑
n=1

(un+h, un)

∣∣∣∣∣ ≤ sh + ε,

whenever N ≥ N0. Next let H0 be so large so that we get the inequality:

1

H

H∑
h=1

sh ≤ ε,

wheneverH ≥ H0. Now suppose N ≥ 2(N0+H0) andH ≥ N/2 ≥ H0, so that we get the inequality:

S2 ≤
4

H + 1

H∑
h=1

(sh + ε) ≤ 8ε.

Plugging everything back in we obtain:∣∣∣∣∣
∣∣∣∣∣ 1

N

N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣
2

≤ 4M2

N
+

4M2

N2
+ 8ε = 8

(
M2

N
+ ε

)
.

Letting N →∞ we have:

lim sup
N→∞

∣∣∣∣∣
∣∣∣∣∣ 1

N

N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣
2

≤ 8ε.

Since ε > 0 was arbitrary, we have the desired limit. �

6.2. Reducing to the Kronecker system. The following theorem says simply that the "second
term" mentioned in section 4 tends to zero as promised.

Theorem 6.1. Suppose X = (X,B, T, µ) is an ergodic invertible measure preserving system (µ(X) =
1) where L2(X,B, µ) is separable8 and suppose K is the σ-algebra generated by the eigenfunctions
of UT (the Kronecker σ-algebra) and f1, f2 ∈ L∞(X,B, µ). Then we have the limit:

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣ 1

N

N1∑
n=0

UnT (f1)U2n
T (f2)− 1

N

N−1∑
n=0

UnT (E(f1|K))U2n
T (E(f2|K))

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

= 0.

Proof. We begin by noting the identity:

1

N

N1∑
n=0

UnT (f1)U2n
T (f2)− 1

N

N−1∑
n=0

UnT (E(f1|K))U2n
T (E(f2|K))

=
1

N

N−1∑
n=0

UnT (f1 − E(f1|K))U2n
T (f2) +

1

N

N−1∑
n=0

N−1∑
n=0

UnT (E(f1|K))U2n
T (f2 − E(f2|K)).

Due to one of the properties of conditional expectation:

E(f1 − E(f1|K)|K) = 0, E(f2 − E(f2|K)|K) = 0,

8This will always be the case for us since we will be working with compact metric spaces as X. This is necessary
since we will be using the results on compact operators.
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whence it suffices to show the limit:

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣ 1

N

N1∑
n=0

UnT (f1)U2n
T (f2)

∣∣∣∣∣
∣∣∣∣∣
L2(X,B,µ)

= 0,

if we have E(f1|K) = 0 or E(f2|K) = 0. The strategy is going to be to apply lemma 6.2 to the
sequence:

un = UnT (f1)U2n
T (f2).

We begin with rewriting the sh:

sh := lim sup
N→∞

∣∣∣∣∣ 1

N

N−1∑
n=0

∫
X
Un+h
T (f1)U2n+2h

T (f2)UnT (f1)U2n
T (f2)dµ

∣∣∣∣∣
= lim sup

N→∞

∣∣∣∣∣ 1

N

N−1∑
n=0

∫
X

[f1U
h
T (f1)]UnT [f2U

2h
T (f2)]dµ

∣∣∣∣∣
Now apply the mean ergodic theorem to UT to conclude that (the limit being taken in L2(X,B, µ)):

lim
N→∞

1

N

N−1∑
n=0

UnT [f2U
2h
T (f2)] ≡

∫
X
f2U

h
T (f2)dµ,

in the L2-norm. This gives the equality:

sh =

∣∣∣∣∫
X
f1U

h
T (f1)dµ

∣∣∣∣ · ∣∣∣∣∫
X
f2U

2h
T (f2)dµ

∣∣∣∣ .
Now assume E(fm|K) = 0 (m = 1 or 2) and simplify the above to get:

sh ≤ C
∣∣∣∣∫
X
fmU

mh
T (fm)dµ

∣∣∣∣
which gives the bound:

1

H

H∑
h=1

sh ≤
C

H

H∑
h=1

∣∣∣∣ ∫
X
fmU

mh
T (fm)dµ

∣∣∣∣ .
We are done once we show the limit:

lim
H→∞

1

H

H∑
h=1

∣∣∣∣ ∫
X
fmU

mh
T (fm)dµ

∣∣∣∣ = 0.

But by the following lemma (whose proof is in the appendix):

Lemma 6.3 (Analytic lemma). Suppose {an} is a bounded and non-negative sequence of real num-
bers. Then:

lim
N→∞

1

N

N−1∑
n=0

a2
n = 0,

iff:

lim
N→∞

1

N

N−1∑
n=0

an = 0,
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it will suffice to show the limit:

lim
H→∞

1

H

H∑
h=1

∣∣∣∣ ∫
X
fmU

mh
T (fm)dµ

∣∣∣∣2 = 0,

which is easier to deal with since the squares enable us to get rid of the absolute values. We calculate:

1

H

H∑
h=1

∣∣∣∣ ∫
X
fmU

mh
T (fm)dµ

∣∣∣∣2 =
1

H

H∑
h=1

∫
X

∫
X
fm(x)UmhT (fm)(x)fm(y)UmhT (fm)(y)dµ(x)dµ(y)

=

∫
X×X

fm(x)fm(y)
1

H

H∑
h=1

fm(Tmh(x))fm(Tmh(y))d(µ× µ)(x, y)

By the mean ergodic theorem, the averages:

FH(x, y) :=
1

H

H∑
h=1

fm(Tmh(x))fm(Tmh(y)),

converge to some Tm × Tm invariant function F ∈ L2(X ×X,B × B, µ × µ) in the L2 norm. We
are done once we show that F = 0. Consider the Hilbert-Schmidt operators (on L2(X,B, µ)):

AH(g) =

∫
X
g(y)FH(x, y)dµ(y), A(g) =

∫
X
g(y)F (x, y)dµ(y).

By the properties of Hilbert-Schmidt operators, we know that AH → A in the operator norm. Since
the kernels satisfy:

FH(y, x) =
1

H

H∑
h=1

fm(Tmh(y))fm(Tmh(x)) =
1

H

H∑
h=1

fm(Tmh(x))fm(Tmh(y)) = FH(x, y),

each AH (and hence A) is a compact Hermitian operator. It is easy to check that UmT and A commute
and so by lemma 2.1, the (finite dimensional) eigenspaces (corresponding to non-zero eigenvalues)
of A are spanned by eigenfunctions of UmT . Now let v be some eigenfunction of UT (not necessarily
of UmT !), we have:

AH(v)(x) =

∫
X
v(y)FH(x, y)dµ(y)

=
1

H

H∑
h=1

∫
X
v(y)fm(Tmh(x))fm(Tmh(y))dµ(y)

=
1

H

H∑
h=1

fm(Tmh(x))

(∫
X
v(y)fm(Tmh(y))dµ(y)

)
.

The integral may be calculated since v is K measurable, namely:∫
X
vUmhT (fm)dµ =

∫
X
E(vUmhT (fm)|K)dµ =

∫
X
vUmhT E(fm|K)dµ =

∫
X
vUmhT (E(fm|K))dµ = 0,

which shows that AH(v) = 0 and so by passing to the limit, A(v) = 0. If we can show that any
eigenvector of UmT can be written as a linear combination of eigenvectors of UT , then we are done
since this implies that A(v) = 0 whenever v belongs to an eigenspace of A corresponding to a
non-zero eigenvalue (using lemma 2.1). But this implies A ≡ 0, which in turn implies F ≡ 0, which
we wanted to show.
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When m = 1, then UmT = UT and then trivially, every eigenvector of UmT is also an eigenvector of
UT . If m = 2, for every eigenvector U2

T v = λv we can take the vectors:

v± =
v ± η−1UT (v)

2
,

where η is some square root of λ. Then one can check that UT (v±) = (±η)v±, whence v± are
eigenvectors of UT for which v+ + v− = v. �

6.3. The case of a compact group. Theorem 6.1 tells us that in order to prove 4.3, it is enough
to do so when we replace X with G := (G,G, Ra,m), which is a rotation on some compact group.
That is, we prove the following:

Theorem 6.2 (Dynamical Roth on a compact group). Suppose the system G := (G,G, Ra,m) is
an ergodic rotation on a compact Hausdorff group. Then for any non-negative (and not identically
zero) F ∈ L∞(G,G,m), the limit:

lim
N→∞

1

N

N−1∑
n=0

∫
G
F (F ◦Rna)(F ◦R2n

a )dm,

exists and is positive.

Proof. We begin by defining the function φ : G→ R by:

φ(a) =

∫
G
F (g)F (g + a)F (g + 2a)dm(g).

For now assume that φ is a continuous function of a. With this definition, the equidistribution
lemma (2.9) tells us that (note that Ra is ergodic with respect to Haar measure, whence the
subgroup generated by a is dense):

lim
N→∞

1

N

∞∑
n=0

∫
G
F (F ◦Rna)(F ◦R2n

a )dm = lim
N→∞

1

N

N−1∑
n=0

φ(an) =

∫
G
φdm.

Hence the limit exists, since φ(0) =
∫
G F

3dµ > 0, it is positive. We are done as soon as we’ve shown
that φ is continuous. But this follows from the bound:

|φ(a)− φ(b)| ≤
∣∣∣∣∫
G
F (g)(F (g + a)− F (g + b))F (g + 2a)dm(g)

∣∣∣∣
+

∣∣∣∣∫
G
F (g)F (g + b)(F (g + 2a)− F (g + 2b))dm(g)

∣∣∣∣
≤||F ||2L∞(G,G,m)

∫
G
|F (g + b− a)− F (g)|dm(g)

+ ||F ||2L∞(G,G,m)

∫
G
|F (g + 2(b− a))− F (g)|dm(g)

=||F ||2L∞(G,G,m)(||F ◦Rb−a − F ||L1(G,G,m) + ||F ◦R2(b−a) − F ||L1(G,G,m)).

But since shifts are continuous in the L2-norm (lemma 2.10), we conclude that φ is continuous as
well. �

Finally we are able to prove Theorem 4.3:

Dynamical version of Roth’s theorem. Let f and X be as in the statement of the theorem. Then by
Theorem 6.1 and the discussion in section 4, we have the equality:

lim
N→∞

1

N

N−1∑
n=0

∫
X
fUnT (f)U2n

T (f)dµ = lim
N→∞

1

N

N−1∑
n=0

∫
X
E(f |K)UnT (E(f |K))U2n

T (E(f |K))dµ.
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By Theorem 5.2 and the multiplication lemma (lemma 3.3), there is a non-negative function F ∈
L2(G,G,m), not identically zero for which we have:

lim
N→∞

1

N

N−1∑
n=0

∫
X
E(f |K)UnT (E(f |K))U2n

T (E(f |K))dµ = lim
N→∞

1

N

N−1∑
n=0

∫
G
F (F ◦Rna)(f ◦R2n

a )dm,

where the group rotation Ra is ergodic. By Theorem 6.2, the right hand side is positive, which we
wanted to show. �

Since we have proven the statement we got from the Furstenberg correspondence principle, we have
proven Theorem 1.1. At this point one might wonder what is stopping us from proving the more
general theorem of Szemerédi, what in the above line of reasoning goes wrong? The results about
systems with discrete spectrum are still true and in the case of compact groups if we define the
more general function:

φ(a) =

∫
G

k−1∏
m=0

F (g + ka)dm(g),

the same proof works and we have the necessary result in that setting. The problem occurs when
we try to show the more general limit:

lim
N→∞

∣∣∣∣∣
∣∣∣∣∣ 1

N

N−1∑
n=0

k−1∏
m=1

UmnT (fm)− 1

N

N−1∑
n=0

k−1∏
m=1

UmnT (E(fm|K))

∣∣∣∣∣
∣∣∣∣∣ = 0.

This is what allows us to consider the system K instead of X without any loss. If we attempt to
do the same proof, a similar trick as before allows us to consider the case when we have some m0

for which E(fm0 |K) = 0. Then we encounter the following expression when applying the van der
Corput lemma to the sequence un =

∏k−1
m=1 U

mn
T (fm):

sh = lim sup
N→∞

∣∣∣∣∣
∫
X

1

N

N−1∑
n=0

(
k−1∏
m=1

U
(m−m0)n
T [fmU

mh
T (fm)]

)
dµ

∣∣∣∣∣ ,
In particular we can write:

sh = lim sup
N→∞

∣∣∣∣∣∣∣∣
∫
X
fm0U

m0h
T (fm0)

 1

N

N−1∑
n=0

∏
m:m6=m0

1≤m≤k−1

U
(m−m0)n
T [fmU

mh
T (fm)]

 dµ

∣∣∣∣∣∣∣∣ ,
where as mentioned E(fm0 |K) = 0. However at this point we used the mean ergodic theorem to get
that the inner average actually converges to some L2 function. But for these more general averages
we do not have this at our disposal. If we try to use a naive bound by using some constant M
satisfying: M ≥ ||fm||L∞(X,B,µ) and the triangle inequality, we get:

sh ≤M2k−4

∫
X
|fm0 |U

m0h
T (|fm0 |)dµ,

but now we have the absolute values inside and it is no longer true that E(|fm0 ||K) = 0 (which
we need to carry out the rest of the proof). But then one might attempt to do induction on k,
since we have already proven the case k = 3 (this is the content of Theorem 6.1) and in the above
expression for sh we see that we have k−2 factors inside our ergodic average. However even though
it converges to some L2-function, it is not necessarily constant (which was again vital for the proof,
we could pull this factor out from the integral) and so the only way to remove this factor from the
integral will force us to put absolute values on fm0 , which we cannot handle.
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So it seems at first glance hopeless to salvage this line of reasoning to give a proof of Szemerédi’s
theorem. As it turns out, the generalization of Theorem 6.1 to longer products is not true and it is
possible to give counter examples, see for example the discussion in [4]. But nevertheless, starting
at the Kronecker system (for which the more complex ergodic averages do converge to something
positive), it is possible to extend the system K in careful ways to eventually recover the original
system X, and at every extension one can make sure that the statement in Furstenbergs recurrence
theorem (Theorem 4.2) holds true. For more details see [5], and how to prove the Furstenberg
recurrence theorem using this line of reasoning.

On the other hand, this approach can be used to understand "short" but more general patterns in
the integers. For example proposition 4.2 can be proven using similar considerations.
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7. Appendix

Here we compile the somewhat technical details that we need in various places above.

7.1. The results for compact operators on Hilbert spaces.

Theorem 2.11 (Properties of compact operators). Suppose A : H → H is an operator (continuous
and linear) on a separable Hilbert space.

(1) If B : H → H is compact, then so are A ◦B and B ◦A.
(2) If An : H → H are a sequence of operators such that limn→∞ ||An −A|| = 0, then A is also

compact.
(3) If A is compact, then there is a sequence of operators {Bn} such that the range of each Bn

is finite dimensional and limn→∞ ||A−Bn|| = 0.
(4) A is compact iff A∗ is compact.

Proof. The first point is immediate since A is continuous, which preserved boundedness and com-
pactness.

For the second point, let S0 = {fn} be a bounded (by M , say) sequence in H. Let S1 = {f1,n} be a
subsequence of S0 such that {A1(f1,n)} converges. Then let S2 = {f2,n} be a subsequence of S1 such
that {A2(f2,n)} converges. Continue this inductively and define gn = fn,n. Then by construction,
{gn} is a subsequence of {fn} and moreover every {Am(fn,n)} converges. So let ε > 0 be given,
then:

||A(gn)−A(gm)|| ≤ ||A(gn)−Ak(gn)||+ ||A(gm)−Ak(gm)||+ ||Ak(gn)−Ak(gm)||.
The first two terms have a sum less than 2M ||A−Ak|| and the last term tends to zero as n,m→∞.
So choose k so large so that ||A − Ak|| < ε/(4M). Then since {Ak(gn)} is a Cauchy sequence, we
can choose some N0 so that if n,m > N0, then ||Ak(gn)−Ak(gm)|| ≤ ε/2. Thus n,m > N0 implies:

||A(gn)−A(gm)|| ≤ ε

2
+
ε

2
= ε,

whence A is compact as well.

For the third point, let {ek}∞k=1 be a countable ON-basis for H and let Qk be the projection onto
the orthogonal complement of subspace spanned by e1, . . . , ek. We will show that we have the limit:

lim
n→∞

||QnA|| = 0,

which will imply that limn→∞ ||(1−Qn)A−A|| = 0, but since every operator (1−Qn)A is of finite
rank (hence compact), we will be done. So suppose for the sake of contradiction that the limit is
not 0, then there is some sequence nk such that:

||QnkA|| > c,

for all k. But this means that we can find a sequence of fk ∈ H such that ||(QnkA)fk|| ≥ c and
||fk|| = 1. But since A is compact, we may pass to some sequence kl to get some function g ∈ H to
which the sequence {A(fkl)} converges. But now note:

||Qnkl (g)|| = ||Qnkl (g)−Qnkl (fkl)+Qnkl (fkl)|| ≥ ||Qnkl (fkl)||−||Qnkl (g)−Qnkl (fkl)|| ≥ c−||g−fkl ||.

But for large enough l, we conclude that ||Qnkl (g)|| ≥ c/2. But if we write g =
∑∞

k=1 ckek, whence:

||Qnklg||
2 =

∞∑
k=nkl

|ck|2,

which tends to zero, which is a contradiction.
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For the final point, we note that if A is compact, then by the above construction, we can take
projection operators Pn (of finite rank) such that:

lim
n→∞

||A∗Pn −A∗|| = lim
n→∞

||P ∗nA−A|| = 0 = lim
n→∞

||PnA−A|| = 0,

which means that A∗ is compact as well (by the second point). �

Note that we have used that all orthogonal projections are self-adjoint.

Lemma 2.3. Suppose A : H → H is a hermitian operator. If λ is an eigenvalue of A, then λ ∈ R
and if x1, x2 are eigenvectors of A with distinct eigenvalues, then x1 ⊥ x2.

Proof. This proof goes the same way as in the finite dimensional case. Suppose A is as above and
Ax = λx, then we get the equality:

λ(x, x) = (Ax, x) = (x,A∗x) = (x,Ax) = λ(x, x).

Since x is non-zero, we conclude that λ = λ, whence λ ∈ R. Now suppose Ax1 = λ1x1 and
Ax2 = λ2x2, then WLOG λ1 6= 0 and so:

(x1, x2) = λ−1(Ax1, x2) = λ−1(x1, Ax2) =
λ2

λ1
(x1, x2).

Since λ1 6= λ2, we conclude that (x1, x2) = 0. �

Lemma 2.4. If A : H → H is a compact hermitian operator on a separable Hilbert space, then A
has at most a countable collection of eigenvalues {λn}∞n=1 and the space spanned by the eigenvectors
corresponding to eigenvalues with |λN | ≥ ε > 0 is finite dimensional.

Proof. That A has at most finitely many eigenvectors follows from H having a countable ON-basis
(if A had an uncountable amount of eigenvectors, then the pigeonhole principle would give a con-
tradiction).

Now suppose Λ ⊂ R are the eigenvalues of A. Suppose for the sake of contradiction that the sum
of the eigen-spaces Vλ for |λ| ≥ µ > 0 is infinite dimensional, then there is a sequence {en}∞n=1 of
(normalized, ||ek|| = 1) eigenvectors of A. WLOG, we may choose the en to be orthogonal and set:

Aek = λkek.

But by compactness there is a subsequence {enk} for which {A(enk)} converges. But this means:

||A(enk)−A(enl)||
2 = ||λnkenk − λnlenl ||

2 = |λnk |
2 + |λnl |

2 ≥ 2µ > 0.

But letting l, k be large enough we get a contradiction. �

Lemma 2.5. Suppose A : H → H is a compact Hermitian operator, then either ||A|| or −||A|| is
eigenvalue of A.

Before giving the proof, we will need the following proposition

Proposition 7.1. Suppose A : H → H is Hermitian and continuous. Then ||A|| = sup||x||=1 |(Ax, x)|.

Proof. By the Cauchy-Schwarz inequality we have:

|(Ax, x)| ≤ ||Ax|| · ||x|| ≤ ||A|| · 12 = ||A||2.

Thus we have the inequality: ||A|| ≥ sup||x||=1 |(Ax, x)| =: M . To get the opposite inequality we
first observe that we have the equality (for a general linear operator A):

||A|| = sup
||x||=||y||=1

|(Ax, y)|,
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which follows from applying the Cauchy-Schwarz inequality and noting that the conditions for
equality can be met. Now use a "polarization identity" to write:

(Ax, y) =
(A(x+ y), x+ y)− (A(x− y), (x− y)) + i(A(x+ iy), x+ iy)− i(A(x− iy), x− iy)

4
.

Since A is hermitian, we get (Az, z) = (z,Az) = (Az, z), whence (Az, z) is real and thus:

Re(Ax, y) =
(A(x+ y), x+ y)− (A(x− y), x− y)

4
.

Taking absolute values we get:

|Re(Ax, y)| ≤ 1

4
(|A(x+ y), (x+ y)|+ |(A(x− y), x− y)|) ≤ M

4
(||x+ y||2 + ||x− y||2).

Using the Parallellogram identity we get:

|Re(Ax, y)| ≤ M

2
(||x||2 + ||y||2) ≤M,

where in the last ineqality we have used the assumption that ||x|| = ||y|| = 1. But now we may
replace y by eiθg for an appropriate angle θ, which leaves us with |(Ax.y)| ≤ M . Taking sup over
||x|| = ||y|| = 1 we finally get:

||T || ≤M,

which we wanted to show. �

Now we turn to the proof of lemma 2.5

Proof. By the above lemma, we know that one of the following must hold:

||A|| = sup
||x||=1

(Ax, x), −||A|| = inf
||x||=1

(Ax, x).

If we have the second case, then we may replace T with −T to get the first, thus WLOG we may
suppose that:

||A|| = sup
||x||=1

(Ax, x).

But then there is a sequence {xn}∞n=1 of unit vectors such that:

lim
n→∞

(Axn, xn) = ||A||.

Since A is a compact operator, we may pass to a subsequence and so we can WLOG suppose that
the sequence {A(xk)}∞k=1 converges to some y ∈ H (note that we must have ||y|| ≤ ||A|| since
||Axn|| ≤ ||A||). We now turn to showing that Ay = ||A||y. Note first the equality:

||Axn − ||A||xn||2 = (Axn − ||A||xn, Axn − ||A||xn)

= ||Axn||2 − (Axn, ||A||xn)− (||A||xn, Axn) + (||A||xn, ||A||xn)

= ||Axn||2 − 2||A||(Axn, xn) + ||A||2

Let n→∞ to get:
lim
n→∞

||Axn − ||A||xn||2 = ||y||2 − ||A||2

The above says that ||y|| ≥ ||A||, but by definition we have ||y|| ≤ ||A||, thus we must have the
equality ||y|| = ||A||. Thus in particular we have the limit:

lim
n→∞

||Axn − ||A||xn|| = 0.

Since {Axn} converges to y, we must gave that ||A||xn converges to y as well, hence:

Ay = lim
n→∞

A(||A||xn) = ||A|| lim
n→∞

Axn = ||A||y.

�
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7.2. Approximations in topological groups.

Lemma 2.7 (Approximation lemma). Suppose G is a compact LCA group and suppose V ⊂ G is
an open set containing 0. Then there is a positive function F ∈ C(G) such that:∫

G
Fdm = 1

g /∈ V =⇒ F (g) = 0.

Proof. Since addition and inversion is continuous, we can choose an open set U 3 0 such that
U + U ⊂ V . Consider the function:

F (g) = m(U)−2(1U ∗ 1U )(g) = m(U)−2

∫
G

1U (x)1U (g − x)dm(x).

Since F is a scalar multiple of a convolution of two positive L∞-functions (and the measure is
Radon), it is continuous and positive as well. By Tonelli’s therem:∫

G
|F (x)|dm(x) =

∫
G
F (x)dm(x)

= m(U)−2

∫
G

(∫
G

1U (x)1U (g − x)dm(x)

)
dm(g)

= m(U)−2

∫
G

(∫
G

1U (x)1U (g − x)dm(g)

)
dm(x)

= m(U)−1

∫
G

1U (x)dm(x)

= 1

Moreover if g /∈ V :

F (g) = m(V )−2

∫
G

1V (x)1V (g − x)dm(x) = m(U)−2

∫
G

0dm(x) = 0.

The integrand is zero since suppose it positive at some point, then there is some x ∈ U such that
g−x ∈ U , but this means that (x+U)∩ (G \V ) 6= ∅, but this implies (U +U)∩ (G \V ) 6= ∅, which
is a contradiction to U + U ⊂ V . �

Lemma 2.8 (Approximation by characters). Suppose G is a LCA compact metrizable group. Then
for every positive ε < 1/2, there is a linear combination of characters Lε satisfying:

d(g, 0) ≥ ε =⇒ |L(g)| ≤ ε∫
G
Lεdm = 1∫

G
|Lε|dm ≤ 2

Proof. The sets Vε = {g : d(g, 0) < ε} are open, choose the functions Fε according to lemma 2.7.
Then using Theorem 2.20 we can choose some linear combination of characters such that L̃ε such
that:

sup
g∈G
|Lε(g)− Fε(g)| ≤ ε/2.

Then if we define:

Iε :=

∫
G
Lε,
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we get: ∣∣∣∣Iε − ∫
G
Fε

∣∣∣∣ < ε/2.

Define Lε := I−1
ε L̃ε. Then we have:∫

G
Lεdm = 1∫

G
|Lε|dm ≤ I−1

ε

∫
G

(Fε + ε)dm ≤ 1 + ε/2

1− ε/2
≤ 2

Lastly if d(g, 0) > 0, we get:

|Lε(g)| = |Lε(g)− L̃ε(g) + L̃ε(g)− F (g)|

≤ |I−1
ε L̃ε(g)− L̃ε(g)|+ |L̃ε(g)− F (g)|

=
|Iε − 1|
|Iε|

ε

2
+
ε

2

≤ ε2

4(1− ε/2)
+
ε

2

≤ ε,
which we wanted to show. �

Lemma 2.9 (Equidistribution lemma). Suppose G is a compact LCA group such that 〈g〉 := {gn :
n ∈ Z, n ≥ 0} is dense in G. Then for any continuous function F : G→ C we have the limits:

lim
N→∞

1

2N + 1

N∑
n=−N

F (gn) = lim
N→∞

1

N

N−1∑
n=0

F (gn) =

∫
G
Fdm

Proof. Suppose χ is a character on G. If χ = χ0 then the above equality is trivial (limN→∞ 1 = 1).
If not, then the right hand side equals 0. Since χ 6= 1 there is some g∗ for which χ(g∗) 6= 1. Since
O(g) is dense, we can find some n for which χ(gn) 6= 1, which implies that χ(g) 6= 1. But the left
hand side can be computed:

1

2N + 1

N∑
n=−N

χ(gn) =
1

2N + 1

N∑
n=−N

χ(g)n =
χ(g)N+1 − χ(g)−N+1

(2N + 1)(χ(g)− 1)
.

Letting N to∞, it follows that we have the equality when F is a character and since both sides are
linear in F , we have the equality whenever F is a linear combination of characters. Finally if F is a
general continuous function, choose some linear combination of characters for which supg∈G |L(g)−
F (g)| < ε, then the quantities above differ by at most 2ε. Since ε is arbitrary, we conclude that we
have the desired equality. The other limit is proven in the analogous way. �

Lemma 2.10 (Continuity of shifts). Suppose G is a LCA group and f ∈ Lp(G,G,m) (1 ≤ p <∞).
Then the map g 7→ f ◦Rg is continuous in the Lp norm.

Proof. Let ε > 0 be given. Then there is some continuous function f̃ : G → C such that ||f̃ −
f ||Lp(G,G,m) < ε/3. Since f̃ is continuous, for every h ∈ G, there is some open set Uh such that:

sup
h′∈h+Uh

|f̃(h′)− f̃(h)| < ε/3.

The sets h+Uh cover G and by compactness there is a finite subcover, say: {h1 +Uh1 , . . . , hn+Uhn},
define U :=

⋂n
k=1 Uk. Then whenever g ∈ U , we have the inequality:

|f̃(g + h)− f̃(h)| ≤ sup
g∈U
|f̃(g + h)− f̃(h)| = sup

h′∈h+U
|f̃(h′)− f̃(h)| ≤ sup

h′∈h+Uh

|f̃(h′)− f̃(h)| ≤ ε/3.
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Thus we have (whenever g ∈ U):

||f̃ ◦Rg − f̃ ||Lp(G,G,m) =

(∫
G
|f̃(g + x)− f̃(x)|pdm(x)

)p
≤
(∫

G
(ε/3)pdm(x).

)p
= ε/3

Thus whenever g ∈ U , we have the inequality:

||f ◦Rg − f ||Lp(G,G,m)

≤ ||f ◦Rg − f̃ ◦Rg||Lp(G,G,m) + ||f̃ ◦Rg − f̃ ||Lp(G,G,m) + ||f̃ − f ||Lp(G,G,m)

≤ ε

3
+
ε

3
+
ε

3
= ε.

Since ε > 0 was arbitrary, we conclude that f 7→ f ◦ Rg is continuous at the origin. Since Rg+h =
Rg ◦Rh and rotations on G are homeomorphisms, we conclude that f 7→ f ◦Rg is continuous on all
of G, which we wanted to show. �
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7.3. Results in probability theory.

Theorem 2.22 (Conditional Expectations). Let (X,B, µ) be a probability space and suppose f is an
integrable random variable, A ⊂ B a sub σ-algebra. Then there exists a random variable (function)
E(f |A) : X → C such that:

(1) f is A-measurable,
(2) f is integrable.
(3) For every set A ∈ A, we have the identity:∫

A
E(f |A)dµ =

∫
A
fdµ.

If h is another random variable with the above properties, then E(f |A) = h almost everywhere.

Proof. Suppose that h1 and h2 are two functions which satisfy properties 1 through 3 above. Then∫
A
|h1 − h1|dµ = 0,

for all A ∈ A. But since X ∈ A, we may replace A by X and we conclude using lemma 2.2 that
indeed h1 = h2 almost everywhere.

Now suppose f ∈ L2(X,B, µ) = H1, note the inclusion:

H2 := L2(X,A, P|A) ⊂ H1,

and that the left hand side is a closed subspace. Thus there exists a projection operator Q : H1 →
H2, define E(f |A) := Q(f). Then E(f |A) is A-measurable since E(f |A) ∈ L2(X,A, P|A). Next,
since X has finite measure, the Cauchy-Schwarz inequality implies:(∫

C
|E(f |A)|dµ

)2

≤
∫
X
|E(f |A)|2dµ <∞,

whence Y is integrable. For the final point, note that f − E(f |A) ⊥ H2, thus for any h ∈ H2, we
have: ∫

A
(f − E(f |A))hdµ = 0.

Now choose h = 1A for some A ∈ A to get the desired equality. Thus we have shown the existence
of conditional expectation for all f ∈ L2(X,B, µ) ⊂ L1(X,B, µ). Before proceeding to L1, we will
need a positivity result. Namely:

Proposition 7.2. If f ∈ H2 is positive almost everywhere, then E(f |A) = Q(f) is also positive
almost everywhere.

Proof. Consider the sets:

A1(ε) := {x : Im(E(f |A)(x)) > ε},
A2(ε) := {x : Im(E(f |A)(x)) < −ε},
A3(ε) := {x : Re(E(f |A)(x)) < −ε}.

If we integrate E(f |A) over any of these sets for some ε > 0, the equality:∫
Ai(ε)

E(f |A)dµ =

∫
Ai(ε)

fdµ,

gives a contradiction unless they are all null-sets. It follows that Y is also strictly positive. �
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Now we are ready to prove the general result. First suppose f is positive and define the sets
En = {x : f(x) < n}. Then the functions fn := f1En are bounded (and so ∈ H1) and form an
increasing sequence that converges to f . Thus

hn := Q(fn),

is defined and since fn+1 − fn ≥ 0 everywhere, we have:

0 ≤ Q(fn+1 − fn) = Q(fn+1)−Q(fn) = hn+1 − hn,

almost everywhere, so that the hn also form an increasing sequence of functions. Define

E(f |A)(x) = lim
n→∞

hn(x).

Since E(f |A) is a pointwise limit of A-measurable functions, E(f |A) s also A-measurable. The
monotone convergence theorem implies that:∫

A
E(f |A)dµ = lim

n→∞

∫
A
hndµ = lim

n→∞

∫
A
fndµ =

∫
A
fdµ <∞,

for any A ∈ A. This shows the third property of conditional expectation and setting A = X shows
that h is indeed integrable. Now suppose f is real valued, then we may split f into positive and
negative parts:

f = f+ − f−,
and apply the result we have to f+ and f− separately to obtain the corresponding conditional
expectations E(f+|A) and E(f−|A). It is then easy to check that E(f |A) := E(f+|A) − E(f−|A)
is the desired conditional expectation of f . Finally if f is complex valued we split f into real and
imaginary parts and repeat the above process. �

We now turn to proving the needed properties of conditional expectation, but before we do so, we
give some remarks:

• In the construction above we have defined it as a continuous linear map (with norm 1) on
L2(X,B, µ), which is a dense subspace of L1(X,B, µ), and extended it continuously to the
entire space. Continuity in the L1-norm follows from the use of the monotone convergence
theorem. Thus the map f 7→ E(f |A), considered as a map from L1(X,B, Pµ) to L1(X,A, µ)
is a continuous (with respect to L1-norms) linear map with norm 1.
• The positivity lemma carries over, the proof in L1(X,B, µ) is the same as for L2(X,B, µ).
• Almost all properties one wishes to prove about conditional expectation uses approximation
tricks.

Thus we are ready to prove:

Theorem 2.23 (Properties of conditional expectation). Suppose (X,B, µ) is a probability space, f
is a random variable and suppose A ⊂ B is a sub σ-algebra. Then:

(1) E(·|A) : L1(X,B, µ)→ L1(X,A, µ) is a linear map with norm 1.
(2) If f ≥ 0 almost everywhere, then E(f |A) ≥ 0 almost everywhere.
(3) If A′ ⊂ A is another σ-algebra, then:

E(E(X|A)|A′) = E(X|A′)

(4) If f ∈ L1(X,A, µ), then E(f |A) = f almost everywhere.
(5) If h ∈ L∞(X,A, µ), then:

E(hf |A) = hE(f |A).

(6) If f ∈ L1(X,B, µ), then for almost all y ∈ X:

inf
x∈X

f(x) ≤ E(f |A)(y) ≤ sup
x∈X

f(x).
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Proof. The first two properties have already been explained. For the third property, if f ∈
L2(X,B, µ), then this amounts to the statement that the projecting onto L2(X,A, µ) and then
onto L2(X,A′, µ) ⊂ L2(X,A, µ) amounts to the same thing as projecting onto L2(X,A′, µ) imme-
diately, this is trivial but annoying to write out. Since both sides of the equality:

E(E(f |A)|A′) = E(f |A′),
are continuous functions on L1(X,B, µ) (the left hand side is the composition of two continuous
functions) and the equality is true on a dense subset of the entire space, the equality is true for all
f ∈ L1(X,B, µ). For the fourth point, we note that in L2(X,B, µ), this is nothing but the second
defining property for projections in Hilbert spaces. Use the same continuity argument to show that
this implies the equality for all f ∈ L1(X,B, µ).

For the fifth property, note that hE(f |A) is A-measurable since it is a product of A-measurable
functions. Since f ∈ L1(X,B, µ), we get E(f |A) ∈ L1(X,A, µ), this together with h ∈ L∞(X,A, µ)
and Hölder’s inequality implies that hE(f |A) ∈ L1(X,A, µ). Finally, if we can show the equality:∫

A
h(f − E(f |A))dµ = 0,

for all A ∈ A, then by uniqueness of the conditional expectation we get the desired equality. Sup-
pose for now that f ∈ L2(X,A, µ). Then as we noted in the proof of existence of conditional
expectation, this is nothing but the proposition that for any orthogonal projection Q in a Hilbert
space: v − Q(v) ⊥ u for any u in the sub space being projected onto. Thus we have the desired
equality for all f ∈ L2(X,B, µ). Apply continuity again to get the equality for all f ∈ L1(X,B, µ).

Finally for the sixth property, define the set:

Eε := {x : E(f |A)(x) > sup
x∈X

f(x) + ε}.

Then Eε ∈ A and we have:

µ(Eε) sup
x∈X

f(x) ≥
∫
X
fdµ =

∫
X
E(f |A)dµ ≥ µ(Eε)(sup

x∈X
f(x) + ε),

which implies εµ(Eε) ≤ 0, whence µ(Eε) = 0 for all ε and we get the desired upper bound. The
lower bound is proven in a similar way. �
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7.4. A group theoretic lemma.

Lemma 3.5. Suppose G is an abelian group and H 6 G is a divisible9 subgroup, then there is a
homomorphism from G to H which equals the identity on H.

Proof. We will show that there is some other subgroup M such that M ∩ H = {0} (the identity)
and M + H = G. Then every element in G can be uniquely written as m + h, where m ∈ M and
h ∈ H, thus we can define the desired homomorphism as φ(m+h) = h. We now turn to this result,
which is an essentially an exercise with Zorn’s lemma.

Begin by letting S be the collection of subgroups L ⊂ G such that L∩H = {0}, ordered by inclusion
(note that S is nonempty since {0} ∈ S). This makes S into a partially ordered set and if C is a
chain then a least upper bound is the union of the elements in C. Hence by Zorn’s lemma there
exists a maximal element.

LetM be a maximal element and suppose for the sake of contradiction that G\(M+H) is nonempty,
say x ∈ G \ (M + H). Now consider the group M ′ = 〈x,M〉. Since M ⊂ M ′ (and the inclusion is
strict) and M is maximal, there is some n ∈ Z and m ∈ M such that nx+m ∈ H, in other words
nx ∈ H + M . WLOG we may assume that n is positive and minimal. So let p be a prime that
divides n and define y = (n/p)x. Then by minimality we know that y /∈ M + H but we have the
equality:

py = nx = h0 −m1.

Since h0 is divisible we may choose some h1 ∈ H such that ph1 = h0 and we get the equality:

p(y − h1) = −m1 ∈M.

Letting z = y − h1 we gather: z /∈ H + M (since y /∈ H + M) but pz = −m1 ∈ M . Repeat this
story with z in place of x and we get some other integer N such that:

0 6= h2 = m2 +Nz.

If N is a multiple of p, then after choosing a p:th root of m2 (again thanks to divisibility), we
conclude that h2 ∈ K is non-zero, a contradiction. But then there are integers a, b > 0 such that
aN + bp = 1 and this implies:

z = aNz + bpz = a(h2 −m2)− bm ∈ H +M,

which is a contradiction. �

9A group is divisible if every element has a root of every order



ERGODIC THEORY AND APPLICATIONS TO COMBINATORIAL PROBLEMS 61

7.5. Technical results in proving Roth’s theorem.

Lemma 6.1 (van der Corput’s inequality). Suppose {un}∞n=1 is a sequence in a Hilbert space H,
then for any integer N ≥ 1 and H ∈ {1, . . . , N}, we have the inequality:∣∣∣∣∣

∣∣∣∣∣
N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣
2

≤ N +H

H + 1

{
N∑
n=1

||un||2 + 2

H∑
h=1

(
1− h

H + 1

) ∣∣∣∣∣
N−h∑
n=1

(un+h, un)

∣∣∣∣∣
}
.

Proof. Let N ≥ 0 be fixed for now. Let CN = {un}Nn=1 be a finite sequence in H. Then we may
extend C to the doubly infinite sequence {un}∞n=−∞, simply by setting it to be equal to 0 outside
1, . . . , N . Then we begin by writing:

(H + 1)SN =
H+1∑
h=0

N∑
n=1

un =
H+1∑
h=0

N+H∑
n=1

un−h =
N+H∑
n=1

H+1∑
h=0

un−h.

Now apply norms, square and apply the triangle inequality and the Cauchy-Schwartz inequality to
end up with:

(H + 1)2||SN ||2 =

(
N+H∑
n=1

∣∣∣∣∣
∣∣∣∣∣
H∑
h=0

un−h

∣∣∣∣∣
∣∣∣∣∣
)2

≤ (N +H)

N+H∑
n=1

∣∣∣∣∣
∣∣∣∣∣
H∑
h=0

un−h

∣∣∣∣∣
∣∣∣∣∣
2

.

Now expand the squares and rearrange:

||SN ||2 ≤
N +H

(H + 1)2

N+H∑
n=1

H∑
s=0

H∑
t=0

(un−s, un−t)

≤ N +H

(H + 1)2

N+H∑
n=1

{
H∑
h=0

||un−h||2 +

H∑
s=0

H∑
t=s+1

(un−s, un−t) + (un−t, un−s)

}

=
N +H

(H + 1)2

N+H∑
n=1

H∑
h=0

||un−h||2 +
N +H

(H + 1)2
2 Re

N+H∑
n=1

H∑
s=0

H∑
t=s+1

(un−s, un−t)

≤ N +H

(H + 1)

N∑
n=1

||un||2 +
N +H

(H + 1)2
2

∣∣∣∣∣
N+H∑
n=1

H∑
s=0

H∑
t=s+1

(un−s, un−t)

∣∣∣∣∣
We now turn to simplifying the triple sum:∣∣∣∣∣

N+H∑
n=1

H∑
s=0

H∑
t=s+1

(un−s, un−t)

∣∣∣∣∣ =

∣∣∣∣∣
H∑
s=0

H∑
t=s+1

N+H∑
n=1

(un−s, un−t)

∣∣∣∣∣ ≤
H∑
s=0

H∑
t=s+1

∣∣∣∣∣
N+H∑
n=1

(un−s, un−t)

∣∣∣∣∣ .
Now make the change of variables in the middle sum, namely let t = s+ d, so that d ranges from 1
to H − s, so that we get:∣∣∣∣∣

N+H∑
n=1

H∑
s=0

H∑
t=s+1

(un−s, un−t)

∣∣∣∣∣ ≤
H∑
s=0

H−s∑
d=1

∣∣∣∣∣
N+H∑
n=1

(un−s, un−s−d)

∣∣∣∣∣
≤

H∑
d=1

H−d∑
s=0

∣∣∣∣∣
N+H∑
n=1

(un−s, un−s−d)

∣∣∣∣∣
=

H∑
d=1

(H − d+ 1)

∣∣∣∣∣
N+H∑
n=1

(un, un−d)

∣∣∣∣∣
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Now relabel d as h and plug this back in (and manipulate the expression in the absolute value
slightly) to get the inequality:

||SN ||2 ≤
N +H

H + 1

N∑
n=1

||un||2 +
2(N +H)

(H + 1)2

H∑
h=1

(H − h+ 1)

∣∣∣∣∣
N+H∑
n=1

(un+h, un)

∣∣∣∣∣ .
We now do two things, move in a factor in the second term and note that the second sum uses the
extended sequence only when n > N − h, thus we the following inequality is valid for our original
finite sequence:∣∣∣∣∣

∣∣∣∣∣
N∑
n=1

un

∣∣∣∣∣
∣∣∣∣∣
2

≤ N +H

H + 1

{
N∑
n=1

||un||2 + 2

H∑
h=1

(
1− h

H + 1

) ∣∣∣∣∣
N−h∑
n=1

(un+h, un)

∣∣∣∣∣
}
,

Which we wanted to show. �

Lemma 6.3 (Analytic lemma). Suppose {an} is a bounded and non-negative sequence of real num-
bers. Then:

lim
N→∞

1

N

N−1∑
n=0

a2
n = 0,

iff:

lim
N→∞

1

N

N−1∑
n=0

an = 0,

The above result is actually of independent interest. The following proof can be found in [1].

Proof. We will prove the following equivalence instead:

lim
N→∞

1

N

N−1∑
n=0

an = 0,

iff there is some set J ⊂ N such that:

lim
n→∞
n/∈J

an = 0, lim
N→∞

|J ∩ {0, . . . , N − 1}|
N

= 0,

from which the lemma immediately follows. Lets first suppose that limN→∞
1
N

∑N−1
n=0 an = 0. Then

define:
Jk := {n : ak > 1/k},

so that J1 ⊂ J2 . . . and we have the inequality:

|Jk ∩ {0, . . . , n− 1}|
k

<
∑

i:ai>1/k
0≤i≤n−1

ai ≤
n−1∑
i=0

ai.

In particular we have the inequality:

|Jk ∩ {0, . . . , n− 1}|
n

≤ k

n

n−1∑
i=0

ai,

and the since the right hand side tends to zero with n, so does the left. The idea is now to glue
together segments of the Jk to get a set with density zero, away from which we know that an tends
to zero since Jk = {n : an > 1/k} (so outside Jk, an ≤ 1/k). Thus choose l0 = 0 and lk (k ≥ 1) so
that we have the inequality:

|Jk ∩ {0, . . . , lk − 1}|
lk

≤ 1

k
,
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and define:

J =

∞⋃
k=1

(Jk ∩ [lk−1, lk)).

By construction, J satisfies:

lim sup
N→∞

|J ∩ {0, . . . , N − 1}|
N

≤ 1

k
,

for all k ≥ 1 and by the earlier comments we have:

lim sup
n→∞
n/∈J

an ≤
1

k
,

again for any k ≥ 1. Since k is arbitrary, we have the desired set J . For the converse, suppose such
a set J is given and let an ≤M for all n. Then we can write:

1

N

N−1∑
n=0

an =
1

N

∑
n:n∈J

0≤n≤N−1

an +
1

N

∑
n:n/∈J

0≤n≤N−1

an

≤ M |J ∩ {0, . . . , N − 1}|
N

+
1

N

∑
n:n/∈J

0≤n≤N−1

an.

Now let ε > 0 be arbitrary and choose N0 so that n ≥ N0, n /∈ J =⇒ an < ε. Then we have the
inequality:

1

N

N−1∑
n=0

an ≤
M |J ∩ {0, . . . , N − 1}|

N
+
N0M

N
+

(N −N0)ε

N
.

Letting N →∞ we get:

lim sup
N→∞

1

N

N−1∑
n=0

an ≤ ε.

Since ε > 0 was arbitrary, we get the desired limit. �
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