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Abstract. In this document we introduce the notion of a self-injective core

of a finite-dimensional associative algebra A and study the simple transitive
2-representations of 2-subcategories of 2-categories of the form CA, which are

associated to such cores by removing suitable right cells of CA. We show that

for such 2-subcategories, the simple transitive 2-representations are exhausted
by the cell 2-representations.

In the same setting, for a specific family of algebras, we also study 2-

subcategories constructed by removing left cells of CA and show that also in
this specific case the simple transitive 2-representations are exactly the cell

2-representations.

In the setting of 2-semicategories, for another family of algebras and the
2-semicategory ZA obtained from CA by removing the identity 1-morphism,

we show that the 2-subsemicategories obtained by removing left cells do admit

non-cell simple transitive 2-representations. We construct a family of such
2-representations, indexed by the set partitions of {1, . . . , n}.
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1. Introduction

The study of 2-representations of finitary 2-categories started with the series of
papers ([MM1], [MM2], [MM3], [MM4], [MM5], [MM6]). In particular, [MM5] first
introduced the notion of a simple transitive 2-representation, which is analogous
to that of a simple module in a classical setting. A family of simple transitive
2-representations of a given finitary 2-category C was defined already in [MM1]:
in analogy to representation theory of Hecke algebras, one defines a cell structure
on C and constructs associated cell 2-representations. [MM5] also developed a
weak Jordan-Hölder theory for 2-representations of such 2-categories, using simple
transitive 2-representations as a weak analogue of composition factors.

This makes the problem of classification of simple transitive 2-representations very
natural to investigate.

In [MM5] it was shown that for the 2-category CA of projective functors of a self-
injective finite-dimensional algebra A, the simple transitive 2-representations are
exhausted by the cell 2-representations. Early classification results such as [MZ1],
[Zi2], show the same result for different choices of the finitary 2-category in question.
In [MMZ], the aforementioned classification in [MM5] was generalized so that the
assumption regarding self-injectivity of A can be omitted. However, there are also
important cases where non-cell simple transitive 2-representation exist: for instance,
this is the case for some 2-categories of Soergel bimodules, see [MMMTZ].

In view of these results, a natural question to ask is whether the simple transitive
2-representations still are exhausted by cell 2-representations for a 2-subcategory
of a 2-category having that property. A particular case of this problem is studied
in [Zi2], where some 2-subcategories of CA are considered, under the assumption
that A is a so-called star algebra.

The 2-subcategories treated in that paper are constructed by removing a subset of
left respectively right cells of CA: one case of removing right cells considered therein
is fully solved, and in that case the simple transitive 2-representations indeed are
cell 2-representations, but for the analogous case with left cells removed, only the
case where A is the smallest star algebra is solved. For the remaining cases the
paper provides insightful analysis and an interesting conjecture which implies the
existence of non-cell simple transitive 2-representations.

Unfortunately, this document does not verify nor disprove that conjecture.

However, if the identity 1-morphism is removed from the object of study, and the
conjecture thus reformulated into the setting of 2-semicategories recently studied
in [KMZ], then Chapter 6 shows the existence of mutually non-equivalent non-cell
simple transitive 2-representations corresponding to partitions of integers, as was
claimed in the conjecture. The conjecture also claims that these 2-representations
exhaust the simple transitive 2-representations up to equivalence. This claim is
not proved in this document, and at the time of its writing remains an open prob-
lem.

Beyond that, this document generalizes the well-behaved case of removing right
cells which also was studied in [Zi2], and also solves a specific problem of removing
left cells for a different family of algebras, for which the problem proves to be much
easier than that considered in [Zi2].
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A common feature of both these cases is that the algebra A admits what in this
document is referred to as a self-injective core: a subset S of a system of primitive,
mutually orthogonal idempotents for A, such that

for every e ∈ S there is f ∈ S satisfying (eA)∗ ' Af .

The 2-subcategories we consider are associated to such self-injective cores by re-
moving all the right cells, alternatively left cells, of CA, but those indexed by the
elements of S. For a 2-category D constructed in that manner, the self-injective
core S gives rise to a weakly fiat 2-subcategory of D , which has strongly regular
J-cells, so that its simple transitive 2-representations are cell 2-representations, by
results of [MM6]. This subcategory is a central tool in proving our results.

The document is organized as follows: in Section 2 we recall some notions of
2-representation theory and introduce the necessary notation. In Section 3 we give
the definition of a self-injective core, introduce the 2-subcategories of CA associated
to it, describe some basic properties thereof, and give some examples. In Section 4
we treat the problem of classifying simple transitive 2-representations when remov-
ing right cells with respect to a self-injective core, for a general A admitting such,
and prove the main result of this document:

Theorem. For an finite-dimensional algebra A with a self-injective core S, the
simple transitive 2-representations of the 2-category

〈F ∈ CA | F ∈ add({Ae⊗k fA for e ∈ S})〉 ⊆ CA

are exhausted by its cell 2-representations.

In particular, this generalizes [Zi2, Theorem 6.2]. In Section 5 we modify the setting
of [Zi2] slightly, replacing the family {Λn | n ∈ N} of star algebras defined therein
with a family {∆n | n ∈ N} of quotients of star algebras, and again consider the
problem of removing some right cells. This time, however, we do not require the
kept cells to be associated to a self-injective core, so only some of the methods of
Section 4 apply, and the solution we give is heavily based on explicit calculation.
In Section 6, we study the problem of removing left cells of 2-semicategories ZA

obtained from CA by removing the identity 1-morphisms. We consider the case
A = Λn and show that it is closely connected to the case A = ∆n. For that
case we construct non-strict non-cell simple transitive 2-representations, and then
present a strictification result of [Po], using which we produce strict variants of
said 2-representations. In the final section, we introduce the family {Bn | n ∈ N} of
finite-dimensional algebras and classify the simple transitive 2-representations for
a 2-subcategory of CBn obtained by removing a particular left cell thereof.

2. Preliminaries

2.1. Finitary 2-categories and their 2-representations. Throughout let k de-
note an algebraically closed field. By a finite-dimensional algebra A we mean an
associative, unital, finite-dimensional algebra over k, and by a system of idempo-
tents of A we mean a set {ei ∈ A | i = 1, 2, . . . , r} of primitive, mutually orthogonal
idempotents of A such that

∑r
i=1 ei = 1.

Definition 2.1. A 2-category C is a category enriched over the category Cat of
small categories. As such, it consists of:
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• a collection of objects;

• for each pair (i, j) of objects, a small category C (i, j) of arrows from i to
j, called 1-morphisms; morphisms of such category are called 2-morphisms.

The identity 1-morphism of an object i will be denoted by 1i and the identity
2-morphism of a 1-morphism F will be denoted by idF . As a consequence of being
enriched over Cat, composition of 1-morphisms gives a bifunctor

C (j, k)× C (i, j)→ C (i, k).

This bifunctoriality gives rise to the horizontal composition ◦h of 2-morphisms, in
addition to the vertical composition ◦v internal to C(i, j) with i, j fixed.

The two ways of composition satisfy the interchange law

(α ◦h β) ◦v (γ ◦h δ) = (α ◦v γ) ◦h (β ◦v δ).

A first example of a 2-category is Cat - the 2-category of all small categories, with
functors as 1-morphisms and natural transformations as 2-morphisms. However,
we are mainly interested in finitary 2-categories.

Definition 2.2. We say that a category C is finitary if it is additive, idempotent
split, k-linear, and has finitely many isomorphism classes of indecomposable objects.

Proposition 2.3. Every finitary category is equivalent to a category Q-proj of
projective finitely generated modules over a basic algebra.

Proof. Clearly, a category of the form Q-proj is finitary. Given a finitary category
C, let X1, . . . , Xr be a complete irredundant list of representative of isomorphism
classes of indecomposable objects of C. Let X :=

⊕r
i=1Xi, and let idi denote the

endomorphism of X which is the direct sum of the identity of Xi on EndC(Xi) and
zero on the complement thereof in End(X).

We have an isomorphism of End(X)-modules:

End(X) '
r⊕
i=1

End(X) idi .

Moreover, since Xi is indecomposable, idi is a primitive idempotent of EndC(X).
Furthermore i 6= j, we have idi idj = 0 = idj idi. Finally,

r∑
i=1

idi = idX = 1End(X),

so that {idi | i = 1, . . . , r} is a system of idempotents for End(X) and
{End(X) idi | i = 1, . . . , r} is a complete set of representatives of isomorphism
classes of indecomposable projective modules over End(X).

The functor given by sending Xi to End(X) idi and by linearizing the map sending
a morphism g : Xi → Xj to g◦ : End(X) idi → End(X) idj is an equivalence
C ' End(X)-proj. �

Definition 2.4. A finitary 2-category C over k is a 2-category with finitely many
objects such that for every i, j ∈ C , the category C(i, j) is finitary, horizontal
composition is biadditive and k-bilinear, and for any object i ∈ C , the identity
1-morphism 1i is an indecomposable object of C(i, i).
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Definition 2.5. Given a connected, basic finite-dimensional algebra A, fix a small
category A equivalent to A-mod. The 2-category CA consists of

• a single object i;

• endofunctors of A isomorphic to tensoring with A-A-bimodules in
add((A ⊗k A) ⊕ A) as 1-morphisms (in other words, so-called projective
functors);

• as 2-morphisms, all natural transformations between such functors.

In particular, CA is finitary. The following 2-categories also will be of interest,
although for a different reason:

• Ak - the 2-category whose objects are small finitary categories over k,
1-morphisms are additive k-linear functors between such categories and
whose 2-morphisms are all natural transformations between such functors;

• Rk - the 2-category whose objects are small abelian k-linear categories,
1-morphisms are right exact k-linear functors between such categories and
whose 2-morphisms are all natural transformations between such functors.

Definition 2.6. A 2-functor M from a 2-category C to a 2-category D consists of

• a function M : ob C → ob D ;

• for each pair (i, j) of objects, a functor Mi,j : C (i, j)→ D(Mi,Mj)

satisfying M(G ◦ F ) = MG ◦MF for any composable pair (G,F ) of 1-morphisms
and M1i = 1Mi for any object i ∈ C .

Throughout the rest of this section, let C be a finitary 2-category, unless otherwise
stated.

Definition 2.7. A finitary 2-representation of C is a 2-functor M : C → Ak such
that Mi,j is additive and k-linear. An abelian 2-representation of C is such a
2-functor whose codomain instead is Rk.

Note that as an immediate consequence of the definition of Rk, the action of
1-morphisms of C in an abelian 2-representation thereof is right exact. Due to
the Eilenberg-Watts theorem, up to natural isomorphism that action is then given
by taking tensor products with some bimodules, and similarly 2-morphisms between
1-morphisms can be identified as acting as bimodule morphisms.

The following is an important example of a 2-representation:

Example 2.8. Let i ∈ C . The 2-functor C(i,−) assigning C(i, j) to j ∈ C , the
functor F ◦− to each 1-morphism F and the natural transformation α ◦h− to each
2-morphism α is a finitary 2-representation of C , since C itself is finitary. We will
call it the principal 2-representation of C at i and denote it by Pi.

To complete the 2-setup we need a notion of 2-transformations between 2-functors as
well as a notion of modifications between these 2-transformations. A more detailed
account of the strict setup followed so far, as well as the weaker setup of bicategories,
can be found for instance in [Le]. The suitable notion of a 2-transformation between
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2-representations is that of a non-strict 2-natural transformation, defined in [MM3,
Section 1]:

Definition 2.9. Given 2-representations M,N of C , a non-strict 2-transformation
Ψ is given by a function which assigns to each object i in C a functor

Ψi : M(i)→ N(i)

in a way such that for any objects i, j in C and any 1-morphism F in C (i, j), there
is a 2-isomorphism ηF : Ψj ◦M(F )→ N(F ) ◦Ψi, which is natural in the following
sense:

• For any 1-morphism G in C(i, j) and any 2-morphism α : F → G we have

ηG ◦v
(
idΨj
◦hM(α)

)
= (N(α) ◦h idΨi

) ◦v ηF

• For any 1-morphism G in C(k, i) (so that we may form the composition
F ◦G) we have

ηF◦G = (idN(F ) ◦hηG) ◦v (ηF ◦h idM(G))

Finally, for modifications we again follow the strict setup of [Le]:

Definition 2.10. Given two non-strict 2-transformations σ, σ′ : M→ N, a modifi-
cation from σ to σ′ is a function Γ which assigns to each object i in C a 2-morphism
Γi : σi → σ′i such that for any 1-morphism, the following square commutes:

NF ◦ σi NF ◦ σ′i

σj ◦MF σ′j ◦MF

id(NF ) ◦hΓi

Γj◦hid(MF )

For the purposes of this document, the following are the most important conse-
quences of the setup above:

Proposition 2.11 ([MM3, Proposition 1]). Finitary 2-representations of C , to-
gether with non-strict 2-transformations and modifications, form a 2-category, de-
noted by C-afmod.

Similarly, abelian 2-representations of C form a 2-category, denoted by C -mod.

The principal representation Pi admits the following Yoneda lemma:

Lemma 2.12 ([MM2, Lemma 9]). For any finitary 2-representation M of C , there
is an isomorphism

Hom(Pi,M) 'M(i).

In particular, for every object X ∈M(i) there is a unique 2-transformation sending
1i to X.

Proposition 2.13 ([MM3, Proposition 2]). Let M,N be two 2-representations of
C and Ψ : M → N a non-strict 2-natural transformation. Assume that for every
i ∈ C the functor Ψi is an equivalence. Then there exists an inverse non-strict
2-natural transformation.

This motivates the following definition:
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Definition 2.14. Two 2-representations M,N of C are equivalent if there is a
non-strict 2-natural transformation Φ such that for each i, Φi is an equivalence of
categories.

Definition 2.15. If C only has one object i, we define the rank of a finitary
2-representation M of C as the number of indecomposable objects of M(i).

If C has more than one object, one can fix an ordering of its objects and define
the rank of a finitary 2-representation of C as a suitable tuple of positive integers.
However, in the following sections we will only consider 2-categories with a single
object.

We complete the description of our setup by remarking that the strictness assump-
tions above can be made since every bicategory is biequivalent to a 2-category; the
details again can be found in [Le].

2.2. Fiat categories. Given two general, not necessarily finitary 2-categories, let
a weak 2-functor M : C → D mean a slightly altered notion of a 2-functor, where
for two composable 1-morphisms F,G ∈ C we only require a natural isomorphism
M(FG) ' M(F )M(G), rather than strict equality. This is similar to the notion
of homomorphism given in [Le]; however, we don’t impose coherence conditions on
the isomorphism. Further let Cop,op be the 2-category opposite to C in the sense
that composition of both 1-morphisms and 2-morphisms is reversed.

Definition 2.16. A weakly fiat 2-category C is a finitary 2-category together with
a weak anti-equivalence - a weak 2-equivalence ∗ : C → Cop,op, such that for any
F ∈ C(i, j) there are so-called adjunction 2-morphisms α : F ◦ F ∗ → 1j and
β : 1i → F ∗ ◦ F , satisfying (αF ) ◦v Fβ = idF and F ∗α ◦v (βF ∗) = idF∗ . The
2-category C is said to be fiat if it is weakly fiat and ∗ is involutive.

The existence of left and right adjoints suffices to conclude weak fiatness:
taking right (alternatively left) adjoints is functorial and gives the desired
weak 2-equivalence. This categorical statement is formulated for instance in
[EGNO].

Lemma 2.17 ([MM1, Lemma 45]). Given a finite-dimensional algebra A and a
projective bimodule Ae⊗k fA, the pair(

(Ae⊗k fA)⊗A −, ((fA)∗ ⊗k eA)⊗A −
)

is adjoint. In particular, if A is self-injective, then CA is weakly fiat.

A first important property of fiat categories is that they act exactly in an abelian
2-representation:

Proposition 2.18. Let C be a weakly fiat 2-category, let D be a 2-category of small
categories, let M : C → D be a 2-representation of C and let F ∈ C(i, j). Then
(MF,MF ∗) is an adjoint pair of functors. Hence, if M is abelian, F acts as an
exact functor.

Proof. Let α : F ◦ F ∗ → 1j and β : 1i → F ∗ ◦ F be the adjunction morphisms
associated to (F, F ∗). Under a 2-representation as above, MF,MF ∗ are functors
with natural transformations Mα,Mβ satisfying the counit-unit axioms for adjoint
functors.
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Note that ∗ acts on the finite set of isomorphism classes of indecomposable 1-
morphisms by a permutation ν.
Let r be the order of ν and let F ∗k denote applying ∗ on F k times. We then see
that (MF ∗(r−1),MF ) is an adjoint pair and so MF admits both a left and a right
adjoint, and so if M is abelian, MF is an exact functor. �

Fiat categories and their 2-representation theory are more well-understood than
the more general finitary setting; a recent important technique we will not treat
here is the use of coalgebra 1-morphisms studied in [MMMT] based on the ideas
used in the case of abelian tensor categories in [Os], [EGNO]. So far no counterpart
to that technique exists in the non-fiat finitary setting.

2.3. Abelianization. This subsection follows [MM5, Section 2.7].

Let A be a finitary category. The abelianization A of A is the category whose

objects are diagrams of the form X
η−→ Y with η ∈ A(X,Y ) and morphisms are

equivalence classes of solid diagrams of the form

X Y

X ′ Y ′

η

τ1 τ2
τ3

η′

modulo the subspace spanned by diagrams for which there is τ3 : Y → X ′ as above,
satisfying η′τ3 = τ2. The categoryA is abelian and, given a complete list X1, . . . , Xr

of indecomposables for A, equivalent to EndA(
⊕r

i=1Xi)
op-mod. Viewing a finitary

representation M of C as a functorial action of C on the finitary categories M(i)

with i ∈ C , we see that we can define an action on M(i) by acting component-wise
on the diagrams. This gives rise to the abelian 2-representation M of C , which we
will also call the abelianization of M.

Other variants of abelianization of 2-representations were introduced in [MMMT];
despite the advantages of these, we only need this classical abelianization for our
purposes and, for simplicity, choose not to introduce the other alternatives.

2.4. Decategorification, action matrices. Given an essentially small additive
category C, we denote its split Grothendieck group by [C]. Given an essentially
small abelian category A, we denote its Grothendieck group by [[A]].

Definition 2.19. The decategorification of a finitary 2-category C is the
Ab-enriched category [C ] with the same objects as those of C , and for objects
i, j ∈ [C ], the group of morphisms [C ](i, j) is the split Grothendieck group [C(i, j)].
Composition of morphisms in [C ] is induced by the composition of 1-morphisms in
C , hence it is also biadditive.

The decategorification of a finitary 2-representation M of C is the functor

[M] : [C ]→ Ab

sending i to [M(i)] and sending a morphism [F ] ∈ [C ](i, j) to the group morphism
[M(F )] : [M(i)]→ [M(j)] induced by the additive functor M(F ).



2-REPRESENTATIONS AND SELF-INJECTIVE CORES 11

The decategorification of an abelian 2-representation M is the functor

[[M]] : [[C ]]→ Ab

sending i to [[M(i)]] and sending F ∈ [C ](i, j) to the group morphism [[M(F )]]
induced by M(F ).

The split Grothendieck group of a finitary category is free on any complete set of
representatives of isomorphism classes of indecomposable objects. Thus, after fixing
such a set and hence choosing bases for M(i) for all i ∈ C , the group morphism
[M(F )] is represented by a matrix, which we also denote by [M(F )], alternatively by
[F ]. The abelianization M acts on categories of modules over a finite-dimensional
algebra, and the Grothendieck group of such a category is free on a complete set
of simple objects, so similarly to [M(F )], also [[M(F )]] is represented by a matrix,
which we denote by [[M(F )]], or [[F ]].

2.5. Simple transitive 2-representations.

Definition 2.20. A 2-representation M of C is transitive if for any objects i, j ∈ C
and any indecomposable objects X ∈M(i) and Y ∈M(j), there is a 1-morphism
F of C such that Y is isomorphic to a direct summand of M(F )X.

Definition 2.21. An ideal I of a 2-representation M of C is a collection of ideals
I(i) in M(i) for all i in C that is stable under the action of C . More explicitly,
for any objects i, j, any morphism γ ∈ I(i) and any 1-morphism F in C(i, j), the
morphism M(F )γ lies in I(j).

Definition 2.22. A 2-representation M of C is simple transitive if it has no proper
ideals.

In particular, every simple transitive 2-representation is transitive.

Lemma 2.23. Every transitive 2-representation M admits a unique maximal ideal
I. The quotient 2-representation M/I is simple transitive. The ideal I does not
contain an identity morphism of a non-zero object.

Since I does not contain an identity morphism of a non-zero object, the matrix
of a 1-morphism F of C is the same with respect to M as it is with respect to
M/I.

2.6. Cell 2-representations. We now introduce some relations on a finitary 2-
category C , which are analogous to Green’s relations for semigroups:

Definition 2.24. For indecomposable 1-morphisms F,G ∈ C we write F ≥L G if
there is a 1-morphism H ∈ C such that F is isomorphic to a direct summand of
H ◦ G. This gives the left preorder L on the set of indecomposable 1-morphisms
of C ; the right preorder R and the two-sided preorder J are defined similarly. The
equivalence classes of the induced equivalence relations are called the left, right and
two-sided cells respectively. (Alternatively, L-cells, R-cells and J-cells.)

The analogy with semigroups is made more precise in [MM2, Section 3], where
the multisemigroup structure on the set of indecomposable 1-morphisms of C is
described and used to describe the preorders given above.
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Definition 2.25. A J-cell J of C is idempotent if there are F,G,H ∈ J such that
F is isomorphic to a direct summand of G ◦H.

Definition 2.26. Let L be a left cell of C . There is an object i ∈ C such that
for each 1-morphism F in L there is an object j ∈ C (depending on F ) satisfying
F ∈ C(i, j). Consider the action of C on add(F | ;F ≥L L): from the definition of
a left cell it follows that the quotient NL of that action by the ideal generated by
{F | F >L} is a transitive 2-representation. Observe that it also is a subquotient
of Pi. The cell 2-representation CL is the unique simple transitive quotient of NL.

The following is the main theorem of [MM5]:

Theorem 2.27 ([MM5, Theorem 15]). Let A be a basic, connected, self-injective
algebra. Then any simple transitive 2-representation of CA is equivalent to some
cell 2-representation.

Another important similarity between finitary 2-categories and semigroups is the
following:

Lemma 2.28 ([CM, Lemma 1]). Let M be a transitive 2-representation of C . The
set of J-cells which do not annihilate M admits a unique J-maximal element, called
the apex of M. The apex of M necessarily is an idempotent J-cell.

Proposition 2.29 ([CM, Proposition 3]). Let M be a transitive 2-representation
of C and N be the simple transitive quotient of M. Then M and N have the same
apex.

3. Self-injective cores and their associated 2-categories

Fix a basic, connected, finite-dimensional algebra A together with a system
{ei ∈ A | i = 1, 2, . . . , r} of idempotents for A.

By definition, the indecomposable projective bimodules over A correspond to the
indecomposable 1-morphisms of the 2-category CA. Since bimodules over A can be
viewed as left modules over A⊗k A

op, the set

{A} ∪ {Aei ⊗k ejA | i, j ∈ {1, . . . , r}}
is a complete irredundant list of representatives of isomorphism classes of its inde-
composable 1-morphisms. We fix an indecomposable 1-morphism corresponding to
Aei ⊗k ejA and denote it by Fij . There are two J-cells in CA:

J0 = {A} and J1 = {Aei ⊗k ejA | i, j ∈ {1, . . . , r}}

The left cells of J1 are indexed by the system of idempotents and given by

Lj = {Aei ⊗k ejA | i ∈ {1, . . . , r}} .

Similarly, the right cells are given by

Ri = {Aei ⊗k ejA | j ∈ {1, . . . , r}} .
Note that J1 =

⋃r
j=1 Lj =

⋃r
i=1Ri.

Definition 3.1. A self-injective core S for A is a subset

S ⊆ {ei ∈ A | i = 1, 2, . . . , r}
such that for every e ∈ S there is f ∈ S satisfying (eA)∗ ' Af .
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In other words, the indecomposable projective module associated to an idempotent
in S is isomorphic to the indecomposable injective associated to an idempotent also
lying in S.

Example 3.2. Let A be a weakly symmetric finite-dimensional algebra and let
Z = {e1, . . . , er} be a system of idempotents for A. Any subset of Z constitutes a
self-injective core for A.
More generally, let A be self-injective. In particular, an indecomposable projective
module of the form Aei is indecomposable injective, and thus there is an index
j ∈ {1, . . . , r} such that Aei ' (ejA)∗. This induces the so-called Nakayama
permutation ν ∈ Sr, mapping i ∈ {1, . . . , r} to ν(i) such that Aei ' (eν(i)A)∗. Let
ν have cycle decomposition ν = (c1) · · · (ck). Then the self-injective cores of A are
the unions of sets of the form

Sj = {ei | i is in the cycle (cj)}

To a self-injective core S of a basic, connected, finite-dimensional algebra A we
associate the following 2-full 2-subcategories of CA:

• DJ , given by the additive closure of {A} ∪ {Aei ⊗k ejA | ei, ej ∈ S};

• DL, given by the additive closure of {A} ∪ {Aei ⊗k ejA | ej ∈ S};

• DR, given by the additive closure of {A} ∪ {Aei ⊗k ejA | ei ∈ S}.

Note that we define those 2-categories entirely by specifying what part of J1 we
choose to keep: DL is obtained by keeping the left cells associated to idempotents
in S; alternatively, of course, we may say that we remove all the other left cells.
Similarly, DR is defined by keeping or removing right cells, and DJ by removing
first left and then right cells, or vice versa. Observe also that in this setting, DJ is
a 2-subcategory of DL as well as of DR - we even have DJ = DL ∩DR, but we will
not use this fact.

The main problem treated in the remainder of this document is the classification
of simple transitive 2-representations of 2-categories of the form DJ , DL or DR, to
varying degrees of generality. The case of DJ reduces to results shown in [MM6];
we classify the simple transitive 2-representations of DR in the general setting of
an arbitrary basic, connected, finite-dimensional algebra A and arbitrary choice of
a self-injective core for A; for DL, we only treat a particular family of algebras and
a particular self-injective core for each member of the family.

The properties of DJ as a 2-subcategory will be very important both in the general
case of DR treated in the next section, as well as in the special case of DL studied
in the final section of this document. Also in the penultimate section, where we
classify simple transitive 2-representation of an analogue of DR for which S does
not form a self-injective core, it is of essence that the corresponding analogue of
DJ has some of the useful properties of DJ . These properties can be thought of as
the motivation for the definition of a self-injective core. We thus begin by studying
DJ .

Proposition 3.3. The cell structure of DJ is the restriction of that of CA.

Proof. We first recall how the cell structure of CA is determined: we have

Fij ◦ Fkl ' F
⊕ dim ejAek
il



14 MATEUSZ STROIŃSKI

from which one infers the left (right) incomparability of the various left (right) cells
in J1, and using dim ekAek > 0 and

Fik ◦ Fkj ' F⊕ dim ekAek
ij

one shows Fkj ∼L Fij (similarly one treats the right cells). For a general 2-full
2-subcategory D ⊆ CA, the cell preorders of CA must be refinements of those of
D . Hence, the incomparability statement is preserved, being caused by the lack
of suitable 1-morphisms in CA. For the other statement we may of course find
ourselves in a situation where Fik is not in D - but in the case of DJ , this is not
the case. If Fij , Fkj ∈ DJ , then ei, ek ∈ S and thus also Fik ∈ DJ . �

Proposition 3.4. The 2-category DJ is weakly fiat. Every simple transitive
2-representation of DJ is equivalent to a cell 2-representation.

Moreover, a 2-full 2-subcategory of CA is weakly fiat if and only if it is of the form
DJ for some self-injective core S of A. In particular, CA is weakly fiat if and only
if A is self-injective.

Proof. From the adjunction in Lemma 2.17 we see that DJ is by definition con-
structed so that its 1-morphisms admit adjoints in CA and that DJ is closed under
right adjoints; it is then also closed under left adjoints, since, similarly to the proof
of Proposition 2.18, left adjoints can be found by taking right adjoints sufficiently
many times. Thus DJ is weakly fiat. Moreover, since the J-cells of CA are strongly
regular in the sense of [MM5, Section 6], by Proposition 3.3 so are the J-cells of DJ ,
and so by [MM6, Proposition 1], DJ satisfies the numerical condition, so that by
[MM5, Theorem 18] its simple transitive 2-representations are cell 2-representations.

A 2-full subcategory D of CA is determined by the collection of indecomposable
1-morphisms of CA it contains. For this collection to be closed under composition,
it must be obtained by removing some left respectively right cells of CA. For D
to be weakly fiat, each of those indecomposables must admit both left and right
adjoints in CA, which furthermore must also lie in D . Since the weak involution
swaps the left and right preorders, D must have equally many left and right cells,
and both those must be associated to the same collection of idempotents of A. In
other words there is S ⊆ {e1, . . . , er} such that

D ∩ J1 = {Ae⊗k fA | e, f ∈ S} .

It remains to show that S is a self-injective core. Again using Lemma 2.17, we
see that for Aei ⊗k ejA in D to admit a right adjoint, there must be a 1-morphism
Af⊗k eiA in D which is (as a bimodule) isomorphic to (ejA)∗⊗k eiA. In particular,
for the left module structure to be isomorphic we need (ejA)∗ ' Af , which shows
that S indeed is a self-injective core. �

Remark 3.5. Let e :=
∑
ei∈S ei. The 2-categories DJ and CeAe are very sim-

ilar. More precisely, if we treat the maximal J-cells J J1 ,J eAe1 of the respective
2-categories as separate 1-categories that admit a ”tensor product”, which satisfies
all the axioms for a monoidal category except for the existence of a unit object
and, naturally, the axioms concerning such object, then these categories admit an
equivalence preserving that tensor product. It is given by noting that there is a
canonical bijection between the projective bimodules over A associated to S and the
projective bimodules over eAe, sending Aei⊗k ejA to eAei⊗k ejAe. This bijection
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also yields isomorphisms between morphism spaces:

HomA-bimod(Aei ⊗k ejA,Aek ⊗k elA) 'k-mod eiAek ⊗k elAej

'k-mod HomeAe-bimod(eAei ⊗k ejAe, eAek ⊗k elAe)

and, since multiplication in the centralizer subalgebra is the same as that of A, this
bijection between projective bimodules is functorial, and the obtained functor is an
equivalence which preserves the tensor product.

We also have canonical isomorphisms of spaces of morphisms to identity:

HomA-bimod(Aei ⊗k ejA,A) 'k-mod eiAej 'k-mod HomeAe-bimod(eAei ⊗k ejAe,A).

The spaces of morphisms from identity are generally more complicated; however, in
the fiat case, there is a bijection Hom(A,Aei ⊗k ejA) ' Hom(Aei ⊗k ejA,A) given
by the involution from the fiat structure, which leads us to speculate that DJ may
be biequivalent to a 2-category of the form CeAe,X , as considered in [MM3, Section
4.5].

We now further examine the cell structures of DL,DR.

Proposition 3.6. The left cell structure of DR is the restriction of that of CA.
Similarly, the right cell structure of DL is the restriction of that of CA.

Proof. Similarly to Proposition 3.3, for Fij , Fkj ∈ DR, the 1-morphism Fik lies in
DR, because Fij ∈ DR implies ei ∈ S. The second statement is analogous. �

We now introduce some notation for cells of 2-categories. First, in all three cases,
all indecomposable non-identity 1-morphisms are strictly J-greater than 1i, and so
the isomorphism class of 1i constitutes a J-cell. We denote this cell by J0. Next,
consider the collection

J J1 := {Fij | ei, ej ∈ S} .

This is a complete list of representatives of isomorphism classes of indecomposable
1-morphisms of DJ , which, as observed in Proposition 3.3, constitutes the maximal
J-cell thereof. Since DJ is a 2-subcategory of both DL and DR, the 1-morphisms
of that collection also are J-equivalent in those 2-categories. Let J L1 denote the
J-cell of DL containing J J1 and define J R1 similarly as a J-cell of DR. As earlier,
we denote the maximal J-cell of CA by J1.

The left and the two-sided structure of DL can be different from that of CA. (Sim-
ilarly for the right and the two-sided structure of DR.) This is the case in the
following example:

Example 3.7. Let A be the quotient of the path algebra of

2 1 0

a2

b2

a1

b1

by the relations

a2b2 = b1a1, a1a2 = b2b1 = 0.
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The Loewy filtrations of the indecomposable projectives are the following:

2 1 0

1 2 0 1

2 1 0.

In particular, A is weakly symmetric. Consider the self-injective core for A given by
S = {e0} and the associated 2-category DR, for which there are four isomorphism
classes of indecomposable 1-morphisms: A,F00, F01, F02. In contrast to CA, we
don’t have F01 ≥R F02 or F00 ≥R F02, as F02 ◦ F0i = 0. As a consequence of that,
DR has three J-cells:

J R0 = {A} , J R1 = {F00, F01} , J R2 = {F02} with J R0 <J J R1 <J J R2 ,

its R-preorder is equal to its J-preorder, and, as follows from Proposition 3.6, its
L-preorder is the restriction of that of CA.

The example above shows that a left cell of DR may be strictly J-greater than J R1 .
One can also find 2-categories of the form DL with right cells strictly J-greater than
J L1 . In what follows, we will refer to such cells as bad cells.

Proposition 3.8. Every indecomposable non-identity 1-morphism F of DR outside
of J R1 lies in a bad cells and satisfies

F ◦G = 0 for every non-identity indecomposable 1-morphism G of DR.

Thus, each bad cell constitutes a non-idempotent, maximal J-cell of DR. In partic-
ular, bad cells are J-incomparable.

Proof. As remarked earlier, the cell structure of CA is a refinement of that of DR,
and since the L-preorder of DR is the restriction of that of CA, from the composition
rule for the 1-morphisms of CA we see that Fij 6≥J Fkl if and only if Fij 6≥R Fil.
Further, Fij ≥R Fil if and only if there is some m with Fmj ∈ DR and Fil◦Fmj 6= 0.

This is always the case if Fil ∈ J J1 : then el ∈ S, Flj ∈ DR, and Fil◦Flj necessarily is
non-zero, with Fij a direct summand thereof. From this we see that a non-identity
indecomposable 1-morphism of DR either F ∈ J R1 or F >J J R1 , in which case F
lies in a bad cell, showing the first part of the statement.

Assume Fik >J J R1 . In particular, Fij 6≥R Fik for all Fij ∈ J R1 . From the first
paragraph of this proof it follows that ek ∈ S and that for all j such that ej ∈ S,
there is no m such that Fmj ∈ DR and Fik ◦ Fmj 6= 0. In particular

Fik ◦ Fjj = 0 for all j such that ej ∈ S.

But for any m, Fik ◦ Fjj = 0 if and only if Fik ◦ Fjm = 0. So for all j such that
ej ∈ S, and any m, we have Fik ◦ Fjm = 0, and any indecomposable non-identity
1-morphism of DR is of the form Fjm. This shows the second part of the statement.

So acting on Fik by left composition leaves us in the left cell of Fik and acting by
right composition is zero or identity, so the left cell of Fik is a J-cell. For the same
reason, that J-cell is not idempotent, and bad cells are not J-comparable. �
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It follows that J R1 is the maximal idempotent J-cell of DR. Since a bad cell is
J-greater than J R1 , it is greater than the apex of any transitive 2-representation
of DR, and hence is annihilated in every such 2-representation. When considering
transitive 2-representations, we may replace DR by its quotient with the union of
its bad cells.

Observation 3.9. The apex of a simple transitive 2-representation must be either
J R0 or J R1 . In the first case we may replace DR with its quotient with everything
but J R0 . A simple transitive 2-representation of such category is equivalent to
the cell 2-representation associated to J R0 . Hence for the rest of this document
we will (unless otherwise stated) assume that the apex of a simple transitive 2-
representation is always J R1 . The same applies to DJ ,DL, and also in these cases
we will implicitly assume the apex not to be J0.

Before formulating the next result, we remark that for a finitary 2-category C and a
left cell L thereof, by add(L) we mean the finitary category whose indecomposable
objects are 1-morphisms of L and for F,G ∈ L, we define

Homadd(L)(F,G) :=

{
HomC(i,j)(F,G) if F,G ∈ C(i, j)

0 if F ∈ C(i, j), G ∈ C(i, k) with j 6= k.

As mentioned earlier, this category is finitary, and thus, in view of Proposition 2.3,
we may speak of its Cartan matrix Cadd(L), which, under a choice of ordered list of
representatives {F1, . . . , Fr} of the isomorphism classes in L, is defined as

C
add(L)
ij = dim Homadd(L)(Fi, Fj) for i, j ∈ {1, . . . , r} .

We now describe a standard argument for showing equivalence between simple
transitive 2-representations, used for instance in [MM5],[MZ1], and [Zi2].

Proposition 3.10. Let C be a finitary 2-category, L = {F1, . . . , Fr} be a left cell of
C , J be the J-cell containing L , and let M be a simple transitive 2-representation
with apex J .

Given an ordering X1, . . . , Xk of isomorphism classes of indecomposable objects
of M(i), let Q be the finite-dimensional algebra satisfying Q-proj ' M(i) and
described in Proposition 2.3, and let f1, . . . , fk be the system of idempotents for Q
corresponding to X1, . . . , Xk, also described in that proposition.

If there is an ordering as above such that

• The Cartan matrix of M(i) is equal to that of add(L);

• There is an index j ∈ {1, . . . , k} such that MFi ' Qfi ⊗k fjQ for
i = 1, . . . , k ,

then M is equivalent to CL.

Proof. Let L1, . . . , Lk be a complete list of simple objects of Q-mod ' M(i)
associated to the idempotents f1, . . . , fk, and let KL be the action of D on
add(F | F ≥L L) by composition, as in Definition 2.26. Similarly to the 2-
transformations given by the Yoneda lemma for Pi (Lemma 2.12), the functor
induced by the map

Fi →
(
MFi

)
Lj
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is a 2-transformation from KL to M. And since J is the apex of M, the iden-
tity 2-morphism of any 1-morphism F satisfying F >L L is sent to a zero map.
Hence there is an induced 2-transformation from the transitive quotient NL of
KL, which acts on add(F | F ∈ L), described in Definition 2.26. We denote that
2-transformation by σ.

Note that the image of Fi under σ is the indecomposable object Qfi of Q-proj.
This shows that all the isomorphism classes of indecomposable objects of Q-proj
are reached by σ, and so σ is essentially surjective, being additive by definition.

The kernel of σ is an ideal of NL, which doesn’t contain any identity 2-morphisms
of D , since FiLj 6= 0 for all i. Thus it is contained in the maximal ideal I of NL.
We claim that also I ⊆ Kerσ. This is because σ factors through NL/Ker(σ), and
the induced morphism

σ̃ : NL/Ker(σ)→M

is faithful, so that for all i, j, the linear map

σ̃ij : HomNL/Ker(σ)(Fi, Fj)→ Hom(Qei, Qej)

is injective, hence

dim HomNL/Ker(σ)(Fi, Fj) ≤ dim Hom(Qei, Qej).

Since Ker(σ) ⊆ I, we have

dim HomCL(Fi, Fj) ≤ dim HomNL/Ker(σ)(Fi, Fj).

But the equality of Cartan matrices for CL and M implies that the lower and
the upper bound for dim HomNL/Ker(σ)(Fi, Fj) coincide. In particular, the latter
inequality is an equality, which shows that dim I(Fi, Fj) = dim Ker(σ)(Fi, Fj), so
Ker(σ) = I. So the induced morphism has the cell 2-representation as its domain:

σ̃ : CL →M.

Now for all i, j, σ̃ij is an injective linear map between equidimensional spaces, and
thus is an isomorphism. This shows that σ̃ is full and faithful. Earlier we showed
that σ is essentially surjective - but σ̃ is σ with kernel removed under quotient,
hence why σ̃ also is essentially surjective. The functor σ̃ is thus an equivalence of
categories, and by Definition 2.14 also an equivalence of 2-representations. �

Proposition 3.11. Two cell 2-representations of DJ are equivalent if and only if
they have the same apex. The same holds for DL,DR. As a consequence, all the
left cells of DJ not containing the identity 1-morphism give rise to equivalent cell
2-representations. The same holds for DR. For DL, all left cells contained in J L1
give rise to equivalent cell 2-representations. The cell 2-representation associated to
a left cell of a J-bad cell of DL is equivalent to the cell 2-representation associated
to the left cell containing the identity 1-morphism.

Proof. For the first part of the statement, observe that equivalent 2-representations
clearly have the same apex, so we only need to prove is that cell 2-representations
with the same apex are equivalent. The second part of the statement is just a
consequence of classification of left cells of respective 2-categories by the apex of
their associated 2-representation, which we now give.

Clearly, for all the left cells of DJ contained in J J1 , the apex is J J1 . From the proof
of Proposition 3.6 it follows that all the left cells of DR not containing the identity
1-morphism have J R1 as their apex. Finally, the bad cells of DL are exactly those
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annihilated by J L1 , hence the apex of a cell 2-representation associated to a left cell
inside a bad cell of DL is J0.

As we have discussed in Observation 3.9, given 2-representations M,N whose com-
mon apex is J0 are equivalent if and only if they are equivalent as 2-representations
of the 2-category given by J0 only, and all the simple transitive 2-representations of
that 2-category are equivalent. Hence, for any of the 2-categories we study, all sim-
ple transitive 2-representations with apex J0 are equivalent. All that remains to be
shown now is that the cell 2-representations of DJ with apex in J J1 are equivalent,
and similarly for DL,DR. To that end we will apply Proposition 3.10.

Given a left cell L with cell 2-representation as described above, we determine the
form of the maximal ideal IL of the action NL on add(L) such that CL = NL/IL.
Recall that an A-bimodule morphism from Fij is uniquely determined by the image
of ei ⊗ ej . In the case of CA and a left cell Lj thereof, the maximal ideal ILj is
given by

Ij(Fkj , Flj) = {ϕ such that ϕ(ek ⊗ ej) ∈ Ael ⊗k Rad(ejA)} .
This is useful because in the three cases we consider, the left cells still are of the
form

L = {Fij | for a fixed j and some values of i independent of j} ,
so L ⊆ Lj for some j, and since here we look for an ideal stable under a subcategory
of CA, the part of ILj

that lies in add(L) certainly also lies in IL. Moreover, no mat-
ter which left cell we started with, the remaining part of the ideal is the same: this
is best illustrated by calculating Fabϕ for some a, b and ϕ ∈ HomA-bimod(Fkj , Flj)
such that ϕ(ek ⊗ ej) ∈ Ael ⊗k k[ej ]. First, recall that

Fab ◦ Fkj ' Aea ⊗k ebAek ⊗k ejA ' (Aea ⊗k ejA)
⊕ dim ebAek .

Now Fabϕ is given by

Aea ⊗k ebAek ⊗k ejA
id⊗ϕ̃⊗id−−−−−−→ Aea ⊗k ebAel ⊗k ejA,

where ϕ̃ : ebAek → ebAel is the map induced by right multiplication with α such
that ϕ(ek ⊗ ej) = α ⊗ ej . Since the middle factor here only determines the mul-
tiplicity of Aea ⊗k ejA in the resulting direct sum, an identity can be recovered if
and only if α̃ is non-zero. This can always be done for DJ ,DR, since if Fkj lies in a
2-category on that form, we may let b = k above and observe that the image of ek
under ϕ̃ necessarily is non-zero. For DL this is not necessarily the case; an example
is given below this proof. This explanation also clearly shows the claim about the
independence of the ”left factor” part of IL on L. From this we see that the Cartan
matrices of all cell 2-representations considered here coincide.

Moreover, for DJ ,DR it is clear that CL(i) is canonically equivalent to A-proj
and by definition Fij acts as the respective projective functor, which shows the
statement in these cases, by Proposition 3.10.

The only difference in the case of DL is that we possibly need to quotient the
”left factor” part of IL described above, if such occurs. From the construction
of the algebra Q satisfying CL(i) ' Q-proj in Proposition 2.3, together with the
observation that taking the quotient with I is equivalent to first taking the quotient
with A⊗kRad ejA and then with the ”left factor” of I,we see that Q is a quotient of
A, and that Fij acts as Qei⊗ ejQ, which again shows the equivalence by reduction
to Proposition 3.10. �
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Example 3.12. Let A be the quotient of path algebra of

1 2

3

a1

b3
b1

a2a3

b2

by the relations

• b1a1 = a3b3, b2a2 = a1b1, b3a3 = a2b2;

• bibj = 0 whenever composable;

• aiaj = 0 whenever composable.

The Loewy filtrations of the respective indecomposable projectives are the following:

1 2 3

3 2 1 3 2 1

1 2 3

From this it follows that this algebra is weakly symmetric. Choose the self-injective
core S = {e1} and consider DL. In this case there are no bad right cells and so
there is only one non-identity left cell, L = J L1 = {F11, F21, F31}. We will show
that there is a 2-morphism ϕ : F31 → F21 such that ϕ(e3 ⊗ e1) 6∈ Ae2 ⊗ Rad e3A
and ϕ ∈ IL, the ideal of CL studied in the preceding proposition. In fact, this will
also show that DL is not J L1 -simple in the sense of see [MM2, Section 6.2].

Let ϕ(e3 ⊗ e1) = a2 ⊗ e1. Then, mimicking the calculations from the preceding
proposition, Fi1ϕ is given by

ei ⊗ a3 ⊗ e1 7→ ei ⊗ a3a2 ⊗ e1 = 0,

since a3a2 = 0. In particular, no identity morphism can be recovered from ϕ by
acting on it with DL from the left, and so ϕ ∈ IL.

The following combines [Zi2, Theorem 3.1] with [MZ1, Lemma 8]:

Proposition 3.13. Let M be a simple transitive 2-representation of DJ , DR or
DL. The 1-morphisms of J J1 act as projective functors: for a finite-dimensional
algebra Q such that M(i) ' Q-proj and for any 1-morphism Fij ∈J , the functor

MFij is isomorphic to tensoring with a bimodule in add(Q⊗kQ). Moreover, since

M embeds in M as the action on diagrams of the form 0→ P , with P ∈M(i), the
statement also holds for M.

If F is a 1-morphism acting as a projective functor, and G ∼L F , then G also acts
as a projective functor. As a consequence, 1-morphisms of J L1 act as projective
functors.

In order to formulate the final result of this section, we give a very short introduction
to discrete extensions of finitary 2-representations introduced and studied in much
greater detail in [CM].
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Definition 3.14. Given a 2-representation M of a finitary 2-category C , denote
by Ind(M) the set of isomorphism classes of indecomposable objects of M(i), for
i ∈ C . Similarly to the treatment of cells of finitary 2-categories, we identify objects
with their isomorphism classes. For X ∈ M(i), Y ∈ M(j), we write X → Y if
there is a 1-morphism F ∈ C(i, j) such that Y is a direct summand of FX. The
relation → is called the action preorder on Ind(M). It induces the equivalence
relation ↔ given by X ↔ Y if X → Y and Y → X. The equivalence classes
of that relation correspond to transitive subquotients of M, which constitute the
weak Jordan-Hölder decomposition of M.

If K,N are transitive 2-representations of C and M is a 2-representation such that
K is a 2-subrepresentation of M and N is the quotient of M by the ideal generated
by all the identity morphisms in K(i), for i ∈ C , we say that

0→ K→M→ N→ 0

where the arrows are respectively the natural inclusion and projection, is a short
exact sequence of 2-representations. In this case, the poset Ind(M)/ ↔ is either
ρ→ τ or ρ τ , where ρ corresponds to N and τ corresponds to K.

We say that the discrete extension Θ of N by K corresponding to M is represented
by the set Θτ,ρ of isomorphism classes of indecomposable 1-morphisms of C , con-
sisting of F such that there is X ∈ ρ for which FX has a direct summand in τ .
For example, if the partial order on Ind(M)/↔ is the equality relation, so that its
Hasse diagram is ρ τ , then Θ is represented by Θτ,ρ = ∅.

Given two transitive 2-representations K,N of C , the set Dext(N,K) of discrete
extensions is defined as the set of all non-empty sets of isomorphism classes of
indecomposable 1-morphisms representing discrete extensions

0→ K′ →M′ → N′ → 0,

where K′ is equivalent to K and N′ is equivalent to N. If there are no such sets,
i.e. every discrete extension is represented by ∅, we write Dext(N,K) = ∅.

The following statement can be deduced from the results found in [CM, Section 6].
We give an alternative proof, which mimics that of [Zi1, Lemma 5.3]:

Theorem 3.15. Let L0 := J J0 and let L1 ⊂ J J1 be two left cells of DJ . Then

(1) Dext(CL0 ,CL0) = ∅

(2) Dext(CL1
,CL1

) = ∅

(3) Dext(CL1
,CL0

) = ∅,

Proof. That there are no self-extensions of CL0 follows from the fact that the iden-
tity 1-morphism is the only 1-morphism not annihilated by CL0

, and it necessarily
acts as identity.

For the remaining part let us begin by recalling that F is quasi-idempotent, that is,
there is some integer m > 0 such that F ◦ F ' F⊕m. It follows that [F ]2 = m[F ].
Then from the Perron-Frobenius theorem we know that [F ] has a unique one-
dimensional eigenspace corresponding to eigenvalue m, which is spanned by an
eigenvector v = (v1, . . . , vs) such that vk is a non-negative real number for all k.
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Now consider the complexification M of the split Grothendieck group [M(i)]. Let
X1, . . . , Xn be a complete list of indecomposable objects of M(i) - hence it induces
a basis [X1], . . . , [Xn] for M . Without loss of generality assume that the objects
X1, . . . , Xs are associated to a subquotient of M equivalent to CL1 . The functo-
riality of M induces an action of the algebra AD := [C ](i, i) on M . (See [KM,
Section 2.5] for more on such algebras.) In particular, by our earlier assumptions
and Jordan-Hölder theory of [MM5], we may assume that X1, . . . , Xs are ordered
in such a way that for X :=

∑s
k=1 vk[Xk] we have

[F ] ·X = mX + Y,

where if we write Y =
∑n
k=1 λk[Xk], then λk 6= 0 only if [Xk] is strictly greater in

the action preorder than the transitive subquotient corresponding to X1, . . . , Xs.
In other words, none of [X1], . . . , [Xs] can be obtained by acting with AD on Y .
Moreover, since vk > 0 for all k, and since the action of [F ] ∈ AD decategorifies
that of F ∈ DJ , we have λk ≥ 0 for all k.

Because [F ]2 = m[F ], we have

[F ]2 ·X = [F ](mX + Y ) = m2X +mY + [F ] · Y

and on the other hand

[F ]2 ·X = m[F ]X = m2X +mY,

so [F ] · Y = 0. We claim that also Y = 0, from which the remaining part of the
statement follows.

We prove this claim by contradiction: let a > s be an index such that λa 6= 0. Let

X̃ :=
⊕s

k=1Xk and let [F ] · [X̃] =
∑n
k=1 ck[X]k. Again since vk > 0 for all k, we

have λa = 0 if and only if ca = 0. So ca 6= 0. Now observe that by construction

of DJ , the 1-morphism F is self-adjoint. And since X̃ is an object of M(i) (unlike
X), the adjunction yields

0 6= HomM(i)(FX̃,Xa) ' HomM(i)(X̃, FXa)

so in particular we must have FXa 6= 0, and thus [F ][Xa] 6= 0. But then F ·Y 6= 0,
which is a contradiction. �

A direct consequence of this theorem is the following:

Corollary 3.16. Let F J :=
⊕

Fij∈J J
1
Fij and let C be the matrix associated to F

under the 2-representation CL1
. Given a finitary 2-representation M of DJ such

that not all of its composition factors correspond to CL0
M, there is an ordering

of the indecomposable objects of M(i) such that the matrix [F J ] associated to F J

under M is of the form

[F J ] =

(
K ∗
0 0

)
where K is of the form  C 0 0

0
. . . 0

0 0 C
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4. Simple transitive 2-representations of DR

The main goal of this section is to prove the following:

Theorem 4.1. Let A be a basic, connected, finite-dimensional algebra with a self-
injective core S. Every simple transitive 2-representation of DR is equivalent to a
cell 2-representation.

Given a finitary 2-category C and a 2-subcategory D of C , there is a restriction
2-functor

ResC
D : C -afmod→ D -afmod

sending a 2-representation M of C to the 2-representation of D given by the action
of D in M. We denote this 2-representation by MD . Note that generally neither
being transitive nor simple transitive is preserved under restriction. Let X1, . . . , Xn

be a complete list of indecomposable objects of M(i) and let X1, . . . , Xs be the
objects of that list associated to a transitive subquotient N of MD . Let I be the
ideal of N such that N/I is simple transitive. In that setting, we make the following
observation, which is a direct consequence of the definitions of transitive and simple
transitive 2-representations:

Observation 4.2. Under the conditions described above, let

Q := EndM(i)

(
s⊕
i=1

Xi

)
,

so that N(i) ' Q-proj. The ideal I corresponds to an ideal I of Q such that

N/I(i) ' Q/I-proj .

In particular, if we denote the Cartan matrix of M(i) by CM and similarly by CN/I

denote the Cartan matrix of N/I(i), then for all i, j ∈ {1, . . . , s} we have

(1) CMij ≥ C
N/I
ij .

In this section, the observation above is particularly useful due to the follow-
ing:

Proposition 4.3. Let M be a simple transitive 2-representation of DR. The re-
striction MDJ

of M to DJ is transitive.

Proof. Let L1 be a left cell of DR contained in J J1 . From Proposition 3.8, L1 also is
a left cell of DJ . Hence, using action notation, we may write add(DRL1) = add(L1).
Similarly, we then also have

add
(
DR(L1M(i))

)
= add

(
(DRL1)M(i)

)
= add

(
L1M(i)

)
.

So L1M(i) is DR-stable, and thus, since M is simple transitive, must equal all of
M(i). Thus, if we let F J :=

⊕
Fij∈J J

1
Fij , we see that all the rows of the matrix

[F J ] are non-zero; we conclude that no factors in the Jordan-Hölder decomposition
of MDJ

are equivalent to CJ0
. From Theorem 3.15 we see that [F J ] is of the form C 0 0

0
. . . 0

0 0 C

 ,
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where the entries of C are positive integers. Now let F :=
⊕

Fij∈JR
1
Fij . By

transitivity of M, the entries of [F ] also are positive integers. As we have just
established, we have

add
(
(F ◦ F J)M(i)

)
= add

(
F JM(i)

)
.

So there are matrices C1, . . . , Ck whose entries are positive integers, satisfying

[F ] · [F J ] =

 C1 0 0

0
. . . 0

0 0 Ck

 ,

but since all entries of [F ] are positive, and all entries of [F J ] are non-negative with
the diagonal entries positive, all entries of [F ] · [F J ] must be positive. Thus k = 1
and MDJ

is transitive. �

A direct consequence of that statement is that we know the rank of M, which is
equal to p := |S|.

Let M be a simple transitive 2-representation of DR, let Q be a finite-dimensional
algebra such that M(i) ' Q-proj, let f1, . . . , fp be a system of idempotents for Q,
and by Gij denote the indecomposable projective functor Qfi ⊗k fjQ.

Let CQ denote the Cartan matrix of M(i). We will show that CQ coincides with
the Cartan matrix of the target category of CL, for L a left cell inside J R1 , which,
as follows from Remark 3.5, is that of eAe-proj for e =

∑
ei∈S ei. At the same time

we will also show that there is an ordering of a complete list of indecomposable
objects of M(i) such that for Fij ∈ J J1 , the action of Fij is given by MFij ' Gij .
From this, as shown in Proposition 3.10, Theorem 4.1 will follow.

Recall from Proposition 3.13 that a 1-morphism Fij ∈ J J1 acts as a projective
functor. To show that this projective functor is naturally isomorphic to Gij , we
need to introduce the X-sets and Y -sets of [MZ2]:

Definition 4.4. Given ei, ej ∈ S:

• Let Xij be the set of s ∈ {1, . . . , p} such that for some t ∈ {1, . . . , p}, Gst
is isomorphic to a direct summand of MFij .

• Let Yij be the set of t ∈ {1, . . . , p} such that for some s ∈ {1, . . . , p}, Gst is
isomorphic to a direct summand of MFij .

Note that Xij is exactly the set of indices of non-zero rows of [Fij ].

From Proposition 4.3 we know the matrix [Fij ] - it is the same as the matrix of
Fij associated to the simple transitive quotient of MD , which, as follows from
Remark 3.5, is equal to the matrix of the action of eAei ⊗k ejAe on eAe-proj, for
e =

∑
ei∈S ei. The only non-zero row of [Fij ] is the ith one. This means that our

choice of enumeration of idempotents in S gives us an ordering on indecomposables
of M(i) such that Xij = {i} for all j.

Now we mimic the proof of [MZ2, Lemma 22] to obtain the following:

Lemma 4.5. Under the ordering of indecomposables described above, given eq ∈ S,
Yiq = {q} for all ei ∈ S.
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Proof. Let (Fqj , Fiq) be an adjoint pair of 1-morphisms, so that (MFqj ,MFiq) is
an adjoint pair of endofunctors of Q-mod.

Let Ls be the simple module over Q associated to fs. The adjunction yields

HomQ-mod(FqjQ,Ls) 'k-mod HomQ-mod(Q,FiqLs).

The left-hand side is non-zero if and only if Ls is isomorphic to the top of the left
factor of a direct summand of MFqj , which is equivalent to s ∈ Xqj . Recall that

eqQ⊗Q Ls =

{
Ls if q = s

0 else.

This means that the right-hand side is zero if and only if q ∈ Yiq. But from the
adjunction isomorphism we also know that the right-hand side is non-zero if and
only if the left-hand side is nonzero. So q ∈ Xqj if and only if q ∈ Yiq, in other
words, {q} = Xqj = Yiq. �

From that analysis we conclude that MFij ' G
⊕mij

ij for some positive integer mij

depending on i, j. We are now ready to prove the main result:

Proof of Theorem 4.1. Let CeAe denote the Cartan matrix of eAe and similarly let
CQ denote the Cartan matrix of Q. Let ei, ej ∈ S, so that Fij ∈ J J1 . Observe that

GijQel ' Qe
⊕CQjl
i , so [Gij ]il = C

Q
jl.

And as MFij ' G
⊕mij

ij , we have [Fij ] = mij [Gij ], and also

[Fij ]il = mijC
Q
jl

By the discussion following Definition 4.4, the matrix [Fij ] is the same as the matrix
of the corresponding 1-morphism of CeAe in the cell 2-representation thereof. Thus
we know that

[Fij ]il = CeAejl .

It now follows that

mijC
Q
jl = CeAejl .

But in the proof of Proposition 3.11 we showed that the Cartan matrix of the
simple transitive quotient of MDJ

is exactly CeAe. So by the inequality 1 stated in
Observation 4.2, we have

C
Q
jl ≥ CeAejl ,

which, since mij is to be a positive integer, implies mij = 1 and C
Q
jl = CeAejl . This

implies both that MFij ' Gij and that CQ = CeAe, from which, by Proposition
3.10, the result follows. �
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5. Removing right cells for A = ∆n

Definition 5.1. The star algebra Λn with n arms is defined as the quotient of the
path algebra of

0

1 . . . n

a1 an

b1 bn

by the ideal generated by relations

• biai = bjaj for all i, j ∈ {1, . . . , n};

• aibj = 0 for i 6= j.

For n > 1 these relations imply Rad3 Λn = 0. For Λ1 we explicitly require that to
be the case:

b1a1b1 = a1b1a1 = 0.

From this description it follows that the Loewy filtrations for the respective inde-
composable projectives are:

0 1 . . . n

1 · · · n 0 0 0

0 1 . . . n

Hence Λn is weakly symmetric. Section 6 of [Zi2] proves that simple transitive
2-representations of DR for the self-injective core {e0} are cell 2-representations.
From Section 4 in this document we know that this is the case for any choice of a
self-injective core, and thus for any subset of a system of idempotents for Λn.

We will consider the following family of algebras:

Definition 5.2. The algebra ∆n is defined as the quotient of Λn by the relations

aibi = 0 for i = 1, . . . , n.

This algebra no longer is weakly symmetric; the Loewy filtrations of indecomposable
projectives are

0 1 . . . n

1 · · · n 0 0 0

0

From this it follows that the only indecomposable projective-injective module over
∆n is ∆ne0, which satisfies ∆ne0 ' (e0∆n)∗. As a consequence of that, C∆n

only has one 1-morphism admitting adjoints: F00 is a self-adjoint 1-morphism. For
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the remainder of this section, fix some n > 0 and let ∆ := ∆n. Observe that
Rad2 ∆ = k[c], where by c we will denote the common value of biai for all i.

Definition 5.3. Given S ⊂ {e0, . . . , en}, we let

• D∆
J be the 2-full 2-subcategory of C∆ given by the additive closure of
{∆} ∪ {∆ei ⊗k ej∆ | ei, ej ∈ S};

• D∆
R be the 2-full 2-subcategory of C∆ given by the additive closure of
{∆} ∪ {∆ei ⊗k ej∆ | ei ∈ S}.

Note that given a permutation σ ∈ Sn, The algebra morphism induced by

e0 7→ e0, ei 7→ eσ(i) for i = 1, . . . , n

is an automorphism of ∆. So for

S = {e0, e1, . . . , em} and S′ =
{
e0, eσ(1), . . . , eσ(m)

}
,

the resulting 2-categories are biequivalent. And so if S contains m idempotents
among e1, . . . , en for some m ≤ n, we will without loss of generality always assume
that those idempotents are exactly e1, . . . , em. Moreover, it is easy to verify that
if e0 6∈ S, then all the non-identity left cells of D∆

R outside of J J1 are bad cells, in
which case D∆

R reduces to D∆
J . However, in this document we will assume e0 ∈ S.

Under this assumption, we will show that simple transitive 2-representations of D∆
J ,

as well as those of D∆
R , are cell 2-representations.

First observation we make is that the proof of Proposition 3.11 works also in this
case, and so all the cell 2-representations with the same apex are equivalent both
for D∆

J and D∆
R .

The following will be crucial in both cases we consider:

Proposition 5.4. Let S = {e0, e1, . . . , em}. Then D∆
J is biequivalent to C∆m

.

To prove this proposition, we first note the following:

Lemma 5.5. The cell 2-representation CL0
of D∆

J induces a locally faithful and
essentially surjective 2-functor R from D∆

J to C∆m
.

Proof. As we have noted before, the maximal ideal of the action NL0 of D∆
J on

add(L0) is given by

I0(Fk0, Fl0) = {ϕ such that ϕ(ek ⊗ ej) ∈ Ael ⊗k Rad(ejA)} .
and from this it is clear that the target category of this 2-representation is equivalent
to ∆m-proj.

From the natural identifications of spaces ei∆ej and ei∆mej observed in Remark
3.5, we see that the 1-morphisms of D∆

J act as respective projective functors, being
as said spaces give the Hom-spaces of the target category.

The 2-functor R is now given by sending i to i, and sending 1-morphisms and
2-morphisms to the respective endofunctors and natural transformations they act
as in CL0

.

Since the non-identity 1-morphisms act as respective projective functors, and the
identity 1-morphism necessarily acts as the identity functor, we see that R is locally
essentially surjective.
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Note that the composition

∆ei ⊗k ej∆⊗∆ ∆ek ⊗k el∆ ' ∆ei ⊗k ej∆ek ⊗k el∆

giving the action of an indecomposable 1-morphism of D∆
J in CL0

on an indecom-
posable object, gives three factors separated by tensor product over k. Taking the
quotient by the ideal I means that the structure of the right-most factor is for-
gotten. However, the action of 2-morphisms of D∆

J only operates on the first two
factors, where it is clearly faithful. Hence it is also faithful in the quotient, showing
that R is a locally faithful 2-functor. �

It remains to show that R is locally full. Again by Remark 3.5 this is clear on J1.
However, as observed there, this need not be the case for the 2-endomorphisms of
the identity 1-morphism, or for 2-morphisms between J-cells. In what follows we
will establish that the dimensions of respective Hom-spaces coincide: for instance,
that dim EndD∆

J
(1i) = dim EndC∆m

(1i). The fullness of R will then follow simply

by dimension formula for vector spaces.

Thus to prove 5.4, we need to determine what bimodule morphisms correspond to
morphisms from and to the identity 1-morphism.

Similarly to modules, a bimodule morphism from the regular bimodule is uniquely
determined by its image of 1 ∈ A. However, we cannot send 1 to any element of the
codomain bimodule: the left and right actions of A must coincide. More precisely,
we have:

Lemma 5.6.

EndCA(i,i)(1i) ' HomA-bimod(A) = {ϕx | ϕx(1) = x and x ∈ Z(A)}

and
HomCA(i,i)(1i, Fij) ' HomA-bimod(A,Aei ⊗k ejA)

= {ϕx | for x ∈ Aei ⊗k ejA such that ax = xa for all a ∈ A} .

Following the notation of preceding lemma, we will denote the bimodule morphisms
from the regular bimodule by ϕx, where x is the element of codomain bimodule
satisfying ϕx(1) = x.

In our particular case, for Fij ' ∆ei ⊗k ej∆, we have:

Lemma 5.7.

Z(∆) = k[1, c]

and

HomC∆(i,i)(∆, Fij) =


k[ϕbi⊗aj ] for i, j 6= 0

k[ϕc⊗aj ] for i = 0, j 6= 0

k[ϕbi⊗c] for i 6= 0, j = 0

k [ϕc⊗c, ϕz] for i = j = 0 and z = e0 ⊗ c+ c⊗ e0 +
∑n
k=1 ak ⊗ bk.

Proof. This can be shown using basic linear algebra; for brevity, we only write out
one case here, the other ones are very similar. We show that

Hom∆-bimod(∆,∆e0 ⊗k ej∆) = k[ϕc⊗aj ].
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Clearly, x = c⊗ aj satisfies ax = xa for all a ∈ ∆, and so mapping 1 7→ c⊗ aj gives
a bimodule morphism. Any element of the complement of x can be written of the
form

z = λ1e0 ⊗ ej +
∑
i

λ2
i ai ⊗ ej + λ3e0 ⊗ aj +

∑
k

λ4
kak ⊗ aj + λ5c⊗ ej .

for scalars λ1, λ
2
i , λ3λ

4
k, λ5 ∈ k, for i, k ∈ {1, . . . , n}. Choose some r ∈ {1, . . . , n}.

The equation brz = zbr translates to

λ2
rc⊗ ej + λ4

rc⊗ aj = 0.

This shows that for all r, λ2
r = 0 = λ4

r, which means that z is of the form

z = λ1e0 ⊗ ej + λ3e0 ⊗ aj + λ5c⊗ ej .
For that r we also must have arz = zar, i.e.

λ1aj ⊗ ej + λ3aj ⊗ aj = λ1e0 ⊗ aj + λ5c⊗ aj ,
and so λ1 = λ3 = λ5 = 0, so that for j 6= 0, the only 2-morphism from 1i to F0j

are scalar multiples of ϕc⊗aj . �

From this we see that the dimensions of Hom-spaces we studied are independent of
n, and which, as we have established earlier, shows that R is a 2-functor which is
locally an equivalence, and thus, by [Le], a biequivalence.

This has the following important consequence:

Corollary 5.8. Simple transitive 2-representations of D∆
J are cell 2-

representations.

Proof. The biequivalence D∆
J ' C∆m of the preceding proposition gives a biequiva-

lence D∆
J -afmod ' C∆m-afmod, and the simple transitive 2-representations of C∆m

are cell 2-representations by [MMZ, Theorem 12]. �

Now we will start working towards the classification of simple transitive 2-
representations of D∆

R . Our methods will be very similar to those of preceding
sections: let M be a simple transitive 2-representation of D∆

R with apex J R1 and
let Q be a finite-dimensional algebra such that M(i) ' Q-proj. Just as in Propo-
sition 4.3, the restriction of M to a 2-representation of D∆

J is transitive, and so
we see that the number of indecomposable objects of Q-proj - the rank of M - is
equal to m+ 1. In particular, the Cartan matrix CQ of Q is an (m+ 1)× (m+ 1)
matrix. Let {f1, . . . , fm} be a system of idempotents for Q, and by Gij denote an
indecomposable projective functor isomorphic to tensoring with Qfi ⊗k fjQ over
Q. Finally, let Li denote the simple object of Q-mod associated to fi.

As a consequence of Proposition 3.13 and F00 being self-adjoint, the following
holds:

Lemma 5.9. The 1-morphisms of D∆
R of the form Fi0 act as projective functors.

Since the restriction of M to D∆
J is transitive, we know the matrices of those

1-morphisms, and so, using X-sets and Y -sets as in Definition 4.4, we see that
Xi0 = {i}. Moreover, since all of those morphisms are L-equivalent, their Y -sets
coincide; denote that set by Y0. The self-adjointness of F00 yields Y0 = {0}, as
in Lemma 4.5. So MFi0 ' G⊕mi

i0 . But now the considerations from the proof of
theorem 4.1 apply, since we do have transitive restriction and we do know that
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the simple transitive quotient of that restriction is the cell 2-representation. So
mi = 1.

In other words, we have:

Lemma 5.10. For i = 0, . . . , n, there is a natural isomorphism MFi0 ' Gi0.

In view of Proposition 3.10, we now only need to show that the Cartan matrix of a
simple transitive 2-representation is the same as that of a cell 2-representation, i.e.
that of ∆m.

Again mimicking the approach from section 4, we observe that

Gi0 ◦Gj0 ' G
⊕CQ0j
i0

and

Fi0 ◦ Fj0 '

{
Fi0 for j 6= 0

F⊕2
i0 for j = 0

yield C
Q
0j = 1 for j = 1, . . . ,m and C

Q
00 = 2. Furthermore, the self-adjointness of

F00 yields

2CQi0 = dim HomQ-proj(Qfi, Qf
⊕2
0 ) = dim HomQ-proj(Qfi, F00Q0)

= dim HomQ-proj(F00Qfi, Q0) = dim HomQ-proj(Q0, Q0) = C
Q
00 = 2.

So C
Q
i0 = 1 for i 6= 0.

It remains to show that

• Cjj = 1 for j = 1, . . . ,m;

• Cij = 0 for i 6= j and i, j ∈ {1, . . . ,m}.

We will show these statements in that order.

Lemma 5.11. A 1-morphism of D∆
R of the form Fij with j 6= 0 acts isomorphically

to tensoring with a split Q-bimodule of the form Qfi⊗kM , for some right Q-module
M satisfying [M : L0] = 1 = [M : Lj ] and [M : Lk] = 0 otherwise.

Proof. Since Fij acts as a right exact functor on the abelianization M(i), and
M embeds into the abelianization as described in Proposition 3.13, Fij acts by

tensoring with a Q-bimodule X in both M and M. Using Fij ∼R F0j , in particular
Fij ' Fij ◦ F0j , we find that

X ' Qfi ⊗k fjQ⊗Q X,

which proves the first part of the statement for M = fjQ ⊗Q X. The remaining
part is due to the fact that, as we have found earlier, we know the matrix [Fij ]
- its only two non-zero entries are both equal to 1 and correspond MFijQ0 and
MFijQj . In other words,

Qfi ' Qfi ⊗k M ⊗Q Qei for i = 0, 1

and zero otherwise, which concludes the proof. �

Lemma 5.12. For j = 1, . . . ,m, we have C
Q
jj = 1 .
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Proof. By definition, CQjj = dim EndQfj . Hence in particular C
Q
jj ≥ 1 and since

Qfj is indecomposable, CQjj > 1 if and only if Rad EndQfj 6= 0. We will show that
this is not the case: let α ∈ Rad EndQfj . The only 1-morphisms that act on Qfj
in a non-zero way are those of the form Fi0 or Fij , for i = 0, . . . ,m. In the first
case, Fi0α is given by

Qfi ⊗k f0Q⊗Q Qfj
idQfi

⊗α̃
−−−−−−→ Qfi ⊗k f0Q⊗Q Qfj ,

and using f0Q⊗QQfj ' f0Qfj , we see that α̃ corresponds to the k-linear endomor-

phism of f0Qfj induced by the right multiplication by α. Recall that C
Q
0j = 1 and

so dim f0Qfj = 1. Since α ∈ Rad EndQfj , α̃ must be a nilpotent endomorphism.
A nilpotent endomorphism of a one-dimensional space is zero. So Fi0α = 0.

For the other case, let M be such that Fij ' Qei ⊗k M . The morphism Fijα can
be written as

Qei ⊗k Mej
id⊗α̃−−−→ Qei ⊗k Mej ,

where again Mej is one-dimensional and α̃ ∈ End(Mej) is nilpotent, and so
Fijα = 0. Furthermore, acting on Rad EndQfj by the identity functor or its
endomorphism again corresponds to multiplication with central elements of Q and
sends Rad EndQfj to itself. We have thus shown that the ideal of Q-proj generated
by Rad EndQfj is D∆

R -invariant, and since M is simple transitive, this ideal must
be zero. In particular, α = 0. �

The final statement we need to show is:

Lemma 5.13. For i, j ∈ {1, . . . ,m} such that i 6= j, we have C
Q
ij = 0 .

Proof. In analogy to previous lemma, we will show that Hom(Qfi, Qfj) is an ideal
of M. Assume α ∈ Hom(Qfi, Qfj). From Lemma 5.11 and Lemma 5.10 we see that
the 1-morphisms of J R1 that act on Qfi in a non-zero way are those of the form
Fli, Fl0 for l = 0, . . . ,m, and so those are the only ones we need to be concerned
with (as the identity functor maps Hom(Qfi, Qfj) to itself). For Fli however we
have FliQj = 0, as Fli ' Qfl ⊗k M with [M : Lj ] = 0 by Lemma 5.11.

Recall from Observation 4.2 that if we consider the restriction of M to D∆
J , which,

as we have shown earlier, is transitive, and take the simple transitive quotient N
of that 2-representation, then the algebra B such that N(i) ' B-proj is a quotient
of Q. From Corollary 5.8 we know that N is the cell 2-representation of ∆m and
thus B = ∆m. Let I be the ideal such that ∆m = Q/I. Note that since for

i, j ∈ {1, . . . ,m} such that i 6= j we have C∆m
ij = 0, α must vanish under the

quotient - in other words, α ∈ I.

Let i 6= 0. By definition of ∆m, Hom∆m-proj(∆mei,∆me0) = k[ϕbi ], where ϕbi is
the unique morphism sending ei to bi. By βi we will denote the element of e0Qei
which under the projection Q → Q/I = ∆m maps to bi. It is unique due to the

fact that for i 6= 0, CQi0 = 1 = C∆n
i0 . Also due to that equality, if we write Fl0α as

Qfl ⊗k f0Qfi
idQfl

⊗α̃
−−−−−−→ Qfl ⊗k f0Qfj ,

where α̃ is induced by right multiplication with α (this is analogous to the calcu-
lation in the proof of Lemma 5.12), we see that α̃ is a linear map between one-
dimensional spaces and hence must be given by multiplication with a scalar. In
other words, βiα = λβj for some λ ∈ k.
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Let π : Q → Q/I = ∆m be the canonical projection. As we have observed earlier,
π(βi) = bi and π(α) = 0. Since π is an algebra morphism, we must have

0 = bi · 0 = π(βi)π(α) = π(βiα) = π(λβj) = λπ(βj) = λbj ,

which implies that λ = 0.

But this shows that the ideal of M generated by Hom(Qei, Qej) does not contain
all the morphisms of M(i), and hence must be zero. So Hom(Qei, Qej) = 0, which
concludes the proof. �

We have thus shown the following:

Theorem 5.14. Let {e0, . . . , en} be the system of idempotents induced by the def-
inition of ∆n. Let S ⊆ {e0, . . . , en} be such that e0 ∈ S. The simple transitive
2-representations of the 2-category D∆

R associated to S are cell 2-representations.

6. Non-cell 2-representations of 2-semicategories for star algebras

6.1. Finitary 2-semicategories and weak 2-representations. In a recent ar-
ticle ([KMZ]) by Ko, Mazorchuk and Zhang, instead of finitary 2-categories, so-
called finitary 2-semicategories were studied. These can be described as finitary
2-categories without identity 1-morphisms, similarly to how a semigroup can be
viewed as a monoid without an identity element.

In that article, it is shown that one can lift the notion of adjoint pairs of 1-morphisms
of finitary 2-categories to the setting of said finitary 2-semicategories. Under the
assumption of existence of bilax identity 1-morphisms, the authors use this notion
of adjointness to define fiax categories, which are the 2-semicategorical equivalent
of fiat categories considered in the earlier chapters of this document.

As is remarked in the introduction to that article, given a finite-dimensional al-
gebra A, the identity 1-morphism AAA of CA can be viewed as artificially added.
We could thus instead consider the 2-semicategory where that 1-morphism is not
added.

In this section, we will consider a 2-subsemicategory G of such 2-semicategory
associated to a star algebra Λn, corresponding to the 2-subcategory of CΛn

. We will
show that, similarly to what was conjectured in [Zi2], to every set partition µ of the
set {1, . . . , n} we can associate a simple transitive 2-representation, which is not a
cell 2-representation, unless the partition is {1, . . . , n} =

⋃n
i=1 {i}, and that simple

transitive 2-representations obtained from different set partitions in this manner
are not equivalent. We do not show that the simple transitive 2-representations are
exhausted by this construction.

First we give the necessary definitions found in or deduced from [KMZ].

Definition 6.1. A 2-semicategory C consists of

• a class Ob C of objects;

• for each i, j ∈ Ob C , a category C(i, j), whose objects are called 1-
morphisms, morphisms are called 2-morphisms, and the composition of
2-morphisms is called the vertical composition, denoted by ◦v;
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• for each i, j, k ∈ Ob C , a functor (called the horizontal composition)

hi,j,k : C(j, k)× C(i, j)→ C(i, k)

which is strictly associative, that is,

hi,k,l ◦
(
IdC(k,l)×hi,j,k

)
= hi,j,l ◦

(
hj,k,l × IdC(i,j)

)
.

Similarly to earlier chapters, we will write GF := h(G,F ) for composition of 1-
morphisms.

Definition 6.2. A 2-semicategory C is said to be finitary if

(1) Ob C is a finite set;

(2) For i, j ∈ Ob C , the category C(i, j) is finitary;

(3) The horizontal composition functor is k-bilinear and biadditive.

The following definition can be deduced from those given in [KMZ] in the setup of
bilax-unital 2-categories:

Definition 6.3. Let C ,D be 2-semicategories. A 2-semifunctor M from C to D
consists of

• a function M : Ob C → Ob D ;

• a functor Mi,j : C(i, j) → C(M(i),M(j)) for each pair of objects i, j ∈
Ob C ,

such that M(GF ) = MGMF for all 1-morphismsG,F such thatGF is well-defined.

We will also be interested in non-strict 2-semifunctors, which, following [Le], we
will call homomorphisms.

Definition 6.4. Let C and D be 2-semicategories. A homomorphism of 2-
semicategories M : C → D consists of

• A function Ob C → Ob D ;

• Functors Mi,j : C(i, j)→ D(i, j) for all objects i, j ∈ Ob C ;

• For i, j, k ∈ Ob C , natural isomorphisms

αi,j,k :
(
− ◦D −

)
◦Mj,k ×Mi,j →Mi,k ◦

(
− ◦C −

)
,

that is, an invertible 2-morphism αG,F : MFMG such that for any 2-
morphisms τG : G→ G′ and τF : G→ G′ the diagram

MGMF MG′MF ′

M(GF ) M(G′F ′)

MτG◦hMτF

αG,F αG′,F ′

M(τG◦hτF )

commutes.
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Finally, we require the following diagram to commute:

MHMGMF

M(HG)MF MHM(GF )

M(HGF )

αHG,F αH,GF

αHG,F αH,GF

Definition 6.5. Let C and D be 2-categories. A homomorphism of 2-categories
M : C → D is a homomorphism of the underlying 2-semicategories, together with
an invertible 2-morphism φi : 1M(i) → M(1i) for each i ∈ Ob C , such that the
following diagrams commute:

MF ◦ 1M(i) MFM1i

MF

idMF ◦hφi

αF,1i

M1jMF 1M(j) ◦MF

MF

α1j,F

φj◦hidMF

Remark 6.6. Following [EGNO, Proposition 2.4.3], if a homomorphism of sem-
icategories between two 2-categories satisfies M1i ' 1M(i), then also a canonical
isomorphism φ exists and satisfies the bottom two diagrams above.

When dealing with homomorphisms rather than strict 2-functors we must refine
our notion of 2-transformations introduced in 2.9. Again we follow the non-strict
setup of [Le]:

Definition 6.7. Let M,N : C → D be homomorphisms of 2-semicategories. A
(non-strict) 2-natural transformation Ψ : M→ N consists of the following data:

• 1-morphisms Ψi : M(i)→ N(i), for each i ∈ Ob C ;

• natural isomorphisms σi,j : (− ◦D Ψi) ◦Ni,j → (Ψj ◦D −) ◦Mi,j for all
i, j ∈ C . Thus invertible 2-morphisms σF : NF ◦ Ψi → Ψj ◦MF natural

in F , i.e. for F
τ−→ F ′ the diagram

NF ◦Ψi NF ′ ◦Ψi

Ψj ◦MF Ψj ◦MF ′

(Nτ)Ψi

σF σF ′

Ψj(Mτ)

commutes.

We require the following diagram to commute:

NGNF ◦Ψi NG ◦Ψj ◦MF Ψk ◦MG ◦MF

N(GF ) ◦Ψi Ψk ◦M(GF ).

NGσF

βG,F Ψi

σGMF

ΨkαG,F

σGF
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Definition 6.8. Let M,N be homomorphisms of 2-categories. A (non-strict) 2-
natural transformation Ψ is a non-strict 2-natural transformation of underlying
homomorphisms of 2-semicategories such that the following diagram commutes:

1N(i) ◦Ψi Ψi ◦ 1M(i)

N1i ◦Ψi Ψi ◦M1i

φN
i Ψi Ψiφ

M
i

σ1i

For the rest of the text we will refer to non-strict 2-natural transformation simply as
2-natural transformations. A 2-natural isomorphism is an invertible 2-natural trans-
formation. The definition of modifications is the same both for 2-semicategories and
2-categories, for both strict and non-strict 2-functors, and is given as Definition
2.10.

Definition 6.9. Let C be a 2-semicategory. A finitary 2-representation of C is a
2-semifunctor M : C → Ak. An abelian 2-representation of C is a 2-semifunctor M :
C → Rk. A weak finitary 2-representation is a homomorphism of 2-semicategories
M : C → Ak. A weak abelian 2-representation is such a homomorphism whose
codomain instead is Rk. In each case we require that Mi,j is additive and k-
linear for each pair i, j of objects. We say that two 2-representations of a 2-
semicategory are equivalent if there exists a 2-natural isomorphism between them,
whose components also are additive and k-linear.

Similarly to finitary 2-categories, the modified 2-setup for 2-semicategories produces
a 2-category C-afmod of finitary 2-representations of C , and a 2-category C-amod
of abelian 2-representations thereof.

We also remark that the proof of [MM3, Proposition 2] does not use identity
1-morphisms, and so the result still holds for 2-semicategories: if a 2-natural
transformation Ψ between two 2-representations of a 2-semicategory is such that
Ψi is an equivalence of categories for all i, then Ψ is an equivalence of 2-
representations.

6.2. Strictification of weak 2-representations. The next proposition can be
deduced from [Po, Theorem 3.4], however, we instead give a detailed verification of
the sketch of proof given in [nLab, Section 4].

Proposition 6.10. Let C be a 2-category. For any homomorphism M : C → Cat,

there is a 2-functor M̂ : C → Cat together with a non-strict 2-natural isomorphism

ΨM : M→ M̂.

Proof. For an object i ∈ C , we define M̂(i) as the category whose objects are pairs
(Q,F ), where Q is an object of M(j) and F is a 1-morphism of C(j, i), and whose
morphisms are defined by

Hom
M̂(i)

((Q,F ), (Q′, F ′)) := HomM(i) (MF (Q),MF ′(Q′)) ,
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and their composition is inherited from that identification, i.e. we define it so that
the following diagram commutes:

M̂(i)
(
(Q′, F ′), (Q′′, F ′′)

)
× M̂(i)

(
(Q,F ), (Q′, F ′)

)
M̂(i)

(
(Q,F ), (Q′′, F ′′)

)
M(i)

(
MF ′(Q′),MF ′′(Q′′)

)
×M(i)

(
MF (Q),MF ′(Q′)

)
M(i)

(
MF (Q),MF ′′(Q′′)

)
◦
M̂(i

◦M(i)

Given a 1-morphism G ∈ C(i, k), the functor M̂(G) : M̂(i)→ M̂(k) is defined as

M̂(G)(Q,F ) = (Q,GF )

on the level of objects, and given a morphism f : FQ→ F ′Q′, we define M̂(G)(f)
as the dotted arrow in the following diagram:

M(GF )Q M(GF ′)Q′

(MG)(MF )Q (MG)(MF ′)Q′

M̂(G)(f)

(α−1
G,F )

Q

M(G)(f)

(αG,F ′)Q′
.

Let g ∈ Hom
M̂(i)

((Q′, F ′), (Q′′, F ′′)). The following then shows the functoriality

of M̂(G):

M̂(G)(g) ◦ M̂(G)(f) =
(

(αG,F ′′)Q′′ ◦M(G)(g) ◦ (α−1
G,F ′)Q′

)
◦
(

(αG,F ′)Q′ ◦M(G)(f) ◦ (α−1
G,F )Q

)
= (αG,F ′′)Q′′ ◦M(G)(g) ◦M(G)(f) ◦ (α−1

G,F )Q = (αG,F ′′)Q′′ ◦M(G)(gf) ◦ (α−1
G,F )Q = M̂(G)(gf).

For the 2-functoriality, M̂(HG) = M̂(H)M̂(G), we have

(M̂H)(M̂G)(f) =

= (αH,GF ′) ◦MH

(
(αG,F ′)Q′ ◦MG(f) ◦

(
α−1
G,F

)
Q

)
◦
(
α−1
H,GF

)
Q

=
(

(αH,GF ′)Q′ ◦ (MHαG,F ′)Q′
)
◦MHMG(f) ◦

((
MHα−1

G,F

)
Q
◦
(
α−1
H,GF

)
Q

)
=
(

(αHG,F ′)Q′ ◦ (αH,GMF ′)Q′
)
◦MHMG(f) ◦

((
α−1
H,GMF

)
Q
◦
(
α−1
HG,F

)
Q

)
= (αHG,F ′)Q′ ◦

(
(αH,G)MF ′Q′ ◦MHMG(f) ◦

(
α−1
H,G

)
MFQ

)
◦
(
α−1
HG,F

)
Q

= (αHG,F ′)Q′ ◦M(HG)(f) ◦
(
α−1
HG,F

)
Q

= M̂(HG)(f),

where the fourth row is found by applying the structural constraints of a homo-
morphism, and the sixth row is due to naturality of αH,G.

Next we verify that an identity 1-morphism 1i acts as the identity functor of

M̂(i). On the level of objects we have M̂(1i)(Q,F ) = (Q,1iF ) = (Q,F ). For
morphisms, first recall that the canonical isomorphism φ : 1i → M1i satisfies

(α1i,F )Q ◦ φMFQ = idMFQ. Then f = M̂(1i)(f) is implied by the commutativity
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of the following diagram:

MFQ MF ′Q′

(M1i)(MF )Q (M1i)(MF ′)Q′

MFQ MF ′Q′.

f

φMFQ φMF ′Q′

M1if

(α1i,F )
Q

(α1i,F
′)

Q′

M̂1if

The commutativity of the upper square is by naturality of φ and the commutativity

of the lower square is by the definition of M̂.

For a 2-morphism τ : G→ G′, the natural transformation M̂(τ) is defined as

M̂(τ)(Q,F ) := (αG′,F )Q ◦ (Mτ)(MF )Q ◦
(
α−1
G,F

)
Q
.

To verify naturality, let f ∈ Hom
M̂(i)

((Q,F ), (Q′, F ′)). We have

M̂(τ)(Q′,F ′) ◦ M̂G(f) =

=

(
(αG′,F ′)Q′ ◦ (Mτ)(MF ′)Q′ ◦

(
α−1
G,F ′

)
Q′

)
◦
(

(αG,F ′)Q′ ◦MG(f) ◦
(
α−1
G,F

)
Q

)
= (αG′,F ′)Q′ ◦ (Mτ)(MF ′)Q′ ◦MG(f) ◦

(
α−1
G,F

)
Q

= (αG′,F ′)Q′ ◦MG′(f) ◦ (Mτ)(MF )Q ◦
(
α−1
G,F

)
Q

= (αG′,F ′)Q′ ◦MG′(f) ◦
(
α−1
G′,F

)
Q
◦ (αG′F )Q ◦ (Mτ)(MF )Q ◦

(
α−1
G,F

)
Q

= M̂G′(f) ◦ M̂(τ)(Q,F ),

where the fourth row is a consequence of the naturality of Mτ . Preservation of
vertical composition of 2-morphisms is analogous to functoriality of the action of a
1-morphism: let τ, τ ′ ∈ C(i, k) with τ : G→ G′ and τ ′ : G′ → G′′. Then(

M̂τ ′
)

(Q,F )
◦
(
M̂τ

)
(Q,F )

=

= (αG′′,F )Q ◦ (Mτ ′)(MF )Q ◦
(
α−1
G′,F

)
Q
◦ (αG′,F )Q ◦ (Mτ)(MF )Q ◦

(
α−1
G,F

)
Q

= (αG′′,F )Q (M(τ ′ ◦ τ))(MF )Q ◦
(
α−1
G,F

)
Q

=
(
M̂(τ ′ ◦ τ)

)
(Q,F )

,

by 2-functoriality of M. Hence we have established that M̂ is a 2-functor.

We now claim that there is a non-strict 2-transformation ΨM : M→ M̂ given by

(ΨM)i : M(i)→ M̂(i)

Q 7→ (Q,1i).

On the level of morphisms this amounts to applying M1i, and we clearly obtain an
equivalence for all i ∈ C . To fully define this 2-transformation, we need to define

the structure 2-morphisms σF : M̂F ◦Ψi → Ψj ◦MF , indexed by the 1-morphisms
of C . We let σF be the natural transformation given by

(σF )Q = φMFQ ∈ HomM(i)(MFQ,M1iMFQ) = Hom
M̂(i)

((Q,F ), (MFQ,1i)) .



38 MATEUSZ STROIŃSKI

It remains to check the naturality. First, for F ∈ C(i, j) and G ∈ C(j, k), we show
the commutativity of

M̂GM̂F ◦Ψi M̂G ◦Ψj ◦MF Ψk ◦MG ◦MF

Ψk ◦M(GF ).

M̂GσF

σGF

σGMF

ΨkαG,F

Recall that (M̂GσF )Q is defined by the diagram

(2)

M(GF )Q MGMFQ

MGMF MGM1iMFQ

(M̂GσF )Q

(α−1
G,F )

Q

MGφMFQ

(αG,1i)MFQ

We have earlier established that φMFQ =
(
α−1

1i,F

)
Q

, and by the structure of αG,F

the diagram

MGM1iMFQ MGMFQ

MGMFQ MGFQ

MG(α1i,F )
Q

(αG,1i)MFQ
(αF,G)Q

(αF,G)Q

commutes, and hence(
M̂GσF

)
Q

= (αG,1i
)MFQ ◦MGφMFQ ◦

(
α−1
G,F

)
Q

= (αG,1i
)MFQ ◦MG

(
α−1

1i,F

)
Q
◦
(
α−1
G,F

)
Q

=
(
α−1
G,F

)
Q(

M̂GσF

)
Q

=
(
α−1
G,F

)
Q

. From the definitions we see that commutativity of (2)

amounts to the equation

M1iαG,F ◦ φMGMF ◦ α−1
G,F = φM(GF )

which is equivalent to

M1iαG,F ◦ φMGMF = φM(GF ) ◦ αG,F .

This equation holds as a consequence of naturality of φ : 1M(i) →M1i.

The last diagram whose commutativity we need to show is the following:

M̂(1i) ◦Ψi Ψi ◦ 1M(i)

1
M̂(i)

◦Ψi Ψi ◦M1i

Ψiφ

σ1i

In our case this reduces to M1iφ = φM1i. But directly from the structure of φ
and α it follows that these are both equal to α−1

1i,1i
. �

Proposition 6.11. Let C be a 2-semicategory. For any homomorphism of 2-

semicategories M : C → Cat, there is a 2-semifunctor M̂ : C → Cat together

with a non-strict 2-natural isomorphism ΨM : M→ M̂.
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Proof. The construction from Proposition 6.10 needs to be modified: the 2-natural
isomorphism Ψ defined therein locally gives essentially surjective functors Ψi for all
i ∈ C due to the isomorphism M1i ' 1M(i). In other words, for a 2-semicategory
it is not necessarily the case that every isomorphism class of objects of M(i) can
be represented as MFQ for some 1-morphism F ∈ C(j, i) and Q ∈M(j).

To remedy this, we let the objects of M̂(i) be pairs (Q,F ), with F,Q as above,
and also pairs (Q,∅i), where i ∈ Ob C and Q ∈M(i). We let

Hom
M̂(i)

((Q,F ), (Q′,∅i)) := HomM(i)(MFQ,Q′)

Hom
M̂(i)

((Q,∅i), (Q
′, F ′)) := HomM(i)(Q,MF ′Q′)

Hom
M̂(i)

((Q,∅i), (Q
′,∅i)) := HomM(i)(Q,Q

′),

for suitable F, F ′, Q,Q′.

On the level of objects we let M̂(G)(Q,F ) = (Q,GF ) and M̂(G)(Q,∅i) = (Q,G).

There is now an evident way to define M̂(G) on morphisms so that the definition
on morphisms not involving ∅i coincides with the one in Proposition 6.10. If ∅i is
involved we simply replace some morphisms on form αF,F ′ with identity morphisms.
This definition can be made more elegant by defining α∅i,F : 1M(i)MF →MF as
idMF , and similarly for αF,∅, and letting α∅i,∅i

= id1M(i)
. We then see that this

artificial extension of the structure morphisms retains the core properties of αF,G:
all the morphisms are natural, and they trivially satisfy the structure constraints.
Note that in the proof of Proposition 6.10 we only used those properties of αF,G
to show that M̂ defines a 2-semifunctor. Hence we conclude that also here M̂ is a
2-semifunctor.

We will now construct a 2-natural isomorphism (Ψi, σF ) from M to M̂. First, we
let Ψi be the functor sending Q to (Q,∅), and identifying HomM(i(Q,Q

′) with

Hom
M̂(i

((Q,∅), (Q′,∅)) as in the definition of M̂(i). For a 1-morphism F of C

we let σF : M̂F ◦Ψi → Ψj ◦MF be the natural transformation given by

(σF )Q = idMFQ ∈ HomM(i(MFQ,MFQ) = Hom
M̂

((Q,F ), (FQ,∅))

It remains to show that the following diagram commutes:

M̂GM̂F ◦Ψi M̂G ◦Ψj ◦MF Ψk ◦MG ◦MF

Ψk ◦M(GF ).

M̂GσF

σGF

σGMF

ΨkαG,F

By definition we have M̂GσF = (αG,∅)MF ◦MG idMF ◦α−1
G,F = α−1

G,F , since the left-
most two morphisms are identities. Also by definition, σGF and σGMF are images

of identity morphism under defining identifications of Hom-spaces for M̂. Hence
the commutativity of the diagram above reduces to the evident commutativity of

M(GF )Q MGMFQ MGMFQ

M(GF )Q

(α−1
G,F )

Q

(αG,F )Q

which concludes the proof. �
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Given a finitary 2-category or 2-semicategory C , it is rather easy to see that if M is

a weak finitary 2-representation of C , then M̂ is a (strict) finitary 2-representation
of C , and that the 2-natural isomorphism given above consists of additive, k-linear
functors. Analogous statement holds for the abelian setting.

Hence we obtain the following:

Proposition 6.12. Let C be a finitary 2-semicategory and let M be a weak 2-

representation of C . There is a (strict) 2-representation M̂ of C equivalent to M.

Analogous statement holds for 2-categories.

6.3. 2-semicategories of projective functors. The following is one of the par-
ticular examples of 2-semicategories introduced in [KMZ, Section 4]:

Definition 6.13. Let A be a finite-dimensional, basic algebra and let {e1, . . . , en}
be a complete set of primitive orthogonal idempotents of A. For i = 1, . . . , n choose
a small category Di equivalent to addAei ' eiAei-proj. The 2-semicategory DA is
defined as follows:

• Ob DA = {1, . . . , n}, where the object i can be identified with Di.

• 1-morphisms of DA(i, j) are functors from Di to Dj which are naturally
isomorphic to tensoring with the A-A-bimodules in add(Aei ⊗k ejA);

• 2-morphisms are given by natural transformations between those functors.

Both DA and the 2-category CA we have introduced earlier are defined using pro-
jective bimodules over an algebra. The following 2-semicategory can be described
as ”CA minus identity 1-morphism”, and hence also is defined in the setting of
projective bimodules:

Definition 6.14. Let A be a be a finite-dimensional, basic algebra and let
{e1, . . . , en} be a complete set of primitive orthogonal idempotents of A. Fix a
small category A equivalent to A-proj. The 2-semicategory ZA is defined as fol-
lows:

• Ob ZA = {i}, where i can be identified with A;

• 1-morphisms of ZA are endofunctors of A isomorphic to tensoring with the
projective A-A-bimodules in add(A⊗k A);

• 2-morphisms are given by natural transformations between those functors.

The sets of indecomposable 1-morphisms of DA and ZA can both be identi-
fied with the set {Aei ⊗k ejA | i, j ∈ {1, . . . , n}} of indecomposable projective bi-
modules. However, since DA admits multiple objects, fewer 1-morphisms of DA

are composable. Under the identification above, DA records the tensor product
Aei ⊗k ejA ⊗A Aek ⊗k elA only if j = k. From this one sees that DA essentially
only uses the information about eiAei, for i = 1, . . . , n. On the other hand, all the
1-morphisms of ZA are composable.

A consequence of this is that while, as shown in [KMZ, Section 4], DA is a so-
called bilax-unital 2-category, i.e. it admits certain weak identity 1-morphisms
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(described in [KMZ, Section 2]), the 2-semicategory ZA generally does not admit
such 1-morphism and hence generally is not bilax.

Now we define the object of study of the remaining part of this section:

Definition 6.15. Consider the star algebra Λn, as defined in 5.1. We let Zn
L0

be
the 2-full 2-subsemicategory of ZΛn

generated by the 1-morphisms

Λnei ⊗k Λne0 for i = 0, 1, . . . , n.

In view of the earlier chapters, it is clear that this 2-semicategory is associated to
the left cell L0 of ZΛn

(which equals the corresponding cell of CΛn
), and just like

ZΛn
can be viewed as CΛn

minus the identity 1-morphism, the 2-semicategory Zn
L0

can be viewed as CL0 minus the identity 1-morphism.

6.4. Towards non-cell 2-representations. For the star algebra Λn, let c0 :=
b1a1 = · · · = bnan, and similarly let cj := ajbj for j = 1, . . . , n.

Lemma 6.16. The defining 2-representation of ZnL0
on Λn-proj is transi-

tive but not simple transitive. Its maximal ideal I is the k-linear span of
{ϕj ∈ EndΛn-proj(Λnej) | ϕj(ej) = cj}.

Proof. Transitivity follows since e0Λn ⊗Λn
Λnej ' e0Λnej 6= 0 for j = 1, . . . , n.

Recall that the maximal ideal of a transitive 2-representation is the ideal given
by the morphisms which do not generate an identity morphism under the action
of given 2-semicategory. Given an indecomposable projective module Λnei and a
module M over Λn, let ϕx : Λnei → M be the morphism uniquely determined by
ei 7→ x. We have

Hom(Λnei,Λnej) =



k [ϕe0 = idΛne0 , ϕc0 ] for i, j = 0;

k
[
ϕbj
]

for i = 0, j 6= 0;

k
[
ϕaj
]

for i 6= 0, j = 0;

k[ϕei = idΛnei , ϕci ] for i = j 6= 0;

0 else.

Calculating on the basis elements given above, one sees that

Fi0ϕcj = 0 for i ∈ {0, . . . , n} and j ∈ {1, . . . , n} .

It is also easy to verify that all the other basis elements generate an identity mor-
phism. �

Consider the ideal I = 〈c1, . . . , cn〉 of Λn. We have Λn-proj /I ' Λn/I-proj. Ob-
serve also that Λn/I ' ∆n, where ∆n is the algebra considered in Chapter 5.

Definition 6.17. Let ∆n be the quotient of Λn considered in Chapter 5. We let
Gn be the 2-full 2-subsemicategory generated by the 1-morphisms

∆nei ⊗k e0∆n for i = 0, . . . , n.

Similarly to Lemma 5.5, the following is a consequence of Lemma 6.16:

Corollary 6.18. There is a 2-functor Zn
L0
→ Gn, sending a 1-morphism to the

functor it acts by in the simple transitive quotient of the defining 2-representation,
and similarly for 2-morphisms.
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Composition with that 2-functor gives 2-functors Gn-afmod → Zn
L0

-afmod, and
similarly Gn-amod→ Zn

L0
-amod. Hence we may find 2-representations of Zn

L0
by

constructing 2-representations of Gn. From the construction we will give it will
be obvious that the resulting 2-representations of Zn

L0
are not equivalent to cell

2-representations - for instance, they will be of ranks not equal to the rank of any
cell 2-representation.

For the remainder of this section, fix some n > 0, let ∆ := ∆n and G := Gn.

Proposition 6.19. Let µ ` n be a partition of n given by (µ1 +1, µ2 +1, . . . , µk+1)
satisfying µ1 ≥ · · · ≥ µk. There is a faithful, essentially surjective, non-full functor

Pµ : ∆-proj→ add (∆e0,∆e1, . . . ,∆ek) ⊆ ∆-proj

satisfying Pµ(∆ei) = ∆ei for i = 0, 1, . . . , k and

Pµ(∆ek+1) = · · · = Pµ(∆ek+µ1) = ∆e1

Pµ(∆ek+µ1+1) = · · · = Pµ(∆ek+µ1+µ2) = ∆e2

...

Pµ(∆en−µk+1) = . . . = Pµ(∆en) = ∆ek

Remark 6.20. The particular assignment of objects we choose is not essential, as
the automorphisms of ∆n given by permuting {e1, . . . , en} give an automorphism
of ∆n-proj permuting the respective indecomposable objects. In other words, we
obtain a naturally isomorphic functor for any function {1, . . . , n} → {1, . . . , n} such
that the cardinalities of its preimages can be ordered to form µ.

The advantage of our choice of the assignment of objects is that under this choice,
the definition of the functor Pµ for a general permutation µ becomes clear once Pµ is
defined for n = 2 and µ = (2): there is a subcategory fixed under Pµ, onto which Pµ
”projects”, and, as will be apparent from the proof below, Hom∆-proj(∆ei,∆ej) = 0
for i, j 6= 0 implies that verifying functoriality for general µ is essentially the same
as verifying it for µ = (2).

This reduction to µ = (2) also applies to a later statement we will prove about Pµ.

Proof of Proposition 6.19. The description of hom-spaces for ∆-proj is very similar
to that given in the proof of Lemma 6.16: we have

Hom(∆nei,∆nej) =



k[ϕe0 = id∆ne0 , ϕc0 ] for i, j = 0;

k[ϕbj ] for i = 0, j 6= 0;

k[ϕaj ] for i 6= 0, j = 0;

k[ϕei = id∆nei ] for i = j 6= 0;

0 else.

We define the functor Pµ for the case where n = 2 and the partition µ = (2).
Note that for the partition (1, 1), the identity functor satisfies the assumptions. By
Remark 6.20, the definition and functoriality for n > 2 is analogous.

We let Pµ be the identity functor on add(∆e0,∆e1), and set

Pµ(id∆2e2) = id∆2e1 , Pµ(ϕa2) = ϕa1 , Pµ(ϕb2) = b1.
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The only non-zero composition not involving an identity morphism (and hence the
only non-trivial case) we need to check is

ϕc0 = Pµ(ϕc0) = Pµ(ϕa2
ϕb2) = Pµ(ϕa2

)Pµ(ϕb2) = ϕa1
ϕb1 ,

which proves the functoriality. Faithfulness is clear from the definition. The lack
of fullness is due to the map

0 = Hom∆-proj(∆e1,∆e2)→ Hom∆-proj(P(∆e1),P(∆e2)) = Hom∆-proj(∆e1,∆e1)

not being surjective. �

Proposition 6.21. Let Pµ : ∆-proj→ add(∆e0,∆e1, . . . ,∆ek) be the functor given
above, and let J : add(∆e0, . . .∆ek) ↪→ ∆-proj be the canonical inclusion functor.
Denote the composition J ◦ P : ∆-proj → ∆-proj by Φ. Let F be a 1-morphism of
G . Then there is a natural isomorphism

F ' F ◦ Φ.

Proof. It is enough to prove this statement on the level of indecomposable objects
and indecomposable 1-morphisms. Again to simplify notation we assume n = 2
and µ = (2), and the general case follows by manipulating the indices. So let
i ∈ {0, 1, 2} and let F = ∆ei ⊗ e0∆.

We need to define isomorphisms

τ∆ej : ∆ei ⊗k e0∆⊗∆ ∆ej → ∆ei ⊗k e0∆⊗∆ Φ(∆ej)

for j = 0, 1, 2. For j = 0, 1 we let τ∆ej be the identity morphism, and the naturality
on add(∆e0,∆e1) is immediate as on that subcategory the two functors are equal
to each other. Finally, we let τ∆e2 be defined by x ⊗ y ⊗ e2 7→ x ⊗ y ⊗ e1 and
x ⊗ y ⊗ b2 7→ x ⊗ y ⊗ b1. Similarly to 6.19, due to the low dimensions of Hom-
spaces, there is few diagrams on which we need to verify the naturality. Clearly, for
the naturality to be non-trivial, the morphism on which we wish to check it must
involve ∆e2, and since there are no morphisms between that and ∆e1, we are left
with two diagrams, given below. Using ei∆2 ⊗∆2

∆2ej ' ei∆2ej , we see that

∆2ei ⊗k e0∆2 ⊗∆2
∆2e0 ∆2ei ⊗k e0∆2 ⊗∆2

∆2e2

∆2ei ⊗k e0∆2 ⊗∆2 ∆2e0 ∆2ei ⊗k e0∆2 ⊗∆2 ∆2e1

id

id⊗ id⊗ϕb2

τ∆2e2

id⊗ id⊗ϕb1

commutes due to

ei ⊗ e0 ei ⊗ b2

ei ⊗ e0 ei ⊗ b1.

And

∆2ei ⊗k e0∆2 ⊗∆2 ∆2e2 ∆2ei ⊗k e0∆2 ⊗∆2 ∆2e0

∆2ei ⊗k e0∆2 ⊗∆2
∆2e1 ∆2ei ⊗k e0∆2 ⊗∆2

∆2e0

τ∆2e2

id⊗ id⊗ϕa2

id

id⊗ id⊗ϕa1
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commutes by

ei ⊗ b2 ei ⊗ b2a2 = ei ⊗ c

ei ⊗ b1 ei ⊗ b1a1 = ei ⊗ c.
�

The idea behind the construction of 2-representations using P, J is to let a 1-
morphism F act on add(∆e1, . . . ,∆ek) by PF J, and define the action of 2-
morphisms similarly. Then we have MGMF = PGΦF J and M(GF ) = PGF J.
It is not difficult to find that these two are not equal. So this does not define a
2-representation, and indeed we will aim towards defining a weak 2-representation,
which we then strictify using Proposition 6.11. For M to define a weak 2-
representation we need to specify the structure isomorphisms αG,F for all 1-
morphisms G,F , which have to satisfy structure constraints and be natural in
(G,F ).

Using Proposition 6.21, for every 1-morphism G we fix a natural isomorphism

GΦ
αG−−→ G and let αG,F := PαGF J. We will show that this is almost enough to

define a homomorphism, and modify this construction slightly to define one.

Lemma 6.22. The structure isomorphisms αG,F satisfy the structure constraint:
for any H,G,F ∈ G , the following diagram commutes:

PHΦGΦF J PHΦGF J

PHGΦF J PHGF J

PτHGFJ

PHτGFJ

PτHGFJ

PHτGFJ

.

Proof. This is a direct consequence of the commutative square defining the hori-
zontal composition of natural transformations. This is easiest to see by removing
P, J, F from the diagram:

(HΦ)(GΦ) (HΦ)G

H(GΦ) HG.

HΦτG

τHGΦ τHG

HτG

This diagram commutes by naturality of τH . From this the commutativity of the
diagram in the lemma follows. �

Next we need αG,F to be natural in (G,F ). By [Mac, Proposition II.3.2], verifying
this is equivalent to verifying naturality in G and naturality in F separately.

Lemma 6.23. The structure isomorphisms αG,F are natural in F . In other words,

for a 2-morphism F
τ−→ F ′, the diagram

PGΦF J PGΦF ′J

PGF J PGF ′J

PGΦβJ

PαGFJ PαGF
′J

PGβJ

commutes.
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Proof. Similarly to the proof of Lemma 6.22, the diagram

GΦF GΦF ′

GF GF ′

(GΦ)β

αGF αGF
′

Gβ

commutes because of the naturality of αG, and that in turn implies that the diagram
in the lemma commutes. �

Note that all we used to verify these two conditions was the naturality of αG.

6.5. Naturality of αG,F in G. Naturality in G is more difficult. Similarly to
naturality in F , it amounts to the following: let β : G → G′ be a 2-morphism.
Then

PGΦF J PG′ΦF J

PGF J PG′F J

PβΦFJ

PαGFJ PαG′FJ

PβFJ

commutes. This is in particular implied by

GΦ G′Φ

G G′

βΦ

αG αG′

β

,

and it is the latter we will prove. However, in order to do that, we must impose
extra assumptions on our setup, and, in a sense, redefine P. The definition we gave
in the preceding subsection specifies P directly on ∆-proj, and G is defined in terms
of projective endofunctors of a category A equivalent to ∆-proj. Under equivalence
there are then functors P, J defined on A satisfying the properties we have used so
far - crucially that for Φ = J ◦ P and a projective endofunctor F of A, we have
FΦ ' F .

However, at the time of writing this document, for arbitrary A ' ∆-proj we don’t
know how to find the right structure isomorphisms αG,F , which we would speculate
should be of the form αGF as we have used before, such that naturality in G is
satisfied. We do however know how to achieve that if A is skeletal - in that case
we need to define P exactly. This is what we will describe below.

Before we do that, note that we do not claim that the specified procedure is in any
way canonical, or the ”correct” solution to the problem. In fact, we speculate that
an elegant way to find structure isomorphisms for general A does exist, although
this document fails to find such.

Observe also that all choices of small A equivalent to ∆-proj give biequivalent
2-semicategories. Hence, similarly to CA, G is defined uniquely only up to biequiv-
alence. This implies that starting with a representative of that biequivalence class
which uses a skeletal category and defining a weak 2-representation on that, gives
corresponding weak 2-representations on all other representatives by passing under
biequivalence.

We first give a sketch of proof, and then fill some details. As always, for simplicity
we let n = 2 and let the partition µ be µ = (2).
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(1) Choose a skeletal category A equivalent to ∆2-proj.

(2) Choose a basis B for A on the level of indecomposables.

(3) Define P on that basis. Since we want P to be k-linear, this amounts to
specifying action matrices of P. After defining these on indecomposables,
we let the matrices on decomposables (with respect to the fixed basis) be
direct sums of those of indecomposables.

(4) Define indecomposable 1-morphisms {Fi0 | i = 0, 1, 2, } by specifying their
matrices of action on indecomposables above, and letting the remaining
action matrices (describing the action on decomposable objects) be direct
sums thereof.

(5) Show that for the 1-morphisms above we have Fi0Φ = Fi0. Note that we
prove strict equality. We may then set αFi0 = idFi0 and we have the desired
naturality on these 1-morphisms.

(6) Define 1-morphisms F =
⊕2

i=0 F
⊕mi
i0 , which are uniquely determined on

objects by skeletality, and on morphisms we let their action matrices be
respective direct sums of those we have for our chosen indecomposables.

(7) Then for the 1-morphisms of the form F given above, we have

FΦ = F.

This is because Φ is acting diagonally with respect to decomposition in A,
and so does F , and we have shown the claim on indecomposables. Similarly
to (5), this implies the desired naturality for such F .

(8) We have shown naturality on the skeleton of ”naive direct sums” - fix
isomorphisms from the rest of the category of 1-morphisms to the skeleton
and extend the naturality to all of the category by passing under said
isomorphisms.

Let A be a skeletal category equivalent to ∆2-proj. Let Q0, Q1, Q2 be its complete
set of indecomposable objects, where Qi is to correspond to ∆2ei. We choose a
basis B for the morphisms of the category, specifying it on indecomposables. The
following is essentially repeating what was found in the proof of Proposition6.19.
Here however, we take is as the definition.

HomA (Q0, Q0) = k[idQ0 , c = a1b1 = a2b2]

HomA (Q0, Q1) = k[b1]

HomA (Q0, Q2) = k[b2]

HomA (Q1, Q0) = k[a1]

HomA (Q1, Q1) = k[idQ1
]

HomA (Q1, Q2) = 0

HomA (Q2, Q0) = k[a2]

HomA (Q2, Q1) = 0

HomA (Q2, Q2) = k[idQ2 ]

with biaj = 0 for i, j ∈ {1, 2}. We define P : A → add(Q0, Q1) as follows:

P| add(Q0,Q1) = 1add(Q0,Q1)
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and

P(Q2) = Q1, P(a2) = a1, P(b2) = b1.

As described earlier, for morphisms f, g of A, we let P ([ f g ]) = P ([ Pf Pg ]) and so
on. Let J : add(Q0, Q1)→ A be the inclusion functor, and let Φ = J ◦ P.

Now we define Fi0 for i = 0, 1, 2. We let

Fi0(Q0) = Qi ⊕Qi, Fi0(Q1) = Qi, Fi0(Q2) = Qi.

On the level of morphisms of B of indecomposables we let

Fi0c =
[

0 0
idQi

0

]
∈ EndA(Qi ⊕Qi), Fi0bj = [ idQi

0 ] ∈ HomA(Qi ⊕Qi, Qi) for j = 1, 2

and Fi0aj = [ 0 idQi ] for j = 1, 2.

Now since Fi0a1 = Fi0a2 for all i, and similarly Fi0b1 = Fi0b2, we see that indeed
Fi0Φ = Fi0. We extend as described in the sketch. From our earlier discussion it
should be clear that Fi0 is just Fi0 of ∆2-proj mapped to the skeleton A. From
this we see that F00, F10, F20 give a complete set of representatives of isomorphism
classes of indecomposable objects of the category of projective endofunctors of
A.

Given non-negative integers m0,m1,m2 of which at least one is positive, define
F =

⊕2
i=0 F

⊕mi
i0 by extending action matrices with respect to B by direct sum of

matrices, as described in the sketch. And as explained therein, we have

FΦ = F.

Note that since Fi0 give a complete set of indecomposables, and we allowed mi to
be arbitrary non-negative integers (long as at least one of them is positive). So F
as above give a skeleton S of the category of projective functors.

Thus let H be a projective endofunctor of A and let G ∈ S be such that G ' H. Fix

an isomorphism H
τ−→ G. We let αH = τ−1 ◦ τΦ. To see that the desired naturality

property is satisfied, let H
β−→ H ′ and let H ′

τ ′−→ G′ be as τ above. Consider the
following diagram:

HΦ H ′Φ

GΦ G′Φ

G G′

H H ′

βΦ

τΦ τ ′Φ

τ−1 τ ′−1

β

By the naturality we have established on the skeleton S, we have

(τ ′ ◦ β ◦ τ−1)Φ = τ ′ ◦ β ◦ τ−1.

This implies

τ ′Φ ◦ βΦ ◦ τ−1Φ = τ ′ ◦ β ◦ τ−1

τ ′Φ ◦ βΦ = τ ′ ◦ β ◦ τ−1 ◦ τΦ

τ ′−1 ◦ τ ′Φ ◦ βΦ = β ◦ τ−1 ◦ τΦ,

which, as we can read from the diagram above, is what we wanted to show.



48 MATEUSZ STROIŃSKI

6.6. Existence of non-cell 2-representations. Recall that for αG,F = αGF de-
fined following Proposition 6.21, all we needed for naturality in F and the structure
constraint to be satisfied is αG being a natural transformation. This is still the case
in the particular setting developed in the preceding section, where we also have αG,F
natural in G. We have thus shown the following:

Proposition 6.24. Let A be a skeletal category equivalent to ∆-proj. Let P : A →
add(Q0, Q1, . . . , Qk), J : add(Q0, Q1, . . . , Qk) → A and αG,F be as considered in
the preceding subsection. The functor P◦−◦J together with structure isomorphisms
αG,F defines a homomorphism P : Gn → Gk of 2-semicategories.

Proof. It is easy to see that add(Q0, Q1, . . . , Qk) ' ∆k-proj and that the action of
1-morphisms of Gn is by projective functors, where on the level of indecomposables
we have PF00 = F00 (abusing notation, on the left-hand side we have an indecom-
posable projective endofunctor of ∆n-proj and on right-hand side such functor of
∆k-proj) and PFi0 = Fµ(i)0, where µ(i) ∈ {1, . . . , k} is as indicated by 6.19. One
sees that the codomain of the homomorphism then is Gk, constructed using the
category add(Q0, Q1, . . . , Qk). �

Remark 6.25. Alternatively, if we map i to add(Q0, Q1, . . . , Qk) and 1-morphisms
and 2-morphisms as above, we could view P as a weak finitary 2-representation
of Gn. This 2-representation is also obtained by composing P of the preceding
proposition with the deining 2-representation of Gk.

Following the analysis of action matrices of 1-morphisms given in [?, Section 5], we
see that given two different partitions µ 6= µ′, we get two sets of action matrices that
must correspond to non-equivalent 2-representations. We also see that for every set
of action matrices found there, there is a partition such that the homomorphism
we have associated with it realizes that set.

To see that for every partition, the homomorphism we found is simple transitive,
note that for i = 0, 1, . . . , k, there is a 1-morphism of Gn acting as Fi0. And that
the action of these endofunctors has no stable ideals can be inferred from the fact
that the cell 2-representation of Gk is simple transitive (it has no bad cells).

Finally, since in the end we are concerned with strict 2-representation, we may use
Proposition 6.11 and strictify said homomorphisms, to find the following:

Theorem 6.26. Let n > 0. The 2-semicategory Gn admits a simple transitive 2-
representation Mµ for every partition µ ` n. Moreover, µ 6= µ′ implies Mµ 6'Mµ′ .

7. Simple transitive 2-representations of DL for A = Bn

In this section we go back to the setting of finitary 2-categories and our study of
such 2-categories of the forms DL,DR.

From the perspective of this document, the main difference between DL and DR is
that the left cells of DJ do not coincide with those of DL, as is the case for DR. In
particular, the analogous statement to Proposition 4.3 for DL doesn’t necessarily
hold, and so we cannot determine the rank of a simple transitive 2-representation
of a general 2-category of the form DL using our methods for DR. This is an
important problem in [Zi2, Section 5], where DL is considered for a star algebra
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Λn and self-injective core S = {e0}. It is conjectured therein that for n > 2, this
2-category admits non-cell simple transitive 2-representations for all k < n.

This indicates that we should not expect our methods for DR to work as well
for DL - and this is mirrored in this section, where we only consider a particular
family of algebras together with a particular choice of a self-injective core, and in
that setting use weak variants of results of Section 4 to facilitate solving explicit
numerical problems, reminiscent of those in [MZ1].

Definition 7.1. Given a positive integer n, let Bn denote the quotient of the path
algebra of

n n− 1 · · · 1 0

an

bn

an−1

bn−1

a2

b2

a1

b1

by the relations

• aj−1aj = 0 and bjbj−1 = 0 for j = 1, . . . , n;

• bjaj = aj+1bj+1 for j = 1, . . . , n− 1;

• a1b1 = 0.

The Loewy filtrations of respective indecomposables projectives are:

n n− 1 1 0

n− 1 n n− 2 . . . 2 0 1

n n− 1 1

Thus all the indecomposable projectives of Bn except for the one associated to e0

are projective-injective with socle and top isomorphic.

Fix a positive integer n. Note that S = {e1, . . . , en} is a self-injective core for Bn.
For the rest of this section we will study the simple transitive 2-representations of
DL associated to (Bn, S).
The main result of this section is of the same flavour as those of preceding two
sections:

Theorem 7.2. Let M be a simple transitive 2-representation of DL. M is equiva-
lent to a cell 2-representation.

We start with some basic observations about Bn. Under the ordering of the system
of idempotents indicated by the quiver above, The Cartan matrix of Bn is the
(n+ 1)× (n+ 1) matrix 

1 1 0 0 0
1 2 1 0 0

0 1
. . .

. . . 0
0 0 1 2 1
0 0 0 1 2

 .
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To keep consistent with the said ordering of idempotents, we will index the rows
and columns of this matrix starting from 0 rather than from 1. We have

dimBn = (n+1)+dim(Rad /Rad2)Bn+dim(Rad2Bn) = (n+1)+2n+n = 4n+1.

We will also be interested in the algebra eBne for e = e1 + . . . + en, again due to
Remark 3.5. The dimension of this algebra is

dim eBne = dimBn − 3 = 4n− 2.

Its Cartan matrix is the n× n lower diagonal block of that of Bn given above. For
the remainder of this section, choose n ≥ 1 and let B := Bn.

First, we remark that in this case, DL has no bad cells: the only possible such
cell would be R0 = {F0j | j = 1, . . . , n}, but Fi1 ◦ F0j 6= 0 shows that R0 is not
bad.

As we have discussed in the proof of Proposition 3.11, another difficulty with DL
is that although all cell 2-representations with apex J L1 are equivalent, the Cartan
matrix of a cell 2-representation CLj

of DL for B may be different from the Cartan
matrix of B (in contrast to CB). However, here this is not the case:

Lemma 7.3. Let Lj be a left cell of J L1 . The Cartan matrix of the target category
of CLj

coincides with that of B.

Proof. As explained in the proof of Proposition 3.11, the Cartan matrices in ques-
tion differ if and only if there are 1-morphisms Fij , Fkj of J L1 and a non-zero
2-morphism α : Fij → Fkj with α(ei ⊗ ej) ∈ Bek ⊗k k[ej ] such that Flmα = 0 for
all Flm ∈ DL. Assume that α is such a 2-morphism.

Also from the discussion in Proposition 3.11, we see that in our particular case, if
α ∈ Hom(Fij , Fkj) is non-zero and i 6= 0, then an identity can be recovered from
Fiiα. So the domain of α is F0j . The only 1-morphisms of the form Flj such
that Hom(F0j , Flj) 6= 0 are F0j , F1j . However, End(F0j) = k[idF0j

], so an identity
morphism is immediately found if α ∈ End(F0j).

We are left with the case α ∈ Hom(F0j , F1j). Since we assume

α(e0 ⊗ ej) ∈ Be1 ⊗k k[ej ]

and e0Be1 = k[a1], up to scalar multiple we must have α(e0 ⊗ ej) = a1 ⊗ ej . Now
Fi1α is represented by the map

α̃ : Bei ⊗k e1Be0 ⊗k ejB → Bei ⊗k e1Be1 ⊗k ejB

given by sending ei ⊗ b1 ⊗ ej to ei ⊗ b1a1 ⊗ ej 6= 0, so α̃ 6= 0, and hence Fi1α 6= 0,
which concludes the proof. �

Lemma 7.4. Let F :=
⊕

Fij∈JL
1
Fij. This 1-morphism satisfies F ◦F ' F⊕(4n−1).

Proof. Let F J :=
⊕

Fij∈DJ
Fij and let FR0 :=

⊕n
i=1 F0j . Observe that

F ' F J ⊕ FR0 .

From Remark 3.5 we can infer that

F J ◦ F J ' (F J)⊕ dim eAe = (F J)⊕4n−2.
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In a similar manner we find that

FR0 ◦ F J '
n⊕
j=1

(
F0j ◦ F J

)
'
(
FR0

)⊕4n−2
.

And from dim eiBe0 =

{
1 if i = 1

0 else.
we find that

FR0 ◦ FR0 ' F01 ◦ FR0 ' FR0

and similarly that

F J ◦ FR0 ' F J .

To sum up, we have

F ◦ F '
(
F J ⊕ FR0

)
◦
(
F J ⊕ FR0

)
'
(
F J ◦ F J

)
⊕
(
F J ◦ FR0

)
⊕
(
FR0 ◦ F J

)
⊕
(
FR0 ◦ FR0

)
'
(
F J
)⊕4n−2 ⊕ F J ⊕

(
FR0

)4n−2 ⊕ FR0

'
(
F J
)⊕4n−1 ⊕

(
FR0

)4n−1 '
(
F J ⊕ FR0

)⊕4n−1 ' F⊕4n−1.

�

Let M be a simple transitive 2-representation of DL. Our next objective is to
find the matrix [MF ]. Note that in particular this will determine the rank of M.
The first observation we make is that F ◦ F ' F⊕4n−1 implies that [MF ]2 =
(4n− 1)[MF ] and that F ' F J ⊕ FR0 shows [MF ] = [MF J ] + [MFR0 ].

Consider the restriction MDJ
of M to DJ . Since we asume the apex of M to be

J L1 , [MF J ] is non-zero, and so the Jordan-Hölder decomposition of MDJ
must

contain a transitive subquotient whose simple transitive quotient is CL1 - the cell
2-representation with apex J J1 . As explained in the discussion following Lemma
2.23, the matrix of a 1-morphism F associated to a transitive 2-representation N
is the same as the matrix of F associated to the simple transitive quotient N/I.
Direct computation shows that under the ordering of objects induced by the quiver
in Definition 7.1, [CL1F

J ] is equal to the n× n matrix

C =


3 4 . . . 4 3
3 4 . . . 4 3

...
3 4 . . . 4 3

 .

This shows that [MDJ
F J ] contains C as a diagonal block. This is significant since

[MDJ
F J ] = [MF J ]. Since [MF ]2 = (4n − 1)MF , the trace of [MF ] must be

4n−1. The trace of C equals 4n−2. Since both [MF J ], [MFR0 ] have non-negative
integer entries, we must have tr[MF J ] ≤ 4n − 1. Hence MDJ

admits exactly one
subquotient associated to CL1 and from Theorem 3.15 we see that there is an
ordering of indecomposable objects of M(i) so that [MF J ] is of the form(

C ∗
0 0

)
.
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However, in our case we will reorder the indecomposables so that it will be of the
form (

0 0
∗ C

)
.

There is at most one zero row on the top of this matrix. This is because the
transitivity of M implies that all the entries of [MF ] must be positive, and we have
established that

tr[MF J ] = 4n− 2 and tr[MF ] = 4n− 1.

Clearly, if there was more than one zero row in [MF J ], there would be a diagonal
entry of [MF ] equal to zero.

We will now study the consequences of [MF ]2 = (4n−1)[MF ]. In particular, [MF ]
is a quasi-idempotent matrix: it satisfies a relation of the form T2 = aT for some
a ∈ N. Such matrices with positive integer entries were classified in [TZ]. A short
summary of the result follows:

Theorem 7.5. Let m be a positive integer and let T be an k× k irreducible matrix
with positive integer entries, satisfying the relation T2 = mT. For a permutation
σ ∈ Sk let σT denote the defining action of σ on T by permutation of indices. In
the orbit SkT there is a unique matrix T′ such that there are unique k × 1 positive
integer vectors v, w satisfying:

•
∑k
i=1 viwi = m;

• v1w1 ≥ v2w2 ≥ · · · ≥ vkwk;

• For k > 1, gcd(v1, . . . , vk) = 1;

• vwt = T′.

Note that the diagonal entries of T′ are exactly v1w1, . . . , vkwk, and that they
constitute a partition of m.

Let r be such that [MF ] is an r × r matrix. As we have observed before, r ∈
{n, n+ 1}. Note that this corresponds to letting r be the rank of M. Since

(3)
[MF ] = [MF J ] + [MFR0 ], C is a diagonal block of [MF J ]

and [MFR0 ]ij ∈ Z≥0 for all i, j ∈ {1, . . . , r} ,

the partition v1w1, . . . , vrwr for the representative M′ in the orbit Sr[MF ] obtained
as described in Theorem 7.5 must be a partition of 4n− 1 lying strictly above the
partition (4, . . . , 4, 3, 3) of 4n− 2 in Young’s lattice, as the representative C′ in SnC
obtained using Theorem 7.5 is

C′ =


4 . . . 4 3 3
4 . . . 4 3 3

...
4 . . . 4 3 3

 .

Moreover, For n > 2, such partitions are

(5, 4, . . . , 4, 3, 3), (4, 4, . . . , 4, 3), (4, . . . , 4, 3, 3, 1),

first two of length n and the third one of length n+ 1.
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Also from (3), together with the assumption v1w1 ≥ . . . ≥ vrwr, we can conclude
that there is an n × n matrix P with non-negative integer entries such that C′ + P

is a diagonal block of M′.

We now will determine what are the possible choices of v, w yield M′ satisfying these
conditions.

First we consider the case where the partition is (4, . . . , 4, 3, 3, 1). The resulting
matrix is (n + 1) × (n + 1) and since its bottom right entry necessarily is 1, its
upper n × n diagonal block is of the form C′ + P, where the entries of P are non-
negative integers. In particular, this yields us the following:

(4)
vn−2wn−2 = 4, vn−1wn−1 = 3, vn−2wn−1 ≥ 3, vn−1wn−2 ≥ 4,

where vn−2, wn−2, vn−1, wn−1 ∈ N and gcd(vn−2, vn−1) = 1.

From this one sees that vn−2 = 1 = vn−1 and wn−2 = 4, wn−1 = 3. For i 6∈
{n− 2, n− 1}, one can proceed similarly; alternatively, observe that if additionaly
i 6= n + 1, and vi 6= 1 for such i, then wi < 3, and so M′(n−1)i = vn−1wi < 3.
This contradicts the assumption regarding the form of the diagonal block of M′. So
vi = 1 for all i, and so in this case we must have

M′ =


4 . . . 4 3 3 1
4 . . . 4 3 3 1

...
...

4 . . . 4 3 3 1

 .

For partitions (5, 4, . . . , 4, 3, 3), (4, 4, . . . , 4, 3) of length n, one shows vi = 1 for all i
in a very similar manner; in fact, the only difference is that in the second step we
don’t need to require i 6= n+ 1, since vi is defined only for i 6= n. We thus conclude
that M′ is one of the two n× n matrices


4 4 . . . 4 3
4 4 . . . 4 3

...
4 4 . . . 4 3

 = C′ +


0 0 . . . 1 0
0 0 . . . 1 0

...
0 0 . . . 1 0

 ,


5 4 . . . 3 3
5 4 . . . 3 3

...
5 4 . . . 3 3

 = C′ +


1 0 . . . 0 0
1 0 . . . 0 0

...
1 0 . . . 0 0

 ,

or the n+ 1× n+ 1 matrix 
4 . . . 4 3 3 1
4 . . . 4 3 3 1

...
...

4 . . . 4 3 3 1

 .

The case n = 2 is a bit different: the possible partitions are (4, 3) and (3, 3, 1); in
one case it is also possible that vi 6= 1: v = (4, 3) and w = (1, 1). The remaining
calculations follow similarly as in the case where n > 2. The possible matrices
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are (
4 3
4 3

)
,

(
4 4
3 3

)
,

3 3 1
3 3 1
3 3 1

 .

We now eliminate the case r = n for n ≥ 2. In such cases, M′ equals C′ + P where
there is a k ∈ {1, . . . , n} such that P is given by

Pij =

{
1 if j = k;

0 else.

Recall that C′ corresponds to the action of F J and P corresponds to the action of
FR0 . The latter has n indecomposable summands, each acting in a non-zero way. So
the matrix of each summand has exactly one non-zero entry. The only idempotent
summand of FR0 is F01, and so its matrix must satisfy [MF01]2 = [MF01], hence
why its non-zero entry must lie on the diagonal.

Observe that under any ordering of indecomposables of M(i), including the one
we now consider due to the result of [TZ], the matrix of F11 only has one non-
zero row, and also the number of its non-zero entries is constant - this is a direct
consequence of the definition of the action of Sn on the matrix algebra Mn(k). So
the matrix [F11] of F11 under the considered enumeration has one non-zero row and
two non-zero entries in that row.

On the other hand, since F01 ◦ F11 ' F⊕2
01 , the equation [F01][F11] = 2[F01] must

be satisfied, and from what we have established about [F01], we see that for that to
be the case, [F11] would need to have a row with exactly one non-zero entry. This
is a contradiction, which allows us to eliminate all matrices where n = r.

Hence we have shown the following:

Lemma 7.6. Let M be a simple transitive 2-representation of DL and let F =⊕
Fij∈JL

1
Fij. There is an ordering of the isomorphism classes of indecomposable

objects of M(i) such that the matrix [F ] is equal to the n+ 1× n+ 1 matrix
4 . . . 4 3 3 1
4 . . . 4 3 3 1

...
...

4 . . . 4 3 3 1

 .

For n = 2, this matrix is of the form3 3 1
3 3 1
3 3 1

 .

Finally, the case n = 1 is different from the treatment above: in that case C′ =
(
2
)

and the set matrices satisfying the conditions implied by (4) contains(
3
)
,

(
2 2
1 1

)
,

(
2 1
2 1

)
.

However, B1 = ∆1, where ∆1 is the quotient of the star algebra Λ1 defined in the
preceding section, and the category DL for S = {e1} is studied in [Zi2, Section
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4]. In fact, all the homological arguments used there to eliminate the matrices(
3
)
,

(
2 2
1 1

)
apply here, and so in this case M′ =

(
2 1
2 1

)
.

In each case, C′ is the upper n× n diagonal block of M′, all the rows of M′ are equal
and all the entries of the last column of M′ are equal to 1. This implies that under
the ordering of indecomposable objects of M(i) such that [MF ] = M′, the first
n indecomposables belong to the transitive subquotient of MDJ

corresponding to
the cell 2-representation CL1

of DJ , and the last object to the trivial subquotient
of MD . The cell 2-representation CL1

induces a different ordering of the first n
indecomposable objects, under which the upper n×n block of [MF ] equals C rather
than C′. From now on we will choose the ordering which imposes this ordering on
these n objects, indexing them from 1 to n, and moves the last object to the top
of the list, indexing it by 0. As a consequence of that, we have

[MF ] =


1 3 4 . . . 4 3
1 3 4 . . . 4 3

...
...

1 3 4 . . . 4 3

 ,

and in view of definition of [MF ] (Definition 2.19), our indexing of isomorphism
classes of indecomposable objects of M(i) justifies the following convention we will
use for the rest of this document: we will enumerate the rows and columns of this
matrix (and generally speaking the matrices of 1-morphisms of DL) starting from
0, rather than from 1, as is common practice.

As described in Proposition 2.3, for the finite-dimensional algebra Q such that
Q-proj ' M(i), our indexing of the indecomposables of the latter yields a cor-
responding system of idempotents f0, f1, . . . , fn of Q. Similarly to the preceding
sections, let Gij denote an endofunctor of Q-proj naturally isomorphic to tensoring
with Qfi ⊗k fjQ over Q.

We will now work towards establishing equivalence between M and a cell 2-
representation using the standard argument described in Proposition 3.10, and
applied in preceding two sections. First, we want to show MFij ' Gij . From
Proposition 3.13 we know that MFij is a projective functor, for all Fij ∈ J L1 . Let
Xij , Yij be defined analogously to Definition 4.4. We prove a slight modification of
[MZ2, Lemma 20]:

Lemma 7.7. For all j, j′ we have Xij = Xij′ . Similarly Yij = Yi′j for all i, i′.

Proof. For any j, j′, Fij′ is a direct summand of Fij ◦ Fjj′ , so that also MFij′ is
a direct summand of MFij ◦MFjj′ , and the X-set of composition of projective
functors is equal to the X-set of the left factor whenever the result of composition
is non-zero. The composition Fij ◦ Fjj′ is never zero; in this case we know that

Fij ◦ Fjj′ ' F⊕2
ij′ . So Xij′ ⊆ Xij . But we can also change the roles of j, j′ to find

Xij ⊆ Xij′ .

The second statement follows in a similar fashion: the Y -set is inherited from the
right factor of a composition and so we want to use the fact that Fi′j is a direct
summand of Fi′i ◦ Fij . However, if i = 0, then Fi′i is not in DL. The easy fix to
that is to note that Fi′1 ◦ F0j ' Fi′j is non-zero, and the statement follows. �
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Let Xi denote the common value of Xij for all j, and define Yj similarly. Note the
X-sets are indexed by the right cells and the Y -sets by the left cells of DL, so there
is n+ 1 X-sets and n Y -sets.

Lemma 7.8 ([MZ2, Lemma 22]). For q = 1, . . . , n, we have Xq = Yq.

Proof. Observe that in each left cell of DL there is a morphism of DL admitting a
left adjoint. The Y -set of that morphism is then equal to the X-set of that of its
left adjoint: see the proof of Lemma 4.5. �

Recall that for Fij ∈ J J1 , we know everything about [Fij ] except the entries of its
leftmost column outside of the top row; the top row of [Fij ] is zero. Recall also that
Xij is exactly the set of indices of non-zero rows of [Fij ]. From this we immediately
find

• i ∈ Xi for i = 1, . . . , n;

• 0 6∈ Xi for i = 1, . . . , n;

• 0 ∈ X0.

If, given i, j ∈ {1, . . . , n}, there is k 6= i such that the kth row of [Fij ] is non-zero,
then from the form of [Fij ] we know that that row is equal to(

1 0 . . . 0 0
)
.

This row being non-zero means that MFij has some indecomposable direct sum-
mands of the form Gkq for some q ∈ {0, . . . , n}. Here it is clearly exactly one
summand. We claim that this summand is of the form Gk0. This is because
[Gkq]kq 6= 0 as

Qfk ⊗k fqQ⊗Q Qfq ' Qfk ⊗k fqQfq.

The claim follows from the fact that [Fij ]kq = 0 for all q 6= 0. So 0 ∈ Yj . But then
also 0 ∈ Xj , which implies j = 0 and contradicts the assumption that Fij ∈ DL.
We have thus shown the following:

Lemma 7.9. For i = 1, . . . , n, we have Xi = {i} = Yi. Hence, for i, j ∈ {1, . . . , n},

MFij ' G
⊕mij

ij .

for some positive integers mij depending both on i and j.

To complete this statement we also need to consider the case i = 0:

Lemma 7.10. X0 = {0}. Hence we have

MF0j ' G
m0j

0j for j = 1, . . . , n and positive integers m0j depending on j.

Proof. Recall that in Lemma 7.4 we have shown that the 1-morphism FR0 =⊕n
j=1 F0j is idempotent, i.e. satisfies FR0 ◦ FR0 ' FR0 . Hence [FR0 ]2 = [FR0 ].

We know that [FR0 ] is of the form
1 3 4 . . . 4 3
x1 0 0 . . . 0 0
x2 0 0 . . . 0 0
...

...
...

xn 0 0 . . . 0 0
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for some non-negative integers x1, . . . , xn. If there is some k ∈ {1, . . . , n} such that
xk 6= 0, then all the entries of the kth row of [FR0 ]2 are non-zero, contradicting
[FR] being idempotent. The result now follows, since the indices of non-zero rows
of the matrix of a projective functor form its X-set, [FR0 ] =

∑n
j=1[F0j ], and all

the matrices have non-negative integer entries. �

Lemma 7.11. mij = 1 for i = 0, . . . , n and j = 1, . . . , n.

Proof. From Observation 4.2 we see that

C
Q
ij ≥ CeAeij for i, j ∈ {1, . . . , n} .

In particular, CQjj ≥ 2. But now Fij ' G
⊕mij

ij implies that

FijQj ' Q
⊕mij ·CQjj
i

and on the other hand, from the definition of [Fij ] and the fact that [Fij ]ij = 2, we
get

FijQj ' Q⊕2
i ,

so mij · CQjj = 2, which together with the bound on C
Q
jj implies mij = 1 for i, j ∈

{1, . . . , n}.

We now turn to the case where i = 0. For that we use the fact that Fjj ' Fj1 ◦F0j

for all j. This yields

Gjj ' Gj1 ◦G
⊕m0j

0j .

On the other hand, by the law of composition of projective functors, we have

Gj1 ◦G
⊕m0j

0j ' G⊕m0j ·CQ10
jj .

Thus, m0j · CQ10 = 1, and so m0j = 1, which concludes the proof. �

We have thus established one of the two sufficient conditions we found in Proposition
3.10; it remains to show that the Cartan matrices of M(i) and that of the target
category of a cell 2-representation with apex in J L1 coincide. From Lemma 7.3 we
see that the latter target category is equivalent to B-proj.

In analogy to the preceding sections, let CQ be the Cartan matrix of M(i).

Lemma 7.12. C
Q
ij = CBij for i, j ∈ {1, . . . , n} such that i 6= j.

Proof. We have

Fii ◦ Fjj ' F
⊕CBij
ij ,

so also

MFii ◦MFjj 'MF
⊕CBij
ij .

Due to MFij ' Gij , this yields

Gii ◦Gjj ' G
⊕CBij
ij .

On the other hand, the law of composition for projective functors gives us

Gii ◦Gjj ' G
⊕CQij
ij ,

which goes to show that CQij = CBij . �

Lemma 7.13. C
Q
0j = CB0j and C

Q
j0 = CBj0 for j = 1, . . . , n.
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Proof. The entries of the form C
Q
j0 we may find using the exact same method we

employed for the preceding statement:

Fjj ◦ F0j ' F
⊕CBj0

jj

gives MFjj ◦MF0j ' MF
⊕CBj0

jj , and using MFij ' Gij and comparing with the
composition of projective functors

Gjj ◦G0j ' G
⊕CQj0

jj ,

we obtain the sought equality. In particular,

C
Q
j0 =

{
1 for j = 1

0 for j = 2, . . . , n.

Since the indecomposable 1-morphisms of DL act as functors Gij with j 6= 0, this

method is not applicable for entries of the form C
Q
0j .

In that case, provided j 6= 0, we use the fact that Fjj is a self-adjoint 1-morphism of
DL for j = 1, . . . , n. Hence it must act as a self-adjoint functor, and the adjunction
yields

2CQ0i = dim HomQ-proj(Qf0, Qf
⊕2
i ) = dim HomQ-proj(Qf0, FiiQfi)

= dim HomQ-proj(FiiQf0, Qfi) = dim HomQ-proj(Qf
⊕CQi0
i , Qfi)

= C
Q
i0 · dim HomQ-proj(Qfi, Qfi) = 2CQi0 =

{
2 if i = 1

0 else.

In other words, for i = 1, . . . , n, we have

C
Q
0i =

{
1 if i = 1,

0 if i = 2, . . . , n.

Comparing with the Cartan matrix for B, given in the discussion following Theorem
7.2, we infer the equality. �

Lemma 7.14. The Cartan matrices CB , CQ coincide.

Proof. Clearly what is left to show is that C
Q
00 = 1, since we know that CB00 = 1.

The proof of this statement is analogous to that of Lemma 5.12. Since C
Q
00 =

dim End(Qf0), we must have C
Q
00 ≥ 1, and since Qf0 is indecomposable, CQ00 > 1 if

and only if Rad EndQf0 6= 0. Let α ∈ Rad EndQf0; abusing notation we will also
denote the element α(e0) of Qf0 by α. We will show that the ideal of M generated
by α does not contain all the morphisms of M(i), and thus must contain of zero
morphisms only; in particular, α = 0, and thus Rad EndQf0 = 0.

To that end, we show that the morphisms on form Fijα necessarily are zero. If
FijQf0 = 0, then clearly also Fijα = 0. As we have observed when determining

entries CQi0 of CQ, the only indecomposable 1-morphisms of DL such that MFijQf0

is non-zero are those of the form Fi1. In that case, using the k-linear isomorphism
f1Q⊗Q Qf0 ' f1Qf0, Fi1α is represented by

Qfi ⊗k f1Qf0

idQfi
⊗α̃

−−−−−−→ Qfi ⊗k f1Qf0,

where α̃ is the k-linear endomorphism of f1Qf0 given by right multiplication with
α; since α ∈ Rad EndQf0, the endomorphism α̃ must be nilpotent. But dim f1Qf0

is one-dimensional; hence α̃ must be zero, and as a consequence also Fi1α = 0. This
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shows that acting on α with non-identity 1-morphisms of DL gives a zero morphism.
Acting by the identity maps Rad EndQf0 to itself, and so the ideal generated by
it lies in the radical of Q-proj, hence does not contain all the morphisms of that
category. As described earlier, this ideal must then be zero, and so α = 0 and
Rad EndQf0 = 0. The result follows. �

As we have commented earlier, in view of Proposition 3.10, Lemma 7.11 and Lemma
7.14 imply Theorem 7.2.
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