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Abstract

We employ observational data about the largest cosmic void and most massive
galaxy cluster known to date, the “Cold Spot” void and the “El Gordo” cluster,
in order to constrain the parameter |fR0| from the f(R) gravity formulation by
Hu and Sawicki and the matter power spectrum normalization at present time,
σ8. We obtain the marginalized posterior distribution for these two parameters
through a Markov Chain Monte Carlo analysis, where the likelihood function
is modeled through extreme value statistics. The prior distribution for the ad-
ditional cosmological parameters included in the computations (Ωdmh

2, Ωbh
2,

h and ns) is matched to recent constraints. By combining the likelihood func-
tions for both voids and clusters, we obtain a mean value log |fR0| = −5.1±1.6,
which is compatible with General Relativity (log |fR0| ≤ −8) at 95% confidence
level, but suggests a preference for a non-negligible modified gravity correction.
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1 Introduction

From atomic scales, to life on Earth, up to stars and individual galaxies, “ordi-
nary” matter is structured in diverse bound systems that are ruled by the laws of
physics. Then, at scales of few hundreds of Mpc, the so-called “End of Greatness”
is reached and the relevant clustering sizes of the Universe can be sampled (Guzzo,
1997): the “Cosmological Principle”, which states that the Universe is homogeneous
and isotropic, is believed to hold true beyond this limit. At such scales, galaxies are
arranged in so-called clusters, filaments, walls and sheets separated by vast, nearly
empty regions called “cosmic voids”, in an intricate structure that is usually referred
to as “cosmic web”.
Previous studies have proven that the matter distribution in the cosmic web can
be used as a probe to test cosmological models. In particular, data and simula-
tions about cluster abundances (Ade et al., 2016a; Abbott et al., 2020) and galaxy
clustering (Tegmark et al., 2006), also combined with weak gravitational lensing ob-
servations (Abbott et al., 2019), are providing more and more accurate constraints
on the values of cosmological parameters. Another powerful technique consists in
combining the information from the separate number counts of voids and clusters
(Sahlén et al., 2016; Sahlén and Silk, 2018; Sahlén, 2019). This is especially rele-
vant concerning the most extreme and rare objects observed in the cosmic web: the
most massive galaxy clusters and the largest voids. Their abundances turn out to
be extremely sensitive to the assumed value of the cosmological parameters and thus
they can be efficiently used to rule out or assess the validity of different models.
In particular, it is interesting to employ this tool to test modified gravity theories
aiming to provide a solution to the open issues of the so-called ΛCDM concordance
model.
According to the latest results of the Planck Collaboration (Aghanim et al., 2018),
in fact, ΛCDM predicts that ordinary “baryonic” matter only constitutes approxi-
mately 2.3% of the cosmic density, while the major contribution comes from compo-
nents that are thought to be at most weakly interacting with baryons: a cosmological
constant Λ (≈ 68.6%), which is interpreted as a form of “dark” energy with a con-
stant equation of state, and cold (non-relativistic) dark matter, CDM (≈ 29.2%).
The lack of theoretical motivation and observations of these sources has not yet been
solved. While some potential particle candidates have been proposed for dark matter
(see for example (Bertone et al., 2005)), the nature of dark energy is still completely
unknown and the cosmological constant can appear as a mere mathematical artefact
introduced in Einstein’s field equations of General Relativity to explain the observed
accelerated cosmic expansion.
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Several modified gravity theories have been formulated in an attempt to solve this
issue by reducing or eliminating the contribution of dark energy. Among them, f(R)
gravity theories introduce modifications in the Einstein-Hilbert action that have been
proven to radically affect the matter distribution at the scale of voids and clusters
(Lombriser et al., 2013; Voivodic et al., 2017). This suggests that the cosmic web
could be employed as a tool to constrain the parameters included in these theories.
The aim of this study is to explore this possibility by considering the formulation of
f(R) gravity by Hu & Sawicki (Hu and Sawicki, 2007), which is the among the most
popular ones in literature. The main focus will be on the additional parameter |fR0|
that is introduced to weight the contribution of the correction to General Relativity.
In order to place constraints on |fR0| (rather, on its logarithm with base 10 log |fR0|,
since this is computationally easier) and σ8, the matter power spectrum normaliza-
tion at present time, a Markov Chain Monte Carlo analysis has been carried out by
employing current observational data about the largest objects so far identified in the
cosmic web: the mass of the cluster ACT-CL J0102-4915, “El Gordo”, (Menanteau
et al., 2012; Jee et al., 2014) and the radius and density contrast of the “Cold Spot
void” (Szapudi et al., 2015; Finelli et al., 2016), the supervoid aligned with the Cold
Spot (CS) in the Cosmic Microwave Background. All the computations have been
performed with a private Fortran code (the same used in (Sahlén, 2019)), where the
effects of f(R) gravity have been implemented.
The structure of this report is the following: the next section contains some theo-
retical background about f(R) gravity and the process of structure growth within
the assumed cosmological model. The method that has been followed to place the
constraints will be explained in detail in section 3, with a major focus on Bayesian
statistics and the Markov Chain Monte Carlo (MCMC) analysis. The observational
data considered in this study is presented in section 4, while the final plots and re-
sults can be found in section 5. The last section is dedicated to a summary of the
main conclusions and implications of this work and some additional plots can be
found in the Appendix. A Popular Science summary is included in section 7.
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2 Theory: two puzzle pieces

As stated in the Introduction, the large scale structure of the Universe turns out
to be a powerful tool to constrain deviations from General Relativity. In order to
understand the link between these two puzzle pieces - modified gravity and structure
in the Universe - it is first of all necessary to go through a brief review about the
main features of both.

2.1 f (R) gravity

The first puzzle piece, f(R) gravity, arises from the need to explain the observed ac-
celerated cosmic expansion without introducing a cosmological constant. The start-
ing point for the modifications is the so-called Einstein-Hilbert action that yields
Einstein’s equations (Blau, 2011): in natural units,

SGR =
1

16πG

∫
d4x
√
−g R. (1)

Here, G is the Newton constant, g is the determinant of the metric tensor gµν and
R is the Ricci scalar, which encodes the geometrical properties of spacetime and is
defined starting from the Ricci tensor Rµν : R := gµνRµν .
f(R) gravity theories modify the Einstein-Hilbert action by adding a scalar function
of the Ricci scalar f(R) (Voivodic et al., 2017):

Sf(R) =

∫
d4x
√
−g
[

R

16πG
+ f(R)

]
. (2)

Any formulation of f(R) must fulfill some specific requirements (Hu and Sawicki,
2007). First of all, since the effects of “standard” General Relativity have been veri-
fied both at small scales and large density environments through Solar System tests
and at high-redshift regimes through the Cosmic Microwave Background Radiation,
one should introduce a form of screening mechanism that allows to neglect the mod-
ifications in such contexts. This is the origin of the name “screened gravity theories”
that is often found in literature. Furthermore, a term that mimics the cosmological
constant still has to be included in the functional form in order to match observations
of a ΛCDM-like cosmic expansion at low redshifts. This suggests that the following
conditions must be imposed:

lim
R→∞

f(R) = const

lim
R→ 0

f(R) = 0.
(3)
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Among all the possible formulations that satisfy these requirements, the one by Hu
& Sawicki (Hu and Sawicki, 2007) is particularly well-studied. In a large-curvature
regime it is convenient to expand it in powers of R−1 as in Voivodic et al. (2017):

f(R) ≈ −16πGρf −
fR0R

n+1
0

nRn
. (4)

Here, the free parameter fR0 weights the contribution of the correction to General
Relativity and is defined as

fR0 :=
df

dR
|z=0 . (5)

In this expression, the scalar field df
dR

encodes the modifications in low-density envi-
ronments and is interpreted as an additional degree of freedom that is responsible
for the propagation of a ‘fifth force’ of nature. The other free parameter in equation
(4), n, can be adjusted to select a particular term in the power series, while the
value of the constant ρf is chosen in order to satisfy the observational requirement
of a ΛCDM cosmic expansion. Moreover, this expression also fulfills the screening
mechanism condition, since the correction in the second term becomes negligible in
high density environments, i.e. for large values of the Ricci scalar R.
This is the f(R) formulation that has been adopted in this study. In particular, it
seems that the parameter n cannot be constrained with current data (Santos et al.,
2012) and, without loss of generality, it has been set to 1 to match N-body simu-
lations results from Lombriser et al. (2013) and Voivodic et al. (2017). This is a
rather standard choice and it has become such a common practice that it is often
adopted in literature without further explanation. On the other hand, the value of
the parameter fR0 turns out to be sensitive to the matter distribution at large cosmic
scales and will be constrained following the method described below.

2.2 Structure in the Universe

As stated in the Introduction, the cosmological principle, which prescribes that the
Universe is homogeneous and isotropic, is believed to hold true beyond scales of
several hundreds of Mpc. Structures in the cosmic web are found at scales of 50
to 100 Mpc and are instead largely inhomogeneous, with huge local variations in
the matter density field (Schneider, 2006). First of all, it is possible to identify
galaxy clusters, virialized objects formed by up to thousands of galaxies wrapped
in a dark matter halo (accounting for around 90% of the total mass). These are
the largest known cosmic structures in an approximate dynamical equilibrium and
are connected through so-called “filaments”, “sheets” and “walls” of galaxies that
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stretch through the intergalactic medium, composed by hot hydrogen gas. On the
other hand, galaxy clusters are separated by large dark-looking regions, the “cosmic
voids”, whose matter density falls below the average. They are often roundish in
shape and have a diameter up to few hundreds of Mpc.
The dominant interaction at the scale of the cosmic web is gravity, so one expects that
the formation process of galaxy clusters and comic voids is affected by modifications
to General Relativity. Due to the screening mechanism mentioned above, f(R)
gravity effects are negligible in high-density environments like the Solar System,
while it should be possible to detect them (directly or indirectly) at larger scales. At
the level of the cosmic web, this can be done by comparing theoretical predictions
about the abundances of voids and clusters with observational data (Sahlén et al.,
2016; Sahlén and Silk, 2018; Sahlén, 2019). In particular, it is interesting to consider
data about the largest objects in the cosmic web, whose abundance is expected to
be particularly sensitive to modified gravity deviations. This is the starting point for
obtaining constraints on the parameter |fR0|, as we will discuss in the next paragraph.

Figure 1: A 15 Mpc/h thick slice of the cosmic web at redshift z = 0 from the
N-body Millennium Simulation, performed with 1010 particles. Each superimposed
panel zooms in by a factor of 4, enlarging the regions marked by the white squares
(Springel et al., 2005).
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3 Method: putting pieces together

The procedure that was followed in order to obtain the constraints on log |fR0| and
σ8 is quite elaborate. First of all, it is necessary to describe the growth of cosmic
structures according to f(R) gravity in order to obtain the mass function, i.e. the
predicted differential number density of voids and clusters per unit of volume. The
model we employed is the same as in the previous study “Galaxy clusters and cosmic
voids in modified gravity scenarios” (Castello, 2019) and its key points will be sum-
marized in section 3.1. The mass function and the consequently obtained predicted
number counts are then used to compute the Gumbel likelihood function for the
masses of the largest void and most massive cluster. Then, this likelihood is com-
bined with the normal distributions accounting for the measurement uncertainties on
the observational values of the radius of the CS void R̃v (together with the density
contrast δ̃v) and the mass of the cluster El Gordo M̃c and the prior distributions
for the other cosmological parameters involved. A Markov Chain Monte Carlo al-
gorithm is subsequently employed to obtain the total posterior distribution through
Bayes’ theorem. This allows to map the posterior distribution in the parameter space
(log |fR0|, Ωdmh

2, logAs, h, ns, Ωbh
2, Rv, δv, Mc), obtaining the most likely values

for the investigated parameters log |fR0| and σ8 (from logAs). This second part of
the procedure follows Sahlén et al. (2016) and will be presented in detail in sections
3.2, 3.3.

3.1 Modeling the growth of structure in f(R) gravity

It is believed that the seeds for structure growth at the level of the cosmic web are the
quantum fluctuations in the density field of the very early Universe (Ryden, 2016).
The extremely rapid cosmic expansion during the inflationary epoch blew them up to
classical scales at around 10−36 s after the Big Bang and they have kept growing ever
since due to their own self-gravity. This process, often referred to as “gravitational
instability”, implies that overdense regions, which produce a stronger gravitational
field opposed to the mean Hubble expansion, will expand more slowly and thus their
density will progressively increase. The same effect occurs in an opposite way for
underdense regions and the density fluctuations will overall increase in amplitude
over time.
In order to efficiently describe this process, it is useful to introduce the so-called
“relative density contrast” (Schneider, 2006):

δ(~r, t) :=
ρm(~r, t)− ρ̄m(t)

ρ̄m(t)
, (6)
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where ρm(~r, t) is the matter density (including both baryonic and dark matter) as
a function of the comoving spatial coordinate ~r and time t. ρ̄m(t) is mean matter
density at time t, which should be computed by considering a volume in the Universe
large enough to guarantee that the cosmological principle holds and thus that the final
value of ρ̄m(t) is location-independent. As follows from the definition, the density
contrast is negative in underdense regions and positive in overdense regions and,
according to the mechanism of gravitational instability described above, its absolute
value |δ| will tend to increase.
It is possible to distinguish two phases in the process of structure formation according
to the value of |δ| (Voivodic et al., 2017):

1. for |δ| << 1, a period of linear growth, which is treated as an isotropic evolu-
tion;

2. for larger values of |δ|, a subsequent non-linear evolution that will be modeled
through the so-called “excursion set formalism” (see section 3.1.2).

The final objective of analyzing both phases is to compute the already mentioned
mass function for both voids and clusters.

3.1.1 The linear growth

The initial spherical isotropic evolution of the density fluctuations can be described
according to the fluid equations (Euler equation, continuity equation, Poisson equa-
tion) in a linearly perturbed relativistic form, which can be combined to yield a
differential equation for the density contrast δ as a function of the cosmic scale fac-
tor a(t) (a derivation for a generic dark-energy cosmology can be found in Pace
et al. (2010)). However, instead of δ, it is more convenient to consider the growth
suppression factor g = δ

a
, in order to emphasize deviations with respect to the matter-

dominated epoch in which δ ≈ a. This allows to rewrite equation (19) in Pace et al.
(2010) as

g′′a+

(
5 +

E ′

E
a

)
g′ =

(
3

2

Ωm,0

a4E2
µ(k, a)− 3

a
− E ′

E

)
g, (7)

where primes denote derivatives with respect to a and Ωm,0 is the dimensionless

matter density parameter at present time. E is given by E(a) = H(a)
H0

, where H0

is the Hubble constant and H(a) is the Hubble parameter at a. In a flat Universe
containing matter with current density parameter Ωm,0 and a component with Ωf,0

(related to ρf in equation (4)), we have (Ryden, 2016)
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E(a) =

√
Ωm,0

a3
+ Ωf,0. (8)

The effects of modified gravity are parameterized by µ(k, a) in equation (7), where
k is the wave number of the fluctuations in Fourier space and thus introduces a
dependence on the scale of the fluctuations. Following Brax and Valageas (2012)
and Voivodic et al. (2017), we chose

µ(k, a) =
(1 + 2β2)k2 +m2a2

k2 +m2a2
, (9)

which is a general form for any screened gravity theory adding a scalar field with
mass m(a) (defined by the scale m0 in equation (12) below) whose coupling with
matter is described by β(a). For the specific case of the Hu-Sawicki formulation of
f(R) gravity with current Ωm,0 and Ωf,0 and zero curvature, we have

β =
1√
6

(10)

and

m(a) = m0

(
Ωm,0a

3 + 4Ωf,0

Ωm,0 + 4Ωf,0

)(n+2)/2

, (11)

with

m0 =
H0

c

√
Ωm,0 + 4Ωf,0

(n+ 1)fR0

. (12)

n in equations (11) and (12) has been set to 1 following Voivodic et al. (2017), while
the parameter fR0 was defined in equation (5) and our objective is to constrain it.

3.1.2 The non-linear growth

When the condition |δ| << 1 ceases to be satisfied, the linear treatment is not
sufficient anymore and it is possible to identify some specific threshold values for
the density contrast (δv for voids of δc for clusters) that mark the transition to a
completely non-linear description. A mathematical framework that is often employed
in this context is the “excursion set formalism” (Zentner, 2007), whose aim is to
relate structures in the non-linear evolved density field to the primordial fluctuations
in the inflationary epoch. The starting point is the solution for g from equation
(7), obtained from linear perturbation theory, together with the identification of the
thresholds δv and δc. The objective is then to identify the scale at which the density
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contrast crosses the thresholds. In order to achieve this, the density contrast is
smoothed on a scale R by employing a window function W (k,R): at fixed time and
with the assumption of isotropy that δ(~r) = δ(r), we have

δ(r, R) :=

∫
d3k

(2π)3
δ(k)W (k,R)e−ikr, (13)

where δ(k) is the Fourier transform of δ and we choose

W (r, R) =

{
3

4πR3 if r ≤ R

0 if r > 0
(14)

i.e. a sphere in real space, motivated by our assumption of a spherical evolution of
the density fluctuations. A relevant quantity that one often considers is the variance
of the density contrast, which is well-defined since the density contrast is assumed
to be Gaussian-distributed and smoothing is a linear operation:

σ2
δ = S(R) =

∫
dk

(2π)2
k2P (k)|W (k,R)|2, (15)

where the matter power spectrum is defined as P (k) := 〈|δ(k)|2〉. In hierarchical
formation models, in which small structures merge to give birth to larger ones, S(R)
is a monotonically decreasing function of the scale R and thus there is a one-to-one
correspondence between the two.
The connection between the linear and non-linear description is contained in the
Fokker-Planck equation

∂Π

∂S
=

1

2

∂2Π

∂δ2
, (16)

where Π(δ, S) is the probability distribution to find the density contrast value δ
at a certain S and at fixed radius. Here, S(R) is a linear parameter, since it is
computed by employing the linear density contrast from the solution of equation
(7). On the other hand, the solution for Π(δ, S) with suitable boundary conditions
allows to compute the multiplicity function f(S), which is a non-linear quantity and
encodes the fraction of “random walks” (i.e. possible δ-trajectories at fixed radius in
R-space) that have crossed the thresholds at a certain S. The multiplicity function
is then inserted in the mass function, giving the predicted number of objects (voids
or clusters) per unit of volume. Here follow the different formulations that we have
adopted by assuming a spherical evolution model and by including the effects of f(R)
gravity:
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1. In the case of voids, the non-linear growth is characterized by the phenomenon
of “shell crossing”, in which, due to the gravitational instability mentioned
above, the inner, less dense shells of a void expand more rapidly than the
denser edges and eventually surpass them. As explained in the previous work
(Castello, 2019), other features that must be taken into account are the so-
called “void-in-cloud” effect, which causes a void to disappear due to the col-
lapse of a larger and denser structure, and the “galaxy bias”, i.e. the dis-
crepancy between the underlying dark matter field and ordinary matter in the
galaxy field. We followed the overall modeling proposed by Voivodic et al.
(2017), where the Fokker-Planck equation has been modified to include the
effects of f(R) gravity, yielding the multiplicity function

f(S) =
|δlinv |√

S(1 +Dv)

√
2

π
e−

(|δlinv |+βvS)
2

2S(1+Dv) , (17)

where |δlinv | is density threshold computed by considering the extrapolated lin-
ear void radius. The functional form of βv and Dv, where the dependence
on |fR0| is contained, has been obtained by performing some fits of the mean
values presented by Voivodic et al. (2017) (see Appendix B in Castello (2019)):

βv = 0.07 + 0.006 log |fR0|. (18)

and
Dv = −0.36− 0.42 log |fR0| − 0.01 log2 |fR0|, (19)

which has later been rescaled to attain Dv = 3.38 for General Relativity in
order to match larger N-body simulations.
The mass function can be written in the form (Jennings et al., 2013)

dn

d lnR
=

f(S)

V (R)

d lnσ−1

d lnRL

d lnRL

d lnR

∣∣∣
RL(R)

V (R)

V (RL)
, (20)

where the scale R is related to the mass and volume of a void under the
assumption of a spherical evolution and the expression is normalized by the
factor V (R)

V (RL)
. The subscripts L denote linear quantities, V (R) is the volume

and σ is the standard deviation of the density contrast.

2. The non-linear evolution of galaxy clusters is treated as a spherical collapse,
during which the so-called “cloud-in-cloud” effect could lead to the formation of
collapsed halos containing underdense regions that have not crossed the thresh-
old yet. We followed the mass function formulation proposed by Lombriser
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et al. (2013), which is written in terms of the “peak threshold’ ν := δc/
√
S

instead of the variance S:

dn(M)

dM
dM =

ρ̄m
M
φ(ν)

dν

dM
dM, (21)

Here and in the following formulae in this section, M refers to the virialized
mass of the cluster Mvir, which is defined as the mass contained within a
sphere with the “virial radius”, i.e. the radius within which the mean density
is ∆c times the critical collapse density at the redshift considered. ∆c depends
on the assumed cosmology and can be obtained from the spherical collapse
modelling as explained by Bryan and Norman (1998). On the other hand,
the observational value of the cluster mass (see section 4.1) is instead given
according to the M200 definition, i.e. as the integral of the density profile up
to a radius for which the density contrast δ is equal to 200. This requires
a conversion from M200 to Mvir prior to the mass function computation: this
was performed according to standard techniques proposed by Hu and Kravtsov
(2003).
In equation (21), ρ̄m is the mean matter density and φ(ν) is the mass fraction
of collapsed halos per logarithmic interval in ν such that

νφ(ν) = A

√
2

π
aν2

[
1 +

(
aν2
)−p]

e−
aν2

2 . (22)

Here, A = 0.32 is a normalization constant, while a = 0.707 and p = 0.3.
Lombriser et al. (2013) model the effects of f(R) gravity on the cluster mass
through a “Parameterized Post-Friedmann” approach, in which the variance
S is computed by interpolating between its expression in ΛCDM and in f(R)
gravity:

S1/2(M) =
S

1/2
f(R)(M) + (M/Mth)

µ S
1/2
ΛCDM(M)

1 + (M/Mth)
µ . (23)

Here, µ and Mth are free parameters, whose values are computed from N -body
simulations:

µ ≈ 1.415 (24)

and
Mth = M̄th

(
106|fR0|

)3/2
M�/h, (25)

with M̄th ≈ 2.172 and h = H0 100−1 km−1 s Mpc.
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From the mass function it is possible to compute the predicted number counts of
objects in a given interval of redshift and an observable (radius for voids and mass
for clusters). We employed the following model (the same as in Sahlén et al. (2016)):

Nobs =

∫∫∫
p (O|Ot)n [M (Ot) , z]

dM

dOt

dV

dz
dzdOtdO, (26)

where dV
dz

is the cosmic volume element, O is the size observable and Ot is the
true value of O. The differential number density n [M (Ot) , z] is obtained from
the mass function, where, in the case of voids, the mass M (Ot) is computed from
the extrapolated-linear radius RL under the assumption of a spherical evolution:
M = 4

3
πρmR

3
L. The integral over the redshift z is performed in order to match the

survey specifications for the observational data (see table 1). p (O|Ot) in equation
(21) corresponds to the probability density function for O given its true value Ot.
We assumed a log-normal distribution,

p (O|Ot) =
1√

2π O σlnO

exp

(
−(lnO − µlnO)2

2σ2
lnO

)
, (27)

where the mean and variance are matched to the observational data Ot for the void
radius and cluster mass and their uncertainties σobs (see sections 4.1-4.2):

µlnO = ln

 Ot√
1 + (σobs/Ot)

2

 (28)

and
σ2

lnO = ln
[
1 + (σobs/Ot)

2]. (29)

3.2 Bayesian inference and MCMC analysis

Our objective is to employ observational data about the largest objects in the cos-
mic web to constrain the value of a set of cosmological parameters. A very useful
approach to solve this rather typical problem in cosmology is provided by the so-
called “Bayesian inference” (Trotta, 2017), which has been combined with a Markov
Chain Monte Carlo analysis in this study. The mass function and the number counts
computed above will turn out to be extremely useful in this framework, as we will
explain in the next paragraph.
The starting point for Bayesian inference is provided by Bayes’ theorem, whose most
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general statement is the following (Joyce, 2019): given two events or statements A
and B with probabilities P (A) and P (B) 6= 0, we have

P (A | B) =
P (B | A)P (A)

P (B)
, (30)

where P (A | B) is the conditional probability that A is true given that B is true
and, vice versa, P (B | A) is the conditional probability that B is true given that
A is true. This result can be employed as an inference device by following a few
simple steps (Trotta, 2017). First of all, a set of parameters θ is identified with the
objective of constraining their values. The pre-existing state of knowledge about
the parameters is encoded in the prior distribution P (θ) (or “prior” in short), which
is built by considering any external source of information. Next, we consider some
observational data D (in our case the void radius R̃v with the density contrast δ̃v
and the cluster mass M̃c, with the values presented in section 4) and, according
to the way in which the data is obtained, we are able to compute the likelihood
function L(θ) = P (D | θ), which represents the probability that the data attain the
observed value given the prior distribution. It is important to underline that L is
not a probability density function in the parameters, since it is not normalized over
θ. We can now rewrite Bayes’ theorem with the substitution A→ θ and B → D:

P (θ | D) =
P (D | θ)P (θ)

P (D)
, (31)

which allows to compute the “posterior distribution” P (θ | D), representing the
probability distribution for the values of the parameters given the empirical data.
In this sense, Bayes’ theorem allows to “update” the knowledge about the param-
eters starting from the prior and by employing some observations. The “marginal
likelihood” or “evidence” in the denominator is a constant normalizing the posterior
distribution to 1:

P (D) =

∫
d θP (D | θ)P (θ). (32)

The posterior distribution can be mapped in the parameter space with a Markov
Chain Monte Carlo (MCMC) algorithm (Trotta, 2017). The objective of the MCMC
is to construct a “chain” of points in the parameter space, such that their density is
proportional to the posterior distribution. The most common technique to achieve
this is the so-called “Metropolis algorithm”, which is based on the following iterative
procedure:

1. a starting point θ(0) is chosen, with a corresponding posterior probability p0 =
P (θ(0) | D);
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2. a candidate point θ(c) is picked from a chosen proposal distribution and the
posterior pc = P (θ(c) | D) is computed;

3. if pc ≥ p0, θ(c) is accepted with probability 1, otherwise, it is accepted with
probability pc/p0;

4. the system goes back to step 2.

This algorithm satisfies the so-called “detailed balance condition” for the formation
of a MCMC chain, which prescribes that the transition probability T (θ(t), θ(t+1)) from
the point θ(t) to the point θ(t+1) obeys the following relation:

T (θ(t), θ(t+1))

T (θ(t+1), θ(t))
=
p(θ(t+1)|D)

p(θ(t)|D)
. (33)

This means that the ratio of the transition probabilities is inversely proportional to
the ratio of the values of the posterior at the two points. In this way, the regions with
higher probabilities will progressively be identified and, thanks to this condition, the
density of points in the chain will ultimately converge to the posterior distribution
with the accuracy needed for the chosen confidence intervals (in this study, 68% and
95%). This will provide a set of best-fitting values for the tested parameters.
Once obtained the posterior, it is often interesting to compute the one-dimensional
marginal probability for each parameter θj by integrating out all the other parameters
(Trotta, 2017):

P (θj|D) =

∫
P (θ|D) dθ1...dθj−1dθj+1...dθn. (34)

This is quite easy to compute from the Markov chain: since, as mentioned before,
the final density of points in the MCMC parameter space is proportional to the
posterior distribution, it is sufficient to divide the range of the parameter θj into
bins and simply count the number of points in each bin, while ignoring the other
parameters.

3.3 The likelihood function and the priors

Since the marginal likelihood P (D) is a constant, Bayes’ theorem simply implies that

P (θ | D) ∝ P (D | θ)P (θ). (35)

Thus, the last piece that needs to be specified is the form of the likelihood function
P (D | θ) and the prior distribution P (θ) employed in the MCMC computation for
the parameter space we considered: (log |fR0|, Ωdmh

2, logAs, h, ns, Ωbh
2, Rv, δv,

Mc). We will now analyze each factor separately.
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3.3.1 Gumbel likelihood and measurement uncertainties

We start by considering a huge patch in the cosmic web, populated by both voids
and clusters and understood as an area of the sky and a redshift range to ensure
an easier connection with observations. We then identify the object (of either type)
with the largest mass value Mmax within the patch, in the case of voids computed
from the radius and density contrast under the assumption of a spherical evolution.
The probability density for the values taken by Mmax can be obtained by employing
Gumbel (or extreme value) statistics (Gumbel, 1958), which is a very useful tool
when considering objects with “extreme” properties in a given population. We start
by computing the probability that Mmax is smaller or equal to a threshold M or,
equivalently, that the patch is empty of objects (of either type) with a mass larger
than M . This is given by the cumulative Gumbel distribution (Colombi et al., 2011;
Davis et al., 2011)

PG (M) ≡ Prob.(Mmax ≤M) ≡
∫ M

0

pG (Mmax) dMmax. (36)

If the size of the patch is larger than a few hundreds of Mpc (thus at scales at
which the Cosmological Principle is believed to hold true) and boundary effects at
the edges are neglected, it is possible to assume that the objects are un-clustered,
i.e. not correlated between each other, and thus Poisson-distributed (Davis et al.,
2011):

PG (M) = e−n (>M)V , (37)

where n (> M) is the mean density of objects with a mass above M and V is the
volume of the patch. By employing the mass function modelling described above
and equation (26), it is possible to compute the predicted number counts of objects
above the mass threshold within the patch N (> M), obtaining

PG (M) = e−N (>M). (38)

The probability distribution pG can be calculated as

pG (M) =
dPG (M)

dM
=

dN (> M)

dM
e−N (>M). (39)

We can compute pG for voids and clusters separately, since we can reasonably assume
that there is no correlation between their masses, obtaining

pG (Mc,Mv) = pG (Mc)× pG (Mv), (40)
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which gives the first contribution to the likelihood function.
On the other hand, it is also necessary to account for the measurement uncertainties
on the cluster mass Mc and the void radius Rv and density contrast δv, yielding the
mass Mv. This can be modeled by introducing an additional factor in the likelihood
in the form

pN(Mc,Mv) = pN(Mc)× pN(Rv)× pN(δv). (41)

We have assumed a Gaussian distribution for each parameter in the previous equation
(thus we use the subscript N for “normal”), matching the mean and the standard de-
viation to the recorded values M̃c, M̃v and δ̃v with their respective error (see sections
4.1-4.2). It is not necessary to specify the normalization factor in the distribution,
as it does not depend on any cosmological parameter and thus it does not play a role
in the MCMC analysis.
We conclude that the likelihood is given by (Sahlén et al., 2016):

P (D | θ) = pG (Mc,Mv)× pN(Mc,Mv). (42)

It is important to underline that this modeling allows to treat Mc, Rv and δv as vari-
ables that can be varied in the MCMC. Thus, the Gumbel likelihood pG (Mc,Mv)
is evaluated according to the values that are proposed at each step within the pa-
rameter space. This allows to check whether the resulting best-fitting set of tested
parameters is consistent with the observational values. On the other hand, if the un-
certainties are neglected (thus setting pN(Mc,Mv) = 1), M̃c, R̃v and δ̃v are treated
as constants and consequently do not enter the parameter space mapped through
the MCMC.

3.3.2 Cosmological model and priors

In our computations, we assumed a flat Universe where the gravitational interactions
are described by the Hu-Sawicki formulation of f(R) gravity (Hu and Sawicki, 2007),
characterized by the free parameter |fR0|, which weights the contribution of the
correction to standard General Relativity. The cosmological model is further specified
by the following parameters (Schneider, 2006) included in the MCMC parameter
space:

• the Hubble parameter h, defined such that H0 = h× 100 km s−1 Mpc−1;

• the current mean baryonic matter density Ωb, which is multiplied by h2 in the
MCMC parameter space;

• the scalar spectral index ns, describing scalar density fluctuations;
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• the current mean dark matter density Ωdm, which is multiplied by h2 in the
MCMC parameter space;

• the logarithm base 10 of the primordial amplitude of scalar fluctuations, logAs,
averaged on a characteristic scale of ≈ 125 Mpc/h.

The current matter density Ωm can be obtained as Ωb + Ωdm. On the other hand,
the matter transfer function allows to convert As into the matter power spectrum
normalization at present time σ8, describing the statistical spread σ of the matter
density field (see equation (15)) averaged over spheres of radius R = 8h−1Mpc
linearly extrapolated to z = 0. σ8 and log |fR0| are the parameters that will finally
be constrained through the observational data.
The parameter space mapped through the MCMC is (log |fR0|, Ωdmh

2, logAs, h, ns,
Ωbh

2, Rv, δv, Mc). Rv, δv, Mc are the radius and density contrast of the void and the
mass of the cluster, which, as explained in the previous paragraph, can be treated
as MCMC variables with a Gaussian prior centered on the observational value with
a standard deviation specified by the measurement uncertainty.
On the other hand, we assumed a “uniform distribution” for the tested parameters
log |fR0| and logAs, in the form (Trotta, 2017)

P (θ) =

{
1

(θmax−θmin)
for θmin ≤ θ ≤ θmax

0 otherwise,
(43)

where the minimum and maximum values for each parameter are specified in the
following table:

Parameter θmin θmax

log |fR0| -10 0
logAs -5 50

Table 1: Allowed ranges for the tested parameters in the MCMC parameter space.

The parameters h, Ωbh
2, Ωdmh

2 and ns are included in the MCMC parameter space,
but are not tested, since we expect that their values are not sensitive to the obser-
vational data (Sahlén et al., 2016). We assumed a Gaussian prior distribution for
each of them, matching the mean and standard deviation to the values in table 2.
For the same reasons mentioned in the previous paragraph, the normalization factor
of the distribution is not relevant for the MCMC. It is important to underline that
the prior distribution for Ωdmh

2 is not directly specified on the parameter itself, but
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comes from a Gaussian prior distribution assumed for the parameter Ωm, which is
not included in the MCMC parameter space but can be computed as Ωm = Ωb+Ωdm.
The mean and standard deviation of the distribution are again matched to the values
presented in table 2.

Parameter Value with uncertainty Reference
h 0.7348± 0.0166 Riess et al. (2018)

Ωbh
2 0.0222± 0.0005 Cooke et al. (2018)

ns 0.965± 0.004 Aghanim et al. (2018)
Ωm 0.298± 0.022 Scolnic et al. (2018)

Table 2: Values with uncertainties and references for the parameters with an assumed
Gaussian prior distribution. As mentioned before, the Gaussian prior on Ωm, which
is not included in the MCMC parameter space, indirectly results in a prior on Ωdm.
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4 Data: the last ingredient

We will now specify the observational data we have employed, the same as in Sahlén
et al. (2016), together with the assumed cosmological model and external priors.

4.1 The most massive cluster

Among the most massive galaxy clusters identified so far, we chose ACT-CL J0102-
4915, also known as “El Gordo” (‘The Fat one’ in Spanish) as an allusion to its huge
mass. El Gordo was discovered by the Atacama Cosmology Telescope (ACT) collab-
oration at a redshift z = 0.87 through its Sunyaev–Zel’dovich (SZ) signal (Menanteau
et al., 2012), which is observed as a distortion in the spectrum of the Cosmic Mi-
crowave Background (CMB) due to the inverse Compton scattering of the CMB
photons in the hot intracluster gas (Sunyaev and Zel’dovich, 1980). El Gordo was
identified as corresponding to the most significant decrement in the CMB spectrum
within the ≈ 1000 deg2 patch investigated by the ACT and, according to Harri-
son and Hotchkiss (2013), this survey is estimated to be complete for M200 > 8
×1014 h−1M� and 0.3 < z < 6.
We considered the mass estimate proposed by Jee et al. (2014), who performed a
weak-leansing analysis based on observations with the Hubble Space Telescope. El
Gordo is in this case treated as a bimodal mass system consisting of two merging
subclusters and the total mass is obtained by fitting a double Navarro-Frenk-White
(NFW) density profile ρ(r) (Navarro et al., 1997). This yields a value of M200 =
(2.19 ± 0.39) ×1015 h−1M�, where, as explained in section 3.1.2, M200 will then be
converted to the virialized mass Mvir in the computation of the mass function. We
assume that this result, which is obtained for ΛCDM, is valid in f(R) gravity too,
since we expect any deviation from General Relativity to be negligible for such a
massive galaxy cluster due to the screening mechanism acting in high-density en-
vironments. This seems to be confirmed by the simulations performed by Mitchell
et al. (2018), whose plots in Figure 4 show that for all the investigated values of |fR0|
(10−6.5 to 10−4) there is no significant discrepancy between the dynamical mass of
the cluster (i.e. the one affecting massive test particles) and the ΛCDM lensing mass
for M200 ≈ 1015 h−1M� at z ≈ 9.
The uncertainty on the measurement proposed by Jee et al. (2014) only includes
the 1σ error bars due to the finite number of source galaxies. However, the authors
suggest that a further contribution, corresponding to 20%-30% of the total mass in-
dicated in the paper (in units h−1

70 M�), should come from potential deviations from
the standard NFW profile, the influence of other large scale structures and the pos-
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sible presence of triaxiality, which is neglected under the assumption of spherical
evolution. We assume a 25% additional uncertainty, yielding M200 = (2.19 ± 0.78)
×1015 h−1M�, which is the value we have denoted with M̃c so far.

4.2 The largest void

The Cold Spot (CS) in the CMB was originally identified in the Wilkinson Mi-
crowave Anisotropy Probe (WMAP) by Vielva et al. (2004) as a colder area with
a temperature ≈ −70µK centered on (l, b) ≈ (209◦,−57◦) in Galactic coordinates.
A characterization with a better accuracy was then performed in the Planck 2015
temperature map (Ade et al., 2016b), raising questions about the origin of such a
strong anomaly. Inoue and Silk (2006) proposed the existence of an extremely large
supervoid, the “CS void”, centered on the Cold Spot, a hypothesis later supported
by Szapudi et al. (2015) and Finelli et al. (2016), who claimed that such alignment
cannot be a simple coincidence. Even though this does not fully explain the temper-
ature decrement, the presence of the underdensity is confirmed, as well as its huge
dimensions.
We considered the measurements performed by Szapudi et al. (2015), who created
a tomographic map of the galaxy distribution around the Cold Spot by matching
galaxies from the WISE-2MASS infrared catalog with Pan-STARRS1 (PS1) objects.
As reported by Szapudi et al. (2014), the survey area is 21200 deg2 and the redshift
interval is 0 < z < 0.3. This procedure allowed to locate the CS void at a redshift z
= 0.22±0.03 and to estimate its radius R̃v = (220±50)h−1Mpc and density contrast
δ̃v = −0.14 ± 0.04, after accounting for the galaxy bias. It is interesting to notice
that while only one parameter, the mass, is sufficient to characterize a galaxy clus-
ter under the assumption of a spherical evolution, both the radius and the density
contrast are needed for a void, since this is not a virialized object.
The measurements presented are purely geometrical, thus the assumed cosmological
model (ΛCDM in Szapudi et al. (2014, 2015)) should only have an indirect impact
due to potential modifications in the expansion history of the Universe. However,
since the Hu-Sawicki formulation of f(R) gravity contains a term that essentially
mimics the cosmological constant, there should be no such effects in this case and
the inferred physical quantities are still valid, albeit the radius needs to be rescaled
as R = Rfiducial[(dV/dz)(dv/dz)fiducial to compensate for the choice of different values
for the cosmological parameters by Jee et al. (2014) (Ωm = 0.3, ΩΛ = 0.7, compare
with section 3.3.2). As a last remark, we also underline that the uncertainty on
the redshift has not been taken into account in the MCMC, since its contribution is
expected to be compared to the other observational uncertainties.
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To summarize, here follows a table with the survey specifications considered for the
El Gordo cluster and the CS void:

Survey Area (deg2) Redshift
El Gordo (ACT) 1000 0.3-6

CS void (WISE-2MASS) 21200 0-0.3

Table 3: Survey specifications.
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5 Results

The MCMC computations have been performed with a private Fortran code (the
same that was used by Sahlén and Silk (2018)), which has been modified to imple-
ment the effects of f(R) gravity in the modelling for the number counts in equation
(26) and in the MCMC likelihood. The code was run with the CosmoMC engine
(Lewis et al., 2000; Howlett et al., 2012).
We have performed three MCMC analyses: in the first two, we have employed the
cluster and the void likelihood individually, while we have combined them in the
third case. We present below the one-dimensional and two-dimensional posterior
distributions for log |fR0| and σ8 in the combined case. The plots for the void-only
and cluster-only results can be found in Appendix A.

Figure 2: One-dimensional and two-dimensional plots of the marginalized posterior
distribution for the parameters σ8 and log |fR0|, obtained by combining the void and
cluster likelihood. In the two-dimensional plot, the colour gradient from blue to red
indicates progressively more likely regions in the parameter space, while the black
contours refer to the 68% and 95% confidence regions.

The mean values with the standard deviation and the best-fit values for each param-
eter are presented in the following tables:
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Case Mean log |fR0| ± Standard deviation Best-fit value
Void-only -6.6 ± 2.0 -9.4

Cluster-only -4.7 ± 2.5 -4.1
Combined -5.1 ± 1.6 -3.9

Table 4: Mean values with standard deviation and best-fit values for log |fR0| for the
three cases considered.

Case Mean σ8 ± Standard deviation Best-fit value
Void-only 0.93 ± 0.46 1.40

Cluster-only 0.88 ± 0.20 1.09
Combined 0.91 ± 0.12 1.09

Table 5: Mean values with standard deviation and best-fit values for σ8 for the three
cases considered.
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6 Discussion and conclusions

We have carried out a Markov Chain Monte Carlo (MCMC) analysis with the ob-
jective of constraining the values of the parameters log |fR0| from the Hu-Sawicki
formulation of f(R) gravity and σ8, the normalization of the matter power spectrum
at present time. We employed extreme value statistics to model the likelihood func-
tion in the MCMC computation on the basis of observational data about the radius
and density contrast of the largest void and the mass of the most massive cluster
observed to date: the “Cold Spot” void and the “El Gordo” cluster. We considered
three separate cases in our MCMC computations: in the first two, we included the
cluster and the void likelihood individually, while we combined them in the third
one.
The first, most obvious result is that the best constraints on the parameters are
obtained in the combined case. Indeed, this is the only case in which it is possible
to simultaneously describe the size of the matter fluctuations in the cosmic web,
encoded in σ8, and their growth, which depends on the gravity theory and is here
parameterized through log |fR0|. This is yet another hint in the direction of employ-
ing the cosmic web as a whole to test cosmological models instead of considering
individual results coming from cosmic voids and galaxy clusters. Similar findings
were also reported in previous studies (Sahlén et al., 2016; Sahlén and Silk, 2018;
Sahlén, 2019).
In the context of this work, this result could have been predicted. By looking at the
two-dimensional contours in Figure 3 (Appendix A), it is evident that the void-only
case provides a stringent upper limit on |fR0| (log |fR0| / −2 at 68% confidence
level), while σ8 is basically unconstrained. The cluster-only case in Figure 4 shows
the very opposite pattern: while σ8 is confined to a very well-defined interval in
the two-dimensional plot, log |fR0| is allowed to vary across a broad range. This
was expected, since galaxy clusters in general (and very massive ones especially) are
high-density environments where the effects of modified gravity are negligible due
to the screening mechanism included in the f(R) gravity formulation. On the other
hand, modified gravity deviations should be much more relevant in low-curvature
regions such as cosmic voids and this explains the tighter constraints on |fR0| that
were obtained in the void-only case.
From the point of view of the numerical values of the parameters presented in table 4
and 5, the mean values for σ8 are compatible with the most recent Planck constraint
(σ8 = 0.811 ± 0.006,(Aghanim et al., 2018)) within the error bar in all the three
cases. On the other hand, recent constraints on |fR0| were provided by weak lensing
measurements performed by Liu et al. (2016), yielding log |fR0| < −4.82 at 95% con-
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fidence level. A similar upper bound (log |fR0| < −4.79 at 95% confidence level) was
obtained by Cataneo et al. (2015), who combined an analysis of of X-ray-selected
clusters with data about the Cosmic Microwave Background radiation. Our results
for the mean value of log |fR0| is consistent with these findings in all the three cases
considered.
If we assume log |fR0| ≤ −8 to correspond to a negligible f(R) correction, the mean
value we obtained in the combined case, −5.1 ± 1.6, which provides the best con-
straint, is compatible with General Relativity at 95% confidence level. On the other
hand, it seems that larger values of log |fR0| are preferred and the best-fit value (-
3.9) points in this direction too. However, in order to determine whether this could
indeed suggest the viability of the Hu-Sawicki formulation of f(R) gravity, further
investigations are probably needed. First of all, the void we considered, the Cold
Spot void, is a rather shallow void (δ̃v ≈ −0.14) that can be considered to still be
well-described in linear theory. This means that the effects of modified gravity, albeit
present, are not as strong as they would be for a deeper non-linear void. Moreover,
the uncertainty on the observational value of the radius ( R̃v = (220± 50)h−1Mpc)
is quite large and, consequently, it negatively affects the final results. Thus, the
ideal candidate for a further analysis would be a large, deeper void whose radius is
quite well constrained. While some options seem to be present, for example from
the Sloan Digital Sky Survey (Nadathur and Hotchkiss, 2014), this would require an
improvement of the modeling of the void mass function that is beyond the scope of
this research project.
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7 Popular Science Summary

The standard cosmological model, the so-called “ΛCDM” model, predicts that only
5% of the Universe is composed by the ordinary matter that is described through the
Standard Model of particle physics. The rest is composed by dark matter (≈ 27%)
and dark energy (≈ 68%), sometimes referred to as a “cosmological constant”, since
it is interpreted as a form of energy of the vacuum whose density remains constant
over time and is responsible for the observed accelerated expansion of the Universe.
While we observe the effects of the presence of these dark sources, for example in the
rotation curves of galaxies, there has not been any direct detection yet.
Thus, it is legitimate to ask whether there could be an alternative model to explain
our observations. A possibility could be to remove the cosmological constant and
instead introduce a modification to Einstein’s General Relativity, the theory that
describes the relation between the geometry of the Universe and the presence of
matter and energy. Such a modification can be implemented in different ways and
one of them is to simply add a function, f(R), to Einstein’s theory, where the object
of the function, R, is a parameter that encodes information about the curvature
properties of the Universe. The family of gravity theories that are built in this way
is referred to as “f(R) gravity”. There are infinite possibilities to specify the explicit
expression of f(R), but any formulation must fulfill some specific requirements. Two
of them are particularly important:

1. first of all, the theory should account for the observed accelerated expansion
of the Universe. This is often implemented by including a cosmic density
coming from a cosmological constant, thus, such theories do not really provide
a final answer about the dark energy problem, but, instead, they re-state it in
a different way.

2. Since General Relativity has been tested, for example, through observations in
the Solar System, the modified gravity theory should reduce to the standard
theory under some specific circumstances.

In this study, we considered one of the most popular formulations of f(R), proposed
by the two physicists W. Hu and I. Sawicki. Our objective was to set a lower and
upper limit on the value of a parameter included in this formulation, fR0, which
determines the weight of the contribution of the modifications to General Relativity.
There are several ways to gather information about the value of this and other
cosmological parameters. A possibility is to consider the matter distribution at very
large scales in the Universe (> 1021 km), where it is possible to identify galaxy
clusters, which contain up to thousands of galaxies, and cosmic voids, regions that,
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on the other hand, are almost devoid of galaxies. It turns out that the existence of
voids and clusters with extreme properties is particularly sensitive to the assumed
values of the cosmological parameters. This is why, in this study, we considered data
about the radius and “depth” of the largest void and the mass of the largest cluster
that have been observed to date.
We developed a complicated modeling with the objective of obtaining the most likely
value of the parameter fR0 on the basis of these observational data. To achieve this,
we employed a computational algorithm (a Markov Chain Monte Carlo algorithm,
to be specific) that considers different possible values for fR0, together with the
other cosmological parameters in our tested model, and evaluates how likely each
combination of the parameter values is, given the observational data. This is an
iterative procedure: the system tries several combinations, and creates a “chain” of
possibilities that will ultimately allow to identify the most likely ones.
The data enters the computation through the so-called “likelihood function”, which
relates the probability for the data to exactly attain the values that we observe to
the value of the parameters in the tested cosmological model. The explicit expression
of the function is built on the basis of theoretical considerations about the nature of
the data and, in this specific case, a detailed modeling of the formation of voids and
clusters was required.
In the end, the algorithm indicates the most likely value for fR0 and the other
parameters, yielding a mean value with an error bar. In this case, the error bar is
large and allows for values of fR0 that are small enough to practically make the gravity
modifications negligible: thus, Einstein’s General Relativity is still consistent with
the results. On the other hand, however, larger values for fR0 seem to be more likely,
suggesting the possibility that the gravity modifications could be supported by the
data. However, in order to determine whether we have really proven that Einstein’s
theory is incomplete, further investigations are probably needed, for example by
repeating the same analysis with another large void whose radius is measured with
a better accuracy.
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8 Post Scriptum

My math teacher in high school used to say that the learning process in science is
not a straight path from point A to point B, but is rather a spiral that starts from a
single concept and goes around it over and over again. This, in a sense, has been my
journey to the final lines of this report. This research project has offered me the op-
portunity to further develop the modeling from my bachelor thesis, “Galaxy clusters
and cosmic voids in modified gravity scenarios”, and gather a deeper perspective
over the fascinating topic of constraining gravity modifications through the large
scale structure of the cosmos. I want to deeply thank my supervisor Martin Sahlén
for having accompanied me along this two-year-long spiral journey with enthusiasm
and kindness, giving me a key to new opportunities and to a deeper understanding of
the Universe. I really value our intellectual connection and the discussions we had,
since they definitely helped me forge in my mind a clearer idea of the scientist I want
to become.
However, beyond the scientific scope, this research project has also been a tale of
resilience. The main modeling and the final results were produced during the hardest
months of the Covid-19 outbreak. During long quarantine days, away from my home
country and my family, I asked myself how I could give a small, infinitesimal con-
tribution to improve the situation. My answer was to try to find a deeper meaning
and value in being able to pursue this research and my studies. In a world where
suddenly nothing is under control, everyone needs a small, safe corner of tranquillity
for the mind. This was mine: every morning, I would dive into making calculations
and writing this report word by word, breath by breath, a path towards brighter
summer days across the intricate structure of the Universe.
Science is the product of a human endeavor and I believe that the results I presented
in this report cannot be disentangled from the role they played for me in the context
of this crisis. This is why I leave these memories to these pages, hoping that in the
future it will become more accepted and common to unveil sparks of humanity at
the end of a rigorously built scientific paper. This crisis itself revealed the need for
a stronger connection between the scientific community and the general public. One
simple, basic idea to achieve this would be to start telling about scientific results in
simpler words and, why not?, also about the stories behind them. I tried to address
this need in this section and in the paragraph “Popular Science Summary” at the
end of this report. I wish that such a paragraph could become a standard presence
in any scientific paper. A few words could be enough to enable so many more readers
to access the scientific literature, laying the basis for a more effective and democratic
way to spread knowledge and progress.
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A final, double acknowledgement. My co-sailor Elias Waagaard at this point knows
the content of this project and the struggle behind it better than me. Elias, with you,
even the darkest hours of quarantine become bright and joyful, and everyday life is a
passionate adventure that is definitely worth crossing a continent for. I always carry
my family in my thoughts and spirit and, even when we are thousands of kilometers
apart, we are near and close. After all these months, I look forward to embracing
you again and telling you about voids and clusters from the very beginning.

Uppsala, June 1st, 2020
Sveva Castello
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Appendices

A Additional plots

Figure 3: One-dimensional and two-dimensional plots of the marginalized posterior
distribution for the parameters σ8 and log |fR0|, obtained by considering the void
likelihood only. In the two-dimensional plot, the colour gradient from blue to red
indicates progressively more likely regions in the parameter space, while the black
contours refer to the 68% and 95% confidence regions.
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Figure 4: One-dimensional and two-dimensional plots of the marginalized posterior
distribution for the parameters σ8 and log |fR0|, obtained by considering the cluster
likelihood only. In the two-dimensional plot, the colour gradient from blue to red
indicates progressively more likely regions in the parameter space, while the black
contours refer to the 68% and 95% confidence regions.
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Szapudi, I., Kovács, A., Granett, B. R., Frei, Z., Silk, J., Burgett, W., Cole, S.,
Draper, P. W., Farrow, D. J., Kaiser, N., et al. (2015). Detection of a supervoid
aligned with the cold spot of the cosmic microwave background. Monthly Notices
of the Royal Astronomical Society, 450(1):288–294.

37
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