
UPTEC F 20022

Examensarbete 30 hp
Juni 2020

LPI waveforms for AESA radar 

Andreas Sjöberg



 

 
 
Teknisk- naturvetenskaplig fakultet 
UTH-enheten 
 
Besöksadress: 
Ångströmlaboratoriet 
Lägerhyddsvägen 1 
Hus 4, Plan 0 
 
Postadress: 
Box 536 
751 21 Uppsala 
 
Telefon: 
018 – 471 30 03 
 
Telefax: 
018 – 471 30 00 
 
Hemsida: 
http://www.teknat.uu.se/student 

Abstract

LPI waveforms for AESA radar

Andreas Sjöberg

The purpose of low probability of intercept (LPI) radar is, on top 
of the standard requirements on a radar, to remain undetected by 
hostile electronic warfare (EW) systems. This can be achieved 
primarily by reducing the amount of radiated power in any given 
direction at all times and is done by transmitting longer 
modulated pulses that can then be compressed digitally in order to 
retain range resolution. There are multiple different methods of 
performing pulse compression modifying either the phase or 
frequency of the transmitted waveform. Another method for 
attaining LPI properties of a radar is to avoid having a large 
main lobe in the transmit pattern and instead having lower gain 
patterns. This then results in a need for post-processing of these 
patterns by summation of weighted combination of these low gain 
patterns in order to reform the high gain patterns and thus retain 
angular resolution. In this work a number of pulse compression 
waveforms are analysed and compared using their ambiguity 
properties in order to ascertain which ones can be used in a radar 
system. They are then used in simulation with GO-CFAR detectors 
using a variety of analysis tools, specifically the short term 
Fourier transform (STFT), Wigner-Ville distribution (WVD), 
quadrature mirror filter bank (QMFB) and spectral correlation 
density (SCD). Their performance against the detector is based on 
the rate that the waveforms trigger an alarm and the lower the 
alarm rate the better the performance. The base reference in terms 
of performance for these evaluations was set as a triangular FMCW 
waveform. The results show that the polyphase coded waveforms have 
good radar and LPI properties in comparison to the FMCW. The 
frequency hopping codes showed good LPI properties with a large 
number of frequencies in the sequence but suffer from large ACF 
side lobes and poor Doppler tolerance. The best LPI results were 
achieved by a phase coded signal with a random order to its phase 
terms whilst still maintaining a perfect periodic autocorrelation 
function (PACF). Potential issues remain with high frequency out 
of band emission that could lead to a mismatch due to receiver 
bandpass filtering. The low gain patterns investigated were 
expanded to include two way patterns for a 2D array and array 
element tapering. The method works and can be further optimised in 
order to minimise emissions but adds a significant increase to 
integration times when the array size grows large.
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Sammanfattning
Low probability of intercept (LPI) radar är en kategori av radar som, utöver att fungera
som en konventionell radar, ska vara svår att upptäcka för fientliga telekrigsystem. Detta
åstadkoms primärt genom att modifiera den utsända radarpulsen så att en signal med lägre
effekt sänds under en längre tid för att senare efterbehandlas med ett så kallat matchat filter
för att återskapa den skärpa man får med en kort puls. Denna pulskompression ska även
på andra sätt göra den emitterade vågformen svår att identifiera och störa ut för att på så
sätt säkra systemets funktion i kritiska miljöer. Pulskompression genomförs i regel genom
att manipulera frekvensen och/eller fas på den utsända signalen så att den får de önskade
radaregenskaperna och den vanligaste metoden är att använda en linjär frekvensmodulation,
så kallad chirp. Ett alternativt sätt att minska risken att bli upptäckt är att minska stor-
leken på antennens huvudlob och istället sända ut flera mönster med små huvudlober och
sedan använda linjärkombinationer av dessa mönster för att i efterbehandlingen återställa
huvudloberna och därmed vinkelupplösningen.

I detta arbete har flera typer av pulskompression analyserats och jämförts med chirpen som
referensobjekt, sett till både radaregenskaper och LPI prestanda. Radaregenskaperna som
jämfördes var bredden av huvudloben vilket ger upplösningsförmågan och sidlobsnivåerna
som avgör hur mycket ett mål stör ut andra mål. Detta gjordes både för avstånd men
också i Doppler domän med hjälp av ambiguitetsfunktionerna för de olika vågformerna. LPI
prestandan testades genom att simulera mottagning av signalerna med additivt vitt brus
och därefter låta signalerna analyseras av en detektor med konstant falsklarmstakt där de
signaler som orsakade minst antal larm hos detektorn ansågs vara de som presterade bäst.
En metod med styrning av flera små antennlober undersöktes och utvidgades till att fungera
i fallet med samma element som mottagare och sändare samt användning av tapering av
antennelementen för att förbättra sidlobsundertryckningen hos de återskapade loberna. Då
denna metod har visat sig fungera som utlovat är den intressant ur ett LPI perspektiv men
den kräver att man går igenom samtliga strålningsmönster för att kunna få ut information
om eventuella mål. Detta ställer ökade krav på systemminne och mål med hög hastighet
riskerar att bli utsmetade över ett större område på grund av den långa integrationstiden.

Resultatet från jämförelsen gav att polyfaskodade vågformer hade en bra prestanda baserat
på deras radar och LPI egenskaper då de har låga sidlober, smal huvudlob samt var toleranta
mot fel i Doppler-led, dock kan signaler inte entydigt bestämmas i både tid och Doppler så
ytterligare behandling med Doppler filter är nödvändig. Den faskod som presterade bäst i
LPI testet var Zadoff-Chu koden, men från ett radarperspektiv har den problem med höga
sidlober vid långa fördröjningar vilket begränsar räckvidden. Problemet minskade när flera
kodperioder integrerades koherent men detta kan inte alltid genomföras. Faskoder kräver
även ett stort antal diskreta faser att hoppa mellan för att uppnå krav på räckvidd och
upplösning samt ökar sidloberna markant för kortare faskoder. Ett undantag från detta är
polytidkoder som kan uppnå räckvidd och upplösning med ett litet antal faser men även här
blir det begränsningar i sidlobsundertryckning om för få faser används. Ett annat problem
med faskoder är att de diskreta fashoppen genererar högfrekventa komponenter som filtreras
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bort av bandpassfilter i mottagarantennen vilket resulterar i en skillnad mellan den utskick-
ade signalen och den mottagna som i sin tur leder till högre sidlober och sämre upplösning.

ii



LPI waveforms for AESA radar Master thesis, June 17, 2020

Contents
1 Nomenclature 1

2 Introduction 2

3 Theory 3
3.1 Radar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

3.1.1 Matched filter and ambiguity function . . . . . . . . . . . . . . . . . . . . . . 6
3.1.2 Waveform metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

3.2 Low probability of intercept . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
3.3 Pulse compression techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

3.3.1 Frequency modulated continuous wave . . . . . . . . . . . . . . . . . . . . . . 12
3.3.2 Phase shift keying . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
3.3.3 Frequency shift keying . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3.4 Hybrid PSK/FSK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.3.5 Noise radar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.4 Interception of LPI radar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.4.1 Wigner-Ville distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
3.4.2 Choi-Williams distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
3.4.3 Quadrature mirror filtering . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.4.4 Cyclostationary signal analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 23

4 LPI Beamforming 26
4.1 Two way synthesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
4.2 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5 Simulator 34

6 Results 38
6.1 Simulator results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
6.2 Ambiguity results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
6.3 Phase code requirements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

7 Discussion 57

8 Conclusions 59

9 Future work 60

Appendix A Beamforming matrices 61
A.1 1D array matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
A.2 2D array matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

References 64

iii



LPI waveforms for AESA radar Master thesis, June 17, 2020

1 Nomenclature

ACF Auto-correlation function
PACF Periodic auto-correlation function

AF Ambiguity function
PAF Periodic ambiguity function
LPI Low probability of intercept

AESA Active electronically scanned array
TRM Transmitter/receiver module
RF Radio frequency

PRF Pulse repetition frequency
SNR signal to noise ratio

STFT Short term Fourier transform
FFT Fast Fourier transform
WVD Wigner-Ville distribution
CWD Choi-Williams distribution
QMFB Quadrature mirror filter bank

WT Wavelet transform
CSA Cyclostationary signal analysis
SCD Spectral correlation density

CFAR Constant fals alarm rate
GO-CFAR Greatest of constant false alarm rate

PSD Power spectral density
PSL Peak side lobe level
ISL Integrated side lobe level
SLR Side lobe ratio
CW Continous wave
FM Frequency modulation

FMCW Frequency modulated continuous wave
PSK Phase shift keying
FSK Frequency shift keying
FH Frequency hopping

OPPC Orthogonal polyphase code
RO Random order

RNR Random noise radar

1
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2 Introduction
Low probability of intercept (LPI) radars are a special class of radars designed to remain
unseen and unknown by the enemy electronic surveillance systems. To stay unseen for ES
systems the LPI radar reduces its transmitted output power level and makes use of the
wide radio frequency (RF) bandwidth available. To stay unknown LPI radar also applies
unpredictable waveforms. A number of techniques to generate LPI waveforms exists, e.g.
linear/nonlinear FM, phase codes, frequency codes and noise radar. In order to analyse
and detect an LPI waveform, methods such as Quadrature Mirror Filtering, Wigner-Ville
distribution and Cyclostationary Spectral Analysis can be used.

The increase in computational resources during the last decades has allowed for more dig-
italized radars to be developed. This increase has also allowed for more radars in a single
system, i.e. Active electronically scanned array (AESA) radars. The advantage with multiple
antennas is that it allows an area to be scanned electronically. This allows for different scan
patterns to be used which is advantageous as it may decrease the probability of intercept
from hostile ES systems.

The purpose of this project is to study, design, implement and evaluate LPI waveforms for
an ASEA radar. Additionally this project aims to create a theoretical foundation which can
be used when developing the next generation of radar systems.

This has been achieved through a literature study of several different waveforms and methods
used to detect them and by running simulations in MATLAB where noisy realisations of
the waveform where analysed based on how difficult they where to detect. This detection
simulation operated by generating versions of the waveform with additive white Gaussian
noise and using one of the available analysis tool on it. This was then put into a GO-
CFAR detector that then gave an alarm rate for the signal. The average alarm rate for all
modulation was computed and used in order to compare LPI properties. Additionally the
waveform were compared in terms of their ability to detect targets both in the case of Doppler
shift and without. This was done by comparison of the waveform ambiguity functions.

2
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3 Theory
The following section goes through the theoretical foundation used in the investigation of
the different waveforms used. It is split into several part with the first being the operating
principles of the radar and the receiver matched filter as well as some metrics used to de-
termine the quality of the output. The special considerations for LPI are presented and the
different conditions for the hostile interceptor in contrast to a cooperative receiver. Then
the different waveform types are presented in general categories and the analysis tools that
will be used in order to determine their properties.

3.1 Radar
Radar, or radio detection and ranging, operates by using a transmitter to send out a signal,
which is partially reflected by a target and detected by a receiver. The distance to the target
is then determined by the time required for a pulsed signal to travel to the target and back.
Radial velocity is determined by the Doppler shift of the return signal. Additionally if the
antenna beam is sufficiently narrow the direction of the target can also be obtained[1]. The
relationship between range R and delay τ for a radar system is

R =
τCP

2
(3.1)

where CP is the propagation speed given by

CP =
c

n
(3.2)

with c being the speed of light in vacuum and n the refractive index of the transmission
medium. As the refractive index of air is very close to 1[2] CP = c will be used as an
approximation of the propagation speed in this text unless otherwise stated. The factor 1

2

comes from the fact that the delay τ is the round trip time as the signal needs to travel
to the target and back again. For determining the radial velocity of a target the difference
between the transmitted frequency ft and the return frequency fr, also known as the Doppler
frequency, fd = ft − fr (neglecting second order effects) is used and related to the radial
velocity v as[2]

fd = −2v

λ
(3.3)

where λ is the transmitted wavelength.

The antenna is the interface between the radar system and the transmission medium, usually
free space, operating by either emitting or receiving electromagnetic waveforms. The field
radiated by an antenna is called the antenna pattern and is a function of the angle measured
from boresight of the antenna. The various parts of the pattern is referred to as lobes
and can classified into main, side, and back lobes. The main lobe is defined as the lobe
containing the direction of most radiated energy. A back lobe refers to a lobe which occupies
the hemisphere in direct opposition of the main lobe, remaining lobes are called side lobes.

3



LPI waveforms for AESA radar Master thesis, June 17, 2020

The side lobe power is normally expressed as a ration of the main lobe power or the inverse
called side lobe ratio (SLR)[3]. A common metric for antenna lobes is the beamwidth which
is the angles were the main lobe performs to specified criteria. One such criteria is the half
power beamwidth is the angular width for which the lobe radiates at least half of its peak
power. Multiple antennas can be used together in an array causing their antenna patterns
to become superimposed upon each other. The resulting pattern in the far-field is then[3]

F (u) =
Ne∑
n=1

Ane
j2π(n−1)u, (3.4)

where An are the excitation coefficients of the array consisting of Ne elements and u is the
array variable defined as

u =
d

λ
(sin θ − sin θ0) (3.5)

where λ is the transmitted wavelength, d the spacing between array elements, θ0 the angle
of the main lobe and θ the current angle. For an array operating in 3D space this equation
can easily be extended to account for both elevation angle and azimuth angle by instead
defining the array variable as

u =
d

λ
(sin θ + sinϕ− sin θ0 − sinϕ0). (3.6)

Active electronically scanned array (AESA) radar is a type of phased array radar where the
phase of the array elements is controlled electronically. This is achieved by active trans-
mitter/receiver modules (TRMs) that are placed near every radiating element, in contrast
to passive ESA which have a central high power transmitter feeding the array. Groups of
TRMs are divided into subarrays where the output of each subarray is digitised and used
as the basis for any data processing[4]. A phased array is a type of radar where the beam-
forming operations of the array is managed by controlling the relative phase of individual
elements. The advantages gained from an AESA radar comes from its ability to perform
adaptive beam steering and space-time adaptive processing[4]. These work by using the fact
that the AESA has large amount of TRMs capable of both transmitting signals and set up
guard channels to discriminate against incoming noise and jamming. As the array also is
distributed over a spatial area it can exploit any spatial-spectral correlation in the received
spectrum in order to improve performance. Another benefit of the TRMs is that even if
part of the array malfunctions the rest of the subarrays will still work unless key systems are
damaged[5].

For a radar system with transmit power Pt and antenna gain G the power intensity on a
target St at range R is[1]

St =
PtG

4πR2
. (3.7)

4
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This power will then scatter from the target in various directions and the ratio between the
scattered power Ps and the incident power is called the radar cross section σ

σ =
Ps

St

, (3.8)

and has the unit m2. This energy will then disperse in space with the same R2 dependency
as the original transmission creating an R4 dependency between the original transmission
power and the return signal power. As such the power density at the receive antenna Sr is
then

Sr =
PtGσ

(4πR2)2
. (3.9)

Accounting for losses in the antenna the effective area of the receiver is

Ae =
Gλ2

4π
, (3.10)

resulting in a total received power of

Pr =
PtG

2λ2σ

(4π)3R4
, (3.11)

and this is known as the radar equation[1].

The return signal received by the antenna will be accompanied by unwanted noise in any
real scenario. As such the radar needs not only be able to detect the return signal, it also
needs to be able to distinguish it from the noise. A simple way of performing this is by
applying a bandpass filter to the return signal together envelope detector and a threshold
detector in order to determine if a signal is being received[2]. It then becomes important to
select a value on the threshold receiver that gives the system an acceptable probability of
detection while keeping the probability of false alarms due to noise low. There then exists
a relation between the probability of detection PD, probability of false alarm PFA and the
signal to noise ratio (SNR) for detection of a single pulse. An empiric formula for calculating
the required SNR is [3]

SNR = A+ 0.12AB + 1.7B (3.12)

with
A = ln

(
0.62

Pfa

)
(3.13)

and
B = ln

(
Pd

1− Pd

)
, (3.14)

note that the given SNR is in linear scale. A more detailed explanation of this formula is
given in [6].

5
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A pulsed radar determines the distance to the target by measuring the round trip time of a
pulsed microwave signal. This pulse has a pulse width τ total duration between pulses Tr and
a pulse repetition frequency (PRF) fr =

1
Tr

. A shorter pulse gives a better range resolution
and a longer pulse gives a better signal-to-noise ratio (SNR), improving detection. A high
PRF gives more data which also improves performance, but results in range ambiguities
when R > cTr/2. As all of these conflicting properties are desirable a common method is to
use pulse compression in order to achieve high range resolution while maintaining sufficient
SNR. Pulse compression consist of a modulation scheme applied to a longer pulse that, when
processed in the receiver, give a similar range resolution to that of a much shorter pulse with
the addition of multiple side lobes. The kinds of pulse compression that will be mentioned
are

• Frequency Modulated Continuous Wave (FMCW)

• Phase shift keying (PSK)

• Frequency shift keying (FSK)

• Random noise radar (RNR)

3.1.1 Matched filter and ambiguity function

For an arbitrary time limited waveform with a complex baseband representation s(t) and
pulse duration T there exists a matched filter hMF (t) so that the SNR of the received signal
is maximised. This filter has the form hMF = Cs∗(T − t) where C is a scaling factor and (·)∗
denotes the complex conjugate[2]. Setting the scaling factor C = 1 results in the matched
filter response to the waveform being

hMF ∗ s(t) =
∫ T

t=0

s(t)s∗(T + t) dt, (3.15)

which is the autocorrelation function (ACF) of the waveform. The ACF can be seen as
a measure of how the signal value at time τ + t depends on the signal at time t. For a
scattering response x(t) with some noise term v(t) the signal received by the receive antenna
is y(t) = x(t) ∗ s(t) + v(t). Neglecting Doppler shift the matched filter response becomes
x̂MF (t) = hMF (t) ∗ y(t). Taking the Fourier transform of the ACF results in the power
spectral density (PSD) which shows the power distribution of the signal across its spectrum.

When there is radial motion between the radar platform and the scattering target a Doppler
shift is introduced in the response that may not be negligible. This then imparts a time
varying phase shift in the return waveform thus changing the response of the matched filter.
This response, for a Doppler frequency fD and a time delay τ then becomes

χ(τ, fD) =

∫ T

t=0

ej2πfdts(t)s∗(τ + t) dt, (3.16)

6
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where the magnitude of this function |χ(τ, fD)| is known as the delay-Doppler ambiguity
function[2]. Two important properties of the delay-Doppler function is that the maximum
occurs at (τ = 0, fD = 0) and for an arbitrary waveform normalised to unit energy it can be
shown that ∫ ∞

f=−∞

∫ ∞

τ=−∞
|χ(τ, fD)|2 dτ dfD = 1. (3.17)

Thus there exist a conservation of ambiguity and as such suppression of side lobes in one
part of the delay-Doppler space will result in larger side lobes elsewhere[7]. The ambiguity
function is also a symmetric function as

|χ(τ, ν)| = |χ(−τ,−ν)| (3.18)

meaning only two neighbouring quadrants of the ambiguity function needs to be calculated.
Lastly, adding linear frequency modulation (or equivalently quadratic phase modulation)
to a given complex envelope u(t) with ambiguity function |χ(τ, ν)| results in an ambiguity
function of the form |χ(τ, ν− kτ)|[6]. One method that can be used in order to receive more
desirable ambiguity properties for a signal is to apply a weighing window at the receiver.
In doing this one will create a mismatched filter with a loss of SNR as a cost for improving
ambiguity properties and the result is no longer the ambiguity function of the signal and is
instead simply referred to as the delay-Doppler response of the signal or cross-ambiguity[6].

For a CW signal modulated with a waveform with period T the matched filter response is de-
scribed by the periodic ambiguity function (PAF) introduced by Levanon and Freedman[8].
Using a reference signal in the matched filter consisting of N periods gives a coherent pro-
cessing interval of NT and as long as the target illumination time PT is longer than this
the illumination can be considered infinite. If the return signal delay then is shorter than
the difference between the dwell time and the processing interval the PAF is given by[9]

|χNT (τ, ν)| =
∣∣∣∣ 1

NT

∫ NT

0

u(t− τ)u∗(t)ej2πνt dt

∣∣∣∣ (3.19)

where τ is assumed to be constant and ν is the Doppler shift representing the delay rate of
change. PAF for N periods is related to the single period PAF by a universal relationship

|χNT (τ, ν)| = |χ(τ, ν)|
∣∣∣∣ sinNπνT

N sinπνT

∣∣∣∣ (3.20)

resulting in the PAF becoming more attenuated for all ν except multiples of 1
T

and having
main lobes at multiples of νT [3]. As in the time limited case the zero Doppler cut of the
PAF is the magnitude of the periodic autocorrelation function (PACF)[8].

7
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3.1.2 Waveform metrics

The performance of a given waveform is generally dependant on the properties of the delay-
Doppler ambiguity function along with other characteristics such as the time-bandwidth
product, spectral containment and the amenability to the transmitter. One metric is the
peak side lobe level (PSL), denoted ΦPSL and is defined using the delay-Doppler function as

ΦPSL = max
r

∣∣∣∣χ(τ, 0)χ(0, 0)

∣∣∣∣ for τ ∈ [τmain T ]. (3.21)

Note that only the zero Doppler cut, or the autocorrelation function is considered here. The
interval [0 τmain] corresponds to the extension of the main lobe on the delay axis so that
the interval [τmain T ] contains the side lobes. This measure indicates the largest amount of
interference that one point scatterer can cause to another at a different delay offset[7].

Another metric from the delay-Doppler function is the integrated side lobe level (ISL) which
for the zero-Doppler cut is defined as

ΦISL =

∫ T

τm
|χ(τ, 0)|2 dτ∫ τm

0
|χ(τ, 0)|2 dτ

. (3.22)

The ISL metric is used to determine susceptibility to distributed scattering such as clutter[7].

8
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3.2 Low probability of intercept
The term low probability of intercept (LPI) is a property of a radar that because of its
design in terms of low power, bandwidth, frequency variation or other design attributes
makes it difficult to be detected by a passive receiver[3]. As such an LPI radar will strive
to be able to detect a hostile interceptor before the interceptor can detect the LPI emitter.
Thus one cannot talk about LPI properties of a radar without considering the intercept
receiver. Consequently, a radar may be considered LPI in one scenario but not in another
as the properties of the opposing receivers may vary. For this reason it is also important
to consider the probability of identification once detected. If a radar can be designed so
that the key parameters of the waveform cannot be identified then this is also a valuable
property as it prevents countermeasures specific to the radar in question to be deployed. A
standard requirement for an LPI radar is that it has extremely low antenna side lobes as
these otherwise allows for more angles from which interception can happen.

In order to be able to receive a return signal properly the radar will need to have a certain
power relative to the ambient noise which is the minimum signal to noise ratio (SNR) that
the receiver can work with. This input signal to noise ratio SNRRi can be improved by
integrating the incoming signal over time as the zero mean random noise will cancel out but
the return signal energy will simply build over the integration period increasing the output
SNR, SNRRo. This is referred to as the processing gain of the receiver and is the ratio
between output and input SNR

PG =
SNRRo

SNRRi

. (3.23)

The processing gain can be expressed in terms of the signal bandwidth B and the amount
of time on target T as

PGR = BRTR. (3.24)

For a hostile interceptor this is also subject to an efficiency γ that is usually between 0.5
and 0.8 [10]

PGI = (BITI)
γ. (3.25)

Using the minimum SNR required for a radar one can define a sensitivity δR for the receive
antenna as

δR = kT0FRBRi(SNRRi) (3.26)

with k being Boltzmann’s constant k = 1.38 · 10−23 joule/K, T0 the standard noise tempera-
ture T0 = 290 K, FR the receiver noise factor in linear scale, BRi the input bandwidth in Hz
and SNRRi the minimum SNR required at the input for detection. Note that the interceptor
usually needs a larger bandwidth than the receiver as it does not know the frequencies of
the incoming signal beforehand, resulting in more noise. Additionally as the interceptor has
a significantly lower processing gain than the radar it will also require a greater input SNR
in order to detect the signal. Using Eq. 3.26 with Eq. 3.11 one can define the maximum
distance of a radar as

9



LPI waveforms for AESA radar Master thesis, June 17, 2020

Rmax =

[
PTGTGRλ

2σT

(4π)3δR

]1/4
. (3.27)

This however does not account for losses in the system which are caused both by the transmit
and receive antenna LT and LR and losses due to atmospheric attenuation described by the
two way atmospheric transmission factor[3]

L2 = e−2αRk < 1, (3.28)

where Rk is the path length in kilometre and α is the one way power attenuation coefficient
in Nepers per kilometre, conversion of Nepers to dB is done by multiplication by a factor
0.23[3]. Thus the effective maximum range accounting for loss is

Rmax =

[
PTGTGRL2λ

2σT

(4π)3δRLTLR

]1/4
. (3.29)

A similar reasoning can be made for a hostile intercept antenna but with one important
difference being that the signal is then received at the target and does not need to make the
return trip. This then gives a different formula for the maximum interception range for an
intercept receiver with a sensitivity δi, antenna gain GI and with losses LI [3]

RImax =

[
PTG

′
TGIL1λ

2σT

(4π)2δRLTLI

]1/2
. (3.30)

where L1 = e−αRK < 1 is the one way atmospheric transmission factor and G′
T is the transmit

antenna gain in the direction of the intercept receiver if the interceptor is in the main lobe
of the antenna G′

T = GT .

It is then possible to define a ratio between the maximum intercept and detection range of
an LPI radar as [3]

RImax

Rmax

= Rmax

[
δR
δI

(
4π

σT

)
G′

TGIL1

GTGRL2

]1/2
. (3.31)

Setting this ratio to 1 and solving for Rmax gives the maximum undetected range of a radar
relative to a given interceptor as

RUmax =

[
δIσTGTGRL2

4πδRG′
TGIL1

]1/2
. (3.32)

Indicating that in order to increase the undetected range of a given radar the main parameter
to increase the ratio between receiver and interceptor sensitivity which is dependant on
bandwidth and the processing gain. Also note that in the case of RImax

Rmax
< 1, e.g a quiet

radar, it is possible for the radar to continually adjust the power output of the transmitter
in order to further reduce the probability of interception. Another benefit of this type of
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power management is that if the system is detected it will appear to be at a constant distance
to the target which may impede proper threat assessment.

One way in which to achieve this is by using pulses with a long time duration as this reduces
the energy density at the peak of the transmitted pulse whilst allowing for integration and
filtering at the receiver in order to maintain a high output SNR. This makes CW waveforms
attractive from an LPI standpoint as they have a 100 % duty cycle and as such there are no
energy peaks in the signal.

A novel approach to LPI introduced by [11] and further studied by [12] is the concept of
using a set of spoiled beam patterns linearly combined at the receiver. The result of this
technique is a significant reduction in the instantaneous power transmitted at any given time
significantly reducing the intercept distance. Linear combinations of the spoiled beams are
then used at the receiver in order to create the effect of having transmitted several beams
with a large main lobe. This gives a potentially massive increase in processing gain at the
receiver side compared to the interceptor and is discussed more in section 4.
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3.3 Pulse compression techniques
An unmodulated CW waveform cannot measure range as there is no indication of time of
flight due to the time invariant nature of the waveform. In order to make a range measure-
ment there needs to be a time varying component in the transmitted waveform. This time
variation is most often achieved by applying a modulation scheme that alters the frequency
and/or phase of the transmitted waveform. Additionally the waveform cannot go continu-
ously in one direction (e.g. constantly increasing or decreasing frequency) and as such the
modulation is usually (but not always) periodic. This results in the return waveform having
much stronger correlation with the reference in the matched filter for a certain time lag that
can then be used to determine the range to the target. Note that due to the periodic nature
of most waveforms there is a maximum distance that can be unambiguously detected and
after that point there will be aliasing effect causing target to appear closer than they actually
are. This happens when the return time is longer than the duration of the waveform.

3.3.1 Frequency modulated continuous wave

The linear FMCW also known as a chirp signal and consists of a carrier frequency fc and
a bandwidth ∆F that the instantaneous frequency varies in. This can either be done by
increasing the frequency linearly from minimum to maximum (or maximum to minimum)
and then resetting at the bottom again, creating a saw-tooth shape in the time-frequency
domain. Alternatively a triangular shape can be used in which the instantaneous frequency
is increased and then decreased linearly. The following section will focus on the triangular
FMCW.

The triangular FMCW consist of two parts, one with increasing frequency and one with
decreasing frequency. The frequency during the first part is

F1(t) = fc −
∆F

2
+

∆F

tm
t (3.33)

with fc being the carrier frequency, ∆F the modulation bandwidth and tm the modulation
period. This gives frequency rate of change or chirp rate of

Ḟ =
∆F

tm
(3.34)

and a range resolution of[3]
∆R =

c

2∆F
. (3.35)

This results in a signal phase ϕ1(t) for the first half of modulation period on the form

ϕ1(t) = 2π

∫ t

0

F1(x) dx. (3.36)

12
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Starting at ϕ1(0) = 0 gives the transmitted signal

s1(t) = a0 sin 2π

[(
fc −

∆F

2

)
t+

∆F

2tm
t2
]

(3.37)

with a0 being the arbitrary signal amplitude.

For the second part of the modulation the frequency becomes

F2(t) = fc +
∆F

2
− ∆F

tm
t (3.38)

with the resulting transmitted signal

s2(t) = a0 sin 2π

[(
fc +

∆F

2

)
t− ∆F

2tm
t2
]
. (3.39)

The return signals with a round trip time (RTT) of td and attenuated amplitude of b0 for
the two segments (assuming no Doppler shift) are then

s1r(t) = b0 sin 2π

[(
fc −

∆F

2

)
(t− td) +

∆F

2tm
(t− td)

2

]
(3.40a)

s2r(t) = b0 sin 2π

[(
fc +

∆F

2

)
(t− td)−

∆F

2tm
(t− td)

2

]
(3.40b)

This is then mixed with the transmitted signal in the receiver with the resulting output from
the mixer with signal amplitude c0 being

s1m(t) = c0 cos 2π

[(
fc −

∆F

2

)
td −

∆F

2tm
t2 +

∆F

tm
tdt

]
(3.41a)

s2m(t) = c0 cos 2π

[(
fc +

∆F

2

)
td +

∆F

2tm
t2 − ∆F

tm
tdt

]
(3.41b)

with the last time dependant term being the beat frequencies fb1 = −∆F
tm

td and fb2 =
∆F
tm

td.
These frequencies are given by the difference between the return and transmit frequency. If
the target is moving the beat frequency of the target can be written as a function of the
range R and range rate V of the target relative to the receiver[3]

fb1 =
∆F

tm
td −

2V

λ
=

2R∆F

ctm
− 2V

λ
=

2RḞ

c
− 2V

λ
(3.42a)

fb2 =
∆F

tm
td +

2V

λ
=

2R∆F

ctm
+

2V

λ
=

2RḞ

c
+

2V

λ
(3.42b)

where the second term is due to the Doppler shift. For multiple targets there would be
multiple beat frequencies dependant on each target range and range rate.
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As the FMCW is a deterministic waveform it gives a degree of robustness to the system
as the possible returns are known and can be predicted. The radar also has a very large
time-bandwidth product that can be hard to match for a hostile jammer. However, it is
difficult for the radar to observe a target if a hostile jammer is capable of transmitting on
the same frequencies as the radar as there would be no way of distinguishing between the
two signals[3].

For a FMCW waveform with modulation period tm and a maximum detectable round trip
time td the coherent processing interval of the signal is t0 = tm − td. The inverse of the
processing interval is the spectral width of the signal

∆ω =
1

t0
(3.43)

and it represents the Doppler shift in the return signal which results in a range error of one
range bin (i.e the target will begin to appear closer or further away than it actually is).
This is a result of the FMCW range-Doppler cross coupling effect[13]. This spectral width
is broadened by any nonlinearities in the transmitted waveform and a nonlinear term can
be added to Eq. 3.37 in order to evaluate the effect of these[14]. A consequence of this is
a certain amount of overlap in the waveform were the return from the first phase end up in
the second and vice versa. This overlap results in a reduced effective bandwidth of

∆F ′ = ∆F

(
1− td

tm

)
(3.44)

and as Eq. 3.35 shows the range resolution will be degraded due to the reduced bandwidth.

3.3.2 Phase shift keying

Phase shift keying (PSK) performs pulse compression by phase shifting the transmitted CW
carrier in the transmitter resulting in a waveform of the type [3]

s(t) = Aej(2πfct+ϕk) (3.45)

with ϕk being the phase shift for kth subcode. The modulated signals consists of Nc time
shifts per subcode and a subcode period of tb resulting in a total code period of T = Nctb
and a code rate Rc =

1
T

. The range resolution of the PSK modulation is ∆R = ctb
2

and the
maximum unambiguous range is Ru = cT

2
with a signal bandwidth of B = 1

tb
.

An example of a PSK code is the Barker code[15] which is a binary phase code consisting of
a set A = {a0, a1, ..., an} with autocorrelation

rk =
n−k∑
j=1

ajaj+k (3.46)

satisfying |rk| ≤ 1 for k ̸= 0 and r−k = rk. At zero Doppler Barker code achieves a side lobe
attenuation of 1

Nc
relative to the main lobe and are referred to as perfect codes due to this
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property[3]. Barker codes are only known for values Nc = 2, 3, 4, 5, 7, 11, 13 and it has been
shown that odd codes with a number above 13 and even codes below 1 898 884 does not
exist. It is also likely that there are none for even codes above 1 898 884[3].

Frank code is a polyphase code devised by R. L. Frank in 1963 that is derived from step
approximation to a linear frequency modulation with M frequency steps and M samples per
frequency[16]. The resulting phase for sample i of frequency j is then

ϕi,j =
2π

M
(i− 1)(j − 1) (3.47)

where i = 1, ..,M and j = 1, ...,M . This results in the Frank code having the same phase
at the beginning of each subcode period tp as a stepped linear FM signal with M frequency
steps and a duration of tc = Mtp. A Frank code has a PSL of PSL = 20 log10

1
Mπ

[17]. There
also exist other polyphase codes similar to the Frank code that approximate a linear FMCW
waveform, most notably the P1-4, Golomb and Zadoff-Chu codes found in [6]. Lastly there is
polytime codes where the time for each chosen phase tp is varied. This is done by quantizing
the approximated signal into a number of phases and then remaining at a certain phase for
a certain time[18].

3.3.3 Frequency shift keying

A radar using frequency shift keying (FSK) or frequency hopping (FH) changes its trans-
mission frequency within a given bandwidth. As this hopping sequence is unknown to any
hostile interceptor the result is a larger processing gain compared to the interceptor. This
also prevents reactive jamming of the radar as the transmission frequency quickly changes
from the jammed frequency range as long as the transmitted signal has sufficient bandwidth.
Note that it is still possible to preemptively jam the radar if the bandwidth is known. This
is achieved by transmitting on the entire frequency band at once. A CW FSK signal can be
written as

s(t) = Aej2πfjt (3.48)

with fj being the current frequency.

The return signal for an FSK modulated signal with attenuated amplitude B transmitting
a sinusoidal waveform is

s(t) = B sin

(
2πfjt−

4πfjRT

c

)
. (3.49)

This then gives a phase difference between the transmit and return signal ϕT =
4πfjRT

c
. The

expression for the phase difference can then be solved for RT as

RT =
c

4πfj
ϕT (3.50)

with ϕT at most being 2π this is very limited in the case of only using one frequency.
Using multiple frequencies in the transmitter will result in a phase difference between the
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frequencies
∆ϕT =

4πRT

c
∆f. (3.51)

This then gives a maximum unambiguous range of

Ru =
c

2∆f
. (3.52)

The range resolution of the radar then depends on the duration of each frequency component
used in the hopping sequence as[3]

∆R =
ctp
2
. (3.53)

A technique for generating a frequency sequence which produces an unambiguous range and
Doppler measurement with minimum cross talk between frequencies was presented in a study
by J. P. Costas[19]. The Costas sequence gives a FH code that attenuates side lobes in the
PAF by a factor 1

NF
using a firing order based on primitive roots. The sequence consists of

NF frequencies satisfying
fk+i − fk ̸= fj+i − fj (3.54)

for every i, j, k such that 1 ≤ k < i < i+ j ≤ NF . An analytical method for constructing a
Costas array is the Welch construction of a Costas array. The Welch construction begins by
choosing an odd prime number p and a primitive root g modulo p. Since g is a primitive root
modulo p, then g, g2,..., gp−1 are mutually incongruent and form a Costas sequence[3][14].

3.3.4 Hybrid PSK/FSK

The FSK technique can be combined with PSK in order to create a hybrid technique using
the properties of both[20][21]. The result is a FH signal with an additional phase modulation
on each frequency giving the code NB phase slots per frequency slot and hopping between
NF different frequencies for a total of NT = NBNF phase slots. FSK/PSK can give a
high range and Doppler resolution while giving an instantaneous spreading of component
frequencies[20]. Note that the length of the frequency and phase codes do not need to be
multiples of each other. In fact, multi-cycle codes can achieve good ambiguity properties
and are difficult to intercept[22].

A special kind of hybrid radar proposed in [23] concentrates signal energy in the most
important part of the spectrum. This is achieved by selecting the transmission frequencies
based on a probability distribution derived from the spectral characteristics of the target
rather than a Costas array. A random binary phase shift is then added to the transmission
in order to reduce the side lobes of the PAF. This results in a PAF similar to that of random
noise and this radar type is part of a larger subset of radars called noise radars.
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3.3.5 Noise radar

Random noise radar (RNR) operates by transmitting a low power random or random-like
waveform that in some cases is modulated by a lower frequency waveform. This can be
used to create a nearly ideal "thumbtack" PAF having almost no ambiguity in the return
signal. In order for a radar to be able to detect range and Doppler it is required that it is
phase coherent[24]. RNR is by definition totally incoherent but it is possible to introduce
phase coherency through the use of a delay in the receiver. Taking the correlation between
the return signal with an RTT of τ and a version of the transmitted signal delayed by T
there will be a strong correlation between the two signals when T = τ and significantly less
correlation for any other T . Doppler processing can then be carried out in order to determine
the velocity of the target. The RNR can be modelled as a complex stationary process as [25]
[26]

S(t) = [X(t) + jY (t)]ej2πfct (3.55)

where X(t) and Y (t) are stationary random Gaussian processes. For a moving point target
with radial velocity v relative to the radar positioned at a distance of R the return signal
will be S(αt− td) with td =

2R
c

and α = c−v
c+v

≈ 1− 2v
c

for v << c. The cross correlation with
a delayed and Doppler shifted version of the transmitted signal S(αrt − Tr) with delay Tr

and time compression αr = 1− 2vr
c

will then be proportional to[25]

C(td, α;Tr, αr) =

∫ Tint

0

w(t)S(αt− td)S
∗(αrt− Tr) dt (3.56)

with w(t) being a window function used to suppress Doppler side lobes. The parameters
Tr and αr are then varied until a maximum is found in (Tr0, αr0). From this maximum the
range and velocity can be estimated as R = cTr0 and v = c1−αr0

2
.

A random noise signal can be modulated by an FMCW waveform which can also be used in
a mixer on the receiver side to generate a beat frequency as for standard FMCW in section
3.3.1. This can be used in order to get a good range measurement but nonlinear leakage
can cause problems with Doppler measurements. This leakage can be reduced by adding
a sine component to the RNR as well as the FMCW. The harmonic structure of the sine
will then somewhat counteract the FMCW leakage[27][28]. While the noise radar has many
properties that are useful in an LPI environment the main drawback is that it does not work
well in long range applications[29].
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3.4 Interception of LPI radar
Electronic warfare (EW) intercept receivers are used to process incoming threats on the
battlefield and needs to cover an extremely wide frequency band as they do not know the
characteristics of the incoming threats. EW receivers can be split into three different types,
however modern systems can have the capability to perform multiple of these tasks. Radar
warning receivers passively intercept incoming radar signals and warns the user of an ap-
proaching threat. This task is extremely time critical as the system needs to be able to
provide adequate time to react to something like an incoming missile. Electronic support
receivers provide the information required for immediate decision regarding EW operations.
An overview of basic intercept receiver structures can be found in [30]. A majority of the
existing receiver structures are based on a detection threshold meaning that if a transmitted
waveform does not contain noticeably more power than the background noise it becomes
extremely difficult to intercept. Electronic intelligence extract information from the battle-
field for later analysis that can be added to strategic databases. In order to identify the
emitter parameters of a hostile radar a variety of analysis tools can be used. These generally
build on the short term Fourier transform (STFT) as a basic tool from which more complex
processing methods can be made. The STFT is defined as

XSTFT (ω, τ)

∫ ∞

−∞
e−jωtw(t− τ)x(t) dt (3.57)

with w(t) being a window function that limits the transform in time. Using a larger window
improves the frequency resolution of the resulting time-frequency plot, also called spectro-
gram but reduces resolution in time. This leads to the area ∆τ∆f being constant regardless
of the window size and prevents arbitrarily high resolution in both time and frequency at
the same time.

Other methods for analysing an incoming signal are

• Wigner-Ville Distribution (WVD)

• Choi-Williams Distribution (CWD)

• Quadrature mirror filter bank (QMFB)

• Spectral correlation density (SCD)

3.4.1 Wigner-Ville distribution

The Wigner-Ville distribution (WVD) introduced by Wigner in 1932[31] and Ville separately
in 1948[32] is a bilinear frequency analysis tool used to analyse a signal in the time frequency
domain. The WVD of a 1D continuous time signal is given by

Wx(t, ω) =

∫ ∞

−∞
x
(
t+

τ

2

)
x∗

(
t− τ

2

)
e−jωτ dτ (3.58)
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where t is the time variable ω is the angular frequency and (·)∗ indicates complex conjugate.
Equation 3.58 implies a non causal evaluation which does not lend itself to real time calcu-
lation. Also electronic systems perform computation in a discrete domain, not a continuous
one. In practice this means that one uses the discrete WVD defined as

W (l, ω) = 2
∞∑

n=−∞

x(l + n)x∗(l − n)e−j2ωn (3.59)

where l is a discrete time index. Applying a window to this function results in the pseudo-
WVD (PWVD) defined as[33]

W (l, ω) = 2
N−1∑

n=−N+1

x(l + n)x∗(l − n)w(n)w(−n)e−j2ωn (3.60)

where w(n) is a window function of length 2N − 1 with w(0) = 1. Larger values of N will
increase the frequency resolution of the PWVD but greatly increases computational cost.

Figure 1 shows the WVD for a simple example with a signal consisting of two sinusoidal
components. Note the resulting cross term that appears in the middle is a problem when
using the WVD for analysing an unknown signal.
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Figure 1: Wigner-Ville Distribution of a two tone sinusoid with frequencies 1 and 2 kHz,
note the strong cross terms at 1.5 kHz

3.4.2 Choi-Williams distribution

The WVD discussed in the previous section is part of a general class of time-frequency
distributions on the form

Cf (t, ω, ϕ) =
1

2π

∫ ∫ ∫
eξµ−τω−ξtϕ(ξ, τ)A(µ, τ) dµ dτ dξ (3.61)
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where ϕ(ξ, τ) is a kernel function and

A(µ, τ) = x
(
µ+

τ

2

)
x∗

(
µ− τ

2

)
(3.62)

with x(µ) being the time function[3]. The WVD is based on Eq. 3.61 with a kernel function
ϕ(ξ, τ) = 1. The Choi-Williams distribution (CWD)[34] instead uses an exponential kernel
in order to reduce the cross terms appearing in the WVD. The kernel function for the CWD
is

ϕ(ξ, τ) = e−
ξ2τ2

σ (3.63)

where σ > 0 is a scaling factor.

The discrete form of the CWD is

CWDx(l, ω) = 2
∞∑

τ=−∞

e−j2ωτ

∞∑
µ=−∞

1√
4πτ 2/σ

e−
σ(µ−l)

4τ2 x(µ+ τ)x∗(µ− τ) (3.64)

In order to compute this weighting windows are applied before the summations in Eq. 3.64
limiting the range of the sums. The distribution can then be expressed as

CWDx(l, ω) = 2

N
2∑

τ=−N
2

WN(τ)e
−j2ωτ

M
2∑

µ=−M
2

1√
4πτ 2/σ

e−
σ(µ−l)

4τ2 x(µ+ τ)x∗(µ− τ) (3.65)

where WN(τ) is a symmetrical window.

Figure 2 shows the CWD for the same signal as the WVD in section 3.4.1. As expected, the
cross term from the WVD is no longer present.

Figure 2: CWD for a two tone sinusoid with frequencies 1 kHz and 2kHz

3.4.3 Quadrature mirror filtering

A quadrature mirror filter is an iteration of filter pairs with resampling to generate wavelets[3].
Wavelets are localised basis functions in the time frequency plane meaning it is non zero only
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for a finite duration and satisfy the orthonormality condition. The wavelet filter is effectively
a bandpass filter that often occur in pairs and include a resampling function coupled to the
filter bandwidth[3]. In order to obtain both fine frequency analysis and the time resolution
needed to identify discontinuities in the signal one needs both short high frequency and long
low frequency basis functions. This can be achieved by using the wavelet transform (WT)
which takes a single prototype wavelet h(t) and dilutes or contracts it as

ha,b(t) =
1√
a
h

(
t− b

a

)
, (3.66)

with a and b positive real numbers[35].

The WT is then defined as

XW (a, b) =
1√
a

∫ ∞

−∞
h

(
t− b

a

)
x(t) dt. (3.67)

The resulting trade-off in resolution is that the WT is sharper in frequency at low frequencies
and sharper in time at high frequencies. This leads to the interpretation of the WT as
constant Q-filtering of a signal[35]. This can be compared to the windowed, or short term
Fourier transform (STFT) which has the same time-frequency resolution for all frequencies.

In order to perfectly tile the energy of an incoming signal the filters would need a flat
passband and infinitely narrow stopband transition. This can be achieved by a filter whose
time domain representation is a sinc function and is thus called a sinc filter. This filter is
then sampled with a sampling period T for a sinc with its first null at 2T . As the sinc has
an infinite extension in time a window will need to be applied to the filter in order to get a
finite number of coefficients. In order to meet the criteria for orthogonal decomposition of
the input signal the sinc needs to have two main taps at equal distance from the peak and
a scaling factor of 1√

2
is needed[36]. This then gives the form of the filter as

h(n) =
1√
2

sinc
(
n+ 0.5

2

)
(3.68)

where n is an integer and the factor 0.5 shifts the taps as to produce the two main taps
instead of one centred at the peak of the sinc.

Due to the windowing of the filter some amount of nonorthogonality will appear in the
filters causing cross correlation. This can be reduced by applying a window function with a
narrower main lobe than the sinc to the filter. In order to improve detection performance one
can allow for a certain amount of cross correlation between filters instead of losing energy
due to windowing. To achieve this, the passband of the filters are slightly widened and the
coefficients slightly re-scaled so that the sum of their squares equal one. This results in the
modified sinc filter as given by[36]

h(n) =

√
S

2
sinc

(
n+ 0.5

C

)
w(n). (3.69)
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These filters can be put in a tree structure where after every filter pair there is another filter
bank further subdividing the input signal. This results in a set of time-frequency tilings with
a constant tile shape that splits the incoming signal into a set amount of time-frequency tiles
for each level of the filtering process with the first tiling set giving a good time resolution and
the later levels of the tree giving a good frequency resolution[37] [38]. The inherent drawback
of this method is that multiple layers will need to be processed in order to fully analyse the
incoming spectrum adding to the computation time of the method. This becomes notable a
high layer count as each layer requires twice the amount of filters compared to the previous
one. As such the method gets computationally expensive but can gain large benefits from
parallel processing of each layer.

Figure 3-5 shows the two tone sine signal passed through a QMFB for layers 3,5, and 7.
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Figure 3: QMFB tiling (left) and contour (right) plot of a two tone sinusoid with frequencies
1 and 2 kHz, layer 3
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Figure 4: QMFB tiling (left) and contour (right) plot of a two tone sinusoid with frequencies
1 and 2 kHz, layer 5
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Figure 5: QMFB tiling (left) and contour (right) plot of a two tone sinusoid with frequencies
1 and 2 kHz, layer 7

3.4.4 Cyclostationary signal analysis

Unlike the previously mentioned method cyclostationary signal analysis (CSA) does not pro-
duce a result in the time-frequency plane. Instead it is a bifrequency technique transforming
a signal onto the frequency-cycle frequency plane. CSA is based on modelling the signal
as a cyclostationary process rather than a stationary process. A signal is nth order cyclo-
stationary if and only if there is a nonlinear transform of order n that when used on the
signal generates sine components creating spectral lines [39]. An example of a second order
transform is multiplication with a delayed version of the signal, if the signal in question is
cyclostationary of order two then some delay products will generate sine components with a
frequency α. The comparison with a normal stationary process can be made by considering
any signal with a periodic component on the form

y(t) = A sin(2πft+ θ). (3.70)

Such a component may not be visible from the time domain representation applying the
Fourier transform to the signal will generate a spectral line at the frequency f . For a second
order cyclostationary process there is a second order transform, like multiplication with the
delay product that will result in a signal containing the same type of spectral lines. The set
of cycle frequencies for a given signal is called the cycle spectrum[40].

CSA in particular makes use of the cyclic autocorrelation and spectral correlation density
(SCD) in order to analyse a signal. In order to derive the SCD we first define the correlation
integral

RC(x) =

∫ ∞

−∞
f(u)g(x+ u) du (3.71)

giving the autocorrelation if f(u) and g(u) is the same signal and the cross correlation if they
are different. For a time series of length T this becomes the time average autocorrelation
function given by [3]

Rx(τ)=̂ lim
T→∞

1

T

∫ T/2

−T/2

x
(
t+

τ

2

)
x∗

(
t− τ

2

)
dt. (3.72)
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The cyclic autocorrelation function is then[40]

Rα
x(τ)=̂ lim

T→∞

1

T

∫ T/2

−T/2

x
(
t+

τ

2

)
x∗

(
t− τ

2

)
e−j2παt dt (3.73)

which is the Fourier coefficient for the sine wave component with frequency α in the delay
product signal.

Similar to how the power spectral density (PSD) of a stationary signal contains useful infor-
mation regarding a signals power at a given frequency, the SCD of a cyclostationary signal
contain information on the correlation properties of the phase and amplitude fluctuations at
the frequencies f −α/2 and f +α/2[40]. In the same way that the PSD is the Fourier trans-
form of the autocorrelation function of a stationary signal, the SCD is the Fourier transform
of the cyclic autocorrelation function[39]

Sα
x (f)=̂

∫ ∞

−∞
Rα

x(τ)e
−j2πfτ dτ. (3.74)

Methods for estimating the SCD of an unknown signal are generated using time- or frequency
smoothing techniques. An estimate of the SCD for a signal observed during the time interval
∆t can be obtained by time-smoothed periodogram given by [3]

Sα
xTW

(t, f)∆t =
1

∆t

∫ t+∆t/2)

t−(∆t/2)

SxTW
(u, f) du (3.75)

where
SxTW

(u, f) =
1

TW

XTW

(
u, f +

α

2

)
X∗

TW

(
u, f − α

2

)
(3.76)

with
XTW

(t, f) =

∫ t+TW /2

t−TW /2

x(u)e−j2πfu du (3.77)

being the sliding short term Fourier transform with window length TW . Effective methods
to compute the SCD of a signal is given by [41].

Figure 6 shows the SCD for the two tone sine signal using a time smoothing algorithm. A
low resolution has deliberately been chosen to make the results more visible as with a high
frequency resolution the individual components can be reduced significantly causing the plot
to only consist of a set of small dots. Note that there appears cross terms off the axis on the
plot.
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Figure 6: SCD of a two tone sinusoid with frequencies 1 and 2 kHz
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4 LPI Beamforming
A novel approach to LPI is presented in [11] and further developed by [12] concerning beam-
forming from an LPI perspective. The method uses a set of phase shifts applied to the
elements of an antenna array in order to create a set of low gain patterns. Recall that the
far field radiation pattern for an antenna array with N antenna elements can be written as

F (u) =
N−1∑
n=0

ej2πnu, (4.1)

which can be further simplified by setting φ = 2πu and assuming uniform amplitude distri-
bution across the antennas. This fundamental pattern can then be shifted to another angle
by applying a linear phase progression γ across the array. With the fundamental pattern
being f0 the expression for a generic pattern is then

fn(φ) =
N−1∑
k=0

ejkφejnγ. (4.2)

The low gain patterns presented in [11] are then versions of these high gain patterns where
the phase of array element k has been shifted by αk which can be expressed as

gn(φ) =
N−1∑
k=0

ejkφejnγejαk . (4.3)

These low gain patterns can then be used in order to reconstruct the high gain versions from
which they were created by adding them together with the appropriate weighing coefficients
wn,m as shown in [11], resulting in the final reconstructed patterns

fn(φ) =
N−1∑
m=0

wn,mgm. (4.4)

These weights are found by equating equal powers of ejφ for the high- and low gain pat-
terns creating a set of linear equations for each high gain pattern. This results in a matrix
equation of the form AW = B with A(n,m) = ej(αn−1+γ(n−1)(m−1)), W (n,m) = wn−1,m−1

and B(n,m) = ej(n−1)(m−1)γ, full matrices are shown in appendix A. This allow the complex
weights to be extracted by solving W = A−1B from which the high gain patterns can be
recreated from the low gain transmitted patterns. The recreated pattern as well as the low
gain basis patterns are shown in Figure 7 from which one can see that there is a notable gain
difference which directly result in a reduction of hostile intercept area.
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Figure 7: One way beamforming basis patterns and reconstructed pattern

Expansion of this two dimensional method into three dimensional space has then been done
by [12] using a two dimensional array. This results in two different array variables φn =
βd sin θ and φm = βd sinϕ allowing for scanning in a complete hemisphere. The array
pattern for the two dimensional array is then given by [12]

f0(θ, ϕ) =
N−1∑
n=0

M−1∑
m=0

ejnφnejmφm (4.5)

From this pattern a set of steered beams can be created by using the same kind of linear
phase progression used in the one dimensional case. Here the phase scan is set as γ = 2π/N
for convenience creating a total of NM beams but other scan angles can be used with some
adjustments[12]. This phase progression is applied over the array for both dimensions in
order to create the full set of beams. Setting a = N · l+k the general high gain array pattern
can be written as

fa(ϕ, θ) =
N−1∑
n=0

M−1∑
m=0

ejn(φn+kγ)ejm(φm+lγ). (4.6)

Low gain patterns can be created from Eq. 4.6 in the same way as in the one dimensional
case by applying a set of phase shifts αk,l in order to spoil the beam. Note that these phase
shifts now need to take the two array dimension into account and that beside this phase shift
the low gain and high gain patterns are the same. This leads to a similar scenario where the
high gain patterns can be synthesised from the low gain patterns using a weighting matrix
as shown in [12] and appendix A.
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4.1 Two way synthesis
If one wants to use the same array for transmission and reception then the one way patterns
shown in the previous section will not be enough to derive the weighing matrix needed to
recover the beam structure. For this the two way pattern will be used which simply consists
of the squared one way pattern and in the one dimensional case is written as[11]

f 2
0 (φ) =

[
N−1∑
n=0

ejnφ

]2

=
N−1∑
n=0

M−1∑
m=0

ej(m+n)φ. (4.7)

Setting k = n+m one can show that [11]

f 2
0 (φ) =

N−1∑
k=0

ejkφ · (k + 1) +
2N−2∑
k=N

ejkφ · (2N − 1− k) =
2N−2∑
k=0

Tke
jkφ (4.8)

with

Tk =

{
k + 1, for k < N

2N − 1− k, for k ≥ N
. (4.9)

For the low gain pattern the fundamental low gain patterns can be written as

g20(φ) =

[
N−1∑
n=0

ejαnejnφ

]2

=
N−1∑
n=0

M−1∑
m=0

ej(m+n)φej(αn+αm). (4.10)

This can then be rewritten as a summation of weighed powers of ejφ by making the same
substitution as for the high gain pattern [11]

g20(φ) =
N−1∑
k=0

ejkφ
k∑

n=0

ej(αn+αk−n) +
2N−2∑
k=N

ejkφ
N−1∑

n=k−(N−1)

ej(αn+αk−n) =
2N−2∑
k=0

Xke
jkφ. (4.11)

As in the one way case, the additional scan patterns can be created by applying a linear
phase progression γ along the array. Equating equal powers of ejφ results in a set of 2N − 1
equations for each scan patternf 2

m(φ) on the form

Tk

Xk

=
2N−2∑
n=0

wm,ne
jnkγ. (4.12)

Equation 4.12 can then the used to formulate the weight matrix W = B−1 T
X

with B(n,m) =

ej(n−1)(m−1)γ and T
X
(n,m) = Tmej(n−1)(m−1)γ

Xm
.

The resulting low gain and reconstructed fundamental high gain pattern can be seen in
Figure 8. Note however that from an LPI perspective only the one way gain is of interest.
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This is due to the fact that the gain difference on reception does not affect any potential
interceptors as they have their own beamforming applied on receive.
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Figure 8: Two way beamforming basis patterns and reconstructed pattern

This result can then be used in order to compute the two way weights for a two dimensional
array that would also allow for amplitude tapering of the array in order to reduce the side
lobes of the reconstructed pattern. For a two dimensional array with amplitude tapering the
two way pattern becomes

f 2
0 (φn, φm) =

[
N−1∑
n=0

M−1∑
m=0

A(n,m)ejnφnejmφm

]2

=

N−1∑
n=0

M−1∑
m=0

A(n,m)ejnφnejmφm ·
N−1∑
k=0

M−1∑
l=0

A(k, l)ejkφnejlφm =

N−1∑
n=0

M−1∑
m=0

N−1∑
k=0

M−1∑
l=0

A(n,m)A(l, k)ej(n+k)φnej(m+l)φm

Using the substitutions p = n+k and q = m+l this can be rewritten as a weighed summation
over all powers of ejφnejφm

f 2
0 (φn, φm) =

2N−2∑
p=0

2M−2∑
q=0

Tp,qe
jpφnejqφm (4.14)
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with

Tp,q =



∑p
n=0

∑q
m=0A(n,m)A(p− n, q −m), for p < N, q < M∑p

n=0

∑M−1
m=q−(M−1)A(n,m)A(p− n, q −m), for p < N, q ≥ M∑N−1

n=p−(N−1)

∑q
m=0 A(n,m)A(p− n, q −m), for p ≥ N, q < M∑N−1

n=p−(N−1)

∑M−1
m=q−(M−1) A(n,m)A(p− n, q −m), for p ≥ N, q ≥ M

(4.15)

Similarly the expression for the low gain patterns becomes

g20(φn, φm) =

[
N−1∑
n=0

M−1∑
m=0

A(n,m)ejnφnejmφmejαn,m

]2

=

N−1∑
n=0

M−1∑
m=0

A(n,m)ejnφnejmφmejαn,m ·
N−1∑
k=0

M−1∑
l=0

A(k, l)ejkφnejlφmejαk,l =

N−1∑
n=0

M−1∑
m=0

N−1∑
k=0

M−1∑
l=0

A(n,m)A(l, k)ej(n+k)φnej(m+l)φmejαn,mejαk,l

g20(φn, φm) =
2N−2∑
p=0

2M−2∑
q=0

Xp,qe
jpφnejqφm (4.17)

with

Xp,q =



∑p
n=0

∑q
m=0A(n,m)A(p− n, q −m)ej(αn,m+αp−n,l−m ,

for p < N, q < M∑p
n=0

∑M−1
m=q−(M−1)A(n,m)A(p− n, q −m)ej(αn,m+αp−n,l−m ,

for p < N, q ≥ M∑N−1
n=p−(N−1)

∑q
m=0 A(n,m)A(p− n, q −m)ej(αn,m+αp−n,l−m ,

for p ≥ N, q < M∑N−1
n=p−(N−1)

∑M−1
m=q−(M−1)A(n,m)A(p− n, q −m)ej(αn,m+αp−n,l−m ,

for p ≥ N, q ≥ M

(4.18)

The remaining high gain and low gain patterns are then created in a similar manner to
the one way patterns by using linear phase progression and making the substitutions a =
(2N − 1)m+ n and b = (2N − 1)q + p. As such the high gain patterns becomes

f 2
a (φn, φm) =

2N−2∑
p=0

2M−2∑
q=0

Tbe
jp(φn+nγ)ejq(φm+mγ), (4.19)

with corresponding low gain patterns

g2a(φn, φm) =
2N−2∑
p=0

2M−2∑
q=0

Xbe
jp(φn+nγ)ejq(φm+mγ). (4.20)
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Setting equal powers of ejpejq gives

Tb

Xb

=
2N−2∑
n=0

2N−2∑
m=0

wb,ae
j(pnγ+qmγ) (4.21)

which leads to the same set of equations W = B−1 T
X

as in the one dimensional case but with
some adjustments to the matrices as shown in appendix A.

Figure 9: Fundamental high gain pattern for an 8×8 array

Figure 10: Fundamental low gain pattern for an 8×8 array
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Figure 11: Reconstructed high gain pattern for an 8×8 array
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4.2 Implementation
As shown in the previous section as well as in [11] and [12] the method presented can greatly
reduce the output antenna gain of an array by applying a phase shift to spoil the high gain
pattern. These high gain patterns can then be recreated on reception with minimal gain
loss compared to sending out traditional high gain beams. As such a system utilising this
kind of patterns are able to trade transient peak power for a continuous low power on the
target in order to retain the same total energy on target (compare with pulse compression
for the transmitted waveform). Since the only difference between these low gain patterns
and their high gain versions is a set of phase shifts the transmission of these patterns can
easily be accomplished by an AESA radar without modification. The largest computational
requirement for this method is in the computation of the weights and patterns needed for
transmission and recreation. This can be done once prior to any transmission so it does not
affect the performance of the system once operational.

In order to receive these transmissions there is a need for some modifications in order to
recreate the high gain patterns. The matched filter output for each of the beams needs to
be computed and stored before any processing can be done. Then the results need to be
combined with each other using the appropriate weights to recreate the filter output for a
given direction. This then poses a requirement on being able to both store all this data in the
system and being able to perform coherent integration over the entire scan period instead
of just the portion where a high gain beam would be on target. In the case of fast moving
targets this could cause problems if there is not adequate motion compensation in place to
allow for coherent detection.

Further work on this subject can be done to optimise the transmitted waveforms in order to
minimise the maximum energy transmitted in any direction during the entire scan pattern
as that is the main reason to use this method. It may also be possible to construct these
low gain patterns in another fashion rather than simply applying a phase shift to a normal
pattern. One could also conceive of using smaller subsets of low gain patterns to reduce
the requirements on system memory and coherent integration. There may also be different
methods to create high gain patterns from low gain patterns or otherwise improve radar
performance through use of combined low gain patterns.

33



LPI waveforms for AESA radar Master thesis, June 17, 2020

5 Simulator
The simulator used in order to estimate the LPI properties of the selected waveforms operates
by generating a large amount of noisy realisations of the relevant signal and then sending
them through a greatest of constant false alarm rate (GO-CFAR) detector. The noise level
of the simulations is set at a constant absolute value and is given as the SNR relative to
the FMCW waveform used as a reference. This is done as to make sure that any waveforms
with a higher than average power for the same detection properties would not get an unfair
advantage in the simulation.

Before sending the signal through the detection algorithm, the signals where pre-processed
using one of the following methods

• Short time Fourier transform (STFT)

• Quadrature mirror filter bank (QMFB)

• Wigner-Ville distribution (WVD)

• Spectral correlation density (SCD)

These methods are described in more detail in section 3.4. Note that in the case of the
WVD the signal was first broken down into tapered and overlapping intervals similar to the
STFT in order to achieve different levels of resolution and also reduce the computational
load. Two modifications for the Frank code signal were also tested. The first variant worked
by following a frequency hopping order instead of the usual stepped chirp signal and will
be referred to as frequency hopping Frank (FH Frank) in the results. The other variant
randomised the order of the phase terms within each frequency step and used the same
random order for each frequency step. This modulation scheme is referred to as random
order Frank (RO Frank) and it should be noted that these modifications can be applied
to any phase approximation of a stepped frequency waveform (like the P1 and P2 codes).
Additionally a set of orthogonal polyphase codes (OPPC) introduced in [42] were tested in
order to determine its LPI performance. Two different signal periods (0.2 ms and 1 ms) were
used in order to determine its impact on the LPI properties of the waveform.

The output from these methods was then stored as a 2D matrix and sent into the GO-CFAR
detector. For each test cell sent into the detector a number of surrounding cells, separated
by a guard band, where used in order to determine the threshold level for that cell. The
reference cells were summed together into four different blocks consisting of higher or lower
frequency cells that were either ahead or behind in time relative to the test cell as seen in
Figure 12.
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Figure 12: Visual representation of test cell (red) guard cells (blue) and reference cells (green)

The block with the largest value was then picked and normalised by the number of cells
in the block and multiplied by a threshold constant. This final threshold value was then
compared to the value of the test cell in order to determine if there was a signal present or
not. The value of the threshold multiplier was chosen as to give the desired alarm rate when
sending a signal consisting of pure noise through the detector. The detectors then output an
alarm rate of the given input and a binary matrix indicating for which indices in the time
frequency matrix there was a threshold breach. A second stage of the detector then takes
the binary matrix and detects signal presence based on the amount of threshold breaches
in a short time span. Examples of the signal before and after the detector is shown for a
number of waveforms used in Figure 13-17 with the left figure showing the spectrogram of
the signal with noise and the right the output from the detector showing the points in the
spectrum where a threshold breach occurred.

Figure 13: STFT algorithm and CFAR detector output at SNR =-10dB for a FMCW wave-
form
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Figure 14: QMFB algorithm and CFAR detector output at SNR =-10dB for a FMCW
waveform

Figure 15: STFT algorithm and CFAR detector output at SNR =-10dB for a P4 waveform

Figure 16: STFT algorithm and CFAR detector output at SNR =-10dB for a Costas sequence
with Nf = 40
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Figure 17: STFT algorithm and CFAR detector output at SNR =-10dB for a T4 waveform
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6 Results
This section contains the results from the simulations and an in depth look at the radar
properties of the different waveforms. Specifically this involves a comparison of their auto-
correlation function (ACF) both in the case of zero Doppler shift but also when subject to
large amounts of added Doppler. This is done both by looking at their respective ambigu-
ity functions and by simulating a Doppler shift before processing by a matched filter and
finding the breakpoints for when the waveform no longer performs to a given standard. For
the phase codes there was also some additional investigation into the effects of using longer
sequences and using coherent integration of multiple code periods.

6.1 Simulator results
The tables shows the alarm rate which is the rate that the waveforms exceeded the threshold
of the detector alongside the standard deviation of this measurement. Additionally it also
shows the percentage of time that there was significant signal presence as detection rate with
100 % indicating that there was a strong signal at all times, lower rate usually indicates that
the detection had smaller gaps in the signal rather than entire periods where the signal went
undetected. Lastly the tables shows the size of the intercept receiver FFT/WVD/SCD or
QMFB layer indicating how the time-frequency trade-off was best done for that signal (short
FFT gives high time resolution and low frequency resolution and vice versa).

The results from the STFT detector is shown in Table 1 and 2 and shows a clear difference
in performance for the different forms of pulse compression. Worst performance came from
the FMCW signal and the best performer by a large margin for the longer signal period were
the Costas-Barker and RO Frank codes. With a shorter signal period Polytime, Costas,
Zadoff-Chu and Golomb codes improved a lot if compared to the result when using a longer
signal period. The big increase in performance for the Costas coded signal indicates that for
better LPI performance at longer code periods one would need an even longer code than the
197 element code used. Addition of a Barker phase code to the Costas sequence drastically
improved the LPI properties, retaining a low alarm rate even for the longer signal period.
Another notable pattern is that for most signals and especially those whose LPI performance
improved, using a shorter signal resulted in a shorter FFT being better at distinguishing the
signal from the background noise. The modifications applied to the Frank code also notably
increased the performance of the code, particularly the random order variant proved to give
an extremely low alarm rate at the detector. For the best performing signals the resulting
alarm rate was at such a low level that the detector was unable to distinguish them from
noise resulting in a detection rate of 0.

The reason for this result is most likely due to how the detector separates the noise and
the signal from each other using a set of dynamically created test cells. The guard band is
usually adequate to prevent waveforms from affecting the reference cells, but this is hard to
avoid when the frequency of the waveform changes rapidly. In this case the detector cannot
identify the incoming waveform as it approximates any signal that changes frequency quickly

38



LPI waveforms for AESA radar Master thesis, June 17, 2020

and with sufficient bandwidth as noise and thus raises the detection threshold. As such the
fatser changing Costas and Zadoff-Chu codes quickly increased their LPI properties as they
were now interfering with the reference cells of the detector.

Modulation Alarm rate Standard
deviation

Detection
rate (%)

FFT size

FMCW 75.2 · 10−4 2.6 · 10−4 96.20 512
Frank 52.58 · 10−4 1.61 · 10−4 94.72 1024

P1 53.46 · 10−4 1.39 · 10−4 494.03 4096
P2 53.86 · 10−4 1.71 · 10−4 93.87 4096
P3 53.62 · 10−4 1.58 · 10−4 96.42 4096
P4 54.68 · 10−4 1.58 · 10−4 94.06 4096

Zadoff-Chu 45.02 · 10−4 2.81 · 10−4 90.05 512
Golomb 44.25 · 10−4 2.19 · 10−4 87.86 512

T3 55.00 · 10−4 1.98 · 10−4 95.27 2048
T4 52.27 · 10−4 1.82 · 10−4 94.84 2048

Costas 197 45.59 · 10−4 2.03 · 10−4 90.29 1024
Costas-Barker 197-13 5.81 · 10−4 1.12 · 10−4 0 512

RO Frank 1.59 · 10−4 0.49 · 10−4 0 2048
FH Frank 38.62 · 10−4 1.80 · 10−4 84.91 1024
OOPC P3 55.22 · 10−4 2.25 · 10−4 94.85 512
OOPC P4 52.07 · 10−4 1.73 · 10−4 94.65 4096

Table 1: STFT detector results signal period 1 ms, CFAR 10−4
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Modulation Alarm rate Standard
deviation

Detection
rate (%)

FFT size

FMCW 65.95 · 10−4 3.01 · 10−4 95, 80 512
Frank 49.10 · 10−4 2.44 · 10−4 88.74 1024

P1 49.42 · 10−4 2.38 · 10−4 88.54 1024
P2 49.43 · 10−4 2.38 · 10−4 87.72 1024
P3 52.19 · 10−4 2.41 · 10−4 91.85 1024
P4 52.22 · 10−4 2.19 · 10−4 91.05 1024

Zadoff-Chu 8.27 · 10−4 1.38 · 10−4 0 256
Golomb 8.11 · 10−4 1.13 · 10−4 0 256

T3 29.57 · 10−4 2.42 · 10−4 39.24 1024
T4 25.95 · 10−4 2.15 · 10−4 22.91 1024

Costas 40 45.59 · 10−4 2.03 · 10−4 92.39 1024
Costas 197 4.06 · 10−4 0.93 · 10−4 0 256

Costas-Barker 197-13 1.08 · 10−4 0.42 · 10−4 0 1024
RO Frank 2.15 · 10−4 0.6 · 10−4 0 1024
FH Frank 25.2 · 10−4 1.9 · 10−4 18.74 512
OOPC P3 51.54 · 10−4 2.74 · 10−4 93.09 512
OPPC P4 46.95 · 10−4 2.06 · 10−4 92.44 1024

Table 2: STFT detector results signal period 0.2 ms, CFAR 10−4
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The results from the QMFB detector, shown in Table 3 and 4, show strong similarities
with the STFT detector although it has lower alarm rates. There is also a larger difference
between short and long code periods with the shorter periods giving a lower alarm rate
than the longer ones. This indicates that the signal rate of change for the shorter signal is
close to the point where they begin to interfere heavily with the detectors background noise
estimator but still remain detectable by the system.

Modulation Alarm rate Standard
deviation

Detection
rate (%)

Layer

FMCW 28.43 · 10−4 0.84 · 10−4 88.06 7
Frank 22.85 · 10−4 0.64 · 10−4 87.22 8

P1 23.39 · 10−4 0.71 · 10−4 86.21 8
P2 23.67 · 10−4 0.73 · 10−4 85.97 8
P3 23.10 · 10−4 0.64 · 10−4 86.49 8
P4 23.51 · 10−4 0.53 · 10−4 86.35 8

Zadoff-Chu 18.25 · 10−4 0.8 · 10−4 84.23 7
Golomb 18.17 · 10−4 0.93 · 10−4 82.28 7

T3 23.35 · 10−4 0.73 · 10−4 86.20 9
T4 21.60 · 10−4 0.67 · 10−4 86.46 9

Costas 197 17.82 · 10−4 0.78 · 10−4 83.22 8
Costas-Barker197-13 3.37 · 10−4 0.44 · 10−4 0.43 6

RO Frank 1.10 · 10−4 0.24 · 10−4 0 8
FH Frank 19.07 · 10−4 0.73 · 10−4 83.49 8
OOPC P3 23.64 · 10−4 0.91 · 10−4 85.79 7
OOPC P4 22.50 · 10−4 0.77 · 10−4 85.93 8

Table 3: QMFB detector result signal period 1 ms, CFAR 10−4
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Modulation Alarm rate Standard
deviation

Detection
rate (%)

Layer

FMCW 22.55 · 10−4 0.82 · 10−4 86.38 7
Frank 16.48 · 10−4 0.85 · 10−4 82.12 8

P1 16.15 · 10−4 0.83 · 10−4 79.57 8
P2 15.78 · 10−4 0.85 · 10−4 78.68 8
P3 18.32 · 10−4 0.69 · 10−4 86.23 8
P4 18.15 · 10−4 0.81 · 10−4 82.00 8

Zadoff-Chu 6.13 · 10−4 0.67 · 10−4 40.24 6
Golomb 6.15 · 10−4 0.62 · 10−4 31.80 6

T3 11.48 · 10−4 0.75 · 10−4 76.56 8
T4 7.98 · 10−4 0.67 · 10−4 66.23 8

Costas 40 17.72 · 10−4 0.84 · 10−4 88.89 7
Costas 197 2.19 · 10−4 0.78 · 10−4 0.26 6

Costas-Barker 197-13 0.98 · 10−4 0.28 · 10−4 0 5
RO Frank 1.35 · 10−4 0.27 · 10−4 0 7
FH Frank 11.27 · 10−4 0.97 · 10−4 74.65 7
OOPC P3 17.13 · 10−4 0.79 · 10−4 84.00 8
OPPC P4 17.01 · 10−4 0.80 · 10−4 83.73 8

Table 4: QMFB detector results signal period 0.2 ms, CFAR 10−4

Using the WVD to generate the spectrogram for the detector shown in Table 5 gave similar
results as the other spectrogram detectors with the exception that the Zadoff-Chu code
performed worse than in the previous simulations. The polytime codes maintained the lower
alarm rate seen in other simulations. Note that the WVD detector used an SNR of -7 dB
instead of -10 dB used by the other detectors. This is due to the fact that results at -10 dB
gave alarm rates at noise levels limiting the possible improvements the better codes might
have had compared to the worst performing ones. Additionally the vast amount of data
points in the WVD spectrogram resulted in the detection algorithm requiring the use of a
lower CFAR of 10−5.
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Modulation Alarm rate Standard
deviation

Detection
rate (%)

WVD size

FMCW 12.18 · 10−5 1.78 · 10−5 76.28 1024
Frank 5.62 · 10−5 1.20 · 10−5 46.72 1024

P1 5.78 · 10−5 1.43 · 10−5 48.47 1024
P2 5.30 · 10−5 0.87 · 10−5 46.37 1024
P3 5.85 · 10−5 0.69 · 10−5 47.91 1024
P4 5.86 · 10−5 1.09 · 10−5 50.26 1024

Zadoff-Chu 6.30 · 10−5 1.07 · 10−5 63.44 1024
Golomb 5.75 · 10−5 0.90 · 10−5 60.30 1024

T3 2.55 · 10−5 0.39 · 10−5 9.86 1024
T4 2.77 · 10−5 0.33 · 10−5 14.80 1024

Costas 40 8.81 · 10−5 1.43 · 10−5 27.39 1024
Costas 197 2.17 · 10−5 0.39 · 10−5 6.50 1024

Costas-Barker 197-13 1.17 · 10−5 0.29 · 10−5 0 512
RO Frank 1.44 · 10−5 0.33 · 10−5 3.32 1024
FH Frank 4.26 · 10−5 0.63 · 10−5 38.29 1024
OOPC P3 11.23 · 10−5 1.34 · 10−5 85.45 1024
OPPC P4 5.19 · 10−5 0.97 · 10−5 37.92 1024

Table 5: WVD detector results signal period 0.2 ms, CFAR 10−5

As in the case of the WVD the bilinear nature of the SCD based detector generated a
vast amount of data compared to the linear method preventing use of the longer codes
and integration times. The result as seen in Table 6 follow the same pattern of previous
detectors in that the faster frequency hopping and random order phase codes resulted in the
best performance while the linear FMCW had the highest alarm rate. Good performance is
obtained from the polytime codes as well as the orthogonal P4 code set with the remaining
phase codes ending up somewhat outperforming the FMCW.
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Modulation Alarm rate Standard
deviation

SCD size Detection rate (%)

FMCW 13.89 · 10−5 2.23 · 10−5 512 65.78
Frank 8.65 · 10−5 1.35 · 10−5 512 29.51

P1 8.42 · 10−5 1.4 · 10−5 512 29.02
P2 8.98 · 10−5 1.57 · 10−5 512 36.47
P3 8.86 · 10−5 1.79 · 10−5 512 30.49
P4 9.07 · 10−5 1.15 · 10−5 512 36.27

Zadoff-Chu 3.59 · 10−5 0.70 · 10−5 256 1.36
Golomb 3.54 · 10−5 1.04 · 10−5 256 2.91

T3 3.83 · 10−5 0.48 · 10−5 512 0.69
T4 4.69 · 10−5 0.99 · 10−5 512 6.67

Costas 40 9.29 · 10−5 1.81 · 10−5 512 35.69
Costas 197 2.67 · 10−5 0.67 · 10−5 256 0.73

Costas-Barker 197-13 1.28 · 10−5 0.31 · 10−5 128 0
RO Frank 1.32 · 10−5 0.48 · 10−5 256 0
FH Frank 6.66 · 10−5 1.5 · 10−5 512 16.08
OOPC P3 9.88 · 10−5 1.32 · 10−5 512 38.82
OOPC P4 7.53 · 10−5 1.21 · 10−5 512 19.31

Table 6: SCD detector results signal period 0.2 ms, CFAR 10−5
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6.2 Ambiguity results
The ambiguity properties of the chosen signals is shown in Table 7 for the 0.2 ms period
and in Table 8 for the 1 ms period. Additionally Figure 18-26 show the ACF, PACF and
ambiguity function for a few representative signals as most of the signals are not plotted
as they have a similar ambiguity function. The best performing pulse compression method
in this case is the polyphase codes as they have the lowest side lobes and the narrowest
main lobe. The poor performance of the Zadoff-Chu and Golomb codes comes from their
extremely high side lobes occurring at high delays as seen in Figure 25. When only looking
in proximity of the main lobe they perform similarly to the other polyphase codes. Another
property of the polyphase codes is that they all have a large ridge in the delay-Doppler
function resulting in a matched filter being matched to a line of values instead of a single
point. This is slightly different for the Zadoff-Chu and Golomb codes as their ridge is in
the form of a much slower pulse compared to the other phase codes (compare Figure 22 and
26). For the frequency hopping codes and randomised phase codes there notably is no such
ridge at all and they also exhibit the largest PSL which in the case of frequency hopping is
on par with an untapered FMCW waveform. The amplitude tapering filter at the receiver
resulted in a significant reduction in PSL but a small widening of the main lobe for the T4
and FMCW waveforms. For the modified Frank codes there is a notable increase in the side
lobe level compared to the normal variant but it still performs at the level of the FMCW
waveform. Also note the fact that the RO Frank retains a perfect PACF due to the way the
phase order has been changed while the FH Frank loses the perfect PACF when the firing
order changes from the stepped chirp to a random order.
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Modulation Main lobe width (ns) PSL (dB)
FMCW 40 −13

Tapered FMCW 44 −32
Frank 30 −43

P1 26 −43
P2 30 −43
P3 30 −39
P4 30 −39

Zadoff-Chu 30 −16
Golomb 30 −16

T3 13 −15
T4 30 −15

Tapered T4 34 −25
Costas 40 42 −13
Costas 197 42 −13

Costas-Barker 197-13 23 −28
RO Frank 51 −26
FH Frank 26 −30
OPPC P3 35 −24
OPPC P4 32 −17

Table 7: ACF properties of the signals with period 0.2 ms

46



LPI waveforms for AESA radar Master thesis, June 17, 2020

Modulation Main lobe width (ns) PSL (dB)
FMCW 43 −13

Tapered FMCW 53 −31
Frank 25 −50

P1 26 −50
P2 26 −50
P3 25 −46
P4 26 −46

Zadoff-Chu 26 −16
Golomb 26 −16

T3 15 −15
T4 26 −15

Tapered T4 34 −29
Costas 197 42 −13

Costas-Barker 197-13 33 −16
RO Frank 30 −33
FH Frank 29 −38
OPPC P3 33 −24
OPPC P4 24 −17

Table 8: ACF properties of the signals with period 1 ms
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Figure 18: ACF and PACF for unweighted FMCW waveform
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Figure 19: Ambiguity function for unweighted FMCW waveformd

0 20 40 60 80

 / t
b

-50

0

A
u
to

c
o
rr

e
la

ti
o
n
 [
d
B

]

0 20 40 60 80

 / t
b

-50

0

P
e
ri
o
d
ic

 A
u
to

c
o
rr

e
la

ti
o
n
 [
d
B

]

Figure 20: ACF and PACF for amplitude tapered FMCW waveform
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Figure 21: ACF and PACF for Frank coded signal

Figure 22: Ambiguity function for Frank coded signal

0 50 100 150 200 250 300 350

 / tb

-60

-40

-20

0

A
u
to

c
o
rr

e
la

ti
o
n
 [
d
B

]

0 50 100 150 200 250 300 350

 / tb

-60

-40

-20

0

P
e
ri
o
d
ic

 A
u
to

c
o
rr

e
la

ti
o
n
 [
d
B

]

Figure 23: ACF and PACF for a Costas coded signal
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Figure 25: ACF and PACF for a Zadoff-Chu coded signal

Figure 24: Ambiguity function for a Costas coded signal
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Figure 26: Ambiguity function for a Zadoff-Chu coded signal

A further analysis of the Doppler tolerance of the signals used is shown in table 9 and 10.
The performance of the codes is based on the points at which the resolution of the codes is
halved (resolution loss Doppler), side lobes crossing the -10 dB mark (high PSL Doppler)
and the point at which the main lobe can no longer be identified (maximum Doppler). In
the cases where these threshold were not encountered the field has been left blank. Of note
is the poor performance of the Zadoff-Chu and Golomb codes as they quickly suffer due to
their high delay side lobes becoming as large or larger than the main lobe. Then, as expected
from the ambiguity properties of the signals, the random and frequency hopping codes drop
in performance. Notably most phase codes and in particular the polytime code proved to
be highly resilient to Doppler shift with the FMCW being almost completely unaffected by
the effects of Doppler shifts. As a reference, if a 10 GHz carrier frequency is used, 1 kHz
Doppler equates to a relative radial velocity of about 15 m/s.
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Modulation Resolution
loss Doppler
(Hz)

High PSL
Doppler (Hz)

Maximum
Doppler (Hz)

FMCW 5.5 · 106
tapered FMCW 5.5 · 106

Frank 6 · 106 2.1 · 106 4.4 · 106
P1 5 · 106 2 · 106 4.4 · 106
P2 5 · 106 2.7 · 106 6 · 106
P3 6 · 106 2 · 106 4.4 · 106
P4 6 · 106 2.7 · 106 6 · 106

Zadoff-Chu 0 3 · 103
Golomb 0 3 · 103

T3 106 107

T4 5.5 · 106 107

Tapered T4 6 · 106 107

Costas 197 900 105 2.6 · 105
Costas-Barker 197-13 800 5 · 103 2.5 · 105

RO Frank 1.9 · 103 1.8 · 103 2 · 103
FH Frank 800 5 · 103 105

OOPC P3 5 · 103 2 · 106
OOPC P4 6 · 106 8 · 106

Table 9: Doppler tolerance of waveforms with signal period 1 ms
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Modulation Resolution
loss Doppler
(Hz)

High PSL
Doppler (Hz)

Maximum
Doppler (Hz)

FMCW 5.5 · 106
tapered FMCW 5.5 · 106

Frank 6 · 104 8 · 104 4 · 106
P1 4 · 106 2.5 · 106 6.5 · 106
P2 5 · 106 106 6.5 · 106
P3 5 · 106 2 · 106 4.2 · 106
P4 5 · 106 2.7 · 106 6.3 · 106

Zadoff-Chu 0 3 · 103
Golomb 0 3 · 103

T3 6.5 · 104
T4 6 · 106

Tapered T4 6 · 106
Costas 197 4 · 103 7.5 · 103 3 · 105

Costas-Barker 197-13 5.1 · 103 6 · 103
RO Frank 3.8 · 103 9 · 103
FH Frank 3.5 · 103 2.5 · 103 3 · 105
OOPC P3 2.3 · 103 2 · 106
OOPC P4 6 · 103 6 · 106

Table 10: Doppler tolerance of waveforms with signal period 0.2 ms
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6.3 Phase code requirements
For phase coded signals, Table 11 shows that use of longer codes improves both resolution
and PSL for the polyphase codes with the exception of the Zadoff-Chu code that still ends up
suffering from high PSL at large delay values. Integrating multiple code periods coherently
also resulted in a reduction in PSL compred to only using one period in the receiver. This is
most notable in the Zadoff-Chu code where an increase in the number of code periods in the
receiver significantly impacts the magnitude of the high delay side lobes. However the width
of the main lobe is only dependant on the bit duration meaning that in order to improve
resolution one must either use a shorter code length which lower the unambiguous range of
the system or increase the number of code elements. For the polytime codes, increasing the
number of periods in the receiver had no notable effect on PSL. Increasing the number of
phase states did not affect the main lobe width and a limit in PSL reduction was quickly
encountered. Table 12 further shows that an increase in the number of phase states does not
result in a significant change in LPI properties for the QMFB detector.
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Modulation Phase
states

Minimum
phase incre-
ment (rad)

Code peri-
ods in re-
ceiver

Main
lobe
width
(ns)

PSL (dB)

Frank 1936 0.143 1 30 −43
Frank 1936 0.143 4 26 −54
Frank 64 0.785 1 890 −28
Frank 64 0.785 4 880 −40
Frank 1024 0.196 1 53 −40
Frank 1024 0.196 4 53 −52

P1 1936 0.143 1 26 −50
P1 1936 0.143 4 26 −54
P1 64 0.785 1 950 −27
P1 64 0.785 4 950 −41
P1 1024 0.196 1 53 −40
P1 1024 0.196 4 53 −52
P4 2000 0.0016 1 30 −39
P4 2000 0.0016 4 26 −51
P4 64 0.0491 1 960 −24
P4 64 0.0491 4 960 −36
P4 1024 0.0031 1 53 −36
P4 1024 0.0031 4 53 −48

Zadoff-Chu 2000 0.0141 1 26 −10
Zadoff-Chu 2000 0.0141 4 26 −22
Zadoff-Chu 64 0.4418 1 920 −14
Zadoff-Chu 64 0.4418 4 920 −28
Zadoff-Chu 1024 0.0276 1 53 −10
Zadoff-Chu 1024 0.0276 4 53 −22

T4 (tapered) 8 0.785 1 34 −18
T4 (tapered) 8 0.785 4 34 −18
T4 (tapered) 32 0.196 1 34 −25
T4 (tapered) 32 0.196 4 34 −25
T4 (tapered) 44 0.143 1 34 −26
T4 (tapered) 44 0.143 4 34 −26

Table 11: Performance for phase codes with different number of phase states
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Phase states Alarm rate Standard deviation Detection rate (%)
8 6.40 · 10−4 0.60 · 10−4 38.92
16 7.44 · 10−4 0.64 · 10−4 56.64
32 7.79 · 10−4 0.62 · 10−4 62.38
44 7.99 · 10−4 0.68 · 10−4 62.63
64 7.87 · 10−4 0.70 · 10−4 62.70

Table 12: QMFB detector results for T4 code with different number of phase states
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7 Discussion
Based on the result from the simulators one can determine that a faster change of signal
properties in the time frequency domain makes the signal harder to detect. Another thing
that was seen is that the standard FMCW signal did not perform as well as the other pulse
compression techniques tested nor did it have the best ambiguity properties. From a radar
perspective the polyphase codes performed the best as they were able to provide both a
narrow main lobe and low side lobes. They also have the property that an increase in the
number of code elements improved both range and side lobe suppression. One thing to note
is that increasing the number of phase states also puts a higher demand on the hardware
being utilised as it will need to be able to make finer and faster changes to the signal phase
in order to generate the signal. For frequency hopping a similar problem appears where the
resolution does not only depend on bandwidth but also the length of each sub frequency.
This becomes more problematic the higher the demands on the signal becomes as the task
of finding higher order Costas arrays becomes more complex and without sufficiently long
sequences there will be trade-offs in range versus resolution. However from an LPI perspective
there is an increased requirement of changing sub frequency at a high pace, causing further
demands on long sequences. Applying a binary Barker sequence seems to solve most of these
issues as the phase codes increases the rate of change for the same number of sub frequencies.

The best performing codes from an LPI perspective were the polytime codes, the Zadoff-
Chu and Golomb codes, frequency hopping and random order Frank codes. The common
denominator for all these codes is a fast change in the transmitted frequency with regards
to the sampling time. This then prevents the detector in question from making a correct
estimate of the noise level and instead ends up using the signal in the noise estimate. While
these codes performed well from an LPI standpoint their radar properties where worse than
the other options due to larger side lobes on par with an untapered FMCW. In the case of
the T4 code it was possible to apply amplitude tapering in a similar manner to FMCW in
order to combat this but in particular the Zadoff-Chu and Golomb code has a problem with
long range side lobes. As the Zadoff-Chu code is a perfect code (no PACF side lobes) the
radar performance increases with a longer matched filter and a longer code sequence would
move these high side lobes further out increasing range. Both of these methods have their
drawback in a longer integration time, and thus slower updates or a longer code which has
shown worse LPI performance. However this issue disappears if the dwell time is longer
than the coherent processing length as this can be treated as the infinite illumination case in
which the perfect code do not have side lobes. Such a scenario would be more probable in a
track mode scenario rather than a search mode where the main beam has to sweep a larger
area. Track mode with emitter power management could ideally lead to effectively infinite
illumination with the return signal having constant amplitude which would be the perfect
scenario for a phase coded signal.

Looking at the result of Doppler shift also indicates a difference in performance and separates
the techniques into two different categories, those with a delay-Doppler ridge and those
without. For the pulse containing such a ridge additional processing will need to be done after
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the matched filter in order to determine where on the specific delay-Doppler line the target
is located but only requires one matched filter in order to detect the incoming signal. The
benefit of this is that there is no risk of missing a target due to the filter being mismatched to
the target Doppler. If there is no ridge then such processing is not necessary as the matched
filter output will be unambiguous but these instead require filters that are matched for all
relevant Doppler shifts instead of just one per delay-Doppler line. This then makes these
types of code less suited for applications where targets moving at high speeds are concerned
as all resolution will be lost and the return suffers from significant mismatch loss unless a
more complex receiver is used. It is also worth noting that by increasing the number of
code periods in the receiver matched filter the ambiguity function will become attenuated
at all points except multiples of 1

T
removing the ridge structure in the phase codes. This

then means that such an approach should not be used against fast target as there is a much
higher risk of problems due to Doppler mismatch in comparison to the PSL gain from longer
integration.

One consideration that is more difficult to include in a metric is the possibility of the hostile
intercept receiver having access to a matched filter. This would invalidate any form of LPI
analysis since there is always a higher SNR at the interceptor and with a matched filter
there would not be any processing gain advantage. One way in which to consider this is
the possibility of the utilised waveform being identified at an earlier time by hostile ELINT.
Another way to counter hostile matched filter synthesis is by varying the emitted waveform
in an unpredictable way.

58



LPI waveforms for AESA radar Master thesis, June 17, 2020

8 Conclusions
Several pulse compression techniques were tested for their LPI performance against GO-
CFAR detectors based on the STFT, WVD, QMFB, and SCD analysis techniques. The
best performing signals were the phase coded signals with the Zadoff-Chu and random order
Frank being the most noteworthy, while the worst preforming waveform was the reference
FMCW. Comparing longer and shorter versions of the same waveform revealed that a shorter
waveform was harder to detect and this is assumed to be due to a faster change of instanta-
neous frequency making the signal harder to contain effectively in the time frequency tiles
used for analysis. Analysis of the radar properties of the signals resulted in the phase coded
waveforms having the lowest side lobes as well as a narrow main lobe without the need for
amplitude tapering on receive. Also the Zadoff-Chu code was revealed to have a significant
problem with large side lobes at high delays reducing the effective range of the radar. A
solution for this exist in the coherent integration of several periods but that introduces re-
quirements on the ability to perform coherent integration over several code periods. Phase
codes additionally requires the transmitter to be able to generate the discrete phase incre-
ments accurately and a large number of phase states is required in order for the system to
have adequate performance. Polytime codes exists as an alternative that can be used with
fewer phases while maintaining the necessary range resolution but with the downside that
side lobes will suffer even with tapering.

Additionally a method of LPI beamforming was investigated and extended in order to allow
for use of the same antenna array on both transmit and receive as well as include amplitude
tapering of the array elements. The result is promising but introduces requirement on
integration times and system memory that may cause problems in some applications and in
particular when implemented alongside pulse compression as this also increases integration
times. Integration into current systems should not be problematic as all that is required
is an added phase shift which an AESA radar is already capable of performing. There is
potential for future optimisation of the beamforming process in order to minimise the peak
emissions of the array which can be done by numerical optimisation. It is also possible to
investigate other methods than the quadratic distribution used for the added phase shifts.

A final conclusion to be drawn from the results achieved so far is that any successful method
to reduce the probability of detection must be able to rapidly distribute the signal energy
over a large bandwidth. This is something that can be achieved in multiple different ways
but in exchange for longer time spent processing the return signal. As such LPI system
will inevitably react slower than their non LPI counterparts that can instantly display the
signal return. One must then make a decision on how much time to spend reducing enemy
detection probability and also decide if the required integration times will work in a given
operating environment.
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9 Future work
In order to continue the work on determining the LPI properties of the various forms of
pulse compression presented in this work a first step is to use different detectors than the
ones presented. As LPI is only able to be measured by a system of both a transmitter and
interceptor varying either will change the outcome and as such a different detector setup
might return different LPI performance for the signals. A further step would be to include
pulse signals with different duty cycles while retaining the same energy per cycle in order
to investigate how much this detracts from the LPI properties and if there is an optimal
duty cycle for the different modulation. Note that this requires a detector structure that
gives comparable output for pulsed and CW signals. For a final verdict to passed on these
signals however, one would need to use them in a real world test against an operational
intercept receiver and from that determine which, if any on the waveforms work and how
well. One could also extend the testing to a scenario with non LPI signals present in the
simulation in order to investigate if a different noise environment changes the outcome. Lastly
the determination of the radar properties has so far been done under ideal transmission
conditions with only signal and any added Doppler and no additional scatterers causing self
interference. As such a next step in determining the viability of some of the waveform is to
get a measure of their performance under more realistic condition that include such effects
in order to determine their sensitivity to such effects.

For the beamforming there is much to be done with respect to real world considerations
regarding moving targets and receiver thermal noise. As the beamforming relies on adding
together data from a number of pulses transmitted over a long time there is an issue with
moving targets getting smeared over multiple range bins and thus not showing up clearly.
The extent of this limitation is yet to be fully investigated and work can be put into defining
how many scan patterns can be used for certain ranges and potential velocities. It is also
conceivable to implement some form of post-processing to deal with moving targets and
potentially reduce its impact on the final result. Another issue that appears is the potential
for the method to interact poorly with the thermal noise in the receiver resulting in a higher
noise floor than traditional beamforming. This potential drawback has yet to be properly
investigated and will need to be done as a higher noise floor and thus lower output SNR
would invalidate the method. Another task to be done would be to implement the system
in a more realistic simulator or better yet a physical system to test the theory in practice.
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A Beamforming matrices
This appendix contains the list of all matrices that are used in the beamforming section,
note that in the case when a matrix can have multiple sizes only one of them will be shown
(e.g. the B matrices can be both N ×N and (2N − 1)× (2N − 1)).

A.1 1D array matrices
Note that for the two way patterns the B and W matrices are (2N − 1)× (2N − 1) matrices
and thus the final indices are 2N-2 instead of N-1 but are otherwise the same as their one
way variant

A =


1 1 1 1

ejα1 ej(α1+γ) ej(α1+2γ) . . . ej(α1+(N−1)γ)

ejα2 ej(α2+γ) ej(α2+4γ) . . . ej(α2+2(N−1)γ)

... . . . ...
ejαN−1 ej(αN−1+(N−1)γ) ej(αN−1+2(N−1)γ) . . . ej(αN−1+(N−1)(N−1)γ)

 (A.1)

B =


1 1 1 1
1 ejγ ej2γ . . . ej(N−1)γ

1 ej2γ ej4γ . . . ej2(N−1)γ

... . . . ...
1 ej(N−1)γ ej2(N−1)γ . . . ej(N−1)(N−1)γ

 (A.2)

W =


w0,0 w1,0 w2,0 wN−1,0

w0,1 w1,1 w2,1 . . . wN−1,1

w0,2 w1,2 w2,2
. . . wN−1,2

... . . . ...
w0,N−1 w1,N−1 w2,N−1 wN−1,N−1

 (A.3)

T

X
=



T0

X0

T0

X0

T0

X0

T0

X0
T1

X1

T1ejγ

X1

T1ej2γ

X1
. . . T1e(2N−2)γ

X1
T2

X2

T2ejγ

X2

T2ej2γ

X2
. . . T2e(2N−2)γ

X2... . . . ...
T2N−2

X2N−2

T2N−2e
jγ

X2N−2

T2N−2e
j2γ

X2N−2
. . . T2N−2e

(2N−2)γ

X2N−2

 (A.4)
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A.2 2D array matrices

A =



ejα0,0 ejα0,0 ejα0,0 ejα0,0

ejα0,1 ej(α0,1+γm) ej(α0,1+2γm) . . . ej(α0,0+(N−1)γm)

ejα0,2 ej(α0,2+2γm) ej(α0,2+4γm) ej(α0,2+2(N−1)γm)

... ...
ejα0,N−1 ej(α0,N−1+(N−1)γm) ej(α0,N−1+2(N−1)γm . . . ej(α0,N−1+(N−1)(N−1)γm

ejα1,0 ej(α1,0+γn) ej/(α1,0+2γn) . . . ej(α1,0+(N−1)γn)

ejα1,1 ej(α1,1+γm+γn) ej(α1,1+2(γm+γn)) . . . ej(α1,1+(N−1)(γm+γn)

... ...
ejαN−1,N−1 ej(αN−1,N−1+(N−1)(γm+γn)) ej(αN−1,N−1+2(N−1)(γm+γn) . . . ej(αN−1,N−1+(N−1)2(γm+γn))


(A.5)

B =



1 1 1 1
1 ejγm ej2γm . . . ej(N−1)γm

1 ej2γm ej4γm e2j(N−1)γm

... ...
1 ej(N−1)γm ej2(N−1)γm ej(N−1)2γm

1 ejγn ej2γn . . . ej(N−1)γn

1 ej(γm+γn) ej2(γm+γn) . . . ej(N−1)(γm+γn)

... ...
1 ej(N−1)(γm+γn) ej2(N−1)(γm+γn) . . . ej(N−1)2(γm+γn)


(A.6)
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T

X
=



T0

X0

T0

X0

T0

X0

T0

X0

T1

X1

T1

X1
ejγm T1

X1
ej2γm . . . T1

X1
ej(2N−2)γm

T2

X2

T2

X2
ej2γm T2

X2
ej4γm T2

X2
e2j(2N−2)γm

... ...

T2N−2

X2N−2

T2N−2

X2N−2
ej(2N−2)γm T2N−2

X2N−2
ej2(2N−2)γm T2N−2

X2N−2
ej(2N−2)2γm

T2N−1

X2N−1

T2N−1

X2N−1
ejγn T2N−1

X2N−1
ej2γn . . . T2N−1

X2N−1
ej(2N−2)γn

T2N

X2N

T2N

X2N
ej(γm+γn) T2N

X2N
ej2(γm+γn) T2N

X2N
ej(2N−2)(γm+γn)

... ...

T(2N−2)2

X(2N−2)2

T(2N−2)2

X(2N−2)2
ej(2N−2)(γm+γn)

T(2N−2)2

X(2N−2)2
ej2(2N−2)(γm+γn) . . .

T(2N−2)2

X(2N−2)2
ej(2N−2)2(γm+γn)


(A.7)
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