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Abstract

CFD Simulations of Flow Characteristics of a Piano
Key Weir Spillway

William Sjösten, Victor Vadling

Comprehensive rehabilitation projects of dam spillways are made in
Sweden, due to stricter dam safety guidelines for their discharge
capacity. The Piano Key Weir (PKW) is an innovative design which
has proven effective through several renovation projects made in
many countries including France. In this study we investigate the
flow patterns around a prototype PKW, located in Escouloubre dam
in southern France, with numerical simulations through three
different flow cases in Ansys Fluent. A computational domain
containing the PKW is created in the CAD software Ansys SpaceClaim
for the simulations. Three polyhexcore meshes are further
generated using Ansys Fluent Meshing. The three flow cases are
then simulated with a Reynolds-averaged Navier-Stokes (RANS)
model, coupled with realizable k-epsilon and volume of fluid
models.
Through an assessment of the discretization error between three
meshes, a relative error of one percent is obtained for the
discharge rate. The numerical results are qualitatively compared
with results from previously conducted physical experiments on
this PKW. The RANS model does not capture the water surface
undulations (due to turbulence) around the PKW. The effects from
under modelled surface undulations are alleviated by inserting an
air vent to the PKW, which results in a flow behaviour in good
agreement with the physical experiments. Through this alteration,
water discharge rates are computed with a maximum discrepancy of
five percent compared with the corresponding experimental values.
A large eddy simulation should be conducted in the future, to
bring further light on air exchange and water interaction
phenomena present in the PKW flow pattern.
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P O P U L Ä RV E T E N S K A P L I G S A M M A N FAT T N I N G

Vattenkraft är och har historiskt varit en viktig källa för utvinning av
förnybar energi. Den största utbyggnationen av vattenkraft skedde
efter andra världskriget, i samband med utvecklade beräknings- och
konstruktionsmetoder. Efter 1970-talet har utbyggnationen av vatten-
kraft i Sverige drastiskt minskat.

Höjda säkerhetskriterier för den i anslutning belägna dammen till
vattenkraftverk har satt igång undersökningar av befintliga dammars
kapacitet för att avbörda det uppdämda vattnet. Från statistik fram-
ställd hos Vattenfall har det konstaterats att de nya kraven för avbörd-
ningskapacitet typiskt ligger mellan 20-50 % högre än vad de befintli-
ga har dimensionerats för. I dagsläget bedrivs därför ett omfattande
renoveringsprojekt av befintliga dammar i Sverige, för att säkerställa
att dammarna uppfyller de uppsatta säkerhetskraven. Dessa renove-
ringar kräver ofta att delar av dammen behöver omkonstrueras för
en ny utskovsutformning. Detta för med sig stora kostnader. För att
minska dessa kostnader krävs nya innovativa idéer.

En relativt ny design är Piano Key Weir (PKW), vilken har fått sitt
namn från sitt karaktäristiska utseende; sett från ovan ser den ut som
svarta och vita tangenter, i en pianokonfiguration. Idén bakom denna
design är att öka den effektiva tröskellängden hos dammutskovet där
vatten kan flöda ut från dammen. Detta görs genom att vika utskovets
tröskel i ett alternerande dragspelsliknande mönster.

PKWn har visat det möjligt att öka avbördningskapaciteten hos
ett utskov med upp till fyra gånger jämfört med en traditionell ut-
skovsutformning, för en bestämd bredd och vattennivå. Den har även
använts vid flera lyckade renoveringsprojekt i exempelvis Frankrike,
men ännu inte i Sverige. Dessa lyckade renoveringsprojekt har gjort
att man vill börja undersöka denna design även i Sverige. Samtidigt
blir det allt mer vanligt att numeriska beräkningsmetoder används i
samband med dessa renoveringsprojekt.

I denna studie undersöker vi därför flödesmönstret kring en PKW
kvalitativt med numeriska metoder tillgängliga i programvaran An-
sys Fluent. Utifrån resultaten från dessa simuleringar görs sedan jäm-
förelser med experimentella resultat som tidigare har utförts för en
PKW-prototyp, byggd och testad vid en damm i Escouloubre, Frankri-
ke. Dessa jämförelser görs för att se hur väl de numeriska resultaten
överensstämmer med verkligheten. Tre olika vattennivåer i dammen
undersöks.

Det första steget som vi genomför i beräkningsprocessen är att
skapa en geometri i ett ritprogram bestående av PKWn och en del av
Escouloubre damm. Därefter delas geometrin in i många små delvoly-
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mer. Detta krävs för att kunna lösa problemet numeriskt, då en ap-
proximativ lösning tas fram för varje delvolym med den numeriska
metoden. En matematisk modell sätts därefter upp, som sedan ger en
approximativ lösning till vattenflödet i dammen och kring PKWn.

De första simuleringarna i denna studie ger ett inneslutet område
mellan vattenstrålen och PKW-strukturen som har ett stort under-
tryck. Detta leder till att vattenstrålen efter ett tag sugs in mot PKWn
och börjar således flöda längs dess väggar. Detta är något som inte
kunde observeras i de fysikaliska experimenten, vilket tyder på att
luftutbytet mellan det inneslutna området och den omgivande luften
utanför vattenstrålen inte modelleras korrekt i den numeriska mod-
ellen. Därför väljer vi att introducera ett luftintag i PKW-strukturen
vid det inneslutna området mellan vattenstrålen och PKWn. Detta
leder till en förändring av vattenstrålens flödesbeteende, då den fort-
sätter flöda ut från PKWn och får således ett beteende som bättre
stämmer överens med de fysikaliska experimenten.

De slutliga numeriska resultaten, som genomförs på PKWn efter
att luftintaget har införts, visar att en ökad vattennivå i dammen
ger ett ökat utflöde av vatten, som förväntat. Dessutom ger en ökad
vattennivå en större tjocklek på vattenstrålen som även skjuter iväg
längre ut från PKWn. Det ger även ett större undertryck i det innes-
lutna området mellan vattenstrålen och PKWn, vilket i sin tur ger
ett ökat luftinflöde från luftintaget. Detta tyder på att vattensstrålen
kring PKWn är mer sluten samt för med sig mer vatten nedströms vid
högre vattennivåer. Slutligen kan det observeras att en ökad mängd
vatten som flödade ut från PKWns sidokrön ger ett flödesbeteende
där vattnet interagerade i högre grad. Detta verkar ge en bromsande
effekt på vattenavbördningen, då PKWn är mindre effektiv för högre
vattenutflöden.

Trots att den numeriska metoden som används i detta arbete ger
relativt bra överensstämmelse med de fysikaliska experimenten vad
gäller avbördningsförmåga samt visuell jämförelse av flödesmönstret,
så klarar modellen inte helt av att fånga vattenstrålens komplexa
rörelsemönster som uppstår på grund av turbulens. Det finns mer
sofistikerade, men dock även beräkningstunga, modeller som mer ko-
rrekt kan modellera denna turbulens och kan således ge resultat som
bättre stämmer överens med det verkliga flödet. Ett projekt för en
framtida studie med bättre beräkningsresurser skulle kunna använda
en sådan modell för att simulera flödet kring en PKW och på så sätt
ge en bättre inblick i det komplexa flödesmönstret som uppstår.
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ṁqf Mass transfer per unit volume from phase q to f [kgm−3s−1]

Γ Blending function [−]

Γφ Diffusion coefficient of a scalar variable φ [arb. unit]

κ Kármán’s constant [−]

µ Dynamic viscosity [kgm−1s−1]

µt Turbulent/Eddy viscosity [kgm−1s−1]

µv Bulk viscosity [kgm−1s−1]

ν Kinematic viscosity [m2s−1]

φ General scalar variable [arb. unit]

Πij Momentum flux tensor [Pa]

ρ Density [kgm−3]

ρw Water density [kgm−3]

σε Model constant in the k-ε models [−]

σk Model constant in the k-ε models [−]

ε Turbulent dissipation rate [m2s−3]

a Model constant [−]

B Total up- and downstream length of a Piano Key Weir [m]

b Model constant [−]

Bb Base length of a Piano Key Weir [m]

Bi Downstream overhang crest length of a Piano Key Weir [m]

xi



xii Nomenclature

Bo Upstream overhang crest length of a Piano Key Weir [m]

C Model constant [−]

C1 Model constant in the realizable k-ε model [−]

C2 Model constant in the realizable k-ε model [−]

Cµ Model constant in the realizable k-ε model [−]

Cd Discharge coefficient [−]

C1ε Model constant in the realizable k-ε model [−]

C3ε Degree to which the turbulent dissipation rate (ε) is affected
by the buoyancy [−]

ea Approximate relative error [−]

eext Extrapolated relative error [−]

F
(ext)
i External body force (ith component) [Nm−3]

g Gravitational acceleration [ms−2]

Gb Generation of turbulence due to buoyancy [kgm−1s−3]

Gk Generation of turbulence kinetic energy due to mean velocity
gradients [kgm−1s−3]

H Total upstream water head relative to the dam weir crest [m]

h Cell size in a mesh [m]

k Turbulent kinetic energy [m2s−2]

L Total length along the overflow axis of a Piano Key Weir [m]

Lu Total length along the overflow axis of a Piano Key Weir unit
[m]

N Number of phases [−]

p Static pressure [Pa]

Pi Height of Piano Key Weir inlet entrance [m]

Po Height of Piano Key Weir outlet entrance [m]

patm Atmospheric pressure [Pa]

Q Discharge [m3s−1]

q Specific discharge [m2s−1]

r Refinement factor [−]



Nomenclature xiii

S Modulus of the mean rate-of-strain tensor [s−1]

Sφ Source term of a scalar variable φ [arb. unit]

Sε Source term in k-ε model [kgm−1s−4]

Sk Source term in k-ε model [kgm−1s−3]

Sαf Source term in the Volume Fraction equations [kgm−3s−1]

Ts Piano Key Weir sidewall thickness [m]

u+ Dimensionless velocity [−]

uτ Friction velocity [ms−1]

ui Velocity component i [ms−1]

VC Cell volume of a cell C [m3]

W Total Piano Key Weir width [m]

Wi Width of Piano Key Weir inlet [m]

Wo Width of Piano Key Weir outlet [m]

Wu Width of a Piano Key Weir unit [m]

y+ Wall normal distance [−]

YM Source term that arises from the fluctuating dilatation in com-
pressible turbulence to the overall dissipation rate in the real-
izable k-ε model [kgm−1s−3]

z Vertical distance from water surface [m]





1
I N T R O D U C T I O N

1.1 historic view of dams in sweden

Sweden was early in realizing the potential of water, both as a source
of power but also as a means for transportation. This brought on
efforts to try and control the water flow and the first dams in Sweden
were built in the middle ages. As construction material was more
limited during that time, dams were built with what was commonly
accessible in the nearby regions. The first dams thus often broke. This
resulted in new acquired knowledge on how the construction of these
dams could be improved. [1]

Figure 1: Annual energy addition from hydropower in Sweden. Source: [2].

Not all dams did however collapse, and dams played an important
role for the transition to the industrial society during the 19th century
[1].

Large technical advancements of machines and vehicles happened
during World War II, which had a large impact on dam construc-
tions. The hydropower development in Sweden increased substan-
tially at this time, as may be seen in Figure 1, and reached its peak
around 1950-1960. A developed theory as well as improved compu-
tational and construction methods further lead to dam constructions
that could be built larger. [1, 2]

After the 1970s, the number of new constructions in Sweden have
decreased. This affected the hydraulic laboratories at Chalmers Uni-
versity of Technology and KTH Royal Institute of Technology, which
had to be successively closed. Today there exists only one hydraulic
laboratory in Sweden, which is run by Vattenfall AB and is located in
Älvkarleby. This hydraulic laboratory is used in an extensive ongoing
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2 introduction

work to restore old and unsafe dams, much because of new stricter
safety guidelines (RIDAS 2019). [1, 2]

1.2 introduction to dams

Dam constructions are used to control water, usually by enclosing it
in a reservoir. There exist about 1000 dams in Sweden with a dam
height above five meters or with a reservoir volume larger than 100

000 m3. About 90 percent of these dams consist of hydropower and
regulatory dams, which are different in terms of their applications.
[1]

A dam used for hydropower has as its main task to create a drop
height for the water, such that the stored potential energy can be used
to extract electricity. A regulatory dam on the other hand is used to
control the outflow of water and thus regulate the discharge. Com-
mon to all different dam types is that they have three important func-
tions. These functions are a damming, discharging and controlling
function. [1]

The discharging function of a dam includes the parts which may
be used to release water in a controlled manner. The part where the
water is lead out from the dam is called a spillway. The spillway can
be designed such that the discharge is either actively or passively reg-
ulated. An actively regulated discharge is often accomplished with a
floodgate. A passive regulation is instead accomplished by designing
the spillway such that the water starts to discharge when the water
level reaches a certain threshold. [1]

The discharging function is a vital part of a dam and has a known
cause of failure connected to it. When there are high floods upstream
of the spillway, it is crucial that the discharging capacity of the dam
is sufficiently high. This is to ensure that the water level does not
rise above the maximum level which the dam is constructed for. As
the consequences may be catastrophic for larger dams, stricter safety
requirements have been imposed on dams and especially on the dis-
charge capacity. The new requirements specify that a dam should be
able to discharge and maintain the model discharge without risking
structural instability or failure. The increased model discharge has led
to that only a few of the existing dams fulfil the discharge require-
ments. For instance, statistics have shown that the new model dis-
charge is now typically 20-50 percent higher than the existing dams
discharge capacity in Sweden. [1, 2]

The outflow of water is in particular dependent on the overflow
threshold length (L) for a free-overflow spillway, as illustrated for
a standard ogee-crest spillway (with overflow threshold length (L)
equal to the spillway width (W)) in Figure 2b. It depends further on
the upstream water head (H) over the threshold (see Figure 2a) and
the flow conditions over the spillway. The flow conditions differ heav-



1.3 labyrinth weirs 3

ily between different spillways and their effect on the water discharge
is therefore hard to model. It is thus considered as a coefficient of
discharge, which may be experimentally determined in a hydraulic
laboratory. Through dimensional analysis, the water discharge has
been seen to increase linearly with the overflow threshold length (L)
and exponentiated with the upstream water head (H). The exponen-
tiated increase with upstream water head implies that the discharge
capacity is more limited at low water heads. [1]

(a) (b)

Figure 2: Illustrative drawings of an ogee-crest spillway from a (a) side view
and (b) front view.

A breakthrough in the design of passively regulated spillways has
happened in later years. This new design builds on folding the over-
flow threshold length, such that water can flow over a longer effective
length. By using this design, it has been possible to greatly increase
the discharge capacity given a fixed width (W).

1.3 labyrinth weirs

An advantage of the passively regulated, or free-overflow, spillways
is that they are simpler to construct than the actively regulated, or
gated ones, since they do not consist of any mechanical nor electrical
components. There is also a risk of jamming in gated spillways due
to mechanical or electrical failure or lack of operators. Furthermore,
the mechanical parts in a gated spillway may require considerable
maintenance. However, a drawback of the traditional free-overflow
spillways is that they have a low discharge capacity compared with
the gated ones. This means that the free-overflow spillways require
high spilling water depths to achieve a similar discharge as the gated
ones, which in turn implies a significant water storage loss in the
reservoir. [3, 4]

The weir of a free-overflow spillway can be classified as linear or
non-linear. Traditional linear weirs, e.g. sharp- or ogee-crested weirs,
are in general less hydraulically efficient than the non-linear ones. The
latter can increase the discharge capacity of the spillway by using a
larger total developed crest length within a fixed channel width. This
can be achieved by using a crest that is folded back and forth, creat-
ing repeating cycles and hence increasing the total crest length. The
increased discharge capacity allows the reservoir to function at higher
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water levels. Hence, the storage volume in the reservoir can be aug-
mented. Thus, the non-linear free-overflow spillways improve one of
the main drawbacks of the traditional linear free-overflow spillways,
i.e. the comparatively low discharge capacity. [5, 6]

(a) (b) (c)

Figure 3: Three different types of labyrinth weirs; (a) triangular, (b) trape-
zoidal and (c) rectangular.

One of the most common types of non-linear spillway weirs is
called labyrinth weir. The first reported study of this type of weir
is from 1941 in Italy by Gentilini. The labyrinth weirs have a high
discharge capacity at relatively low water heads (H), compared with
linear free-overflow weirs. [6]

There are many different possible configurations of the labyrinth
weirs. However, they are usually classified into three different main
types, namely rectangular, triangular and trapezoidal (see Figure 3)
[7]. The triangular and trapezoidal shapes are in general more effi-
cient than the rectangular, in terms of discharge per unit length [8,
9].

1.4 piano key weirs

The Piano Key Weir (PKW) is an innovative development of the tra-
ditional labyrinth weir. The construction resembles black and white
piano keys when viewed in plan, which explains its name. The first
study of a PKW began in 2003 and the first one was constructed in
2006 at Goulours dam in France. The PKW has been a quick develop-
ing innovation since then. Figure 4 shows a PKW system in Malarce
dam, located in southern France. [3, 10, 11]

The PKW possesses many of the advantageous characteristics as
the traditional labyrinth weirs; it is passively regulated which makes
it more reliable and requires less maintenance than gated spillways.
Furthermore, as a non-linear spillway it has a high discharge capacity
at comparatively low water heads compared with linear free-overflow
spillways. This makes it possible to augment the storage volume of
the reservoir while keeping the maximum water level constant.

The PKW also improves some unfavourable geometrical shapes in
the traditional labyrinth weirs. One of the main advantages is that
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(a) (b)

Figure 4: A PKW in Malarce dam in southern France. Sources: (a) from [12]
and (b) from [13].

the PKW has a reduced footprint in the streamwise direction thanks
to inclined bottoms (see Figure 4). This makes it possible to place
PKWs on top of most existing gravity dams. Therefore, the PKW has
been used in several rehabilitation projects in older dams, where the
design flood values have been revised to higher values and conse-
quently increased the demand on the discharge capacity. Many of
these projects have taken place in France [3, 10, 14]. The reduced foot-
print of the PKW also makes it a more cost-effective solution for many
projects compared with the traditional labyrinth weir, especially for
rehabilitation projects where the PKW system can be placed on top
of existing gravity dams to increase the discharge capacity [6].

Another advantage with the PKWs is that they in general are more
efficient, in terms of discharge capacity, than a geometrically com-
parable labyrinth weir. This is due to the inclined bottoms of the
keys, which improves the hydraulic efficiency. However, a trapezoidal
labyrinth weir may be more efficient than a rectangular PKW. [8, 15,
16]

The PKW structure is overall self-balanced, consisting of up- and
downstream cantilever slabs. The water from the dam will bring
destabilizing loads, but these are moderate compared to the stabi-
lizing ones due to gravity. Hence, only a few anchors are usually
required to ensure the stability of the structure. [3, 14]

PKWs are also comparatively resilient toward floating debris, which
usually are evacuated naturally when the water level in the reservoir
increases. Furthermore, experimental studies have shown that the dis-
charge capacity of the PKW is close to 80 percent of the nominal one
in case of blockage by floating debris. [3, 10]

1.5 motivation and purpose

The design flood values have been revised upward for many dams
in Sweden, as mentioned in Section 1.2. Consequently, many spill-
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ways need to be refurbished in order to fulfil the higher discharge re-
quirements. One innovative solution that can increase the discharge
capacity of a traditional linear free-overflow spillway is the PKW, de-
scribed in Section 1.4. It has a small footprint in the flow direction
and can thus be placed on top of most existing gravity dams. Hence,
the PKW can potentially be a cost effective solution for rehabilitation
projects of dams in Sweden where the discharge capacity needs to be
increased.

Performing model tests is an important part when designing new
dams and spillways. This makes it possible to investigate whether
the construction will fulfil its purpose and to identify if there are
any undesirable problems, such as unfavourable flow patterns. Model
tests have traditionally been performed solely on physical scale mod-
els. These must be large enough to minimize scale effects. One phe-
nomenon that is not present in small-scale models is aeration of water.
Air entrainment only occurs when the water velocity is higher than
a critical value [17]. Consequently, air entrainment will not be scaled
correctly in too small scale models where the water velocity is low.
Studies on PKWs have also shown that surface tension is not properly
scaled for small water depths when considering Froude similitude in
the physical scale models. This affects the jet shape around the PKW
and air entrainment into the flow [18].

The quick development of computers during the last decades have
made it possible to study physical problems using numerical meth-
ods. Computational fluid dynamics (CFD) involves such numerical
analysis for fluid flow problems. It can be used when designing new
dams and spillways as a complement to physical experiments. When
using CFD, simulations can be performed on full scale models and
will thus not suffer from any scale effects.

The purpose of this project is to perform a CFD study where the
hydraulic properties of a PKW, located in Escouloubre dam in south-
ern France, are to be investigated qualitatively. A specific numeri-
cal model, called RANS with a realizable k-ε turbulence model (see
Chapter 2 for a theoretical description of the numerical model), is
used and it is of interest how well it manages to describe the com-
plex flow behaviour around the PKW. The aim is to study the wa-
ter discharge, water jet break-up and flow pattern around the PKW.
This will be done by simulating the flow for three different upstream
water heads. The results from these simulations will be compared,
both with each other and with physical model tests that have been
performed on the same PKW in an earlier study by Erpicum et al.
[18]. The physical experimental study investigated both three differ-
ent scale models and one prototype model. Pictures of the water flow
around the PKW from these tests are available and the discharges
are reported for different upstream water heads. These can be used
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for validation of the results in this study, which is why the PKW in
Escouloubre dam has been chosen.

1.6 report structure

The structure of the report is first a theory part, presented in Chapter
2, where the underlying theory including the models and methods
used in the study are explained. A brief presentation of an earlier
physical experimental study of the PKW in Escouloubre dam, per-
formed by Erpicum et al. [18], follows in Chapter 3. Thereafter, in
Chapter 4, comes a description of the methodology, where the pro-
cesses in this study from the preprocessing to the postprocessing
stage are explained. The results together with a discussion follows
in Chapter 5. Finally, conclusions that can be drawn from this study
are presented in Chapter 6 and interesting studies for future works
are thereafter mentioned in Chapter 7.





2
T H E O RY

2.1 reynolds-averaged navier-stokes

The Navier-Stokes equation forms the foundation of fluid dynamics.
For a viscous fluid, with an external body force acting on it, it takes
the form of Newton’s second law of motion:

∂(ρui)

∂t
= −

∂

∂xj
Πij + F

(ext)
i , (1)

where ρ = ρ(x, t) [kgm−3] is the density of the fluid, F(ext)i [Nm−3]

the external body force acting on the fluid and ui = ui(x, t) [ms−1]

the ith velocity vector component of the fluid. The remaining term
Πij is the momentum flux tensor which takes the following form for
a viscous fluid:

Πij = pδij + ρuiuj − σij, (2)

where p = p(x, t) [Pa] is the static fluid pressure and δij the Dirac’s
Delta function. The Euler equation, which describes inviscid fluid The Dirac’s

Delta function

is defined as:

δij =

1, i = j,
0, i 6= j.

flow, is obtained by setting σij equal to zero in equation (2). The term
σij is thus a tensor contributing by adding the viscous properties of
a viscous fluid. It is dependent on the velocity shear and is given by

σij = µ

(
∂ui
∂xj

+
∂uj

∂xi

)
+

(
��µv −

2

3
µ

)
∂ul
∂xl

δij, (3)

where µ [kgm−1s−1] is the dynamic viscosity and µv [kgm−1s−1] the
bulk viscosity. The latter viscosity is often disregarded in CFD appli-
cations. This is because of the divergence-free flow of incompressible
fluids (∂ul∂xl

= 0), which results in no effect from the bulk viscosity.
The effects of the bulk viscosity is further considered to be negligible
for gaseous fluids, as µv = 0 for monoatomic ideal gases [19]. This is
done in Ansys Fluent [20]. [21]

Combining equation (1), (2) and (3) with the continuity equation

∂ρ

∂t
= −

∂

∂xj

(
ρuj
)

, (4)

leads to the compressible Navier-Stokes equations on the form:

ρ
∂ui
∂t

+ ρuj
∂ui
∂xj

= −
∂p

∂xi
+ µ

∂2ui

∂x2j
−
2

3
µ
∂2uj

∂xi∂xj
+ F

(ext)
i , (5)

which requires an appropriate equation of state to close the equations.
[21]

9
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The Navier-Stokes equations is a widely studied set of second order
partial differential equations. It is however not analytically solvable
for most realistic engineering applications, since it is coupled, non-
linear and unsteady [21]. It is therefore solved numerically in most
realistic applications, using a large eddy simulation (LES), direct nu-
merical simulation (DNS) or with Reynolds-averaged Navier-Stokes
equations (RANS) coupled with a turbulence model. Eddies are pro-
duced in disturbed fluid flow of high Reynolds number. These eddies
vary in size and may be quite small, requiring an extremely fine com-
putational mesh and subsequently a very low time step to resolve
the fastest events in the flow. For most problems of engineering in-
terest, a DNS approach is therefore not feasible. The LES approach is
then a model which resolves the largest eddies in the turbulent flow
while approximating the effect from the smaller eddy scales. LES is,
although less costly than DNS, still computationally expensive and is
therefore primarily of use in research purposes. [22]

For most engineering problems it is sufficient to consider the aver-
aged transport variables, which is done by solving the RANS equa-
tions. The RANS equations are based on the assumption that the
transport variables may be divided into an ensemble averaged mean
component denoted (·̄) and a fluctuating component denoted (·) ′. The
velocity field components may thus be decomposed as ui = ūi + u

′
i

and the other transport variables are decomposed analogously. In An-
sys Fluent, the RANS equations are implemented using the density-
weighted Favre averaging interpretation of Navier-Stokes equations
[20]. Using this approach, the RANS equations for a fluid of variable
density is given similarly by:

∂(ρ̄ūi)

∂t
+
∂(ρ̄ūiūj)

∂xj
= −

∂p̄

∂xi
−
∂(ρ̄ u ′iu

′
j)

∂xj
+
∂σ̄ij

∂xj
, (6)

with its corresponding continuity equation:

∂ρ̄

∂t
+
∂(ρ̄ūj)

∂xj
= 0. (7)

As may be seen, the application of Reynolds averaging to the trans-
port variables leads to additional unknowns in the transport equa-
tions. Additional relationships are thus required to solve for the en-
semble averaged quantities. This is where turbulence models come
into the picture. [23, 24, 21, 22]

2.2 turbulence models

Many of the fluid flows that occur in engineering problems are tur-
bulent. Something that characterises turbulent flows is that they are
highly unsteady. Furthermore, turbulent flows are three-dimensional
and contains a great deal of vorticity. All flow properties, such as the
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flow velocity, fluctuate in a random way on a wide range of both
time and length scales. Small disturbances may lead to a random
behaviour of a fluid flow, which makes it become turbulent. The dis-
turbances can for example be caused by a surface roughness and the
random behaviour that it initiates may be amplified in the flow direc-
tion, which gives rise to a turbulent flow. The ratio of the inertia force
to the viscous force defines the Reynolds number, which determines
whether a flow is likely to be turbulent. A low Reynolds number
means that the inertia force is much smaller than the viscous force
and hence disturbances that occur in the flow will dissipate through
the flow direction and the flow will remain laminar. By contrast, a
high Reynolds number means that the inertia force is much larger
than the viscous force. Thus, disturbances will be amplified through
the flow, which gives rise to turbulence. [22, 23]

The Reynolds-averaged approach, which is presented in Section 2.1,
gives rise to new terms that represent turbulence effects. The so-called
Reynolds-stresses, −ρ̄u ′iu

′
j, that are present in equation (6) represent

effects of turbulence and must be modelled with a turbulence model
to close these equations. A common method uses the Boussinesque
hypothesis, which is also used in the Ansys Fluent software, where
the Reynolds-stresses are represented as

−ρ̄u ′iu
′
j = µt

(
∂ūi
∂xj

+
∂ūj

∂xi

)
−
2

3

(
ρ̄k+ µt

∂ūl
∂xl

)
δij, (8)

where δij is the Dirac’s delta function, µt [kgm−1s−1] is the turbulent
or eddy viscosity and k [m2s−2] the turbulent kinetic energy. [20]

Two types of turbulence models are one-equation and two-equation
models. The former are incomplete models since they relate the tur-
bulence length scale to some flow dimension. The latter are complete
models and are much more widely used. Models of this type solve
two separate transport equations, which makes it possible to deter-
mine both a turbulent time and length scale. [20, 25]

2.2.1 Realizable k-ε Model

The standard k-εmodel is a commonly used two-equation turbulence
model. The model is based on solving a transport equation for both
the turbulence kinetic energy, denoted k, and its dissipation rate, de-
noted ε. The model is derived with an assumption that the flow is
fully turbulent. Thus, it is only valid for fully turbulent flows, which
is a drawback of this model. Another weakness is the equation for ε,
since it can be the source of some flow characteristics being predicted
poorly. [20, 22]

A modified and more sophisticated version of the standard k-ε
model is the realizable k-ε model. One of the main differences from
the standard k-ε model is that it introduces a new model equation
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for the dissipation rate (ε) based on an exact equation for transport
of the mean-square vorticity fluctuation. This is the equation that is
being modelled relatively poorly in the standard k-ε model.

The two equations for the turbulence kinetic energy (k) and its
dissipation rate (ε) in the realizable k-ε model can be written as

∂

∂t
(ρ̄k) +

∂

∂xi
(ρ̄kūi) =

∂

∂xj

[(
µ+

µt

σk

)
∂k

∂xj

]
+Gk +Gb − ρε− YM + Sk

(9)

and
∂

∂t
(ρ̄ε) +

∂

∂xi
(ρ̄εūi) =

∂

∂xj

[(
µ+

µt

σε

)
∂ε

∂xj

]
+ ρC1Sε

− ρC2
ε2

k+
√
νε

+C1ε
ε

k
C3εGb + Sε,

(10)

respectively. The terms Gk and Gb correspond to the generation of
turbulence kinetic energy that arises due to the mean velocity gra-
dients and generation of turbulence due to buoyancy, respectively.
Furthermore, the term YM arises from the fluctuating dilatation in
compressible turbulence to the overall dissipation rate. The terms Sk
and Sε are source terms. Moreover, C1 = max

[
0.43, η

η+5

]
and η = Skε .

Here, S is the modulus of the mean rate-of-strain tensor, given by
S =

√
2SijSij, where Sij = 1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. Four model constants are

also present in equations (9) and (10), which are given the values

C1ε = 1.44, C2 = 1.9, σk = 1.0, σε = 1.2. (11)

Finally, the value of C3ε determines the degree to which the dissipa-
tion rate (ε) is affected by the buoyancy. The value is in Ansys Fluent
computed as

C3ε =

∣∣∣∣uzuy
∣∣∣∣ , (12)

where uz and uy are the flow velocity components parallel and per-
pendicular to the gravitational acceleration, respectively. [20]

The local turbulent viscosity can be expressed as

µt = ρCµ
k2

ε
(13)

in the realizable k-ε model, where Cµ is computed dynamically as a
function of the mean rotation and strain rates, the angular velocity of
the rotation of the system and of k and ε.

Studies have shown that the realizable k-ε model has performed
considerably better compared with the standard k-ε model for flows
with features that include strong streamline curvatures, vortices and
rotation. Furthermore, it has also been shown that the realizable k-
ε model gives the best performance over all k-ε models in several
validation cases consisting of separated flows and flows with rather
complex secondary flow features. [20]
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2.3 volume of fluid (vof) model

In hydropower engineering it is often of interest to investigate the
flow behaviour of water. The water is however seldom in confined
flow as a single fluid but may be surrounded by air or have im-
mersed particles and bubbles in it. As different fluids and particles
have different properties, they also have a particular interaction with
and effect on the fluid flow. Combined flow of fluids in different ther-
modynamic phases are called multiphase flows. A variety of different
computational models exist to model the combined behaviour of the
phases. These models are appropriate for different types of multi-
phase flows. A few common flow types in hydropower engineering
are stratified, free surface, slug, immersed bubble and sediment flow.
For stratified, free surface and slug flows Ansys recommends the vol-
ume of fluid (VOF) model as it is a interface capturing and computa-
tionally efficient model for numerical simulations. [26, 20]

The Volume of Fluid multiphase model is a numerical method in-
troduced by Hirt and Nichols in 1981. It is used for locating fluid
interfaces in flows of multiple phases. It uses a Eulerian (continu-
ous) coordinate representation for both phases and may be used to
model flow scenarios with two or more immiscible fluids. The model
is based on that the immiscible phases do not diffuse through the
interface and each cell may only be occupied by one phase or a com-
bination of phases, at any time. The model captures the contained
volume in each cell by introducing a fractional volume of fluid func-
tion (αf) for each of the N phases f. In the mesh, a computational cell
is defined to be empty of the fth phase if αf = 0 is fulfilled in that cell.
Similarly, it is said to be full of the fth phase if αf = 1. If the volume
fraction (αf) lies between zero and one, then the cell is filled with
neither of the phases and the cell must therefore contain the interface.
As the name suggests, the fractional volume of fluid function needs
to satisfy∑

f

αf = 1, (14)

for each cell in the computational mesh to ensure that there are no
areas of void. [20, 27, 28]

The fluid properties ρ and µ used when solving the momentum
equation are further treated as functions of the fractional volume of
fluid and are determined cell-wise with the weighted sums:

ρ ≡
∑
f

αfρf and µ ≡
∑
f

αfµf, (15)

where ρf and µf are the properties specific to phase f. The cell-wise
determined properties ρ and µ are then used when solving the mo-
mentum equation (see equation (5)) throughout the entire domain.
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Because the fluids are moving over time, the fractional volume of
fluid function has to be time dependent. This means that the frac-
tions need to be updated at every time step. This is done by solving
N− 1 additional continuity equations, known as the Volume Fraction
equations, on the form:

1

ρf

[
∂

∂t
(αfρf) +

∂

∂xj

(
αfρfuj

)
=

∑
f

(
ṁqf − ṁfq

)
+ Sαf

]
, (16)

where ṁqf is the mass transfer per unit volume from phase q to f
(vice versa for ṁfq) and Sαf is a source term typically set to zero.
The volume fraction of the Nth phase is then obtained by rewriting
the definition stated in equation (14) as

αN = 1−
∑
f 6=N

αf, (17)

which then closes the system of equations needed to track the inter-
face and model the multiphase fluid flow. [20]

2.4 mesh

In order to simulate a three-dimensional problem numerically, the ge-
ometrical model needs to be divided into smaller volumetric regions
at which the solution may be computed locally with information from
its neighbouring regions. These smaller regions are referred to as cells
and consist of four or more enclosing (cell) faces and with a compu-
tational node at its centroid. The computational node is the location
at which the variables of interest are computed and stored, and the
solution may then be evaluated at any point using interpolation. [22]

The size and shape of the cell volumes determine how accurately
the geometry can be reconstructed. Similarly, the cell size determines
how accurately the physical quantities of interest may be computed,
together with the discretization method employed in the simulation.
As the cell sizes tend to zero, the effects of approximations made
by the numerical methods become smaller and the computed spatial
solution approaches the exact solution. [23]

2.4.1 Mesh Element Types

The computational domain may be divided into a mesh consisting of
cells in different ways. Depending on the geometrical shape of the
domain and the complexity of the flow, different types of cells should
be considered when generating the mesh. The most common types
of cells used in CFD are tetrahedral, hexahedral and polyhedral cells
for a three-dimensional computational domain. These cell types are
illustrated in Figure 5 and correspond to triangular, quadrilateral and
polygonal cells in two-dimensional space. [22]
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(a) (b) (c)

Figure 5: The available cell types in Ansys Fluent; (a) tetrahedral, (b) hexa-
hedral and (c) polyhedral.

The tetrahedral cells are the simplest of the three cell types and
are easily generated automatically in industrial code. They consist of
four plane triangular faces. These cells can be used to generate ei-
ther structured or unstructured meshes and its simple nature makes
it well-suited for complex geometries. This cell type does however
require many cells to acquire accurate results. Using tetrahedral cells
to resolve near-wall regions should be avoided as stretched cells are
most often generated. Neither should tetrahedral cells be used along
boundaries of the domain as it may lead to numerical problems and
poor accuracy. This is because at least one, but as many as three, of its
neighbours may become boundary faces leading to fewer neighbour-
ing cells for the computations. [22, 23, 29]

A hexahedral cell is another type of cell which consists of six plane
quadrilateral faces. This type of cell is often well-suited for a mesh to
be used in CFD applications with a clear flow direction. This is be-
cause the hexahedral cells are highly regular and may be placed with
one face normal along the flow direction. This minimizes the numer-
ical diffusion and leads to a better solution. The hexahedral cells are
further known to yield better accuracy in the transport variables for a
given flow as compared to a tetrahedral mesh with the same number
of edges. Hexahedral cells are also more computationally efficient as
they have half the storage requirements and run nearly twice as fast
as a tetrahedral mesh with the same distribution of vertices [30, 31].

Finally, a polyhedral cell is a type of cell built up of several plane
polygonal faces (typically more than ten). This large number of cell
faces means that it has a larger number of cell neighbours, as com-
pared to the tetrahedral and hexahedral cells. This leads to a good
approximation of gradients in the flow field and solves the problem
of being placed in a corner, as there are still a large number of cell
neighbours available for the computations. The many faces make it a
good choice for flow regimes that involve recirculating flows. It does
however come with the drawback that the cell-wise computations are
more expensive, as both more storage and computational operations
are needed. This drawback is highly compensated by the increased
accuracy. Many tests have also shown that only a fourth of the total
cell count is needed to obtain similar accuracy as for tetrahedral cells.
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Moreover, it requires only half the memory and reduces the compu-
tational time by at least a factor of five. [29]

2.4.2 Mesh Structure

A mesh may be constructed as a structured or unstructured mesh.
The main difference between these two is the way that its cells are con-
nected. An unstructured mesh has an irregular cell structure, where
it is difficult to apply rules for locating and looping over the local
cells in a cell neighbourhood. The connectivity between cells is for an
unstructured mesh summarized in a connectivity table. During com-
putations, information such as the indices corresponding to the cell
being computed and its neighbouring cells are drawn from this table.
[22]

On the other hand, a structured mesh is a mesh whose cells have
regular structure. For a certain cell in a structured mesh, a simple rule
may be applied to locate its neighbours. Typically, the neighbouring
cells are located by stepping the indices one step in each direction. By
having a mesh with such a simple structure, the additional task of go-
ing through the connectivity table is avoided. This leads to increased
computational efficiency and reduced computational time. [22]

2.4.3 Mesh Quality Indices

When a mesh has been generated, it is good practice to investigate
the statistics of the mesh to evaluate its quality for a CFD simulation.
To assist in this investigation, there exist many cell quality measures
and guidelines which give indications of the quality of the mesh, and
if followed should lead to improved results.

As many CFD studies are made within projects of limited time,
there is often a negotiation between attained accuracy and computa-
tional effort. As the CPU time of the simulation increases with the
number of cells in the mesh, the greatest amount of cells are often
put in regions of most interest. This means that a transition between
differently sized cells are present in the mesh. How quickly this tran-
sition occurs is measured by the growth rate, which is a measure
of how large a cells size is compared to its neighbours. As disconti-
nuities in the cell sizes may destabilize the numerical solution, it is
favourable to have a smooth transition throughout the mesh. [30]

Further, it is often hard to determine in advance which regions will
have strong gradients in the transport variables. One should therefore
try to maintain cells of low stretching throughout the flow domain. A
mesh consisting of cells with large stretching can have a negative im-
pact on the accuracy and convergence of the solution. The stretching
of a cell is measured by its aspect ratio, which is defined as the largest
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distance between the cell and face centroids to the smallest distance
between the cell centroid and the nodes. [22, 30]

Another mesh quality index is the cell orthogonality measure. This
measure should be high to ensure good accuracy of the convective
and diffusive fluxes through cell faces. The orthogonality measure
for a cell is computed by comparing the values of two quantities eval-
uated for each cell face. The first quantity is the dot product of the
normalized vector from the cell centroid to the face centre and the
unit normal vector of the cell face. Similarly, the second quantity is
defined as the dot product between the normalized vector between
two neighbouring cell centroids sharing a face and the unit normal
vector of that face. The minimum of these two quantities evaluated
for all faces is then selected as the orthogonality value of that cell. [30]

Equiangle skewness is finally an index which describes how skewed
a cell is compared to an equiangular cell. This quality index is impor-
tant as cells with poor skewness index may lead to convergence issues
and decreased accuracy of the solution. It is however not applicable
to meshes consisting of polyhedral cells. For these kinds of meshes, a
different metric is used instead. This metric is called the cell squish
index and may be used to evaluate the quality of all cell types. It is
computed with the vectors between the cell centroid and each face
together with each face area vector. [30]

Guidelines for the three mentioned mesh quality measures are pre-
sented together with its ranges in Table 1.

Table 1: Mesh quality guidelines as stated in [22, 30].

Quality index Guidelines Range

Aspect ratio < 5, > 1

(< 10 in boundary layer)

Orthogonal quality > 0.01, 0 − 1

average significantly higher

Cell squish < 0.99, 0 − 1

average significantly lower

2.4.4 Boundary Layer

The Law of the Wall is one of the most famous relationships for tur-
bulent flows near solid wall boundaries. It is a relationship derived
empirically from experimental data which showed that the tangential
flow velocity increases logarithmically away from the wall. The Law
of the Wall is expressed in terms of the dimensionless velocity (u+)
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and the dimensionless wall normal distance (y+) in the following
manner

u+ =
1

κ
log

uτy

ν︸︷︷︸
≡y+

+C, (18)

where κ ≈ 0.41 is known as Kármán’s constant and C is a wall rough-
ness constant (C ≈ 5 for a smooth wall surface). Moreover, uτ is the
friction velocity and ν is the kinematic viscosity of the fluid. [25]

As the distance from the wall decreases, viscous forces become in-
creasingly more dominating over the turbulent forces and the valid-
ity of the Law of the Wall decreases. The viscous forces reduce the
velocity by viscous damping which results in the no-slip condition
imposed on walls. The boundary layer is thus typically divided into
three regions: the viscous region, transition region (or buffer region)
and the logarithmic region. [22, 25]

In the viscous region, the corresponding relationship for u+ is lin-
ear in terms of y+ such that

u+ = y+, (19)

is a valid approximation. In the transition region, a good approxima-
tion is not available and is typically avoided when creating a mesh for
this reason. Similarly, as the distance from the wall increases further
into the logarithmic region the logarithmic curve will become less of
a good description of the velocity profile once again. The value of
the y+ parameter at which this occurs is heavily dependent on the
flow conditions of the problem. How large it may be before the veloc-
ity profile starts to deviate from the logarithmic curve increases with
the increasing thickness of the boundary layer. This comes from the
consequence of a thicker boundary layer corresponding to a larger
Reynolds number. As the distance from the wall increases beyond
the validity of the Law of the Wall, the defect region is entered in
which a good approximation is not available. [25]

2.4.5 Wall Function

Wall functions are methods for bridging the velocity profile to the
first wall-adjacent cells. It sets the velocity in the first wall-adjacent
cells using empirical near-wall relationships instead of regular inter-
polation. This means that the difficult boundary layer, where a large
velocity gradient is present in the wall normal direction, does not
need to be explicitly resolved and accuracy may be improved with
limited computational effort. [22]

Ansys provides the user with a selection of different wall functions
compatible with the k-ε turbulence model. The enhanced wall func-
tion is one example which is designed to yield good accuracy both in
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fine and coarse meshes, while keeping an acceptable accuracy also for
meshes which yields a y+ value in the transition region of the bound-
ary layer. The way it works is by using a linear velocity profile in the
viscous region and the Law of the Wall approach in the logarithmic
region. To improve the accuracy also for meshes with wall-adjacent
cells in the transition region, it uses a blending function (Γ ) dependent
on the dimensionless distance (y+) as

Γ = −
a(y+)4

1+ by+
, (20)

where a = 0.01 and b = 5 are model parameters. Using this blending
function, the linear and logarithmic relationships are combined to
create the enhanced wall function:

u+ = eΓy+ + e
1
Γ

(
1

κ
logy+ +C

)
, (21)

which is used to model the entire boundary layer. [20]

2.5 discretization method

The Navier-Stokes equations do not have any known analytical solu-
tion for almost all real-world problems. A common approach when
working with such problems is to use a numerical discretization me-
thod instead, which gives an approximate solution. There exist sev-
eral discretization methods that one can use, where the most popular
approaches are the finite element method (FEM), the finite difference
method (FDM) and the finite volume method (FVM). The FVM is im-
plemented in the majority of all commercial CFD codes, including the
Ansys Fluent software used in this study [22].

2.5.1 Finite Volume Method

The first step in FVM is to discretize the computational domain, just
as in other numerical methods. The FVM uses a finite number of non-
overlapping finite volumes, called control volumes (CVs). A so-called
cell centred FVM is used in the Ansys Fluent software, which means
that the variables of interest are calculated in the centroid of each CV.
An advantage with the FVM is that it can be used for any type of grid,
which makes it a suitable method when solving problems involving
complex geometries. [22, 23]

The FVM uses the integral form of conservation equations. The con-
servation laws are applied to each CV in the computational domain,
which means that conservation is guaranteed for each CV and hence
the method is strictly conservative [22, 23].

The governing conservation equations are transformed into a sys-
tem of linear algebraic equations in the FVM, just as in other numer-
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ical methods. This is carried out in two steps. The governing equa-
tions are integrated in the first step and transformed into balance
equations over the CVs. Integration quadrature is used here in order
to transform surface and volume integrals into algebraic relations. In
the second step, the algebraic relations are transformed into algebraic
equations. This is done by choosing appropriate interpolation profiles
that approximate the variation of variables within the CVs. It also re-
lates the surface values of the variables to the nodal computational
point, located in the centroid of the CV. One algebraic equation for
each CV relating the cell centre value to its neighbours is obtained in
this step. [23, 32]

The first step of the FVM discretization process can be illustrated
by looking at a conservation equation for a general scalar variable φ,
given by:

∂(ρφ)

∂t︸ ︷︷ ︸
transient term

+ ∇ · (ρuφ)︸ ︷︷ ︸
convective term

= ∇ ·
(
Γφ∇φ

)︸ ︷︷ ︸
diffusion term

+ Sφ︸︷︷︸
source term

, (22)

where u is the velocity, Γφ is the diffusion coefficient of φ and Sφ is
a source term of φ. Integrating (22) over an arbitrary CV C and trans-
forming the volume integrals of the convection and diffusion terms
into surface integrals, by applying the divergence theorem, yields∫

VC

∂(ρφ)

∂t
dV +

∮
∂VC

ρφu · dA =

∮
∂VC

Γφ∇φ · dA+

∫
VC

Sφ dV , (23)

where A is the surface area vector. Equation (23) is applied to all CVs
in the computational domain. [20, 32]

The surface integrals of the convection and diffusion fluxes, appear-
ing in equation (23), can be replaced by a summation of flux terms
over the faces of the CV. Gaussian quadrature can then be used for
approximating the integrals at face f of the CV in order to transform
the integral to a summation. Using one integration point located at
the centroid of f and using a weighting function of value one gives
a second order accurate approximation, called the trapezoidal rule.
The volume integrals in equation (23) can also be approximated with
a Gaussian quadrature. It is customary for the FVM to use one inte-
gration point for the Gaussian quadrature, both for the surface and
volume integrals, giving second order accuracy. This is considered to
be a good compromise between accuracy and flexibility while keep-
ing the method rather simple and with a relatively low computational
cost. Using this approximation, the semi-discrete form of (23) for a CV
C is simplified as

∂(ρφ)

∂t
VC+

∑
f∼nb(C)

ρfφfuf ·Af =
∑

f∼nb(C)

Γφ∇φf ·Af+SφVC, (24)
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where φf is the value of φ convected through face f, ρfφfuf ·Af is
the mass flux through f, Af is the area vector of f and VC is the cell
volume. [20, 32]

As mentioned above, the computational nodes are located in the
centroid of the CV in the cell centred FVM. However, face values ap-
pear in equation (24), which means that interpolation is needed in
order to approximate these face values. There exist a variety of inter-
polation schemes and in this study a so-called second order upwind
scheme is used. The upwind scheme uses the quantities from the
upstream cell relative to the direction of the normal velocity when
computing the face values φf [20]. An advantage of the second order
upwind scheme compared to a first order is that the latter yields a
larger amount of numerical diffusion [33]. However, the higher order
scheme can disturb the convergence due to local flow fluctuations.

2.5.2 Temporal Discretization

It can be seen that a transient term is included in the conservation
equation (22), which must be discretized when using a numerical
method. A bounded second order implicit time scheme is used in
this study. The time derivative is then discretized as

∂φ

∂t
=
φn+1/2 −φn−1/2

∆tn
, (25)

where

φn+1/2 = φn +
1

2
βn+1/2 (φn −φn−1) (26)

and

φn−1/2 = φn−1 +
1

2
βn−1/2 (φn−1 −φn−2) . (27)

The subscripts n, n− 1, n− 2, n− 1/2 and n+ 1/2 denote discrete
time levels and ∆tn is the discrete time step at time n. Furthermore,
the term β is a bounding factor, including volume fraction, turbulence
kinetic energy, dissipation rate and specific dissipation rate. This im-
plicit discretization of time gives an equation that is solved iteratively
for each time level before proceeding to the next time step. An ad-
vantage with an implicit time discretization scheme compared to an
explicit one is that the implicit is unconditionally stable with respect
to the time step size. [20]

2.6 convergence study

Studies made with CFD use numerical approximations. These approx-
imations should disappear as the mesh size tends towards zero. Lit-
erature reviews have however shown that different results have been
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obtained and reported, for similar studies, where the mesh has been
the main difference [34]. There exist different methods for assessing
the validity of the results with respect to the grid used for the simu-
lations. One popular way of estimating the discretization error uses
the grid convergence index (GCI) method. This method is based on
the heavily studied Richardson extrapolation (RE) method. To assist
in assessing and reporting the uncertainties due to discretization er-
rors, the Journal of Fluids Engineering (JFE) has provided specific
guidelines for discretization error estimates in CFD simulations. [35]

The procedure described in the JFE guidelines starts off by defin-
ing a cell-size (h) representative for the mesh. This cell-size should
be defined as the averaged cell length if the studied quantity is an
integral quantity. In other scenarios, the local cell length may be a
viable option. The procedure further suggests that three significantly
different grids are used in the convergence study. The simulations
should then be run on each of the meshes and the quantities ϕ key
to the study is to be computed for each mesh. Based on experience, it
is desirable that a refinement factor r = hcoarse/hfine > 1.3 is used
for the meshes. It is also desirable that similar cells are being used for
each of the meshes. [35]

When the grids have been generated and a representative cell-size
h has been chosen, the accuracy order p is evaluated. Denoting the
cell-sizes hj with j ∈ {1, 2, 3}, such that they satisfy h1 < h2 < h3,
the refinement factors are defined as r21 = h2/h1 and r32 = h3/h2.
Using this notation, the accuracy order of the method is evaluated by
solving:

p =
1

ln (r21)

∣∣∣∣ln ∣∣∣∣ε32ε21
∣∣∣∣+ q(p)∣∣∣∣ ,

q(p) = ln
(
r
p
21 − s

r
p
32 − s

)
,

s = 1 · sgn
(
ε32
ε21

)
,

(28)

where ε32 = ϕ3−ϕ2, ε21 = ϕ2−ϕ1 and ϕj is the quantity of interest
evaluated on mesh j. The system of equations defined for p in (28)
may be solved using fixed-point iteration. The initial guess p = p0 is
then set equal to the first term. [35]Note 1:

ε32/ε21 < 0

indicates

oscillatory

convergence.

Note 2:

q(p) = 0

if r21 = r32.

Extrapolated valuesϕext32 andϕext21 are then computed for the quan-
tities ϕ1, ϕ2 and ϕ3 using the computed accuracy order p. The ex-
trapolated value ϕext21 is calculated as:

ϕext21 =
r
p
21ϕ1 −ϕ2

r
p
21 − 1

, (29)

and correspondingly for ϕext32 . [35]
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Using the quantities described in this section, the following error
estimates:

approximate relative error: e21a =

∣∣∣∣ϕ1 −ϕ2ϕ1

∣∣∣∣ ,
extrapolated relative error: e21ext =

∣∣∣∣ϕext21 −ϕ1
ϕext21

∣∣∣∣ ,
fine-grid convergence index: GCI21ext =

1.25e21a
r
p
21 − 1

,

(30)

are to be computed and reported in connection with the convergence
study [35].

2.7 piano key weir geometry

The PKW spillway is an optimization of the traditional labyrinth weir
spillway, both introduced in Section 1.4 and 1.3, respectively. It is
a free-overflow passively regulated spillway that possesses several
advantages compared to traditional free-overflow spillways. It has
rather simple geometrical features, which makes it easy to design and
construct. The PKW offers a low-cost solution with a higher discharge
capacity than traditional linear free-overflow spillways [14].

Figure 6: Illustration of a PKW and its fundamental geometric parameters.

There exist a few different types of PKWs. The most widespread
one is called type A. It has both up- and downstream overhangs
and an illustration of this type is shown in Figure 6. The PKW in
Escouloubre dam, investigated in this project, has this geometrical
shape. The water flows into a part called inlet key, flows over the
crest and out over the sidewalls where the so-called outlet keys are
located.

It can be seen in Figure 6 that the PKW consists of several different
geometrical parameters. Therefore, a specific nomenclature has been
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defined in order to unify the notations, which is presented in [36].
The most important of these parameters are shown in Figure 6. The
total width of the PKW is denoted W and Wu denotes the width of a
PKW unit, where a unit is defined as an inlet key with a sidewall and
half of an outlet key on both sides. Furthermore, Wi and Wo denote
the width of the inlet and outlet key, respectively. The total length of
the PKW in the flow direction is denoted B and Bb is used to denote
the base length. Moreover, Bi and Bo represent the downstream and
upstream overhang crest length, respectively. The height of the inlet
and outlet entrance measured from the PKW crest are given the no-
tation Pi and Po, respectively. The sidewall thickness is denoted Ts.
Finally, L represents the total length along the overflow crest axis and
Lu represents the same parameter but for one single PKW unit. All
geometrical parameters are given in meters.

An advantage of the PKW spillway is that it can provide high spe-
cific flow rates at low upstream water heads compared to traditional
linear weirs. This is because the PKW provides a larger developed
crest length within a fixed channel width, which can be seen from
its geometrical shape in Figure 6. The discharge capacity of a PKW
can be more than four times larger than for a traditional linear ogee-
crested weir. [3, 37, 38].

The classical head-discharge relationship describes the discharge
capacity of a linear weir, which is proportional to the total weir length
(L), and is given by

Q = CdL
√
2gH3/2, (31)

where Q [m3s−1] is the total discharge, Cd [−] is the so-called dis-
charge coefficient, g [ms−2] is the gravitational acceleration and H [m]

is the total upstream water head relative to the weir crest. The PKW
can be considered as a linear weir, but with an increased crest length
(L) within a given footprint, which explains the increase of the dis-
charge capacity. However, the discharge coefficient is lower for PKWs
than for linear weirs, which have the crest length W. This means that
the discharge per unit length of the overflow crest is lower for the
PKW. Furthermore, the discharge coefficient is also a function of the
construction geometry and the upstream water head. The PKW is
only efficient at low water heads and the rate of increased discharge
decreases rapidly with increasing water head. [8, 14, 16, 38, 39]

The flow pattern of the water passing a PKW changes as the up-
stream water head changes, which explains why its efficiency de-
creases with increasing water heads. At low water heads, the water
falls freely over the entire PKW crest. Both the nappe and the tail-
water have the same behaviour as in a linear weir. The tailwater is
defined as the water located immediately downstream of the PKW
and the nappe is the surface of the water jet. At higher water heads,
nappe inference will occur, which decreases the aeration and conse-
quently decreases the discharge coefficient. A stable air pocket also
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forms along the walls of the device. The nappe gets suppressed at
various locations when the upstream water head increases further.
Moreover, the stable air pocket starts to break up into smaller pock-
ets. These move intermittently along the sidewalls of the construction,
which cause instabilities in the nappe. At even higher water heads,
the flow reaches a state where the nappe is unaerated, and no air is
then drawn below the nappe. At this stage, the efficiency of the PKW
has decreased rapidly and the discharge capacity approaches that of
a linear weir over the same channel width with a relatively low dis-
charge coefficient. Hence, this stage should be avoided for the design
flood, i.e. the hypothetical discharge peak that the device is designed
for. Furthermore, the flow interacts in the wedges and corners of the
PKW at high water heads, which also leads to a decreased discharge
capacity. [6, 40]

The free-falling nappe from the PKW will cause air friction. The air
pocket between the nappe and the PKW structure will depress if it is
trapped. This can give rise to nappe beats, which in turn will reduce
the discharge and can potentially damage the PKW construction if
resonance occurs. A common solution to prevent this problem is to
install air vents below the inlet keys of the construction, such that the
cavity formed between the nappe and the PKW device gets connected
to free air. Another solution is to install so-called splitters on the crest,
which is a device that splits the water jet and hence cause a jet break-
up. This makes it possible for air from the outside to enter the cavity.
[13]
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P R E V I O U S R E S E A R C H O N T H E E S C O U L O U B R E
P K W

3.1 hydraulic scale-model experiments

The flow characteristics of a type A PKW is studied in this project.
To do this, the full-scale prototype PKW from Escouloubre dam will
be used as reference for validation. This particular PKW is designed
to be able to discharge 10 m3s−1 water while keeping a water head
below 0.5 m. The PKW was built and used during the rehabilitation
work of Escouloubre and Nentilla powerplants. It is located in a notch
at the downstream end of a balance basin. The water entrance to the
Nentilla powerplant is further located just right of the PKW. The bal-
ance basin is in turn located between the two powerplants; down-
stream of Escouloubre and upstream of Nentilla. [18]

As Nentilla powerplant was being rehabilitated, water could not be
led through this powerplant and the PKW was built to discharge the
water directly from the balance basin to the Aude river, which flows
just downstream the basin. While operation tests were carried out on
the Escouloubre powerplant, constant discharges could be sustained
for four different flow rates. These flow rates (Q) were 1.2, 2.8, 5.0
and 10 m3s−1 corresponding to water heads (H) of 0.11, 0.19, 0.26

and 0.48 m, respectively. These obtained values were estimated from
the turbine in the Escouloubre plant and were used to build the first
ever database for the operation of a full-sized PKW. [18]

The group of scientists Erpicum et al. built scale models with sim-
ilar upstream flow conditions as the prototype PKW of Escouloubre
dam. These were built and tested with the acquired prototype data in
the Laboratory of Engineering Hydraulics (HECE) at the University
of Liège. The models were built and operated considering Froude
similitude and the geometrical scales were 1:7, 1:15 and 1:25, respec-
tively. The models were used to investigate the scale effects present in
the flow characteristics over the PKW and a downstream comparative
view is shown in Figure 7. The discharge rates refer to the scale of the
prototype PKW. [18, 41]

The flow characteristics over the prototype PKW are also shown
in Figure 8 at two additional angles for 5.0 and 10 m3s−1 discharges,
respectively [42].

From the experimental tests, Erpicum et al. concluded that only the
1:7 scale model for the 10 m3s−1 equivalent test case could represent
all the flow condition details of the prototype PKW. The flow condi-
tions were however similar to that of the prototype PKW for all test

27
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Figure 7: Downstream comparative view of the flow conditions over the
PKW. Source: [41].

cases except 1.2 m3s−1, where large effects were seen on the nappe
shape. The nappe was also attached to the wall and air entrainment
was reduced compared to the prototype. With 5.0 m3s−1, the water
was detached from the sidewall but was considerably closer to the
sidewall than with the prototype. For the 1:15 model, water attach-
ment to the sidewalls was observed for all tests except the largest
discharge of 10 m3s−1. For the largest discharge, similar effects were
seen as for the 1:7 model with discharge 5.0 m3s−1. Finally, the flow
conditions were never similar to the prototype for the 1:25 model.
The water was attached to the sidewalls for all discharges and a low
aeration was observed downstream the PKW. [18]

Figure 8: Prototype PKW flow characteristics for discharge rates 5.0 m3s−1

(left) and 10 m3s−1 (right). Source: [42].
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M E T H O D O L O G Y

4.1 description of project procedure

The present study aims to study the flow characteristics over the pro-
totype PKW of Escouloubre dam using a numerical approach with
CFD. As the experimental test cases with low water heads gave re-
sults not comparable with the full-size PKW, the study is limited to
large discharges. Three different discharges will be investigated and
these will be referred to as case A, B and C respectively. Their corre-
sponding flow data are described in Table 2.

Table 2: The three test cases of this study and their corresponding flow data
from experiments [18].

Test case A B C

Discharge [m3s−1] 5.0 10 Unknown

Water head [m] 0.26 0.48 0.63

The test case C is added to include results for a flow condition near
the PKW model discharge. The water head for this test case was eval-
uated using the coefficient of discharge (Cd) computed from the flow
data of case B. The coefficient of discharge was computed by rewrit-
ing the discharge relationship of (31). The discharge (Q) was then set
to 15 m3s−1 and used to solve for the water head (H). As mentioned
in Section 2.7 the coefficient of discharge will decrease with increas-
ing discharge and water head. The real discharge corresponding to
this water head will thus be lower and is therefore specified as un-
known in Table 2. The discharge should however lie between 12-13

m3s−1, which is indicated by rating curves produced with the scale
models [18].

The first step of this study is to draw the computational domain as
a 3D CAD model. The steps of this process, simplifications and the
assumptions made are described in Section 4.3.1. Thereafter a mesh
is generated on this 3D model. This process as well as the results are
presented in Section 4.3.2. The settings and conditions related to the
problem formulation are further presented in Section 4.4. The vali-
dation of results and assumptions made during this project are de-
scribed in Section 4.5. How the flow characteristics are investigated,
the measures used and their corresponding locations are finally de-
scribed in Section 4.6.

29



30 methodology

4.2 resources and limitations

Softwares from Ansys Workbench were used in this project for the
whole CFD study, from the preprocessing to the postprocessing stage.
Ansys offers a multiphysics simulation software, covering a wide
range of physics, that can be used for product design and testing.
The version used was Ansys 2019 R3 with a student license, which
is available for free. However, the student license comes with some
limitations. The main limitation is that a maximum of 512 000 cells
can be used in CFD simulations.

The CAD software Ansys SpaceClaim was used to create the com-
putational domain in this project, which is available in the Ansys
2019 R3 package. A limitation of the student license is that a maxi-
mum of 50 bodies and 300 faces can be used in the geometry that is
built. The mesh was generated with the Ansys Fluent Meshing tool,
available in the Ansys Fluent software. Other meshing tools provided
by Ansys are Ansys Workbench Meshing, SpaceClaim Meshing and
Ansys ICEM. The latter is not included in the student license version,
though. The simulations were carried out in Ansys Fluent and the
postprocessing was made in Ansys CFD-Post.

The simulations were run with double precision on a computer
with an Intel® Core™ i7-9700K processor with CPU @ 3.60GHz and
16.0 GB RAM, running on seven cores in the operating system Win-
dows 10 Home v.1903 64-bit.

Modifications of the project had to be done due to the outbreak of
Covid-19 in China. The final project topic was therefore established
in the middle of March, leading to reduced time for completing the
project. The limitation of the student license, the time limit and the
computational power available determined sizes of the meshes that
could be used in the simulations.

4.3 preprocessing

This section describes the preprocessing part of the project, which
includes creation of the computational domain in a CAD software
and generation of the mesh.

4.3.1 Geometry

The computational domain for modelling the prototype flow of Es-
couloubre dam was created in the CAD software SpaceClaim. The
measurements concerning the prototype PKW were derived from
data provided in the article by Erpicum et al. [18] and are summa-
rized in Table 3, with notation according to Figure 6. Some data could
however not be directly derived from this article alone. The missing
data was then estimated from the actual drawings of the Escouloubre
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dam from the Électricité de France (EDF). The drawings do however
also contain other structures, such as the hydropower stations, and
come with a confidentiality classification. The drawings will there-
fore not be attached to this report, as permission to distribute these
drawings digitally has not been granted by the EDF.

Table 3: Prototype dimensions of Escouloubre PKW in meters (see Figure 6)
[18].

Length W Wu Pi = Po Wi Wo Ts Bb Bi = Bo

[m] 5.11 2.8 1.77 1.3 0.9 0.3 2.7 1.2

The prototype PKW of Escouloubre dam consists of one inlet key,
two outlet keys and two extremity keys connecting the outlets to the
concrete structure. It is placed within an opening of the dam con-
struction and the full PKW has an effective threshold length of 21.91

m. The sidewalls and extremity keys are also chamfered on both sides
with a 0.1 m wide horizontal surface in the middle. On the inlet and
outlet noses there is further a 0.12 m chamfered edge connecting the
horizontal surface to the vertical surface on the overhang (see Figure
6 in Section 2.7).

The two outlet keys have splitting blocks integrated with its over-
hang and the inlet floor. This may be seen in Figure 9a and 9b. The
inlet key has its overhang in the downstream direction and there is
therefore a flat vertical section, which separates the outflow from the
outlet keys. In this vertical section of the inlet, an air vent has been
added to the CAD model. This air vent has dimensions 0.4× 0.3 m2

and has a rectangular cross-section. There is also a horizontal flat
floor section on the downstream side of the outlet keys, leading the
water over an edge and onto the chute. These sections of the inlet and
outlet keys, as well as the integrated air vent, are shown in Figure 9d.

A chute is located downstream of the PKW. The length of this chute
was set to 6 m to ensure that the entire water jet hits the chute be-
fore leaving the computational domain. A reservoir is found on the
upstream side of the PKW. In the scale model experiments of the pro-
totype a width of 8.5 m and a length of 25 m was used (scaled to the
prototype dimensions). The actual prototype width is however larger,
and has a width larger than 20 m. The width of the CAD model was
therefore set to 20 m as well. The length of the reservoir was set larger
to ensure that the flow has room to develop. The length from the out-
let crest to the reservoir back wall was therefore set to 30 m.

As the PKW unit is symmetric and only a small difference exists
in the extremity key widths as well as in the upstream walls of the
opening of the dam construction, it was evaluated whether or not the
symmetry argument is an appropriate approximation to make.
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(a) (b)

(c) (d)

Figure 9: Upstream and downstream view of the 1:7 scale model (left) and
the full scale CAD model (right). Source: (a) and (c) from [42].

(a) (b)

Figure 10: Upstream and downstream view of the 1:25 scale model during
an equivalent water discharge to 10 m3s−1. Source: [42].

Looking at the flow conditions of the scaled 1:25 model during test-
ing (see Figure 10) suggests that the flow conditions over the side
crests are similar in both the left and right outlet. The jet flowing over
the inlet crest also suggests that there is a line along the inlet cen-
terline, where the velocity in the horizontal direction (perpendicular
to the main stream direction) is zero or negligible. The main impact
of using the symmetry argument would thus be a slightly lower (or
higher) discharge depending on which of the sides is used for the
computations. Another effect which the symmetry argument would
not take into consideration is the impact on the outlet jet from the
slightly larger discharge over the longer extremity key. However, the
main part of interest in this study is the surrounding part of the in-
let key, which should not be significantly affected. As the symmetric
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argument would lead to that twice as many cells can be placed in
the region near the PKW, it was decided to use the symmetry of the
model and only consider half of the domain. The domain was there-
fore split along the centerline of the inlet key and the left hand side
domain (from an upstream view) was chosen as the domain to be
studied. The resulting domain, with the measurements are shown in
Figure 11.

(a)

(b)

Figure 11: Drawings of the final computational domain from (a) a side view
and (b) a bird’s view.

This symmetry argument will lead to further simplifications of the
flow conditions of the model. Attention should therefore be directed
to the validity of this approximation. The symmetry argument will
also affect the computed water discharge, which will be lower than
the experimentally measured values. To reduce the impact of the sym-
metry approximation on the validation step, slight modifications us-
ing the empirical discharge relationsship of the PKW needs to be
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made. The validation of the numerical model is further discussed in
Section 4.5.

4.3.2 Mesh

The computational domain, described in Section 4.3.1, was divided
into a mesh with the software Ansys Fluent Meshing version 2019

R3. Different meshes were created for the three different cases inves-
tigated. However, a similar structure and cell sizes were used. The
main difference is that a finer mesh is present in the water and air in-
terface in the reservoir, which is located at different levels in the three
cases. Furthermore, the mesh is refined in a larger distance away from
the PKW in case C, since the water jet trajectory goes out further in
that case.

Figure 12: Locations of cross-sections where the mesh is shown.

Two cross-sectional planes are selected and the mesh is shown on
these planes in order to get a better view of the structure of the mesh.
The cross-sections are named J1 and J2 and their locations seen from
a bird’s eye view are shown in Figure 12.

Figure 13 shows the mesh for case B from different views. A side
view of the surface mesh is shown in Figure 13a and a zoomed view
of the inlet key inflation layer on cross-section J1 is presented in Fig-
ure 13b. The mesh on cross-sections J1 and J2 are shown in Figures
13c and 13d, respectively. It can be seen that the mesh consists of a
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(a) (b)

(c) (d)

Figure 13: Mesh of the computational domain for case B shown at different
cross-sections.

core of hexahedral cells which transition into polyhedral cells close
to the boundaries. The hexahedral cell core was chosen since these
cells are highly regular. Using hexahedral cells can also decrease the
computational effort compared to when using tetrahedral cells, as
mentioned in Section 2.4.1. Moreover, it is explained that this type
of cell is well-suited for problems with a clear main flow direction,
which is the case in the reservoir where the water mainly flows in the
streamwise direction.

Polyhedral cells can be more flexible than hexahedral cells and
therefore fits better to complex geometries. Moreover, polyhedral cells
have a larger number of cell neighbours, meaning several advantages,
explained in Section 2.4.1. This cell type is thus chosen close to the
boundaries; it can both capture the relatively complex geometry of
the PKW and it has also more cell neighbours, which can increase
the accuracy. The increased accuracy also compensates the increased
computational effort compared to when using tetrahedral cells, as ex-
plained in Section 2.4.1. However, using this method when creating
the mesh made the water-air interface near the boundaries to consist
of polyhedral cells (see Figure 13a). This gave the water level an ir-
regular shape at these cells during initialization. It would be more
convenient to have hexahedral cells even at the boundaries close to
the water-air interface. The Ansys Fluent Meshing software gives the
mesh this structure automatically, though, when using a mesh con-
sisting of polyhedral cells with a hexahedral core. The problem was
tried to be solved, but without any success.

The number of cells used in the simulations are 391 008, 443 675

and 497 474 for case A, B and C, respectively. This number of cells is
considered a good compromise between accuracy and computational
effort for this project.
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The same element size is used for cells close to the PKW and the
water-air interface, as seen in Figure 13c and 13d, having a side length
of about 8 cm. This is the finest cell size used in the mesh, except for
the cells close to the wall boundaries. The mesh is fine around the
water-air interface to resolve the water level accurately. A too large
deviation of the water level could lead to poor results. Moreover, the
mesh is also fine around the PKW since the flow around that part
is of most interest in the simulation. The flow will also be signifi-
cantly more turbulent there than in the reservoir, which requires a
finer mesh to resolve it accurately. The largest element size is used
close to the bottom of the reservoir, with a side length of about 60

cm.
It can be seen in Figure 13c and 13d that a non-conformal mesh is

used in parts of the domain, meaning that all nodes do not match in
the interface between a cell and its neighbours. In this case there ex-
ists regions where a hexahedral cell has four smaller hexahedral cells
with half its side length as its neighbours on one face. This makes
the mesh more flexible and it is easier to adjust the cell size. How-
ever, a drawback is that extra interpolation is required at these inter-
faces, which implies some extra computations and loss of accuracy.
Nevertheless, the non-conformal mesh is used since it can reduce the
number of cells significantly. The use of a non-conformal mesh is also
implemented by default in the Ansys Fluent Meshing software when
hexahedral cells are used with a growth rate.

An inflation layer was used at the no-slip walls of the domain. A
layer consisting of three cells was used, which is illustrated clearly
in Figure 13b. The purpose of the inflation layer is to capture the
boundary layer at the walls more accurately. The distance from the
boundary to the first cell face is about 1 cm in the PKW. This gave
a largest y+ value in the 600s on the PKW, which is higher than
recommended (see Section 2.4.4 for definition of the wall normal dis-
tance y+). However, the flow is so turbulent around the PKW that the
cell size would need to be very small in order to get a y+ value be-
tween 30 to 300, as recommended to accurately resolve the near-wall
regions. The mesh would consist of a significantly larger number of
cells if the boundary layer around the PKW was to be refined fur-
ther and hence the computational time would be too time consuming
to carry through within the time limit of this project. Moreover, the
enhanced wall function was used in this project to approximate the
velocity profiles in the first wall-adjacent cells. This function yields
relatively accurate results even with coarse meshes, as mentioned in
Section 2.4.5.
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Table 4: Mesh quality index values for the three meshes.

Quality index Case A Case B Case C

Aspect ratio (max) 28.1 29.8 28.3

Aspect ratio (mean) 2.12 2.16 2.10

Orthogonal quality (min) 0.192 0.193 0.193

Orthogonal quality (mean) 0.931 0.943 0.949

Cell squish (max) 0.808 0.807 0.807

Cell squish (mean) 0.0421 0.0445 0.0386

Table 4 shows the extreme and mean values of the aspect ratio,
orthogonal quality and cell squish for the three different meshes used
in this project. An explanation of these mesh quality parameters is
found in Section 2.4.3 and guidelines for the values are listed in Table
1. It can be observed that the equiangle skewness is not presented
in Table 4, even though it is one of the primary quality measures
for a mesh. The reason is that it is a measure that is not applicable
for polyhedral cells. The hexahedral cells used in the mesh have an
optimal value of the equiangle skewness, since these are perfectly
cubic shaped.

It can be observed in Table 4 that the the quality parameters are
almost equal for all three meshes, which is because there are only
small differences between them. When comparing the values with
the guidelines presented in Table 1, it can be observed that the min-
imum orthogonal quality is significantly higher than the minimum
value recommended and the mean value is relatively close to the op-
timal value of one. Furthermore, the squish has a maximum value of
about 0.8, which is significantly lower than the recommended value
of 0.99, and the mean value is close to the optimal value of zero. The
maximum aspect ratio is slightly under 30 though, which is above
the recommendations. However, all cells with an aspect ratio above
5 are located in the boundary layer and hence the high aspect ra-
tio is a result of the inflation layer used in the mesh. Moreover, the
guidelines for the aspect ratio are only general and deviations can
be allowed while obtaining a convergent solution with good accuracy.
Extreme aspect ratios may also yield accurate result with fewer cells
for anisotropic flows [30].

4.4 solution stage

This section includes the mathematical formulation of the computa-
tional model and the solver settings used in Ansys Fluent. The bound-
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ary conditions and initialization of the solver are described in Section
4.4.1. The Fluent solver settings are then described in Section 4.4.2.

4.4.1 Boundary Conditions and Initialization

The boundary and initial conditions are described in this section.

(a)

(b)

Figure 14: Illustration of the boundary conditions.

Figure 14 shows the boundary conditions of the numerical model.
The vertical left and back boundaries, seen from an upstream view,
include two parts. The lower part consists of water and is defined as
a pressure inlet with hydrostatic pressure, given by:

p = ρwgz, (32)

where p [Pa] is the hydrostatic pressure, ρw [kgm−3] is the density
of water, g [ms−2] is the gravitational acceleration and z [m] is the
vertical distance from the water surface. The water level is therefore
specified at these boundaries. The density of water and gravitational
acceleration are set to ρw = 998.2 kgm−3 and g = 9.82 ms−2, respec-
tively. The upper part, i.e. the part above the water surface together
with the upper boundaries of the computational domain, consist of
air. It is specified as a pressure inlet with atmospheric pressure, given
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the value patm = 101.325 kPa. The same type of boundary condition
is set for the air vent, located in the vertical downstream part of the
inlet key of the PKW. Furthermore, the outlet boundary is specified
as a pressure outlet.

Only half of the domain is simulated in this project and a symmetry
argument is used for the other half, as described in Section 4.3.1. This
gives rise to a vertical symmetry boundary splitting the reservoir, the
inlet key of the PKW and the chute in the middle.

The remaining surfaces, shown in gray in Figure 14, are set using
the no-slip boundary condition with zero roughness. This means that
the fluids have zero velocity at these boundaries.

The turbulent intensity and turbulent viscosity ratio must also be
specified at the pressure boundaries in the Ansys Fluent software.
The values of these parameters are unknown in this study. Hence,
they are set after discussion with the supervisors based on their expe-
rience. The flow at the hydrostatic pressure inlet and the atmospheric
pressure inlet above the water surface are expected to have a relatively
small turbulence. These are both given a turbulent intensity and tur-
bulent viscosity ratio of two. The flow at the pressure inlet at the air
vent and the pressure outlet are expected to have a higher turbulence.
The same parameters are there set to five and ten, respectively, which
are the default values in Ansys Fluent.

Figure 15 shows the initialization of water and air in the compu-
tational domain. The domain has been mirrored in the symmetrical
plane in the figure, and only half of the domain is used in the simula-
tion. The whole reservoir is filled with water up to the same level as
at the boundaries in the initial state. Furthermore, the inlet key of the
PKW is filled with water and the outlet key is initialized with air. The
water-air interface goes along the PKW crest, illustrated in Figure 15c.
The water level is the same in the filled parts of the PKW as in the
reservoir.

In Figure 15c it can be observed that the water surface has small ir-
regular humps along the symmetrical plane and at the back boundary.
This is because these parts consist of polyhedral cells, which are ei-
ther entirely filled or empty with water at the initialization. The other
part of the reservoir consists of regularly distributed hexahedral cells,
which explains the smooth shape.

The static pressure is initialized as zero in the whole computa-
tional domain, except for at the hydrostatic pressure inlet, where it
is set according to equation (32). The pressure is then adjusted in the
reservoir to the hydrostatic pressure during the first iterations of the
simulation. The initial velocity of both air and water is also set to
zero in the whole domain. Moreover, the turbulence kinetic energy
and its dissipation rate are given the initial values k = 1 m2s−2 and
ε = 100 m2s−3, respectively.
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(a)

(b)

(c)

Figure 15: Initial condition for the water level.

4.4.2 Fluent Solver Settings

The Fluent setup used for the simulations in this project are presented
in this section. As the problem formulation contains both liquid water
and gaseous air, it is necessary to set up and use a multiphase model.
The VOF model described in Section 2.3 is used in this project, where
the air has been considered as the primary phase and water as the
secondary phase. This may seem odd, considering that water is the
fluid whose characteristics is to be studied. Unless one of the phases
is a compressible ideal gas, the choice of primary or secondary phase
does not affect the simulation. Air was thus specified as primary
phase because it also enables the water fraction to be patched in dur-
ing the initialization. In the case of this problem, this is the easier
choice and makes the initialization step more efficient. Surface ten-
sion modelling was enabled and set to constant with the table value
72.86 mNm−1. When the surface tension modelling is enabled, it is
recommended by Ansys to also enable the implicit body formulation
as it improves solution convergence [30].



4.4 solution stage 41

The realizable k-εmodel, described in Section 2.2, was further used
to capture the effects of turbulence on the simulation. It was chosen
because it has been shown to give superior performance over other
k-ε turbulence models. The enhanced wall function, described in Sec-
tion 2.4.5, was used in this study to bridge the solution to the bound-
ary layer. This particular wall function was used as it is designed to
give a good approximation of the velocity profile near walls for a
wide range of y+ values.

Finally the operating conditions were specified to atmospheric pres-
sure, the gravitational acceleration and the density of air (which is the
lightest phase, as recommended by Ansys). The Ansys Fluent setup
is summarized in Figure 16 as a flow chart.

Figure 16: Ansys Fluent setup.

The solver settings are further summarized in Figure 17. The PISO
method was chosen as the pressure-velocity coupling for the simu-
lations in this project. It uses a predictor-corrector approach and is
recommended by Ansys for all transient flows. The PISO method re-
quires a little more cpu time per iteration as compared to the similar
SIMPLE and SIMPLEC methods. It does however typically converge
in less iterations. [30]

The spatial discretization of the momentum equation in (6), k in
(9) and ε in (10) were chosen to second order upwind interpola-
tion schemes. This method was chosen due to the second order ac-
curacy of the method, as compared to the first order accurate up-
wind method which is also available. The PRESTO! method was fur-
ther used as pressure interpolation scheme, least-squares cell based
method for the gradient scheme and finally the compressive method
for the volume fraction scheme.

The bounded second order implicit method was selected as the
time integration method and the CFL condition was specified to one.
In the time integration settings, the warped-face gradient correction
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option was enabled as it is recommended by Ansys for meshes con-
sisting of both polyhedral and hexahedral cells [30]. An adaptive time
step was further selected to regulate the step size and was set to be
updated after each time step. A maximum number of 20 iterations
was allowed to reach convergence, as specified by the scaled residu-
als. The observed convergence behaviour is described in Section 5.1.

Monitors for the scaled continuity, momentum, k, ε and volume
fraction residuals were further set up. The default convergence crite-
ria for the scaled residuals is 10

−3 in Ansys Fluent [30]. In this study,
the residual convergence criteria were specified to 10

−5 for all equa-
tions except continuity, which was set to 10

−3.

Figure 17: Ansys Fluent solver settings.

4.5 validation

To determine how well the numerical results represent the flow con-
ditions over the actual PKW, comparisons need to be made between
computed and measured quantities. This step is called the validation
step. The results and observations from the experimental study of
Erpicum et al. described in Chapter 3, can be used to validate our
results.

Measurements of the water discharge (Q) and water head (H) has
been made on the prototype PKW for discharges 5 and 10 m3s−1 in
the experimental study. These discharges were estimated from the tur-
bine operating curve of Escouloubre power plant during testing. The
accuracy of these measurements are therefore unknown. The scale
models were however also tested for the equivalent discharges. Mea-
surements were taken during these tests with an ultrasound probe
for the upstream water head and with an electromagnetic flowmeter
for the water discharge. The ultrasound probe had an accuracy of 1

mm and the flowmeter of 0.5 percentage. As the 1:7 scale model was
found able to represent the details of the prototype flow conditions, a
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comparison between the measurements should indicate the accuracy
of the estimated discharges on the prototype. Comparing the results
for the 10 m3s−1 discharge between the prototype and 1:7 scale model,
it may be seen that the water height is specified with two decimals
accuracy. The same number of valid decimals are found in the 5.0
m3s−1 data. As the deviation in the flow conditions was a slightly
lower jet trajectory length for this lower discharge, it is still a good
representation of the discharge over the prototype PKW. [18]

Considering the flowmeter accuracy of 0.5 percent and the good
agreement of the measured water head values between prototype and
the 1:7 scale model discharges for 5.0 and 10 m3s−1, the discharge
rates should be estimated with good enough accuracy to be used in
the validation of this numerical study.

Due to the symmetry argument used in this study (see Section
4.3.1), a direct comparison can not be made between the estimated
prototype discharges and those of this study. As the right extremity
key (seen from an upstream view) is 0.19 m longer than the left key,
it leads to an effective threshold length (L) 0.19 m shorter as the side
with the left extremity key was chosen for the computational domain.
The full effective threshold length of the PKW would then be 21.72

m, leaving a reduction in the effective length by 0.99 percent as com-
pared to the actual prototype PKW. As the upstream flow conditions
remain similar to the full model and as the water discharge depends
linearly on the effective weir length, the specific discharge (q) should
therefore give good indications on the accuracy of the computed val-
ues. The specific discharge rate is defined as the water discharge per
unit length, and is computed as:

q =
Q

L
= Cd

√
2gH3/2, (33)

with L being the total effective threshold length of the PKW structure.
To reduce the impact of the symmetry approximation on the valida-
tion, the discharge is computed as discharge per unit length for a
more fair comparison.

The relative error between the numerically computed and experi-
mentally observed specific discharges qnum and qexp is then com-
puted in the following manner:

errorrel = 100
qnum − qexp

qexp
. (34)

4.6 postprocessing

The aim of this project is to investigate the flow around the PKW.
Eight cross-sectional planes were selected and the air volume frac-
tion was shown on these planes in order to illustrate and better un-
derstand the flow behaviour around the PKW. These planes are pre-
sented in Figure 18.
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(a) (b)

Figure 18: Locations of cross-sections where the solution is projected.

Cross-sections D1 and D2 are parallel to the sidewalls of the PKW.
Cross-section D1 is located at the symmetry plane and D2 is placed
0.5 m away from D1.

Cross-sections E1, E2 and E3 are parallel to the reservoir wall. The
distance from the vertical downstream edge of the inlet key to cross-
section E1, E2 and E3 is 0.1 m, 0.6 m and 1.1 m, respectively.

Cross-sections M1, M2 and M3 are parallel to the crest surface of
the PKW. The distance to these cross-sections from the crest is 0.4 m,
1.0 m and 1.62 m, respectively.

An isosurface was also created, showing where the air volume frac-
tion was equal to 0.5 around the PKW. The surface was coloured by
the velocity magnitude. This gives an additional view of the flow
behaviour and an illustration of parts where the water jet is more
aerated.

The air inflow from the vent and the water discharge from the
PKW were monitored during the simulations. These were plotted and
compared for case A, B and C. Furthermore, the static pressure on
cross-section D1 was also presented for the three cases. The water
discharges can be compared with the ones obtained from the physi-
cal experiments. Moreover, the air inflow from the vent and the static
pressure in the cavity give an indication of how much the water jet is
aerated from the cavity. It also indicates how much the cavity is en-
closed by the nappe. If air is taken from the cavity and brought down-
stream with the water and the nappe is almost enclosing the cavity,
the pressure will eventually drop. This will consequently turn on the
inflow of air from the vent. If more air from the cavity is brought
down with the flow and if the water jet is more closed, the pressure
drop will be larger and thus the air inflow from the vent will also be
increased.
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R E S U LT S A N D D I S C U S S I O N

5.1 verification

The verification procedure used to verify our numerical results is de-
scribed in this section. The purpose of the verification step is to assess
whether the computational implementation of the model is correct.

An implicit numerical scheme has been used as temporal discretiza-
tion for the simulations in this project. This means that the solver is
unconditionally stable with respect to the time step. An adaptive time
step was then used based on the CFL condition to ensure that a suf-
ficiently small time step was being used. The CFL constant was set
to one and the scaled residuals described in Section 4.4.2 then con-
verged within 5-15 iterations, typically. During the simulations there
were instances where the ε residual did not quite manage to decrease
below 10

−5. In these instances it jumped between values on the or-
der of 10

−4. The time step was however decreased by the adaptive
method whenever this occurred, which solved the problem with the
residual.

As the three meshes used for the three flow cases A, B and C are
similar, with the main difference being the location of refinement at
the water level in the reservoir. There is also a slightly larger refine-
ment region on the downstream side of the PKW in case C, as a longer
jet trajectory is present in this case. Otherwise, the meshes are built
using the same cell types, with similar inflation layers and cell sizes.
Because of this and the time limitation of this project, the verification
study will be limited to case B and is considered to be representative
for cases A and C as well.

The Ansys student license brings further restrictions to the possibil-
ities for making a proper convergence study. As the number of cells
in the mesh are limited to 512 000 cells, it was decided to make lo-
cal refinements in the region near the PKW (see Section 4.3.2) as this
was thought to have the most impact on the results. The convergence
study was then performed using the recommended procedure as it is
described in Section 2.6. One coarse mesh of 304 381 cells was gener-
ated using a constant cell size of 10 cm in both the reservoir interface
between water and air and around the PKW structure. Thereafter a
fine mesh with 436 892 cells was generated using a cell size of 10 cm in
the reservoir interface and 5 cm around the PKW. The steady-state so-
lution of case B was then interpolated onto the generated meshes and
the simulations were computed from there until constant discharges
were obtained.

45
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As the averaged cell length would lead to a refinement factor near
one, it was decided that the local cell length near the PKW should
be used instead. The representative cell lengths were therefore set to
h1 = 5 cm, h2 = 8 cm and h3 = 10 cm respectively. The quantity stud-
ied is the water discharge (Q), which was also used in the validation
study. The computed discharges are 4.77 m3s−1 on the coarse mesh,
4.71 m3s−1 on the medium mesh and 4.76 m3s−1 on the fine mesh.
The resulting outputs from the grid convergence study (see Section
2.6) are presented in Table 5.

Table 5: Results from grid convergence study.

Outputs: Coarse Fine

Refinement factor r 1.25 1.6

Error ε 0.06 -0.05

Extrapolated value Qext 4.26 4.93

Approximate error ea 0.01 0.01

Extrapolated error eext 0.11 0.03

Grid convergence index GCIext 0.14 0.04

The resulting estimates from the grid convergence study seem to
indicate a discretization error of ±1 percent. Furthermore, the GCI
index is 4 percent for the finer meshes indicating that the simulated
values are close to the value of asymptotic convergence. A negative
value for s was however obtained in this convergence study, which
indicates that oscillatory convergence occurs. The accuracy order of
the method was further estimated to around 0.59, suggesting that a
larger difference between the cell numbers should have been used in
this study. This is however not possible in this project due to the time
and software limitations described in Section 4.2.

Comparing the discharge values computed on the three different
grids, it may be seen that the variation is in the second decimal place.
As was seen from the convergence study, the relative error was ap-
proximately one percent in both the refinements. By further compar-
ing the values to the corresponding mean discharge value, it is seen
that the corresponding relative error to the mean is less than 1 per-
cent. This indicates that the solution is near the asymptotic value and
that further refinement should not significantly change the computed
discharge rate. As both the upstream water level and the region near
the PKW are believed to be of great importance, the medium mesh
is taken to be a good compromise for the mesh resolution in each of
these regions. The medium mesh was therefore chosen as the mesh
to be used in this study.
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5.2 numerical results

It is desirable that air is present between the water jet and PKW struc-
ture. This is because the presence of air enables the water jet to get
aerated from the inside of the air pocket that is formed. This conse-
quently leads to an increased air concentration of the water falling
from the PKW. Aerated water can protect the downstream part of
the spillway from cavitational erosion damage and hence reduce the
number of preventive actions that are needed. Furthermore, a barrier
of air between the the water jet and the PKW can also work as a pro-
tection of the structure, since water flowing along the PKW can lead
to erosion damage.

Air from the cavity region, underneath the inlet key, will get encap-
sulated and carried with the water jet through aeration and friction.
It is therefore important that the PKW is designed in a way which
supplies air to the cavity. This can occur naturally if jet break-ups
are present in the overflowing water. These break-ups can occur as
a consequence of irregularities in the jet due to turbulence but also
through geometrical features of the PKW. Artificial aeration must be
introduced to the cavity if insufficient air is transported to the cavity
through the water jet. One way is to introduce an air vent, which will
supply air to the cavity if the pressure there drops. Another solution
is to install so-called splitters on top of the PKW crest, which force
the water jet to split. A water jet enclosing the cavity without artificial
aeration will result in a pressure drop. This can in turn give rise to
nappe beats and oscillations, which potentially can damage the PKW
structure if resonance occurs. Moreover, the jet trajectory length is
also an important factor when designing a PKW. An increased jet tra-
jectory means that the downstream chute needs to be dimensioned
longer to include the region where the water hits the chute.

The air concentration of the water jet and to what extent the jet is
enclosing the cavity are, as explained above, important factors seen
from a safety perspective. Contour plots of the water and air concen-
tration around the PKW from a CFD study can be used to study the
flow further with respect to these factors.

5.2.1 Unvented Flow Pattern

The flow characteristics of the unvented prototype PKW, computed
with RANS model, is illustrated in Figure 19. The upstream water
head was imposed using a hydrostatic boundary condition and is
H = 0.48 m (same as in test case B).

Figure 19 shows the simulation result for the Escouloubre proto-
type PKW, as it was built and used during the rehabilitation projects
of Nentilla and Escouloubre power plants. The result shows a de-
pleted air cavity region beneath the downstream inlet nose, formed
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Figure 19: Isosurface of air volume fraction αair = 0.5, coloured with the
local velocity magnitude.

by the enclosing water nappe. Air in the cavity has been carried with
the water due to friction and air entrainment. The reduced amount
of air in the cavity subsequently lead to a significant pressure drop
within the enclosed region, and the formed air pocket reduced in size
(until depletion) as time advanced. This flow characteristic is a sign
of insufficient air supply through the water nappe, and may be com-
pared to the experimental 1:25 scale model results in Chapter 3. This
same effect has been observed by Belzner et al. in the similar study
[43]. The flow over a PKW was compared with and without an air
vent in their study. From this comparison they found that the flow
characteristics were better captured in the case where an air vent had
been included.

This artificial aeration was included in the following test cases A-C,
to help in modelling the air exchange through the water nappe. This
is because the RANS model has shown to be lacking when modelling
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intricate pressure and surface undulations due to turbulence [44]. It
will also give an indication of the amount of air supplied to the cavity.

5.2.2 Flow Pattern: Case A

The flow characteristics for case A, where the upstream water head is
H = 0.26 m, are presented in this Section. The flow characteristics are
presented by contour plots of the air volume fraction (αair), made on
eight different cross-sections shown in Figure 18.

(a) (b)

Figure 20: Air volume fraction on cross-sections (a) D1 and (b) D2 for case
A.

Figure 20 shows the flow trajectory on cross-sections D1 and D2.
It may be observed that the water releases from the structure at the
vertical lower edge of the inlet crest. It can also be seen in Figure 20

that unaerated (black) water gradually transitions into aerated (white)
water, as it has released from the crest. The nappe is further sucked
in towards the cavity region, where it impinges with water flowing
out from the PKW outlets.

A high air volume fraction is also observed in the lower part of the
jet, which suggests that the water is highly aerated. The nappe does
however fully enclose the cavity region in both cross-sections.

Figure 21 shows the flow characteristics at the cross-sectional planes
M1, M2 and M3. It can be seen that the water attaches to the inlet
sidewalls, at each of the three horizontal cross-sections. Similar obser-
vations may also be done from the cross-sections in Figure 21, as was
done from Figure 20. Namely, the water becomes increasingly aer-
ated as the vertical distance from the inlet crest increases. The falling
water nappe further encloses the air cavity region. Local weakenings
in the jet are however present at the downstream nappe edges, but
jet break-up is not observed. This suggests that air exchange to the
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(a) (b) (c)

Figure 21: Air volume fraction on cross-sections (a) M1, (b) M2 and (c) M3

for case A.

cavity region is limited to go through the nappe or be supplied from
the air vent.

The water throw distance from the inlet sidewalls are further close
to zero, and a suction effect towards the cavity is seen at these cross-
sections as well. The local vertical hump of water at the symmetry
line is further caused by impinging water released from the outlets,
at the horizontal ledge connecting the PKW to the chute.

(a) (b) (c)

Figure 22: Air volume fraction αair on cross-sections (a) E1, (b) E2 and (c)
E3 for case A.

Figure 22 shows, similarly to Figures 20 and 21, an enclosed air
cavity region. It is further seen that the cavity width increases as the
horizontal distance from the PKW base increases. The water is finally
attached to the sidewalls in each of the three cross-sections E1, E2 and
E3.

5.2.3 Flow Pattern: Case B

The water flow pattern for case B, where the upstream water head is
H = 0.48 m, is illustrated in this section by presenting the air volume
fraction (αair) at the eight different cross-sections.
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(a) (b)

Figure 23: Air volume fraction on cross-sections (a) D1 and (b) D2 for case
B.

Figure 23 shows the behaviour of the flow trajectory on cross-sec-
tions D1 and D2. It can be observed that the water releases from the
PKW at the upper vertical edge of the inlet key, which is a bit higher
up than for case A.

It can also be seen in Figure 23 that the black water zone rapidly
disappears after the water is released from the inlet key. This means
that the water jet quickly gets aerated and the concentration of air gets
higher as the water falls down further. The water is almost fully aer-
ated at the end of the jet and an opening seems to have been created
between the nappe and the water surface in the chute. This means
that the cavity that is formed below the inlet key is not fully closed.
Thus, some air exchange between the cavity and the outside can oc-
cur.

It can be observed that there are some differences in the flow be-
haviour on cross-sections D1 and D2 when comparing Figure 23a
with 23b. One of the main differences is that the water concentration
in the jet is higher further down when looking at cross-section D2

compared with the symmetry plane (cross-section D1).
Figure 24 shows the flow behaviour on cross-sections M1, M2 and

M3. It can be observed that the water attaches to the sidewalls (see
Figure 24a) with some suction towards the cavity as the water falls
down further (see Figure 24b and 24c).

It can also be seen in Figure 24 that the water nappe is enclosing the
cavity on cross-sections M1, M2 and M3, but with local weakening at
the edges. This means that air exchange can happen from underneath
or possibly, to a minor extent, through the weakenings.

A small hump of water can be observed in Figure 24c at the symme-
try plane in the cavity. This arises when the water flows out from the
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(a) (b) (c)

Figure 24: Air volume fraction on cross sections (a) M1, (b) M2 and (c) M3

for case B.

outlet keys and fills the horizontal ledge that is located after the PKW
base. The water meets at the symmetry plane and clashes, which gives
rise to a local hump of water.

(a) (b) (c)

Figure 25: Air volume fraction on cross-section (a) E1, (b) E2 and (c) E3 for
case B.

The flow trajectory on cross-sections E1, E2 and E3 are presented in
Figure 25. It can be seen that the cavity is enclosed by the water nappe
on these cross-sections. Furthermore, the water jet is more aerated
further out on the inlet key (see Figure 25a) and consists to a larger
extent of black water closer to the PKW base (see Figure 25c). It can
also be observed that the water attaches to the sidewalls on all three
cross-sections.

The small hump of water at the symmetry plane that was observed
in Figure 24c can also be seen in Figure 25c. It is illustrated more
clearly in Figure 25c that the hump is a result of the water clashing at
the horizontal ledge.
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5.2.4 Flow Pattern: Case C

The water flow behaviour for case C, where the upstream water head
is H = 0.63 m, is presented in this section. This is illustrated by the
air volume fraction (αair) on the eight different cross-sections.

(a) (b)

Figure 26: Air volume fraction on cross-sections (a) D1 and (b) D2 for case
C.

The behaviour of the water jet trajectory on cross-sections D1 and
D2 is shown in Figure 26. It can be seen that the water releases from
the PKW structure before it reaches the vertical edge of the inlet key.
This is higher up than for both case A and B.

It can also be observed in Figure 26 that the black water zone grad-
ually disappears as the water falls down from the inlet key. The black
water zone goes down a bit further in plane D2 compared with in
plane D1 (compare Figure 26a with 26b). The water gets more aer-
ated as it falls down further, which happens more quickly on plane
D1 compared with plane D2.

The cavity is nearly fully enclosed by the water nappe when look-
ing at cross-sections D1 and D2 for case C. This implies that limited
air exchange can occur at these cross-sections.

When comparing Figure 26a with 26b it can be seen that the water
falling from the horizontal ledge below the inlet key has a jet shape in
the latter cross-section and a more turbulent behaviour in the former
one. This is because the water clashes together on the horizontal ledge
at the symmetry plane, giving rise to the more turbulent behaviour.

The water flow behaviour on cross-sections M1, M2 and M3 are
illustrated in Figure 27. It can be seen in Figure 27a that the water
attaches to the sidewalls of the inlet key, except for close to the down-
stream outer edge. Some suction towards the cavity can also be ob-
served at cross-section M2 and M3. Furthermore, it can be seen that
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(a) (b) (c)

Figure 27: Air volume fraction on cross-sections (a) M1, (b) M2 and (c) M3

for case C.

the water jet trajectory goes out further away from the PKW at the
front wall than in case A and B.

Figure 27 also shows that the water nappe is enclosing the cavity on
cross-sections M1, M2 ad M3. Hence, air cannot freely be exchanged
between the atmosphere and the cavity at these locations.

A hump is also observed at the symmetry plane on cross-section
M3. It was also seen on cross-section D1 and is present, as mentioned
above, because the water clashes at the symmetry plane at the hori-
zontal ledge.

(a) (b) (c)

Figure 28: Air volume fraction on cross-section (a) E1, (b) E2 and (c) E3 for
case C.

Figure 28 shows the air volume fraction on cross-sections E1, E2

and E3. It can be observed, similarly as in Figure 26 and 27, that
the nappe is enclosing the cavity. Hence, air cannot freely exchange
between the cavity and the atmosphere.

The water jet consists of black water when looking at cross-section
E2 and E3. Moreover, the water is attached to the sidewalls of the
inlet key when looking at these cross-sections. That is not the case for
cross-section E1. There, the water jet trajectory goes out further away
from the inlet key.
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5.2.5 Characteristic Flow Quantities

The flow characteristics around the PKW for case A, B and C are
illustrated in Figure 29.

(a) (b) (c)

Figure 29: Isosurface of air volume fraction αair = 0.5, coloured with the
local velocity magnitude for case A, B and C shown in (a), (b)
and (c), respectively.

Figure 29b shows a corresponding result as in Figure 19, with the
difference that an air vent is introduced in the latter case. It can be
observed that this modification has changed the flow behaviour con-
siderably. A depleted air pocket is no longer formed, but the water is
instead ejected from the PKW. Hence, this modification gives a flow
behaviour that better coincides with the physical prototype model, as
can be seen when comparing the results with Figure 7. A similar im-
provement was achieved in a study by Belzner et al. [43], where they
also got better agreement between a physical model and numerical
simulation after introducing an air vent.

The flow characteristics differ in case A, B and C, as illustrated in
Figure 29. It is observed that a larger part of the water jet around the
inlet key of the PKW has an air volume fraction greater than 0.5 for
lower upstream water heads, which indicates that the water is more
aerated for these cases. Most of the water jet has an air concentration
greater than 0.5 below the outer edge of the inlet key in case A. The
large part of highly aerated water could make it more possible for
air to exchange between the cavity and the atmosphere. This can be
compared with case C, where the part of the nappe with an air con-
centration above 0.5 is much smaller around the inlet key. This makes
it harder for air to interact between the cavity and the atmosphere.

There are no major differences in the velocity magnitude of the wa-
ter around the PKW for the three cases, as seen in Figure 29. The
velocity is roughly 3 ms−1 just after the water leaves the PKW struc-
ture and around 8 ms−1 when it hits the chute.

Figure 30 shows the static pressure on cross-section D2 for case A,
B and C. The colourbar is set to range between -1000 Pa and 300 Pa,
meaning that all static pressures below this lower value are coloured
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(a) (b) (c)

Figure 30: Static pressure on cross-section D2 for case A, B and C shown in
(a), (b) and (c), respectively.

blue and all pressures above the upper value are coloured red. A
negative static pressure is observed in the cavity below the inlet key,
meaning that the pressure is lower than the atmospheric pressure.
The pressure is roughly -150 Pa, -200 Pa and -700 Pa for case A, B
and C, respectively. The pressure difference between case B and C is
significantly higher compared with the difference between case A and
B. A possible explanation to this is that an air opening is formed in
case B between the water jet and the water surface in the chute below
the inlet key (see Figure 23), which may facilitate the air exchange
between the cavity and the atmosphere. That opening is absent in
both case A and C (see Figures 20 and 26).

A pressure drop arises in the cavity when air is entrained into the
water jet, that brings the air downstream. Air cannot freely be ex-
changed between the cavity and the atmosphere since the water is,
at least partially, enclosing the cavity. This will eventually reduce the
amount of air in the cavity, which in turn will lead to a pressure drop.
Air will then flow into the cavity from the air vent, since the vent is
connected to the atmosphere (it is a pressure inlet with atmospheric
pressure). If a larger amount of air is carried downstream with the
water, the pressure drop will be more significant and hence more air
will be sucked into the cavity from the air vent.

A too large pressure drop can lead to undesirable oscillations. How-
ever, the static pressure presented in Figure 30 does not reflect the real
values that would occur in a physical model. Air is artificially intro-
duced from the air vent in the simulations, which is not the case in
the physical model. This modification will change the value of the
static pressure.

It can be observed that the static pressure is almost homogeneous
in the cavity below the inlet key on plane D2 for all three cases. A
more negative pressure is observed below the horizontal ledge, which
is around a part where water is ejected (see the air volume fraction
around this part in Figures 20b, 23a and 26b). Moreover, a large nega-
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tive pressure is observed around the inlet key edge at the part where
the water is ejected.

Figure 31: Water discharge rate (Q) for three upstream water heads corre-
sponding to cases A, B and C.

Figure 31 shows the discharge rate computed for the investigated
flow cases. The three flow cases A, B and C are plotted in black, red
and blue respectively. The discharge rates have been multiplied by
two, to take into account that only half the domain was used for the
computations. The simulations were further run until steady-state,
which occurs when a constant water discharge is observed. This oc-
curred after 50 seconds for all three test cases. A completely flat water
surface could however not be used for the initial condition, leading
to damped oscillatory effects in the discharge. These oscillations took
a long time to become negligibly small. Cases A and B were therefore
simulated for 90 seconds and C for 67 seconds.

The steady-state discharge value was therefore computed as the
averaged discharge from 50 seconds to the final time step. These dis-
charge values are further plotted with dashed lines in Figure 31, us-
ing the same colours as the discharge sequences. These computed
discharge and specific discharge values, as well as the relative error
to the experimentally measured values, are presented in Table 6.
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Table 6: The computed discharge rates for cases A, B and C and the relative
error to experimental values.

Test case A B C

Water head H [m] 0.26 0.48 0.63

Discharge Q [m3s−1] 5.04 9.42 12.24

Specific discharge q [m2s−1] 0.23 0.43 0.56

errorrel [%] +1.71 -4.99 -

From the computed discharge rates (Q), presented in Table 6, the
corresponding discharge coefficients (Cd) may be estimated by back
substitution into the head-discharge relationship given in equation
(31). The resulting coefficients are then 0.39, 0.29 and 0.25 for cases
A, B and C, respectively. The discharge coefficient decreases as the
upstream water head (H) increases, in agreement with the theory pre-
sented in Section 2.7. By investigating the flow pattern of case A in
Figure 29a, it may be seen that the overflowing water clings to the
outlet sidewalls. A stream of water flowing over the upstream outlet
crest is further discharged, with low interaction from the water flow-
ing over the crests on each side. Comparing the flow pattern in 29a
with that in 29b shows that more water flows over the side crests of
the outlet and interacts with this stream of water through the middle
section, partially filling the upstream region of the outlet. Comparing
further the flow patterns of cases A and B with that of case C (see
Figure 29c) shows that the region of the outlet key filled with water
grows larger. Interference is now also present between the overflow-
ing water from each of the outlet side crests. The interaction of water
in the outlet key seems to have an inhibiting affect on the discharge
rate, which causes the outlet key to be increasingly filled. As the fill-
ing of the outlet key continues, less of the effective threshold length
(L) is utilized. This leads to a reduced efficiency of the discharging
function of the PKW and it will subsequently approach that of a stan-
dard linear spillway.

Figure 32 shows the air inflow rates for the investigated flow cases
A, B and C. The same colour coding is used as in Figure 31 and
the inflow rates have similarly been multiplied by two to account
for the symmetry approximation. It can be seen that the air inflow
rates reach roughly one third of the corresponding water discharge
rates. The inflow rates further seem to increase with an increased
discharge rate. This can be explained by the fact that the cavity gets
more enclosed by the water nappe at higher discharges. Furthermore,
a larger amount of air is drawn into the jet and brought downstream
for the higher discharges, which results in an increased air demand
from the vent. The results also showed that the air inflow from the
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Figure 32: Air vent inflow rates for three upstream water heads correspond-
ing to cases A, B and C.

vent in case B was slightly lower than one third of the water discharge
and is thus lower than for case A and C. A probable explanation to
this is that there is an air opening between the water on the chute and
the water jet that has fallen down from the outer edge of the inlet key
in case B (see Figure 23). The cavity is more enclosed at this part in
case A and C (see Figures 20 and 26). This makes it easier for air to
exchange between the cavity and atmosphere at this location in case
B and can thus reduce the relative air demand. A similar observation
was found in the cavity pressure plots in Figure 30, which strengthens
this explanation. However, as no measurements on supplied air was
made on the prototype PKW, it is not possible to validate these air
inflow rates.

5.3 qualitative comparison with physical experiments

A qualitative comparison between the numerical results presented in
Section 5.2 and model tests illustrated in Figure 7 and 8 will be made
in this section.

The simulated flow cases show, in general, good agreement with
the experimental results from [18]. It has been observed through our
numerical results that an increased upstream water head leads to an
increased water trajectory length. The numerical results also show
that an increased upstream water head is correlated with an earlier
jet detachment point on the structure (see Figures 20, 23 and 26), a
larger discharge rate (see Figure 31) as well as a more negative static
pressure in the cavity (see Figure 30). This is also true for the air
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inflow rate through the vent as can be seen in Figure 32. These obser-
vations are all in good agreement with the prototype results.

That the inflow of air to the cavity increases with the upstream wa-
ter head seems to further indicate that less communication is possible
between the enclosed and free air. From Figures 20-28 it can be seen
that the thickness of the water jet is also increasing with an increased
water head. A thicker water jet may further be a valid explanation to
the increased inflow of air, as more water will be separating the air
inside the cavity from the outside. The contour plots of the pressure
distribution inside the cavity also points towards this explanation,
as the pressure drops lower with increasing water head (see Figure
30). A hypothesis is further that the increased jet trajectory length ob-
tained with a higher upstream water head results in a larger lateral
surface enclosing the cavity. The increased area of this lateral surface
should increase the amount of air being transported away due to fric-
tion between air and water. No conclusions for this hypothesis can
however be drawn, based solely on the numerical results.

In the experimental prototype tests, there are significant jet break-
ups along the entire inlet overflow crest (see Figure 8). These break-
ups connect the cavity to the surrounding air and alleviate the local
pressure underneath the nappe. The break-ups result from surface
undulations caused by the turbulent nature of the flow and are not
present in the simulated results. Water therefore clings to the side-
walls of the inlet key. The closed water nappe along the PKW struc-
ture in the simulated results can therefore be seen as a worst case
scenario, which is most comparable with the flow over smaller scale
models. If it is taken as true, it may lead to that unnecessary and
costly solutions are implemented.

The water in Case A detaches further down the inlet crest, as com-
pared with the prototype flow, and the velocity is mainly in the nega-
tive z-direction. These two factors combined with the lower jet thick-
ness and increased air volume fraction may explain why the nappe is
more affected by the negative cavity pressure as compared with cases
B and C. For cases B and C, the water head is larger and separation
occur at earlier locations as may be seen in Figures 20, 23 and 26.

The downstream jet trajectories of cases B and C agree well with
the observed prototype flow characteristics. The overflowing water
on the inlet sides are however clinging more to the structure than
what is observed in the prototype. In fact, the water is attached to
the sidewalls for all cases, except for case C at the most downstream
end of the inlet key. These observations suggest that the water sur-
face undulations can not be overlooked and has significant effects on
the flow characteristics over the prototype PKW. Because of this, it
may be appropriate to use an LES approach as it models turbulence
more accurately. Looking closer at the flow characteristics over the 1:7
model in Figure 7, there are considerably less break-ups in the water
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jet compared with the flow over the prototype. Although the jet trajec-
tory in the scale model is shorter than in the prototype, it still releases
from the structure at the downstream end of the inlet crest. Another
explanation for the clinging water to the structure in our numerical
results, which may add to the effects of the shortcomings of RANS, is
that a suboptimal y+ value has been used (see Section 4.3.2).

5.4 flaws with the numerical study

The results from the numerical model used in this study yields com-
paratively good agreement with the physical model in terms of dis-
charge capacity and visual comparison of the flow behaviour. How-
ever, some assumptions and modifications have been made in the
numerical model, which have an influence on the results. One of the
main modifications is that an air vent is introduced in the numerical
model, which is absent in the physical experiments. A motivation for
this is explained in Section 5.2.1. This modification gave a better agree-
ment with the physical experiments on the prototype model, both
when it comes to discharge capacity and the water flow behaviour
around the PKW. A similar result was observed by Belzner et al. in
[43]. However, this modification will have an influence on the pres-
sure in the cavity and the aeration of the nappe from the cavity. Even
if the nappe is fully enclosing the cavity, air will still be supplied in
the numerical model from the air vent. The main explanation to why
the air vent needs to be introduced in the numerical model is because
of insufficiencies in the RANS model. Denys et al. mention in [44] that
the RANS model has shown good accuracy when it comes to steady
state solutions, such as when investigating the discharge capacity of a
PKW. However, they also state that the RANS model is unable to cap-
ture the complex pressure and turbulence undulations that occur in
the physical models. They used an LES model in their study to better
model these phenomena, which was done with success. Nevertheless,
we chose to use the RANS model, because of the time limit and com-
putational power available. LES is significantly more computationally
demanding than the RANS model. Furthermore, LES requires a fine
mesh to capture the turbulence present in the fluid flow.

When looking at the air volume fraction of the numerical results
for case A, B and C, presented in Sections 5.2.2, 5.2.3 and 5.2.4 re-
spectively, it can be observed that the water jet gets quickly aerated
right after leaving the PKW structure. Thus, the water jet has a high
concentration of air in the major part around the inlet key. A simi-
lar behaviour seems to occur in the physical prototype experiment
(see Figure 7), where white water indicates a relatively high concen-
tration of air. However, the core of the water jet is not visible in the
pictures of the physical experiments and no measurement on the air
concentration was performed. Thus, it is hard to evaluate how well
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the air concentration in the numerical results agree with the physi-
cal model. However, there is probably a noticeable difference, with
a more aerated jet in the numerical results. This is because signifi-
cant numerical diffusion is present in the simulations. This problem
could be reduced by refining the mesh around the water jet further.
That was done in the convergence study and it resulted in a black wa-
ter zone stretching further down from the inlet key. The refinement
around the PKW came with the cost of a coarser grid in the reservoir,
though. A compromise was therefore made in the mesh for the sim-
ulations presented in this report, due to the time limit and limits of
the maximum number of cells available in the Ansys student licence.

An assumption made when setting up the numerical model was
that the water flow is symmetric around the centerline of the inlet
key of the PKW, which is discussed in Section 4.3.1. This reduced
the computational effort required to solve the problem significantly.
Even though it is evaluated as an appropriate assumption, it will still
have some influence on the results. The symmetry argument will im-
ply that the flow behaviour is identical on both sides of the symmetry
plane. However, the extremity of the right outlet key (seen from an up-
stream view) is 0.19 m longer than the left one in the prototype. This
will imply that a larger amount of water will be released from the
right side of the PKW and hence the flow will not be completely sym-
metric. As it is now in the numerical simulations, the water clashes at
the horizontal ledge below the inlet key at the symmetry plane, which
gives rise to a symmetric hump (see the results in Sections 5.2.2, 5.2.3
and 5.2.4). This hump would most likely be shifted to the left (seen
from an upstream view) if no symmetry argument had been used.

The air inflow from the vent is roughly one third of the water dis-
charge from the PKW, which can be seen as a high inflow. This prob-
ably arises when using the RANS model, which is not able to capture
the turbulence behaviour of the flow accurately. It may result in a
cavity that is more enclosed by the water nappe than in the physical
model.

Numerical solutions are always approximate and include system-
atic errors. Modeling errors are one of those, defined as the difference
between the physical flow and the exact solution of the mathematical
model. Simplifications are present in the RANS model, where the
time-average of the transport variables are considered and the turbu-
lence is modeled with a turbulence model. This simplification leads
to a model unable to describe the complex pressure and turbulence
behaviour of the flow, as discussed above.

Another kind of error present in numerical simulations are dis-
cretization errors. It is defined as the difference between the exact
solution of the underlying equations describing the flow and the ex-
act solution of the algebraic equations that arise when discretizing
the problem. The discretization error could be reduced by refining
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the mesh further. However, that would result in an increased compu-
tational cost.

A third type of errors that exist in the numerical solutions are iter-
ation errors. These arise when solving the system of algebraic equa-
tions with an iterative method. The definition of these errors is the
difference between the iterative solution and the exact solution of the
algebraic equations. The iteration errors could be reduced by perform-
ing more iterations for each time-step. However, this would come
with the cost of an increased computational time.

5.5 validation

The validation analysis of the numerical results are described and pre-
sented in this section, following the described procedure in Section
4.5.

Following the previous discussion in Section 5.3, the numerical re-
sults are generally in visual agreement with the prototype flow con-
ditions displayed in Figures 7 and 8. Some deviations do however
occur, and are discussed in more detail in Sections 5.3 and 5.4. The in-
serted air vent affects the numerical results by alleviating the pressure
within the air cavity. Comparing the results without an air vent (see
Figure 19) with those with an air vent (see Figure 29), it may be seen
that this approximation has made the numerical results more com-
parable to the observed prototype flow characteristics. The effects of
using the symmetry approximation described in Section 4.3.1 has fur-
ther been small to the flow characteristics. The main effect has been
that equal amounts of water are discharged on both sides of the in-
let key in the numerical results. In the prototype flow, however, the
discharge from the left side (from an upstream view) is smaller than
from the right side. This has lead to the difference that the discharged
water from each side of the inlet key clashes together at the symme-
try plane in the numerical results while it occurs at a slightly shifted
location in the prototype flow. The effects on the results from the ap-
proximations may thus be seen as small and valid approximations for
the study at hand.

The water level in the reservoir has further been set appropriately
by the boundary conditions and a steady-state solution is found when
the reservoir water levels settles after 50 seconds. At the steady-state
solution the specific discharges, computed as described in Section
4.5, are found to give a relative error of +1.71 percent in case A and
-4.99 percent in case B. From the measurements made on the scale
models in [18, 41], it may further be estimated from measured rat-
ing curves that the flow conditions used in case C should lead to
a specific discharge between 0.55 and 0.59 m2s−1. As the computed
specific discharge value is 0.56 m2s−1 it is also in agreement with the
experimental results on the prototype PKW in Escouloubre dam.
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The mathematical description of the problem, as well as the approx-
imations done in the model, can therefore be seen as valid through
the comparisons made between the observed and numerically com-
puted results.



6
C O N C L U S I O N S

The RANS model does not capture the complex flow behaviour, in
terms of surface undulations due to turbulence, around the PKW.
This flaw results in under modeled air exchange through the water
nappe and consequently leads to a large negative pressure caused by
depleting air. In steady-state flow, this leads further to the water flow-
ing along the PKW structure with no air pocket in between, which
is not a phenomenon present in the experimental flow characteristics
over the PKW in Escouloubre dam. A more computationally complex
model, such as the LES or DNS models, should therefore be employed
to better model this complex flow pattern. RANS model, together
with the realizable k-ε model, does however give qualitatively com-
parable results to the experimental flow characteristics when artificial
aeration is implemented in the form of an air ventilation channel.

The three flow cases tested in this study gave specific discharge
rates of 0.23 m2s−1, 0.43 m2s−1 and 0.56 m2s−1 corresponding to up-
stream water heads of 0.26 m, 0.48 m and 0.63 m, respectively. Rela-
tive errors of +1.71 percent and -4.99 percent are obtained when the
two lower rates are compared to the corresponding prototype flow
conditions. An error could not be computed for the rate from the
largest upstream water head, but through comparisons with the rat-
ing curves obtained with the scale models it is seen to be within the
correct interval.

The results from this study show that the numerical model used
in this project cannot replace physical experiments, since the flow be-
haviour differs too much from the physical experimental study. How-
ever, the water discharge rates are computed with relatively good
precision. Thus, a similar CFD model as used in this project can po-
tentially be used in an early stage for the design of a new PKW, where
the discharge given a specific upstream water head can be approxi-
mated. The numerical model takes into consideration that the dis-
charge coefficient (Cd) decreases with an increasing upstream water
head due to changes in the flow pattern, something that is not in-
cluded in the classical head-discharge relationship (see equation (31)).
The numerical model used in this project also gives a reasonable view
of the flow pattern around the PKW. Hence, a similar model can po-
tentially be used in the design of a new PKW, before performing hy-
draulic tests on a physical model. It is obviously easier and cheaper to
change geometrical parameters in a CAD software than in a physical
model. A CFD study can therefore be used for dimensioning e.g. the
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width of the inlet and outlet keys as well as the spillway chute length
in the early stages of hydraulic PKW projects.

No conclusions can be drawn about the water jet break-up due to
the coarse mesh used and the limitations of the RANS model. Weak-
ening could however be observed in the nappe edges, as was seen in
Figures 21, 24 and 27, where possible jet break-ups may occur in the
prototype PKW.

From the numerical results it may be concluded that a larger dis-
charge is obtained when increasing the upstream water head, as ex-
pected from the empirically derived relationship. A higher discharge
resulted in a larger jet thickness and a longer jet trajectory from the
PKW crest. The results also indicate that the water detaches earlier
from the PKW, when the upstream water head increases. The cav-
ity sub pressure further increases with a larger discharge rate, which
indicates that the cavity becomes more enclosed by the water nappe.
Finally, the outlet keys become increasingly filled as the upstream wa-
ter head increases, due to the interaction between water overflowing
from the sidewalls. However, because of the indication of oscillatory
convergence, the assumptions made and the numerical diffusion, we
are limited to only draw qualitative conclusions from the results.



7
F U T U R E W O R K

Several limitations of resources exist in this study, as mentioned in
Section 4.2. The student license of the Ansys software is used, which
restricts the maximum number of cells to 512 000. Furthermore, the
computational power and time available for the simulations are also
limited. More reliable results could be achieved without these limita-
tions. An interesting project for a future work with less restrictions
would be to perform a similar CFD study of the same PKW in Es-
couloubre dam but with a refined mesh. The most important parts to
refine are the water-air interface, to accurately capture the water level
in the reservoir, and around the PKW, to accurately capture the flow
behaviour. These results could then be compared with the ones from
this study. It would for example give an indication of how much the
water nappe around the inlet key of the PKW suffer from numerical
diffusion in our study.

Another interesting future project with less limitations would be
to perform the simulation for the whole domain, i.e. without using
a symmetry argument. Even though the symmetry argument is as-
sumed to be an appropriate assumption, as evaluated from pictures
from the physical experiments, the flow is not totally symmetric. The
results when simulating the whole domain could be compared with
the results from our study. Possible effects on the results from the
symmetry argument could then be detected.

The RANS model is unable to capture all the complex behaviour
of the pressure and turbulence of the flow around the PKW, as men-
tioned in Section 5.4. A next step of this study could be to replace
the RANS model with the LES model. LES has shown to more accu-
rately model these phenomena, but comes with the cost of requiring
more computational effort and a fine mesh. The results from the two
models could then be compared and possible differences in the flow
behaviour could be detected. It would also be desirable if the LES
model could yield accurate results without introducing an air vent.
The pressure in the cavity below the inlet key of the PKW could then
be studied more accurately. Possible undesirable oscillations that may
arise due to a high pressure drop could also be studied.
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