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Abstract

The following text will provide a historical perspective as well as
investigate different approaches to the unsolved mathematical problem
Goldbach’s conjecture stated by Christian Goldbach in the year 1742.

First off, there will be an overview of the early history of prime num-
bers, and then a brief description of the Prime Number Theorem.

Subsequently, an example of a heuristic and probabilistic method of
justifying the binary Goldbach’s conjecture, proposed by Gaze and
Gaze, will be discussed.

Lastly, the proposed solution of the ternary Goldbach’s conjecture by
H. Helfgott will be discussed, including the main ideas and the method
behind the proof.
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1 Introduction

Goldbach’s conjecture is an unsolved mathematical problem within num-
ber theory that was formulated by the German mathematician Christian
Goldbach in letter correspondence with the famous Swiss mathematician
Leonhard Euler in the year 1742. The problem sounds fairly simple in its
statement but yet no one has achieved a solution for the original problem
and it still draws the attention of mathematicians even to this date, more
than 250 years after it was proposed. Worth mentioning is that the weak
form of the conjecture, the ternary Goldbach’s conjecture, was claimed to
have been solved in 2014 by the Peruvian mathematician Harald Helfgott.

In the letter where the problem first makes an appearance, C. Goldbach
wrote that “Every integer greater than 2 can be written as the sum of three
primes” and that “Every even number is the sum of two primes”. [Vau]

These two simple statements has since aroused mathematicians, and count-
less hours have been spent in trying to draw up a solution.

1.1 Definition of the Conjectures

When the original statements were made, C. Goldbach considered the inte-
ger 1 to be a prime number, which calls for the modern expression of the
conjecture:

Definition 1.1. (Binary or strong Goldbach’s conjecture) Every even integer
greater than 2 can be written as the sum of two primes.

Definition 1.2. (Ternary or weak Goldbach’s conjecture) Every odd integer
greater than 5 can be written as the sum of three primes.

There are generally more then one way to express an integer in sums of two
or three prime numbers. For the binary case there is a definition, namely:

Definition 1.3. (Goldbach partition [Sil]) The pair of two prime
numbers, p and q, where p + q = n and n being an even integer, is called a
Goldbach partition of n.
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In the table below follow a few examples of partitions of the binary conjecture.

Even integer: 10 22 48 150

Partitions:
3+7
5+5

3+19
5+17
11+11

5+43
7+41
11+37
17+31
19+29

11+139
13+137
19+131
23+127
37+113
41+109

...
71+79

Number of partitions: 2 3 5 15

There are several different ways mathematicians have tried to solve the
conjecture, ranging from statistical and probabilistic approaches to analytic
number theory. In the following sections of the thesis, the many different
approaches to both the binary and ternary versions of the conjecture will be
investigated.

2 Prime Numbers and their Distribution

As the Goldbach's conjecture lies in the field of number theory and its very
core is prime numbers, the distribution of such numbers may be an integral
part of any attempted solution to the conjecture. The following section pro-
vides a brief overview regarding primes, their infinity, and their distribution.

2.1 Early Results

As early as 300 B.C, the Greek mathematician Euclid constructed a proof
that there is an infinite number of prime numbers. The following version
is a paraphrasing of Euclid original version, with some comments from [Sie]
being left out:
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Theorem 2.1. (Euclid’s theorem, [Sie]) Given any finite set S of primes,
one considers their product P and adds the unit 1. If P + 1 is a prime,
one has found an additional prime, which means a prime that is not in the
original set S. If P + 1 is not a prime, it is divided by a prime. This latter
prime cannot, however, be one of the primes in original finite set either,
because in this case it could not divide P + 1. Therefore we have also in this
case found an additional prime that does not lie in the original set S of prime
numbers assumed.

As the infinity of the primes have been known for 2300 years, a function
that expresses their distribution in a reasonable fashion was formulated and
proved much later. The oldest known method of finding the primes up to a
integer n is the Sieve of Eratosthenes, yet again originating from the ancient
Greece. There is no strict mathematical definition of the sieve as it is more
of a practical, rigorous and, as said in 1772 by [Hor], ”excellent invention”,
method, or algorithm.

When using the sieve to find the primes up to an integer n, all the mul-
tiples of every prime less than

√
n are removed. Therefore, what we need to

know are all the primes less than
√

n. The integers that are not sieved in the
range between

√
n and n must therefore be prime numbers. The sieve can

be used for a, not so perfect, approximation of the primes up to an integer
n. When the multiples of the prime 2 are sieved out, half of the remaining
integers can not be prime, and when the multiples of the prime 3 are sieved
out, another 1/3 of the remaining integers cannot be prime. After sieving
out both 2 and 3, the remaining integers are:(

1− 1

3

)(
1− 1

2

)
n =

1

3
n. (1)

This follows from the computations by Granville [Gra], and leads to the
formula to approximate the primes between

√
n and n, where p is prime,

using the Sieve of Eratosthenes :∏
p≤
√
n

(
1− 1

p

)
n. (2)
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Although he addresses the issue that the approximation is rather weak,
and there are far better and more modern ways of computing the approxi-
mation.

2.2 Prime Number Theorem

The function counting the number of primes up to an integer n, denoted
π(n), was first proposed in the very late 18th century and the first proof
emerged almost a century later in the year 1896 by the French mathemati-
cians Jacques Hadamard and the Belgian mathematician Charles Jean de la
Vallée Poussin, where both of them proved the theorem independently. As
their proof involved complex analysis, credit also is due to the Norwegian
mathematician Atle Selberg and the Hungarian mathematician Paul Erdös
that proposed an elementary proof of the Prime Number Theorem in the year
1948, which eventually lead to Selberg receiving the Fields Medal. [Gol]

Theorem 2.2. (Prime Number Theorem, [Gor]) For a real x > 0, denote by
π(x) the number of primes less than x. The asymptotic law for the distribu-
tion of prime numbers asserts that π(x) ∼ x/ lnx.

The notation ∼ is referred to as the asymptotic notation and has the
meaning that if f(x) ∼ g(x), then f(x)/g(x) → 1 as x increases to infinity.
The theorem will henceforth be referred to as the PNT.

There have been plenty of different proofs for the PNT, and here we have
chosen to give a brief review of a short proof formulated by the American
mathematician Donald. J. Newman, using a breakdown of the proof provided
by [Zag].

D. J. Newman’s proof of the PNT focuses on three main functions and
their properties, mainly the Riemann Zeta Function,

ζ(s) =
∞∑
n=1

1

ns
, (3)

secondly,

Φ(s) =
∑
p

ln p

ps
, (4)
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and lastly,

ϑ(x) =
∑
p≤x

ln p, (5)

where for all three functions, s ∈ C and x ∈ R.

Equation (3) and equation (4) are used in order to, in several steps,
prove different properties of equation (5), concluding with proving that

ϑ(x) ∼ x. (6)

We also need the formal definition of π(x).

Definition 2.3. The number of primes, p, less than or equal to x, can be
expressed as

π(x) =
∑
p≤x

1. (7)

Equation (6), together with definition 2.3, leads us to

ϑ(x) =
∑
p≤x

ln p ≤
∑
p≤x

lnx =
∑
p≤x

1 · ln(x) = π(x) · ln(x) (8)

where, for x→∞, ϑ(x) ∼ x, which leads to the conclusion that, asymptoti-
cally,

x ≤ π(x) · ln(x) =⇒ π(x) ≥ x

ln(x)
. (9)

It is also shown in [Zag] that, asymptotically, π(x) ≤ x

ln(x)
, and therefore

π(x) ∼ x

ln(x)
, and the PNT is proven.

For the interested reader, the elementary proof by A. Selberg, [Sel1], for
which he received the Field’s medal, is recommended for further study.

These theories and ideas regarding prime numbers will play an
pivotal role in this thesis’ further study of the Goldbach's Conjecture.
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3 Heuristic and Probabilistic Justification

“Every heuristic argument can be said to have some sort of leap of faith,
with some more sound than others. [...] Such step, usually, is backed by
some probabilistic reasoning or density-type argument which leads to an
apparently sensible conclusion.” [Taf]

Using probabilistic arguments, heuristic assumptions can be made whether
the binary conjecture holds for large integers n, and how large (or small for
that matter) the probability is that it fails.

One key concept to tackle the problem is to investigate how the prime
numbers are distributed over remainder classes, or modular arithmetic.

Definition 3.1. (Congruence) Given two integers a and b, we say that a is
congruent to b modulo m, denoted by a ≡ b (mod m), if m | (a − b). The
integer m is the modulos of the congruence.
Moreover, we have that if a ≡ b (mod m), then gcd(a,m) = gcd(b,m).

3.1 Method Presented by Gaze & Gaze

Henceforth we account for ideas presented in Gaze & Gaze [Gaz], that use
a combination of sieve techniques and the concept of prime numbers being
evenly distributed over remainder classes, something that will be addressed
later, to propose a heuristic justification of the strong Goldbach’s conjecture,
fully aware of this not being a valid proof in any way. The fundamental
statement of this idea is the following definition.

Definition 3.2. Consider an even integer n ≡ m (mod p), where p is a
prime less than n and m being an integer. Then all primes q, less than n,
that are in the same remainder class m modulo p as the even integer n, will
have an integer partner r, q + r = n, where r is not prime, except for the
special case where r = p.
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This holds because if we consider an even integer n, where n ≡ m (mod p),
m being an integer and p being prime, a prime q, where q 6= p, q < n, and
q ≡ m (mod p) will be one of the primes of the Goldbach partition (q, (n−q)).
But the additive property of congruence classes implies that n−q is a multiple
of p, and hence not prime, due to to n − q ≡ m −m ≡ 0 (mod p), unless in
the special case where n− q = p.

3.1.1 Sieve Method by Gaze & Gaze

The concept with remainder classes and primes propose a method of finding
Goldbach partions of even integers, using a sieve inspired by the Sieve of
Eratosthenes. Instead of sieving out integers that are not prime, the method
is sieving out primes that are unable to be part of a Goldbach partition of
an even integer n. By formalizing this method and partnering it with the
PNT, and the PNT for Arithmetic Progressions, stated below, a heuristic
justification that the strong Goldbach Conjecture holds for large even integers
n can be proposed.

There are now some concepts that need to be explained more thoroughly.
First off, an example of the sieve technique used to remove primes unfit for
Goldbach partitions is needed.

This technique functions in such a way that when searching for all the
Goldbach partitions of an even integer n, one needs to sieve out the primes
less than n that are in the same residue class as any of the primes, p <

√
n.

This follows from definition 3.2 which states that these primes can not be
part of a Goldbach partition of n. Notice that the prime 2 is being left out
here because the only Goldbach partition that 2 can be part of is 2 + 2 = 4
due to for any even integer n, except n = 4, n − 2 must be another even
integer which can not be prime.

One might ask why there is a need only to sieve out residue classes of
primes less than

√
n. The reason for this was provided by the supervisor of

this thesis, [Cri].

Lemma 3.3. When applying the sieve method proposed by Gaze & Gaze, it
is sufficient to sieve out primes less than n with the same residue class as
any of the primes p, for which it holds that p <

√
n.
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Proof. Let us say that a in an even integer, p and q are primes, and that
q < p. Let us also assume that p >

√
a. The statement that

a ≡ q (mod p) (10)

is equivalent of saying that
a− q = k · p (11)

for some integer k.

As we know that p >
√
a and that a − q < a, it must be true that

k <
√
a, by equation 11. Now we have k <

√
a. Combining equation 10

and equation 11 provides us with the realization that the congruence can
be instead expressed as

a ≡ q (mod k). (12)

We know that k < p due to p >
√
a > k. If k is prime, the prime q

would already have been sieved when we used the method modulo k, and
our calculations with modulo p would have been unnecessary.

If k is not prime, it will have a prime factorization of k = p1 ·p2 ·p3 · · · pn,
which gives us that a − q = (p1 · p2 · p3 · · · pn) · p, which let us make the
statement that

a ≡ q (mod p1) (13)

or for an other p of k´s prime factorization, and therefore q would already
have been sieved without the need of sieving with modulo p.

Therefore it is enough to sieve all primes with the same residue class as
another prime, p, for p <

√
n. [Cri]

3.1.2 Example

Here we will provide an easy to follow example in finding the Goldbach
partitions of the even integer 26, formulated by the author. As 26 6= 4 the
prime 2 is being left out. Therefore the primes leading up to 26 are the
following:
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3 5 7 11 13 17 19 23

5 7 11 13 17 19 23
2 1 2 1 2 1 2 (mod 3)

The only primes that are less than
√

26 are 3 and 5. 26 ≡ 2 (mod 3) and
for the primes above:

Notice that 3 is not being included when the sieve is using modulo 3 (this
is not unique for the integer 3, but for all primes, p, used in the sieve).

As 5, 11, 17, and 23 all are congruent 2 modulo 3, these primes are being
sieved out. The primes left are:

3 7 13 19

26 ≡ 1 (mod 5) and the remaining primes modulo 5 are the following:

3 7 13 19
3 2 3 4 (mod 5)

As none of the primes left are in the same congruence class as 26 modulo
5 all of them are part of a Goldbach partition of 26. Clearly, (13 + 13) = 26
and (7 + 19) = 26, but what happened to 3 that has not been sieved out?
This is a consequence of the special case mentioned in definition 3.2 and its
explanation, with n = 26, q = 23 and p = 3. The fact that n− q = p implies
that this is indeed the special case. Therefore the prime 23 is reintroduced
and the Goldbach partitions of the even integer 26 are the following pairs:

(7+19) (13+13) (3+23)

3.2 Prime Number Theorem for Arithmetic Progres-
sions

The next part of explaining the idea in [Gaz] is the concept of primes being
distributed evenly across modulo p, p being prime, and therefore the PNT
for Arithmetic Progressions.
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First we need to describe the Euler phi-function (φ(n)) and its multiplicative
property.

Definition 3.4. (Euler phi-function φ(n)) Let n be a positive integer. The
Euler phi-function φ(n) is defined to be the number of positive integers not
exceeding n that are relatively prime to n, or the number of integers x ≤ n
such that gcd(x, n) = 1.

In order to prove the proposition regarding the multiplicativity of φ(n),
we also need the following definitions.

Definition 3.5. (Complete system of residues modulo m, [Ros])
A complete system of residues modulo m is a set of integers such that every
integer is congruent modulo m to exactly one integer of the set.

Proposition 3.1. If r1, r2, · · · rm is a complete system of residues modulo
m, and if a is a positive integer with gcd(a,m) = 1, then

ar1 + b, ar2 + b, · · · , arm + b (14)

is a complete system of residues modulo m. [Ros]

We state this definition without a proof, and refer the reader to the proof
in [Ros].

The implications of a complete system of residues modulo m, is that the
number of integers in the set that are relatively prime to m is equal to φ(m).
Say that we have m = 8. Then a complete system of residues modulo m will
contain, for example, the integers 0, 1, 2, 3, 4, 5, 6, 7 (as long as the integers
in the set are congruent to the latter, modulo m.) Clearly the integers that
are relatively prime to 8 are 1, 3, 5, 7, and φ(8) = 4. This definition is crucial
in the proof of the following proposition.

Proposition 3.2. (Multiplicativity of the Euler phi-function φ(n)) For rel-
atively prime positive integers m and n, where gcd(m,n) = 1, the Euler
phi-function φ(n) is multiplicative, meaning that φ(m) · φ(n) = φ(mn).

Proof. We start by listing all positive integers not exceeding mn in the fol-
lowing way.
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1 m+ 1 2m+ 1 · · · (n− 1)m+ 1
2 m+ 2 2m+ 2 · · · (n− 1)m+ 2
3 m+ 3 2m+ 3 · · · (n− 1)m+ 3
· · · ·
· · · ·
· · · ·
m 2m 3m mn

The integers are listed in columns with length m, and in n number of rows,
starting with 1 in the top-right corner and ending with mn in the bottom-left
corner.

Now say that we have a positive integer r, with r ≤ m, meaning that we
will find r in the first column. For now it holds for r that gcd(m, r) = d > 1.
This implies that no integer in the rth row will be relatively prime to mn,
because every integer on the rth row can be written as km + r, for which k
is an integer with 1 ≤ k ≤ n− 1, and d must be divisor of km+ r because d
divides both r and m. We have therefore shown that for every integer in the
first column that is a divisor of m, there can be no integers in the divisor’s
row that are relatively prime to mn.

This implies that in order to find integers in the list that are relatively
prime to mn, we must seek in the rows of integers of the first column where it
holds that gcd(m, r) = 1. So if we find an integer r in the first column, with
1 ≤ r ≤ m, all elements in that row must be relatively prime to mn due to
all of them being of the form km+ r with 1 ≤ k ≤ n− 1 and gcd(m, r) = 1.

By using proposition 3.1, we know that if gcd(m, r) = 1, the integers
in the rth row must form a complete system of residues modulo n, which lead
us to the realization that φ(n) of these integers are relatively prime to n, as
well as they are, from gcd(m, r) = 1, also relatively prime to m.

This lead us to the conclusion, that since we have φ(m) rows, where each
of them contain φ(n) integers that are relatively prime to mn, it must hold
that φ(m) · φ(n) = φ(mn). [Ros]

We are now ready to introduce the PNT for Arithmetic Progressions.



3 HEURISTIC AND PROBABILISTIC JUSTIFICATION 14

Theorem 3.6. (Prime Number Theorem for Arithmetic Progressions, [Sop])
Let π(x, q) denote the number of all primes p no greater than x, congruent
to a modulo q, for a, q ∈ N such that gcd(a, q) = 1. Then,

π(x, q) ∼ 1

φ(q)

x

ln x
,

where φ(q) is the Euler phi-function.

Henceforth this will be referred to as the PNTAP.

As it lies beyond the scope of this thesis to prove the PNTAP, we refer
the reader to the elementary proof of [Sel2].

It is important to be aware of that both the PNT and the PNTAP yield
asymptotic results, and therefore are not perfect nor accurate with low valued
integers, instead they become more accurate as x, q → ∞. There is also a
somewhat large error term associated with theorem 2.2 and theorem 3.6,
that will be discussed later.

3.3 Distribution of Primes Across Prime Residue Classes

The idea from [Gaz], that the primes are distributed evenly across residue
classes of primes, is a consequence of the PNTAP. The integer q will be
chosen to be prime, and the integer a will be less than q. The theorem states
that gcd(a, q) = 1, and as q is being prime, gcd(a, q) = 1 must hold for all a.
This implies that for a given prime q, any a chosen, due to the right-hand
side of the PNTAP not containing the variable a, asymptotically π(x, q) will
yield the same result for all a, resulting in an even distribution of the primes
across a prime residue class.

This is also expressed in more accuracy in [Gaz], with the following rea-
soning: It follows from definition 3.4 that φ(p) = p − 1 where p is prime,
and therefore each of the remainder classes of a prime p, as x → ∞, will
contain 1/(p − 1) of the primes up to x. Since the Euler phi-function is
multiplicative, so if we are applying the PNTAP over a sequence of prime
numbers it will yield the function

π(x, p1 · p2 · · · ·pj) ∼
1∏

p≤pj(p− 1)

x

lnx
, (15)
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which implies that the primes are evenly distributed across remainder classes.

3.4 Heuristic Justification by Gaze & Gaze

All of this eventually lead to the conclusion, using the proposed sieve, that
for each prime p used as modulus in the sieve, 1/φ(p) or 1/(p − 1) of the
remaining primes will be unable to be part of a Goldbach partition.

The following section is [Gaz] summarized by our own words.

Using the sieve, the remaining primes fit for Goldbach partitions can be
expressed as:

πgold(x) ≈
∏

3≤p≤
√
x

(1− 1/(p− 1)) · π(x), (16)

because one remainder class of each prime, less than or equal to
√
x, is being

sieved out, resulting in 1/(p− 1) per prime, and then multiplied with π(x).

Now we want to express πgold(x) in a way so that we can find a limit as
x → ∞, and this can be done using some clever algebra. The Polish math-
ematician Franz Mertens showed the following asymptotic equality in his
efforts to find π(x) (which eventually was dismissed as a good approximation
of π(x)): ∏

p≤
√
x

(1− 1/p) · x ∼ 2e−γ

lnx
· x, (17)

where γ is the Euler-Mascheroni constant and 2e−γ ≈ 1.12292...

Definition 3.7. (Euler-Mascheroni constant, [Top]) The Euler-Mascheroni
constant γ is defined by

γ =

[
lim
n→∞

n∑
k=1

1

k
− lnn

]
= 0.57721566....
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Multiplying both sides of equation 17 with 1/ lnx yields∏
p≤
√
x

(1− 1/p) · π(x) ∼ 2e−γ

ln2 x
· x, (18)

by PNT. We can then use the property that∏
p≤
√
x

(1− 1/p) <
∏

3≤p≤
√
x

(1− 1/(p− 1)) (19)

in order to interchange the right-hand side of the πgold(x)-function. Because
the new expression is smaller than the old, and we are striving for large values
on the right-hand side, it will not change the value in a biased way. The new
function can then be expressed as

πgold(x) ≈
∏
p≤
√
x

(1− 1/p) · π(x), (20)

and therefore

πgold(x) ≈ 2e−γ · x
ln2 x

≈ 1.12292 · x
ln2 x

. (21)

3.4.1 Conclusion

For large integers x we have, x > ln2 x, and πgold(x) tends to infinity as x
become larger and larger, implying that for large x there are plenty of primes
suitable for Goldbach partitions. But we must take the aforementioned error
terms into consideration. The PNT and equation (17) are involved in the
making of the expression, and they come with large error terms. Just by
looking at the over-counts of the expressions for x = 1.00 · 1011, the actual
result is π(x) ≈ 4.1 · 109, but x/ lnx over-counts by 170 million primes and
the equation by F. Mertens, equation 17, by 315 million primes.

These error terms associated with the expressions were not taken into
account in [Gaz], and it is beyond the scope of this thesis to do so. It
clearly shows what problems we can run into when dealing with asymptotic
results and the difference between such results and, for example, results from
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direct proofs. The method presented although presents a good example of a
heuristic justification of the Goldbach’s conjecture.

3.5 Goldbach’s Comet

One interesting phenomenon generated by the conjecture is the so called
Goldbach’s comet which is a visual representation of the number of possible
Goldbach partitions of an even integer n. The comet-like structure can prob-
ably be explained as a consequence of how the number of partitions varies
between different congruence classes. Now this figure just expresses the num-
ber of partitions up to n = 5 · 104, but we can clearly see that the number in
steadily increasing. This would make us assume that the conjecture holds,
but this have nothing to do with a proof as we can not know that there is no
exception for a large n where the number of partitions will be zero.

Figure 1: Goldbach’s Comet, Goldbach partitions up to the integer n = 50000
on the x -axis, and number of partitions on the y-axis. Generated by a Python
script using a modified version of the code from [Sci].
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4 The Ternary Goldbach’s Conjecture

This thesis will now focus its attention to the ternary, or weak Goldbach’s
conjecture, and its proposed solution by H. Helfgott in 2014, where from we
will introduce and explain some of the main concept and ideas. An important
note to make is that the proof has yet to be published in a peer-reviewed
publication but H. Helfgott has since then been awarded an Alexander von
Humboldt Professorship at the University of Göttingen and no one seem to
have been able to confute his proof yet.

4.1 Historical Overview

The ternary Goldbach’s conjecture have been the interest of many mathemati-
cians, and especially for those in the field of number theory. The German
mathematician Edmund Landau thought that the problem was unangreif-
bar but was later proven wrong when the British mathematicians Godfrey
Harold Hardy and John Edensor Littlewood, assuming the generalized Rie-
mann hypothesis to hold, were able to show that the ternary conjecture was
true for every odd integer larger than a unspecified constant C. The Soviet
mathematician, Ivan Vinogradov, was able to remove the condition that the
generalized Riemann hypothesis must hold in the year of 1937, and the first
value of the constant C was calculated to C = 3315 by K. G. Borodzkin,
another Soviet mathematician. The best result for C that was proven before
H. Helfgott announced his proof was C = 2 · 101346 by Liu and Wang. [Hel2]

Other approaches have been tried as well, and another Soviet mathemati-
cian, Lev Schnirelmann, was able to prove that every integer larger than one,
”can be written as the sum of at most K primes for some unspecified con-
stant K”, and the most recent progression on this approach is to specify the
constant K to K = 5, which was done by the Australian-American mathe-
matician Terence Tao, who is a recipient of the Fields medal in 2006.
Another interesting approach, this time regarding a variant of the Goldbach’s
conjecture, is that of the Chinese mathematician Jing-Run Chen that proved
that every even integer larger than an unknown constant is the sum of a
prime and the product of at most two primes, which can be expressed as
n = p1 + p2p3 with p3 being the integer 1 or a prime. [Hel2]
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Assuming the generalized Riemann hypothesis, Dmitrii Zinoviev was able
to improve on the work of G. H. Hardy and J. E. Littlewood and specified
their constant to C = 1020, which, after a check was done for all the integers
less than 1020, gives a proof of the ternary Goldbach’s conjecture, although
conditional of the generalized Riemann hypothesis. As the hypothesis has yet
to be proven, the proof of D. Zinoviev is not complete. [Hel2]

The approach that H. Helfgott follows in his proof of the ternary Gold-
bach’s conjecture is the progression of bringing down the constant C from
Vinogradov’s Theorem, and therefore unconditional of the generalized Rie-
mann hypothesis, such that all odd integers below C can be assessed by
computational power. [Hel1]

4.2 Approach

The main idea behind an analytic proof of this kind is to find a function,
referred to as the main term, in how many ways the conjecture, in our case the
ternary Goldbach’s conjecture and the Goldbach partitions, can be expressed
for an integer n. Such a function will though have another associated function
that can be seen as the error in the first functions result. This is referred to
as the error term.

When combining these functions, the maximum number of partitions will
therefore be

main term+ error term (22)

and the minimum number of partitions will be

main term− error term. (23)

As long as the main term is larger than the error term, the number of
partitions is larger than zero, and the conjecture holds.

Therefore the approach consists of finding functions for the main term
and the error term so that equation (23) holds for such small integer n
that it can be shown by computational methods that the conjecture holds
for all integers less than n. [Hel2]
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In finding the main term and the error term, the so called Hardy-Littlewood
circle method, described below, will be used. The main term will be found in
the major arcs, the part of the circle in the method mentioned, that have the
largest contribution to the integral, and the error term will be found in the
minor arcs, which are the parts of the circle with a much smaller contribution
than the major arcs. [Hel2]

In defining the major arcs and thereby the large-scale distribution of
the primes, a concept known as L-functions will play a pivotal role. The
main idea behind the minor arcs seem to be more scattered, but one of the
crucial components is the Large Sieve which will, alongside the L-functions,
be concisely discussed in the next section. [Hel2]

4.3 Theorems and Methods in the Proof

As the proof of the ternary Goldbach’s conjecture is incredible immense, we
will only discuss some of the important method and theorems that are used
as the main ideas behind the proof.

4.3.1 Hardy-Littlewood Circle Method

The Circle Method was developed by G. H. Hardy and J. E. Littlewood,
with input from the Indian prodigy S. A. Ramanjuan, in the beginning of
the 1920’s in order to solve additive problems in number theory.

First off, a clarification of the meaning of an additive problem must be
stated. We are given two or more subsets of the natural numbers, N, which
we can call A1, ..., As. We are seeking the potential number of solutions for

n = a1 + a2 + ...+ as (24)

for some given n ∈ N, with the restriction that aj ∈ Aj for j = 1, ..., s. [Zac]

In our specific case with the ternary Goldbach’s conjecture there would be
three subsets, with A1 = A2 = A3 = A, where A is the set of prime numbers,
and n being all odd integers greater than 5.

The ternary Goldbach’s conjecture is then determined by

O = {p1 + p2 + p3 | p1, p2, p3 ∈ P} ∩ N, (25)
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where P is the set of prime numbers and O is the set of integers for which it
holds for. [Ras]

Henceforth, we will follow an overview of the circle method provided
by [Ras]. The problem that we are trying to address is: ”In other words,
determine which natural numbers can be represented as the sum of k elements
of the set S and in how many ways.” [Ras].

This can be expressed with the notation R(n, k, S), which, in [Ras]’s
words is ”[...] equal to the number of ways that n can be represented as the
sum of k elements of the set S.”

In our case with the ternary Goldbach’s conjecture, k = 3, and S is the set
of all prime numbers, P. So for example, R(9, 3,P) = 2, as the odd integer 9
can be expressed as a sum of three primes by 3 + 3 + 3 and 5 + 2 + 2. We
now need to define Cauchy’s Integral Formula.

Theorem 4.1. (Cauchy’s Integral Formula, [Saf]) Let Γ be a simple closed
positively oriented contour. If f is analytic in some simply connected domain
D containing Γ and z0 is any point inside Γ, then

f(z0) =
1

2πi

∫
Γ

f(z)

z − z0

dz. (26)

As we state this theorem without a proof, the reader is referred to the proof
provided in [Saf].

Using complex analysis and Cauchy’s formula, the number of ways that
the natural numbers we seek can be represented, is expressed as equation
27,

R(n, k, S) =

∫ 1

0

fS(x)ke−2πinxdx, (27)

where

fS(x)k =
+∞∑
n=1

R(n, k, S)xn. (28)
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For a detailed account for the complex analysis, that is involved here, we
refer the reader to chapter 4 in [Saf], and for the circle method more specific,
we refer the reader to [Ras].

The main idea hereafter is that, for most problems, the integral can not
be evaluated in an easy way. Therefore the integral is split into two different
parts, dependent on their contribution to the integral as a whole. These are
then referred to as the major arcs, as they have the most contribution to the
integral, and the minor arcs, as they have the least contribution.

This can be expressed as

R(n, k, S) =

∫
M

fs(x)ke−2πinxdx+

∫
m

fs(x)ke−2πinxdx, (29)

where M are the major arcs and m are the minor arcs.

When evaluating the integral, the idea is to evaluate the major arcs, M,
asymptotically and that the minor arcs, m, will turn out to be of lower order
than M. If that is the case, M will have a much larger contribution than
m, and as it will yield an asymptotic result, the contribution from m can
be disregarded. It is referred to as the circle method as we are evaluating a
circle, and therefore it is split into different arcs.

H. Helfgott makes an interesting statement regarding the circle method
and the binary Goldbach’s conjecture. As it becomes clear that the major
arcs in the ternary Goldbach’s conjecture contributes more than the minor
arcs, the same can not be said for the binary Goldbach’s conjecture. This
is, as we interpret it, a consequence of the fact that in the ternary problem,
the major arcs are cubed due to the three primes used, and thus much more
enhanced in their contribution, in contrast to the binary problem when the
major arcs are only squared. This impedes the use of the Hardy-Littlewood
circle method on the binary Goldbach’s conjecture.

4.3.2 Vinogradov’s Theorem

I. Vinogradov’s proof, unconditional of the generalized Riemann hypothesis,
of that there exists a constant C for which above the ternary Goldbach’s con-
jecture holds, is a vital stepping stone for the proof proposed by H. Helfgott.
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Theorem 4.2. (Vinogradov’s Theorem, [Ras]) There exists a natural number
N, such that every odd positive integer n, with n ≥ N , can be represented as
the sum of three prime numbers.

There are several different proofs to Vinogradov’s Theorem, and here a
brief overview of Bob Vaughan’s proof will be provided, although taken from
[Ras]. The proof actually use the Hardy-Littlewood circle method that we
have just described.

First off, the sum of the integers that can be expressed as a sum of three
primes is,

R(n, 3,P) =
∑

n=p1+p2+p3

1. (30)

with R(n, 3,P) being the same notation as used in the previous section re-
garding the Hardy-Littlewood circle method. As this sum is rather bland
and hard to further expand on, we will use the following inequality,

∑
n=p1+p2+p3

1 >
∑

n=p1+p2+p3

ln p1 · ln p2 · ln p3

ln3(p1 + p2 + p3)
=

∑
n=p1+p2+p3

ln p1 · ln p2 · ln p3

ln3 n
,

(31)
which therefore states that

R(n, 3,P) >
1

ln3 n

∑
n=p1+p2+p3

ln p1 · ln p2 · ln p3. (32)

This allows us to use the sum
∑

n=p1+p2+p3
ln p1 · ln p2 · ln p3 instead

of
∑

n=p1+p2+p3
1 in the method.

B. Vaughan then continues the proof by determining the major arcs and
the minor arcs, and for the interested reader, we strongly recommend the
detailed step-by-step walk through of the proof, provided in [Ras].

What was eventually proven by A. Vinogradov is that∑
n=p1+p2+p3

ln p1 · ln p2 · ln p3 � n2 (33)

where the meaning of � is ”much greater” [Car].
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Combining equation (32) and equation (33) leads to the realization that

R(n, 3,P)� n2

ln3 n
, (34)

which amounts to, that for some unspecified integer n, all integers above can
be written as the sum of three primes, thus proving Vinogradov’s Theorem.
[Ras]

4.3.3 The Large Sieve

“ [...], one of the main general lessons of the proof is that there is a very
close relationship between the circle method and the large sieve, we will use
the large sieve not just as a tool - which we shall, incidentally, sharpen in
certain contexts - but as a source for ideas on how to apply the circle method
more effectively.” [Hel2]

The large sieve is not the name of a single method, but rather a family of
different methods with the same basic concept. The main idea, in its simplest
form, is to have a certain interval of integers and then remove different residue
classes of modulo p, where p is prime [Gal]. The sieve was first proposed by
the Soviet mathematician Yuri Linnik, and since then it has been developed
over the decades.

A large sieve for primes is, for example, used in the proof by H. Helfgott
in order to deal with functions, f(x), that have prime support, meaning that
they follow the rule that,

f(x) 6= 0, if and only if x ∈ P. (35)

The large sieve is also used as a tool when evaluating the integral given
by the circle method, where the large sieve can provide information of the
regularities, or perhaps irregularities, in the distribution of prime numbers.

4.3.4 L-functions

”On some of the crucial questions on L-functions, the limits of our knowledge
have barely budged in the last century. There is something relatively new now,
namely, rigorous numerical data of non-negligible scope; still, such data is,
by definition, finite, and, as a consequence, its range of applicability is very
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narrow. Thus, the real question in the major-arc regime is how to use well the
limited information we do have on the large-scale distribution of the primes.”
[Hel2]

L-series and L-functions were first introduced by the German mathe-
matician Peter Dirichlet in the beginning of the 19th century in his effort
to prove a theorem regarding the existence of infinite number of primes in
certain arithmetic progressions. [Bom]

Definition 4.3. (Dirichlet L-series, [Bom]) Let q be a positive integer, a
Dirichlet L-series is given by

L(s,X ) :=
∞∑
n=1

X (n)

ns
(36)

where X is a Dirichlet character (mod q) with the following properties:
- X (1) = 1 and X (n) = 0 if n, q have a common factor.
- Multiplicativity: X (mn) = X (m)X (n).
- Periodicity: X (n+ q) = X (n).

For a fixed Dirichlet character X , the series L(s,X ) gives a complex
function in the variable s defined for all s with <(s) > 1. By analytic
continuation it can be extended to a meromorphic function on the entire
complex plane.

The generalized Riemann hypothesis is the famous, or infamous, conjec-
ture, that for every X , the complex numbers s such that L(s,X ) = 0 are
either real negative numbers, or satisfy R(s) = 1/2. As this have vast sig-
nificance for the distribution of primes, it is a very useful concept in proving
the ternary Goldbach’s conjecture. [Hel2]

Although, problems arise as the generalized Riemann hypothesis is yet
to be proven, and to then propose an unconditional proof of the ternary
conjecture, a method that by-passes this complication is needed.

As mentioned in the quotation at the beginning of this section, H. Helf-
gott make use of computations to remove the need of a proven generalized
Riemann hypothesis. Some very finite intervals of the line R(s) = 1/2 can
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then be verified to contain no zeroes of L that would contradict the gener-
alized Riemann hypothesis, and then the results concerning the distribution
of the primes in connection to the verified parts can be used. For the finite
verification of intervals of the generalized Riemann hypothesis, H. Helfgott
uses the work from [Pla].

4.3.5 Computational Methods

As stated before, the best C for Vinogradov’s Theorem found before H.
Helfgott’s proof, was C = 2 · 101346. H. Helfgott acknowledgments in [Hel2]
that it would be practically impossible to ever validate the ternary Goldbach’s
conjecture for all integers less than the given C. As it would take at least√
C calculations, and that there are approximately, by today’s knowledge,

1080 protons in the observable universe, the task would take an practically
impossible amount of time to complete, even if the whole universe was in
some way turned into a computer trying to verify the conjecture. In order
to prove the ternary Goldbach’s conjecture, there was consequently a need to
improve the mathematics regarding the problem, and therefore reducing the
constant C, not improving the computational methods. [Hel2]

As H. Helfgott was eventually able to bring down the constant C in Vino-
gradov’s Theorem to a more tangible number, a verification for all integers
n ≤ C is still necessary. H. Helfgott recounts several different methods of
validating the ternary Goldbach’s conjecture up to, and above, the proven C,
one method relying on checking the intervals between primes, mainly by nu-
merical verification of the Riemann hypothesis, and the other method using
more direct computations. Here we will use [Hel3], that uses the more direct
method to verify the conjecture up to 8.875 · 1030.

First of all, the binary Goldbach’s conjecture implies the ternary Gold-
bach’s conjecture because, say we know that the binary conjecture is true
for all even integers n, then it must also be true for the odd integer n − 1,
because, n − 1 = (n − 4) + 3, where n − 4 is another even integer and 3 is
prime. Thus, the ternary Goldbach’s conjecture is true because n − 4 is the
sum of two primes and (n − 4) + 3 is the sum of three primes. As there is
an earlier work from [Sil] that verifies the binary Goldbach’s conjecture up
to 4 · 1018, the process of verifying the ternary Goldbach’s conjecture could
begin with a head start.
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In computer science, the amount of computational power required to cal-
culate something is referred to as time complexity. In order to verify if a
given large odd integer is prime or not, an algorithm associated with a large
time complexity is needed. As we are to check all odd integers up to, and
above, 1030, there is a need to minimize the time complexity in order for the
computation to be easily achieved. [Hel3] uses a concept with integers known
as Proth numbers or, as in our case, Proth primes.

Before we can give the definition of Proth numbers and Proth primes,
there is a need to state the so called Pocklington’s criterion, which is a corol-
lary of the Pocklington’s Theorem, which we state without a proof, but refer
the reader to [Fin].

Definition 4.4. (Pocklington’s criterion, [Fin]) Suppose N − 1 = FR with
gcd(F,R) = 1 and suppose that a complete factorization of F is known.
Suppose that there exists an a such that

aN−1 ≡ 1 (mod N) and (a
N−1

q , N) = 1 (37)

for every prime factor q of F . Then if F ≥
√
N , it follows that N is prime.

With these definitions stated, we are now ready to prove Proth’s Theorem.

Theorem 4.5. (Proth’s Theorem, [Rie]) A Proth number is an integer of
the form N = k · 2n + 1, where k and n are positive integers, with k < 2n

and odd. Then the Proth number N is prime, referred to as a Proth prime,
if there exists an integer a with

a
N−1

2 ≡ −1 mod N. (38)

Proof. Set F = 2n and R = k, then we have

N = RF + 1 =⇒ N − 1 = RF (39)

and therefore gcd(F,R) = 1 because F is even and R is odd, also, a complete
factorization of F is known. That is the first criteria of Pocklington.

We are given a
N−1

2 ≡ −1 (mod N), and by squaring both sides we get an−1 ≡
1 (mod N), which is the second criteria of Pocklington.

As the prime factorization of F contains only the prime 2, we can write
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a
N−1

q = a
N−1

2 , (40)

and for a
N−1

2 we have

a
N−1

2 ≡ −1 (mod N), (41)

and by using definition 3.1,

(a
N−1

2 , N) = (−1, N) = −1 =⇒ (a
N−1

2 , N) = 1, (42)

which is the third criteria of Pocklington.

We have k < 2n and therefore, R < F . We have N = FR + 1, which leads
us to

N =
√
N ·
√
N = FR + 1 (43)

and because of R < F we reach F ≥
√
N , with ≥ and not > due to +1 on the

right-hand side of equation (43). This was the last criteria of Pocklington
and therefore it is proven that N is prime.

This proof was constructed with inspiration from [Lan].

The main reason for using these Proth numbers is that the time complexity
of the algorithm used for verifying them as prime numbers is much smaller
than that for a random integer. For those integers that could not be verified
with a Proth prime, an existing function known as Pari’s precprime was used
to give probable primes, and then these were verified using another function
known as Pari’s isprime. [Hel3]

Using this method, H. Helfgott and David Platt were able to verify the
ternary Goldbach’s conjecture up to

T = 8, 875, 694, 145, 621, 773, 516, 800, 000, 000, 000 (44)

or T > 8.875 · 1030. No further verification is needed as H. Helfgott is able
to show that the conjecture is true for all odd integers larger than T .
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4.4 The Proof

The proof takes its leap from the Hardy-Littlewood circle method. The main
term is given by the major arcs and the error term is given by the minor
arcs. For the major arcs, H. Helfgott takes advantage of the L-functions and
the finite verification of the generalized Riemann hypothesis, and notes that
the major arcs are the easiest part of the proof.

The minor arcs, on the other hand, ”are more delicate” [Hel2]. Due to
consequences by the use of the circle method, for example, a single lnx in
the wrong expression for the minor arcs would ruin the proof. Here the large
sieve becomes convenient, as it is used to remove the factors of ln in certain
expressions.

With the use of the techniques mentioned, H. Helfgott is able to verify the
conjecture for all odd integers larger than 1027, and together with the numer-
ical verification of the ternary Goldbach’s conjecture, as well as a multitude
of other methods, H. Helfgott is eventually able to write the final conclusion.

”Since the ternary Goldbach conjecture has already been checked for all N ≤
8.875 · 1030, we conclude that every odd number N > 7 can be written as
the sum of three odd primes, and every odd number N > 5 can be written
as the sum of three primes. The main results is hereby proven: the ternary
Goldbach conjecture is true.” [Hel2]

The binary Goldbach’s conjecture remains unproven, and a proof seems
to be far away into the future. This leaves the curiosity for the centuries old
conjecture still extant. With these final word we choose to finish the thesis
with the desire that the reader has found it intelligible and, as we have,
captivating.
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