
Dalitz Plot Analysis of η′→ ηπ+π−

Simon Taylor
2020

Supervisors: Andrzej Kupść and Patrik Adlarson
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Abstract

Chiral Perturbation Theory (ChPT) is a tool for studying the strong interaction at
low energies. The perturbation theory is developed around the limit where the light
quarks, u, d, s are approximated to be massless. In this approximation the isospin
symmetry, one of the main features of the strong interaction, is fulfilled automati-
cally. The study of the light quark masses and isospin violation can be done with
the η′ → πππ and η′ → ηππ decay channels by analyzing the kinematic distribu-
tions using so-called Dalitz plots. A Dalitz plot analysis of the η′ → ηπ+π− decay
mode is conducted by the BESIII collaboration. The unbinned maximum likelihood
method is used to fit the parameters that describe the Dalitz plot distribution. In
this fit a polynomial expansion of the matrix element squared is used. However,
in order to study light quark masses, it is better to use a parameterization which
includes the description of the final-state interaction based on a dispersion relation.
Hence, it is desirable to use a representation of the Dalitz plot as a two-dimensional
histogram with acceptance corrected data as the input to extract the subtraction
constants. Therefore, the goal of this thesis is to make a consistency check between
the unbinned and binned representation of the data. In this thesis Monte Carlo
data of the η′ → ηπ+π− decay channel is generated based on the BESIII data. An
unbinned maximum likelihood fit is performed to find the Dalitz plot parameters
repeating the BESIII analysis method. The Monte Carlo data is then used for a
binned maximum likelihood and χ2 fit. Finally, the prepared binned experimental
acceptance corrected data from BESIII is used to fit the Dalitz plot parameters
using the same statistical methods. The results based on the binned maximum like-
lihood and the χ2 methods are consistent with the fit using the unbinned maximum
likelihood method applied in the original BESIII publication.
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Populärvetenskaplig sammanfattning

Det finns fyra fundamentala krafter i naturen som beskriver v̊art kända universum.
En kraft är gravitationen som kan först̊as som en krökning av rumtiden. En annan
kraft är elektromagnetismen som beskriver magnetism och elektricitet. Den svaga
kraften beskriver en viss typ av partikelsönderfall. Den fjärde kraften är den s̊a kalla-
de starka kraften. Den starka kraften gör att protoner och neutroner binder samman
och bildar atomkärnor. Protoner och neutroner är i sin tur uppbyggda av kvarkar.
Kvarkar är de minsta best̊andsdelarna av materia som är kända, s̊a kallade elemen-
tarpartiklar. Kvarkar existerar inte som fria partiklar, utan den starka kraften gör
att de är bundna till hadroner. Hadroner är objekt som är uppbyggda av kvarkar. De
vanligaste förekommande hadroner kan delas upp i tv̊a undergrupper, baryoner och
mesoner. En baryon är en partikel som best̊ar av tre stycken kvarkar, som exempelvis
protoner och neutroner. Mesoner är uppbyggda av en kvark och en anti-kvark. Inter-
aktioner mellan kvarkar och hadroner orsakas av den starka kraften och denna kraft
kan beskrivas med en teori som kallas för kvantkromodynamik. Kvantkromodynamik
är en kvantfältteori, vilket innebär att den beskriver interaktioner mellan partiklar
som fält. Dessa interaktioner är energiberoende. Inom kvantfältteori beskrivs styrkan
p̊a interaktionen med hjälp av en s̊a kallad kopplingskonstant. Vid höga energiniv̊aer
beskriver denna teori naturen mycket väl, men vid lägre energiniv̊aer blir interak-
tionen mellan partiklarna stark och det är sv̊art att göra förutsägande teoretiska
beräkningar. Framsteg görs genom noggranna beräkningar följt av experiment.

Därför utvecklas effektiva fältteorier. En effektiv fältteori kan ses som en approxi-
mation där endast de relevanta frihetsgrader som gäller vid l̊aga energier tars hänsyn
till. När en s̊adan approximation görs s̊a uppst̊ar symmetrier som kan användas
för att studera fysiken. En effektiv fältteori för kvantkromodynamiken är kiral
störningsteori, där används hadroner som de relevanta frihetsgraderna i termer av
l̊aga energier. Inom kiral störningsteori approximeras de lättaste kvarkarna till att
vara masslösa och en isospinsymmetri uppst̊ar. Isospinsymmetri innebär att de lätta
kvarkarna kan utbytas med varandra utan att det p̊averkar själva fysiken. Eftersom
symmetrierna är approximativa, s̊a kan det studeras hur dessa bryts. Studier av
de lätta kvarkmassorna och isospinsymmetribrott görs genom att studera specifika
sönderfall av η och η′ mesonen, vilka är mesoner som best̊ar av dessa lätta kvarkar.
Genom att studera sönderfallen η → 3π, η′ → 3π och η′ → ηππ kan skillnaden i
de lätta kvarkmassorna utvinnas. Det här masterprojektet riktar sig därför in p̊a
fysiken vid l̊aga energiniv̊aer genom att fokusera p̊a ett sönderfall av η′ mesonen.

Studier av bland annat η′ → ηπ+π− sönderfall har studerats med BESIII-
experimentet som ligger i Peking, Kina. η′ mesonen är en intressant partikel att
studera d̊a sönderfall av η′ inte kan beskrivas av kiral störningsteori. Därför utveck-
las teoretiska modeller för att beskriva interaktioner som inkluderar η′ mesonen.
BESIII-kollaborationen använder sig av obinnad1 data för att f̊a fram sina resul-
tat. Den obinnade datan representeras p̊a en tv̊adimensionell yta som kallas för
Dalitz plot, uppkallad efter dess upphovsman Richard Dalitz. Denna yta beskrivs
med ett polynom där värdena för parametrarna hittas genom en maximal obinnad
likelihood-anpassning. För de teoretiska modeller som beskriver interaktioner med
η′ s̊a är det dock önskvärt att använda andra statistiska metoder som delar upp
informationen i Dalitz plotten i olika bins. P̊a s̊a sätt kan mer information f̊as ut

1Termerna bin, likelihood och plot är facktermer tagen fr̊an engelskan.
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av Dalitz plotten. Resultaten fr̊an en s̊adan binnad anpassning används som in-
putvärden för de teoretiska modeller som inkluderar interaktioner med η′ mesonen.
Målet med det här projektet är därför att göra en överensstämmelsekontroll mellan
den obinnade och binnade representationen av datan fr̊an BESIII. Detta görs först
genom att simulera den obinnade datan baserat p̊a BESIII datan. Sedan genomförs
samma obinnade statistiska anpassning för att återskapa resultaten fr̊an BESIII. När
dessa resultat har återskapats, görs en simulering p̊a binnade Monte Carlo datan,
därefter genomförs en binnad maximal likelihood- och en χ2-anpassning. Resultaten
kan sedan jämföras. Därefter används samma binnade statistiska metoder p̊a experi-
mentell binnad data fr̊an BESIII och resultaten jämförs med de obinnade resultaten
fr̊an BESIII. Resultaten visar att b̊ada representationerna av datan överensstämmer
med varandra. Det är därmed möjligt att använda dessa resultat för de teoretiska
modeller som inkluderar interaktioner med η′ mesonen.
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Chapter 1

Introduction

The topic of this master thesis is low energy Quantum Chromodynamics (QCD).
QCD, developed during the 20th century, is part of the Standard Model and it is
the theory of the strong interaction. Additionally, QCD is a quantum field theory
which is a framework that unites quantum mechanics and special relativity [1, 2].
The Standard Model successfully describes interactions between particles with high
precision. However, there are several aspects of nature the Standard Model fails
to cover, e.g. the neutrino masses, dark matter and dark energy. Furthermore, the
strong interaction behaves differently depending on whether the particle interactions
happen at low or high energy scales. Exactly how the strong interaction behaves at
the intermediate energy region is not clear. The Standard Model has 19 parameters
that need to be measured by experiments, as the observables are calculated in terms
of these parameters. The Standard Model provides formulae for how the observables
are related to the parameters. If a parameter is determined from several observables
and the results deviate from each other, then the Standard Model formulae cannot
be entirely correct. In other words, that would be an indication of physics beyond
the Standard Model. Therefore, in order to better understand nature at different
energy scales, or even searching for new physics, it is important to measure the
parameters with high precision. Some of the Standard Model parameters are the
quark masses. Quarks are fundamental constituents of matter that form e.g. mesons,
quark/anti-quark pairs. The decays of η′ and η mesons to three pions have been
identified as promising processes for determining the quark mass differences.

One way to calculate observables is to use perturbation theory. An important
concept within quantum field theories is the coupling constant. It determines how
strong the forces between particles are. The coupling constant depends on the en-
ergies transferred to the system. This phenomenon is called the running of the
coupling constant. For the strong force, the coupling constant, αS, is proportional
to the momentum transfer q as log−1(q2). Therefore, at high energies, it is possible
to use perturbative expansions in αS, since the coupling constant is small. At lower
energies, below 1 GeV, perturbation in αS is not possible, since the coupling con-
stant is large and therefore models or effective field theories must be used instead.
An effective field theory can be seen as an approximation where only the relevant
degrees of freedom at the low energy scale are used. An effective field theory de-
veloped for QCD is chiral perturbation theory, which uses symmetries of the QCD
Lagrangian with small light quark masses. Instead of perturbative expansions of
the coupling constant, expansions in terms of quark masses, energies and momenta
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are performed [3]. The lightest quarks obey a so-called isospin symmetry and the
relevant degrees of freedom are the mesons that consist of these light quarks. Ques-
tions that arise are how small these expansion parameters are and what effects could
potentially spoil the power expansion. The isospin violating decays of the η′ me-
son where the electromagnetic isospin violation is suppressed, allow access to the
light quark mass differences. The differences in the quark masses lead to mixing in
the meson sector. The η meson mixes with the neutral pion, but also with the η′.
Therefore, in order to improve the precision for the extraction of the quark mass
differences, an extension to the analysis of η′ decays must be made. The η mass
is large enough that the idea of expanding the observables in powers of momenta
must be critically reviewed. It is still possible to extend the isospin symmetry to
include the η meson, but final-state interactions (FSI) of η → πππ contribute sig-
nificantly. The η′ meson, however, has such a large mass that it cannot even be
included as an explicit degree of freedom in chiral perturbation theory. Therefore,
an attempt to incorporate the η′ meson into an effective field theory of QCD is by
finding extensions to the chiral perturbation theory. One such approach is the Large
Nc Chiral Perturbation Theory [4]. However, ππ and πη FSI makes an even larger
contribution in η′ decays than in the η meson case. Instead of accounting for the
loops in a power series expansion, the rescattering effects need to be fully included
in all loop orders. Hence, to account for the FSI, dispersion relations are used [5].
Since the η and η′ mix, the process of η′ to three pions can be seen as a two-stage
process. The η′ decays to two pions and one η (η′ → ηππ) followed by η-π mixing.

The BESIII collaboration analyze the η′ → ηπ+π− decay using the unbinned
maximum likelihood fit method [6]. However, to apply dispersion relations, it is
desirable to use binned acceptance corrected data as input to determine the sub-
traction constants, since the subtraction constants are input parameters to the dis-
persion theory. The goal of this thesis is therefore to make a consistency check of the
unbinned and binned fits. This is achieved by first performing simulation studies of
the η′ → ηπ+π− decay mode. The simulation studies are done with parameteriza-
tions of the decay amplitude using maximum likelihood and χ2 methods. Secondly,
a binned fit to the experimental data is made by using the same statistical meth-
ods. This is compared to the unbinned maximum likelihood fit from the BESIII
collaboration.

The outline of the thesis is as follows. In chapter 2, a brief introduction to
the Standard Model and QCD is presented. Then a short introduction to chiral
perturbation theory and the concept of isospin is given including extensions of the
chiral perturbation theory which solve the issue associated with the η′ meson. The
focus of the project is the decay η′ → ηπ+π− studied recently at BEPC-II located
in Beijing, China. An overview of the Beijing Spectrometer III (BESIII) detector
at the BEPC-II collider and its subdetectors is therefore presented in chapter 3.
Dalitz plots are used to study three-body decay dynamics and a short introduction
to Dalitz plots is presented in chapter 4 along with the statistical methods used,
i.e. the maximum likelihood method and the χ2 method. The analysis is covered in
chapter 5. The results are described in chapter 6 with the conclusions and discussion
covered in chapter 7. Finally, in chapter 8, a brief discussion on the η′ → ηπ0π0,
η′ → π+π−π0 and η′ → π0π0π0 decay modes is presented.

7



Chapter 2

Theoretical Background

The theory describing the known particles and the associated forces is the Standard
Model of particle physics. Quantum Chromodynamics (QCD), which is the quan-
tum field theory (QFT) describing how quarks and gluons interact, has exceptionally
good predictive power at high energies. However, this it is not the case at lower
energies. Therefore, an effective field theory has been developed that can be used
at low energies, it is called Chiral Perturbation Theory (ChPT). The η′ → ηπ+π−

decay, which is the subject of this thesis, is not described by either of the aforemen-
tioned theories, but by an extension of ChPT. This chapter will describe how the
study of η′ decays can help to better understand low energy QCD by first giving a
brief introduction to the fundamental particles and the Standard Model. Thereafter,
a brief introduction to QCD is given as well as an explanation on how the coupling
constant makes it difficult to use a conventional perturbation theory at low energy
scales. Then it is explained how the symmetries are used within the framework of
ChPT to understand the interactions between the mesons at these energy scales.
Finally, an explanation of the concept of this project is given. The theory chapter
is mainly based on the textbooks [1–5,7–9].

2.1 The Standard Model of Particle Physics

The Standard Model is successful in describing interactions between particles for
three of the fundamental forces of nature: electromagnetism, weak interaction and
the strong interaction and a summary can be seen in figure 2.1. The gravitational
force is not part of the Standard Model. Some of the latest successes come with the
discoveries of the heaviest fundamental constituent of matter called the top quark
and the scalar known as the Higgs boson. Each force is carried out by a force
carrying particle, called gauge boson. The force carriers of electromagnetism and
strong interaction are photons and gluons respectively, while the weak interaction
has W± and Z-bosons as the force carriers. Together, these forces can be represented
by the local gauge group

SU(3)c × SU(2)× U(1), (2.1)

where SU(3)c represents the strong interaction and SU(2) × U(1) represents the
electroweak interaction. The most fundamental constituents of matter are the quarks
and leptons, each categorized in three different generations. The first generation of
quarks are up and down quarks, while the first generation of leptons are the electron
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Figure 2.1: The quarks, leptons and bosons in the Standard Model of particle
physics [10].

and electron neutrino. The second generation of quarks are called charm, strange
and the second generation of leptons are muon (µ) and muon neutrino. The last
generation of quarks are called top, bottom, while the last generation of leptons
are denoted tau (τ) and tau neutrino. The interactions of quarks and leptons are
described by the quantum field theories: QCD, Quantum Electrodynamics (QED)
and Quantum Flavordynamics (QFD) [7]. However, QFD is more known unified
with QED as the Electroweak theory (EW) with the photon, Z and W± as the gauge
bosons. QCD only describes the interactions of the quarks with the corresponding
force carriers, the gluons. The quarks have never been observed as free particles,
but only as bound states called mesons and baryons, depending on the number of
quarks in the bound state. The possible quark configurations are qq̄ (meson) and
qqq/q̄q̄q̄ (baryon/anti-baryon). These two groups are generally addressed as hadrons
and there are many different hadrons found in nature1. The hadrons made of up,
down and strange quarks can be organized in a scheme called the eightfold way.

The Eightfold Way

The eightfold way, introduced by Murray Gell-Mann in 1961 and independently
by Yuval Ne‘eman [7], organizes hadrons into so-called multiplets according to
strangeness and electric charge. All particles have quantum numbers, such as
strangeness (excess of strange/anti-strange quark) and electric charge. The strangeness

1Hadron states containing more than three valence quarks have also been observed. These
hadrons are known as exotic hadrons [11].
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Figure 2.2: Baryon octet to the left [12] and meson octet to the right and the meson
nonet below, which includes η′ (image is modified from [13]).

is conserved in electromagnetic and strong particle decays.
Two examples of multiplets in the eightfold way are the baryon and the meson

octet. The proton (quark configuration uud), neutron (udd), Σ+ (uus), Σ− (dds),
Σ0 (uds), Λ (uds), Ξ− (dss) and Ξ0 (uss) form the spin 1/2 baryon octet seen to the
left in figure 2.2. While K+ (us̄), K− (sū), K0 (ds̄), K̄0 (sd̄), π+ (ud̄), π−(dū), π0

(uū−dd̄√
2

) and η (uū+dd̄−2ss̄√
6

) form the spin 0 meson octet seen to the right in figure 2.2.

The eightfold way is successful as it is able to predict new particles. The Ω− (sss),
discovered in 1964, is the first discovered particle to have been predicted by the
eightfold way model [7]. The spin 0 mesons play an important role when assuming
that the masses of the up, down and strange quark are small. The three quarks and
their associated anti-quarks can form nine meson states. The eightfold way, based
on degenerate masses, suggests to group them into an octet, seen to the upper left
in figure (2.2), and a singlet. Since the quark masses are different from each other,
the states mix and a nonet is obtained, seen in the bottom in figure (2.2). This is
more thoroughly discussed in section 2.3.

2.2 Quantum Chromodynamics

QCD is a non-abelian gauge theory where the coupling constant αS depends on the
momentum transfer squared q2 as [8]

αS(q2) ≈ αS(µ2)

1 +BαS(µ2) log( q
2

µ2
)

(2.2)

where

B =
11Nc − 2Nf

12π
(2.3)
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QCD αs(Mz) = 0.1181 ± 0.0011
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Figure 2.3: Coupling constant for the strong force (αs) as a function of q2. Figure
taken from [14].

and Nc = 3 is the number of color charges and Nf ≤ 6 is the number of active
quark flavors. The constant µ is the energy scale where αS is measured. Eqn. (2.2)
shows that αS decreases with increasing energies, in agreement with experimental
observations as seen in figure 2.3 [8]. On the other hand, as also seen in figure 2.3,
as the energy decreases αS grows quickly. This has profound implications on the
low energy physics as discussed below.

2.2.1 Color Confinement

As mentioned above, QCD is the quantum field theory of the strong interaction and
represents the special unitary group SU(3) in eqn. (2.1). QCD is represented by
eight degrees of freedom from the 3 × 3 generator matrices of SU(3). The quarks
are in the fundamental representation of SU(3). Therefore, a quark can have three
different “color” charges, red, green and blue. The concept of color charge can
explain why a single quark (q) or a pair of quarks (qq or q̄q̄) cannot be found in
nature. All observed particles are color charge neutral [7]. An attempt to separate
color charged quarks rather results in creating a new quark-anti-quark pair, a process
called hadronization. Quarks have the possibility to change color in quark-quark
interactions and in order to conserve color charge, gluons carry one color charge and
one anti-color charge, i.e. gluons are bicolored. This also allows gluons to interact
with themselves in the elementary gluon-gluon interactions.
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2.2.2 Asymptotic Freedom

At higher energy scales where the coupling constant is small, it is possible to use
perturbative expansions in αS to make calculations for different physical processes.
This is known as asymptotic freedom, as the momentum transfer goes to infinity,
the quarks and gluons are non-interacting due to the coupling constant, αS, going to
zero. However, at lower energies, the coupling strength increases, and perturbative
calculations performed in powers of αS converge only if αS � 1. As αS grows,
perturbative expansions cannot be used anymore. In this low energy regime other
approaches must be used instead. One way is to use an effective field theory and
the effective field theory for QCD in the light-quark sector is ChPT. Here expansion
in powers of energies, momenta and quark masses are made instead of the QCD
coupling constant.

2.3 Chiral Perturbation Theory

2.3.1 SU(2) Symmetry

Nature contains six different quarks with different properties. Most of the atomic
nuclei in the universe consist of protons and neutrons, which in turn consist of up
and down quarks. The term isospin derives from its similarity to spin in the language
of mathematics, however physically it is unrelated. Proton and neutron have similar
mass and can be approximated to be equal. The electric charge difference can also
be neglected in this case as only the strong force is considered. In this approximation
the strong force acts equally on both the proton and the neutron [8]. In this regard,
the proton and neutron are considered to be one object called nucleon which can
exist in two different states,

Ψ =

(
p
n

)
(2.4)

where p represents the proton and n the neutron. In this way, the nucleon forms a
proton-neutron doublet that has isospin 1/2 in a similar fashion as a spin-1/2 particle
with an up and a down state. This doublet is also called an isospin doublet [8]. A
similar formalism applies to the up and down quarks. The mass difference between
the up and down quarks is small (on the hadronic scale). Hence, these quarks can
be approximated to have the same mass. In the same way as with the proton and
neutron, these quarks form an isospin doublet which belongs to the symmetry group
SU(2)V ,

q =

(
u
d

)
. (2.5)

The isospin symmetry is a successful framework to classify hadrons and the asso-
ciated interactions. Not only can the masses be approximated to be the same, but
also the up and down quarks have small masses relative to the hadronic scale. The
masses of these quarks can therefore be entirely neglected. This is known as the
chiral limit. The strong force does not interact with electric charges and thereby
cannot tell the difference between the up and down quark in the chiral limit. The
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QCD Lagrangian including only the up and down quarks with their masses can be
written as

L = −1

4
Fα
µνF

µν
α + iū /Du+ id̄ /Dd−muūu−mdd̄d, (2.6)

where F µν
α = ∂µF ν

α − ∂νF µ
α − gfαβγF

µ
β F

ν
γ is the gluon field-strength and /D = γµDµ

is the color-gauge covariant derivative. The Lagrangian at the chiral limit with the
first terms only containing up and down quarks can be written as [9]

L = iū /Du+ id̄ /Dd+ · · · , (2.7)

where the dots indicate other quark and gluon fields. The Lagrangian in eqn. (2.7)
is invariant under the following transformations(

u
d

)
→ exp

[
i
(
~θ V~t+ γ5

~θA~t
)](u

d

)
(2.8)

where ~t are the isospin matrices

t1 =
1

2

(
0 1
1 0

)
, t2 =

1

2

(
0 −i
i 0

)
, t3 =

1

2

(
1 0
0 −1

)
(2.9)

and ~θ V and ~θA are vector and axial real three-vectors. This can be written for the
left-handed and right-handed quarks respectively with the generators defined as

~tL/R =
1

2
(1∓ γ5)~t (2.10)

and ~tL/R satisfy the commutation relations [9]

[tLi, tLj] = iεijktLk, [tRi, tRj] = iεijktRk, [tLi, tRj] = 0. (2.11)

So the left-handed and right-handed fields transform independently

qL → ULqL, qR → URqR (2.12)

where q is the quark isospin doublet given by eqn. (2.5). The UL/R matrices belong
to the SU(2) symmetry groups, which form the SU(2)L × SU(2)R symmetry group

called chiral symmetry [2]. The transformations with ~θ V = 0 are called axial rota-

tions, while transformations with ~θA = 0 are called isospin transformations. Because
the left- and right-handed group SU(2)L×SU(2)R treats the left- and right-handed
fields independently, it becomes equivalent to SU(2)V × SU(2)A, where V and A
stands for vector and axial vector, respectively [3].

The SU(2)V × SU(2)A symmetry of the Lagrangian is not a symmetry of the
ground state, it is broken spontaneously. Therefore, according to Goldstone’s the-
orem, there exists one massless boson for each generator with the same quantum
numbers as the generator for that broken symmetry. The unbroken symmetry at
the ground state is the isospin subgroup, while the axial symmetry is spontaneously
broken [2, 9]. Hence, the symmetry SU(2)V × SU(2)A is spontaneously broken to
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SU(2)V and because the chiral symmetry is not exact (the quarks have non-zero
masses) it is also explicitly broken. The resulting bosons are three pseudo-Goldstone
bosons, i.e. low-mass spinless bosons with odd parity. These are identified as the
pions, π+, π− and π0 [9].

2.3.2 SU(3) Symmetry

In the previous section the up and down quarks are approximated to be massless.
It is possible to expand the concept by including the strange quark. Even though
the strange quark mass of approximately 100 MeV is significantly larger than the
up and down quark masses, it is still much smaller than the typical binding energy
of baryons, which usually is considered to be around 1 GeV [8]. Instead of a quark
doublet, there is a quark triplet,

q =

ud
s

 (2.13)

forming a flavor symmetry group SU(3)V . In the chiral limit the QCD Lagrangian
is invariant under the following transformation [9]

q → exp
[
i

8∑
a=0

(θVa λa + θAa λaγ5)
]
q (2.14)

where λa are the eight Gell-Mann matrices and the unit matrix. The Lagrangian is
invariant under U(3)V × U(3)A symmetry where the Gell-Mann matrices make up
the SU(3) symmetry groups. The SU(3)V ×SU(3)A symmetry is not the symmetry
of the ground state and is spontaneously broken in the chiral limit to SU(3)V .
The symmetry group SU(3)V is the unbroken symmetry for the ground state with
generators ta = λa while the axial symmetry SU(3)A with generators xa = λaγ5 is
spontaneously broken [9]. The symmetry group SU(3)V gives rise to the eightfold
way discussed previously.

The eight generators associated with the spontaneously and explicitly broken
chiral symmetry imply eight pseudo-Goldstone bosons which form the pseudo-scalar
octet given by (π,K, η8) shown to the right in figure 2.2. These pseudo-scalar octet
mesons are much lighter compared to the other hadrons because of the spontaneous
symmetry breaking. The degrees of freedom in ChPT are the eight pseudo-scalar
fields [3] expressed as

U = exp
(
i
φ

F

)
(2.15)

where φ is a matrix containing the pseudo-scalar octet fields

φ =

φ3 + 1√
3
η8

√
2π+

√
2K+

√
2π− −φ3 + 1√

3
η8

√
2K0

√
2K−

√
2K̄0 − 2√

3
η8

 (2.16)

and F is the pion decay constant. Since the up and down quark masses are different,
the SU(2)V isospin symmetry is explicitly broken, which causes flavor state mixing
between the φ3 and η8 fields. The mixing is expressed in terms of the rotation matrix
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(
φ3

η8

)
=

(
cos ε sin ε
− sin ε cos ε

)(
π0

η

)
(2.17)

where ε is the π0-η mixing angle given by [3]

ε =

√
3(md −mu)

2(ms − mu+md

2
)
. (2.18)

Regarding the U(1)A symmetry group, had this symmetry group been realized, a
parity doubling would have been seen in the hadron spectrum. No such observation
has been made [9]. In addition, the Noether current for this symmetry group

Jµ5 = q̄γµγ5q (2.19)

is not conserved due to quantum effects [1]. If U(1)A had been broken spontaneously,
an isoscalar pseudo-Goldstone boson with a mass similar to the pion would have
emerged in the hadron spectrum. However, no such particle has been observed
either [9]. The η′ meson still remains massive in the chiral limit and is therefore
not considered a Goldstone boson. The U(1)A group is hence considered to be an
anomaly. The mixing angle given by eqn. (2.18) indicates that the quark mass
differences can be studied by η decays that violates isospin symmetry. Yet, the η
meson mixes even stronger with η′ than the pion. However, interactions including
the η′ meson are not covered by ChPT. Therefore, an extension to the whole nonet
shown in the bottom in figure 2.2 is necessary.

2.3.3 Large Nc Chiral Perturbation Theory

To include the η′ in a common framework, efforts to extend ChPT are made. One of
the most popular approaches is the so-called Large Nc Chiral Perturbation Theory,
where the number of colors (Nc) approaches infinity. Starting from this limit the
Lagrangian is expanded in a power series in terms of 1/Nc, small momenta and the
quark masses [4, 15]. The divergence of eqn. (2.19) is proportional to αS,

∂µJ
µ
5 ∝ α2

S (2.20)

which in turn is inversely proportional to the number of colors Nc, as seen in
eqn. (2.2)-(2.3). Therefore, in the limit Nc →∞ the derivative vanishes,

∂µJ
µ
5 → 0, as Nc →∞, (2.21)

and the Noether current for the U(1)A symmetry group is conserved. Also according
to the Witten-Veneziano formula, the η′ mass vanishes as

M2
η′ ∝

1

F 2
∝ 1

Nc

(2.22)

since F ∼ O(
√
Nc). In this limit the symmetry of the quantum theory can be

expanded to U(3)L × U(3)R ' SU(3)V × SU(3)A × U(1)V × U(1)A. The axial
vector part SU(3)A × U(1)A becomes spontaneously broken and η′ becomes the
ninth Goldstone boson [4]. Both the octet pseudo-scalars and the singlet pseudo-
scalar are contained in the nonet (π,K, η8, η1) seen in figure 2.2 expressed in the
states η and η′. The degrees of freedom are now
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U(x) = exp
(
i
φ(x)

F

)
, (2.23a)

φ =
8∑

a=0

φaλa =


π0 + 1√

3
η8 +

√
2
3
η1

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η8 +

√
2
3
η1

√
2K0

√
2K−

√
2K̄0 − 2√

3
η8 +

√
2
3
η1

 ,

(2.23b)

where φ(x) is a matrix now containing the pseudo-scalar nonet fields. Here F is the
pion decay constant in the three-flavor chiral limit [15]. The SU(3)V flavor symmetry
is explicitly broken because the strange quark is significantly heavier than the up
and down quarks, which leads to the mixing of flavor states between the η8 and the
η1 state according to [16](

η8

η1

)
=

(
cos θp sin θp
− sin θp cos θp

)(
η
η′

)
. (2.24)

The η and η′ mesons are linear mixtures of the three lightest quarks and θp is the η-η′

mixing angle. There is also the mixing between η-π0 as discussed in the ChPT case.
For simplicity, this is not included in eqn. (2.23a) and (2.24). In addition, what is
of physical significance are not the meson fields but the question how strongly the
different quark currents couple to the physical meson states. This gives rise to the
nonet general scenario of two mixing angles discussed in [4].

2.4 Dispersive Approach

For η′ → ηππ, η′ → 3π and η → 3π loop contributions of the light pseudo-scalar
mesons in the final-state interactions cannot be neglected and performing such
loop calculations might be difficult due to many unknown low energy constants
(LECs) [17]. Another approach is therefore to use dispersion relations. Hence [5]
performs a dispersive analysis which considers the final-state interactions.

There is also a model called Resonance Chiral Theory that incorporates reso-
nance interactions in a Lagrangian framework, however this topic is omitted in this
thesis. For further reading on that matter see e.g. [16].

The concept of dispersion relations for the strong interaction, developed in the
mid-20th century [18], uses analyticity and unitarity to analyze scattering ampli-
tudes. A dispersion relation relates a real part of an amplitude to an integral of
the imaginary part [18]. The analyticity follows from the causality condition. The
general form of a dispersive relation is [19]

f(s) =
1

π

∞∫
0

ds′

s′ − s− iε
Imf(s′) (2.25)

where Imf(s′) is the imaginary part. A requirement for dispersion relations is con-
vergence at large energies. If this is indeed the case, then eqn. (2.25) can be used.
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However, if f(s) diverges a subtracted dispersion relation can be introduced, written
as

f(s)− f(0)

s
=

1

π

∫
ds′

s′ − s− iε
Im
[f(s′)− f(0)

s′

]
.

This gives

f(s) = f(0) +
s

π

∫
ds′

s′(s′ − s− iε)
Imf(s′) (2.26)

if Imf(0) = 0. Since the interest is to account for low energy quantum effects,
subtractions can also be used to reduce the importance of high-energy physics effects,
even though f(s) converges for higher energies. The coefficients of the subtraction
polynomial are called subtraction constants, which are equivalent to the parameters
in the effective Lagrangian [19]. The experimental results from the Dalitz plot
(introduced in chapter 4) can be used to determine the subtraction constants related
to the η′ → ηπ+π− decays.

The dispersive approach taken by [5] uses the scattering phase shifts of ηπ and
ππ as input. In this way the final-state interactions are considered. The idea is
to derive a set of integral equations for the scattering processes of η′η → ππ and
η′π → ηπ in the final-state interactions. The free parameters are the subtraction
constants which can be determined by using the Dalitz plot distribution and the
partial decay width of the η′ → ηπ+π− decay. There are two sets of integrals with
different number of subtraction constants that are used. One with four subtraction
constants (α0, β0, γ0, γ1) defined as [5]

M0
0(s) =Ω0

0(s)

[
α0 + β0

s

M2
η′

+ γ0
s2

M4
η′

+
s3

π

∞∫
s0

ds′

s′3
M̂0

0(s′) sin δ0
0(s′)

|Ω0
0(s′)|(s′ − s)

]
, (2.27)

M1
0(t) =Ω1

0(t)

[
γ1

t2

M4
η′

+
t3

π

∞∫
t0

dt′

t′3
M̂1

0(t′) sin δ1
0(t′)

|Ω1
0(t′)|(t′ − t)

]
(2.28)

where the isospin decomposition of the amplitude is

M(s, t, u) =M0
0(s) +M1

0(t) +M1
0(u). (2.29)

Here MI
l (s) are one variable functions and I and l represent isospin and angular

momentum respectively [5]. The phase shifts are represented by δIl for each Man-
delstam variable s, t, u. M̂I

l are the inhomogeneities. They are related back to the
MI

l , see [5] for more details. ΩI
l is the Omnès function defined as

ΩI
l (s) = exp

{ s
π

∞∫
thr

ds′
δIl (s

′)

s′(s′ − s)

}
(2.30)

where thr indicates the threshold of the scattering reaction. δ0
0 is the two-pion s-

wave phase shift with isospin 0 and δ1
0 is the π-η s-wave phase shift with isospin 1.

Another set of integrals with three subtraction constants (α, β, γ) is defined as [5]
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M0
0(s) =Ω0

0(s)

[
α + β

s

M2
η′

+
s2

π

∞∫
s0

ds′

s′2
M̂0

0(s′) sin δ0
0(s′)

|Ω0
0(s′)|(s′ − s)

]
(2.31)

M1
0(t) =Ω1

0(t)

[
γ

t

M2
η′

+
t2

π

∞∫
t0

dt′

t′2
M̂1

0(t′) sin δ1
0(t′)

|Ω1
0(t′)|(t′ − t)

]
. (2.32)

The two different sets of integrals are fitted to generated data based on the BE-
SIII experiment. When fitting a polynomial to the Dalitz plot, constraints on the
polynomial fitting parameters can be made. The topic of fitting parameters to the
Dalitz plot will be discussed in chapter 4.

2.5 Goal of This Project

As discussed in section 2.2, a large coupling constant at low energy scales leads to
the development of ChPT discussed in section 2.3. In the limit of massless up, down
and strange quarks a chiral and flavor symmetry emerges. In this framework, the
light pseudo-scalar mesons become Goldstone bosons of the spontaneous breaking of
the chiral symmetry. The explicit breaking of the flavor symmetry leads to mixing
between the meson fields and e.g. the mixing angle for π0-η in eqn. (2.18) gives a
direct relationship to the light quark masses. As discussed further, the η′ meson
remains massive in the chiral limit and extensions of ChPT resolve the issue by
taking the number of colors (Nc) to approach infinity [4]. The U(1)A anomaly dis-
appears and η′ becomes the ninth Goldstone boson, represented in the pseudo-scalar
nonet. In this scheme, η′ mixes with the η field as seen in eqn. (2.24). This gives an
important argument why η′ decays are interesting to study. Additional arguments
include the role which light scalar mesons play in the decay process, i.e. f0(500),
f0(980) and a0(980). The final-state interactions of the η′ → ηπ+π− decay play an
important role and it is difficult to make predictions involving these interactions [17].
This issue could be solved using dispersion relations discussed in section 2.4. The
amplitude could be determined up to some subtraction constant with a polynomial
coefficient which is constrained by ChPT [17]. The BESIII collaboration makes an
unbinned maximum likelihood fit to the Dalitz plot of η′ → ηπ+π− (discussed in
chapter 4). However, when using dispersion relations, it is possible to achieve better
precision by using binned acceptance corrected data as input to extract the subtrac-
tion constants. Therefore, statistical methods must be verified using the unbinned
and binned representations of the data to check whether they are consistent. This
is precisely the objective of this thesis. First, an unbinned maximum likelihood fit
is made to MC simulated data based on the unbinned data from BESIII, then the
binned maximum likelihood and χ2 methods are used on binned MC simulated data
and compared to the unbinned MC simulated fit. After that the same previously
mentioned binned methods are used for the BESIII experimental data.
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Chapter 3

The Experiments and Detectors

The Beijing Electron-Positron Collider II (BEPC-II) is an electron-positron acceler-
ator built and operated in Beijing in order to study QCD in the confinement domain.
The η′ meson studied in this thesis is created in the production and decay process
e−e+ →J/ψ →η′γ. BEPC-II started operations in 2008 and operates in the range of
center of mass energies

√
s = 2.0−4.6 GeV at luminosities up to 1×1033 cm−2s−1 [20]

and with optimized energy at 2× 1.89 GeV [21]. The BEPC-II facility consists of
six different parts: injector, storage ring, beam transport line, Beijing Spectrometer
III (BESIII) detector, synchrotron radiation facility and computer center [21]. An
aerial view of the facility can be seen in figure 3.1. The main detector at the facility
is the BESIII detector. It is a multipurpose detector consisting of several subde-
tectors including drift chamber, time of flight system, electromagnetic calorimeter,
muon chamber, trigger system and more [21]. A schematic drawing of the BESIII
detector can be seen in figure 3.2.

Figure 3.1: BEPC-II facility located in Beijing [22].
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Figure 3.2: Cross section of the upper part of the BESIII detector [23].

Figure 3.3: The injector at BEPC-II to the left and the storage ring at BEPC-II to
the right [22].

3.1 BEPC-II

The Injector

A linear electron-positron accelerator acts as an injector to accelerate electrons and
positrons up to 1.3 GeV. The accelerating system consists of 56 accelerating tubes
and 45 quadrupole magnets and an electron gun and positron converter which is
200 m long and located 6 m below ground. The required vacuum of 10−8 Torr is
maintained by the vacuum system. The image to the left in figure 3.3 shows the
injector at BEPC-II.

Beam Transport Line

After the electron and positron beams have been accelerated through the injector
the beams are transferred to the storage ring through the beam transport line. For
this purpose, the beam transport line is equipped with 33 bending magnets, 42
quadruple magnets, 26 correcting magnets, 78 beam measuring probes and vacuum
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systems. It is important that the beams are interacting as little as possible at this
stage and the transportation efficiency is 80% for the electron beam and 90% for
the positron beam.

The Storage Ring

Once passing the beam transport line the beams enter the storage rings. The cir-
cumference is 240 m [21] and several bending magnets are used (quadrupole mag-
nets, high precision quadrupole magnets and sextupole correcting magnets) to bend
the beam. The beams collide in the center of the BESIII detector at a horizontal
crossing-angle of ±11 mrad [21]. The image to the right in figure 3.3 shows part of
the storage ring.

3.2 BESIII Detector

3.2.1 Drift Chamber

The innermost sub-detector of the BESIII detector setup is the drift chamber which
is used to measure charged particles and reconstruct the tracks.

Generally, a drift chamber contains a gas that the particles travel through. When
traversing the gas, the particles interact with the gas chamber molecules creating
electron-ion pairs along the path of the particle. To locate the path, an electric field
is applied. This will make the electrons travel according to the electric field. The
same is true for the ions, however, the ions are much heavier and do not respond
as much as the electrons. The strength of the electric field is such that the free
electrons will kick out other electrons from the molecules which thus also become
free. This will set off a reaction where more electrons become free; this is known
as Townsend avalanche [24]. Eventually the free electrons interact with an anode,
which in turn will register an electric current. The electrons have a well-defined
speed which allows to calculate the distance traveled. This is the basic idea of a
drift chamber and the design can be adjusted to fit the requirements of a particular
experiment. Figure 3.4 shows the drift chamber structure at BESIII.

At BESIII there are five important requirements that the drift chamber must
fulfill. The drift chamber must have good momentum resolution, sufficient dE/dx
resolution (energy loss over distance), good reconstruction efficiency, implementation
of charged particle trigger and maximum possible solid angle coverage.

To achieve a precise measurement of the momentum of a charged particle that
travels through the drift chamber a helium gas mixture is used. Since BEPC-II is
operating at energy scales of 2-4 GeV, most of the charged particles will have a
momentum below 1 GeV [21]. The velocity of the electrons that interact with the
anode is known and therefore as described above, the origin of the electrons can be
located, i.e. the trajectory of the charged particle is achieved. The trajectories will
have a curvature due to the magnetic field, which can be up to 1.0 T at BESIII.
The momentum is calculated from the radius of the curvature of the trajectory.
Multiple scattering affects the reconstruction of the trajectories and therefore the
drift chamber is designed to minimize the scattering. The gas mixture at BESIII is
set to 60% helium and 40% propane (He/C3H8) [21].
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Figure 3.4: The drift chamber structure to the right and the time of flight system
to the left [25].

3.2.2 Time of Flight System

Surrounding the drift chamber is the time of flight (TOF) system as shown in figure
3.4. Its main task is to measure the time it takes for charged particles to travel
through a medium in order to identify the particle [21]. An electric field is applied
to the system which interacts with the charged particles. The velocity of the particle
is known and thereby it is possible to extract the time as a function of the mass-
charge ratio. Particles with the same charge will travel at different speeds depending
on the mass.

The time of flight system at BESIII is made up of barrel and end cap with a
barrel radius of 81 cm to 92 cm respectively, with an effective length of 232 cm. It
also uses two layers of plastic scintillators [21]. The barrel has a solid angle coverage
of | cos θ| < 0.83 while the end cap is 0.85 < | cos θ| < 0.95 [21]. The time resolution
at BESIII is approximately 100 ps [21].

3.2.3 Electromagnetic Calorimeter

The detector surrounding the TOF detector is the electromagnetic calorimeter,
which uses the electromagnetic interaction to measure the energy and position of
electrons and photons. A calorimeter uses different ways to detect particles, e.g. scin-
tillation, ionization, bremsstrahlung and pair production. A charged particle comes
through the detector and interacts with the medium and in the process creates new
particles and thereby causes a shower of secondary particles. The measured energy
deposited by the secondary particles is used to calculate the energy and position of
the primary particle.

The electromagnetic calorimeter at BESIII is based on CsI(Tl) crystals, has an
energy resolution of 2.5% at 1 GeV and a position resolution of 6 mm at 1 GeV.
The electromagnetic calorimeter consists of a barrel and two endcap sections and
there are 44 rings of crystal along the z-axis with 120 crystals in the barrel and
6 layers in the endcap. Each layer has a different number of crystals. In total
the electromagnetic calorimeter has 6272 CsI(Tl) crystals. Figure 3.5 shows the
electromagnetic calorimeter at BESIII.
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Figure 3.5: The electromagnetic calorimeter to the left and the muon detector to
the right [25].

3.2.4 Muon Detector

A muon detector is located at the outer most layer. The muon detector works in
a similar way as the drift chamber; with charged particles passing through a gas
filled chamber and ionizing the gas along the trajectory. However, since only the
muons are of interest in the muon detector, other charged particles must be filtered
out. This is done by installing thick steel walls in front of the muon detector. By
doing this, all charged particles except for muons will be absorbed before reaching
the muon detector.

The muon detector at BESIII is made of iron absorbers with resistive plate
chambers (RPC) between [21]. The detector forms an octant with different thickness
of each iron chamber. Figure 3.5 shows the muon detector at BESIII.
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Chapter 4

Methods

This chapter defines the tools used in the analysis part. An introduction to Dalitz
plots is presented and a derivation of the statistical methods used in the analysis is
given.

4.1 Dalitz Plot

4.1.1 Decay Rate

A differential decay rate is the probability of a particle in the initial state i decaying
into several particles in a final-state f per unit time,

i→ f.

The differential decay rate is defined as

dΓ =
1

2E
|M|2dΠLIPS, (4.1)

where LIPS stands for Lorentz-Invariant Phase Space, E is the energy andM is the
matrix element, which is the non-trivial part of the decay matrix [2].

Three-body Decay

The decay rate for a three-body decay is given by

dΓ =
1

(2π)332M3
|M|2dm2

12dm
2
23, (4.2)

here M is the mass of the decaying particle and m12 and m23 are the invariant
masses of pairs of final-state particles which are defined as

m2
ij = (pi + pj)

2, (4.3)

where p is the momentum. A Dalitz plot is helpful when studying three-body decays.
The Dalitz plot distribution is proportional to the matrix element squared. This
implies that Dalitz plots can be used to study the dynamics of the three-body
decay.

Richard Dalitz developed Dalitz plots in the 1950s to study K meson decays [26]
and they can be used to study any three-body decay of spinless particles. The
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three Lorentz-vectors associated with the final-state particles give twelve degrees of
freedom, which can be reduced to only two degrees of freedom, see table 4.1. There
are three fixed masses involved in the decay; this reduces the degrees of freedom
by three. In addition, there is energy and momentum conservation. Then there are
symmetries relating the three Euler angles that characterize the choice of coordinate
system. In the end the number of degrees of freedom is reduced to two.

Table 4.1: Number of degrees of freedom considering the constraints and symmetries
of the Euler angles.

Constraints/Symmetries Number of degrees of freedom
Three 4-vectors 12
4-momentum conservation −4
3 masses −3
3 Euler angles −3
Remaining 2

Commonly the two independent variables are the invariant mass squared m2
12

and m2
23 or the so-called Dalitz plot variables X and Y ; which are functions of

masses and kinetic energies. Dalitz plot boundaries using X and Y variables for
η′ → ηπ+π− can be seen in figure 4.1.

Figure 4.1: Dalitz plot boundaries for η′ → ηππ using X and Y variables. The
figure is adapted from [27].

4.1.2 Dalitz Plot Variables for η′ → ηπ+π−

The Mandelstam variables s, t and u can be used to describe the final-state config-
uration and are given as:

25



s = (pη′ − pη)2,

t = (pη′ − pπ+)2, (4.4)

u = (pη′ − pπ−)2.

The Mandelstam variables are related to the invariant mass by eqn. (4.3) as s = m2
ππ,

t = m2
ηπ− and u = m2

ηπ+ . These Mandelstam variables satisfy the condition,

s+ t+ u = m2
η′ +m2

η + 2m2
π. (4.5)

The maximum and minimum value of t is expressed in terms of s as [27]

tmax/min(s) =
1

2

[
m2
η′ +m2

η + 2m2
π − s±

λ1/2(s,m2
η′ ,m

2
η)λ

1/2(s,m2
π,m

2
π)

s

]
, (4.6)

where λ is the Källén function

λ(x, y, z) = x2 + y2 + z2 − 2(xy − xz − yz). (4.7)

The extreme values of s can be found by first expanding the parentheses for s in
eqn. (4.4). To find the maximum of s

s = (pη′ − pη)2 = m2
η′ +m2

η − 2Eη′Eη = m2
η′ +m2

η − 2mη′Eη, (4.8)

where the energy of η is,

Eη =
√
m2
η + ~p 2

η ≥ mη, (4.9)

Eη must be minimized, which gives

smax = m2
η′ +m2

η − 2mη′mη = (mη′ −mη)
2. (4.10)

Then to find the minimum of s,

s = (pη′ − pη) = (pπ+ + pπ−)2 = m2
π+ +m2

π− + 2Eπ+Eπ− − 2~pπ+ · ~pπ−

= m2
π+ +m2

π− + 2
√
m2
π+ + ~p 2

π+

√
m2
π− + ~p 2

π− − 2~pπ+ · ~pπ−

= m2
π+ +m2

π− + 2
√
m2
π+m2

π− + ~p 2
π+~p 2

π− +m2
π+~p 2

π− +m2
π−~p

2
π+ − 2~pπ+ · ~pπ− .

(4.11)

In this case the two pions are going in the same direction with the same velocity.
This means ~pπ+ = ~pπ− = ~pπ and the mass of the charged pions are the same
mπ+ = mπ− = mπ. Plugging this in gives,

smin = 2m2
π + 2

√
m4
π + ~p 4

π + 2m2
π~p

2
π − 2~p 2

π

= 2m2
π + 2

√
(~p 2
π +m2

π)2 − 2~p 2
π

= 2m2
π + 2~p 2

π + 2m2
π − 2~p 2

π = 4m2
π.

(4.12)

Hence,
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smin = 4m2
π. (4.13)

Using similar arguments for u and t gives,

umax = tmax = (mη′ −mπ)2 (4.14)

umin = tmin = (mη +mπ)2, (4.15)

expressed in terms of invariant mass. Instead of using Dalitz plots in terms of s and
t, it is more practical to use X and Y in this case. As will be seen later, the matrix
element can be expanded as a polynomial in terms of X and Y . In the rest frame
of the decaying particle, i.e. η′, the Dalitz plot variables X and Y are defined as [6]

X =

√
3(Tπ+ − Tπ−)

Q
, Y =

mη + 2mπ

mπ

· Tη
Q
− 1, (4.16)

where Q = mη′ −mη −mπ+ −mπ− and T is the kinetic energy in the η′ rest frame.
The kinetic energy can be derived from the Mandelstam variables,

s = (pη′ − pη)2 = m2
η′ +m2

η − 2pη′pη = m2
η′ +m2

η − 2mη′Eη

⇒ Eη =
m2
η′ +m2

η − s
2mη′

. (4.17)

Similar procedure for Eπ+ and Eπ− gives

Eπ+ =
m2
η′ +m2

π+ − t
2mη′

, (4.18)

Eπ− =
m2
η′ +m2

π− − u
2mη′

. (4.19)

The kinetic energies T = E −m are

Tη =
(mη′ −mη)

2 − s
2mη′

, Tπ+ =
(mη′ −mπ)2 − t

2mη′
, Tπ− =

(mη′ −mπ)2 − u
2mη′

.

(4.20)

Plugging this into X and Y gives

X =

√
3

2mη′Q
(u− t), (4.21)

Y =
mη + 2mπ

2mη′mπQ

[
(mη′ −mη)

2 − s
]
− 1. (4.22)
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Kinematics and Resonances

An example is shown in figure 4.1 where the graphics shows the configuration of the
decay products in the rest frame of the decaying η′. The configuration of the final-
state momenta is given by the Mandelstam variables defined in eqn. (4.4). Plugging
in the maximum value of s given by eqn. (4.10) into eqn. (4.22) gives, Y = −1. In
this case the η is at rest while the two pions go in opposite directions with equal
kinetic energy. Therefore, u and t are equal and thus X = 0, as seen in eqn. (4.21).
This point is marked with the blue circle on the Dalitz plot in figure 4.1. At the
minimum of s given by eqn. (4.13) the maximum of Y is obtained at Y ≈ 1.1. Both
pions have the same kinetic energy and move in the same direction. Hence, u and t
are still equal which gives X = 0. This point is marked by the magenta pentagon
in figure 4.1. At tmin and u close to umax, one pion with low kinetic energy moves in
the same direction as the η, while the other pion moves in opposite direction. This
point is marked by the red diamond in figure 4.1. At tmax and u close to umin, one
of the pions is at rest while the η and the other pion moves in opposite direction to
each other. This point is marked by the black triangle in figure 4.1. The Dalitz plot
is symmetric along the X-axis, assuming that charge conjugation parity (C-parity)
is conserved. The Dalitz plot distribution is symmetric in any case if two of the
final-state particles are identical [28] as in the case η′ → ηπ0π0 discussed in chapter
8. The type of Dalitz plot using X and Y variables as seen in figure 4.1 is be used
throughout this thesis.

A resonance can occur in a three-body decay as following

M → rc→ abc

where r is the resonance in ab system and abc are the final decay products. The
mass squared can be obtained from the energy conservation

m2
ab = m2

r. (4.23)

If resonances are present in the decay process, band structures will show up in the
Dalitz plot. The width of the band is inversely proportional to the lifetime of the
resonance particle and the band location gives information about the mass. However,
if the resonant particle has a very short lifetime the band will be smeared out over
the phase space and no clear band structure is seen.

To give an example of a Dalitz plot with a resonance, 106 events are generated
of the decay η′ → π+π−π0 with a ρ-resonance. The Dalitz plot can be seen in figure
4.2 plotted against the invariant mass squared. The three pion decay channels are
not studied in this thesis, instead a brief discussion can be found in chapter 8.

In the case of η′ → ηπ+π− decay, interactions with light scalar mesons play an
important role as discussed in section 2.5. The phase space of η′ → ηπ+π− can
be described by a polynomial expansion of the matrix element squared around the
center

DP ∝ |M(X, Y )|2 = f(X, Y ) = A(1 + aY + bY 2 + cX + dX2), (4.24)

where DP is the Dalitz plot distribution, A is the normalization and a, b, c, d are
unknown parameters (which is unrelated to the particles in eqn. (4.23)). A fitting
procedure can be carried out to find the parameters of the function f(X, Y ) that
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Figure 4.2: Example of a Dalitz plot using the invariant masses squared of η′ →
π+π−π0 with band structures indicating the resonances ρ+ and ρ−.

describes the Dalitz plot distribution. As the Dalitz plot is symmetric along the
X-axis if C-parity is conserved, all terms with odd powers of X have to be zero,
i.e. parameter c in this case. A test for C-parity conservation can therefore be
performed.

4.2 Unbinned Maximum Likelihood Method

To find the unknown parameters of the function f introduced in eqn. (4.24), statis-
tical methods must be used. This thesis uses the maximum likelihood and the χ2

method. This section starts with a description of the unbinned maximum likelihood
fit.

Assume a random variable x distributed by a normalized probability density
function f(x, θ̂), where θ̂ = (θ1, θ2, · · · , θn) are unknown parameters and the number
of times x has been independently measured is given by Nevents. Then the likelihood
function is the following product [29, 30]

L(θ̂) =
Nevents∏
i=1

f(xi, θ̂). (4.25)

Given the likelihood function L(θ̂), the objective of the method is to estimate the
parameters θ̂ by maximizing the likelihood function. Assuming that the likelihood
function is continuously differentiable and that the maximum is not at the boundary
of the parameter space, the maximum is found by taking the derivatives,

∂L

∂θi
= 0, (4.26)

where i = 1, · · · , n. The probability density function can be very complicated and
therefore it can be more convenient to take the logarithm of the likelihood function
instead, which converts the product into a sum [29]
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log(L(θ)) =
Nevents∑
i=1

log(f(xi, θ̂)). (4.27)

4.3 Binned Maximum Likelihood Method

For very large data samples xi it might be time consuming to compute the sum of
log(f(xi, θ̂)) for each xi [29]. One way to overcome this is by creating a histogram
and divide it into a finite number of bins, N . Each bin contains a certain number
of entries n̂ = {n1, n2, · · · , nN}, where the total number of measurements is defined
as Nevents [29]. Then the histogram can be regarded as a single measurement of a
N -dimensional random vector, where the joint probability density function (p.d.f.)
is given by a multinomial distribution,

fjoint(n̂; ν̂) =
Nevents!

n1! · · ·nN !

( ν1

Nevents

)n1

· · ·
( νN
Nevents

)nN

. (4.28)

Here ν̂ = (ν1, · · · , νN) are the expectation values defined as

νi(θ̂) = Nevents

xmax
i∫

xmin
i

f(x; θ̂)dx, (4.29)

where xmax
i and xmin

i are the bin limits. The log-likelihood function is then the
logarithm of eqn. (4.28)

logL(θ) =
N∑
i=1

ni log νi(θ), (4.30)

where the terms not dependent on the parameters have been removed [29]. As
before, the task is to maximize the likelihood function by optimizing the parameter
values θ̂. In the limit N → ∞ the binned maximum likelihood approaches the
unbinned maximum likelihood. Therefore, having bins containing few or no entries
is not a problem for the binned maximum likelihood method. Now assuming that

Nevents =
N∑
i=1

ni (4.31)

is a random variable from a Poisson distribution with a mean

νtot =
N∑
i=1

νi, (4.32)

then the joint p.d.f. can be written as

fjoint(n̂; ν̂) =
νNevents

tot e−νtot

Nevents!

Nevents!

n1! · · ·nN !

( ν1

νtot

)n1

· · ·
( νN
νtot

)nN

, (4.33)

or in more compact form
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fjoint(n̂; ν̂) =
N∏
i=1

νni
i

ni!
e−νi . (4.34)

Now the expectation value depends on θ and νtot

νi(νtot, θ̂) = νtot

xmax
i∫

xmin
i

f(x; θ)dx. (4.35)

Again, the log-likelihood function is obtained by taking the logarithm of the joint
p.d.f. (4.34)

logL(νtot, θ) = −νtot +
N∑
i=1

[ni log νi(νtot, θ)− log(ni!)]. (4.36)

This is known as the extended log-likelihood function for binned data [29]. Adding or
subtracting terms that are independent of the parameters to the likelihood function
do not affect the result when taking the derivative. By subtracting the likelihood of
observing ni given an expectation value of the same value ni gives

logL =
N∑
i=1

[
ni log νi − νi − log ni!− ni log ni + ni + log ni!

]
=

N∑
i=1

[
ni − νi − ni log

ni
νi

]
=

N∑
i=1

[νini − ν2
i

νi
− ni log

(
1 +

ni − νi
νi

)]
.

(4.37)

In the region where the logarithmic term is small, an expansion can be made and
the likelihood function can be approximated,

logL ≈
N∑
i=1

[νini − ν2
i − n2

i + νini
νi

− ni
2

(ni − νi
νi

)2]
= −

N∑
i=1

(ni − νi)2

νi

(
1− ni

2νi

)
.

(4.38)
For a Poisson distribution 〈ni〉 = νi, hence the likelihood function becomes

logL ≈ −1

2

N∑
i=1

(ni − νi)2

νi
. (4.39)

The sum is defined as χ2 and thus

logL ≈ −1

2
χ2 (4.40)

when assuming the distribution to be a Poisson distribution in the limit of large ni.

4.4 The χ2 Method

The previous section ended with the introduction of χ2. Consider a histogram with
N number of bins where the number of entries in bin i is ni. Then the χ2 value is
defined as
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χ2 =
N∑
i=1

(ni − µi)2

µi
, (4.41)

where µi is the expected number of entries in bin i. If the entries ni are assumed to
be Poisson distributed and the value ni not too small, usually ni ≥ 5, the eqn. (4.41)
will follow a χ2 distribution [29]. The standard deviation of a Poisson variable is
equal to

√
µi. Eqn. (4.41) can therefore be written as

χ2 =
N∑
i=1

(ni − µi)2

σ2
i

. (4.42)

If the expected number of events is equal to the actual number of events observed,
then χ2 = 0. This would indicate that the hypothesis exactly describes the observed
data. However, given the probabilistic nature of these variables, this is an unlikely
scenario. The larger the χ2 value, the larger the discrepancy between the hypothesis
and the data. The significance level (p-value) is defined as

p =

∞∫
χ2

f(z; ν)dz, (4.43)

where ν = N is the number of degrees of freedom. The expectation value for χ2

is equal to the number of degrees of freedom (ν), which in turn is equal to the
difference between the number of non-empty bins n and the constraints given by the
number of parameters used to describe the data nc [30],

〈χ2〉 = ν = n− nc. (4.44)

The ratio between χ2 and ν is often taken, which is called reduced χ2 denoted χ2
red.

The expectation value of χ2
red is given by,

〈χ2
red〉 =

〈χ2〉
ν

=
n− nc
ν

= 1. (4.45)

If χ2
red ≈ 1 then the hypothesis is in good agreement with the data, otherwise it

would indicate that the hypothesis does not describe the data and hence can be
rejected or that there are some other issues with the analysis [30].

32



Chapter 5

Analysis

5.1 η′ → ηπ+π− Decay at BESIII

The η′ is produced from e+e− → J/ψ → γη′, where η′ → (η → γγ)π+π−. The
branching ratio of J/ψ → γη′ and η′ → ηπ+π− is (5.21±0.17)×10−3 [14] and (42.6±
0.7)× 10−2 [14] respectively, while the branching ratio of η → γγ is (39.41± 0.7)×
10−2 [14]. The data sample is 1.31×109 J/ψ events and due to the detector efficiency,
351016 events of η′ → ηπ+π− are collected. The background contamination is
estimated to be 0.3% and therefore neglected when determining the Dalitz plot
parameters [6]. In ref. [6] both η′ → ηπ+π− and η′ → ηπ0π0 decay modes are
studied. The BESIII measurement serves as a basis for the analysis in this thesis.
In this thesis, a simulation of the charged decay channel, i.e. η′ → ηπ+π− based
on the BESIII result and a binned fit on the Monte Carlo (MC) simulated data is
performed. Then the binned methods are used to fit the binned BESIII experimental
data. A comparison between the BESIII unbinned results and the results from the
binned maximum likelihood and χ2 methods is made.

BESIII study

The Dalitz plot distribution is proportional to the matrix element squared and the
differential distribution can be parameterized by the polynomial given in eqn. (4.24).
The parameters in front of X with odd powers must be zero, since these terms
violate charge conjugation symmetry [6, 31]. To determine the free parameters, the
unbinned log-likelihood method is used

− log(L) = −
Nevents∑
i=1

log(f(Xi, Yi)) (5.1)

where f(Xi, Yi) is the probability density function defined as

f(Xi, Yi) =
|M(X, Y )|2 ⊗ σ(X, Y ) · ε(X, Y )∫

(|M(X, Y )|2 ⊗ σ(X, Y ) · ε(X, Y ))dXdY
. (5.2)

The symbols ε and σ are detector efficiency and resolution respectively, while ⊗ is
the convolution operator. A minimization of the negative log-likelihood function in
eqn. (5.1) is performed and the parameter values are [6]
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a = −0.056± 0.004

b = −0.049± 0.006

d = −0.063± 0.004.

(5.3)

A correlation matrix is a matrix where each element is the correlation coefficient
between two parameters, in this case the Dalitz plot parameters (a, b, c, d). The
correlation coefficients are in the range [−1, 1], where 1 or −1 indicates strongest
correlation/anti-correlation and 0 indicates no correlation [29]. The correlation ma-
trix obtained is shown in table 5.1.

Table 5.1: Correlation matrix obtained by the BESIII collaboration [6].

b d
a −0.417 −0.239
b 0.292

The BESIII collaboration [6] also performs a test for charge conjugation violation
by setting c to a free parameter. The results show that c is consistent with zero
within 0.7σ and a, b and d remains unchanged. The Dalitz plot parameter values
(5.3) determined in [6] is used as input parameter values in the MC simulations in
this thesis.

5.2 Statistical Analysis of η′ → ηπ+π−

Software

To find the minimum of the negative log-likelihood and the χ2 value a program called
MINUIT [32] within CERN ROOT [33] is used. ROOT is based on the programming
language C++. It is a standard tool in nuclear and particle physics, and it is also
often used in analyses [33]. MINUIT changes the Dalitz plot parameters until it
finds a minimum for the likelihood function or the χ2 value.

5.2.1 Unbinned Maximum Likelihood Method

To make a consistency check, the unbinned maximum likelihood method is used for
the MC generated data. The input parameter values are set to the same values as
in eqn. (5.3). The probability density function

f(X, Y ) = |M(X, Y )|2

is defined as the polynomial (4.24). The likelihood function is defined as

L =
Nevents∏
i,j

|M(Xi, Yj)|2∫
DP
|M(X, Y )|2dXdY

(5.4)

where Nevents is the number of events. The logarithm of eqn. (5.4) is taken, which
yields,
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− ln(L) = −
N∑
i,j

ln(|M(Xi, Yj)|2) +N ln

∫
DP

|M(X, Y )|2dXdY. (5.5)

The integral in eqn. (5.5) is the normalization integral and it is calculated using
Monte Carlo integration technique∫

DP

|M(X, Y )|2dXdY = lim
NMC→∞

1

NMC

NMC∑
i,j

∆V |M(Xi, Yj)|2 (5.6)

where NMC = 10Nevents, Nevents is the number of events and ∆V = ∆X∆Y . MINUIT
is used to minimize the negative log-likelihood function and to find the parameter
values. The number of events is changed to check how much the fitted parameter
values deviates from the input values. The first run used 351016 events, which is
the same number of events as the experiment in [6]; then the second run used 106

events. This is also performed in order to check if parameter c is consistent with
zero as found in [6].

5.2.2 Treatment of Boundary Bins

In a fit to binned data there is a problem in what to do with the boundary bins that
are partially located outside of phase space. These bins contain fewer events, see
histogram to the right in figure 5.1. This causes a misrepresentation of the result
when performing a fit, see figure 5.2 for illustration.

Figure 5.1: The histogram to the left is used as a template to remove the boundary
bins. Dalitz plot with the boundary bins is shown to the right. The blue bins
indicate that these bins contain fewer events. This is because the bins are partially
outside phase space and not because of any physical processes.

One way to solve this problem is to remove the bins that are partially outside
the phase space by generating a histogram that is constant, in this case set to 1 (see
histogram to the left in figure 5.1),

fA = 1. (5.7)

To remove the boundary bins, a test function called ftest is defined such that it is
equal to 1 within the boundaries and is equal to 0 everywhere else,
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Figure 5.2: Four bins where the green shaded area confined by the boundary line
represents phase space and the red area represents the region outside phase space.
Only the lower right bin is inside, the rest are boundary bins since one or more
corners are outside the phase space.

ftest =

{
1 if

(
Q+mη − Tπ+ − Tπ−

)2 −m2
η − p2

π+ − p2
π− ≤ 2pπ+pπ−

0 else
(5.8)

where T is the kinetic energy and p is the momentum for each respective particle
defined as

p =
√
T (T + 2m). (5.9)

Then for every bin of the 2D histogram, the test function ftest is evaluated at every
corner of the bin. If ftest is zero at any of the corner points, the bin must be located
partially outside the kinematics limit, i.e. that corner must be outside the phase
space, see figure 5.2. The result is a Dalitz plot with boundary bins removed. This
Dalitz plot is used as a template to remove boundary bins.

Bin Size

The bin sizes must also be taken into consideration. A large bin area will distribute
the events in fewer bins. This causes the boundary bins to contain large portion of
the events and as these bins are removed, a large percentage of the events is removed
as well, which would affect the precision. The resolution would also be low as fewer
bins would be available to precisely determined the Dalitz plot parameters. On the
other hand, if the bin sizes are too small relative to the number of events, many
bins contain few or no events at all. Therefore, different bin sizes are tested for the
MC generated events. Bin size and bin width are synonymously used throughout
the thesis.
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5.2.3 Binned Maximum Likelihood Method

The data from the BESIII experiment is Poisson distributed because each event
is discrete and independent of each other. However, if the number of events in
each bin is large, the Poisson distribution can be approximated to be Gaussian.
Nevertheless, a Poisson distribution allows the usage of the extended negative log-
likelihood version written as,

− log(L) = −
N∑
i,j

(
n(i, j) log(|M(Xi, Yj)|2) + |M(Xi, Yj)|2

)
(5.10)

where n(i, j) is the number of events in bin (i, j), |M(Xi, Yj)|2 is the polynomial
in eqn. (4.24) and N is the total number of bins. The minimization process is also
done with MINUIT to find the parameter values.

5.2.4 The χ2 Method

A χ2 fit is performed both on Monte Carlo simulated data as well as the experimental
data from BESIII, similarly to the binned MLL method. The Dalitz plot is divided
into bins and from the definition of χ2, it can be written as

χ2 =
N∑
i,j

[n(i, j)− |M(Xi, Yj)|2]2

σ2(i, j)
(5.11)

where n(i, j) is the number of events and σ(i, j) is the statistical uncertainty in bin
(i, j), respectively. |M(Xi, Yj)|2 is the polynomial defined in eqn. (4.24).

5.2.5 Experimental Data

The BESIII data include the X and Y values, number of events and the correspond-
ing uncertainties. The number of events and errors are scaled with an unknown
global factor and therefore do not show the acceptance corrected number of events
in each bin. Thus, the unknown factor must be determined before a binned maxi-
mum likelihood fit can be made. In this thesis, two different approaches are tested
to scale the Dalitz plot. For a Poisson distribution the likelihood function is defined
as follows

L =
N∏
i=1

νNi

Ni!
e−νi . (5.12)

Here Ni is the number of events observed in bin i. Since the bin content must
be corrected with an acceptance, the polynomial must be multiplied by the factor
νi = ε|M(X, Y )|2, where |M(X, Y )|2 is the polynomial expansion of the matrix
element squared seen in eqn. (4.24). Taking the logarithm of the likelihood function
yields,

− logL = −
N∑
i,j

(
N(i, j) log(ε|M(Xi, Yj)|2) + ε|M(Xi, Yj)|2

)
. (5.13)
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where terms independent of the parameters are removed. First a bin dependent
acceptance factor ε(i, j) is defined as

ε(i, j)n(i, j) = N(i, j), (5.14)

ε(i, j)∆n(i, j) =
√
N(i, j), (5.15)

where n(i, j) and ∆n(i, j) are the number of events and bin error in bin (i, j) in the
BESIII data respectively. N(i, j) is the number of events in bin (i, j) after scaling.
These are two equations with two unknowns, dividing the first by the second yields,

n(i, j)

∆n(i, j)
=
√
N(i, j)

⇒ N(i, j) =
( n(i, j)

∆n(i, j)

)2

. (5.16)

Then solving for ε(i, j) gives,

ε(i, j) =
N(i, j)

n(i, j)
=

n(i, j)

∆n2(i, j)
. (5.17)

In that case the log-likelihood function becomes,

− logL = −
N∑
i,j

( n2(i, j)

∆2n(i, j)
log
[ n(i, j)

∆n2(i, j)
|M(Xi, Yj)|2)

]
+

n(i, j)

∆n2(i, j)
|M(Xi, Yj)|2

)
.

(5.18)
In the second approach a global factor defined as

ε =
N

M
(5.19)

is used, where N is the total number of events and M =
∑
n(i, j). In this case the

log-likelihood function becomes

− logL = −
N∑
i,j

(
n(i, j)

N

M
log
[N
M
|M(Xi, Yj)|2)

]
+
N

M
|M(Xi, Yj)|2

)
. (5.20)

The scaling is not an issue for the χ2 fit, since the uncertainties are calculated
explicitly according to the definition of χ2.
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Chapter 6

Results

The polynomial used is eqn. (4.24) and the parameter values obtained by the BESIII
collaboration given by (5.3) are used as input values for the MC simulations. The
binned experimental data obtained from BESIII used a bin size of 0.02. The binned
methods used on the experimental data used the same bin size, however, for the MC
simulations different bin sizes where considered in order to check how the results get
affected. These bin sizes are 0.20, 0.10, 0.04, 0.02 and 0.01. The bin widths are the
same in X and Y direction, ∆X = ∆Y .

6.1 Unbinned Maximum Likelihood Approach

MC Generated Data

The results from the MC simulation are shown in table 6.1 in comparison with the
BESIII data. The number of events generated is the same as the number of events
from BESIII. In order for η′ → ηπ+π− decay not to violate charge conjugation,
parameter c must be equal to zero. A second simulation is also conducted with the
parameter c fixed to zero. However, none of the output values changed compared
to table 6.1. The associated Dalitz plot is shown in figure 6.1.

Table 6.1: Values of the Dalitz plot parameters from the unbinned maximum likeli-
hood fit. Both statistical and systematic uncertainties are displayed for the BESIII
results.

Parameter Input Output BESIII [6]
×10−2 ×10−2 ×10−2

a −5.6 −5.6± 0.3 −5.6± 0.44± 0.3
b −4.9 −4.5± 0.6 −4.9± 0.6± 0.6
c 0 0.18± 0.24 0.27± 0.24± 0.18
d −6.3 −6.5± 0.4 −6.3± 0.4± 0.4

The correlation matrix for the unbinned maximum log-likelihood (unbinned
MLL) method is shown in table 6.2. As it can be seen from table 6.1 the uncer-
tainties are not significantly different. For parameter a, the statistical uncertainty
is 0.003 compared to the BESIII data, which is 0.0044. The uncertainties for both

39



Table 6.2: Correlation matrix for the unbinned MLL on MC data.

b c d
a −0.428 0 −0.238
b 0.002 0.289
c 0.006

Figure 6.1: Normalized Dalitz plot from generated data according to the input
parameter values in table 6.1.

b and d parameter are unchanged compared to BESIII with values 0.006 and 0.004,
respectively.

The correlation factor between a and b parameters obtained by the BESIII col-
laboration is −0.417, as can be seen from table 5.1. While the correlation factor
obtained in this thesis using the unbinned fit on MC data is −0.428, as seen in table
6.2. For the other correlation coefficients, the result is consistent with the BESIII
experiment. The correlation coefficient between parameter a and d obtained by the
BESIII collaboration is −0.239. In this thesis, the corresponding correlation factor
is −0.238. The correlation between b and d parameter from BESIII is 0.292, while
in this thesis the correlation factor is 0.289. The a and d parameters have a mod-
erate anti-correlation and the b and d have a moderate correlation. The correlation
between parameter c and any of the other parameters is consistent with zero.

MC Generated Sample of 106 Events

In another test, the number of events is set to 106 in order to check how the output
values deviate from the input values, a so-called input-output check. The results
are shown in table 6.3. With higher statistics, the uncertainties are expected to be
smaller according to the law of big numbers. The result shows that the uncertainties
decrease as expected. Shown in table 6.3, for the parameter a the uncertainty is
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Table 6.3: Values of the Dalitz plot parameters for MC with 106 events.

Parameter Input Output
×10−2 ×10−2

a −5.6 −6.1± 0.2
b −4.9 −4.5± 0.3
c 0 0(fixed)
d −6.3 −6.4± 0.2

0.002 compared to 0.003 from the 351× 103 generated events. The uncertainty for
the b parameter is 0.003 compared to 0.006. Finally, for parameter d the uncertainty
is 0.002 compared to 0.004. The correlation coefficients between the parameters only
change marginally from the case using 351 × 103 generated events. However, there
is an apparent discrepancy for parameter a. See section 7.1 for discussion.

6.2 Binned Maximum Likelihood Approach

The number of events used in the Monte Carlo simulations is the same as in the
BESIII experiment.

MC Data with Different Bin Sizes

The parameter values obtained from the fitting routine for the different bin sizes
are shown in table 6.4. The Dalitz plot for the largest bin size (0.20) can be seen in
figure 6.2.

Table 6.4: Values of the Dalitz plot parameters extracted from the generated data
using binned MLL. The table shows the result from all of the bin widths (Bw) that
are tested. The results are compared to the results from the MC unbinned MLL fit.

Par. Input Bw 0.20 Bw 0.10 Bw 0.04 Bw 0.02 Bw 0.01 MLL [MC]
×10−2 ×10−2 ×10−2 ×10−2 ×10−2 ×10−2 ×10−2

a −5.6 −5.3(0.5) −5.5(0.4) −5.6(0.4) −5.5(0.3) −5.6(0.3) −5.6(0.3)
b −4.9 −5.0(0.9) −4.9(0.7) −4.4(0.6) −4.5(0.6) −4.6(0.6) −4.5(0.6)
c 0 −0.1(0.3) −0.2(0.3) −0.2(0.3) −0.2(0.2) −0.2(0.2) 0.18(0.24)
d −6.3 −6.3(0.5) −6.7(0.4) −6.4(0.4) −6.3(0.4) −6.4(0.4) −6.5(0.4)

The correlation matrix between the parameters is shown in table 6.5 for the
largest bin size (0.20), and in table 6.6 for the smallest bin size (0.01) .
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Table 6.5: Correlation matrix for binned MLL using 0.20 bin width on MC.

a b c d
a −0.523 0.001 −0.242
b 0 0.309
c 0

Table 6.6: Correlation matrix for bin size 0.01 using binned MLL on MC.

a b c d
a −0.431 0.002 −0.239
b −0.001 0.292
c −0.002

Figure 6.2: Dalitz plot from 351016 generated events using 0.20 bin widths.
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Table 6.7: The event loss for each bin width.

Bin width Event loss (%)
0.20 22.4
0.10 10.9
0.04 4.2
0.02 2.1
0.01 1.0

The results from the 0.20 bin size can be seen in table 6.4. The output values are
consistent with the input; however, the uncertainties are slightly larger compared to
the unbinned MLL case for the same MC data. The events lost due to the removal
of the boundary bins are shown in table 6.7 for the different bin sizes. For further
reading on the process of removing the boundary bins refer to chapter 5. The events
lost in the bin cutting process is 22.4% as seen in table 6.7, which is a large fraction,
making 0.20 bin size not optimal in this case.

For bin size 0.10, the output parameter values are also consistent with the input
values as seen in table 6.4. The uncertainties are smaller than in the 0.20 bin size
case but still slightly larger than in the unbinned case, except for parameter d which
is the same. The uncertainties for all the parameters are in good agreement with
the unbinned case. The event loss still remains large at 10.9%.

The results from 0.04 bin size are consistent with the input values. The uncer-
tainty for parameter b decreases to 0.006 as compared to 0.009 for 0.20 bin size
and is the same as the unbinned case. The uncertainties for the other parameters
remained basically the same and the event loss decreases to 4.2%.

For the bin sizes 0.02 and 0.01 the output values for all parameters are consistent
with the input values. The uncertainties are also consistent with the 0.04 bin size
for both smallest bin sizes and agree with the unbinned case. The event loss for 0.02
bin size decreases by roughly 2 percentage points compared to the 0.04 bin size case
to 2.1% and for the 0.01 bin size the event loss decreases further to 1.0%, as seen in
table 6.7.

The correlation matrix for the bin size 0.20 can be seen in table 6.5 and for bin
size 0.01 in table 6.6. The results show that the correlation changes only marginally
between the two bin size extremes tested in this thesis. However, the largest dis-
crepancy for the two cases is the correlation between parameter a and b. Using the
bin size of 0.20, the correlation coefficient gets 20% stronger compared to the 0.01
bin size case.

The parameter values and the uncertainties from table 6.4 can be seen in figure
6.3 compared to the BESIII results. The red line indicates the input value, which for
all parameters except parameter c is equal to the BESIII values. The red area rep-
resents the statistical uncertainties from BESIII, while the blue triangles represent
the obtained values from the simulation with associated error bars.

43



Figure 6.3: The parameter values for different bin widths. The red line indicates the
input value which is the same as the parameter value from the BESIII experiment,
except for the parameter c where the BESIII value is indicated in black. The red
shaded area represents the statistical uncertainty for that particular parameter from
BESIII. The blue triangle are the output values of the parameters from the binned
maximum log-likelihood fit with the corresponding error bars.

Experimental data

The results from the binned MLL fit on experimental data from BESIII are shown in
table 6.8 for different factors in comparison with the unbinned MLL BESIII result.

Table 6.8: The values of the Dalitz plot parameters using binned maximum log-
likelihood fit with different scale factors.

Parameter No scaling Local ε(i, j) Global ε BESIII [6]
×10−2 ×10−2 ×10−2 ×10−2

a −5.4± 5.4 −5.5± 0.37 −5.4± 0.34 −5.6± 0.44± 0.3
b −4.3± 9.7 −4.4± 0.65 −4.3± 0.60 −4.9± 0.6± 0.6
c −0.58± 3.9 0.6± 0.26 0.58± 0.24 0.27± 0.24± 0.18
d −6.0± 6.1 −5.97± 0.402 −6.03± 0.379 −6.3± 0.4± 0.4

The correlation matrix can be seen in table 6.9 for the no scaling case and the
distribution of the local scale factor ε(i, j) can be seen in figure 6.4. The standard
deviation distance between the parameter values obtained from the global (ε) and
local (ε(i, j)) scale factors is defined as

σ =
|α− β|

∆β
(6.1)
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Table 6.9: Correlation matrix for binned MLL on experimental data.

a b c d
a −0.432 −0.002 −0.238
b 0.005 0.296
c 0.009

Figure 6.4: The distribution of ε(i, j).

where α and β are the parameter values and ∆β is the uncertainty for parameter
β. For the parameters (a, b, c, d) obtained in table 6.8 the standard deviations are

σa =
| − 0.055 + 0.054|

0.0034
= 0.3, σb =

| − 0.044 + 0.043|
0.0060

= 0.2,

σc =
|0.0060− 0.0058|

0.0024
= 0.08, σd =

| − 0.0597 + 0.0603|
0.00379

= 0.16.

(6.2)

A comparison of the X and Y projections between MC and the experimental
data is shown in figure 6.5. Using the binned MLL method without scaling results
in inconsistencies with the BESIII values. This can be seen in the “no scaling”
column in table 6.8. The uncertainties are in the same magnitude as the parameter
values. The Dalitz plot must be scaled in order to give correct results as described
in chapter 5. In this thesis two different scaling factors are tested, a local and a
global. The results can be seen in column “local ε(i, j)” and “global ε” in table
6.8. The ε(i, j) distribution can be seen in figure 6.4. The results using the global
factor show that the uncertainties agree with BESIII, and the parameter values also
agree with BESIII. The largest discrepancy between the parameter values using the
different scaling factors are for parameter a with a standard deviation of 0.3, see
eqn. (6.2). For the local factors the parameter values also agree with the BESIII
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Figure 6.5: Projection of X and Y for MC and experimental data for the binned
maximum log-likelihood method using 0.02 bin width.

results and for the uncertainties, parameter a is smaller and parameter b is larger
than compared to the BESIII results. The uncertainty for both parameter c and d
agree in general with BESIII.

6.3 χ2 Approach

The MC simulated data is the same as before and the event loss can be seen in table
6.7. The number of events are also the same as in the BESIII experiment.

MC Data with Different Bin Size

The parameter values obtained from the fit as a function of bin size are shown
in table 6.10 with a comparison to the unbinned MLL method based on the MC
simulated data. The χ2 values and associated degrees of freedom are shown in table
6.11 for each bin size.

Table 6.10: Values of the Dalitz plot parameters from generated data using the χ2

method for the different bin widths. The results are compared to the unbinned MLL
based on the MC data.

Par. Input Bw 0.20 Bw 0.10 Bw 0.04 Bw 0.02 Bw 0.01 MLL [MC]
×10−2 ×10−2 ×10−2 ×10−2 ×10−2 ×10−2 ×10−2

a −5.6 −5.3(0.47) −5.5(0.39) −5.5(0.35) −5.6(0.35) −6.1(0.36) −5.6(0.3)
b −4.9 −4.9(0.91) −4.9(0.72) −4.6(0.63) −4.8(0.62) −6.4(0.64) −4.5(0.6)
c 0 −0.1(0.31) −0.2(0.27) −0.3(0.25) −0.2(0.25) −0.013(0.26) 0.18(0.24)
d −6.3 −6.3(0.54) −6.6(0.43) −6.5(0.40) −6.5(0.39) −7.9(0.40) −6.5(0.4)

The Dalitz plot using 0.20 bin size is shown to the left in figure 6.6 and the Dalitz
plot after removing the boundary bins is shown to the right in the same figure. The
correlation matrix for the largest bin size is shown in table 6.12 and the correlation
matrix for the smallest bin size is shown in table 6.13.

For the bin size 0.20 the parameter values are consistent with the input values.
The uncertainties are all larger than the unbinned simulation. The uncertainty of
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Figure 6.6: Dalitz plot with 0.20 bin width including boundary bins to the left and
the Dalitz plot after removing boundary bins the right.

Table 6.11: χ2 value and the degrees of freedom for different bin widths.

Bin width χ2 Degrees of freedom
0.20 99.7 77
0.10 398.1 384
0.04 2666 2630
0.02 11021 10786
0.01 52391 43660

the parameter a is 0.0047 compared to 0.003 from the unbinned MLL case. For
the parameter b the uncertainty is 0.0091 compared to 0.006. For the parameter
c the uncertainty is 0.0031 compared to 0.0024. Finally, for the d parameter the
uncertainty is 0.0054 compared to 0.004. This can be seen in table 6.10. The larger
uncertainties suggest that the bin size is too large. The χ2 value is 99.7 with 77
degrees of freedom which can be seen in table 6.11. The correlations between a and
b is −0.533 and between a and d −0.242, while the correlation between a and c
is weak. The correlation between b and d is 0.309, while the correlation between
c and the other two parameters show no correlation at all. This is shown in table
6.12. The correlation matrix is similar to the binned MLL case for the same bin size
with a similar deviation in correlation between parameter a and b compared to the
unbinned MLL. The results with this bin size are not optimal to use to fit the data
and a smaller bin size is sought after.

Using a bin size of 0.10 instead also resulted in larger uncertainties compared to

Table 6.12: Correlation matrix for bin width 0.20 using χ2 method.

a b c d
a −0.533 −0.001 −0.242
b 0 0.309
c 0
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Table 6.13: Correlation matrix for 0.01 bin width using χ2 method.

a b c d
a −0.444 −0.004 −0.243
b 0.001 0.281
c 0.003

the unbinned MLL simulation, however, the uncertainties are of the same magnitude
as the result from the unbinned case. The output values are all consistent with the
input values. The uncertainty for parameter a is 0.0039 which is slightly larger than
the unbinned result, see table 6.10. The b parameter has an uncertainty of 0.0072
which is slightly larger than the unbinned result, while the uncertainty for c and
d deviates less from the unbinned result with 0.0027 and 0.0043 respectively. The
correlation between the parameters are in similar order and c is weakly correlated
with a, b and d. The correlation between the other parameters are in the same
magnitude as the case with 0.20 bin size with only slight differences. The χ2 value
is 398.1 with the number of degrees of freedom (ndf) of 384 as seen in table 6.11.
The parameter values match the results from the unbinned case better than 0.20,
however 0.10 is still considered too large considering the number of events lost for
this large bin size.

For bin size 0.04 the uncertainties for the parameters are smaller than the un-
certainties for 0.20 bin size shown in table 6.10, but are more or less the same as
for the 0.10 bin size with largest difference in parameter b with 0.0063. The uncer-
tainties are in good agreement with the uncertainties obtained from the unbinned
MLL method. The obtained χ2 value from the minimization process is 2666 and
the ndf is 2630, as seen in table 6.11. The correlations between the parameters do
not change significantly from the other cases. In conclusion, using 0.04 in bin size
reduced the uncertainties for the parameter values in comparison to the 0.20 and
0.10 bin size cases. The uncertainties are also in good agreement with the unbinned
case and since the event loss is much lower, using this bin size is a good size for
fitting the Dalitz plot using the χ2 method in this case.

For bin size 0.02 the uncertainties are close to identical to the 0.04 bin size
case and are also in close agreement with the unbinned MLL uncertainties. The
parameter values are also consistent with the input values. The correlation between
the parameters only shows marginal changes.

The uncertainties for the smallest bin size do not change significantly. However,
there is a slight increase as compared to 0.02 and 0.04 bin sizes. The parameter
values for parameters a, b and d deviate from the input values by roughly 9% for
parameter a, by 31% for parameter b and 25% for parameter d. The correlation
factors are similar to the other bin sizes as seen in table 6.13. However, the corre-
lation between parameter a and b is in closer agreement with the unbinned MLL
case rather than the larger bin sizes, with a coefficient of −0.444 for 0.01 bin size
and −0.428 for the unbinned MLL case. The χ2 value as seen in table 6.11 is 52391
with a number of degrees of freedom of 43660.

The parameter values and the corresponding uncertainties seen in table 6.10
are shown in figure 6.7 as a function of the bin size. The red area represents the
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statistical uncertainties from BESIII and the red lines indicate the input values,
which are the same as the BESIII values, except for parameter c where the black
line indicate the value obtained by BESIII. The blue triangles are the output values
with corresponding error bars.

Figure 6.7: The parameter values for different bin sizes. The red line indicates the
input value which is the same as the BESIII experiment, except for the parameter
c where the BESIII value is indicated in black. The red shaded area represents the
statistical uncertainty for that particular parameter from BESIII. The blue triangles
are the output values of the parameters from the χ2 fit with the error bars.
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Experimental Data

The χ2 value from the minimization process is 10760 and the ndf is 10789. The
parameter values are shown in table 6.14. The Dalitz plot is shown in figure 6.8.

Table 6.14: Values of the Dalitz plot parameters from experimental data.

Parameter BESIII [6] This thesis
×10−2 ×10−2

a −5.6± 0.44± 0.3 −5.7± 0.37
b −4.9± 0.6± 0.6 −4.5± 0.67
c 0.27± 0.24± 0.18 0.45± 0.26
d −6.3± 0.4± 0.4 −6.2± 0.41

Figure 6.8: Experimental data using 0.02 bin width.

The correlation matrix for 0.02 bin size using experimental data is shown in table
6.15 and the projection of X and Y for Monte Carlo and experimental data can be
seen in figure 6.9. The results from the χ2 fit, seen in table 6.14, show that the
uncertainties are of the same magnitude as the BESIII result and the uncertainty
for parameter a is 0.0037 compared to 0.0044, a slightly better result. However,
for parameter c the output value is 0.0045 and the uncertainty is 0.0026. Which
shows that c deviates from zero by 1.7σ. The correlation matrix seen in table 6.15
shows that the correlation factors only changed marginally compared to the previous
results and the correlation coefficient between a and b is more in line with the result

Table 6.15: Correlation matrix for 0.02 bin width using the χ2 method on experi-
mental data.

a b c d
a −0.428 −0.002 −0.244
b 0.006 0.298
c −0.0012
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Figure 6.9: Projection of X and Y for Monte Carlo and experimental data for the
χ2 fit with number of events plotted as a function of X and Y .

from the smaller bin sizes and the MC unbinned MLL case. Figure 6.9 shows close
agreement between MC and experimental data.

6.4 Large Sample of J/ψ at BESIII

The BESIII collaboration has collected a sample of 1010 J/ψ events [34] and assum-
ing that the number of obtained η′ → ηπ+π− events can be scaled linearly, 2.68×106

events are expected to be collected. The results using the unbinned MLL method is
displayed in table 6.16 in comparison with BESIII.

Table 6.16: Values of the Dalitz plot parameters from the unbinned MLL fit.

Parameter Input Output BESIII [6]
×10−3 ×10−3 ×10−3

a −56 −56± 1.2 −56± 4.4± 3
b −49 −49± 2.1 −49± 6± 6
c 0 0.69± 0.87 2.7± 2.4± 1.8
d −63 −63± 1.3 −63± 4± 4

The correlation matrix for the Dalitz parameters is shown in table 6.17. The
results for the binned MLL method are summarized in figure 6.10 using the same
bin sizes as before. Same bin sizes are also used for the χ2 method and the results
are summarized in figure 6.11.

The result shows that the uncertainties decrease according to the law of big num-
bers. For the unbinned MLL the uncertainty for parameter a is 0.0012 compared

Table 6.17: Correlation matrix for the binned MLL method.

a b c d
a −0.430 0 −0.237
b 0.002 0.289
c 0.004
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Figure 6.10: The parameter values for different bin sizes with 2.68× 106 sample size
for the binned maximum likelihood method.

Table 6.18: χ2 value and the degrees of freedom for different bin widths.

Bin width χ2 Degrees of freedom
0.20 76.5 77
0.10 349.5 384
0.04 2528 2630
0.02 10735 10786
0.01 44372 43660

to 0.003 from the unbinned case, seen in table 6.1. For the b parameter the uncer-
tainty is 0.0021 compared to 0.006. The c parameter has an uncertainty of 0.00087
compared to 0.0024 and finally, the d parameter has an uncertainty of 0.0013 com-
pared to 0.004. The values are shown in table 6.16. All uncertainties are smaller as
expected from the law of big numbers. Summary of the parameter values and bin
sizes from the χ2 fit can be seen in figure 6.11 and the results from the binned MLL
method can be seen in figure 6.10.
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Figure 6.11: The parameter values for different bin sizes with 2.68× 106 sample size
for the χ2 method.
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Chapter 7

Discussion and Conclusions

This chapter contains the discussions and conclusions that is drawn from chapter 6.
The chapter is divided to first cover the unbinned maximum likelihood method and
then move over to the binned methods. BESIII calculates both the statistical and
systematic uncertainties, however, in this thesis, only the statistical uncertainties
are considered, while the systematic uncertainties are not. The binned analysis does
not take bin migration and resolution into consideration.

7.1 Unbinned Maximum Likelihood Method

Before using the binned methods, the unbinned maximum log-likelihod method (un-
binned MLL) is used on MC data based on the unbinned data from BESIII. This
MC simulation is used as a reference to compare with the other simulated binned
methods. Three simulations are made, one with 351016 generated events, same as
BESIII, one with 106 generated events and finally one with 2.68× 106 events. From
the first simulation, all the output values of the parameters are consistent with the
input values and the uncertainties matched that of BESIII. This means that the
MC method could replicate the unbinned experimental data and a binned MC data
analysis could be performed. However, when the number of events is increased to
106, a discrepancy of 2.5σ appears for parameter a. This discrepancy disappears
when the number of events is increased to 2.68 × 106. The cause might be due to
how the normalization is defined in eqn. (5.6) or the way the function is defined in
the ROOT program. Figure 7.1 shows the value of parameter a for different number
of events. In the graph to the left in figure 7.1 the normalization integral is used as
defined eqn. (5.6). To the right in the same figure NMC is redefined to NMC = 100N .
As seen in figure 7.1, the discrepancy of parameter a decreases for larger number of
events. In the graph to the right, the parameter value converged to the input value
for events above 106 events.

The uncertainties are all in agreement with the BESIII experiment and this
concludes that the MC generated data is a good representation of the unbinned
experimental data used by BESIII. The unbinned MC generated data using 351016
events can therefore be used as a reference to compare with the binned methods.
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Figure 7.1: These graphs show how the parameter a depends on the number of
events for the unbinned maximum likelihood method. To the left eqn. (5.6) is used
when calculating the normalization integral. To the right the factor NMC in the
same equation is set to hundred times the number of events, NMC = 100Nevents.

7.2 Binned Monte Carlo Simulations

Binned Maximum Likelihood Method

For the binned maximum log-likelihood method (binned MLL), the results from
using the five different bin sizes agree with the input values as well as the results
from the unbinned MLL on MC. The uncertainties become smaller for the smaller
bin sizes. The smallest uncertainties are obtained for bin 0.02 and the 0.01 bin
size and gives the same uncertainties as the 0.02 case. The correlation matrices
for the different bin sizes agree in general with the unbinned MC, however for the
largest bin size, 0.20, the correlation between parameter a and b shows a stronger
anti-correlation by roughly 18% compared to the smallest bin size and the unbinned
MLL MC. The smaller bin sizes show very little deviation from the unbinned case.
The event loss is large for bin sizes larger than 0.04. Bin size 0.04 has already an
event loss of 4.2%, in that regard, larger bin sizes should be avoided.

The conclusion here is that the results from using the different bin sizes all agree
with the input values, however using a bin size of 0.02 gives identical uncertainties
and using a smaller bin size do not give any changes to the uncertainties as compared
with the unbinned case. Changing bin size has little effect on the correlation between
the parameters except for the correlation between a and b.

χ2 Method

In addition to the binned MLL, a χ2 fit is also made on the same binned MC data.
The results for all the different bin sizes show that all the parameter values are
consistent with the input values, except for the smallest bin size 0.01. The average
number of events in each bin is roughly 4.9, which is too low for a χ2 fit. The
uncertainties decrease with decreasing bin size and there is very little deviation
between bin size 0.04 and 0.02. The uncertainties for these bin sizes agree with the
unbinned MC case. The correlations show similar behavior as for the binned MLL
case. The correlation coefficients show very little deviation between the bin sizes and
the unbinned MLL case. The only exception is the correlation between parameter a
and b, which shows similar deviation as the binned MLL case for the largest bin size.
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In conclusion, to minimize the event loss, as small bin size as possible is desired.
The constraint from having too small bin size comes from the limitation of the χ2

method as seen for bin size 0.01, where the number of events is too low for each bin.
Considering this, the optimal bin size of the ones tested is 0.02.

The 1010 J/ψ Data at BESIII

All methods are also tested with the additional data sample of 2.68 × 106 events.
For the unbinned and binned MLL methods, all the parameter values agree with
the input values and the uncertainties decrease as expected from the law of big
numbers. The correlation between the parameters does not change significantly.
The discrepancy between parameter a and b seen for the largest bin size disappears
for this data sample and agrees with the results obtained from the smaller bin sizes
for the previous data sample, the unbinned MC and experimental values. For the
χ2 method however, the discrepancies in the parameter values seen for bin size 0.01
also disappear, as expected because average number of events in each bin is much
larger. The uncertainties also decrease as expected from the law of big numbers and
the correlations agree with the results from the unbinned and binned MLL case.

7.3 Binned Experimental Data

The binned MLL method used on MC data shows that the binned MC data agrees
well with the unbinned MC data. The next step is then to use the same method on
binned experimental data. Fits that exclude the scaling factor do not fit well to the
experimental data as can be seen in the “no scaling” column in table 6.8. From the
two acceptance factors used, ε(i, j) is expected to perform better than ε. However,
in this case, the parameter values agree well with BESIII using both factors and
the standard deviation between the parameters of the two cases is less than 1 for
all parameters, see eqn. (6.2). However, because of the non-linear behavior, the
binned MLL method is very sensitive to the initial input values used in MINUIT
when using the local scale factor. The minimization process is not as sensitive
when using the global scale factor. This contrasts with the χ2 fit, which is less
sensitive to the input values and the acceptance is not considered and yet managed
to find parameter values that agree with the BESIII experiment, as seen in table 7.1.
Another important note is the way the binned likelihood function is defined. As can
be seen in eqn. (5.18), ε is kept in the logarithmic term despite being independent of
the parameters. This also makes a difference when MINUIT minimizes the function
to find the parameter values. Parameter c deviates from zero with 2.3σ when using
the local ε(i, j) and 2.4σ for the global factor. This is possibly due to systematic
effects in the statistical method. The uncertainties in general agree with the BESIII
results.

For the χ2 case, the minimization process obtains a χ2 value of 10760 with the
number of degrees of freedom of 10789. This gives a reduced χ2 of 0.999. The
obtained parameter values all agree with the result from the BESIII experiment,
however, as with the binned MLL the parameter c slightly deviates from zero, in
this case with 1.7σ. As mentioned for the binned MLL, this is possibly also due
to systematic effects. The uncertainty for parameter b is slightly larger than the
BESIII result, while the uncertainty for a is slightly smaller. The uncertainties for
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Table 7.1: Comparison of χ2 and the binned MLL to the BESIII results.

Parameter χ2 fit BMLL fit (local) BMLL fit (global) BESIII [6]
×10−2 ×10−2 ×10−2 ×10−2

a −5.7± 0.37 −5.5± 0.37 −5.4± 0.34 −5.6± 0.44± 0.3
b −4.5± 0.67 −4.4± 0.65 −4.3± 0.60 −4.9± 0.6± 0.6
c 0.5± 0.26 0.6± 0.26 0.6± 0.24 0.27± 0.24± 0.18
d −6.2± 0.41 −6.0± 0.40 −6.0± 0.38 −6.3± 0.4± 0.4

the other parameters agree with BESIII. The correlation matrix obtained is in close
agreement with the BESIII values. The result from the χ2 method also agrees with
the binned MLL method using either the locally or globally defined acceptance. The
χ2 method, however, is a robust method compared to the binned MLL and does not
suffer from the problem regarding the acceptance that the binned MLL method
does. A comparison of the binned MLL, χ2 and the BESIII results can be seen in
table 7.1 and this shows that the binned and the unbinned data are consistent with
each other.
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Chapter 8

Outlook

8.1 η′ → ηπ0π0

This thesis focuses on the charged decay channel of η′ → ηππ, however the neutral
decay channel η′ → ηπ0π0 is also of interest and can be treated with a similar
study as for the charged decay channel. The number of events for η′ → ηπ0π0

is 56,249 and the background consists of 0.9% and is neglected when determining
the Dalitz plot parameters [6]. The Dalitz plot parameters are determined using the
unbinned maximum likelihood method. The values obtained are a = −0.087±0.009,
b = −0.073 ± 0.014 and d = −0.074 ± 0.009. The Dalitz plot variables are slightly
different from the charged decay channel. Since there are two identical π0 particles
involved there is a symmetry in the X variable, therefore X is defined as [6]

X =

√
3|Tπ0

1
− Tπ0

2
|

Q
, (8.1)

where T is the kinetic energy for each pion in the η′ rest frame and Q = mη′ −mη−
2mπ0 . For the charged channel the matrix element squared is parameterized by a
polynomial and the matrix element should be similar in the neutral case, however
discrepancies in the Dalitz plot parameters have been observed in recent experi-
ments [6, 35]. This discrepancy is thought to be explained by the mass difference
between the charged and the neutral pion or it might also be radiative corrections
for the charged channel [6]. Strong final-state interactions are also expected to cre-
ate a cusp effect at the threshold of the π+π− mass. This effect implies that the
polynomial parameterization is not a correct approximation of the Dalitz plot distri-
bution [35]. The cusp effect could be used to determine the S-wave scattering length
of ππ. A similar effect has already been observed for the K+ → π+π0π0 decay [6].
However, for η′ → ηπ0π0, only indications of such effects are seen by [35].

8.2 η′ → 3π

Processes η′ → π+π−π0 and η′ → π0π0π0 are interesting to study in low energy
QCD [36]. These decays violate G-parity which is defined as G = CeiπI2 , where C
is C-parity and I2 is the second component of the isospin vector. Therefore, these
processes either violate C-parity or isospin. The decay η′ → 3π0 violates isospin
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symmetry due to the way the pions couple to the isospin states, for further reading
see [31,37].

For the decay η′ → π+π−π0 the wavefunction of the three pions with isospin
I = 0 is anti-symmetric in any exchange of pions [37],

(3π)I=0 =

√
1

6

[
|π+〉|π0〉|π−〉 − |π0〉|π+〉|π−〉 − |π+〉|π−〉|π0〉

+ |π−〉|π+〉|π0〉 − |π−〉|π0〉|π+〉+ |π0〉|π−〉|π+〉
]
.

(8.2)

Therefore, as previously stated, this decay must either violate C-parity or isospin.
C-parity violation has not been observed in the strong interaction and in the decay
process, the electromagnetic interaction is suppressed and the strong interaction
dominates the decay via explicit breaking of isospin symmetry, which is induced by
the mass difference of the up and down quark [36–38]. Assuming that the η′ → 3π
decays are dominated by η-π mixing through η′ → η + 2π → 3π and that the
amplitudes are constant over phase space, the decay ratio can be written as [36]

r =
Γ(η′ → π0π+π−)

Γ(η′ → ηπ+π−)
≈ (16.8)

3

16

(md −mu

ms

)2

. (8.3)

The η′ → π+π−π0 decay is affected by resonances [38]. Since G-parity is violated,
vector meson resonances are expected, unlike in the η′ → ηπ+π− case where G-parity
conservation suppresses vector meson resonances. Due to the resonance effects, a
Breit-Wigner or Gounaris-Sakurai fit could preferably be used when estimating the
matrix element.

An assumption that could be made is that η′ → 3π0 proceeds via η-π0 mixing
in the η′ → ηπ0π0 decay. The amplitudes would then satisfy the following expres-
sion [35],

M(η′ → π0π0π0) = 3ε ·M(η′ → ηπ0π0), (8.4)

where ε is the η-π0 mixing angle seen in eqn. (2.18).
However, other studies argue that the assumptions made for eqn. (8.3) and (8.4)

are not compatible with the chiral unitary approach [37] and final-state interactions
play an important role in both cases. The non-negligible final-state interactions are
thought to be covered by dispersion relations, which can use the binned experimental
data to determine the subtraction constants, as discussed in section 2.4. The analysis
made in this thesis shows that both the binned and unbinned experimental data from
BESIII is consistent with each other and hence can be used for that purpose. The
next undertaking would be to include the analysis of η′ → ηπ0π0 in an endeavor to
enhance the knowledge of low energy QCD.
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