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Abstract

This paper develops a Monte Carlo method for pricing interest rate derivatives by simulation in high-
dimensional multi factor models. Standard numerical procedures are generally weak to such high
dimensional problems, often making simulation-based methods more attractive for the task. The premise
of this work is built on several strands of research: one focussing on the Heath-Jarrow-Morton [1992]
forward-rate dynamics, and the other one on the Markovian structure of the process. The general HJM
framework mainly suffers from one drawback, the extensive computational overheads caused by the high
dimensional stochastic process of the underlying. To address this, we impose a specific time dependent
structure on the volatility function. The resulting system breaks down from a high-dimensional process
into a low-dimensional structure of Markovian processes. This approach is what is referred to as the
Chayette model. Due to its characteristics, the distribution of the state variables turn out to be normal
with time dependent mean and variance. Applying Monte Carlo techniques lead us to a fast and precise
result. The efficiency is further improved by a combination of variance reduction and low-discrepancy
techniques. The examples used here illustrate that the application of these techniques yield high precision
estimates.
KEY WORDS: Monte Carlo simulation, Interest rate models, LIBOR, Forward rates

O ver the past several decades there has
been a dramatic increase in financial
innovation, most notably the emer-

gence of financial derivatives 1. The growth
of derivatives market has not only been in vol-
umes, but also in complexity. Most of these
complex contracts are not traded in the ex-
change, but “over-the-counter” dealings. Over-
the-counter contracts are often developed and
packaged by banks tailored-to-client needs for
the sole purpose of hedging 2 out risk.

However, derivatives can also be used to
create highly leveraged “bets”, which can lead
to substantial gains or disasters if not handled
with great care. In recent years, trading in
derivatives has been a tragedy for some of the

financial institutions and hedge funds. In some
instances, these losses captured the headlines
in the local dailies. This has given rise to the
view that derivatives are “toxic” to the finan-
cial market, sometimes being referred as “wild
beasts” (Steinherr, 1998) or “weapons of mass
destruction” (Buffet, 2003). As a result, calls for
more stringent and sweeping reforms if not the
abolition of the troubled over-the-counter mar-
ket have been proposed [52]. Although these
views are somewhat as a result of events of the
previous past, it indicates an urgent need for
both the market participants and regulators to
have a common view on how the ecosystem
should operate in regard to valuation and risk
management.

∗Dayton.Nyamai.4363@student.uu.se
1A contract that derives its value from the performance of an underlying entity
2A strategy for reducing exposure to investment risk
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A considerable amount of literature has
been devoted to the valuation of derivative
securities. Since the seminal paper of Black and
Scholes (1973), given by the celebrated Black-
Scholes model [19], various pricing frame-
works have been put forward. However, much
of the research up to now has tended to fo-
cus on short rate models if not the general non-
Markovian HJM frameworks. In contrast, very
little was found in the existing accounts on
the Markovian structure of the HJM frame-
work – an approach which was developed by
Cheyette (1994), that would later be referred as
the Cheyette model.

Pricing interest rate derivatives in a multi-
factor Cheyette model requires the use of
Monte Carlo simulation tools. The Monte Carlo
approach has become one of the essential tool-
wares for pricing and hedging complex deriva-
tive securities. In fact, the more realistic — and
thus more complex — the pricing model is,
the more likely that Monte Carlo will be the
only computational tool of choice. It has been
widely used in the literature where analytically
tractable pricing methods are difficult to find.

One of the challenges the general non-
Markovian HJM setting suffers is the exten-
sive computational complexity caused by the
high-dimensional stochastic process of the un-
derlying. A serious conceptual and practical
problem obviously arises: How can the Marko-
vian Cheyette model achieve sufficient flexibil-
ity that represents the market state.

This paper aims to contribute to this in-
creasing area of interest in two folds. Firstly,
we develop and investigate the application of
the class of Cheyette models in practice. In or-
der to increase precision and accuracy rate, we
will use both variance reduction and low dis-
crepancy techniques. Secondly, provide prac-
titioners and academics with an efficient and
market based valuation toolbox for (exotic) in-
terest rate derivatives.

The overall structure of the study takes the
form of four parts, including this introductory
chapter. Part two begins with a general applica-
tion, focusing mainly on modelling the dynam-
ics of asset prices, followed by techniques used

to improve computational efficiency in Monte
Carlo. In part three different interest rate mod-
els are developed and the link to the simulation
theory is eventually established. Part four ap-
plies the background of part two and three
to pricing interest rate derivatives. Some or-
dinary and extended Monte Carlo algorithms
are implimpented and tested. Our numerical
results support the accuracy and efficiency of
the methods in the Cheyette framework.

Acronyms and abbreviations

Throughout this paper, the following acronyms
and abbreviations will be used.

HJM Heath-Jarrow-Morton

GMB Geometric Brownian Motion

LIBOR London Interbank Offered
Rate

I. The Mathematical Set-up

This section is very abstract in nature. Its goal
is to set the stage and scope necessary for this
discussion.

Different degrees of mathematical rigor
have been used to present the mathematical
foundation of derivative pricing. A compro-
mise must always be struck between the scope
and the complexity of any given pricing ap-
proach. Even in the relatively more formal
topics such as: Principles of Monte Carlo, Ran-
dom numbers generation; we have consciously
tilted the treatment towards the simpler end of
the ’complexity spectrum’.

The order and choice of the topics of
presentation, however, is not totally standard
towards providing the most direct theoretical
framework suitable for the model of our choice.
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We have typographically isolated and placed
the sections that contain the fundamental prin-
ciples of Monte Carlo and generation of ran-
dom numbers under Appendix 1 and 2 respec-
tively, indicating that they can be skipped by
the reader who is not interested in the concep-
tual layout but more focussed on the results.
For such type of a reader, the initial topics pre-
sented should be sufficient.

Before embarking on this treatment, we
present immediately below the valuation of the
key building blocks of the Cheyette model –
the plain-vanilla European options. The rea-
son is that these plain-vanilla instruments en-
joy a privileged status in the modern pricing
approach, and a good understanding of their
characteristics and valuation is therefore indis-
pensable for a proper understanding of the
Cheyette model. Since we are working un-
der the Monte carlo environment, the follow-
ing section will showcase various strategies for
improving the efficiency of Monte-Carlo tech-
niques. The mathematical treatment given here
is assumed to be self-contained, for us to build
from scratch the particular model of our dis-
cussion. Once this has been accomplished, in
the following sections we will always assume
(unless otherwise stated) that the ’technical
conditions’ are satisfied.

Part 2

II. General application in finance

As was pointed out in the introduction section,
many quantitative problems in science, engi-
neering, and mathematics are formulated in
terms of Monte Carlo techniques. In financial
field, simulation tools have proven to be robust,
powerful and flexible computational force; it
allows us to vary risk assumptions under all
parameters and thus model a range of possible
outcomes. One can compare multiple future
outcomes and customize the model to various
assets under review [1].

II.1 Modelling the dynamics of as-
set prices

A model of the dynamics of asset prices should
reflect the random nature of price movements,
and the asset price S(t) should be described
as stochastic process. For option pricing pur-
poses, it is assumed that asset prices follow a
continuous-time process, a desirable feature to
have since it exhibits no jumps [17, 21].

Stock prices are usually assumed to fol-
low a Markov process. A Markov process is a
specific type of stochastic process in which
only the present state influences the next fu-
ture state. A state’s history and the way in
which the present has emerged from the past
is irrelevant. This implies that the probability
distribution of the price at any particular fu-
ture time depends only on the current stock
price [41]. One important example of a Markov
process is the Wiener process, also known as the
Brownian motion process, ∆W = ε

√
∆t, where

ε is assumed to be iid 3 and ε ∼ N (0, σ2) . It
follows that the mean of ∆W is 0 and a variance
of ∆t. It shows that W(t) ∼ N (0, t) , since it
is usual to proceed from small changes to the
limit as ∆t→ 0.

Analogously to ordinary calculus, the
limiting case of equation ∆W = ε

√
∆t, is writ-

ten as dW = ε
√

dt, and a generalized Wiener
process for a variable x can be defined in terms
of dW as follows:

dX = µ dt + σdW (1)

The process X(t) is known as arithmetic Brown-
ian motion with drift µ and diffusion coefficient
σ2 if

X(t)− µt
σ

(2)

follows an elementary Brownian motion.
Algebraically, an Ito process can be written as

dX(t) = µ(X, t) dt + σ(X, t)dW (3)

which is assumed to follow a geometric Brown-
ian motion (GBM). A stochastic process S(t)

3independent and identically distributed
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is regarded as a GBM, abbreviated S(t) ∼
N (0, σ2) , if ln S(t) is a Brownian motion with
initial value ln S(0). In this case we would
write a GBM as

S(t) = S(0) +
∫ t

0
µSudu +

∫ t

0
σSudWu

(4)

the shorthand given by

dS(t)
S(t)

= µdt + σdW(t). (5)

Applying Itô′s lemma on equation (5), the fol-
lowing solution can be obtained [62]

S(t) = S(0) exp((µ− 1
2

σ2)t + σW(t))

(6)

Based on equation (6) , it is now easy to gener-
ate sample paths for the asset price.

Figure 1 shows a listing of each three paths the
asset could take with the parameters S(0) =
50, µ = 0.1, σ = 0.3, T = 1, dt =
1/365. The simulated asset prices in one year
are S1(t) = 50.73, S2(t) = 47.42 and S3(t) =
31.89.

Figure 1 : Three independent sample paths us-
ing Geometric Brownian Motion

II.2 Pricing a vanilla European op-
tion by Monte Carlo simulation

The goal of this section is purely of a peda-
gogical nature. It is not intended as a rigorous

exposé of the original work of Black and Scholes
(1973) - it is merely an informal discussion
aimed at a very general audience.

The price of a derivative is given as a
function of the underlying asset’s price and
time. In option pricing, the estimated value is
the average discounted payoff over all paths:

f = erT Ẽ
[

fT
]
, (7)

where fT is the payoff at the maturity date T,
a constant risk-free rate r is assumed and the
expectation Ẽ

[
.
]

is taken with respect to a risk-
neutral measure. Based on the nature of the
option at hand, we may need to generate the
full sample paths, or simply the terminal asset
price. For now we begin with the type of op-
tion whose value is determined by the terminal
asset price.

If we consider the application of Monte
Carlo to a vanilla European call option, this
may seem a little pointless since there exists
excellent analytical methods such as Black-
Scholes formula which delivers the fair option
price much easier. However, this serves just
as a friendly introduction exercise to Monte
Carlo methods [7]. In our case, the asset path
we need consists of only two points; the initial
asset price, and the price at expiration. The call
option payoff with strike K and duration T is
generated by the expression

max
{

0, S(0)e(r−
σ2
2 )T+σ

√
Tε − K

}
(8)

The expected present value is then obtained by
discounting the payoff with a factor e−rT , where
r is the continuously compounded risk-free in-
terest rate. The call option price C is thus defined
by

C = e−rT
[
(S(T)− K)+

]
(9)

It is now straightforward to find the correct
value for the European call option by Monte
Carlo simulation. First, simulate several asset
price paths as it is shown in figure 1. Calculate
the corresponding payoff according to equation
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(8). Lastly, compute the mean payoff and apply
the discounting factor as shown in equation
(9). For any n ≥ 1, the Monte Carlo estimator
C̃ is strongly consistent and unbiased [25].

E
[
C̃n

]
= C ≡ e−rTE

[
(S(T)− K)+

]
(10)

implying that

lim
x→∞

C̃n = C.

II.3 Pricing path-dependent options
by Monte Carlo

A path-dependent option is an option whose pay-
off at exercise depends on the evolution of the
underlying asset price from time 0 to T. The
idea is that unlike a vanilla European option,
the payoff depends not only on the underlying
asset price at expiration, but also on its whole
path. One reason for this is that the payoff
structure depends on prices of underlying as-
sets on several dates. Secondly, the distribution
parameters may not remain constant until ex-
piration T. In many cases, explicit and closed
formula such as Black-Scholes are hard to find.
Asian options are arguably the simplest path-
dependent options for which Monte Carlo is
the only computational tool of choice [35]. For
arithmetic Asian options, the payoff is defined as( 1

n

n

∑
i=1

S(ti)− K
)+

(11)

where the maturity is in T years, ti = iδt, and

δt = T/n. We refer interested readers to ref-
erence [6] for a comprehensive review of this
subtopic.

III. Improving the Efficiency of the
Monte-Carlo Methods

A considerable amount of literature has been
published on enhancing the efficiency of Monte
Carlo methods. Some of the techniques have
been proposed by Brandimarte [17]. This work
will mainly focus on two techniques, variance re-
duction and quasi-Monte Carlo techniques, which
will be discussed in depth in the next section.

III.1 Variance reduction techniques

As was mentioned in the previous section, one
way to increase the precision of Monte Carlo es-
timates is by increasing the number of draws n,
since α̃n = 1

n ∑n
i=1 f (Ui). This crude-force

approach, however, comes with excessive com-
putational cost. A different approach would
be to focus on the numerator f (Ui) and reduce
the variance directly [13]. This brings up the
idea behind variance reduction techniques.

A number of different methods have
been proposed, some more or less complicated,
and more or less rewarding as well, like so
well explained by Dagpunar [23]. In this pa-
per, however, we will focus only on two main
approaches, namely: stratified sampling and im-
portance sampling.

III.1.1 Stratified sampling

Stratified sampling, as its name suggests, takes
certain proportions of the total sample from
specified regions (or “strata”) of the sample
space. The main objective is to ensure all re-
gions are covered as well as reduce the overall
variance of the estimator by sampling more
heavily where the function is rough (that is,
where the values f (Xi) are likely to exhibit a
lot of variability) [30] .

Suppose our goal is to estimate E
[
X
]
,

and that X is also dependent on the value of
another random variable Y, the so called strati-
fication variable, with known probability mass
function [15] :

P
{

Y = yi
}

= pj, j = 1, ..., m. (12)

If conditioned, then

E
[
X
]

=
m

∑
j=1

E
[
X
∣∣Y = yi

]
pj. (13)

Consider an example of stratification

θ =
∫ 1

0
h(x) dx = E

[
h(U)

]
. (14)
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In brute-force Monte Carlo, only n uniform ran-
dom numbers Ui ∼ U(0, 1) would be drawn to
compute the sample mean

1
n

n

∑
i=1

h(Ui). (15)

A better estimator would be obtained if the
integration interval (0, 1) is partitioned into
m sub-intervals ((j − 1)/m, j/m), j = 1, ..., m.
Each event Y = yi corresponds to a random
number falling in the jth sub-interval, building
an overall estimator of the form [14, 22].

θ̃ =
m

∑
j=1

θ̃j pj. (16)

For a moment, consider the variance of the
estimator θ̃ and denote the random variable
sampled in each stratum by Xj. If the strata are
independently sampled, we obtain

Var(θ̃) =
m

∑
j=1

p2
j Var(θ̃j) =

m

∑
j=1

p2
j

nj
Var(Xj).

(17)

From equation (17) above, one could argue
that in order to minimize the variance, more
samples should be allocated to the strata where
Var(Xj) is larger .

Direct application of stratification to
high-dimensional sampling quickly leads to
an intractable number of samples. We could
reduce this impact by taking fewer samples
in some dimensions, but then lose the bene-
fit of having well-stratified samples in those
dimensions. This problem with stratification
is known as the curse of dimensionality [55].
Nonetheless, the interested reader is referred
to the Chapter 4.4 of Glasserman [32].

III.1.2 Importance sampling

Importance sampling is in many respects by far
the most delicate of all the variance reduction
methods used. It has the potential to exploit
detailed knowledge about a model to achieve a
higher level of variance reduction [34]. Unlike
the other variance reduction techniques, impor-
tance sampling is a technique that is not based

on correlated sampling but tries to direct the
sampling effort towards the most important
regions of the integration domain [44].

To flesh out the key idea of this ap-
proach, consider the problem of estimating

θ =
∫
Rn

h(x) f (x) dx (18)

where x′ = (x1, ..., xn) is a vector, f (x) is a
probability density function over R and h(x) is
any function such that the integral exists. Thus,
we have

θ = E f
[
h(X)

∣∣. (19)

By letting g(x) be any probability density func-
tion such that (h f ) ⊆ support (g). Then

θ =
∫
X∈ support(g)

h(x) f (x)
g(x)

g(x) dx (20)

= Eg

[h(X) f (X)

g(X)

]
(21)

From equation (20), the unbiased estimator of
θ is given by

θ̃ =
1
m

m

∑
i=1

h(Xi) (22)

Where X1, ..., Xm are identically and indepen-
dently distributed with density f . From Equa-
tion (22) an alternative unbiased estimator is
given by

θ̃ =
1
m

m

∑
i=1

h(Xi) f (Xi)

g(Xi)
, (23)

with variance

Varg(θ̃) =
1
m

Varg
h(X) f (X)

g(X)
. (24)

Equation (24) indicates that if h(x) > 0 ∀x ∈
support (h f ), implying that

h(x) f (x)
g(x)

(25)
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is constant and so Varg(θ̃) = 0. Thus, we have

g(x) =
h(x) f (x)∫

u∈support(h f ) h(u) f (u)du
. (26)

Note that the denominator is just θ, which is
what we require to find. In practice this ideal
is not achievable, nevertheless it does indicate
a good choice of importance sampling distribu-
tion. A good choice will sample heavily from
those values of x for which h(x) f (x) is large,
and only infrequently where h(x) f (x) is small-
hence the name importance sampling [23].

Efficiency of Variance reduction techniques

In this section, we will provide a brief compar-
ison of the two approaches discussed in the
previous subsections.

n Standard
MC

Stratified
Sampling

Importance
Sampling

10 000 10.8473
(0.1706)

11.3479
(0.0934)

11.4153
(0.2262)

100 000 11.2682
(0.0784)

11.206
(0.0295)

11.2718
(0.0720)

500 000 11.2205
(0.0245)

11.2544
(0.0133)

11.2309
(0.0319)

100 0000 11.2489
(0.0174)

11.2453
(0.0093)

11.2491
(0.0226)

Table 3 : The price of European call option using
stratified and importance sampling techniques, given
S(0) = 75, K = 72, r = 0.03, T = 0.75 and σ = 0.35,.
Displayed in parentheses are the standard errors.

The table above, shows the implementation
of stratified as well as importance sampling tech-
niques to price a European call option. We can
read out the effectiveness in terms of convergence
rate or speed. Compared to the crude Monte Carlo
estimates, stratified sampling proves to offer a bet-
ter variance reduction output. On the other hand,
importance sampling did not yield much. This sce-
nario is already covered in the previous subsection.
The unintended increase in variance may be as a re-
sult of unwise selection of the importance sampling
density g.

III.2 Low-discrepancy sequences
The basic idea of a low-discrepancy sequency, also
known as quasi-Monte Carlo is to replace random
samples in a Monte Carlo method by well-chosen
deterministic points. Unlike the ordinary Monte
Carlo, these methods make no attempt to mimic
randomness. Indeed, they seek to increase accuracy
specifically by generating points that are too evenly
distributed to be random.

Different sequences have been published in
the literature. In the following we simply illus-
trate the basic ideas behind two low-discrepancy
sequences, Halton’s and Sobol’s sequences, and their
implementation. Harald [50] provides a thorough
treatment of the theory.

III.2.1 Halton

Halton’s low-discrepancy sequences are founded on
a simple recipe :

• Representing an integer number n in a base 6,
where b is a prime number:

n =
(

...d4d3d2d1d0

)
b

(27)

• Reflecting the digits and adding a radix point
to obtain a number within the unit interval:

h =
(

0.d0d1d2d3d4...
)

b
(28)

Formally, we can represent an integer number n as

n =
m

∑
k=0

dkbk, (29)

the nth number in the Halton’s sequence with base
b is given by [11]

h(n, b) =
m

∑
k=0

dkb−(k+1). (30)
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Figure 2: First 1000 points of the Halton sequence in
dimension 30.

Note: Left panel shows projection onto first two coor-
dinates (bases 2 and 3); right panel shows projection
onto last two coordinates (bases 109 and 113.)

Figure 3: Bad choice of bases in Halton sequences.

III.2.2 Sobol

Halton’s low-discrepancy sequences have the advan-
tage of being relatively simple, but not necessarily
the best. In an application in financial derivatives,
Papageorgiou and Traub (1996) find the performance
of Sobol’s sequences to be more superior than that
of Halton sequences. At the heart of Sobol’s method,
the construction of the sequence is on the basis of a
set of "direction numbers". A direction number may
be thought as a binary fraction [14] :

vi =
(

0.vi1vi2vi3...
)

2,

or as

vi =
mi
2i ,

where mi < 2i is an odd integer.

To generate a set of direction numbers, we start
by selecting a primitive "A" subset of the irreducible

polynomials over the field Z2, i.e. polynomials with
binary coefficients:

P = xd + a1xd−1 + ... + ad−1x + 1 (31)

with coefficients ak ∈
{

0, 1
}

, satisfying the following
two properties:

• it is irreducible – Polynomials which cannot
be factored.

• the smallest power p for which the polyno-
mial divides xp + 1 is p = 2d − 1.

Equipped with a primitive polynomial of degree
d , generating direction numbers is based on the
recurrence formula

vi = a1vi−1 ⊕ a2vi−2 ⊕ ...⊕ ad−1vi−d+1 ⊕ vi−d ⊕
[ vi−d

2d

]
(32)

with i > d.

This is more effective when implemented in integer
arithmetic as [31]

mi = 2a1mi−1 ⊕ a2mi−2 ⊕ ...⊕ 2d−1ad−1mi−d+1
(33)

⊕2dmi−d ⊕mi−d.

with mi being integers and ⊕ interpreted as the
binary addition to the binary vectors. For this to
fully define the direction numbers, some numbers
m1, ..., md are needed to initialize the recursion [10].
The selection choice can be taken arbitrarily pro-
vided that each mi is odd and mi < 2i.

Efficiency of low-discrepancy sequences

Based on the extensive experimental evidence avail-
able to date, Sobol’s sequences appear to be the most
effective low-discrepancy method for applications
in financial field. Sobol’s sequences produce more ac-
curate results than other low-discrepancy sequences
and Monte Carlo methods. The algorithms are also
easy to generate [63].

Although most of the low-discrepancy meth-
ods work from a deterministic perspective, the per-
formance of Sobol’s sequences in derivatives pricing
can much be improved through examination of the
underlying stochastic model. This is because the
initial coordinates of a Sobol’s sequences are more
uniform than later coordinates [10].
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III.3 Simulating stochastic differen-
tial equations

Simulation models are a flexible and convenient way
to evaluate the performance of complex and stochas-
tic systems for which analytical models may be very
hard or even impossible to come up with.

Up to this level, we have only introduced
methods of continuous-time stochastic processes
that can be simulated exactly at a finite set of dates,
implying that the joint distribution of the simulated
values are similar to that of the continuous-time
model at the simulated dates. However, these meth-
ods are exceptional and most models arising in
derivatives pricing, especially interest rate deriva-
tives, can be simulated only approximately i.e. the
simulation is no longer exact, but rather an approxi-
mation [9].

In generating sample paths, two potential
sources of error should be noted :

• Sampling error,

• Discretization error or bias.

Sampling error is as a result of the random nature
of Monte Carlo methods. Techniques such as vari-
ance reduction or quasi Monte Carlo methods are the
best mitigating tools. To establish a basic under-
standing of the discretization error, we will look at
some discretization methods that provide us with
an approximate simulation of an SDE.

III.3.1 Discretization schemes

A number of numerical methods for stochastic differ-
ential equations have been proposed. However, our
study will focus on two probably most fundamen-
tal methods applied, the Euler scheme, or the Euler-
Maruyama approximation as it is sometimes called,
and the Milstein scheme. We will briefly illustrate
how the methods are applied, for a more complete
treatment of this topic the reader is referred to Kloe-
den [57].

As a starting point, we shall consider an Itô
process X satisfying a scaler stochastic differential
equation (SDE) of the form

dX(t) = µ(t, X(t))dt + σ(t, X(t))dW(t) (34)

usually with X(0) fixed. A general hat notation, X̃
is introduced as a time-discretized approximation
of the true value X.

Euler scheme: This is the simplest discretization
method, which yields the following discrete-time
model:

X̃(ti+1) = X̃(ti) + µ
(

ti, X̃(ti)
)

b + σ
(

ti, X̃(ti)
)√

bZi+1

(35)

with Zi ∼ N (0, 1). The implementation of this
scheme is very straightforward, at least if µ and
σ are easy to evaluate. Actually, taking a very small
δt may drastically reduce the error, but this is time
consuming. In this specific case, we may entirely get
rid of the discretization error through Itô′s lemma,
but this is not true in general [16, 8] .

Milstein scheme: Inspection of the Euler scheme
(35) from the perspective of Taylor expansion sug-
gests a possible inconsistency. Milstein proposed
that by focusing on the diffusion term, the Euler
scheme could be refined leading to a higher level of
accuracy.

Milstein scheme is defined as an ordinary Eu-
ler scheme where the next order terms of the Itô-
Taylor expansion of Equation (34) are additionally
included. This eventually leads to

(ti+1) = X̃(ti)+µ
(

ti, X̃(ti)
)

b+σ
(

ti, X̃(ti)
)√

bZi+1 +

1
2 σ′
(

ti, X̃(ti)
)

σ
(

ti, X̃(ti)
)

b
(

Z2
i+1 − 1

)
.

(36)

This estimation approach adds a term to the Euler
scheme, expanding both the drift and the diffusion
terms to O(b). Observe that the additional term

1
2

σ′
(

ti, X̃(ti)
)

σ
(

ti, X̃(ti)
)

b
(

Z2
i+1 − 1

)
(37)

has a mean of zero and is uncorrelated with the Euler
terms. The correlation between Z2

i+1 − 1 and Zi+1 is
zero [36, 28] . The question still remains, however,
as to what extend equation (36) influences the Euler
Scheme.

III.3.2 Discretization error

Generally, the discretization error can be formally
defined as the error that occurs by approximating
a continuous-time function in a discrete-time grid
[49, 56] :
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e ≡
∣∣∣E[g(Y(t))

]
− E

[
g(Ỹ(T))

]∣∣∣ (38)

with our focus being on an unbiased E
[

g(Y(t))
]
,

while keeping e as small as possible. In a case where
e is relatively large, the simulation method would

generate unbiased estimates for E
[

g(Ỹ(T))
]
, which

is not our point of interest. Thus, a sensible dis-
cretization method is crucial in achieving a precise
and correct output via Monte Carlo.

It should be noted that there is a trade-off
between the sample size n, and the number of
discretization points m, since both parameters are
directly related to the accuracy and precision of
the Monte Carlo estimates. Thus it is important to
allocate the available computational budget to n and
m in an optimal way [26].

Part 3

IV. Interest rate derivatives

The standard Monte Carlo method, which we have
described thus far, together with its applications
to equity options pricing – seems to provide a rea-
sonable amount of steam to propel our workings
into the simulation space, however, one of the key
objectives of this study is, with deep gratitude and
appreciation to Monte Carlo works, to investigate
the application of the discussed methods in high
dimensional multi-factor models as well as provide
a useful guidance toolkit on how various interest
rate derivatives may be priced.

The deregulation of financial services, the
competition pressure and the ease with which banks
mimic their competitors’ range of products has ir-
reversibly pushed financial institutions into an end-
less and vital quest for the ultimate option pack-
age. Interest rate derivatives now belong to the
ever-increasing lexicon of exotic assets [3]. A non-
exhaustive list of the most basic Interest rate deriva-
tives actively traded and quoted daily include - caps4,
floors5 and swaptions6. There is no question that the
never-ending financial innovation presents unprece-
dented valuation and hedging challenges, it is one
of numerous headwinds facing financial institutions
today.

Interest rate derivatives, unlike their unri-
valled peers – equity derivatives, are more difficult
to value. This is mainly because the underlying
security does not belong to the universe of traded
assets, invariably leaving us with the only available
instrument (here, bonds) in the economy [48]. Actu-
ally, any bond is an interest rate derivative, since its
value depends on interest rates; Thus, if we model
interest rates as stochastic processes, we may apply
the option pricing machinery to value a zero coupon
bond.

With some deficient assumptions, a reason-
able low-cost model can be used to value the above
listed elementary interest rate derivatives. However,
it is a recipe for disaster in the long run. The model
fails dramatically requiring a more advanced top tier
framework to capture either the complexity in the
dynamics of the interest rates, or to price complex
derivatives. To offer some intuition for the behind
the scene reasoning on such complexity, in the Black
- Scholes model for stock options, we assume both
interest rates and volatility for the underlying secu-
rity price are constant. In the case of interest rate
derivatives, of course the first assumption does not
make sense. The second one, too, does not inspire a
lot of confidence. The bond’s price tends to be less
and less volatile as it approaches maturity.

V. Interest rate modelling

Over the last two decades several models have been
proposed to capture the dynamics of interest rate’s
uncertainties. They come in all shapes and forms but
there is a general consensus amongst participants
that a systematic classification can be established
based on some basic features [26].

• The number of stochastic factors

In the simplest models, the so called one
factor models describe the dynamics of the
short rate r(t) or the forward rate f(t,T) by just
one stochastic factor, essentially making this
sweeping assumption that there exists only
one source of uncertainty. As a matter of
fact, bond prices depend not only on a single
source factor but also on the dynamics of the
entire term structure of interest rates, thus
instilling a level of cautious optimism on its

4Calls on floating rate
5Puts on floating rate
6An option on swap
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promise.

On the other hand, the implementation of
multi-factor models can be slow and complex.
The volatility and correlation parameters re-
quired are extensive compared to the former.
The jury is still out on the number of factors
applicable in any given model.

• Equilibrium or no-arbitrage models

The equilibrium approach rests on the as-
sumption that demand and supply are the
nuts and bolts of the economy. It entails build-
ing an economically sound model, which
yields interest rates as a consequence of mar-
ket equilibrium. It may occur that the initial
theoretical price is not in sync with the market
price, resulting into arbitrage opportunities.
This is exactly the reason why equilibrium
models are often on the receiving end. They
do not automatically fit today’s term structure
of interest rates. This eventually gives rise to
inconsistencies with the actual term structure.
Therefore, in practice there is little confidence
in the bond option prices when the applied
model is not even able to price the underlying
bond correctly.

An alternative approach is the no-
arbitrage model, which is less ambitious but
gives a better replication of the observable
market price. The idea is to build models
that match the current observed term struc-
ture, meaning that the current term structure
is used as an input. This scheme provides
us with more robust prices. We hesitate to
say ’accurate’ simply because the valuation
process depends on how effectively the model
has been calibrated.

VI. Classes of Interest Rates

Models

Interest rate models fall under two sub-groups:

• Short rate models

• Term structure models

Term structure models describe the arbitrage-free dy-
namics of the full term structure of forward rates
f(t,T). In what follows, we will mainly focus on HJM

models, the foundation of term structure models.

Short rate models are mentioned here only as a
motivation for the introduction of the HJM mod-
elling tools. For the sake of illustration, we shall
consider some of the most famous short rate models.
Before we dive into the models, a brief introduc-
tion into basic products and the terminology is
presented.

Bond securities and notional: A bond secu-
rity is a financial product that pays a regular inter-
est, known as coupon, on a predefined amount of
money. The main reason for issuing bonds is to bor-
row money from investors on the financial market
[54]. We can distinguish two types of coupons in
the bonds issued.

• Fixed coupons These are predetermined
coupons paid in the future.

• Floating coupons Coupons that are reset on
regular basis.

The amount which is used to determine the actual
coupon payments is known as the notional amount.

A basic interest rate product is the zero-
coupon bond, P(t, T), which pays 1 currency at
maturity T, i.e. P(T, T) = 1. Our interest is in
the value at t < T. The theorem of asset pricing
states that the price at time t of any contingent claim
with payoff, H(T) is given by:

V(t) = EQ
[
e−
∫ T

t r(z) dz.H(T)
∣∣∣∣F (t)], (39)

where the expectation is taken under the risk-neutral
measure Q.

The price of a zero-coupon bond at time t with
maturity T is thus given by:

P(t, T) = EQ
[
e−
∫ T

t r(z) dz.
∣∣∣∣F (t)] (40)

since H(T) = V(T) = P(T, T) ≡ 1.

A short rate model typically assumes that under
the pricing measure P, the short interest rate rt is the
solution to a stochastic differential equation of the
diffusion form:

11
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dr(t) = (θ(t)− α(t)r(t))dt + σ(t)r(t)γdWt (41)

The equation above denotes a general Gaussian
Markov process where θ, α and γ terms are given
by real-valued (deterministic) functions. Most of
the short rate models can be expressed through this
equation. Notice that this process does not follow a
GBM anymore. Unlike stocks, interest rates appear
to be pulled back to some long-run average interest
rate over time. The process is known as mean rever-
sion, α gives the speed of mean reversion towards a
long-term interest rate level θ/α = b. Additionally,
γ is a measure of the degree to which the volatility
σ of the short rate depends on the current level of
r(t) . Obviously, a higher γ simultaneously means
that the volatility reacts sensitively.

VII. Short rate models

• Vasicek

This is one of the earliest one-factor equilibrium
models of the term structure of interest rates. It
was developed and proposed by Vasicek (1977) and
the dynamics are given by the stochastic differential
equation:

dr(t) = α(b− r(t))dt + σdWt (42)

The explicit solution is given by

r(t) = r(u)e−α(t−u) + α
∫ t

u
e−α(t−s)b(s) ds

+ σ
∫ t

u
e−α(t−s) dW(s). (43)

For a given r(u), the value r(t) is normally dis-
tributed with mean

r(u)e−α(t−u) + µ(u, t),

where µ(u, t) ≡ α∫ t

u
e−α(t−s)b(s) ds

and variance

σ2(u, t) ≡ σ2
∫ t

u
e−2α(t−s) ds ≡ σ2

2α

(
1− e−2α(t−u)

)
(44)

This model is very popular simply because of its
analytical tractability, making it relatively easy to
understand and apply. However, due to its judicious
choice of parameters, there is a positive probability
that r(t) becomes not only negative but also almost
surely unbounded below.

• Ho-Lee

This no-arbitrage model was developed by Thomas
Ho and Bin Lee in 1986. Similar to the Vasicek model,
there is a positive probability that r(t) becomes neg-
ative. The model is presented as:

dr(t) = θ(t)dt + σdWt (45)

The fact that the model lacks mean reversion is
obviously, a bottleneck. This is why other models,
such as Hull-White model are more appealing. The
main advantage though is that the risk-neutral pro-
cess is automatically defined by fitting the model to
the current term structure.

Applying Itô’s lemma, the explicit solution is
given by:

r(t) = r(0) +
∫ T

t
θ(s) ds + σ dW(t) (46)

Sampling Z1, Z2,... from the standard normal
distribution and plugging into the above (46) pro-
vides us with a possible term structure generated
by Ho-Lee.

• Hull White

This model is build on the failures and shortcom-
ings of the Ho-Lee model, but also on the promise it
holds. Hull and White (1994) proposed this approach
as a generalisation of the continuous time Ho-Lee
model. Based on economic theory, Hull and White
presented a very compelling evidence for existence
of mean - reversion in interest rates. This inclusion
of mean-reversion to the Ho-Lee model gave birth
to Hull-White model – a more robust and realistic
framework. The dynamics of the short rates in the
Hull-White model are given by the SDE:

dr(t) = α(b(t)− r(t))dt + σdWt (47)
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where the parameter b is time-dependent. α and
σ are both constants. For α > 0, the desired mean
reverting property to the Ho-Lee model is achieved.
For an extensive discussion of this model the inter-
ested reader may wish to go back to the original
publications of Hull and White as well as to the
reviews referred above.

VIII. Term structure models

This model describes the arbitrage free dynamics
of the forward rates r(t). The distinctive feature with
it is that it describes the evolution of the full term
structure, unlike the short rate models which only
provide a description of the dynamics of the short
rate r(t). There are two drawbacks associated with
short rate models which have legitimized the appli-
cation of forward rate models:

• From an economic standpoint, it seems unrea-
sonable to assume that the full term structure
is entirely summarized by today’s short rate.

• No complete freedom in selecting a realistic
volatility structure for forward rates without
introducing a complex short rate model.

Forward rate models can be classified into
two distinct classes, namely models based on con-
tinuous and simple rates, respectively. Thus by far,
the most common continuous forward rate model is
the Heath, Jarrow and Morton framework. It is one
of the first forward rate models that establishes the
basis for models based on simple rates. Simple rates
models are closely related to HJM framework. The
most popular simple rate model used is the LIBOR
model7.

We will now turn to the specification of the
Heath–Jarrow–Morton (HJM) framework. The class
of Cheyette interest rate models forms a subset of
the general class of HJM models, which is why we
present the general setup of Heath, Jarrow, and Mor-
ton (1992) first.

IX. The Heath–Jarrow–Morton
Framework

Heath, Jarrow, and Morton framework (HJM) [39]
is the mother-ship of all forward rates. It was

developed in 1992 as an alternative tool for mod-
eling the dynamics of the entire term structure of
interest rates. The general setup is based on two
assumptions: The first assumption states that it is
not possible to gain riskless profit (no-arbitrage con-
dition), and the second one assumes that financial
markets are complete 8.

The general framework is surrounded by
two key negative variables. First, the challenge to
apply the framework in the market practice. Sec-
ondly, the complex computational process brought
in by the high dimensional stochastic process of
the underlying security. The first obstacle was
eased by the introduction of LIBOR market model.
Though not new to controversy, it still has the ad-
vantage of being directly observable in the market.
The second shortcoming could be improved by
imposing a specific time-dependent structure on
the volatility function. This slight shift completely
alters the dimensional structure, from a high to
low dimensional framework of Markovian process.
This approach is what is referred to as Cheyette
model (1994). The purpose of this paper is to
show the application of Cheyette models in practice.

As aforementioned, the HJM general frame-
work describes the dynamics of the entire forward
rate curve f (t, T ), whereas {0 ≤ t ≤ T}. The first
building block is the current yield curve, which is
premised on the screen-visible market data. The
yield curve can be described either by the collec-
tion of zero-coupon bonds or by the instantaneous
forward rates. For the sake of definiteness, we
denote by P(t,T) the price at time t of such a zero
coupon bond that pays $1 at time T. We will also
let f(t,T) define the instantaneous forward rates.

For reasons that will become clear later, it
is more convenient to work with the forward rates
defined by:

f (t, T) =
− d ln P(t, T)

dT
. (48)

By solving the differential equation of expression
(48) the relationship between forward rates, spot rates
and bond prices become well established. Explicitly,
bond prices P(t,T), spot rates r(t,T) are expressed in

7A benchmark interest rate at which major global lend to one another in the international interbank market for
short-term loans

8Allows construction of all possible payoff patterns across states
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terms of forward rates f(t,T) as

P(t, T) = exp
(
−
∫ T

t
f (t, s) ds

)
(49)

and

r(t, T) =
1

T − t

∫ T

t
f (t, s) ds (50)

respectively, for all t ∈
[
0, T

]
.

It is critical to note that the short rate and forward
rates are related via

r(t, T) = f (t, t) (51)

The HJM model specifies the instantaneous
forward rate process using the following stochastic
differential equation under the physical measure:

d f (t, T) = µ(t, T)dt + σf (t, T)dW(t) (52)

where W is a standard d-dimensional Brownian
motion, whereas d is the number of volatility curves
which describe the forward rates. ω is a vector
containing the past and present values of interest
rates as well as bond prices at time t in the sample
space Ω. Note that each forward rate depends on
two variables t and T, not just t as in the stock
options case.

In the risk-neutral world, the value of an
asset scaled by the numeraire, which in this case is
the money-saving bank account is a martingale 9.

We will denote this numeraire as exp
(
−
∫ t

0 r(s) ds
)

.
However, forward rates and asset prices are by no
means the same. Forward rates are not tradable
assets. Thus, the restrictions imposed on the dynam-
ics in (52) are different. Nevertheless, asset prices
specifically the zero coupon bonds, serve as a spring-
board for a greater clarity on these restrictions. The
dynamics of the zero coupon bonds are of the form

dP(t, T)
P(t, T)

= r(t)dt + v(t, T, ω)dW(t) (53)

where {0 ≤ t ≤ T}.

As described on the previous page, we have
seen how instantaneous forward rate can be ex-
pressed as a function of zero coupon bonds (48).

Since our main interest is represented by differenti-
ation, if applied on both sides with respect to time
(t), we obtain a harmless expression of the form

d f (t, T) =
− d

dT
d ln P(t, T) (54)

In deriving of the dynamics of the instantaneous
forward rate given the evolution of the zero coupon
bonds, we will make explicit use of the above ex-
pression (54).

Itô′s lemma on ln P(t, T) gives us

d ln P(t, T) =
1

P(t, T)
dP(t, T)− 1

2
1

P(t, T)2 dP(t, T)2

(55)

Substituting equation (53) into the above expression
gives us

d ln P(t, T) = r(t)dt + v(t, T, ω)dW(t)− 1
2

v(t, T, ω)2dt

(56)

and its derivative with respect to T

d
dT

d ln P(t, T) =
d

dT
σp(t, T)dW(t)− σp(t, T)

d
dT

σp(t, T)dt.

(57)

Putting it all together we obtain

d f (t, T) =
−d
dT

d ln P(t, T) = σp(t, T)
d

dT
σp(t, T)dt

− d
dT

σp(t, T)dW(t)

implying that

d f (t, T) = σp(t, T)
d

dT
σp(t, T)dt− d

dT
σp(t, T)dW(t)

(58)

the instantaneous forward rate under the risk neu-
tral measure. Both expressions (52) and (58), rep-
resent the dynamics of instantaneous forward rate,
meaning that their volatility as well as the drift
terms must be equal.

The drift terms

µ(t, T) = σp(t, T)
d

dT
σp(t, T), (59)

9The price of an asset is equal to the discounted expectation of its future price if the future expectation is calculated
under the risk-neutral probability measure
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The volatility terms

σf (t, T) = − d
dT

σp(t, T). (60)

Integrating equation (60)

∫ T

t
σf (t, u) du + C = −σp(t, T) (61)

But the volatility at maturity is given by

σp(T, T) = 0 ⇒ C = 0. (62)

Thus

σp(t, T) = −
∫ T

t
σf (t, u) du (63)

Substituting the above (63) into equation (59)

µ(t, T) = σf (t, T)
∫ T

t
σf (t, u)du (64)

Giving us the full dynamics of instantaneous for-
ward rate as

d f (t, T) =
(

σf (t, T)
∫ T

t
σf (t, u)du

)
dt

+ σf (t, T)dW(t)

(65)

The derivation of the forward rate dynamics (65) is
pegged on the restriction of the forward rate drift,
thus the HJM framework encompasses a wide range
of models.

X. Cheyette Model Derivation

The main problem with models developed accord-
ing to the general HJM framework is the path de-
pendency of the spot interest rate since it is non-
Markovian in nature. Even though there has been
a huge advancement in the theoretical field, this
non-Markovian structure hinders the practical im-
plementation of the framework, since the entire his-
tory has to be carried forward, which increases the

computational complexity and effort. Cheyette [20]
argues that if a particular structure is imposed on
the forward rate volatility term , then an HJM model
can be expressed entirely by a finite state Markovian
system, making it computationally feasible.

X.1 Mathematical formulation
The dynamics of the forward rate is given by the
stochastic differential equation (65). If this represen-
tation is expressed in the general M-Factor10 HJM
model in the form

d f (t, T) =
M

∑
k=1

[
σk(t, T)

∫ T

t
σk(t, s)ds

]
+

M

∑
k=1

σk(t, T)dWk(t),

(66)

with W(t) denoting the M-dimensional Brownian
motion under the risk-neutral measure. The volatil-
ity structure σ(t, T) in an M-Factor model is an M-
dimensional vector of the form

σ(t, T) =


σ1(t, T)

.

.
σM(t, T)


Each σk(t, T) factor is inferred to be separable into
time and dependent components– defined by a finite
sum of separable functions such that

σk(t, T) =
Nk

∑
i=1

α
(k)
i (T)

α
(k)
i (t)

β
(k)
i (t), k = 1, ..., M (67)

where Nk denotes the number of volatility sum-
mands of factor k. If we assume equation (67) is the
volatility structure, then the forward rate may be
reformulated as

f (t, T) = f (0, T) +
M

∑
k=1

[
Nk

∑
j=1

α
(k)
j (T)

α
(k)
j (t)

(
X(k)

j (t)

+
Nk

∑
k=1

A(k)
i (T)− A(k)

i (t)

α
(k)
i (t)

V(k)
ij

)]
(68)

10The multi-dimensionality
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with the state variables

∫ t
0

α
(k)
i (t)β

(k)
i (s)

α
(k)
i (s)

[
∑Nk

j=1
A(k)

j (t)−A(k)
j (s)

α
(k)
j (s)

β
(k)
j (s)

]
ds,

and the time functions

A(k)
i (t) =

∫ T

t
α
(k)
i (s)ds, (69)

Vi j(k)(t) = Vji(k)(t)

=
∫ T

0

α
(k)
i (t)α(k)j (t)

α
(k)
i (s)α(k)j (s)

β
(k)
i (s)β

(k)
j (s)ds, (70)

for k = 1, ..., M and i, j = 1, ..., Nk. The forward
rate dynamics are determined by the state variables

X(k)
i (t) for k = 1, ..., M and i = 1, ..., Nk.

Their dynamics are given by Markov processes as

dX(k)
i (t) =

(
X(k)

i (t)
∂

∂t

(
log α

(k)
i (t) +

Nk

∑
j=1

Vi j(k)(t)
)

dt

(71)

+ β
(k)
i (t)dWk(t)

)

The forward rate in an M-factor model
is determined by n = ∑M

k=1 Nk state variables,

the X(k)
i (t). The calculation details and the

derivation of the dynamics of the state vari-
ables X(k)

i (t) can be referred to the exemplary
piece of work done by Beyna [4].

X.2 Cheyette Model - One-factor
case

A slight touch on the Cheyette class menu ges-
tures one into a very plain-vanilla model set-up,
and in practice it is a common assumption (a
choice) to use parameterizations when it ap-
plies to the one-factor case (M = 1) of the
form

σ(t, T) = Pm(t)
(
− λ(T − t)

)
(72)

where Pm(t) denotes a polynomial of order
m ∈N and λ ∈ R is a constant. Equation (67)
guides us in choosing the volatility parameteri-
zations such that M = 1 and N1 = 1 as

α
(1)
1 (t) = exp

(
−λ(t)

)
, β

(1)
1 = Pm(t) (73)

covering well-known models like the Hull-
White Model (1990) with

σ(t, T) = a exp
(
−λ(T − t)

)
. (74)

X.2.1 Hull-White model

This is a one factor model (M = 1) with volatil-
ity

σ(t, T) = c̃ exp
(
−λ(T − t)

)
(75)

with c̃ ∈ R and λ ∈ R being constants. This
framework falls under the class of Cheyette
models, which can be obtained by choosing

α
(1)
1 (t) = exp

(
−λ(t)

)
, β

(1)
1 (t) = c̃ (76)

in equation (67). This brings us straight to the
heart of the only state variable

X(1)
1 (t) =

c̃2

2λ2 exp(−2λt)

(
− 1 + exp(λt)

)2

(77)

+ c̃
∫ t

0
exp

(
− λ(t− s)

)
dW(s)

and according to equation (71) the dynamics
are given by

dX(1)
1 (t) =

[
− λX(1)

1 (t)− c̃2

2λ

(
exp(−2λt)− 1

)]
dt

(78)

+ c̃dW(t).
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X.3 Cheyette Model - The three fac-
tor exponential case

Empirical studies have shown that using multi-
ple factors increase the robustness of the frame-
work, in the sense that it is more flexible and
realistic in replicating the market movements.
With this model, it is sufficient to incorporate
three factors in order to obtain reliable results.
Thus, (M = 3) with volatility

σ(t, T) =


σ1(t, T)
σ2(t, T)
σ3(t, T)


with

σ1(t, T) = c + P
(1)
m exp

(
− λ(1)(T − t)

)

σ2(t, T) = P
(2)
m exp

(
− λ(2)(T − t)

)

σ3(t, T) = P
(3)
m exp

(
− λ(3)(T − t)

)

where c ∈ R and λ(k) ∈ R are constants.
P
(k)
m = a(k)m tm + ... + a(k)1 t + a(k)0 denotes a poly-

nomial of order m. The first factor is linked
to the state variables X(1)

1 (t) and X(1)
2 (t) and

the corresponding volatility parametrization is
given by

α
(1)
1 (t) = 1, β

(1)
1 (t) = c,

α
(1)
2 (t) = exp

(
− λ

(1)
1 t

)
, β

(1)
2 (t) = P

(1)
m (t).

The corresponding volatility parameterizations
of the second and third factors are given by

α
(2)
1 (t) = exp

(
− λ(2)t

)
, β

(2)
1 (t) = P

(2)
m (t)

α
(3)
1 (t) = exp

(
− λ(3)t

)
, β

(3)
1 (t) = P

(3)
m (t).

We use linear polynomials (m = 1) as an ex-
ample. It follows that β

(1)
2 (t), β

(2)
1 (t), β

(3)
1 (t) is

reduced to P
(k)
1 (t) = a(k)1 t + a(k)0 for k = 1, 2, 3.

To show the specific factors in the Three
Factor Exponential Model, the first factor is
given by the first function of the volatility
σ1(t, T) as shown by equation (79). X(1)

1 t and

X(1)
2 t are the state factors associated with the

first factor with their dynamics given by

dX(1)
1 (t) =

(
2

∑
k=1

V(1)
1k (t)

)
dt + cdW1(t), (79)

dX(1)
2 (t) =

(
− λ(1)X2(t) +

2

∑
k=1

V(1)
2k (t)

)
dt

+
(

a(1)1 t + a(1)0 t
)

dW1(t). (80)

The second and third factor are associated with
the second and third element of the volatility,
σ2(t, T) and σ3(t, T) as indicated in (80) and
(81). Their dynamics are given by

dX(2)
1 (t) =

[
− λ(2)X(2)

1 (t) + V(2)
11 (t)

]
dt (81)

+

(
a(2)1 t + a(2)0 t

)
dW2(t),

dX(3)
1 (t) =

[
− λ(3)X(3)

1 (t) + V(3)
11 (t)

]
dt (82)

+

(
a(3)1 t + a(3)0 t

)
dW3(t).

In this sense, the three-factor exponential
model serves well as a guideline throughout
the interest rate derivatives pricing process.
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XI. Calibration of the 3 Factor
Exponential Model

The calibration of interest rate models can be
formulated easily as a minimization of the dif-
ferences in prices between the model and the
market quotes. It is equivalent to a (global)
minimization problem, that minimizes the gap
between the Black-Scholes model (market data)
and the 3-factor Cheyette model. This gap
is measured in terms of implied Black-Scholes
volatilities.

Looking at the Cheyette model, Beyna
[4] explores a range of calibration approaches
applied to interest rate derivatives. The most
stable and accurate results, he argues, are ob-
tained by using the Simulated Annealing algo-
rithm – an optimization algorithm that yields
the global minimum with a high probability.

To get a general feeling of the algorithm,
we will try to calibrate a problem with the pa-
rameters given in table 4 below.

Parameter Value
α 1.1
β 2.2
γ 0.5
’Initial value’ 5.0
Iterations 1000

Table 4: Simulated Annealing Algorithm pa-
rameters. ‘Initial Value’ is the starting point of the
Algorithm.

We will incorporate 8 caps with the resulting
parameters of the minimum being displayed in
table 5.

F C ak
1 ak

0 λk

1 0.0097 0.0005 0.000165 0.004
2 N/A 0.000021 0.000742 0.430
3 N/A 0.0000193 0.000701 0.51

Table 5: Calibration results of the 3 Factor
Exponential Model to caplets.

with F being the number of factors and a con-
stant C. The global minimum is given as the

mean squared error in implied volatility and
has the value 1.77E − 06. The volatility func-
tions are plotted in figure 2 below

Figure 4: Volatility of the calibrated 3 Factor
Exponential Model

XI.1 Simulating in the Cheyette
Model Class

The state variables Xk
j (t) = Xi(t), we observed

in section X.1 turn out to be normally dis-
tributed with time dependent mean Mi(t) and
variance S2

i (t).. The time-dependent covariance
matrix is of the form

∑(t) =


S2

1(t) S1(t)S2(t)ρ12 · · · S1(t)Sn(t)ρ1n

S1(t)S2(t)ρ12
. . .

...
...

...
S1(t)Sn(t)ρ1n · · · · · · S2

n(t)



with ρ1j being the correlation between Xi and
Xj.

For path-independent products, the realiza-
tion of Xi(t) is computed at a single point in
time tk in the form of

Xi(tk) = Mi(tk) + A(tk)Zi, (83)

with Xi(0) = 0, where Z1, Z2, ... are indepen-
dent random variables. In this case, the covari-
ance matrix is reduced to a diagonal matrix
with entries S2

i (t) and the realization of Xi is
given by

Xi(tk) = Mi(tk) + Si(tk)Zi. (84)

In contrast to path-dependent, the real-
ization of the state variables is computed at
several points in time with an initial value of
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the state variable Xi(t0). The path is recursively
computed by the expression

Xi(tk+1) = Xi(tk) + Minc
i (tk, tk+1) (85)

+ Ainc
i (tk, tk+1)Zi

k

where Minc
i (tk, tk+1) is the mean of the incre-

ment Xi(tk+1)− Xi(tk) and Ainc
i (tk, tk+1) is as

a result of decomposition of the increments’
covariance matrix.

Part 4

XI.2 Pricing Bonds and European
Options

XI.2.1 Pricing Under the Forward Measure

As discussed earlier, equation (39) gives us the
framework on how to obtain the value of a
derivative under the risk-neutral probability
measure Q. Changing this measure to the T-
forward measure QT [58], due to the change
of numéraire gives us a general pricing frame-
work of the form

V(t, T) = P(t, T)ET
[

H(T, XT)
∣∣∣Ft

]
,

and at a time t = 0

V(0, T) = P(0, T)ET
[

H(T, XT)
]
. (86)

The expected value computation above
requires the dynamics of the underlying state
variables Xi(t) to be under the forward mea-
sure QT . Under the risk neutral measure, the
dynamics are defined in equation (71), which
can be written sketchly as

dXi(t) = µi(Xi, t)dt + βi(t)dW(t), (87)

with drift µi(Xi, T) and diffusion βi(t). Apply-
ing equation (87) to the dynamics of the un-
derlying state variables Xi(t), we obtain

dXi(t) = µi(Xi, t)dt + βi(t)dW(t)

(88)

⇔ dXi(t) = µi(Xi, t)dt + βi(t)
[
dWT

i (t) +

bi(t, T)dt
]

=
[
µi(Xi, t)+ βi(t)bi(t, T)

]
dt+ βi(t)dWT

i (t)

This change of measure to T-forward mea-
sure results to a change of the drift element in
each state variable Xi(t). In the following we
will apply this result to the the Three Factor
Exponential Model [4].

XI.2.2 Distribution of the State Variables

In order to apply the above (88) pricing frame-
work, the distribution under the T-forward
measure is the very essential ingredient. Since
the volatility functions in the Cheyette model
are not stochastic, the state variables are nor-
mally distributed with time-dependent mean
and variance. From equation (87), we have
seen how the dynamics of the state variable
X1(t) under the risk-neutral measure are ob-
tained. Under the T-forward measure this
changes to

dX1(t) =
[
V(1)

11 (t) + V(1)
12 (t)− c

[
(T− t)c−

a(1)0 + a(1)1 t
λ(1)

(
exp(λ(1)(t− T))− 1

)]
dt +

cdWT
1 (t).

(89)

A short-hand notation is given by
U1(t, T) := V(1)

11 (t)+V(1)
12 (t)− c

[
(T− t)c−

a(1)0 + a(1)1 t
λ(1)

(
exp(λ(1)(t− T))− 1

)]
,

which can also be written as

X1(t)− X1(0) =
∫ t

0 U1(s, T)ds +∫ t
0 cdWT

1 (s).

X1(t) is normally distributed,

X1(t) ∼ N
(

M1(t), S2
1(t)

)
,
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with mean

M1(t) = X1(0) +
∫ t

0
U1(s, T)ds

and variance

S2
1(t) =

∫ t

0
c2ds = tc2.

For the state variable X2(t), the risk-neutral
measure is given by equation (86). Under the
T-forward measure, the dynamic changes to

dX2(t) =
[
− λ(1)X2(t) + V(1)

21 (t) + V(1)
22 (t)

−(a(1)1 t + a(1)0 )
(
(T − t)c−

a(1)0 + a(1)1 t
λ(1)

(
exp(λ(1)(t− T))− 1

))]
dt + (a(1)1 t + a(1)0 )dWT

1 (t)

(90)

with the short-hand notation given by

U2(t, T) = V(1)
21 (t) + V(1)

22 (t)− (a(1)1 t + a(1)0 )

[
(T− t)c−

a(1)0 + a(1)1 t
λ(1)

(
exp(λ(1)(t−T))− 1

)]
,

the dynamics given by

dX2(t) + λ(1)X2(t) = U2(t, T)dt + (a(1)0 + a(1)1 t)dWT
1 (t)

⇔ d
(

X2(t) exp(λ(1)t)
)
= U2(t, T) exp(λ(1)t)dt

+ exp(λ(1)t)(a(1)0 + a(1)1 t)dWT
1 (t)

⇔ X2(t) exp(λ(1)t)− X2(0) =∫ t

0
U2(t, T) exp(λ(1)s)ds exp(λ(1)s)ds

⇔ X2(t) = X2(0) exp(−λ(1)t) +∫ t

0
U2(s, T) exp(λ(1)(s− t))ds +

∫ t

0
exp(λ(1)

(s− t))(a(1)0 + a(1)1 s)dWT
1 (s).

X2(t) is also normally distributed,

X2(t) ∼ N
(

M2(t), S2
2(t)

)
,

with mean

M2(t) = X2(0) exp(−λ(1)t) +
∫ t

0
U2(s, T) exp(λ(1)

(s− t))ds exp(λ(1)(s− t))ds

and variance

S2
2(t) =

∫ t

0
exp

(
− 2λ(1)(t− s)

)
(a(1)0 + a(1)1 s)2ds.

Analogously, we can compute the distribution of X3(t)

and X4(t) ending up with

X3(t) ∼ N
(

M3(t), S2
3(t)

)
,

and
X4(t) ∼ N

(
M4(t), S2

4(t)
)

.

This implies that both the means and the variances of the
state variables Xi(t) for i = 1, ..., 4 can be explicitly ob-
tained. Further, the time-dependent covariance matrix of
X1(t) to X4(t) denoted ∑ = ∑(t) is given by [4]

∑(t) =


S2

1(t) c( 1
2 a(1)1 t2 + a(1)0 t) 0 0

c( 1
2 a(1)1 t2 + a(1)0 t) S2

2(t) 0 0
0 0 S2

3(t) 0
0 0 0 S2

4(t)



Note: The occurrence of the non-diagonal entries is as a
result of the summation of the volatility parametrization
of each factor. For the Three Factor Exponential Model,
the first factor consists of two summands (N1 = 2).

XI.3 Numerical Results

XI.3.1 Bonds

The first test of the framework is pricing zero coupon
bonds. With the analytical solution being the benchmark,
we will first compute the prices of zero coupon bonds
today (t = 0) with a 10 year maturity. Secondly, we shall
investigate the dynamics of a zero coupon bond,P(t, 10) for
t = 1, 3, ..., 9. In both cases, we use the analytical solution
to verify the results.

The bond valuation results in the Three Factor
Exponential Model at time t = 0 and P(t, 10) maturing
in ten years are respectively presented in table 6 and 7.
Furthermore, the results are compared to the analytical
solution and the error is quoted. Summarizing, both meth-
ods deliver results close to the analytical solution, thus
we can state that both methods perform well – delivering
reliable and accurate results.
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Table 6: Results of pricing bonds P(0, T) with Importance sam-
pling and Sobol’s sequence Monte Carlo simulation. Both prices
are compared to the analytical solution (Matlab).
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Table 7: Results of pricing bonds P(t, 10) with Importance
sampling and Sobol’s sequence Monte Carlo simulation. Both
prices are compared to the analytical solution (Matlab).

XI.3.2 Caplets

The Monte Carlo simulation computes the prices of caplets
under the forward measure, and makes use of the distribu-
tion of the state variables under this measure , as derived
in the previous section. Due to change of measure the
pricing problem is path independent. The state variables
are simulated up to the option lifetime TC when the un-
derlying cap rate is fixed. Th payoff occurs at maturity of
the bond TP(> TC), discounting from TP to zero with a
discount factor P(0, TP).
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Table 8: Valuation results of caplets with strike 5% and varying
maturities by using Importance Monte Carlo simulation with
10,000 paths. Error in value is the differences between the an-
alytical and Importance Carlo value. The error in implied vol
is the difference between the analytical and Importance Monte
Carlo value in terms of the implied (Black-Scholes) volatility
(Matlab).

Tables 8 and 9 display the results for at-the-money caplets
(strike rate of 5%) in the case of the Three Factor Exponen-
tial Model. We can observe that the results are adequately
accurate as the absolute error in implied volatility is less
than 0.0159%. Also the price error is always below the
standard error of the simulation, which verifies the results
of the simulation.
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Table 9: Valuation results of caplets with strike 5% and varying
maturities by using Sobol’s Monte Carlo simulation with 10,000
paths. Notice that prices are in a comparable range as the
corresponding results of an ordinary Monte Carlo simulation as
presented in table 8 (Matlab).

XI.3.3 European Swaptions

A swaption is an option on a swap that gives the holder
the right to enter into some predefined interest rate swap
at a fixed future date. Denoting the option maturity T0
and assuming T0, ..., Tn−1 to be the fixed dates of the swap.
The corresponding payment dates are given at T1, ..., Tn
and Tn gives the maturity of the swap. The payoff of the
swaption is fixed at time T0 and strike price given as K.

The simulation computes the prices of swaptions
under the forward measure and makes use of the distri-
bution of the state variables as previously discussed. Due
to the change of measure, the pricing problem is path
independent.
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Table 10: Valuation results of European swaptions in the Three
Factor Exponential Model.

Table 10 shows the results for pricing European swaptions
in the Three Factor Exponential Model with a strike rate of
3, 5 and 7(%) and varying option and swap lifetimes. The
comparison of the results show that both methods lead
to almost the same values. Thus, we conclude that the
pricing method is reliable and delivers accurate results.

XI.3.4 Exotics

Bermudan Swaptions: In contrast to European
swaptions, Bermudan-style swaptions give the holder the
right, but not the obligation, to enter into a swap on a set
of clearly prespecified exercise dates [5]. The additional ex-
ercise date is given at half of the option lifetime TEx = 1

2 T0.
To demonstrate this numerically, we price a Bermudan
swaption in the Three Factor Exponential Model. We

will value nine Bermudan swaptions with varying option
lifetimes T0 and strike rates. The results are presented in
table 11.
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Table 11 : Values of pricing Bermudan swaptions with strike rate
of 3%, 5% and 7% and varying option and swap lifetimes. The
additional exercise date TEx occurs at half of the option lifetime.

Increasing the number of exercise dates delivers an ap-
proximation of Bermudan-style swaptions as the price
converges. To picture this, we will use an option maturity
T0 = 2, swap lifetime TN = 3 and a strike rate K = 3%.
Continuously add exercise dates, which are given by

T(j)
Ex =

1
12

j, for j = 1, ..., NEx (91)

The number of exercise dates NEx goes up to 23, corre-
sponding to a monthly exercise right. It is observed that
the price seems to converge to a price level of 0.01667699
for increasing number of exercise dates, as displayed in
figure 5 in the next page.
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Figure 5: Price dynamics of a Bermudan swaption for increasing
number of exercise dates.

XI.4 Conclusion

In this paper the foundations and several extensions of
the Monte Carlo theory have been developed and imple-
mented. After exploring the application of Monte Carlo
methods in numerous important term structure models,
the very powerful Cheyette model has been introduced
and eventually implemented to price exotic option.

At the beginning, we layed out the generic imple-
mentation of a standard Monte Carlo pricing tool and has
shown that the crux hinges on determining the distribu-
tional characteristics of the underlying random variable.
The distributional properties are required to generate and
simulate, respectively, price or interest rate paths. Since
Monte Carlo estimators approach the true value with prob-
ability one as the sample size goes to infinity, they are
unbiased and consistent.

Variance reduction techniques and low-
discrepancy sequences accomplished a significant im-
provement in efficiency of Monte Carlo methods. The
former achieve a reduction of the given variance rate σ2/n
by using covariates or particular sampling techniques.
Therefore, the precision of the estimate may be increased
while keeping n and thus the computational effort un-
changed. The quasi-Monte Carlo approach represents a
deterministic version of the crude Monte Carlo method.
It chooses completely deterministic points which are sup-
posed to cover a d-dimensional space with fewer gaps than
random numbers. Wisely-chosen deterministic points are
too evenly distributed to be random.

Monte Carlo methods play a decisive role in the
valuation of numerous interest rate derivatives, which usu-
ally require, unlike equity derivatives, the simulation of
the entire yield curve. Due to the characteristics of the class
of Cheyette models, the distribution of the state variables
turns out to be normal with time dependent mean and
variance. Computing the price under the forward measure
leads to a fast and precise algorithm. The efficiency can be
even improved by using Quasi-Monte Carlo simulations.

One of the central issues of the research is pricing
interest rate derivatives in a multifactor Cheyette model.
The bond price formula in the case of one- factor models
was presented by Cheyette (1994), but now we extend the

result to multifactor models. Moreover, we achieve closed-
form caplet pricing formulas by working in the framework
of Gaussian HJM models. The calibration of a term struc-
ture model is a necessary as well as a challenging step
to use the model in practise. The Simulated Annealing
algorithm turns out to be the most effective and stable
method.

The price of a financial product can be expressed
as the expected value of the payoff, which can be com-
puted easily, if knowing the characteristic function of the
model dynamics. Based on the ideas of Duffie, Pan, and
Singleton (1999), we know, that the characteristic function
in the class of Cheyette models has an exponential struc-
ture. Exploiting this approach, we price bonds and caplets
successfully in one as well as in multifactor models.

In conclusion, Monte Carlo methods have been
gaining increasingly importance and have become a core
pillar in derivatives valuation practice. Many derivatives
and structured products have reached a level of complexity
where numerical methods are preferably the most applied
pricing techniques. In recent years, the HJM technique
was discovered to value weather and carbon derivatives
and deliver auspicious results as for example presented
by Hinz and Wilhelm (2006). The analysis of the suitability
and the implementation of the Cheyette models seem to
be a fruitful research area in the immediate future as the
interest in weather and carbon (emission) increases.
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[19] M. Capiński and Ekkehar. The Black–Scholes Model,
pages 61–64. Cambridge University Press, 2012. ISBN
978-1-107-00169-5.

[20] O. Cheyette. Markov Representation of the Heath-
Jarrow-Morton Model . URL https://ssrn.com/
abstract=6073.

[21] M. Choudhry. The Bond and Money Markets, pages
745–747. Butterworth-Heinemann, 2001. ISBN 0 7506
4677 2.

[22] J. S. Dagpunar. Simulation and Monte Carlo - With ap-
plications in Finance and MCMC, page 90. John Wiley
Sons Ltd, 2007. ISBN 978-0-470-85494-5.

[23] J. S. Dagpunar. Simulation and Monte Carlo - With
applications in Finance and MCMC, pages 79–83. John
Wiley Sons Ltd, 2007. ISBN 978-0-470-85494-5.

[24] S. A. Dupree. A Monte Carlo Primer: A Practical Ap-
proach to Radiation Transport, pages 14–15. Springer
Science+Business Media New York, 2002. ISBN 978-
1-4613-4628-9.

[25] R. Frey. Monte Carlo Methods: An Application to Pric-
ing Interest Rate Derivatives, pages 8–10. VDM Verlag,
2009. ISBN 978-3639204018.

[26] R. Frey. Monte Carlo Methods: An Application to Pricing
Interest Rate Derivatives, pages 44–47. VDM Verlag,
2009. ISBN 978-3639204018.

[27] R. Frey. Monte Carlo Methods: An Application to Pricing
Interest Rate Derivatives, pages 2–3. VDM Verlag, 2009.
ISBN 978-3639204018.

[28] R. Frey. Monte Carlo Methods: An Application to Pricing
Interest Rate Derivatives, page 43. VDM Verlag, 2009.
ISBN 978-3639204018.

[29] J. E. Gentle. Random Number Generation and
Monte Carlo Methods - Second Edition, pages 101–115.
Springer, 2003. ISBN 0-387-OOI78-6.

[30] J. E. Gentle. Random Number Generation and
Monte Carlo Methods - Second Edition, pages 241–244.
Springer, 2003. ISBN 0-387-OOI78-6.

[31] J. E. Gentle. Random Number Generation and Monte
Carlo Methods - Second Edition, page 96. Springer, 2003.
ISBN 0-387-OOI78-6.

[32] P. Glasserman. Monte Carlo methods in financial engi-
neering, pages 209–211. Springer-Verlag New York,
Inc., 2003. ISBN 0-387-00451-3.

[33] P. Glasserman. Monte Carlo methods in financial engi-
neering, pages 1–2. Springer-Verlag New York, Inc.,
2003. ISBN 0-387-00451-3.

[34] P. Glasserman. Monte Carlo methods in financial engi-
neering, pages 278–281. Springer-Verlag New York,
Inc., 2003. ISBN 0-387-00451-3.

[35] P. Glasserman. Monte Carlo methods in financial engi-
neering, pages 8–9. Springer-Verlag New York, Inc.,
2003. ISBN 0-387-00451-3.

[36] P. Glasserman. Monte Carlo methods in financial engi-
neering, pages 342–344. Springer-Verlag New York,
Inc., 2003. ISBN 0-387-00451-3.

[37] P. Glasserman. Monte Carlo methods in financial engi-
neering, pages 1–2. Springer-Verlag New York, Inc.,
2003. ISBN 0-387-00451-3.

[38] P. Glasserman. Explorations in Monte Carlo Methods,
pages 1–4. Springer Science + Business Media, LLC
2009., 2009. ISBN 978-0-387-87836-2.

[39] D. C. Heath, R. Jarrow, and A. J. Morton. Bond pricing
and the term structure of interest rates. 1988.

[40] M. T. Heath. Scientific Computing: An Introductory
Survey, pages 360–361. SIAM, 2018. ISBN 978-1611-
9755-74.

[41] O. C. Ibe. Markov Processes for Stochastic Modelling
(Second Edition), pages 49–57. Elsevier, 2013. ISBN
9780124077959.

25

https://ssrn.com/abstract=6073
https://ssrn.com/abstract=6073


Uppsala University • May 2020 • Vol. XXI, No. 1

[42] P. Jorion. Financial Risk Manager Handbook, pages 100–
104. Wiley Interscience, 2009. ISBN 978-0-470-47961-2.

[43] C. Lemieux. Monte Carlo and Quasi-Monte Carlo Sam-
pling, page 16. Springer Science+Business Media,
LLC, 2009. ISBN 978-0-387-78165-8.

[44] C. Lemieux. Monte Carlo and Quasi-Monte Carlo Sam-
pling, pages 111–112. Springer Science+Business Me-
dia, LLC, 2009. ISBN 978-0-387-78165-8.

[45] P. LOTSTEDT. RANDOM NUMBERS AND MONTE
CARLO METHODS. Excerpt adopted for Beräkn-
ingsvetenskap I, 1:2–3, 2005.

[46] G. Marsaglia. Random Number Generators. Journal
of Modern Applied Statistical Methods, 2:1,2–13, 2003.

[47] K. S. S. Michel C. Jeruchim, Philip Balaban. Simula-
tion of Communication Systems - Second Edition, pages
373–375. Kluwer Academic Publishers, 2002. ISBN
0-306-46971-5.

[48] C. Munk. Financial Asset Pricing Theory, page 422. Ox-
ford University Press, 2013. ISBN 978-0-19-958549-6.

[49] H. Niederreiter. Random Number Generation and Quasi-
Monte Carlo Methods, pages 42–43. Siam, 1992. ISBN
0-89871-295-5.

[50] H. Niederreiter. Random Number Generation and Quasi-
Monte Carlo Methods, pages 13–20. Siam, 1992. ISBN
0-89871-295-5.

[51] H. Niederreiter. Random Number Generation and Quasi-
Monte Carlo Methods, pages 2–3. Siam, 1992. ISBN
0-89871-295-5.

[52] F. R. B. of New York. Over-the-counter deriva-
tives. URL https://www.newyorkfed.org/
financial-services-and-infrastructure/
financial-market-infrastructure-and-reform/
over-the-counter-derivatives.

[53] onlinelibrary. Elements of monte carlo simula-
tion. URL https://onlinelibrary.wiley.com/
doi/pdf/10.1002/0471707724.app2.

[54] C. W. OOSTERLEE and L. A. GRZELAK. MATH-
EMATICAL MODELLING AND COMPUTATION IN
FINANCE, pages 340–341. World Scientific Publishing
EUROPE Ltd, 2020. ISBN 978-1-78634-805-0.

[55] M. Pharr. Stratified sampling. URL http:
//www.pbr-book.org/3ed-2018/Sampling_and_
Reconstruction/Stratified_Sampling.html#.

[56] P. E. K. E. Platen. Numerical Solution of Stochastic Differ-
ential Equations, pages 278–283. Springer, 1999. ISBN
ISBN 978-3-642-08107-1.

[57] P. E. K. E. Platen. Numerical Solution of Stochastic Differ-
ential Equations, pages 305–320. Springer, 1999. ISBN
ISBN 978-3-642-08107-1.

[58] N. Privault. Change of numraire and
forward measures. URL https://www.
ntu.edu.sg/home/nprivault/MA5182/
change-of-numeraire-forward-measures.pdf.

[59] R. Seydel. Tools for Computational Finance. Springer,
Berlin, 2nd ed.,.

[60] I. M. Sobol’. A primer for the Monte Carlo method. CRC
Press, Inc., 4 edition, 1994.

[61] A. S. Stuart A., Ord K. RANDOM NUMBERS AND
MONTE CARLO METHODS. Advanced Theory of
Statistics, 2A:1–3, 1999.

[62] ucema edu. Models of the behavior of stock prices.
URL https://ucema.edu.ar/u/jrs06/Derivados_
Financieros_2011/Capitulos_Adicionales/
CHAPTER_10.pdf.

[63] S. V. W. W.H., Teukolsky and B. Flannery. Numeri-
cal Recipes in C: The Art of Scientific Computing, pages
55–60. Cambridge University Press, 1992. ISBN 0-521-
43108-5.

[64] wikipedia. Monte carlo method. URL
https://en.wikipedia.org/wiki/Monte_Carlo_
method#cite_note-3.

26

https://www.newyorkfed.org/financial-services-and-infrastructure/financial-market-infrastructure-and-reform/over-the-counter-derivatives
https://www.newyorkfed.org/financial-services-and-infrastructure/financial-market-infrastructure-and-reform/over-the-counter-derivatives
https://www.newyorkfed.org/financial-services-and-infrastructure/financial-market-infrastructure-and-reform/over-the-counter-derivatives
https://www.newyorkfed.org/financial-services-and-infrastructure/financial-market-infrastructure-and-reform/over-the-counter-derivatives
https://onlinelibrary.wiley.com/doi/pdf/10.1002/0471707724.app2
https://onlinelibrary.wiley.com/doi/pdf/10.1002/0471707724.app2
http://www.pbr-book.org/3ed-2018/Sampling_and_Reconstruction/Stratified_Sampling.html#
http://www.pbr-book.org/3ed-2018/Sampling_and_Reconstruction/Stratified_Sampling.html#
http://www.pbr-book.org/3ed-2018/Sampling_and_Reconstruction/Stratified_Sampling.html#
https://www.ntu.edu.sg/home/nprivault/MA5182/change-of-numeraire-forward-measures.pdf
https://www.ntu.edu.sg/home/nprivault/MA5182/change-of-numeraire-forward-measures.pdf
https://www.ntu.edu.sg/home/nprivault/MA5182/change-of-numeraire-forward-measures.pdf
https://ucema.edu.ar/u/jrs06/Derivados_Financieros_2011/Capitulos_Adicionales/CHAPTER_10.pdf
https://ucema.edu.ar/u/jrs06/Derivados_Financieros_2011/Capitulos_Adicionales/CHAPTER_10.pdf
https://ucema.edu.ar/u/jrs06/Derivados_Financieros_2011/Capitulos_Adicionales/CHAPTER_10.pdf
https://en.wikipedia.org/wiki/Monte_Carlo_method#cite_note-3
https://en.wikipedia.org/wiki/Monte_Carlo_method#cite_note-3


Uppsala University • May 2020 • Vol. XXI, No. 1

Appendix 1

A. Principles of Monte Carlo

A.1 Introduction
The first application of the type of analysis that would later
be called Monte-Carlo method can be credited to a French
naturalist Comte de Buffon who, in 1777 [38], pioneered a
method for estimating the value of π based on performing
repeated experiments. The concept was then popularized
right after World War I I, to study nuclear fission. One
of the first articles on this subject was published in 1949
(Metropolis and Ulam). In fact the phrase “Monte Carlo
method” was coined by Ulam, in reference to an uncle
who loved playing the odds at the famous Monte Carlo
casino in Monaco (Hoffman 1998). The underlying idea
of randomness and the repetitive nature of a process is
somewhat related to the games played in a casino. Note
that one of the simplest casino devices for generating
random numbers is the roulette wheel [60].

In the simplest case, Monte Carlo means sampling
randomly from a sea of possible outcomes and taking the
fraction of the random draws that fall in a given set as
an estimate. The central theme is to estimate a specific
parameter θ with a corresponding estimator θ̃ obtained
from observed, empirical data. This estimator θ̃ is required
to meet a particular set of criteria based on the statistical
properties such as unbiasedness, consistency, efficiency [33].

The method is very useful in obtaining numeri-
cal solutions to problems where no analytically tractable
solution with a deterministic algorithm exists. The most
common application of the Monte Carlo method is the
Monte Carlo integration [64].

A.1.1 Monte Carlo Integration

Monte Carlo Integration ideally puts the quantity of inter-
est in the form of an expected value. Consider the problem
of estimating the integral of a function f over the unit
interval. The integral may be represented as

α =
∫ 1

0
f (x) dx (92)

as an expectation E[ f (U)], with U uniformly distributed
between 0 and 1 [37]. Suppose we are able to draw points
U1, U2, ... independently and uniformly from [0, 1]. Eval-
uating the function f at any given n and averaging the
outcomes generate the Monte Carlo estimate

α̃n =
1
n

n

∑
i=1

f (Ui). (93)

If f is indeed integrable over [0, 1] then, by the strong law
of large numbers, ensures that this estimate converges to the
true value as the number of draws increases.

lim
n→∞

1
n

n

∑
i=1

f (Ui) = α. (94)

This implies that

α̃n → α, with probability 1 as n → ∞. Thus α̃ is
the unbiased estimator for α [27, 37].

Suppose f is quadratically integrable given by the set up

σ2
f =

∫ 1

0
( f (x)− α)2 dx, (95)

Then the disturbance term or the error term (α̃n − α) is ap-
proximately [24]

• Gaussian distributed

• µ = 0 (Mean)

• σ =
σf√

n (Standard deviation)

By applying the theorem of central limit, the quality of the
standardized estimator (α̃− α)/(σf /

√
n) improves as the

number of replications n increases. This argument is com-
monly expressed as

α̃− α

σf /
√

n
⇒ φ(0, 1). (96)

Accordingly, the error term

α̃− α ≈ φ(0, σ2
f /n). (97)

In a given set up where α is unknown, the element σf
would typically be unknown but could potentially be esti-
mated using the sample standard deviation

s f =

√
1

n− 1

n

∑
i=1

( f (Ui)− α̃n)2. (98)

The standard error of the form σf /
√

n is a fundamental
component in the Monte Carlo methods. Reducing it by
half demands increasing the number of points by a factor
of four. This means to gain an additional decimal digit of
accuracy the number of sample points must be increased
by a factor of 100. It is not unusual for Monte Carlo cal-
culations of integrals to require millions of the integrand
[40, 33].

Generally, Monte Carlo methods are not compet-
itive tools for integrals in one-dimensions. The value as
a computational tool lies in the fact that its convergence
rate is independent of the number of dimensions. Thus,
for example, one million points in six dimensions amounts
to only ten points per dimension, which is much far bet-
ter than any type of conventional quadrature rule would
require for the same level of accuracy [40, 33].
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A.1.2 Some first examples

Monte Carlo integration

In order to better illustrate the application of the Monte
Carlo tools in a stochastic framework, we will consider a
trivial case bearing in mind that analytical solutions are
available and that our case is just illustrative [18].

Monte Carlo estimates and errors
n 10 100 1 000 10 000 100 000
α̃ 89.0911 95.3314 93.4988 94.0059 93.8314
εn 4.724 1.516 0.316 0.191 0.019

Table 1: MC estimates and the standard errors.

Consider the Problem [27]

α =
∫ 5

4
exp(x) dx. (99)

We can solve Equation (99) analytically, giving us
the true value

α = (e− 1)e4 ≈ 93.815. (100)

However, if we look at the Monte Carlo estimates
α̃n and the errors α̃n − α = εn in table 1 above, we
observe that the estimate α̃ tends to converge to
the analytical solution as the number of draws n
increases [42].

Appendix 2

B. Random numbers and variables

The mathematical theory of Monte Carlo simulation
is usually built around the simple notions of a ran-
dom experiment, the outcomes of a random experi-
ment. The applicability and success of Monte Carlo
experiment generally rests on two pillars. First, the
performance of the underlying model. Secondly, the
"quality" of the random samples that are used to
reproduce the statistical properties of the random
processes they are supposed to mimic [47] . Thus,
because of the decisive role played by random sam-
ples, the subject of random number generation has
become an important spin-off of the study of Monte
Carlo methods [51].

The main objectives of this section are to
present some of the primary generators widely used,

briefly discuss their implementations as well as suit-
able transformation strategies applied to obtain the
desired distribution.

B.1 Pseudo-random numbers
As was mentioned in the previous section, the suc-
cess of any Monte Carlo experiment often stands or
falls with how well the random samples reflect true
randomness. While it is complex and difficult to gen-
erate perfectly random numbers, most generators
compute pseudo-random numbers. These numbers are
done in a deterministic and entirely predictable way to
mimic the properties of true random numbers. They
should also pass a number of statistical tests of ran-
domness as portrayed by Kendall [61] and Lotsteddt
[45]. There are two general classes of pseudo-random
number generators that meet these requirements: the
linear congruential generator and the lagged Fibonacci
generator.

B.1.1 Linear congruential generator

These are the most commonly used generators. They
generate the i’th integer xi by

xi = (axi−1 + b)mod M, i = 1, 2, 3, ... (101)

The parameters a, b, x0, M are non-negative integers
such that a, b, x0 < M and a 6= 0. The sequence
is initialized by the seed x0 which has the following
attributes:

1. 0 ≤ xi ≤ M− 1
2. the period is atmost M

With regard to the first, property stems from the
definition of mod. Given a string of M + 1 num-
bers xi at least two of them must be equal. Sup-
pose that xj = xj + p for some p > 0. Then the se-
quence xj, xj+1, ..., xj+p1 is identical to the sequence
xj+p, ..., xj+2p1 and the period is p ≤ M. The upper
bound on the period length M should be chosen
large and preferably a > 0 and b ≥ 0 [45].

With properly chosen a, b, and M, suppose
we are given xi and we want to compute ui = xi/M.
The value of ui will be approximately uniformly
distributed over the interval

[
0, 1
]

such that ui ∼
U
(
0, 1
)

with probability density function f (x) = 1
for x ∈ [0, 1). However, this choice of values has
deficiencies, see [59]. If we need a uniform distribu-
tion in the interval [c, d), then after a transformation
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vi = c + (d− c)ui ∼ U (c, d). MATLAB generates a
square matrix of dimension distributed elements in
[0, 1) with rand(n).

B.1.2 Lagged Fibonacci generator

These type of generators have numerous advan-
tages over their linear congruential counterparts.
One distinguishing feature is their relatively large
period when compared to the linear congruential
generators. The maximum attainable point entirely
depends on the specific operation applied as shown
in table 2 below [2]. Linear congruential generators
also exhibit regularities that render them ineffective
for certain kinds of Monte Carlo applications .

A general lagged Fibonacci sequence is spec-
ified by the recurrence

xk = xk−p ⊕ xk−p+q mod m, (102)

where ⊕ denotes the operation, which could be any
of +,−, ∗, or ⊕ (exclusive or). m = 2l , for generating
l bit random numbers. p is the lag, with the initial p
random numbers being the seed for the generators.

Maximum attainable Periods
Generators xk = xk−p ⊕ xk−p+q mod 2l

Operation Max. attainable period
Addition, mod 2l (2p − 1)2l−1

Subtraction, mod 2l (2p − 1)2l−1

Multiplication, mod 2l (2p − 1)2l−3

Exclusive-or (2p − 1)

Table 2: Maximum attainable periods of lagged Fi-
bonacci.

Lagged Fibonacci generators have long been
known to produce good results on most of the strin-
gent statistical tests, especially the +,−, ∗ operations
[2]. For a thorough and deeper understanding of
these generators, we refer you to Marsaglia [46].

B.2 Transformations of uniform
variates

Previously, we have seen how a sequence of random
numbers can be generated from the probability
distribution U (0, 1). However, the practical imple-
mentation of the Monte Carlo simulation requires
sampling of random number variables, or even

random vectors in a multidimensional case, from
specified, non-uniform distributions. Sampling of
non-uniform random variates is usually done by ap-
plying a transformation to uniform variates i.e. one
transforms samples from the uniform to a desired
non-uniform distribution. Some methods require
that the sequence be independent; other methods
use a random walk sequence, a Markov chain [29].

For some distributions, there are numerous
algorithms that allow one to generate random num-
bers. After accuracy, the next most important factor
to consider while choosing an algorithm is speed.
In this section, We will look at the most “univer-
sally” used techniques – in the sense that they apply
to many different distributions, the inverse transfor-
mation method and the acceptance - rejection method
[27].

B.2.1 Inverse transformation method

This is the most generic method (but not necessarily
the simplest) used, with a key focus on the inverse
of the cumulative distribution function of the dis-
tribution. The idea of inversion is to generate ob-
servations from a given probability distribution by
evaluating the inverse of the corresponding CDF at
a value uniformly distributed between 0 and 1 [43].

To illustrate, suppose we are given the distri-
bution function F(x) = P

{
X ≤ x

}
, with the aim of

generating random variates according to F and F is
easily invertable, the inverse transformation process
may be defined as

1. Draw a random number U ∼ U (0, 1).

2. Return X = F−1(U).

It is straightforward to verify that the random vari-
ate X generated by this process is characterized by
the distribution function F [53, 12] .

P
{

X ≤ x
}
= P

{
F−1(U) ≤ x

}
(103)

(104)

= P
{

U ≤ F(x)
}

= F(x),

using the monotonicity of F and the fact that U is
uniformly distributed.
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For some random variates, the distribution
function does not have the explicit expression of its
inverse function. In such a case, one possibility is to
use the acceptance-rejection method [12] .

B.2.2 Acceptance - rejection method

The acceptance - rejection technique is one of the
most widely applicable methods for generating ran-
dom numbers, and it occurs in many variations. It is
possible to have one variation that uses a sequence
of i.i.d variates from the majorizing density. Another
variation can use a sequence from a conditional ma-
jorizing density. A variation that uses a nonindepen-
dent sequence is referred to as Metropolis method
[29] .

The acceptance - rejection technique makes
use of realizations of another random variable Y
with a probability density gY similar to the probabil-
ity density of X, pX. The basic idea is that selective
subsamples from samples from one distribution are

stochastically equivalent to samples from a different
distribution . The rejection mechanism is designed
so that the accepted samples are indeed distributed
according to the target distribution. The technique
is by no means restricted to univariate distributions
[36].

The generic implementation can be stated as
follows

1. Generate y from the distribution with density
function gY .

2. Generate u from a U(0, 1) distribution.

3. If u ≤ pX(y)/cgY(y), then

(a) take y as the desired realization;
otherwise

(b) return to step 1.

The discussion about the efficiency of the acceptance
- rejection method is not pushed any further in this
paper and it is referred to Gentle [29] for a more
profound treatment on this subtopic.
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