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Abstract

In 1872 Felix Klein published the Erlangen program where he proposed a system to classify
and compare the existing geometries at the time. The structures used to describe them are
known as Klein geometries which are based on Lie groups. Another type of geometry is
Riemann geometry. This thesis will define Klein and Riemann geometry and examine some
known examples of geometry from the point of view of these.
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1 Introduction
In 1872 Felix Klein published the Erlangen program where he proposed a system to classify
and compare the existing geometries at the time. The idea was to use algebra to describe the
transformations that preserve the invariants of the underlying space of the geometry. The trans-
formations form an algebraic group which acts on the space, making it homogeneous. Therefore
the underlying space can be described as the quotient of the group of transformations with one
of its subgroups that has certain properties. The group belongs to a specific type of groups
called Lie groups. This means that they are smooth manifolds such that their group structure
coincide with a certain topological property, and therefore they are useful for describing the
symmetries of a space. This perspective on geometry is called Klein geometry.

During the 19th century Bernhard Riemann originated what is called Riemann geometry. This
type of geometry studies Riemann manifolds; smooth manifolds who admits a Riemann metric.
With these metrics isometries of the manifolds can be defined and studied, and these isometries
form a group that acts on the manifold in question. When this group acts transitively on the
space it turns it into a homogeneous Riemann manifold. This is similar to Klein geometry and
the two perspectives coincide at times.

In this thesis I will define what Klein geometry (and Riemann geometry) is, give an idea of its
usefulness, and present four relevant examples: Euclidean, spherical, projective, and hyperbolic
geometry. The latter two will only be done in one and two dimensions respectively.

2 Lie Groups

Lie groups are an essential part of the study of Klein geometry. They are spaces that have both
algebraic and topological properties who coincide in such a way that they represent symmetries
well. To properly define a Lie group firstly groups and manifolds, and their related concepts
must be defined and discussed.

2.1 Algebra

The following section will cover the relevant parts of group theory needed for discussing Lie
groups. A group is a set together with a binary operation which gives the set a particular
structure. This structure is the same that the integers gets from (the usual) addition and it can be
described in the following way. The set is closed under the operation, meaning that no element
outside of the set can be obtained by using the operation on two elements of the set. The result of
the operation of two elements must therefore still lie in the set. The operation is associative, and
there is a unique element of the set called the identity element (or just the identity), exhibiting
the same properties as 0 does in Z with respect to addition. These properties are the following:
the operation of the identity and an element in the set will always be the element, and every
element has an inverse element such that these two elements under the operation is the identity.
These properties are formalized in the definition below.

Definition 2.1. A group is a set G together with a binary operation · called multiplication on G,
written (G, ·), such that

4



(i) a · b ∈ G, ∀ a, b ∈ G

(ii) (a · b) · c = a · (b · c),∀ a, b, c ∈ G

(iii) ∃ e ∈ G such that e · a = a · e = a, ∀ a ∈ G

(iv) ∀ a ∈ G, ∃ y ∈ G such that a · y = y · a = e

Above the identity is denoted e, and the inverse of x is y.

Example 2.1. Some examples of groups that will be important later are

• The orthogonal group of dimension n: (O(n), ·) where O(n) is the set of all orthogonal (M
such that MT = M−1) , n × n matrices with real entries and ’·’ is matrix multiplication.

• The Euclidean group of dimension n: (E(n), ◦), where E(n) is the set of all isometries of
Rn and ’◦’ is function composition.

• The general linear group: (GLn(F), ·), where GLn(F) is the set of all n × n invertible
matrices (ie with non-zero determinant) with entries from F (R or C), and ’·’ is matrix
multiplication.

• The special linear group: (SLn(F), ·), where SLn(F) is the set of all n × n matrices with
determinant ±1 with entries from F (R or C), and ’·’ is matrix multiplication.

• Special orthogonal group: (SO(n), ·), where SO(n) is the set of all n× n orthogonal matri-
ces with determinant 1.

The above examples except for the Euclidean group are so-called matrix groups. A handy tool
would be to determine if two groups are structurally the same. This tool exists and it is called
group homomorphisms.

Definition 2.2. A group homomorphism between two groups (G, *) and (H, ·) is a function
f : G → H such that f (a ∗ b) = f (a) · f (b) holds for all a, b ∈ G.

A bijective homomorphism is called an isomorphism (and the groups are then isomorphic). An
isomorphism from a group to itself is called an automorphism, and the set of all automorphisms
of a group G form the automorphism group Aut(G). Another thing that would be handy is if a
subset of a group could inherit the structure.

Definition 2.3. A subgroup of a group G is a subset H of G such that

(i) e ∈ H

(ii) x ∈ H ⇒ x−1 ∈ H

(iii) x, y ∈ H ⇒ x · y ∈ H

A subgroup is denoted as H < G.
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Example 2.2. Some examples of subgroups are:

• the set {e} is called the identity subgroup, and is a subgroup of every group

• O(n) is a subgroup of E(n)

• SLn(F) is a subgroup of GLn(F)

• SO(n) is a subgroup of O(n)

• the stabilizer subgroup of any group will be defined later.

With the subgroup of a group one can divide the group into disjoint subsets of equal size. These
are called cosets.

Definition 2.4. If G is a group and H < G, then the (left) coset of H in G with respect to an
element g ∈ G is the set

gH = {g · h | h ∈ H}

Example 2.3. Some examples of cosets are:

• if H = {... − 4,−2, 0, 2, 4...},G = Z, then the coset w.r.t. 1∈ Z is
1{... − 4,−2, 0, 2, 4...} = {... − 3,−1, 1, 3, 5...}

• H is the coset of a for all a ∈ H

The right coset is the set Hg, and H is called a normal subgroup if and only if the right and left
cosets coincide for all g ∈ G.

Example 2.4. Some normal subgroups are:

• N = {e}, for any group G.

• N = G for any group G.

• N < G where G is an abelian group (ie when the group operation is commutative)

• The translation group T (of all translations) is a normal subgroup of the E(n) in any
dimension

The set of all cosets of a subgroup from a set, and if the subgroup is normal it becomes a group.
This is referred to as taking the quotient of the subgroup.

Definition 2.5. Let N be a normal subgroup of a group G. The quotient group with respect to
N is the set of cosets of N:

G/N = {gN | g ∈ G}

The group structure of the quotient group is inherited from (G, ·G) and N in the following way:
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(i) e = eN is the identity element

(ii) · is the operation such that aN · bN = (a ·G b)N

(iii) a−1N is the inverse of aN

Groups can also act on arbitrary sets by associating a permutation of the set to an element of G.
This is called a group action.

Definition 2.6. A (left) group action of a group G on a set X is a mapping

G × X → X
(g, x) 7→ g · x

such that

(i) 1·x = x, ∀x ∈ X

(ii) g·(h · x) = (gh) · x, ∀g, h ∈ G, x ∈ X

A group action generates a subgroup with respect to an element of the set. The action is said to
be transitive if X is non-empty and if for all x, y ∈ X there exists a g ∈ G such that g · x = y.

Definition 2.7. Let G act on X. The stabilizer of a point x ∈ X is the set {g ∈ G | g · x = x}.

The stabilizer of any point x of X is a subgroup of G, containing all the elements of G that takes
the point to itself and it is denoted Gx.

2.2 Topology

The following section will cover the relevant parts of topology needed for discussing Lie groups.
These parts are basic topology and manifolds (in particular smooth manifolds.) A topology
is a set together with a collection of subsets. The intuition behind a topology is to measure
”closeness” in a vague sense. If two elements are part of the same set in the collection they are
”close” to each other. Keep in mind that this closeness has nothing to do with the actual metric
distance between the points. A manifold is a type of a topological space that has additional
structure that admits additional properties that are important.

Definition 2.8. A topology on a set X is the pair (X,T ) where T is a collection of subsets of X
such that

(i) X ∈ T and ∅ ∈ T

(ii) the union of the elements of any subcollection of T is in T

(iii) intersections of any finite subcollection of T is in T
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The elements of T are called the open sets of X (with respect to the topology T ) and the comple-
ment of an open set is called a closed set. They are denoted U ⊆op X and U ⊆cl X respectively.
Furthermore X is referred to as a topological space, or space for short.

Example 2.5. Some examples of topologies are

• (X,T ) where X is any set and T = {X, ∅}. This is called the trivial topology

• (X,T ) where X is any set and T is the set of all subsets of X. This is called the discrete
topology

• (Rn, T ) where T is the set of all unions of all ε-balls Bε(x) centered at the point x, con-
taining all the points which is less than distance ε > 0 away from x. This is called the
standard topology on Rn.

• If (X,T ) is a topology and S ⊂ X is a subset, the the subspace topology on S is TS =

{S ∩ U | U ∈ T }

• The quotient topology requires more legwork and will be defined below.

When referring to Rn as a space, it is implied that it is with the standard topology. The same
goes for if something is referred to as a subspace of a topological space, then it is implied that
it is with the subspace topology. A closed subspace that also is a subgroup of GLn(F) are called
matrix groups. The last topology mentioned is the quotient topology. It can be thought of as
gluing parts of spaces together to get new spaces, usually with the help of equivalence classes.
It is defined with the help of a map called a quotient map.

Definition 2.9. Let X and Y be topological spaces. A quotient map is a surjective map q : X →
Y such that U ⊂op Y if and only if q−1(U) ⊂op X

Definition 2.10. Let X be a space and A a set. The quotient topology T on A is the unique
topology T such that a surjective map q : X → A is a quotient map. Then T is called the
quotient topology induced by q. If ∼ is an equivalence relation on X, then the quotient space is
X/∼, where the quotient map q : X → X/∼ exists. (Here q is the canonical map.)

Moving on to the ways that topological spaces can relate to one another, there are maps that
somewhat ensure a certain amount of structure. These are called continuous maps.

Definition 2.11. A map f : X → Y where X and Y are topological spaces, is a continuous map
if ∀ V ⊆op Y: f −1(V) ⊆op X.
In other words, the pre-image of every open set in Y is open in X.

The continuity of a map is a very useful concept, and one of its more important uses are in the
definition of the tool to see if two topological spaces have the same topological structure. This
tool is referred to as homeomorphisms.

Definition 2.12. A map f : X → Y , where X and Y are topological spaces, is a homeomorphism
if

(i) f is a bijection
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(ii) f is continuous

(iii) the inverse function f −1 is continuous

Two topological spaces are said to be homeomorphic if there exists a homeomorphism between
them. The topological structure that homeomorphisms preserve can be seen as a set of proper-
ties. These properties are called topological properties, or topological invariants, and some of
them will be defined below.

Example 2.6. Some examples of spaces that are homeomorphic are

• the interval (a, b) is homeomorphic to R, ∀ a, b ∈ R, a < b

• the unit sphere in R3 with one point removed is homeomorphic to R2 through stereo-
graphic projection.

• R2 is homeomorphic to C

Now to some examples of topological properties: connectedness and compactness.

Definition 2.13. A connected space is a topological space that cannot be represented as the
union of two or more (nonempty) disjoint open sets.

Definition 2.14. An open cover of a topological space X is a collection of open subsets such
that their union is equal to X.

Definition 2.15. A space X is compact if every open cover of X contains a finite subcollection
that also covers X.

There exists a handy theorem used to determine the compactness of certain spaces.

Theorem 2.1. A subset of Rn is compact if and only if it is closed and bounded.

Proof. can be found on page 40 of [5] �

It is now time to define the kind of topological space known as a manifold. There are several
way to define a manifold and here a ”simpler” one will be used. Intuitively, a manifold can be
seen as pieces of a big real space ”glued” together. In other words, they are spaces that locally
looks like RN . The formal definition is somewhat technical.

Definition 2.16. A manifold M is a subspace of RN such that for each point x in M, there exists
an open set U containing x such that U is homeomorphic to an open subset V of Rn, n ≤ N.
Then M is called an n-manifold.

Example 2.7. Some examples of manifolds are

• Rn trivially, since every open subset of Rn is homeomorphic to itself

• All matrix groups are manifolds.
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Like groups and regular topological spaces, manifolds can have a substructure as well. This is
called a submanifold and is defined as follows.

Definition 2.17. A subset N of an n-manifold M is a submanifold of dimension k if for each
x ∈ N there exists an open subset U of M containing x, and a homeomorphism f : U → V ,
V ⊆op R

n such that
x ∈ f −1(V ∩ (Rk × {0})) = N ∩ U

This can be though of as N inheriting the homeomorphisms for x from M. A special type
of manifolds are smooth manifolds. These have an additional structure that ensures that the
”surface” of the manifold is well-behaved. The structure is called smoothness and is first defined
in relation to maps.

Definition 2.18. Let U and V be open subsets of Rn and Rm respectively. A map f1 : U → V is
called smooth if its partial derivatives of all orders exists and are continuous.
Now let X and Y be arbitrary subsets of Rn respectively Rm. Then a map f2 : X → Y is called
smooth if for all x ∈ X there exists an open set U ⊂op R

n containing x and some smooth map
F : U → Rm where F and f2 coincides on U ∩ X.

It is worth noting that the composition of two smooth maps is also a smooth map. Like con-
tinuous maps, smooth maps play a role in the definition of the tool used to determine if two
(differentiable) manifolds have the same structure. This tool is called a diffeomorphism.

Definition 2.19. A diffeomorphism is a map f : X → Y between subsets of Rk and Rl respec-
tively such that

(i) f is a homeomorphism

(ii) f is a smooth function

(iii) f −1 is a smooth function

With the definition of a diffeomorphism, the definition of a smooth manifold can be made.

Definition 2.20. An n-dimensional smooth manifold is a subspace M ⊂ RN where every x ∈ M
is contained in an open set U of M that is diffeomorphic to an open subset V of Rn

Such a diffeomorphism φ : V → U is called a parametrization of the neighbourhood U. The
inverse φ−1 is called a coordinate system on U. Note that all smooth manifolds are topological
manifolds, since any diffeomorphism is in particular a homeomorphism. Smooth manifolds also
have a way of generating substructures. The definition for this is fairly simple.

Definition 2.21. A smooth submanifold N ⊆ M is a submanifold of a smooth manifold M ⊆ RN ,
where N ⊆ RN is itself a manifold.
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2.3 Lie Group

A Lie group is a set which has both algebraic and topological properties. It belongs to a bigger
type of structure known as a topological group, in which the group operation and inversion
map are continuous with respect to the topology. Lie groups are topological groups that are
manifolds, with some extra constraints. This type of structure makes it so that Lie groups are
well-suited for describing symmetries of spaces.

Definition 2.22. A Lie group G is an algebraic group that is also a smooth manifold such that

(i) the multiplication function G ×G → G : (a, b) 7→ a · b is a smooth function

(ii) the inverse function G → G : a 7→ a−1 is a smooth function

Example 2.8. Some examples of Lie groups are

• Rn with group operation addition.

• Cn with group operation addition.

• All matrix groups are Lie groups

Proof for the last example can be found in section 7.6 of [3]. It can also be shown that all
compact Lie groups are matrix groups (Theorem 10.1 [3]). As with all the other structures
previously defined, a substructure also exists for Lie groups.

Definition 2.23. Let G be a Lie group and H a closed subgroup H < G that is also a submanifold
of G. Then H is called a Lie subgroup of G.

The restrictions to H of the multiplication and inverse maps on G are smooth, and therefore
H is also a Lie group in itself. Topological groups and their subgroups can together form new
topological spaces on which the group can act. These are called coset spaces and are defined as
follows.

Definition 2.24. A coset space is the (algebraic) quotient G/H of a topological group G, where
H is a subgroup of G. This is a topological space equipped with the quotient topology with
respect to the relation:

x ∼ y⇔ x · y−1 ∈ H.

If H is normal then G/H inherits the group structure as well. G will act on X = G/H through
the continuous group action g(g′H) = (gg′)H, (g′, g ∈ G). This action is transitive, making X a
homogeneous space.

2.4 Riemann Geometry

Before going into Klein geometry, another type of geometry will be presented first: Riemann
geometry. It is the study of Riemann manifolds and it shares some characteristics with Klein
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geometry. Riemann manifolds are smooth manifolds who have a metric on its tangent spaces
called a Riemann metric. This means that some definitions must first be made to be able to
define a Riemann manifold, starting with the tangent space of a point.

Definition 2.25. Let M be a smooth manifold and g a parametrization g : V → M, of a
neighbourhood g(V) of p such that g(v) = p for some v ∈ V .
g can be thought of as a mapping from V to RN such that the derivative dgv : Rn → RN is well-
defined. The tangent space of p ∈ M is then the image of this derivative, Tp(M) = Im(dgv(Rn))

This definition does not depend of the choice of the parametrization g, and a tangent space is
a vector space, not a topological one. Furthermore, its elements are the tangent vectors of the
point p and Tp(M) is also a subset of RN . Taking tangent spaces of all points of a smooth man-
ifold forms a tangent bundle, which is somewhat important when defining a Riemann metric.

Definition 2.26. The tangent bundle T (M) of a smooth manifold M ⊂ RN is the pair of a point
p in M and a vector in the tangent space of p:

T (M) = {(p, v) ∈ RN × RN | p ∈ M, v ∈ Tp(M)}

The tangent bundle of a smooth manifold inRN is itself a smooth manifold contained in RN×RN .
Some other things needed for defining a Riemann metric are bilinear forms and inner products.

Definition 2.27. A bilinear form on a vector space V is a function B : V × V → R such that for
all u, v,w ∈ V and for all a, b ∈ R the following holds:

B(au + bv,w) = aB(u,w) + bB(v,w)
B(w, au + bv) = aB(w, u) + bB(w, v)

A bilinear form is called

• symmetric if B(u, v) = B(v, u) for all u, v ∈ V

• positive definite if B(u, u) ≥ 0 for all u ∈ V with equality if and only if u = 0.

Definition 2.28. An inner product on a vector space is a bilinear form that is symmetric and
positive definite. It is denoted 〈·, ·〉.

A Riemann metric is a collection of inner products on the tangent space of every point of a
smooth manifold, such that the inner products varies smoothly on the point as the point varies
on M. This is formally defined as follows.

Definition 2.29. Let g be a collection of inner products on a smooth manifold M. A Riemann
metric g is a smooth function from

T (M) ⊕ T (M) = {(p, v,w) ∈ M × RN × RN | p ∈ M, v,w ∈ Tp(M)} ⊆ RN × RN × RN

to R that is an inner product on every Tp(M) ⊕ Tp(M).

This metric ensures that some geometric properties can be discussed and defined on the smooth
manifold. Examples of these properties are angles, length of curves, and curvature of surfaces,
all which are important concepts i geometry.
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Definition 2.30. A Riemann manifold is a pair (M, g) of a smooth manifold M and a Riemann
metric g on M.

The Riemann metric makes it so that area, angles, and distance between points are well-defined
and work in a nice way. This means that geometric properties, in particular isometries, can
be discussed. Isometries are maps that preserve the metric of the space. It can be defined as
between different spaces and as transformations of a single space.

Definition 2.31. let M, N be smooth manifolds, ϕ : M → N and g : T (N) ⊕ T (N) → R be
smooth maps. Then the pullback of g by ϕ is the smooth function ϕ∗g on T (M) ⊕ T (M) is

(ϕ∗g)p(V,W) = gϕ(p)(dϕp(V), dϕp(W))

where V,W ∈ TpM and p ∈ M

If ϕ is an immersion and g is the Riemann metric of N then the pullback of g is a Riemann metric
of M. Intuitively it can be thought of as ”pulling” the metric of N ”back” onto M through the
smooth function.

Definition 2.32. An isometry is a diffeomorphism ϕ : M → N of the Riemann manifolds (M, g)
and (N, g′) where g = ϕ∗g′.

All isometries of a Riemann manifold M (ie ϕ : M → M) for a group under composition. The
group is called the isometry group, Isom(M, g) of M, and it has some properties.

Theorem 2.2. p.106 in [2]. Let (M,g) be a Riemann manifold. Then the following holds:

1. Isom(M,g) is a Lie group and its action om M is smooth.

2. For all x ∈ M the stabilizer subgroup Ix(M, g) = { f ∈ Isom(M, g) | f (x) = x} of Isom(M,g)
is closed.

the following corollary of this theorem can be found on page 178 in [4].

Corollary 2.2.1. Let (M, g) be a Riemann manifold. The following holds.

1. Ix is a compact subgroup of Isom(M,g)

2. If M is compact then Isom(M,g) is also compact

3 Klein Geometry

As mentioned in the introduction, Klein geometry is perceiving geometry as the transformations
of the underlying space that preserves the invariants of the geometry. What these invariants are
depend on the geometry in question. The transformations in question form a Lie group that
transitively acts on the underlying space and thus making it a homogeneous space. This group
action is the one induced by a quotient, meaning that the underlying space is the quotient of the
group of transformation and one of its subgroups.
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Definition 3.1. A Klein Geometry is a pair (G,H) where G is a Lie group and H is a Lie
subgroup of G such that the (left) coset space X = G/H is connected.

Sometimes the space X is called referred to as the Klein geometry. The inherit transitivity of
the action on a coset space ensures that X is a homogeneous space. The extra structure given by
the Lie group to its coset space gives some relevant results presented in the following theorem
(Theorem 2.9.4 in [6]).

Theorem 3.1. Let G be a Lie group and H a closed Lie subgroup of G. Then there exists
exactly one smooth structure on G/H = N which converts it into a smooth manifold such that
the natural action of G on N is smooth. If M is any smooth manifold on which G acts smoothly
and transitively, x0 ∈ M, and Gx0 is the stability subgroup at x0, then the map

gGx0 7→ g · x0

is a smooth diffeomorphism of G/Gx0 onto M.

What this theorem says is that if there is a Lie group and a Lie subgroup, their quotient is a
smooth manifold. On the other hand, it also says that if there is a Lie group that acts smoothly
and transitively on a smooth manifold, then the stabilizer of any point (which is closed) can
be quoted with the Lie group which then becomes the manifold in question. As mentioned in
section 2.4, the isometry group of a Riemann manifold acts smoothly on in, and if this action
is transitive then it is easy to see how this relates to Klein geometry. It is however not a one-
to-one correspondence: If the geometry in question does not have distance as an invariant, then
isometries might not be preserving the invariants.

4 Examples

Some basic examples of geometries are Euclidean, spherical, projective, and hyperbolic geome-
try. These can all be explored using the perspective of Klein geometry. Euclidean and spherical
geometry will be presented in n dimensions, while projective geometry example will be the one
of the complex plane in one dimension. Similarly the example of hyperbolic geometry will only
be explored in two dimensions.

4.1 Euclidean Geometry

Euclidean geometry, also know as ”school geometry”, is the type of geometry most people are
familiar with. It focuses on distance between points, angles between lines, and the combination
of these two. Usually it is defined by four axioms and the theorems that follow from them.
These decide how points and lines interact, becoming shapes like triangles, circles, spheres,
cubes and other. Another way to interpret Euclidean geometry is through the transformations
that these shapes are invariant. But before going into the details of the transformations, the
underlying space of the geometry should be introduced properly.
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The underlying space of the Euclidean geometry is the Euclidean space Rn, which is known is
a smooth manifold. It is equipped with a Riemann metric through the standard inner product
〈x̄, ȳ〉 =

∑n
i=1 xiyi, x̄, ȳ ∈ Tp(Rn), on the tangent spaces of Rn. The tangent spaces of Rn are

isomorphic to it which is why the collection of these inner products varies smoothly on Rn. The
Riemann metric is commonly called the Euclidean metric.

Moving on to the group of transformations that will preserve the invariants of the geometry,
the Euclidean group E(n) will be discussed. E(n) is the group of all isometries of Rn, i.e all
bijections fromRn to itself that preserves the distance between point. This means that angles and
areas are also preserved, and therefore the shapes will be invariant under these transformation as
well. There are three different types of isometries in Euclidean geometry: translations, rotations,
and reflections. A translation can be seen as moving all points the same distance in the same
direction. This can be represented by adding a vector v̄ to all points of Rn. All translations of Rn

form the translation group T(n), which is isomorphic to Rn. This is a normal subgroup of E(n).
A reflection is the movement of points across a hyperplane (i.e fixed point(s)) such that the new
set of points form the mirror image of the old set. A rotation can be seen as the movement of the
space around one fixed point. One rotation is equivalent to several reflections after each other.
More precisely, a rotation in Rn is made up of at most n reflections. All rotations and reflections
of Rn form the orthogonal group O(n). O(n) is a subgroup of E(n) and can be represented by the
invertible n × n matrices whose transpose multiplied with itself becomes the identity matrix.

Knowing the different types of elements of E(n) is the key to knowing the structure of every
element of it: any element of E(n) is the result of a translation followed by an orthogonal
transformation. However, if the orthogonal transformation is done first and then the translation,
the result will not be the same isometry. These properties stem from the fact that the Euclidean
group is the semidirect product of the translation group and the orthogonal group, and not the
Cartesian product (even if the Cartesian product is a type of semidirect product):

E(n) = T(n) o O(n)

The semidirect product is defined as such:

Definition 4.1. Let H and N be groups and ϕ : H → Aut(N) a group homomorphism such that
ϕ(h) is a group action of h on N. The semidirect product N oϕ H is the Cartesian product N ×H
together with the multiplication

· : (n, h) · (n′, h′) = (n hn′, hh′) ∀n, n′ ∈ N, h, h′ ∈ H

where hn′ is the action of h on n′.

It can be shown that the semidirect product is a group, but it is also possible to define a semidi-
rect product from subgroups of a group (proposition 11.2 in [1]).

Proposition 4.1. A group G is isomorphic to G1 o G2, G1,G2 groups, if and only if G has
subgroups A /G,H < G such that A � G1, B � G2, A ∩ B = 1, and AB = G.

In this case the action associated with the semidirect product is hn = hnh−1. If E(n) is taken to
be G, T(n) to be A, and O(n) to be B, then it is clear that E(n) is the semidirect product of T(n)
and O(n), thus giving it the properties previously stated.
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Now to put the pieces together. The Lie group is E(n) and the underlying space is Rn. The Lie
subgroup H needed to quote E(n) with to get Rn is the missing piece. Looking at E(n) as the
semidirect product gives a clue: T(n) is isomorphic to Rn, which means that if the O(n) part of
the product is put to be ”the same”, the result would be the underlying space. This is done by
quoting E(n) with O(n):

E(n)/O(n) = (T(n) o O(n))/O(n) = {(t, I) | t ∈ T(n)} = Rn

Since Rn is connected and O(n) is a Lie subgroup to E(n), (E(n), O(n)) is the Klein geometry
associated with Euclidean geometry.

Another approach is to look at O(n) and see that it is the stabilizer subgroup of E(n) fixing the
origin 0̄ ∈ Rn, and showing that E(n) acts transitively on Rn. Let x̄ and ȳ be elements of Rn.
There exists a translation mapping x̄ to ȳ, namely x̄ 7→ x̄ + (y − x). This holds for every pair of
elements. Since all elements in E(n) is a translation followed by a orthogonal transformation,
all pairs of elements of Rn can be mapped to each other through the action of E(n) by doing
the translation and then the unit orthogonal transformation that does nothing. Thus the action
of E(n) on Rn is transitive and by the second part of Theorem 3.1 E(n)/O(n) is diffeomorphic to
Rn.

4.2 Spherical geometry

The next example is spherical geometry. It is similar to Euclidean geometry in regard to invari-
ants but with a different underlying space. The space is the n-sphere S n which is a subspace of
Rn+1, inheriting its structure. The set is defined as all points with a set distance from the origin.
This distance is usually taken to be 1 (which can be done without loss of generality).

S n also has a Riemann metric transforming it to a Riemann manifold. This metric is the restric-
tion of the Euclidean metric (mentioned in the previous example) to the sphere. It is denoted
ground, as in the round metric.

As mentioned the invariants are distances of points, angles and lines. However in spherical
geometry lines are not the same is in the Euclidean case, but great circles, i.e circles with radius
1. This means that two lines meet in exactly two points. When doing geometry on a sphere,
it can be thought of as rotating or reflecting the ambient space with the origin fixed, since all
points of the sphere is at the same distance from the origin. This, as known from Euclidean
geometry, are the orthogonal transformations, forming the orthogonal group O(n+1). These
preserve the invariants and is therefore the transformation group of spherical geometry.

The Lie group of the Klein geometry is O(n+1) and the smooth manifold is S n. To get the Lie
subgroup Theorem 3.1 will be used. The things needed to be shown is that O(n+1) acts transi-
tively on S n, and the stabilizer of a point need to be found. Beginning with the Lie subgroup,
looking at the stabilizer of the point p = (0, ... , 0, 1) ∈ S n. Observe that if B ∈ O(n+1) then
B · p = p if the last (rightmost) column of B is (0, ... , 0, 1)T . Also note that for B to be orthogo-
nal, the (regular) dot product of two different columns must be 0 and their (standard) norm must
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be 1. Therefore B must be of the form 
0

B′ ...
0

0 ... 0 1


where B′ is an orthogonal matrix of dimension n. This means that the set of these matrices, the
stabilizer of p, can be seen as O(n) with its group structure.

Moving on to showing that O(n+1) acts transitively on S n. It is enough to show that the north
pole p = (1, 0, ... , 0) can be mapped to every point of the sphere through an orthogonal trans-
formation. Since an orthogonal transformation can be seen as a change of orthonormal basis,
a matrix A is an orthogonal matrix if and only if its columns form an orthonormal basis of Rn.
Let x ∈ S n and choose an ON-basis containing x and denote it {x, v2, ..., vn+1}. This can be done
using the Gram-Schmidt process, and x has norm 1 because it lies on the sphere. Now let A

be

 | | |

x v2 ... vn+1

| | |

. Since the columns are orthonormal, A ∈ O(n+1). Furthermore, A · p = x

for all x ∈ S n, meaning that p can be mapped to every point of the sphere using an orthogonal
transformation. Thus O(n+1) acts transitively on S n, and by Theorem 3.1 S n = O(n+1)/O(n)
holds.

4.3 Complex Projective Geometry in One Dimension

The next example is complex projective geometry in one dimension. Before going into details,
a different simpler example will be presented to give an idea of how it works.

Let l1 and l2 be two lines that intersect at some point in R2. By taking a point a ∈ l1 there is a
(fixed) point p ”between” the lines such that the line going through these points are parallel to
l2. Now, by taking a point x ∈ l1 and drawing a line through x and p, the new line will intersect
l2 at a point y. This can be seen as projecting x onto y through p. By moving x along l1, y will
also change, meaning that different points project to different points, and so l1 is being projected
onto l2. However, there is one point of l1 that is not being projected onto something: the point
a. As known from the construction of p, when x approaches a, x will project further away, and
when x = a, the projection line will be parallel to l2. So to make the projection well-defined, a
”point at infinity” is added to l2, making sure that all points of l1 project onto a point.

This example is the basic idea behind real projective geometry in one dimension. The line
l2∪{∞} is denoted the real projective line, and is the underlying space of this geometry. The idea
of projective geometry is to study figures as they are projected onto a surface. The invariants
under projection are cross-ratio and projective lines (lines with the point at infinity). There
exists a Riemann metric on projective spaces. In the case of complex projective geometry of
one dimension this metric is the Fubini-Study metric. However, the action of the group of
isometries from this metric acting on the projective space is not the same as the one preserving
the invariants of the projective geometry, since distance is not an invariant.

Going into the example in focus of this section, it is unsurprising that the underlying space of
complex projective geometry in one dimension is the complex projective line CP1 = C ∪ {∞}.
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The most common way to see the projections is to imagine a unit sphere in the complex plane
with center at the origin. By drawing a line from the north pole through any other point of
the sphere this line will intersect the plane in one point, thus projecting the point onto the
plane. This is called stereographic projection, and the maps that describe it are conformal
(angle preserving). Moreover, the point (0, 0, 1) of the sphere will project onto the point at
infinity when dealing with the complex projective line, since it is otherwise undefined. This
sphere is called the Riemann sphere and it is a model of CP1. The maps that describe these
projections are called Möbius transformations, which are a type of stereographic projections).
An invariant for this specific example is ”lines”, although here ”lines” mean both circles and
lines, as they can be mapped to each other because of the point at infinity.

All Möbius transformations are of the form

f : CP1
→ CP1

z 7→
az + b
cz + d

with a, b, c, d ∈ C, and ad − bc , 0 since if ad = bc, then the function would be a constant
and therefore not a Möbius transformation. To ensure that the function is defined everywhere

f (−
d
c

) = ∞ and f (∞) = a/c if c , 0, and f (∞) = ∞ if c = 0 are added into the definition.

A Möbius transformation can also be represented as a 2 × 2 matrix
(
a b
c d

)
with non-zero

determinant, where a, b, c and d is the same as in the fraction form. All of these transformations
form a group under composition (or matrix multiplication depending on the representation)
called the Möbius group. The first step to identifying this group is to look at the determinant.

The determinant of a 2 × 2 matrix
(
a b
c d

)
is equal to ad − bc. Since a matrix is invertible if

and only if its determinant is non-zero, which is the case for Möbius transformations, known
from its definition, the matrices representing the Möbius transformations can be represented by
elements of GL2(C), the general linear group of complex matrices of dimension 2 (the set of all
invertible matrices). However, they do not form GL2(C) on a one to one correspondence, since
some matrices of GL2(C) represent the same Möbius transformation. These are the matrices
that are scalings of each other since:(

λa λb
λc λd

)
�
λaz + λb
λcz + λd

=
az + b
cz + d

�

(
a b
c d

)
, λ ∈ C× = C\{0}

To get the actual group containing the Möbius transformations without duplicates, the scalings
of a matrix must be thought of as the same element. This can be achieved by quoting GL2(C)
with the subgroup {λ · I2 | λ ∈ C

×}. This quotient is the transformation group of CP1, and it is
also a Lie group. It is called the projective general linear group, and is denoted PGL2(C) and
through the following isomorphism theorem it can be shown that PGL2(C) is also isomorphic
to SL2(C)/{±I2}.

Theorem 4.2. theorem 5.9 in [1]. Let G be a group, S < G, and N /G. The following holds:

i SN is a subgroup of G

ii S ∩ N is a normal subgroup of S
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iii The groups SN/N and S/S ∩ N are isomorphic

By taking G =GL2(C), S =SLn(C) and N = {λ · I2 | λ ∈ C
×}, and knowing that SN = GL2(C),

the theorem shows that GL2(C)/{λ · I2 | λ ∈ C
×} is isomorphic to S L2(C)/{±I2}, since SL2(C) ∩

{λ · I2 | λ ∈ C
×} = {±I2}. This means that every Möbius transformation can be represented by

two different matrices with determinant 1: A and −A (since SLn(C) is the group of all matrices
with determinant 1), and by taking the quotient with {±I2}, only one matrix per transformation
remains.

PGL is the transformation group of the underlying space, which means that it is time to find the
Lie subgroup of our dreams, and to show that PGL acts transitively on CP1. Beginning with the
Lie subgroup, it is the stabilizer subgroup of the origin, i.e, the transformations that send 0 to 0.
Let f be as above in the definition. Then

f (0) =
a · 0 + b
c · 0 + d

=
b
d

and by solving
b
d

= 0, the result is that b = 0 and d , 0. This corresponds to the (equivalence

classes of) matrices of the form
(
a 0
c d

)
. By representing the transformations as elements (the

equivalence classes) of SL2(C)/{±I2}, it follows that the determinant ad−bc is 1, and so ad = 1.
Therefore the stabilizer subgroup of the origin is

H =

{(
a 0
c 1

a

)
| a , 0, a, c ∈ C

}
< S L2(C)/{±I2}

Moving on to showing that PGL acts transitively on CP1. It is enough to show that any point of
CP1 can be mapped to∞ through a Möbius transformation. It is known that if the denominator

of the transformation is 0, it maps to infinity. Therefore, if z ∈ CP1 then the map z 7→
1

z − z0
will map the point z0 ∈ C to ∞. This is a Möbius transformation since it can be represented as

the matrix
(
0 −1
1 −z0

)
whose determinant is 1, which belongs to an equivalence class of PGL2(C).

Thus the action of PGL2(C) on CP1 is transitive, and by Theorem 3.1 CP1 =PGL2(C)/H holds.
CP1 � S 2 is a compact group, however PGL2(C) is not. This means that PGL2 is not a Rieman-
nian isometry group of CP1 for any metric.

4.4 Hyperbolic Geometry in Two Dimensions

The next and final example will be hyperbolic geometry in two dimensions. Looking at the ax-
iomatic definition, it seems quite similar to the one of Euclidean geometry, with one difference.
The fourth axiom which in the Euclidean case says that ”for every line and point not on that line,
only one line through the point does not intersect the first line (the parallel one)”, is replaced
with ”for every line and point not on that line, at least two (distinct) lines through the point does
not intersect the first line” in the hyperbolic case. This means that every line has several parallel
lines, which seems like a small change but the resulting geometry is quite different.
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There are several equivalent models describing hyperbolic geometry, focusing on different as-
pects of the geometry. For this example the Poincaré half-plane model will be used, the under-
lying space of this model is the complex half-plane H2 = {a + bi ∈ C | a, b ∈ R, b > 0}. The
Riemann metric at the point a + bi of H2 is given by the inner product 〈x̄, ȳ〉 =

x1y1 + x2y2

b2 . This
is defined at every point of the space, since b > 0 for all points, and it is the Euclidean inner

product scaled by a factor of
1
b2 , where b is the real coefficient of the imaginary part of the point

in question.

The underlying space can be seen as a subset of C or R2 since these two spaces are isomorphic.
The invariants of this model are hyperbolic lines and angles. Lines are represented as vertical
lines and circles whose center lies on the real line (or x-axis is the real case), which means that
all hyperbolic lines are perpendicular to the real line (x-axis).

Since the underlying space is a subset of C and the hyperbolic lines are a kind of projective
lines, the projection of the Riemann sphere onto H2 can be considered. As mentioned in the
previous example, these projections can be represented as Möbius transformations and as ma-
trices of PGL2(C). By finding the transformations that preserve H2 and its invariants, the group
of transformations will present itself. For H2 to be mapped to itself, its boundary will have to be
mapped to itself as well. This means that R will be mapped to R. Another thing that is worth to
be noted is that the imaginary part of the image of these transformation will have to be positive
(resulting in the orientation preserving transformations of the space). These two facts together
gives the result that the wanted transformations are of the form

f (z)→
az + b
cz + d

a, b, c, d ∈ R, ad − bc = 1

The matrix representation of these transformations are elements of the special linear group
SL2(R). As in the projective case, there are multiple matrices of this group representing the
same transformation, and SL2(R) must be quoted with the set {±I2} to remove matrices repre-
senting the same transformation. Doing that gives the projective special linear group PSL2(R) =

SL2(R)/{±I2}, which is the group of transformations of H2.

The final part of finding the Klein geometry for hyperbolic geometry in two dimensions is
to use Theorem 3.1 and find a stabilizer subgroup of PSL2(R) and to show that PSL2(R) acts
transitively on H2, starting with the stabilizer. The stabilizer of i ∈ H2, are the transformations
of PSL2(R) that send i to i. Let f (z) be defined as above. Then

f (i) =
ai + b
ci + d

= i

⇒ ai + b = (ci + d)i
⇒ ai − di + b + c = 0
⇒ (a − d)i + (b + c) = 0
⇒ a = d, −b = c

Since ac−bd = 1, the matrices representing these transformations are of the form
(

a b
−b a

)
where

a2 + b2 = 1. Because of the last part they can be written as
(

cosθ sinθ
−sinθ cosθ

)
, where θ ∈ R. This

is the (orientation preserving) transformation group of the unit circle, the special orthogonal
group SO2(R). which is also the group of orthogonal matrices with determinant 1.
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Moving on to showing that PSL2(R) acts transitively on H2. Let z ∈ C and w = x + yi ∈ H2.
Let z be mapped onto w through a Möbius transformation. If this transformation belongs to (an
equivalence class of) PSL2(R), then z ∈ H2. Here is why: If z maps onto w through(
a b
c d

)
∈ S L2(R) then

az + b
cz + d

= w

can be written as
z = −

dw − b
cw − a

Since c and a are real, the following rewriting can be made:

z = −
dw − b
cw − a

= −
(dw − b) · (cw̄ − a)
(cw − a) · (cw̄ − a)

= −
dc|w|2 − daw − bcw̄ + ba

|cw − a|2

|cw − a|2 and dc|w|2 are real means that inserting x + yi into the instances of w and w̄ that are
left, the expression can be separated into a real and an imaginary part.

−
dc|w|2 − da(x + yi) − bc(x − yi) + ba

|cw − a|2
= −

dc|w|2 − (da + bc)x + ba
|cw − a|2

+
(da − bc)y
|cw − a|2

i

Since the original matrix belong to SL2(R), ad-bc = 1, and w belong to H2,

z = −
dc|w|2 − (da + bc)x + ba

|cw − a|2
+

y
|cw − a|2

i

where
y

|cw − a|2
> 0, showing that z ∈ H2. This means that every element of C which is

mapped onto an element of H2 through a Möbius transformation in PSL2(R) belongs to H2

itself. Therefore any element ofH2 can be mapped to another element ofH2 by a transformation
in PSL2(R). Thus PSL2(R) acts transitively on H2 and by Theorem 3.1 H = PSL(2,R)/SO(2)
holds.
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